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Abstract

We explore the hyperbolic geometry of squeezed states in the perspective of
the non-compact Hopf map. Based on analogies between the squeeze operation
and Sp(2, R) hyperbolic rotation, two types of the squeeze operators, the (usual)
Dirac and the Schwinger types, are introduced. We clarify the underlying
hyperbolic geometry and SO(2, 1) representations of the squeezed states along
the line of the first non-compact Hopf map. Following the geometric hierarchy
of the non-compact Hopf maps, we extend the Sp(2;R) analysis to Sp(4; R)
—the isometry of a split-signature four-hyperboloid. We explicitly construct
the Sp(4; R) squeeze operators in the Dirac and Schwinger types and investigate
the physical meaning of the four-hyperboloid coordinates in the context of the
Schwinger-type squeezed states. It is shown that the Schwinger-type Sp(4; R)
squeezed one-photon state is equal to an entangled superposition state of
two Sp(2;R) squeezed states and the corresponding concurrence has a clear
geometric meaning. Taking advantage of the group theoretical formulation,
basic properties of the Sp(4; R) squeezed coherent states are also investigated.
In particular, we show that the Sp(4;R) squeezed vacuum naturally realizes a
generalized squeezing in a 4D manner.

Keywords: squeezed states, quantum optics, hyperbolic geometry,
geometry of quantum states, Hopf fibration

(Some figures may appear in colour only in the online journal)

1. Introduction
A qubit is a most fundamental object in the study of quantum information and quantum optics.

The polarization of the qubit is specified by a point of the Bloch sphere [1], and, in the Lie
group language of Perelomov [2], the qubit is the SU(2) spin coherent state (of spin magnitude
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1/2) [3]. Tt is well known that the geometry of the Bloch sphere is closely related to the Hopf
map [4]: a qubit is a two-component normalized spinor geometrically representing > and its
overall U(1) phase is not relevant to physics, so the physical space of the qubit is given by the
projected space of the 1st Hopf map, $3/U(1) ~ $3/S' ~ §2. It is also reported that the 2nd
and 3rd Hopf maps that represent topological maps from spheres to spheres in different dimen-
sions [5]' are sensitive to the entanglement of qubits [7-9]. Spherical geometries thus play
important roles in describing the geometry of quantum states. Beyond spheres, one can find
many applications of compact manifolds in the geometry of quantum states [10]. Meanwhile,
hyperboloids or more generally non-compact manifolds have been elusive in applications of
the study of geometry of quantum states, although a hyperbolic nature inherent to quantum
mechanics is glimpsed at in the Bogoliubov canonical transformation that keeps the bosonic
canonical commutation relations®. For n species of bosonic operators, the Bogoliubov trans-
formation is described by the symplectic group Sp(2n;R) [13—15]. The simplest symplectic
group is Sp(2;R) ~ SU(1, 1), which is the double cover of the SO(2, 1) isometry group of a
two-hyperboloid. Since SU(1, 1) is a non-compact counterpart of SU(2), one can mathemati-
cally develop an argument similar to SU(2): the SU(1, 1) hyperbolic ‘rotation’ gives rise to the
pseudo-spin coherent state [2, 15-18], and the SU(1, 1) pseudo-spin coherent state is specified
by a position on the Bloch two-hyperboloid, H>. What is interesting is that the hyperbolic
rotation is not a purely mathematical concept but closely related to quantum optics as squeeze
operation [19-21]. The squeeze operator or squeezed state has a more than 40-year history
since its theoretical proposal in quantum optics [22—27]. There are a number of studies about
the squeezed state. For instance, n-mode generalization of the squeezed state Sp(2n; R) was
investigated in [19], [28-35], and fermionic and supersymmetric squeezed states were also
investigated in [36—41]. Interested readers may consult [42] for a good review of the history
of squeezed states and references therein. Here, we may encapsulate the above observation as

Qubit state  — Point on the Bloch sphere ~ — SU(2) spin coherent state,

!

Squeezed state <  Point on the Bloch hyperboloid < SU(1, 1) pseudo-spin coherent state.

Interestingly, the hyperbolic Berry phase associated with the squeezed state was pointed
out in [43, 44], and subsequently the hyperbolic Berry phase was observed in experiments
[45]. The geometry behind the hyperbolic Berry phase is the 1st non-compact Hopf map,
H>'JU(1) ~ H*.

About a decade ago, the author proposed a non-compact version of the Hopf maps based
on the split algebras [46, 47]:

21 HY=S 20
H> —=  H*  (Ist)
HY  — 7 (2nd)
HY —  H* (3rd)

Just as in the original Hopf maps, the non-compact Hopf maps exhibit a dimensional hierar-
chy in a hyperbolic manner. Taking advantage of such a hierarchical structure, we extend the
formulation of the squeezed states previously restricted to the Sp(2; R) group to the Sp(4; R)
group based on the 2nd non-compact Hopf map. The base manifold of the 2nd Hopf map is
a split-signature four-hyperboloid, H>?, with isometry group SO(2,3) whose double cover is

!'For a review of the Hopf maps, see [6] for instance.
21t is also recognized that the hyperbolic geometries naturally appear in the holographic interpretation of MERA
[11,12].
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Spin(2,3) ~ Sp(4; R)—the next-simplest symplectic group of the Bogoliubov transforma-
tion for two bosonic operators [48, 49]. The main goal of the present work is to construct the
Sp(4; R) squeezed state explicitly and clarify its basic properties. To begin with, we rewrite
the single-mode and two-mode operators of Sp(2; R) in a perspective of the SO(2, 1) group
representation theory. We then observe the following correspondences:

Sp(2;R) one-/two-mode squeezing <— SO(2, 1) Majorana/Dirac representation.

For two-mode squeezing, the Sp(4; R) background symmetry has been suggested in [19, 28—
34]. We will discuss that the Sp(4;R) symmetry is naturally realized in the context of the
Majorana representation of SO(2, 3). In a similar manner to the Sp(2; R) case, we introduce a
four-mode squeeze operator as the Dirac representation of SO(2; 3),

Sp(4; R) two- /four-mode squeezing <— SO(2,3) Majorana/Dirac representation,

and investigate their particular properties. We introduce two types of squeeze operators, the
(usual) Dirac and Schwinger types®. In the case of Sp(2;R) squeezing, the Dirac- and the
Schwinger-type squeeze operators generate physically equivalent squeezed vacua, while in
the case of Sp(4; R), two types of squeezing generate physically distinct squeezed vacua.

It may be worth mentioning the peculiar properties of hyperboloids not observed in
spheres. We can simply switch from spherical geometry to hyperbolic geometry by flip-
ping several signatures of the metric, but hyperboloids have unique properties intrinsic to
their non-compactness. First, the non-compact isometry groups, such as SO(2,1) and
S0(2,3), accommodate Majorana representation, while their compact counterparts, SO(3)
and SO(5), do not. Second, unitary representations of non-compact groups are infinite dimen-
sional and very distinct from finite unitary representations of compact groups. Third, non-
compact groups exhibit more involved topological structures than those of their compact
counterparts. For instance, the compact USp(2) ~ Spin(3) ~ §° is simply connected, while
Sp(2;R) ~ Spin(2, 1) ~ H*>! ~ R* @ S'is notand leads to the projective representation called
the metaplectic representation [50, 51]. A similar relation holds for Sp(4; R) ~ Spin(2, 3) and
USp(4) ~ Spin(5).

This paper is organized as follows. We discuss the Sp(2; R) squeezing in the context of
the 1st non-compact Hopf map and identify Sp(2;R) one- and two-mode operators with the
SO(2, 1) Majorana and Dirac representations in section 2. Section 3 gives the Majorana and
Dirac representations of the SO(2,3) group and the factorization of the Sp(4; R) non-unitary
coset matrix with emphasis on its relation to the non-compact 2nd Hopf map. In section 4,
we explicitly construct the Sp(4;R) squeezed states and investigate their properties. We also
extend the analysis to the Sp(4; R) squeezed coherent states in section 5. Section 6 is devoted
to the summary and discussions.

2. Sp(2;R) group and squeezing

The isomorphism Sp(2; R) =~ Spin(2, 1) suggests that the Sp(2; R) one- and two-mode oper-
ators are equivalent to the Majorana and the Dirac spinor operators of SO(2, 1). Based on the
identification of the squeeze operator with the SU(1, 1) ~ Spin(2, 1) ‘rotation’ operator, we
introduce two types of squeeze operators, the (usual) Dirac and Schwinger types. We discuss
how the non-compact 1st Hopf map is embedded in the geometry of the Sp(2; R) squeezed
state. We use the terminologies SU(1, 1) and Sp(2; R) interchangeably.

3The ‘Dirac type’ of squeezing has nothing to do with the ‘Dirac representation’ of orthogonal group. The
‘Schwinger type’ of squeezing has also nothing to do with the ‘Schwinger operator’.

3
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2.1. sp(2;R) algebra
The su(1, 1) algebra is defined as

[T, 1] = —ie™ Ty (i,j,k = 1,2,3) (1)
with

g = ¢/ = diag(—1,-1,+1), ¢* =1. )
We adopt the finite-dimensional matrix representation of the su(1, 1) generators:

{%7’1, %7'2, %7’3} = {i%ax,i%qv, %0’2}, 3)
which satisfy

(7, 7] = —2iél*ry, {1, 77} = 2. 4)

Note that 7! and 72 are chosen to be non-Hermitian. For later convenience, we introduce the
split-quaternions ¢" (m = 1,2,3,4)* that are related to the su(1, 1) matrices as

q" ={q.1} = {~ir'. 1} = {os. 0. 0. 1}, Q)
and its quaternionic conjugate
" ={-q\1} = {ir’, 1}. ©)

The Sp(2;R) is isomorphic to the split-quaternionic unitary group U(1;H’), and in gen-
eral the real symplectic group is isomorphic to the split-quaternionic unitary group,
Sp(2n; R) =~ U(n; H') (see appendix A.2).
The sp(2;R) ~ su(1, 1) finite-dimensional matrix generators (3) are pseudo-Hermitian

matrices (appendix B): With

K = oy, 7
we can construct the corresponding Hermitian matrices as

K =kl = {—0y, 00 1} ®)
Since x' are Hermitian, one may immediately see that g = elwit™ satisfies

gho.g=0, 9)

which is one of the relations that the SU(1, 1) group elements should satisfy. Following the
general prescription in appendix B, we construct the su(1, 1) Hermitian operators. We intro-
duce the two-component Schwinger boson operator subject to the condition

(Do d5] = (02)ap. (10)

(10) is readily satisfied when we choose

- ()-6)

with @ and b being two independent Schwinger operators:

[a,a’] = [b,bT] = 1, [a,b] = [a,bT] = 0. (12)

4See appendix A.1 for details.
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The Hermitian su(1, 1) operators are then constructed as

1 N

T =~ ¢t k', (13)

N

or

1 o1 1 1
T =iz (—ab+a'b"), 7" = = (ab+ a'b"), T° = ~(a'a+ b'b) + .

