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Abstract
Dunkl processes are multidimensional Markov processes defined through the 
use of Dunkl operators. Their paths show discontinuities, and so they can be 
separated into their continuous (radial) part, and their discontinuous (jump) 
part. While radial Dunkl processes have been studied thoroughly due to their 
relationship with families of stochastic particle systems such as the Dyson 
model and Wishart–Laguerre processes, Dunkl jump processes have gone 
largely unnoticed after the initial work of Gallardo, Yor and Chybiryakov. 
We study the dynamical properties of the latter processes, and we derive their 
master equation. By calculating the asymptotic behavior of their total jump 
rate, we find that the jump processes of types AN−1 and BN undergo a phase 
transition when the parameter β decreases toward one in the bulk scaling 
limit. In addition, we show that the relaxation behavior of these processes is 
given by a non-trivial power law, and we derive an asymptotic relation for the 
relaxation exponent in order to discuss its β-dependence.

Keywords: stochastic processes, jump processes, phase transition, relaxation 
dynamics

(Some figures may appear in colour only in the online journal)

1.  Introduction and main results

Dunkl processes [1, 2] are a family of multidimensional stochastic processes defined as a gen-
eralization of Brownian motion using Dunkl operators [3]. The latter are differential-differ-
ence operators which depend on the choice of a root system R, which is a finite set of vectors 
which generates reflection groups, and a set of parameters, called multiplicities. In order to 
illustrate the main characteristics of a Dunkl process, we take the root system of type AN−1 as 
an example. Consider a group of N Brownian particles on the real line; then, every configura-
tion can be represented as a vector in RN . If we denote the transition probability density (TPD) 
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of the process going from the configuration x ∈ RN  to the configuration y ∈ RN  in a time 
t  >  0 by pA(t, y|x), then the backward Fokker–Planck equation of the Dunkl process reads

∂

∂t
pA(t, y|x) = 1

2

N∑
i=1

∂2

∂x2 pA(t, y|x)

+
β

2

∑
1�i�=j�N

[ 1
xi − xj

∂

∂xi
−

1 − σij

2(xi − xj)2

]
pA(t, y|x).

�

(1)

The operator σij permutes the ith and j th components of the vector x, and β/2 > 0 is the sole 
multiplicity in this case. There are two main things to note about this process: the first is that, 
if the difference term (second term in brackets on the rhs) were not a part of this equation, 
the process would be equivalent to the Dyson Brownian motion model [4] with parameter β. 
This fact is well-known [5], and in general for every Dunkl process there is a continuous ver-
sion of it, called a radial Dunkl process [6]. The second is that the difference term introduces 
discontinuities to the process. This paper is focused on the discontinuous part, the Dunkl jump 
process.

We plot a sample of the type-AN−1 Dunkl process in figure 1. The left plot shows the path 
that each particle takes. As the particles diffuse and repel each other due to the first term in 
brackets on the rhs of (1), they exchange positions randomly. These exchanges are represented 
by horizontal lines in the plot, and it is apparent that the probability of an exchange grows the 
closer two particles are to each other. Then, it becomes clear that this type of Dunkl process 
is composed of two parts: the diffusing path itself, and the particle order. Since the exchange 
interactions generate all possible permutations of N objects, it follows that the discontinuous 
part is a stochastic process that takes values in the symmetric group SN.

The first study of the jumps in Dunkl processes was carried out by Gallardo and Yor in [7], 
where they succeeded in deriving a skew-product decomposition of the Dunkl process of rank 
one in terms of its jump part and its continuous part. They also succeeded in expressing the 
multidimensional case in terms of two martingale parts, one continuous and the other com-
pletely discontinuous, in [8]. Later, the first skew-product decomposition in the multidimen-
sional case was achieved by Chybiryakov in [9]. However, there have been no studies on the 
Dunkl jump processes since, and very little is known about these jump processes, particularly 
in physical terms.

This does not mean that Dunkl processes and Dunkl operators are unknown in physics. 
In fact, Dunkl operator theory has been applied to great effect in the area of integrable sys-
tems [10, 11], particularly those of Calogero–Moser–Sutherland type [12–14]. In addition, 
the radial Dunkl processes of types AN−1 and BN are equivalent to the Dyson model [4] and 
to the Wishart–Laguerre models [15, 16], which are well-known random matrix eigenvalue 
processes [17]. However, the exchange mechanism responsible for Dunkl jump processes 
has only rarely been studied in physics, mostly in the form of a generalized spin interaction 
[18–20].

In the present paper, we study the dynamics of Dunkl jump processes by making use of the 
observation that a Dunkl process’ trajectory between any two jumps is given by the stochastic 
differential equation (SDE) of its radial part. Then, it is clear that the jumps depend on the 
radial process’ trajectory but not vice versa, so in order to treat the jump process in isolation 
we express the rate of every possible jump as an expectation taken with respect to the law 
of the radial process. Then, we derive the time-evolution equation for the jump process’ law 
(namely, the master equation), and obtain our main results from it.
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For the first result, we consider processes of type AN−1 and BN, with N particles starting 
from an initial configuration x0 in the closed Weyl chamber CWN

R
, where

CWN
A

:= {x ∈ RN : x1 � x2 � · · · � xN},

CWN
B

:= {x ∈ RN : 0 � x1 � x2 � · · · � xN},
� (2)

and the processes evolve for a time t. In such a setting, we denote the total jump rate by 

Λ
(R)
β (t|x0) with R  =  AN−1 or BN, and we find the following behavior in the bulk scaling limit 

where t  =  N and N → ∞ [21].

Theorem 1.  Set β > 1 and consider a sequence of initial configurations {x(N)
0 ∈ CWN

R
}∞N=2  

such that ‖x(N)
0 ‖ � K  with K  >  0 fixed. In the bulk scaling limit, the total jump rate per par-

ticle for Dunkl jump processes of type R  =  AN−1 and BN with equal multiplicities β/2 for all 
roots is given by

lim
N→∞

1
N
Λ
(R)
β (N|x(N)

0 ) =
β

cR(β − 1)
,� (3)

with cAN−1 = 8 and cBN = 4, respectively. Therefore, we have a phase transition at βc = 1 with 
critical exponent equal to one.