2 2 2 2 (14
In quantum optics, These operators are usually referred to as the two-mode su(1, 1) operators
[52, 53]. We can easily derive the corresponding SU(1, 1) Casimir operator:

C= (K'Y — (K + (K = ; (60)- (33 +2). (15)

gi; transforms as a spinor representation of SO(2, 1):
e—iwiT’ qgeiw;Ti — eiwizT QAS (16)

Since (;3 is a complex spinor, ¢ realizes the Dirac (spinor) representation of SO(2, 1).
The SO(2,1) group also accommodates the Majorana representation. For SO(2, 1), there
exists a charge conjugation matrix

C=o; (17)
that satisfies the relation

—(r')* =cr'c. (18)
Imposing the Majorana condition on g%

¢*=Cé, (19)
we obtain the identification

b=a. (20)

The Majorana spinor operator is thus constructed as

. _[a
Y= (aT) s (21)

which satisfies

[Pas Pp] = €ap- (22)

Note that the previous commutation relations (12) do not change under the identification (20)
except for

[a,b'] =0 — [a,a'] = 1. (23)

From the Majorana operator (21), we can construct the corresponding su(1, 1) generators (13)
as

. 1 .
=@ 24)

i it .
where m' = m' are given by
m' = ok’ = —ioym = {—io,, 15, 0.} (25)

(24) are explicitly given by
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.1 ) 2 1 2 1 1

X (L T Y — (42 T 2 _,f -
T 14( a+a"), T 4(a +ad"), T 54 a+4. (26)
In quantum optics, such a Majorana spinor operator is referred to as the one-mode su(1, 1)
operator [52, 53]. It is not difficult to verify that (24) satisfies the su(1, 1) algebra (1). ¢ also

transforms as the spinor representation of SO(2, 1):

e—iw,vT" é eiw,-Ti _ eiw,-%Ti ?, (27)
and the SU(1, 1) Casimir for the Majorana representation becomes a constant:
. 3
C=Tﬂ=—UW—UW“%Wf=—R- (28)

(26) realizes the generators of Mp(2;R). Indeed, the independent operators of (26) can be
taken as all the possible symmetric combinations between a and a', i.e. {a,a}, {af,a’} and
{a,a'}, which are the Mp(2;R) operators (see appendix A.4). Note that the factor 1/4 in the
Majorana representation (24) is half of the coefficient 1/2 of the Dirac representation (13),
which is needed to compensate for the change of the commutation relation (23). Given the 1/2
change of the scale of the coefficients, the parameter range for the Mp(2;R) operators should
be taken as twice of that for the Dirac operator, implying that Mp(2; R) is the double cover of
the Sp(2; R):

Mp(2;R)/Z, ~ Sp(2;R) ~ SU(1,1) ~ Spin(2,1) ~ H*' ~ R? x §'.

(29)

See also appendix C.
2.2. The squeeze operator and the 1st non-compact Hopf map
Using the su(1, 1) ladder operators

T =1 FiT%, (30)
the squeeze operator is given by

S(6) = e T, 31
with an arbitrary complex parameter &:

§="Le. (32)
Here, p € [0,00) and ¢ = [—m, 7). We will see that the two parameters of p and ¢ are natu-

rally interpreted as the coordinates on the Bloch two-hyperboloid H*®. For single-mode and
two-mode operators, the ladder operators are respectively given by

1 .2 1
N
T 2a , T 2a s (33)
and
T+ = aTbT, T_ = ab. (34)

Recall that the squeeze operation acts on the two- and one-mode operators as

StoS=Mo¢p, STpSs=Mp. (35)
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It is not convenient to handle the su(1, 1) ladder operators directly to derive the factoriza-
tion form of the squeeze operator S. A wise way to do so is to utilize the non-unitary matrix M
that has one-to-one correspondence to the squeeze operator. Based on simple Sp(2; R) matrix
manipulations, it becomes feasible to obtain the factorization form of M, and once we were
able to derive the factorization form, we could apply it to the squeeze operator according to the
correspondence between the non-Hermitian matrix generators and operators. For the squeeze
operator S(&), we introduce the non-unitary squeeze matrix:

M(p, ¢) = e+ (36)

where
1 0 1 1 0 0

+ = 2 (Y i) = = (7 i) = —

t _2(7 i) (0 0), t _2(7' +ir%) (l O)' (37)
M is given by

: P _ginh 2 el®
IV R cosh 5 ' sinh 5 e

Mip.¢) = e == ( sinh § e~¢ cosh § ’ (38)
where

ny = —cos @, np =sin ¢ e s 39)

The first expression on the right-hand side of (38) gives an intuitive interpretation of
the squeezing: M operators as a hyperbolic rotation by the ‘angle’ p around the axis
n = —cos ¢ e, + sin ¢ e,. For later convenience, we also mention the field theory technique
to realize a matrix representation for the coset space associated with the symmetry breaking
G — H. Say t are the broken generators of the symmetry breaking, and the coset manifold
G/H is represented by the matrix-valued quantity

e (40)

In the perspective of G/H, the squeeze matrix (38) corresponds to (40) when the original
symmetry G = SU(1, 1) is spontaneously broken to H = U(1), and the broken generators are

given by %7’1 and %72. The squeeze matrix M thus corresponds to the coset

SU(L1)/U(1) =~ H, (1)
Using hyperboloids, (41) can be expressed as

H>'/S" ~ H*, (42)

which is exactly the 1st non-compact Hopf map. We now discuss the geometric meaning of
the parameters p and ¢ of (38). With the SU(1, 1) group element g satisfying g'o.g = o, and
det(g) = 1, the non-compact 1st Hopf map is realized as

| . 1 .
g € SU(1,1) ~ H*' — ¥ = Etr(ozg*IT’g) = Etr(gT/-i' ) € HX. (43)

x' are invariant under the U(1) transformation g — g 37, and automatically satisfy the
condition of H>:

d = (') = () 4+ (F) = 2(gTa2¢)” — (¢T0eg)* = 1. (44)

In analogy to the Euler angle decomposition of SU(2), the SU(1, 1) group element may be
expressed as
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b2 _ip x ix. cosh £ ei2(9+X)  ginh £ ef2(9=x)
g(d,py) =TT e 5T = ( 2 2 ,

sinh § e 12(#=x) cosh & e 12 ()

(45)
where
p=1[0,00), ¢ = [0,2m), x = [0, 4). (46)
The coordinates on the two-hyperboloid (43) are explicitly derived as
x' =sinh psin$, x*> =sinhpcos¢p, x> = coshp (=1). 47)

The parameters p and ¢ thus represent the coordinates of the upper-leaf of the ‘Bloch’ two-
hyperboloid (figure 1). Note that the squeeze matrix (38) is realized as a special case of g (45):

cosh £ —sinh £ el®

M(p,$) = ( ) = g(¢,—p. —9). (48)

—sinh § e™¢ cosh §

In (45), the U(1) fibre part el¥r represents the gauge degrees of freedom. Following the ter-
minology of the SU(2) case [54, 55], we refer to the gauge x = ¢ as the Dirac type and xy = 0
as the Schwinger type. The Dirac-type SU(1, 1) element corresponds to the squeeze matrix as
demonstrated by (48). Meanwhile for the Schwinger type, we introduce a new squeeze matrix

(Bat Dt coshZe®  —sinh?e¥
M(p,¢) =g(d,—p,0) =e=7 27 = 27, -
—sinh §e™'2  cosh§e™
(49)
Using the non-compact Hopf spinors [46]
1 ¥ 4+1 1 x4 ix!
e gt (£0) e = e (515
L A e i ) T = e e
(50

which satisfy k), = Yg'Kpr = X', the Dirac-type squeeze matrix (48) can be repre-
sented as

M= (Y r). (51)
Both M and M are pseudo-unitary matrices:

M(p.¢)™" = 0. M(p.9)" 02 = M(—p. ), (52a)

M(p,9)~" = 0= M(p, )" 02 # M(=p, 9). (52b)

The replacement of the non-Hermitian matrices # with the Hermitian operators 7' trans-
forms the squeeze matrix M into the (usual) Dirac-type squeeze operator [23-25]:

S(€) = e ETTHETT ei¢>T3€ipTle—i¢T3’ (53)
which satisfies

ST =8(-¢) =8¢~ (54)
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Figure 1. The upper-leaf of Bloch two-hyperboloid H*%: —(x')? — (x?)? + (x*)? = L.
The regions of the parameters are p € [0, 00) and ¢ € [0, 2) realizing H*® ~ R} ® S,
The blue shaded region stands for the Poincaré disc.

In deriving a number state expansion of the squeezed state, the Gauss decomposition is quite
useful [3]. The Gauss decomposition of the Sp(2; R) squeeze operator is given by’

S(€) = eIt on(I=[n)T* on*T™ _ o—nT*  —2In(cosh §) T° 0" T~ (56)
Here, 7 is
é‘ p x2 =+ ixl
=tanh|¢{| > =tanhZ e = —
n = tanh [€] €] anh > e e (7

which also has a geometric meaning as the stereographic coordinates on the Poincaré disc
from H*? (see figure 1).

. . . . ST
3 The faithful (i.e., one-to-one) matrix representation of the operator, el BT g given by

B8 _B8 B8
et efren” = Lo fez 05 Lo — (e ae; . (55)
0 1 0 e 2 -y 1 —ye~ e 2

The Gauss UDL decompositions, (56) and (60), are obtained by comparing (5) with (48) and (49), respectively. As
emphasized in [3, 56, 57], the faithful representation preserves the group product, so the obtained matrix decompo-
sitions for the faithful representation generally hold in other representations.

B
2

(51 +
(¢}
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2.3. Squeezed states

We introduce the squeeze operator corresponding to the Schwinger-type squeeze matrix M
(49):
S() =T e, (58)

which is a unitary operator

S =87 #8(=¢). (59)
The Gauss decomposition is derived as
S(€) = e~ en(I=InP)+iarg(m) T’ [nlT™ _ g=nT* g=2In(cosh §) T'+ig TelnT~
(60)
The two types of the squeeze operator, (53) and (58), are related as

S(€) =S(§) e 7. (61)

In the literature, the Dirac-type squeeze operator S is usually adopted, but there may be no
special reason not to adopt S, since at the level of a non-unitary squeeze matrix, both M and
M denote the coset H>*.