This phase transition is closely related to whether particles in the underlying radial pro-
cesses collide. It is well-known [22] that whenever all of the multiplicities are larger than or 
equal to 1/2, the first collision time tends to infinity almost surely; here, all multiplicities are 
equal to β/2, meaning that there are no collisions for β � 1. This indicates that the phase 
transition lies between a non-colliding (ordered) phase and a colliding (disordered) phase.

Figure 1.  Sample of the Dunkl process of type AN−1 and its jump count for N  =  10, 
β = 8, and a centered, equally spaced initial configuration with unit distance between 
nearest neighbors. The horizontal lines represent jumps.
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The second result involves the main dynamical properties of the jumps, as derived from the 
master equation. In the example depicted in figure 1, we can observe that every time a jump 
occurs only two particles exchange their positions, so there exist N(N − 1)/2 different kinds 
of jumps, and every kind of jump has its own rate. In general we denote the jump rates by 
λβ(t,α|x0), where α is a root in R, and at the same time, α indicates the type of jump. In the 
case AN−1, α can be simply replaced by two indices i, j ∈ 1, . . . , N  referring to the particles 
exchanging positions. We also denote the sum of all possible jumps by Λβ(t|x0). Then, the 
jump process takes values in the reflection (Weyl) group W generated by reflection operators 
σα along α ∈ R. We give the master equation in the following statement.

Lemma 2.  Denote by PJ
β (t, τ |x0) the probability of finding the jump process associated to 

a Dunkl process started from x0 at τ ∈ W  after a time t. Then, for β > 1, PJ
β (t, τ |x0) obeys 

the master equation

∂

∂t
PJ
β (t, τ |x0) =

∑
α∈R+

λβ(t,α|x0)PJ
β (t, τσα|x0)− Λβ(t|x0)PJ

β (t, τ |x0).

� (4)
From results in [23], we deduce that the asymptotic behavior of all jump rates is given by

λβ(t,α|x0) =
1
t
λβ(1,α|0) + O(‖x0‖2t−2),� (5)

where x = 0 means that xi = 0 ∀i = 1, . . .N . After inserting this relation in the master equa-
tion, we immediately obtain the following.

Theorem 3.  For x0 �= 0 and β > 1, relaxation asymptotics in Dunkl jump processes follow 
a power law with an exponent less than or equal to unity in absolute value.

The meaning of this statement in the case AN−1 is that the equilibrium law for the jump 
process gives all elements of SN equal probability, and that for large times t the probability 
PJ
β (t, τ |x0) is given by a β-dependent relaxation exponent r(β) < 0 as

PJ
β (t, τ |x0) =

1
N!

+ C(τ)tr(β) + o(tr(β))

for C(τ) a static function of τ . The β-dependence of r(β) is a more delicate matter because 
of (5), as the two terms on the rhs are representative of the two factors at play in the relax-

ation process. When x0 = 0 only the first term survives, and the dynamical part of PJ
β (t, τ |0) 

is given by the solution to a simple matrix eigenvalue problem. In this case the relaxation 
exponent is the eigenvalue closest to zero, which we denote r1(β) < 0. If, on the other hand, 
x0 �= 0, then the second term in (5) becomes important, as it automatically adds a perturbation 
of order t−1 to the solution for x0 = 0. Then, if r1(β) < −1, the term of order t−1 is dominant: 
this is the basis for theorem 3.

Then, it becomes important to find the relaxation exponent for the case x0 = 0 as a function 
of β to clarify whether the initial configuration x0 dominates the relaxation dynamics. This is 
the motivation for our final result.

Theorem 4.  For every M  >  0, there exists C(M) > 1 such that, for β > C(M) and equal 
multiplicities β/2 for all roots, the dynamical exponents {ri(β)} (with ri+1(β) < ri(β) for 
every i  >  0) of a Dunkl jump process with x0 = 0 obey the first-order asymptotics
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ri(β) = −
(
|r(0)

i |+ |r(1)
i |
β

)
+ O(β−2) + O(e−M),� (6)

with r(0)
i , r(1)

i  constant with respect to β.

This behavior of ri(β) indicates that there exists a large-β regime in which the relaxa-
tion exponent r1(β) decreases in magnitude with β, and the effect of x0 at large t depends 

ultimately on whether |r(0)
1 | < 1. We finish by considering the case AN−1, and we find that, 

because |r(0)
1 | = 1/2, the relaxation exponent tends toward 1/2 when β � 1 is large, but 

becomes 1 whenever |r1(β)| > 1.
This paper is organized as follows. In section 2, we give a brief overview of Dunkl pro-

cesses and define the quantities involved in our results. In section 3, we define Dunkl jump 
processes, derive their master equation, and discuss several immediate properties of the lat-
ter. In section 4, we discuss the jump counting process, and calculate the asymptotic form of 
the total jump rate. From there, we prove theorem 1. In section 5, we consider the relaxation 
behavior of the jump process. The asymptotics from section 4 become instrumental in the 
calculations involved. We prove theorem 3 by calculating the order of magnitude of the differ-
ence between solutions of the master equation for x0 �= 0 and x0 = 0. We also prove theorem 
4 by considering the case x0 = 0 in the limit β → ∞ and performing a first-order perturba-
tion on its solution. In section 6, we consider the case AN−1 explicitly, and make use of its 
connection to Polychronakos–Frahm (PF) spin chains [18, 19] to find the relaxation exponent 
when x0 = 0 and β → ∞, which is exactly one half. Then, it becomes clear that in the case 
AN−1 there exists a relaxation regime that is not dominated by the initial configuration at large 
values of β. Finally, we give our concluding remarks and briefly state several related open 
problems in section 7.

2.  Setting and definitions

We briefly fix the definitions necessary for our results starting from Dunkl operators [3]; we 
encourage the reader to consult [2, 24] for a more detailed treatment of the topics covered 
here. Consider the N-dimensional Euclidean space RN  and the reflection operator σα ∈ O(N) 
defined by

σαx := x − 2
α · x
‖α‖2 α,� (7)

with the Euclidean inner product between α and x ∈ RN  denoted by α · x, and ‖α‖2 = α ·α.
Let us fix a root system R ⊂ RN \ {0}, namely, a finite set of vectors, or roots, invariant 

under the action of the reflections along its own elements. For simplicity, we assume R to be 
reduced, that is, if α, ξ ∈ R and there exists a constant c such that α = cξ, then c = ±1. In 
fact, if α ∈ R, then −α ∈ R, so we only require one half of R to obtain all the reflections R can 
generate. Thus, one can choose an arbitrary vector, say m ∈ RN, such that m ·α �= 0 for every 
root α, and with that, we can define the positive subsystem R+ as the subset of R which contains 
all the roots that satisfy m ·α > 0. We also define by CW = {x ∈ RN : α · x � 0, ∀α ∈ R+} 
the closed cone (or Weyl chamber) which contains the vector m.