Since T* is diagonalized for the number-basis states, the one-mode Dirac- and Schwinger-
type squeezed number states®

&)y =SE)In), €)= S(E)n) (63)

are merely different by a U(1) phase:
—_i¢ _j¢

&)y =€ e 2" [E) (), (64)

where |n) = ﬁa*nm). Similarly for two-mode, the squeezed number states are related as’
12 02 (nytn

‘£>(na,nb) =e '7e 15 (natm) |§>>(na,n;,)9 (67)
where

1€) (no) = S(E)|nas16)s 1€ ) = S(€)Mas16) (68)

©The number state expansions of the single-mode squeezed vacuum and squeezed one-photon state are respectively
given by

\/ 1 —, 7N,V (2n+1)!
&) = \/W; 2n), [£) ) 7\/m3 ;( 5) — |2 + 1). (62)

7 For two-modes, the squeezed number states are given by [16, 26, 27]

n+1 oo
0o = (mgz) 2y s 9

coshg —
1 nl o m | (n+ m)
= (m) Z(*U) T Im,n +m). (65)

m=0

In particular for the squeezed vacuum state, we have

1€)00) = cosh cosh 2 Z )" m, m) (66)

10
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with |n,, np) = mcﬁ"“b”b |0, 0). As the overall phase has nothing to do with the physics,

the two types of squeezed number states are physically identical.
Next, we consider the squeezed coherent state [22—-24]. Since the coherent state is a super-

position of number states
o) :eéla\zz%an‘n% 69)
n=0 \/I/T

the squeezed coherent state can be expressed by the superposition of the squeezed number
states:

,a) =S :%\a\zooin s , =S :%|a|zooin .
Ea)=8E)a)=e Zz‘a 76 la) =5(E)la) =e ZZ‘B 1w @0y

Recall that the Dirac-type and Schwinger-type squeezed number states only differ by the U(1)
factor depending on the number n (64), so we obtain the relation between the squeezed coher-
ent states of the Dirac type and Schwinger type as

€, ap) = e ¢, as)) (71)
with

op = age*i% (72)

The Dirac- and Schwinger-type squeezed coherent states represent superficially different
physical states except for the squeezed vacuum case ag = ap = 0. However as implied by
(72), the difference between the two types of squeezed states can be absorbed in the phase
part of the displacement parameter . Since the displacement parameter indicates the position
of the squeezed coherent state on the x'-x? plane [26, 27], the elliptical uncertainty regions
representing the two squeezed coherent states on the x!-x? plane merely differ by the rotation

%. This is also suggested by the U(1) part el?T’ of (53), which denotes the rotation around the

x3-axis. Similarly for the two-modes, the Dirac- [26, 27] and Schwinger-type squeezed coher-

ent states

L(laP+18P 1
6.0.8) = S()|av. B) = 2T =y 0B [6) 1.

Ng,np
2 2 1
€0, B) = S(E)|o. B) = et IO N qmegme), . (T3)
| ) =S|, B) 2 T 1D (ram)
are related as

1€, ap, Bp) = 7% [¢, a5, Bs)) (74)
with

ap = Cvseii%, 6[) = ﬂseii%. (75)

3. Sp(4;R) squeeze matrices and the non-compact 2nd Hopf map

The next-simple symplectic group is Sp(4;R). Among the real symplectic groups, only
Sp(2; R) and Sp(4;R) are isomorphic to indefinite spin groups;

1
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Sp(2;R) ~ Spin(2, 1), Sp(4;R) ~ Spin(2, 3). (76)

Furthermore, the SO(2, 3) group is the isometry group of the four-hyperboloid with the split-
signature H>?: the base manifold of the non-compact 2nd Hopf map. Encouraged by these
mathematical analogies, we explore an Sp(4; R) extension of the previous Sp(2;R) analysis.
For details of Sp(4;R) group, one may consult [58] for instance.

3.1. sp(4;R) algebra
From the result of appendix C, we see
Mp(4;R)/Zy ~ Sp(4;R) ~ Spin(2,3) ~ S' x §* x RS. (77)

The metaplectic group Mp(4,R) is the double cover of the symplectic group Sp(4,R). As
the metaplectic representation of Sp(2;R) is constructed by the Majorana representation of
SO(2,1), the SO(2, 3) Majorana representation is expected to realize the Sp(4; R) metaplectic
representation.

The sp(4;R) algebra is isomorphic to so(2,3) algebra that consists of ten generators
T% = —T% (a,b = 1,2,---,5):

[T“b, TCd} _ igachd _ igudTbc 4 igdeac _ igbcTad’ (78)
where
ga = &7 = diag(—1, —1,+1,+1,+1). (79)
The quadratic SO(2, 3) Casimir operator is given by
5
C= Y T"Ty. (80)
a<b=1

It is not difficult to construct non-Hermitian matrix realization of the so(2, 3) generators. For
this purpose, we first introduce the SO(2,3) gamma matrices ¢ that satisfy

{7, 7"} = 2g*. (81)

Placing the split-quaternion (5) and its conjugate (6) in the off-diagonal components of gamma
matrices, we can construct the SO(2, 3) gamma matrices as

0o 7" 1 0
7“—{7m,75}—{<qm q0>’ <0 _1>} (82)

L (0 i\, 01\ 5 (1 0 o
TS o0 )T T o) Tlo 1) (83)

Note that v* are pseudo-Hermitian:

or

v =, = ky'k, (84)

where

. o, O
k= iyl = (OZ J). (85)
Z

12
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The corresponding so(2, 3) matrices, 0 = —i}[y*,~*], are derived as
P Y &y 0 s 1[0 7 4510 1
7 2( 0 nm"if,)’ 7= 2<ri o>"’ 2 -1 o)
(86)

Here, ™ and 7™ denote the 't Hooft symbols with the split signature:

Nmni = €mnis + 8mi8nd — 8ni8m4s ﬁmni = €mni4 — 8mi8n4d + 8ni8m4- (87)
The so(2, 3) matrices are also pseudo-Hermitian:

(0 = o4 = ko™k. (88)

Obviously k is unitarily equivalent to K = ( 102 01 ) for Sp(4; R). From the general discus-
)

sion of appendix B, the corresponding Hermitian matrices are given by

K=kt = kT k= ko™ = kabT’ (89)
and the Hermitian operators are

X4 — TZJT 1z 1&’ x4 — 1[)1‘ Kb 1&, (90)
where 1[} denotes a four-component operator whose components satisfy

o ) = kap. (0, 8=1,2,3,4). 1)
We can explicitly realize 1[) as

b=(a bt ¢ dab). (92)
Here, a, b, ¢ and d are independent Schwinger boson operators, i.e.
[a,a'] = [b,b'] = [c,c] = [d,dT] = 1and [a,b!] = [a,c] = [c,d!] = --- = 0. X* and X* (90)
read as

X' = —aldt + be —ad + b'ct, X2 =iatd" + ibc — iad — ib'ct, X° = iatc +id'b —icta — ibld,

X*=dc—db+cta— de, X’ =dla—bbt —cfe+ddt =ata—b'b—cfe+ de, ©93)

and

1 1 1
X2 = 7§(afa + bt + cfe 4 ddty, X1 = 7§(aTbe +ab+cfdt + cd), X" = ii(cﬂbT —ab —c'd" + cd),

X5 = il(fanﬁ +ad —bict +be), XP = i%(afbT —ab+ctd' — cd), x* = %(a*bT +ab — ctdt — ca),

(3]

1 1 ; 1
x® = —E(ale\ +ad +b'e +be), X** = E(aTa +bb" —cte —ddh), x¥ = —E(a‘tc +cla+d'b+bld),

1
X% = ii(afc —cta—d'b +bla).

(94)
With (93) and (94), we can show
5 5
_— - . 1 =~ =«

D XK= W+ =2). Y XKy = S () +6) + 1,

a=1 a>b=1 (95)
where

b = 0Tk = ata — bTb + e — did — 2. (96)

13
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1Z¢ is a singlet under the SU(2, 2) transformation:

X, )] = (X, ] = 0, 97)

and the 16 operators, X, X and 1), constitute the u(2,2) algebra.
As we shall see below, the Majorana representation of SO(2, 3) realizes the metaplectic
representation of Sp(4; R). The SO(2, 3) group has the charge conjugation matrix satisfying

—(c®)* = Ccoc, (98)
where

C = (%x (?x) . (99)
The SO(2, 3) Majorana spinor operator subject to the Majorana condition

P =CY (100)
is given by

dvu=(a a b b, (101)
whose components satisfy the commutation relations

[¥Mas Yms] = Eap (102)
with

£=kC=—Ck = (“g igy) . (103)
Just as in the case of SO(2, 1) (25), using &, we can introduce symmetric matrices

m® = —£5, ((m™)" = m®) (104)
to construct the so(2, 3) generators

X = %zz?h m®™ iy, (105)

which are®
2_ Lo t Lota st B L2 2,
X :—i(a a—|—bb):—§(a a+b'b+1), X :—Z(a +a" +b"+b"),

1 1 1
XM =iz(-a + a0 — b, X1 = iz (ab—a'bl), X? =iz(-a’+ at’ — b+ b1,

X = %( 2yt bty x5 = f%(abJraTbT), X = %(aTa AT

1 1
XS = —2(alb+ bla), X =iz(alb - bla)

(107)

8 Note that the independent operators of (107) are simply given by the symmetric combination of the two-mode
operators a; = a,b:

{ai.a;}. {al.al}. {a.a]}. (106)
which are known to realize the generators of Mp(4; R) (see appendix A.4).

14
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Comparing the Majorana representation generators (105) with the Dirac representation gen-
erators (90), one can find that the coefficient on the right-hand side of (105) is half of that of
(90) just as in the case of the Sp(2; R) and Mp(2; R). This implies that (105) are the generators
of the double covering group of Sp(4; R), which is Mp(4;R).

We also construct antisymmetric matrices as

mt = E~°. (108)

One can easily check that the corresponding operators identically vanish:

X =l m* iy = 0. (109)
The corresponding SO(2, 3) Casimir becomes a constant:
5
5
> XXy =7, (110)
a>b=1

which should be compared with the previous SU(1, 1) result (28).