R defines a reflection group, which we denote by W ⊂ O(N), and R can be partitioned by 
the disjoint orbits of the roots under the action of W. One may then assign a parameter, called 
a multiplicity, to each disjoint orbit, defining what is called a multiplicity function. There 
is no restriction on these multiplicities, but for the setting we consider here we will make 
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the following assumptions. Define a positive real parameter β and a multiplicity function 
k(α) � 0, with the requirement that one of the multiplicities be equal to one. We also intro-
duce the sum of multiplicities

γ :=
∑
α∈R+

k(α)
� (8)

for use in later sections.
Then, the Dunkl operators {Ti}N

i=1 are defined for functions f ∈ C1(RN) by

Tif (x) :=
∂

∂xi
f (x) +

β

2

∑
α∈R+

k(α)
f (x)− f (σαx)

α · x
αi.� (9)

We choose our multiplicities in this manner so that we can treat the parameter β in the same 
way as in the β-ensembles from random matrix theory [25]. Then, for example, the condi-
tion that all multiplicities be equal to β/2 is realized by setting k(α) ≡ 1. It is known [24] 
that Dunkl operators satisfy some of the properties of partial derivatives. In particular, they 
commute with each other, so it makes sense to generalize well-known differential operators 
using Dunkl operators. One such generalization is the Dunkl Laplacian ∆k :=

∑N
i=1 T2

i . It was 
shown in [3, 24] that its explicit form for f ∈ C2(RN) is

∆kf (x) =
N∑

i=1

∂2

∂x2 f (x) + β
∑
α∈R+

k(α)
[α · ∇f (x)

α · x
− ‖α‖2

2
f (x)− f (σαx)

(α · x)2

]
.

� (10)
Dunkl processes were defined in [1] as the left-limited, right-continuous adapted Markov 

processes in the probability space (Ω,F ,P) whose infinitesimal generator is ∆k/2. Namely, if 
the TPD of a process going from x to y ∈ RN  after a time t  >  0 is denoted by p(t, y|x), and it 
satisfies the backward Fokker–Planck equation

∂

∂t
p(t, y|x) = 1

2
∆kp(t, y|x),� (11)

where ∆k acts on x, then it is a Dunkl process. The explicit form of the TPD p(t, y|x) is given 
by

p(t, y|x) = e−(‖x‖2+‖y‖2)/2t

cβ tN/2 Eβ

( x√
t
,

y√
t

)
wβ

( y√
t

)
.� (12)

Here, cβ is a normalization constant given by the Selberg integral

cβ =

∫

RN
e−‖x‖2/2wβ(x) dNx,� (13)

and the Dunkl kernel Eβ(x, y) is the generalization of the exponential function defined by the 
relations

Eβ(0, y) = Eβ(x, 0) = 1 and TiEβ(x, y) = yiEβ(x, y) ∀i ∈ {1, . . . , N}.
� (14)

It is important to stress that while the existence of the Dunkl kernel has been proved [26], at 
present there is no known general explicit form for it, except in a few particular cases. Finally, 
note that p(t, y|x) obeys the important scaling property

S Andraus﻿J. Phys. A: Math. Theor. 53 (2020) 055204
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p(t, y|x) dNy = p
(

1,
y√

t

∣∣∣ x√
t

)dNy
tN/2 .� (15)

It is clear that Dunkl processes are discontinuous, as evidenced by the difference term in 
(10). However, one can extract the continuous part of this process by considering the sum

p̂(t, y|x) =
∑
ρ∈W

p(t, y|ρx).� (16)

Inserting p̂(t, y|x) into (11) cancels out the difference term; remark that p̂(t, y|x) is normalized 
in the Weyl chamber CW. Then, the processes defined by p̂(t, y|x) and (11) without the dif-
ference term are continuous; they are called radial Dunkl processes [6], and their paths are 
contained in CW. Radial Dunkl processes have been studied thoroughly, and many of their 
properties have been elucidated in [22, 27]. In particular, it is known that the stochastic differ
ential equation for the radial Dunkl process X̂(t) is given by

dX̂(t) = dB̂(t)− 1
2
∇Φ(X̂(t))dt,� (17)

with B̂(t) an N-dimensional Brownian motion,

Φ(x) := − logwβ(x),� (18)

and

wβ(x) :=
∏

α∈R+

|α · x|βk(α).
� (19)

It is also known that for β � 1 and k(α) � 1 for all α ∈ R, radial Dunkl processes do not hit 
the boundaries of CW almost surely, and that there exists a unique strong solution of this SDE 
whenever βk(α) > 0 for every root.

In the same way that one can isolate the continuous part of Dunkl processes, one can isolate 
the discontinuous part. The first steps in this direction were given in [7] for the rank-one case, 
and the corresponding multidimensional generalization was carried out in [9].

In this paper, however, we focus on the Dunkl jump process, which can be described as a 
continuous-time stochastic process on the group W, with the property that it becomes an inho-
mogeneous Poisson random walk when β > 1. By considering the forward Fokker–Planck 
equation of the process,

∂

∂t
p(t, y|x) = 1

2

N∑
i=1

∂2

∂y2 p(t, y|x)− β

2

∑
α∈R+

k(α)
α · ∇p(t, y|x)

α · y

+
β

2

∑
α∈R+

k(α)
‖α‖2

2
p(t, y|x) + p(t,σαy|x)

(α · y)2 ,

�

(20)

one finds that the probability density of a jump from x (such that x ·α �= 0) to a point y at a 
non-zero distance in an interval dt is given by

p(dt, y|x) = β

2

∑
α∈R+

k(α)
‖α‖2

2
δ(σαy − x)
(α · x)2 dt.� (21)