3.2. Gauss decomposition
In the Sp(2;R) case, we used the coset representation of H*0

H*® ~ §50(2,1)/S0(2) ~ SU(1,1)/U(1) ~ Sp(2,R)/U(1), a11)
which is equivalent to the 1st non-compact Hopf map

H*® ~ H*'/s". (112)

In the Sp(4;R) case, the corresponding coset is obviously given by

H** ~ S0(2,3)/50(2,2)
~ §0O(2,3)/(SU(1,1), @ SU(1,1)g) ~ Sp(4,R)/(Sp(2;R)L ® Sp(2; R)g), (113)
which is the base manifold of the 2nd non-compact Hopf map
H*? ~ H%/H*!. (114)
The coordinates x* (a = 1,2,3,4,5) on H>? should satisfy
Z gabx“xb = —xlx! — %42 + i + Xt + o =1. (115)
ab

We parameterize x* as

X" = (x1 X2, x3,x4) = (sinf cos x sinh p, sin@sin x sinh p, sin @ cos ¢ cosh p, sin@sin ¢ cosh p),

x> = cosd,

(116)
where the ranges of the parameters are given by (see figure 2)

0,0 € Ry xS'~H" y,¢ € §' xS (117)

As we have called the H*® associated with the Sp(2;R) squeeze operator the Bloch two-
hyperboloid, we will refer to H>? as the Bloch four-hyperboloid in the following.
We also introduce ‘normalized” coordinates

y" = (cos x sinh p, sinysinh p, cos ¢ cosh p, sin ¢ cosh p), (118)

15
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s Ti= fut, et}

0N
N

(@324 (%2 + (%)% = const.
Y = {3,2*}

Figure 2. Bloch four-hyperboloid H>% —((x")2 4+ (x*)2) + ()2 + (xH)?) + (°)2 = 1.
The Bloch four-hyperboloid can be regarded as a one-sheet hyperboloid
—Z* 4+ Y? + X? = lwith Z = (x!,x?), Y = (¥3,x*) and X = x°. Each of the dimensions
Z and Y has an internal S' structure. In the parametrization (116) the range of x° is

[—1, 1], meaning that the parameterization does not cover the whole surface of the Bloch
four-hyperboloid.

which satisfy y"y,, = —y'y! —y*y? +y3y3 +y*y* = 1 and denote the H>'-latitude of the
Bloch four-hyperboloid with fixed 6.

Based on the G/H construction (113), we can easily derive a Sp(4; R) squeeze matrix rep-

m

resenting H>2. We take 0™ as the generators of SO(2,2) group and o5 = ( 0 _g ) as the

four broken generators. The squeeze matrix for H>? is then given by

M = 03" _ ( cos% 1, —sin g qum) _ 1 ((1 +x)y =X >
sin % V"' Gm cosg 1, 2(1 +x5) qmx" (1+x)1,

(119)

In the polar coordinates, (119) is expressed as

cos § 0 —ising coshpe ™ —sing sinhpe X
M= 0 cos g —sin g sinh p e'x isin % cosh p e'®
| —isin§ coshp §i¢ —sin  sinhp efiX cos § 0
—sin g sinhp e isin g cosh pe™i¢ 0 cos g

(120)

It is also possible to derive the Sp(4; R) squeeze matrix (119) based on the 2nd non-compact
Hopf map (114). This construction will be important in the Euler angle decomposition (sec-
tion 3.3). The 2nd non-compact Hopf map is explicitly given by [46]

v e H*3 @ — wTktlw c H*>?, (121)
where 1) is subject to
DTk = (Wi + 3s) — (W3vhs + i) = 1, (122)

and x* (121) automatically satisfy the condition of H>?:
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gaX'x” = (YTk)* = 1. (123)
We can express 1 as
1
Y =Vrh (o) =0, (124)
where ¥ denotes the following 4 x 2 matrix
1 ( 1 + xS) 1 2)
U, = —— ) 12
L 2(1—|—x5)< Gt (125)
and £ is an arbitrary SU(1, 1) group element representing an H>!-fibre:
o1 93
h= (¢ o0.9*) = ( N 126
( ) =14 & (126)
subject to
deth = |61 — |6a* = ¢lop = 1. (127)
W, is an eigenstate of the x“v, with positive chirality
Xy, W =+, (128)
Similarly, a negative chirality matrix satisfying
x”'ya\IlR = —\I/R (129)
is given by
1 —gmx"
Up = ————— .
R 2(1+x5) <(1+x5)12> (130)
With these two opposite chirality matrices, M (119) can be simply expressed as
M= (\IIL \I/R). (131)

Here, we mention the Gauss decomposition of M. Following the general method of [57],
we may in principle derive the normal ordering of M. However, for the Sp(4; R) group the ten
generators are concerned, and the Gauss decomposition will be a formidable task. Therefore
instead of attempting the general method, we resort to an intuitive geometric structure of the
Hopf maps to derive the Gauss decomposition. The hierarchical geometry of the Hopf maps
implies that the U(1) part of the 1st non-compact Hopf map will be replaced with the SU(1, 1)
group in the 2nd. We then expect that the Gauss decomposition of M will be given by’

0 (0 Y'Gy 0\ /1 0 o /0 0
M = Exp( — tan = -Exp( —1In( cos~ ‘E -
oo o o)) me(cne) (5 5)) me(ins (o, )

= Exp(— tan g Y- (%’ym — iams)) -Exp(— ln(cos g) 75> -Exp (tan g Yy (%'ym + iams)).
(132)
Substituting the matrices, we can demonstrate the validity of (132). Note that, unlike the
Sp(2;R) case (56), the Gauss decomposition (132) cannot be expressed only within the
ten generators of Sp(4;R), but we need to utilize the five SO(2,3) gamma matrices as
well. The 15 matrices made of the SO(2,3) gamma matrices and generators amount to the
50(2,4) ~ su(2,2) algebra.

% The Gauss (UDL) decomposition is unique [59].
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3.3. Euler angle decomposition

Here we derive Euler angle decomposition of the Sp(4; R) squeeze matrix based on the hier-
archical geometry of the non-compact Hopf maps. The Euler decomposition is crucial to per-
forming the number state expansion of Sp(4; R) squeezed states.

We first introduce a dimensionality reduction of the 2nd non-compact Hopf map, which we
refer to as the non-compact chiral Hopf map:

Hig 133

HY @ T (133)

(133) is readily obtained by imposing one more constraint to the non-compact 2nd Hopf spinor:
Widy =1, (134)

in addition to the original constraint (122). When we denote the non-compact Hopf spinor as
¥ = (¢ r)" the two constraints, (122) and (134), are rephrased as ‘normalizations’ for each
of the two-component chiral Hopf spinors,

Yuloah =1, Yrlor = 1. (135)
1, and 1k are thus the coordinates on H>! ® H*!, and (133) is explicitly realized as
1 —m m
Yo, Yr — Y = E(wLTUzCI Ur + YR 0" YL), (136)

and so y”* automatically satisfy

Y'ym = =" = 7+ 07+ 01 = Wulon) (wrlope) =1, (137)
so y™ stand for the coordinates on H>!. The simultaneous SU(1, 1) transformation of ¢ and
1g has nothing to do with y”" and geometrically represents the Hﬁi’;g -fibre part which is pro-
jected out in (133).

We can express the chiral Hopf spinors as

. h2e iy < h2e s

.. X P 1 X
—1smh§ e'2 —1i smhg el2

10

and the resultant y” from (136) are given by (118). Note that when ¢ = 0, ¥, and 1, are
reduced to the 1st non-compact Hopf spinor and y™ (118) are also reduced to the coordinates
on H*. In this sense, the non-compact chiral Hopf map incorporates the structure of the 1st
non-compact Hopf map in a hierarchical manner of dimensions. The SU(1, 1) group elements
corresponding to ¢/, and g are given by

Hy= (Yo oap”) = <

COSh g e_i%(X+¢) iS]nh g e_i%(x+¢) = C_go-)' e_i%(X"F(p)G'z
—isinh § et(x+9)  cogh £ eiz(x+¢) ’
—isinh g ei%(X*‘b) cosh g eiz (x—9)

Hp =i (¢R —Ux?/JR*) = (

—il(y— P —il(y—
cosh £ e 2% jginh £ e~12(x ‘1’)) _ o—50 p-ibx—d)o
(139)

From the chiral Hopf spinors, we can reconstruct a non-compact 2nd Hopf spinor that satisfies
the 2nd non-compact Hopf map (121) as

142 i
=V (140)
> Ur

10Here, the imaginary unit i is added on the right-hand side of 1 for later convenience.
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(v (124) and ¢’ (140) are related by the SU(1, 1) gauge transformation as we shall see below.)
One may find that the x° coordinate on H>? determines the weights of the chiral Hopf spinors
in 1/’ In particular at the ‘north pole’ (x> = 1), ¥’ (140) is reduced to vz, while at the ‘south
pole’ (x> = —1) 9. The hierarchical geometry of the Hopf maps is summarized as follows.

The 1st Hopf map for H> — The chiral Hopf map for H>' — The 2nd Hopf map for H>?.

From the chiral Hopf spinors, we construct the following two 4 x 2 matrices:

\/ %( YL waL* ) #12

= 5 =H o , (141)
=2 (p oxR™ ) 7o
and
1-x _ * . 1—x5
;. 5 ( ’(/}L sz/}L ) B —1 50z
Ve = —i e ) =H ey , (142)
Vi (Ur —oxr” ) 2 2
where

e H 0 _ e—i%o: 0 e—i¥o: OX e— 50y (2 _ it gixe —ipe”
0  Hg 0 eito: 0 e 7% 0 e 2%
(143)

o are SO(2,3) matrices (86). With W} and W%, we construct the 4 x 4 matrix M, which we
will refer to as the Schwinger-type Sp(4; R) squeeze matrix:

5 . 5
14x 12 —i l2x o,

M= (¥, W) =H =H- %" (144)

. —x5 5
i 1—x 1«;): 12

In the last equation, we used

1+x5 s [1=x° ..
= b Sy S ( cos41, —isin Uz) —Exp( ie <O oz)> _ eifo®
~ \isin? 0 = —13 =7 .
iy 1= o, 1-;)(5 1, —ising o, cos3 Iy 2\o;, O

2
(145)
The expression of W} (141) is distinct from that of ¥, (125), but this is not a problem

because they are related by a SU(1, 1) gauge transformation. Indeed, the comparison between
(125) and (141) implies

U, = UH,. (146)
Similarly for (130) and (142), we have
U, — WpHg. (147)
As a result, we obtain the relation between M (119) and M (144) as
H 0
= (¥, UL)= (¥, @ =M-H.
M= (V] W)= (T, W) ( 0 HR> M-H (148)

(144) and (148) yield a factorized form of M:

M=M-H'=H.¢%" . g, (149)
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This is the Euler angle decomposition of the Sp(4; R) squeeze matrix we have sought. In
(149), the off-diagonal block matrix el%” is sandwiched by the diagonal block matrix H
and its inverse. Recall that the Euler angle decomposition of the Sp(2; R) squeeze operator
(53) exhibits the same structure, § = €97 - ¢'?T" . (e!9T")~!, The squeeze parameter p in the
Sp(2;R) case corresponds to # in the Sp(4;R) case. Note that at § = 0 (‘no squeeze’) the
Sp(4; R) squeeze matrix (149) becomes trivial.