This follows immediately from the Lévy measure of the process, as stated in [8, 28]. From this 
expression it is clear that, if a jump occurs, the arrival point must be one of the reflections of 
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the vector x in the direction of one of the root vectors α. Moreover, if we denote the Dunkl 
process by X(t) and impose the initial condition X(0) = x0, the probability rate that any jump 
occurs in the interval [t, t + dt) is given by the integral

Λβ(t|x0) =

∫

RN

∫

RN

β

2

∑
α∈R+

k(α)
‖α‖2

2
δ(σαy − x)
(α · x)2 dNy p(t, x|x0) dNx

=

∫

CW

β

2

∑
α∈R+

k(α)
‖α‖2

2
p̂(t, x|x0)

(α · x)2 dNx > 0.
�

(22)

Note the change in notation: henceforth, x0 will represent the initial configuration, and x the 
configuration at time t. It was shown in [8, 29] that this integral converges whenever βk(α) > 1, 
and diverges otherwise. The reason for this is that, due to the presence of the weight function 
wβ(x) in (12), the behavior of the singularity near α · x = 0 goes like |α · x|βk(α)−2, so the 
singularity is integrable whenever βk(α) > 1 for all α.

3. The Dunkl jump process

In order to construct the jump process, we recall the basic properties of the jumps and we 
recast the main result from [9] (theorem 19) in a more familiar form. Since we have estab-
lished that the jump rate is finite when βk(α) > 1 for all α, it is clear that there exist finite, 
non-zero time intervals between jumps in this regime. Using this fact, we can prove the fol-
lowing statement.

Lemma 5.  Suppose that βk(α) > 1 for every root α. Then, for every Dunkl process X(t) 
and its corresponding radial part X̂(t), there exists a Poisson random walk ρ(t) on the Weyl 
group W such that

X(t) = ρ(t)X̂(t),� (23)

where the equality holds in law. Moreover, if for every interval [S, T) without jumps the Brown-
ian motions B(t) and B̂(t) which drive X(t) and X̂(t) respectively are related by

B(t)− B(S) = ρ(t)(B̂(t)− B̂(S))� (24)

for t ∈ [S, T), then the equality holds pathwise.

Proof.  Without loss of generality, we set x0 ∈ CW , fix ω ∈ Ω, and proceed by induc-
tion, while keeping in mind that all objects in this derivation are functions of ω . Clearly, 
X(t) = X̂(t) and ρ(t) = id before the first jump, and X̂(t) is the unique strong solution if the 
radial SDE with respect to ω . Now, suppose that after the nth jump, (23) holds, and denote the 
(random) time of said jump by tn. The timing of the jumps is decided by an inhomogeneous 
Poisson process with rate function Λβ(t, x0). The next jump occurs at time tn+1, and we know 
by (21) that there exists a root αn+1 such that

X(tn+1) = σαn+1 X(t−n+1) = σαn+1ρ(t
−
n+1)X̂(t−n+1) = σαn+1ρ(t

−
n+1)X̂(tn+1)

� (25)
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by the induction hypothesis and the continuity of X̂(t). Then we can write for tn+1 < t < tn+2,

X(t) = σαn+1ρ(t
−
n+1)

[
B̂(t) +

β

2

∫ t

0

∑
ξ∈R+

k(ξ)
ξ

ξ · X̂(s)
ds
]

= σαn+1ρ(t
−
n+1)B̂(t) +

β

2

∫ t

0

∑
ξ∈R+

k(ξ)
σαn+1ρ(t

−
n+1)ξ

ξ · X̂(s)
ds

= σαn+1ρ(t
−
n+1)B̂(t) +

β

2

∫ t

0

∑
ξ∈R+

k(ξ)
ξ

ξ · X(s)
ds.

�

(26)

For the last line, we have used the substitution ξ′ = σαn+1ρ(t
−
n+1)ξ. Then it suffices to set 

ρ(t) = σαn+1ρ(t
−
n+1) ∈ W  and B(t) = σαn+1ρ(t

−
n+1)B̂(t) = ρ(t)B̂(t) for tn+1 < t < tn+2 to ob-

tain the result.� □ 

Definition 6.  We define the Dunkl jump process as the Poisson random walk ρ(t) in 
lemma 5.

Since the random timing of each jump is given by the jump rate Λβ(t, x0), it only remains 
to calculate the rate corresponding to each of the possible jumps. From (21), we see that the 
probability rate of a jump along the root α given X̂(t) = x  and ρ(t) = τ  (that is, X(t) = τx) 
with τ ∈ W , x ∈ CW  is given by

β‖α‖2

4
k(α)

(α · τx)2 =
β‖α‖2

4
k(α)

(τ−1α · x)2 ,� (27)

so by using lemma 5 we obtain the rate function

λβ(t, τ−1α|x0) =
β‖α‖2

4

∫

CW

k(α)

(τ−1α · x)2 p̂(t, x|x0) dNx > 0.� (28)

This is, then, the probability rate that the jump process makes a transition where ρ(t) goes 
from τ  to σατ . Note that

∑
α∈R+

λβ(t,α|x0) = Λβ(t|x0),� (29)

so all of these rate functions converge whenever βk(α) > 1 for all α ∈ R by [8]. We can now 

derive the master equation by defining the function PJ
β (t, τ |x0) : [0,∞)× W × CW → R�0 

as the probability of finding the jump process at the reflection group element τ ∈ W  at 
time t ∈ [0,∞) when the radial process starts from x0 ∈ CW , with the constraint that ∑

τ∈W PJ
β (t, τ |x0) = 1.

Proof of lemma 2.  Partition the interval [0, t) by setting ti  =  it/m, i = 0, . . . , m, ∆t = t/m 
and set the notation σi = σαi. Finally, set τi = σiσi−1 · · ·σ1, with τ0 = id. Then, the prob-
ability that ρ(t) performs exactly n jumps along the roots α1, . . . ,αn  in that order within the 
interval [0, t) is given by the limit
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lim
m→∞

∫

Cm
W

∑
1�j1<···<jn�m

m∏
l=1

l/∈{ ji}n
i=1

[
1 − β

2

∑
ξ∈R+

κ(ξ)
‖ξ‖2

2
∆t

(ξ · yl)2

]

×
n∏

l=1

β

2
κ(αl)

‖αl‖2

2
∆t

(αl · τl−1yjl)
2 ×

m∏
l=1

p̂(tl, yl|x0) dNyl

= e−
∫ t

0 Λβ(s|x0) ds
∫

0�s1<···<sn�t

n∏
j=1

λβ(sj, τ−1
j−1αj|x0) dsj.

�

(30)

Then, the probability PJ
β (t, τ |x0) is given by the sum over all possible sequences of reflections 

such that τ = τn = σn · · ·σ1 for n a non-negative integer, namely,

PJ
β (t, τ |x0) = e−

∫ t
0 Λβ(s|x0) ds

×
∞∑

n=0

∑
{αi∈R+}n

i=1:
τn=τ

∫

0�s1<···<sn�t

n∏
j=1

λβ(sj, τ−1
j−1αj|x0) dsj.� (31)

Differentiating with respect to time yields

∂

∂t
PJ
β (t, τ |x0) =e−

∫ t
0 Λβ(s|x0) ds

∞∑
n=1

∑
α∈R+

λβ(t, τ−1
n−1α|x0)

×
∑

{αi∈R+}n−1
i=1 :

τn−1=σατ

∫

0�s1<···<sn−1�t

n−1∏
j=1

λβ(sj, τ−1
j−1αj|x0) dsj

− Λβ(t|x0)PJ
β (t, τ |x0)

=e−
∫ t

0 Λβ(s|x0) ds
∑
α∈R+

λβ(t, τ−1σαα|x0)

×
∞∑

n=1

∑

{αi∈R+}n−1
i=1 :

τn−1=σατ

∫

0�s1<···<sn−1�t

n−1∏
j=1

λβ(sj, τ−1
j−1αj|x0) dsj

− Λβ(t|x0)PJ
β (t, τ |x0)

=
∑
α∈R+

λβ(t, τ−1α|x0)PJ
β (t,σατ |x0)− Λβ(t|x0)PJ

β (t, τ |x0).

� (32)

Finally, we can simplify the first term by recalling that σατ = τστ−1α, yielding

∑
α∈R+

λβ(t, τ−1α|x0)PJ
β (t,σατ |x0) =

1
2

∑
α∈R

λβ(t, τ−1α|x0)PJ
β (t, τστ−1α|x0)

=
∑
α∈R+

λβ(t,α|x0)PJ
β (t, τσα|x0).

� (33)
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The second equality follows from the substitution α′ = τ−1α and from the invariance of R rela-
tive to the action of W. Inserting this expression in the master equation gives the desired result.
� □ 

It is clear that the master equation preserves the total sum of the probabilities, and that a 

possible equilibrium state is that in which PJ
β (t, τ |x0) = 1/|W|, as it makes the rhs vanish. 

Moreover, it is easy to see that (4) is stable, in the sense that its rhs is given by a linear and 
negative semidefinite operator mapping the space of real functions on W to itself. To see this, 
we consider arbitrary functions f , g : W → R and define the inner product

( f , g) :=
∑
τ∈W

f (τ)g(τ).� (34)

Then, we see that, if we define the operator M so that we can write the rhs of the master equa-

tion in the form MPJ
β , we get

( f ,Mf ) = −
∑
τ∈W

f (τ)
[
Λβ(t|x0) f (τ)−

∑
α∈R+

λβ(t,α|x0) f (τσα)
]

= −
∑
τ∈W

f (τ)
∑
α∈R+

λβ(t,α|x0)[ f (τ)− f (τσα)]

= −1
2

∑
τ∈W

∑
α∈R+

λβ(t,α|x0)[ f (τ)− f (τσα)]
2.

�

(35)

Because λβ(t,α|x0) > 0, the expression is negative semidefinite, and it is only equal to zero 
when f (τ) = f (τσα) for every root α, which only occurs if f (τ) is a constant function. 
Therefore, the equilibrium state is unique. We now turn to the jump counting process to inves-
tigate the dynamics of ρ(t) in more detail.

4. The Dunkl jump counting process and the jump rate phase transition

Denote by N (t) the number of discontinuities in the path of X, namely, the total number of 
jumps that ρ(t) has carried out up to time t. Since the probability rate of a jump is given by 
(22), whenever βk(α) > 1 for every α ∈ R+ the jump rate process is an inhomogeneous 
Poisson process with rate function Λβ(t|x0). The following is straightforward.

Lemma 7.  Denote by PN
β (t, n|x0) the probability that N (t) = n, given that the associated 

Dunkl process started at x0. Then,

∂

∂t
PN
β (t, n|x0) = Λβ(t|x0)[PN

β (t, n − 1|x0)− PN
β (t, n|x0)].� (36)

Proof.  The proof is similar to that of lemma 2. By discretizing the interval [0, t) as before, 
one can show that

PN
β (t, n|x0) =

1
n!

[ ∫ t

0
Λβ(s|x0) ds

]n
e−

∫ t
0 Λβ(s|x0) ds,� (37)

and taking a time derivative yields the result.� □ 
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This result shows that the jump counting process depends solely on the properties of the 
total jump rate, Λβ(t|x0). We will focus on this quantity for the rest of the section.

We note now that all of the jump rates λβ(t,α|x0) and, by extension, Λβ(t|x0) satisfy a 
crucial scaling property which stems from (15):

λβ(t,α|x0) =
β‖α‖2

4

∫

CW

k(α)

(α · x)2 p̂
(

1,
x√

t

∣∣∣ x0√
t

)dNx
tN/2 =

1
t
λβ

(
1,α

∣∣∣ x0√
t

)
,

� (38)
whenever t  >  0. In fact, we know from the remarks following theorem 1 in [23] that in general

λβ

(
1,α

∣∣∣ x0√
t

)
=

β‖α‖2|W|
4cβ

∫

CW

k(α)

(α · x)2 e−‖x‖2/2wβ(x)dNx + O(‖x0‖2/t),

� (39)
so for Λβ(t|x0), we have

Λβ(t|x0) =
1
t
Λβ(1|0) + O(‖x0‖2/t2)� (40)

assuming that x0 belongs to the space spanned by R+ . From this relation it is clear that the 
decrease of the total jump rate in time is extremely slow, at least one order in t slower than 
the effect of x0. Consequently, the expected value of N (t), which corresponds to the time 
integral of Λβ(t|x0) itself, shows a logarithmic behavior at long times. This means that there 
may be meaningful dynamics in the jump process long after the transient effect of the initial 
configuration disappears, and that this long time behavior could be universal among all types 
of Dunkl jump processes. It is of interest, then, to calculate Λβ(1|0) explicitly; we can obtain 
an expression for it when k(α) ≡ 1.