Using the squeeze matrix, the non-compact 2nd Hopf map (121) can be realized as

1
Xt = Ztr(léMT k'M). (150)
Since H;, and Hy are SU(1, 1) group elements and H (143) satisfies
HEH =15, (151)
it is obvious that x? (150) are invariant under the SU(1, 1) transformation
M — MH' (152)

with H' subject to
det(H') =1, H''kH' =k. (153)

At the level of matrix representation for the base manifold H*2, M is no less legitimate than M,
since their difference is only about the SU(1, 1)-fibre part which is projected out in the 2nd non-
compact Hopf map. However, as we shall see below, the Dirac- and Schwinger-type Sp(4;R)
squeeze operators yield physically distinct squeezed vacua unlike the previous Sp(2; R) case.

4. Sp(4;R) squeezed states and their basic properties

Replacement of the Sp(4; R) non-Hermitian matrices with the corresponding operators yields
the Sp(4;R) squeeze operator:

M = ®Tnmimo™ s g = i S X (154)

With four-mode representation (94) and two-mode representation (107), (154) is respectively
given by

S = exp (fig(g(ad +be) + & (atd" + biel) + n(act + bd) +n*(a’c + de))), (155a)
;9 x gt pt t et
S =exp fti(gabJrf a'b' + nab" + n*a'b) |, (155b)
where
(156)

€ =sinhp XT3 5= coshp €.
We now discuss properties of the Sp(4; R) squeeze operators and Sp(4; R) squeezed states.
4.1 Sp(4;R) squeeze operator
From the Gauss decomposition (132), we have
S = Exp(f tan 0 Y. (1Xm - 1Xm5)) -Exp (ln(cos Q) ~X5> . Exp(f tan 0 Y- (1Xm + 1Xm5)>
2 2 2 2 2

(157)
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The operators on the exponential of the most right component are %X’” +iX™ that are given
by a linear combinations of the operators ad, c'a, d'h and bTcT as found in (94). Because
of the existence of bfcT, it is not easy to derive the number state basis expansion even for
the squeezed vacuum state. The situation is even worse when we utilize the Euler angle
decomposition:

S = efiqﬁX}AeixX'zefipXBei0X3seipX]3efixXlzei X3 (158)
since X'? contains both a'b' and cfd!. Meanwhile the Schwinger-type squeeze operator
S — e—i¢X346ixXlze—ipX'3ei0X35 (159)

is much easier to handle. To obtain a better understanding of Sp(4; R) squeezed states, we will
derive number state expansion for several Schwinger-type squeezed states.

4.2. Two-mode squeeze operator and Sp(4;R) two-mode squeeze vacuum

Representing X** and X'? (107) by the number operators, i1, = a'a and 7, = bTh, we express
the Schwinger-type squeeze operator (159) as

S — e i1Xe =iz (x+&)iug =iz (x—¢)in o —ipX " Li6X™ (160)
Theoperatorsofthe lasttwoterms, X*> = —1(a'b + bTa)and X'* = —1(a® + at® + b2 + bt),

are respectively made of the ladder operators of the su(2) and su(1, 1) algebra. We apply the
Gauss decomposition formula [56, 57] to these terms to have

Ny —n, —ng+n
i0x> _ _—itan %aTb 1 o —itan %-bTa _ _—itan g-hTa 1 o —itan %-ufb
(S =¢e e =e 2 E— € ,

[4 4
Cos 3 Cos 3

(161a)

e — L ibann g (1 o oi} tanh §-(a+57) (161b)
~ cosh g cosh & ’

Based on these decompositions, we investigate the Sp(4; R) squeezing of two-mode number
states

tm)) (4, ) = S|na, np). (162)
We can derive the Sp(4; R) squeezed vacuum as

tm) 00y =7 [€4)(0) ® |6-) o) (163)
where [£.1) () denotes the Sp(2; R) single-mode squeezed vacuum (6) with

i = ge‘i(xiq”%)- (164)

The Schwinger-type squeezed vacuum does not depend on the parameter 6 and is given by
a direct product of the two Sp(2;R) single-mode squeezed vacua with a phase difference,
arg(&y) —arg(§-) = —2¢. We then find the physical meanings of the three parameters of
the four-hyperboloid as follows. The parameter p signifies the squeezing parameter common
to the two Sp(2;R) squeezed vacua and x stands for their overall rotation, and ¢ denotes
the relative rotation between them (see section 4.4 also). To see the physical meaning of the
remaining parameter 6, let us consider the Sp(4; R) squeezed one-photon states. The squeezed
one-photon states are similarly obtained as
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—i —ijl 0 - il . 0
[tm)) 10y = e X(e 2% cos §|€+>(1) ®[€-) (o) —ie2? sin §|§+>(o) ® \§—>(1)), (165a)

tm)) g,1) = e'X (ei%"b cos §|§+)(1) ® |€_) o) —ie"2?sin §|§+>(o) ® \&)(1)),
(165b)
where [£+) (1) denotes the Sp(2;R) single-mode squeezed one-photon state (6). Thus the
Sp(4;R) squeeze of the one-photon state represents a superposition of the tensor products

of the Sp(2;R) squeezed vacuum and squeezed one-photon state. Let us focus on the H>!-
latitude at ¢ = 0 (x* = 0) on H>2. Both of (165) are reduced to the same state:

) 0 0
[tm))|p=0 = e™™* (COS 518 ®[€)) —1sin 516 ® |§>(1>> (166)

with £ = —ige*ix. Interestingly, (166) represents an entangled state of two squeezed states.
Indeed, when we assign qubit states |1) and |0) to the two squeezed states |£) (1) and |£) (), (166)
can be expressed as

) |s=0 = Y Qi) i), (167)
ij=10
where
. 0 cos ¢
— e iX 2
Q=e (ising 0 ) ' (168)
The concurrence for the entanglement of two qubits [60] is readily calculated as
¢ = /201 - u((Q10)?)) = |sinf] = \/1 - ()2, (169)

which is exactly equal to the ‘radius’ of the H>*-latitude at § on H>'. Thus the concurrence
associated with the Sp(4;R) squeezed state has a clear geometrical meaning as the radius of
hyperbolic latitude on H>!, and the azimuthal angle @ specifies the degree of the entangle-
ment. In particular, the two-mode squeezed state (167) is maximally entangled ¢ = 1 at the
‘equator’ of H>! (§ = 7/2), while it becomes a product state ¢ = 0 at the ‘north pole’ (§ = 0)
or the ‘south pole’ (6 = ).

4.3. Four-mode squeeze operator and Sp(4;R) squeezed vacuum

In a similar fashion to the two-mode case, we can discuss the four-mode squeezed states. From
the four-mode Sp(4; R) operators (94), the Schwinger-type squeeze operator is represented as

S = e~ X3 (XF®) (atin) o —i3 (x—¢) (cta) g —ipX " GIOX™ (170)

The Gaussian decompositions of the last two terms on the right-hand side of (170) are given
by

i0x¥ _ _—itan £-(afc+bTa) 1 e —itan £-(cta+d'b)
e =e 2 —7 e 2 s (171a)
CoS 5
—ipx"'3 1 itanh £2-(afbf 4cTah) 1 et itanh £ (ab+cd)
e =———¢ 2 —_— e 2 .
cosh? g cosh §

(171b)
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Using these formulas, we can derive the number state expansion of Sp(4;R) four-mode
squeezed states:

[f00) (1, iy e na) = S|las Mo ey M) (172)
The Schwinger-type squeezed vacuum is derived as

fm)) 00.00) = € X|€1) 0.0) @ 1€=) 00) (173)

where [£.+) (0,0) denotes the Sp(2; R) squeezed vacuum with

§e = om0 D), (174)

Note that the two-mode (163) and the four-mode (173) have the same structure. The one-
photon squeezed states are similarly obtained as

—i3 —il 0 sile 0
[fm)) (1,0,00) = €' 2% (e 2% cos §|§+>(1,o) ® €-)(00) —i€'2? sin §|€+>(o,o) ® &) 0)) (175a)
T R TP ito
[fm)) 0,100y = € 2%( e7"2% cos 5|§+>(0,1) ® € )00y — i€ sin = |€+>(oo) @1 )1 ), (175b)
_ o —idx ilp 0 s —ilep s 0
[fm)) .0,1,0) = €~ '2% [ €27 cos §\§+>(o,o) ® &) (1,0) —ie "2 Sln§|€+>(1,o) ®1€-)00) )» (175¢)
_—idx ilp 0 s —ilp s 0
[fm)) 0.0,0,1) = € '2%( €2 cos §\§+>(o,o) ® &) (01 —ie "2 Sln§|§+>(o,1) ®1E-)00) |. (175d)

where [£+) (1,0), (0,1) are the Sp(2; R) two-mode one-photon squeezed states (7).

4.4. Sp(4;R) uncertainty relation

Next, we investigate the uncertainty relation for the Sp(4; R) squeezed vacua. Unlike the deri-
vations of the number state expansion, what is needed to evaluate uncertainty relations is only
the Sp(4; R) covariance of the spinor operators. The following derivation of Sp(4;R) uncer-
tainty relations is a straightforward generalization of the Sp(2; R) case [22].

For the Sp(4;R) two-mode with two kinds of annihilation operators, we introduce four
operator coordinates:

1 1
X' = E(a—l—aT), X? = —iE(a — aT), (176a)
;31 | 4 | T
X = S(b+bh), X' = —iz(b—b), (176b)

which satisfy the 4D Heisenberg—Weyl algebra,
1
X', X% =[x, xY = i3 XL X =xLx=x.LXx]=---=0. (177)

We thus have two independent sets of 2D non-commutative coordinate spaces constituting 4D
non-commutative space, in the terminology of non-commutative geometry, R3,- & Ry = Ry
In a similar manner, in the case of the Sp(4; R) four-mode, four operator coordinates are intro-
duced as
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1 1
X'= —(a+d +bp+b"), X2 =—i——(a—da" +b-b"),
2ﬁ( ) 2ﬁ( ) (178a)
1 1
X=——(c+ct+d+d", x* = —i—(c—ct +d—d"), 178b
2ﬂ( ) z\fz( ) (178b)

which satisfy (177) again. In the following we evaluate the deviations of these coordinates for
the Sp(4; R) squeezed vacua.
Let us denote the Sp(4; R) squeezed vacuum as

[sq) = S10), (179)
where |0) denotes the vacuum of the Schwinger boson operators:
al0) = b10) = ¢l0) = d|0) = 0. (180)

Obviously, the squeezed vacuum is the vacuum of the squeezed annihilation operator

a=SaS'. (181)
Since the operator zZA) (Dirac-type (92) and Majorana-type (101)) behaves as a spinor under
the Sp(4;R) transformation (see appendix B for general discussions), the Schwinger operator
transforms as

Stah S =M. (182)

For the Dirac type, M is given by (120), while for the Schwinger type it is given by (144).
Note that (182) implies that the product of the three operators on the left-hand side is simply
equal to the linear combination of the components of ¢ on right-hand side. By this relation

(182), it becomes feasible to evaluate the expectation values of operator O(«)) for the squeezed
vacuum:

(0(1))sq = (sa|O())[sq) = (0ISTO(¥))S|0) = (0]O(574S)[0) = (0]O(M))|0), (183)

where we assumed that O(Qﬁ) is a sum of polynomials of the components of 1[1 Thus, the
evaluation of the expectation values for the squeezed vacuum is boiled down to that for the
usual vacuum.

Since only the covariance of the operator is concerned here, the following discussions can
be applied to both two-mode and four-mode. According to (183), we can readily derive the
squeezed vacuum expectation value of ¢ as

()sq = M{O[|0) =0, (184)
and, from (176) or (178), we have

(XDsa = (X)sg = (X)sq = (X*)sq = 0. (185)
A bit of calculations shows
(AxY2)y, = % (COSZ(g) + sinz(g)(cosh(Zp) +/— sinh(2p)sin(x + ¢))) , (186a)
0 0
(8P = (c0R(G) s (leosh(2p) 4/~ sin@o)sintx—0)). (1s6b)

Consequently, we have the uncertainty relations for the Sp(4; R) squeezed vacuum:
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Figure 3. At 6 = m, the 4D uncertainty region for the Sp(4;R) squeezed vacuum is
exactly equal to the ‘direct sum’ of the two 2D uncertainty regions described by two
Sp(2;R) squeezed vacua. The Sp(4; R) squeezed vacuum thus realizes the squeezing
in a 4D manner. The parameter p denotes the degree of squeezing of both Sp(2;R)

squeezed vacua, x stands for their overall rotation, and ¢ signifies the relative rotation

between them. In particular at (x,¢) = (5,0), both of the squeezings are aligned in

the ‘same’ direction (the squeezing on the X' — X? plane is in the X' direction, and
that on X* — X* is in the X* direction), while at (x, ¢) = (0, J), the two squeezings are
‘perpendicular’ to each other (the squeezing on X' — X? plane is in the X' direction,
while that on X — X* plane is in the X* direction).

(AX"))5q ((AX?))gq = 1i6(1 +sin® @ sinh? p + sin4(§) sinh*(2p) cos*(x + ¢)) > 1i6’
(187a)

(AX?))5q ((AXH))gq = 1i6(1 + sin? @ sinh? p + sin4(§) sinh?(2p) cos?(x — ¢)) > 1i6

(187b)

The uncertainty bound is saturated at (i) # = 0 (the ‘north pole’ of the Bloch four-hyperbo-
loid) and (ii) @ = 7 (the ‘south pole’), at which, (186) becomes

(AXY2)) lo=r = %(cosh(Zp) +/— sinh(2p) sin(x + ¢)), (188a)

<(AX3/4)2>Sq|19:7T = %(cosh(Zp) +/— sinh(2p)sin(x — ¢)). (188b)

Note that (188) represents the uncertainty regions of two Sp(2; R) squeezed vacua [61]. (See
figure 3 also.) Since ¢ represents the squeezing parameter of the Sp(4;R) squeeze operator,
case (i) corresponds to the trivial vacuum and (186) is reduced to ((AX™)?)yq = 1 (no sum for
m =1,2,3,4), and so case (i) is rather trivial. Meanwhile for case (ii), at (x,¢) = (5,0) or
(x»®) = (0, %), the deviations (186) become

(AKX = 1€, (AP )y = 1, (AX))g = 15, (X)) = 167, (189)

and non-trivially saturate the uncertainty bound:

1
T 16°

Performing similar calculations for the Schwinger-type squeezed vacuum, we obtain

(AX1))sq ((AX?))iq = ((AX?)?)5q ((AX*)?)sq (190)
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((AX/2)2), = %(coshp + /— sinhpsin(x + ¢)) > (191a)

1
Tés
1
16 (191b)

1
((AX ) = S(coshp + [ — sinhp sin(x — 6)) >
Note that the deviations do not depend on the parameter € unlike the Dirac type and are
exactly equal to the Dirac type at § = 7 (188) with half squeezing. Therefore, (191) is identi-
cal to the uncertainty regions of two Sp(2; R) squeezed vacua. This result is actually expected,

since the Schwinger-type Sp(4; R) squeezed vacuum (163) does not depend on 6 and is simply
the direct product of the two Sp(2; R) squeezed vacua.

5. Sp(4; R) squeezed coherent states

The Sp(4;R) squeezed coherent state is introduced as the Sp(4; R) squeezed vacuum dis-
placed on 4D plane and exhibits a 4D generalization of the properties of the original Sp(2;R)
squeezed coherent state.

5.1. Squeezed coherent state

. . t * .
With the displacement operator D,(a) = e®® ~® 4, the two-mode and four-mode displace-
ment operators are respectively given by

D(a, 8) = Dy()Dp(B), D(cv, 8) = Dy()Dp(B8)De()Da(B). (192)
It is straightforward to introduce a Sp(4; R) version of the squeezed coherent state as
|, B,5q) = D(av, ) S|0). (193)

Each displacement operator acts on the two-mode = (1/31 s s 1&4)’ = (a a' b b") and
the four-mode ¥ = (¥; ¥, 13 14)" = (a b ¢ d')" as

D(a, B) ¥ D(a, B)T = — o, (194)
where

e=(@ a B8 ). (195)
Relations

DS (lz)s ST D" |a, B,sq) = (0>

(196)

immediately demonstrate that the squeezed coherent state satisfies the following operator
eigenvalue equations:

D, B,sq) = ¢l B.sq),  Phla, B,sq) = ¢hlan, B, sq), (197)
(W5) e, B.5q) = @5 |a, B,sq), (04)F|a, B,sq) = @3], B.sq),
where
O =SUSt =My, o =M. (198)
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For instance, the first equation of (197) for the two-mode Dirac-type squeezed coherent state
reads as

0 0 - 0 .
(cos 54 +isin > cosh pe ' b+ sin 2 sinh p e™'X bT> |, 85 5q)

0 0 ~ 0 A
= <cos e +isin 3 coshpe™® B +sin 3 sinh p e™ 8% ||a, B;5q).
(199)

5.2. Several properties

e Two-mode Sp(4; R) squeezed coherent state:
For two-mode squeezed coherent state,
|, B,5q) = Da()Ds(5)S 10, 0), (200)
the expectation values of Xs are derived as
(X" (ap50) = Re(@) = (X")a, (X*)(a859 = Im(a) = (X*)a,
(X (@.p50) = Re(B) = ()5, (X*) (0559 = Im(B) = (X*).

The expectation values (201) exactly coincide with those of the coherent states. Similarly, the
deviations of Xs are obtained as

(201)

((AXm)2>(a’5_sq) = ((AX’")2>(aysq) = ((X"I)z)(aysq) - (X”‘)%a,sq) = ((AX’”)2>sq. (no sum for m = 1,2,3,4).
(202)
The deviations (200) are equal to those of the squeezed vacuum, (186) and (191). Thus, the
position of the squeezed coherent state is accounted for by its coherent state part, while the
deviation is accounted for by its squeezed state part, implying that the Sp(4; R) squeezed coher-
ent vacuum is the squeezed vacuum displaced by (a, 3) on the C*> ~ R* plane. Obviously, this
signifies a natural 4D generalization of the known properties of the original Sp(2; R) case [22].

e Four-mode Sp(4;R) squeezed coherent state:

From the four-mode generators of Sp(4;R), we can define two kinds of annihilation
operators:

1 1
A=X'+iX*= —=(a+b), B=X+iX = —=(c +d), 203
ﬁ( ) \/5( ) (203)
which satisfy [A,AT] = [B, Bf] = 1. We construct the displacement operator as
1 1 1 1
D(a, B) = Da(a) D, =D,(—«a) Dp(—=«a) D.(—=0) D, , (204
and introduce four-mode squeezed coherent state as
|, B.5q) = D(a, 5)S]0.0,0,0). (205)

It is easy to see that the expectation values of the coordinates are given by

<X1>(a,[3,sq) = Re(a) = <X1>(a,ﬁ)a <X2>(a,ﬁ,sq) = Im(a) = <X2>(a,5)»

(206)
<X3>(o¢,[3,sq) = Re(ﬁ) = <X3>(a,ﬁ)’ <X4>(oz,,6’,sq) = Im(ﬁ) = <X4>(o¢,ﬁ)’
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Table 1. Comparison between quantum information sector of Bloch sphere and quantum optics
sector of Bloch hyperboloid.

Quantum information Quantum optics
Time-reversal symmetry T? = —1 (Fermion) 7% = +1 (Boson)
Algebra Quaternion H Split-quaternion H’
Bogoliubov trans. SO(2n) Sp(2m;R) = U(n; HY)
Double covering group Spin(2n) Mp(2n;R)
Topological map Hopf map Non-compact Hopf map
Quantum manifold Bloch sphere Bloch hyperboloid
Fundamental quantum state  Qubit state Squeezed state
Group coherent state SU(2) spin coherent state ~ SU(1, 1) pseudo-spin coherent state

and the deviations are

((AX"’)z)(a,B,Sq) = ((X’”)2>(aﬂysq) — (X’")%a’ﬁysq) = ((AX’")2>Sq. (no sum form = 1,2,3,4).

(207)
These results are equal to those of the two-mode case, (201) and (202). Hence, also for the
four-mode, the Sp(4; R) squeezed coherent vacuum is intuitively interpreted as the squeezed
vacuum displaced by (a, 3) on C* ~ R* plane.