Lemma 8.  Suppose that β > 1 and that k(α) = 1 for all α ∈ R+. Then,

Λβ(1|0) =
β|R+|

4(β − 1)
.� (41)

Proof.  By definition,

Λβ(1|0) =
∫

RN

∑
α∈R+

β‖α‖2

4cβ(α · x)2 e−‖x‖2/2wβ(x) dNx.� (42)

Note that, because k(α) ≡ 1,

N∑
i=1

∂2

∂x2
i

wβ(x) =
N∑

i=1

∂

∂xi

(
wβ(x)

∑
α∈R+

βαi

α · x

)

= wβ(x)β(β − 1)
∑
α∈R+

‖α‖2

(α · x)2 .

�

(43)

The second line follows from lemma 4.4.6 in [24]. Then, we can write

Λβ(1|0) =
1

4cβ(β − 1)

∫

RN
e−‖x‖2/2

N∑
i=1

∂2

∂x2
i

wβ(x) dNx.� (44)
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Recalling that this integral converges for β > 1, we integrate by parts twice to obtain

Λβ(1|0) =
1

4cβ(β − 1)

∫

RN
(‖x‖2 − N)e−‖x‖2/2wβ(x) dNx

=
1

4cβ(β − 1)

∫

RN
‖x‖2e−‖x‖2/2wβ(x) dNx − N

4(β − 1)
.

�

(45)

For the last integral, consider the function

f (a) :=
∫

RN
e−a‖x‖2/2wβ(x) dNx, a > 0.� (46)

One can readily calculate this integral by setting y =
√

ax to get

f (a) = a−(N+β|R+|)/2
∫

RN
e−‖y‖2/2wβ(y) dNy = cβa−(N+β|R+|)/2.� (47)

Then, we see that
∫

RN
‖x‖2e−‖x‖2/2wβ(x) dNx = −2

d
da

f (a)
∣∣∣
a=1

= cβ(N + β|R|+).� (48)

Inserting this result in our expression for Λβ(1|0) yields the statement.� □ 

It is of great interest to investigate this result from the perspective of infinite particle sys-
tems. The radial Dunkl processes of types AN−1 and BN correspond to the Dyson model [4] and 
the Wishart–Laguerre processes [15, 16] respectively. In the particular case β = 2, some of 
their properties in the infinite-particle limit have been elucidated in [21, 30, 31], in particular 
in the bulk scaling limit, where the process time t is scaled linearly with the number of parti-
cles, N. Under these conditions, we give the proof of theorem 1.

Proof of theorem 1.  We start by using (40) to write

1
N
Λ
(R)
β (N|x(N)

0 ) =
1

N2 Λβ
(R)(1|0) + O(|R+|/N3).� (49)

The factor of |R+ | in the correction term appears because the total jump rate is the sum of |R+ | 
finite jump rates, and we have used the hypothesis ‖x0‖ < K . Then, by lemma 8 we obtain

1
N
Λ
(R)
β (N|x(N)

0 ) =
1

N2

β|R+|
4(β − 1)

+ O(|R+|/N3).� (50)

For the case R  =  AN−1, we have |AN−1,+ |  =  N(N  −  1)/2, so

1
N
Λ
(A)
β (N|x(N)

0 ) =
βN(N − 1)
8N2(β − 1)

+ O(N−1)
N→∞−→ β

8(β − 1)
.� (51)

Similarly, |BN,+| = N2, and

1
N
Λ
(B)
β (N|x(N)

0 ) =
βN2

4N2(β − 1)
+ O(N−1)

N→∞−→ β

4(β − 1)
,� (52)

as desired.� □ 
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This phase transition stands in contrast to that reported in [32] for the bulk scaling limit of 
the Dyson model. There, the phase transition corresponds to the asymptotic behavior of the 
stochastic sine equation, while the phase transition presented here is related to the jump rates, 
and in turn, to the collision probability in either the Dyson model or the Wishart–Laguerre 
processes. Because the first collision time with the walls of CW is almost-surely finite when-
ever βk(α) < 1 for any α ∈ R+ [22], if the corresponding radial Dunkl process hits a wall at 
least one of the jump rates diverges, which explains the singularity at βc of the total jump rate 
per particle in the bulk scaling limit.

5.  Relaxation behavior

Due to the long-time behavior of the total jump rate, it is expected that the relaxation to equi-
librium be a very slow process. This observation, paired with (38) means that the relaxation 
behavior ultimately depends on the large-t solution of (4), in which the effect of the initial 
configuration plays an important role. We clarify the situation by turning to the proof of theo-
rem 3.

Proof of theorem 3.  We start by modifying lemma 2 using (38) to derive the relaxation 
asymptotics. By (39), we see that

λβ(t,α|x0) =
1
t
λβ(1,α|0) + O(‖x0‖2/t2),

� (53)

so we choose a time scale t0 such that ε2 > ‖x0‖2/t0 for ε > 0. Then, for t  >  t0, the master 
equation reads

∂

∂t
PJ
β (t, τ |x0) =

1
t

[ ∑
α∈R+

λβ(1,α|0)PJ
β (t, τσα|x0)− Λβ(1|0)PJ

β (t, τ |x0)
]

+ O(|R+|ε2t0/t2).
�

(54)

Let us consider now the initial value problem

∂

∂t
PL
β (t, τ |x0) =

1
t

[ ∑
α∈R+

λβ(1,α|0)PL
β (t, τσα|x0)− Λβ(1|0)PL

β (t, τ |x0)
]
,

� (55)

for t � t0 and PL
β (t0, τ |x0) = PJ

β (t0, τ |x0) for every τ ∈ W . Let us define the matrix

Mτν :=
∑
α∈R+

λβ(1,α|0)δτσα,ν − Λβ(1|0)δτ ,ν ,
� (56)

where δτ ,ν = 1 when τ = ν  and zero otherwise for τ , ν ∈ W  (the Kronecker delta function). 
Then, we can rewrite the master equation above as

∂

∂t
PL
β (t, τ |x0) =

1
t

∑
ν∈W

MτνPL
β (t, ν|x0),� (57)

and we can see that Mτν is negative semidefinite and symmetric, as this is simply the matrix 
form of a particular case of the operator M defined previously. Then, Mτν is diagonalizable 
and all of its eigenvalues are non-positive, so we decompose PL

β (t, ν|x0) in terms of the ortho-
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normal eigenvector basis {φi}|W|
i=1 of Mτν with eigenvalue ri � 0:

PL
β (t, τ |x0) =

|W|∑
i=1

Ki(x0)gri(t)φi(τ).� (58)

With this, we obtain

|W|∑
i=1

Ki(x0)φi(τ)
d
dt

gri(t) =
|W|∑
i=1

Ki(x0)gri(t)
ri

t
φi(τ),� (59)

and by the orthogonality of the eigenvectors, we obtain the following differential equation for 
the time-dependent part,

d
dt

gri(t) =
ri

t
gri(t),� (60)

which is readily integrated to obtain

gri(t) =
( t

t0

)ri

.� (61)

Here, we have chosen the integration constant to be one, as the initial condition is imposed on 
the constants Ki(x0),

PL
β (t0, τ |x0) =

|W|∑
j=1

Kj(x0)φj(τ),� (62)

so we write

∑
τ∈W

φi(τ)PJ
β (t0, τ |x0) =

|W|∑
j=1

Kj(x0)
∑
τ∈W

φi(τ)φj(τ) = Ki(x0).� (63)

In the same way as in (35), one can show that there is a unique eigenvector of Mτν for the 
eigenvalue 0, given by 1/

√
|W|, so

∑
τ∈W

1√
|W|

PJ
β (t0, τ |x0) =

1√
|W|� (64)

because PJ
β (t0, τ |x0) is normalized, and finally, we obtain

PL
β (t, τ |x0) =

1
|W|

+
∑

i:ri<0

Ki(x0)
( t

t0

)ri

φi(τ).� (65)

Now, from the time derivative of the difference PJ
β (t, τ |x0)− PL

β (t, τ |x0) for t  >  t0, we obtain

PJ
β (t, τ |x0)− PL

β (t, τ |x0) = O(|R+|ε2t0/t).� (66)
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We see that the correction is of order ε2/t. This means that PJ
β (t, τ |x0) follows closely the 

behavior of PL
β (t, τ |x0), and therefore relaxes to the equilibrium configuration by the power 

law given by (65) if the least negative eigenvalue r satisfies |r| < 1, or by a power law with 
exponent  −1 otherwise.� □ 

In spite of this theorem, the speed of relaxation remains unclear without knowing the eigen-
values of Mτν. We can make a few immediate observations which give some insight into the 
structure of the master equation at long times. Let us define the matrix M̃τν by

M̃τν :=
∑
α∈R+

λβ(1,α|0)δτσα,ν .
� (67)

Lemma 9.  The matrix M̃τν has a symmetric spectrum, namely, if r is one of its eigenvalues, 
then  −r is an eigenvalue as well.

Proof.  First, let us suppose that an eigenvector with eigenvalue r is denoted by φr(τ). De-
noting the signature of τ ∈ W  by sign(τ) (namely, the determinant of its matrix representa-
tion), let us consider the vector sign(τ)φr(τ):∑

ν∈W

M̃τν sign(ν)φr(ν) =
∑
α∈R+

λβ(1,α|0) sign(τσα)φr(τσα)

= −sign(τ)
∑
α∈R+

λβ(1,α|0) φr(τσα)

= −r sign(τ)φr(τ).

�

(68)

It follows that  −r is an eigenvalue with eigenvector sign(τ)φr(τ).� □ 

From this fact, we obtain the most negative eigenvalue of the matrix Mτν as follows.

Lemma 10.  The minimum (most negative) relaxation exponent of a Dunkl jump process 
with equal multiplicities is given by

rmin = − β|R+|
2(β − 1)

.� (69)

Proof.  The relaxation exponents are the eigenvalues of the matrix Mτν, which can be re-
written as

Mτν = M̃τν − Λβ(1|0)δτν .� (70)

Since we know that Mτν is negative semidefinite, and that its largest eigenvalue is zero with 
eigenvector φ0(τ) = 1/

√
|W|, it follows that the largest eigenvalue of the matrix M̃τν is ex-

actly Λβ(1|0). By lemma 9, the vector φmin(τ) = sign(τ)/
√
|W|  gives the minimum eigen-

value of M̃τν, namely, −Λβ(1|0), so it is clear that
∑
ν∈W

Mτνφmin(ν) = −2Λβ(1|0)φmin(τ).� (71)

Using lemma 8 completes the proof.� □ 

For the rest of the eigenvalues, we need to calculate the individual jump rates given by (28); 
these are difficult to calculate, even in the case λβ(1,α|0), due to the fact that the integrand 
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is not W-invariant. However, the calculations carried out up to this point reveal a fact that 
is meaningful from a physical viewpoint. The equilibrium state of the Dunkl jump process 
φ0(τ) = 1/

√
|W| indicates a completely symmetric state, and the state with the fastest relaxa-

tion exponent, φmin(τ) = sign(τ)/
√

|W|  indicates a completely antisymmetric state. In this 
sense, the universal behavior of the process consists of moving away from a fermionic con-
figuration and converging to a bosonic configuration.

These observations are in contrast with the behavior of the paths of the corresponding 
radial Dunkl process: if we take β = 2 we obtain well-known determinantal processes for 
the root systems of types AN−1 and BN [21, 30]. Therefore, the behavior of these radial Dunkl 
processes can be viewed as fermionic in nature, and this behavior is underlined by the fact 
that when β = 2 these processes admit a formulation as free Brownian motions (for the case 
AN−1) or free Bessel processes (for the case BN) conditioned never to collide in the sense of 
Doob. Furthermore, this is a behavior that persists throughout the process, while the Dunkl 
jump processes considered here present a dynamical behavior which goes from fermionic to 
bosonic for all β > 1.