6. Summary and discussions

We constructed the Sp(4;R) squeezed coherent states and investigated their characteristic
properties. We clarified the underlying hyperbolic geometry of the Sp(2; R) squeezed states in
the context of the 1st non-compact Hopf map. Taking advantage of the hierarchical geometry
of the Hopf maps, we derived the Sp(4; R) squeeze operator with Bloch four-hyperboloid
geometry. Unlike the Sp(2; R) case, the Sp(4; R) squeezed vacua of the Dirac and Schwinger
types are physically distinct. Based on the Euler angle decomposition of the Sp(4; R) squeeze
operator, we investigated the Schwinger-type Sp(4; R) squeezed states, and clarified the physi-
cal meaning of the four coordinates of the Bloch four-hyperboloid. In particular, the entangle-
ment concurrence of the Sp(4;R) squeezed one-photon state was shown to be a geometric
quantity determined by the 5th axis of the Bloch four-hyperboloid. We evaluated the mean
values and deviations of the 4D non-commutative coordinates for the Sp(4;R) squeezed
(coherent) states and confirmed that they realize a natural 4D generalization of the original
properties of the Sp(2; R) squeezed states. The next direction will be a construction of an
anharmonic oscillator Hamiltonian for the Sp(4; R) squeezed state as in the Sp(2; R) case
[21] and its experimental realizations. Interestingly in [62], though not exactly the same as
the present case, Gerry and Benmoussa proposed an analogous SU(1, 1) ® SU(1, 1) entangled
state of two squeezed states and suggested the possibility of generation in trapped ion experi-
ments [63]. Their indication about experimental realization may also hold for the present state.
Besides, the SO(2,3) pseudo-spin coherent state accompanies the SU(1, 1) Berry phase as
the SU(1, 1) pseudo-spin coherent state the U(1) Berry phase. It is also interesting how such
a non-Abelian phase appears in optical experiments and brings pseudo-spin dynamics [64]
particular to its non-Abelian nature, which may be compared to the exotic geometric phase of
SU(2) higher spins [65, 66].
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The split quaternion was crucial in constructing the non-compact 2nd Hopf map. The
split quaternion is closely related to the time-reversal operation for bosons by the following
identification:

(q1,92,93) = (iT, T, i). (208)

Here T stands for the time-reversal operator for boson, 7> = +1, and i is the imaginary unit.
Since the time-reversal operator is an anti-linear operator, 7 is anticommutative with the imag-
inary unit, 7i = —iT, and so the identification ¢, = iT gives q;> = +1. Therefore, the triplet
(208) can be regarded as a realization of the imaginary split quaternions, g1t = g% = +1,
g3 = —1and qiq; = —q;q; (1 # j). In this way, the split quaternions naturally appear in the
context of the time-reversal operation for bosons, just as the quaternions for fermions. Looking
more in detail as indicated in table 1, there are intriguing correspondences between fermion
and boson sectors starting from the quaternions and split quaternions. The list of the boson
sector of table 1 may suggest that the non-compact (hyperbolic) geometry is no less important
than the compact (spherical) geometry for the fermion sector already extensively used in quan-
tum information. As a concrete demonstration, we clarified the hyperbolic geometry of the
squeezed states and applied it to construct a generalized Sp(4; R) formulation of the squeezed
states in the present work. It is very tempting to excavate further hyperbolic structures in quan-
tum mechanics and quantum information theory. As a straightforward study along this line,
one may think of applications of the non-compact 3rd Hopf map or more generally indefinite
complex projective spaces. It should also be mentioned that the geometric structures of non-
compact manifolds are richer than those of the compact counterparts: non-compact manifolds
generally accommodate compact manifolds as their submanifolds, which makes the geometry
of non-compact manifolds more interesting than that of compact manifolds. It is expected that
the study of non-compact geometry will spur the development of quantum information theory.

Though we focused on the squeezed states in this work, the non-compact Hopf map has
begun to be applied in various fields, such as non-commutative geometry [47], twistorial
quantum Hall effect [67], non-Hermitian topological insulator [68, 69], and indefinite signa-
ture matrix model of string theory [70-73]. Applications of the non-compact Hopf map may
be ubiquitous. It may also be worthwhile to speculate on its further possible applications.
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Appendix A. Split quaternions, symplectic algebra and metaplectic algebra

A.1. Algebra of the split quaternions
We denote the split quaternions as

q"=1{4.q"Y ={d".4.4’. 1}, A
which satisfy

@)’=@)’=-()=1

0= = g = —4'F =P PP = = 4. A2)
The quaternionic conjugate of & = ¢, ¢ (¢, : real parameters) is defined as
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h=(cnq™) = cnq",
with
q"={-4q\1}.
The algebra of the split quaternions (A.2) is concisely expressed as
g4y = 24", [¢'.¢’') = 26" qu,
where
g = &' = diag(—1,—1,+1), ¢ =1.
The split quaternions satisfy
qmqn _|_ qnqm — ‘—]mqn + qnqm — zgmn,
"¢ — 4"q" =2"q;, q"q" —q'q" = 27" q;
and
qiqm _ 777mniqn’ qmqi — ﬁmniqn,
qiqm _ _ﬁmm‘qm qmqi _ nmm’én.
Here, g, 1s
8mn = dlag(_19 _1’ +1’ +1)’
and 1™ and 7" are the ’t Hooft symbols:

nmm’ _ 6mni4 + gmi gn4 _ gni gm4’ ,ﬁmm‘ _ 6mm’4 _ gmi gn4 + gni gm4‘
They satisfy
Pqi i 1 7 Pqi &l
56’””1”]77 = Nun> Eemnpqn = ~Mhun»

nmninmnj = 46[]’ ﬁmmﬁmnj = 45[] nmniﬁmnj =0.

A2. U(mH')

GL(n;H') is a group of split-quaternions-valued n X n matrix

811 812 " 8n

821 822 - 8
§= : : . S

8nl 8n2 " 8m

where g;; are given by

_ m
gij_cij qm
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(A.8q)
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(A.10)

(A.lla)

(A.11b)
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with ¢j; real numbers. The (split-)quaternionic Hermitian conjugate of g is defined as

o, |
g=@=1. . . .| (A.14)

where g; = cj{g. The quaternionic conjugate and the quaternionic Hermitian conjugate have
the following properties:

(hy ho) = hy hy, (A.15a)

(g1-82)" =gt g’ (A.15b)

Here, we consider the GL(n; H') transformation that keeps the inner product of split-quaternion
vectors invariant,

ghg=1, (A.16)

and such a transformation is called the split-quaternionic unitary transformation denoted by
U(n; H')!. When we introduce u(n; H') generator X as

g = ¢, (A.18)
(A.16) imposes the following condition on X:
xt=—x. (A.19)

The generators of U(n; H') are simply split-quaternionic anti-Hermitian matrices. The dimen-
sion of u(n; H') algebra is counted as

—1
dimU(n;H’):an%—l—@><4:n(2n—|—1). (A.20)
We can realize the split quaternions by the su(1, 1) matrices'?
{q1.92, 93,1} = {01, 02,10y, 15} (A.21)

and demonstrate the isomorphism U(n; H') ~ Sp(2n; R) as follows. Note that the matrices on
the right-hand side of (A.21) are all real matrices, and so the U(n; H') group elements can be
expressed by real matrices, ¢g* = g. In the matrix realization, the split-quaternionic conjugate
is not equal to the usual Hermitian conjugate but given by

Gn = {000, —ioy, L} =€ g e =€ gu' €, (A.22)
where

€ =io,. (A.23)
Consequently for the matrix realization of U(n; H'), we have

gh=¢E'¢'€, (A.24)

! Since the inner product of the split-quaternion i = an:l h"q,y is split signature, the overall signature of the inner
product is not essential: —/k = (h')2 + (h2)2 — ()2 — (B*)> = +'K with i/ = Y* _ h5="¢,,. Hence, we find

U(n —m,m;H') = U(n; H). (A.17)

12(5) gives another matrix realization of the spilt quaternions.
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with
e 0 O
=10 - of- (A.25)
0 0 e
The U(n; H') condition (A.16) can be expressed as
gEg=E¢. (A.26)
Under the following unitary transformation
g - Ugl, (A.27)
where
U=(er e - en1 € e -~ e) (A.28)
with (e,)p = dap (a,b=1,2,---,2n), (A.26) is transformed as
gdJg=1J. (A.29)
This is the very condition that defines the Sp(2n; R) group (A.31). We thus find
U(n;H') ~ Sp(2n; R). (A.30)

A.3. Symplectic algebra sp(2n;R)

Elements of the Sp(2n; R) group are given by a real matrix g that satisfies the condition

gJg=1J, (A.31)
where J is called the Sp(2n; R) invariant matrix:
J = < 0 1") . (A.32)
-1, 0
With the generator X
g = e, (A.33)
the relation (A.31) can be rewritten as
X'J+JX =0, (A.34)
or equivalently
(JX)" = JX. (A.35)
(A.35) determines the form of X as
X = <M > t) : (A.36)
Sy —M

where M denotes an arbitrary n x n real matrix, and S| and S, are two arbitrary n X n symmet-
ric real matrices. The dimension of the symplectic algebra is readily obtained as

n(n+1)

dim(sp(2n; R)) = (real degrees of M) + (real degrees of §) =n? + >

x2=n2n+1).
(A.37)
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From (A.36), we can choose n(2n + 1) sp(2n; R) basis matrices as

(X]l:)ab = 5a,i6b,j - 6n+i,b6n+j,a = (X[j)ba»

(Xl])ab = 6a,i6b,n+j + 6aJ6b,n+j = (X]l)abs

(Xij)ab = —5a,n+i5b,j - a,n+j5b,/ = (in)uba (A.38)
where i,j = 1,2,--- ,nanda,b = 1,2,--- ,2n. They satisfy

(X Xu] = (XU, XM =0, [X;, X"] = X|6} + X;6} + X;6; + X5,

(X, Xt] = Xad! + Xpdl, (XU, X}] = —X"6] — X7'5}, [X|,X}] = X.6! — X!}
(A.39)

The Sp(2n,R) invariant matrix (A.32) is diagonalized by the following unitary
transformation

0J O =ik, (A.40)

where K is a diagonal matrix with neutral components:

ey 1) s
and £ can be taken as
ol ). o
with n X n matrix R
00 0 1
0 0 1 0
R=|0 0 1 0O (A.43)
01 --- 00
1 0 --- 00
The Sp(2n; R) group condition (A.31) can be expressed as
FOTK Qe =0 K Q. (A.44)
Since g is a real matrix, g' = gf, (A.44) is rewritten as
Qg Kk (QgQl) =K. (A.45)
Therefore,
=gt (A.46)
realizes another representation of the Sp(2n, R) group element that satisfies
g/T K¢ =K. (A.47)

Note that g’ no longer denotes a real matrix unlike g. Since g is a 2n x 2n real matrix, g’
(A.46) with Q) (A.42) is parameterized as

(v A48
£=\v v) (A48)
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where each U and V is an n x n complex matrix. For g’ subject to (A.47), the blocks U and
V must satisty

viv—-vtv=1,, UvV-VvVU=0,. (A.49)

The (real) number of constraints of (A.49) is (n?) + (n*> — n) = n(2n — 1), and then the real
degrees of freedom g’ is obtained as

(2n)? —n(2n—1) =n(2n+ 1), (A.50)

which is indeed the dimension of the sp(2n;R) algebra (A.37). We can readily identify the
form of the associated sp(2n;R) generator X’

U v\
(U o)=¢ (asD)

, (H &
X —(_S ) (A.52)

where H is an arbitrary n X n Hermitian matrix and S is an arbitrary n X n symmetric complex
matrix'?. Obviously, the maximal Cartan sub-algebra is given by

H 0
(0 _H*> , (A.53)

which is the generator of U(n). (—H* denotes the complex representation of H and satisfies the
same algebra of H.) U(n) is the maximal Cartan group of the Cartan—Iwasawa decomposition
of Sp(2n; R) (see (C.1)). (A.47) imposes the following condition on X':

as

XK —KX' =0 (A.54)
or

X't = KX'K, (A.55)
and so the block matrices of X must satisfy

H' =H, §=S5. (A.56)
H is an n x n Hermitian matrix and S a complex symmetric matrix. Note that

KX = <1;I IS-I*> (A.57)

denotes a Hermitian matrix. By sandwiching KX by a Dirac spinor operator

b=(ay - ay bl - bl (A.58)

and its conjugate, we can construct Hermitian operators that satisfy sp(2n;R) algebra. From
the Hermitian operators, independent operators are extracted as

bT} = XJ’:T, XV = a:.rb; -+ a;rbj = in, Xij = (libj + ajbi = X], (A59)

o1 1
le = E{(l,’,d}}‘.‘ E{bi, i

13 The real degrees of freedom of X’ is then counted as n> + n(n 4 1) = n(2n + 1).
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They indeed constitute non-Hermitian operators for the sp(2n; R) algebra (A.39). In particular
X/ = ala;+b/b; + 5} (A.60)
satisfy the maximal Cartan u(n) sub-algebra. The Sp(2n;R) Casimir is derived as

C = XUX; + X;X" — 2XIX{ = ~2(a}a; — b'b; + n)(a}a; — blb; —n). (A.61)

A.4. Metaplectic algebra

The metaplectic group Mp(2n;R) is the double cover of the symplectic group Sp(2n; R):
Mp(2n;R)/Z, ~ Sp(2n; R). (A.62)

Instead of the ‘complex’ operator 7,/; (A.58), we here introduce a ‘real’ operator

d=(a - ay a - a), (A.63)
what satisfies the real condition
. N 0o 1,
P*=Cop (C= ) (A.64)
1, O
and
[bar D8] = Jup (A.65)
with J (A.32). From (A.63), we can construct the following Hermitian operator
1 - - 1 - R
Oy = 5 @' CKX ¢ = ) @' JX . (A.66)
Here X is given by (A.52) and JX is
S H*
X =— = (JX)'.
/ (H s*) (/X) (A.67)
From the original sp(2n;R) matrix X (A.36), we can also construct a symmetric matrix
S, M
JX = = (JX)'
(5 %)-w (A68)

and associated non-Hermitian operator

X = f% o' JX . (A.69)
The basis matrices of (A.68) are given by

(X)) = (IX))ba = —Oan+i6bj — SajObntis

(JXij)a,b = (Jin)a,b = _6a,n+i6b,n+j - a,n+j6b,n+is
(IXi)ab = (IXii)ab = 0aiOhj + OajOpir (@b =1,2,---,2n) (A.70)

where Xs are (A.38). It is not difficult to verify that the corresponding operators satisfy the
sp(2n; R) algebra (A.39) using the relations, J> = —1,, and (JX)' = JX. The basis operators
corresponding to (A.70) are obtained as
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o1 1 it o 1 i 1 )
Xj= E{aj,aj} = ala; + 20 = (X)1, XV = alal = E{af,a}} =X Xy = aiy = S{ai 4} = X,
(A1)

which satisfy (A.39). These operators for metaplectic representation can also be obtained
from (A.59) with the replacement of the operator b by a and by changing the overall scale
factor by 1/2.

The Sp(2n; R) Casimir operator for the metaplectic representation becomes a constant:

PO A P 1
C = XUX; + XXV — 2XiX/ = n(n + 3). (A72)

Appendix B. Pseudo-Hermitian matrices

While unitary representations of non-compact groups are not finite dimensional, non-unitary
representations are finite dimensional. Suppose that #* are non-Hermitian matrices that satisfy
the algebra

[t, "] = if**t,, (B.1)

where f*¢ denotes the structure constants of the non-compact algebra. In the following, we
assume that there exists a matrix k that makes k7* Hermitian,

(kt*)T = ke (B.2)
or
(T =k (k)= (B.3)

Needless to say, the existence of such a matrix as k is not generally guaranteed. If there exists
k satisfying (B.2), the matrices * are referred to as the pseudo-Hermitian matrices [68, 74].
With the pseudo-Hermitian matrices, it is straightforward to construct Hermitian operators
sandwiching the pseudo-Hermitian matrices by the Schwinger boson operator ¢, and its
conjugate:

X4 = @l (ki) ap b5 = O kt“d = 14, (B.4)
where
b= dik. (B.5)

We determine the commutation relations of the components q@a so that X satisfy the same
algebra as (B.1):

(X9, X"] = ifebex... (B.6)
The commutation relations among <]3a are thus determined as

[bas 3] = Sas, (B.7)
or

[ba B5] = (k) ap- (B.8)
Note that while #* are non-Hermitian matrices, X are Hermitian operators. With generators X“,

it is straightforward to construct elements of the non-compact group:
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§ = g waX", (B.9)
with w, being group parameters. Obviously, S is a unitary operator
st=s"" (B.10)

From the non-Hermitian matrix 7, we can construct the non-unitary matrix element of the
non-compact group as

M = e W (B.11)
which satisfies the pseudo-unitary condition:

M= kM~ (k") (B.12)
X“act on qAﬁ as

X, da] = —(t")apds (B.13)
or

[X“, $a] = $5(t*) s (B.14)

which means that é behaves as the spinor representation of the non-compact group generated
by X“. We then have

St o s =Mo, (B.15)
and

SoSt=dm, (B.16)
where

M~ =@ = g IpmTkT (B.17)

Note that while S is a unitary operator, M is a non-unitary matrix. Both of them are specified
by the same parameters w,, and so there exists one-to-one mapping between them. When S
acts on a normalized state |n) ({(n|n) = 1), the magnitude does not change under the transfor-
mation of the non-compact group as shown by (n|STS|n) = 1. In the matrix notation, however,
the transformation does not preserve the magnitude of a normalized vector n (nfn = 1) as
implied by nfMTMn # n'n. This does not occur in usual discussions of quantum mechan-
ics for compact Lie groups, since we can realize the group elements by a finite-dimensional
unitary matrix. In non-compact Lie groups, finite-dimensional unitary representation does not
exist; however, when we adopt the unitary operator S made by the Hermitian operators X, the
probability conservation still holds, and so we do not need to worry about going beyond the
usual probability interpretation of quantum mechanics.

The generators of Sp(2n;R) are represented by a 2n x 2n matrix of the following form

(A.52):
H S
X = (_S _H*), (B.18)

where H is an n x n Hermitian matrix and S an n X n symmetric complex matrix. Though X
itself is non-Hermitian in general, there obviously exists a matrix

L, 0
K:(o —1,,)’ (B.19)
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which makes X be Hermitian:
KX = a5 B.20

In this sense, the sp(2n; R) matrix generators are pseudo-Hermitian, and we can construct the
Hermitian sp(2n; R) operators by following the general method discussed above (see sections
2.1 and 3.1).

Appendix C. Topology of the symplectic groups and ultra-hyperboloids

Here, we review geometric properties of the symplectic groups. The polar decomposition of
Sp(2n; R) group is given by [75]

Sp(2m;R) ~ U(n) @ R""D ~ U(1) @ SU(n) @ R+, (C.1)
where U(n) is the maximal Cartan subgroup of Sp(2n; R). In particular, we have'*

Sp(2;R) ~ U(1) @ R? ~ §' @ R?, (C.2a)

Sp(4:R) ~U(1) @ SU2) @ R® ~ §' @ §* @ RC. (C.2b)
The decomposition (C.1) implies that the symplectic group is not simply connected:

m(Sp(2n;R)) =~ m(U(1)) ~ Z. (€C3)
The double covering of the symplectic group is called the metaplectic group Mp(2n; R):

Mp(2n;R)/Z, ~ Sp(2n; R), (C.4)

and its representation is referred to as the metaplectic representation which is the projective
representation of the symplectic group. Note that projective representation does not exist in
the compact group counterparts of Sp(2n; R), i.e., USp(2n)".

The coset spaces between the symplectic groups are given by

Sp(2n + 2;H') /Sp(2n; H') ~ H* 22+l (C.5)

where HP is referred to as the ultra-hyperboloid A”? that is a ( p + d) dimensional manifold
embedded in RP4*! as

p q+1
Zx’x’ — Zx”'”x”ﬂ =—1. (C.6)
i=1 j=1
(C.6) implies thatas longas x* ™/ (j = 1,--- ,q + 1)is subject to the condition of g-dimensional

sphere with radius /1 + >_7 | xix, the remaining p real coordinates x(i=1,---,p) can

take any real values. Therefore, the topology of H”*¢ is identified with a bundle made of base
manifold R? and fibre S%:

HP ~ R?P @ $9. (C.7)
In low dimensions, (C.7) yields

HO~R*~R, ®S', HY' ~R®S', H*?~ s, (C.8a)

14 The polar decomposition of Sp(2; R) is well investigated in [50, 51].
S USp(2n) = U(n;H) and 71 (USp(2n)) = 1. For instance, USp(2) = SU(2) = Spin(3), USp(4) = Spin(5).
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HY~RY ' ~ReS!, > ~R*®S%, H3 ~R!' 98, H™ ~ §*

(C.8b)
(C.6) also implies that H”¢ can be given by a coset between indefinite orthogonal groups:
H" >~ SO(p,q+1)/S0(p.q). (C9)
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