We can extract more information from the asymptotics for large β. Lemma 8 in the case 
where β → ∞ gives a total jump rate which is positive,

lim
β→∞

1
t
Λβ(1|0) =

1
t

lim
β→∞

β|R+|
4(β − 1)

=
1
t
|R+|

4
,� (72)

and this value is the maximum lower bound of the total jump rate for finite β > 1 at long 
times. It is known [23, 33–37] that for β → ∞, the continuous part of a Dunkl process follows 
a deterministic path with small Gaussian fluctuations. However, for the Dunkl jump process 
not only does the jump rate stay bounded, it converges to its minimum value, meaning that 
the relaxation of the jump process is slowest in this regime. Consequently, the jump rates 
λβ(1,α|0) must also converge to well-defined values. As seen in [23], the probability density 
p̂(1, x|0) concentrates at the peak set of the root system in question after scaling by a factor of √
β  [38]. The peak set is the set of vectors which minimize the function

‖x‖2

2
−

∑
α∈R+

k(α) log |α · x|.� (73)

Due to the W-invariance of this function, there are |W| such minimizers, so we choose the 
minimizer which lies in CW and denote it by z(R). By the minimizing condition, z(R) satisfies

z(R) =
∑
α∈R+

k(α)α

α · z(R) .� (74)

Then, we have

lim
β→∞

λβ(1,α|0) = ‖α‖2k(α)

4
lim
β→∞

∫

CW

p̂(1,
√
βx|0)

(α · x)2 βN/2 dNx =
‖α‖2k(α)

4(α · z(R))2 ,

� (75)
and

lim
β→∞

Λβ(1|0) =
∑
α∈R+

‖α‖2k(α)

4(α · z(R))2 .� (76)

S Andraus﻿J. Phys. A: Math. Theor. 53 (2020) 055204



18

It is straightforward to check that this expression is consistent with (72) when k(α) ≡ 1. We 
can now prove the following statement on the jump rate asymptotics.

Lemma 11.  Define r� := minζ∈R+ ζ · z(R)/‖ζ‖√γ , with γ  given in (8). There exist con-
stants M  >  0 and C̃(α) > 0 such that the jump rates are given by

λβ(1,α|0) = ‖α‖2k(α)

4(α · z(R))2

[
1 +

C̃(α)

β
+ O(β−2) + O(e−M)

]
� (77)

for β > min(2M/γr�, 1).

Proof.  The proof consists of a large-β expansion. For every y ∈ CW , let us define 
CW(y) := {x ∈ RN : x + y ∈ CW}. We also set z := z(R) and λα(β) := λβ(1,α|0) for sim-
plicity. By (28), we have

λα(β) =
β‖α‖2

4
|W|k(α)

cβ

∫

CW(
√
βz)

e−‖x+
√
βz‖2/2

[α · (x +
√
βz)]2

wβ(x +
√
βz) dNx

after shifting the Weyl chamber by 
√
βz. Note that

[α · (x +
√
βz)]2 = β(α · z)2

(
1 +

α · x√
βα · z

)2
,

‖x +
√
βz‖2 = ‖x‖2 + βγ + 2

√
βx · z, and

∑
ζ∈R+

k(ζ) log[ζ · (x +
√
βz)] =

γ

2
log β +

∑
ζ∈R+

k(ζ) log ζ · z

+
∑
ζ∈R+

k(ζ) log
(

1 +
ζ · x√
βζ · z

)
,

where we note that ‖z‖2 = γ . Then, we can write

λα(β) =
‖α‖2k(α)

4(α · z)2

(β
e

)βγ/2
wβ(z)

|W|
cβ

×
∫

CW(
√
βz)

e−‖x‖2/2−
√
βx·z

[1 + α·x√
βα·z ]

2

∏
ζ∈R+

(
1 +

ζ · x√
βζ · z

)βk(ζ)
dNx.

�

(78)

We can divide the integral in two regions: x ∈ I(β) := {y ∈ RN : |ξ · y| <
√
βξ · z, ∀ξ ∈ R+} 

and x ∈ CW(
√
βz) \ I(β). With this, we can use the expansion formula for log(1 + x)

∑
ζ∈R+

k(ζ) log
(

1 +
ζ · x√
βζ · z

)
=

∑
ζ∈R+

k(ζ)
∞∑

n=1

(−1)n−1

nβn/2

(ζ · x
ζ · z

)n
,� (79)

and the expansion

(
1 +

α · x√
βα · z

)−2
=

∞∑
m=0

(−1)m(m + 1)
βm/2

(α · x
α · z

)m

� (80)
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within I(β). This is a convex set, and it is symmetric in the sense that if x ∈ I(β), then 
−x ∈ I(β). The integral in this region becomes

I1 :=
∫

I(β)

e−‖x‖2/2−
√
βx·z

[1 + α·x√
βα·z ]

2

∏
ζ∈R+

(
1 +

ζ · x√
βζ · z

)βk(ζ)
dNx

=

∫

I(β)
e−xT Hx/2

∞∑
m=0

(−1)m(m + 1)
βm/2

(α · x
α · z

)m

× exp
[ ∑
ζ∈R+

k(ζ)
∞∑

l=3

(−1)l−1

lβ(l−2)/2

(ζ · x
ζ · z

)l]
dNx.

�

(81)

For the second line, we have defined the Hessian matrix by

H =
∑
ζ∈R+

k(ζ)
ζζT

(ζ · z)2 + I,� (82)

with the superscript T denoting transposition and I denoting the N × N  identity matrix; the 
expression follows from cancelling the term −

√
βx · z by using (74) in the first term of the 

expansion (79), leaving the second term in the expansion to form H.
Because of the multivariate centered Gaussian in the integral and the symmetry of I(β), 

all antisymetric terms vanish (these include the orders β−1/2 and β−3/2), so expanding up to 
terms of order β−1 gives

I1 =

∫

I(β)
e−xT Hx/2

[
1 − 1

4β

∑
ζ∈R+

k(ζ)
(ζ · x
ζ · z

)4
+

1
β

(α · x
α · z

)2

+
1

2β

(
2
α · x
α · z

− 1
3

∑
ζ∈R+

k(ζ)
[ζ · x
ζ · z

]3)2
+ O(β−2)

]
dNx.

�

(83)

Let us focus on the region x ∈ CW(
√
βz) \ I(β) now. We can rewrite the integrand in (78) 

as one exponential and simplify it by using the inequality x > log(1 + x) as well as (74),

exp
{
− ‖x‖2

2
−

√
βz · x + β

∑
ζ∈R+

k(ζ) log
(

1 +
ζ · x√
βζ · z

)
− 2 log

(
1 +

α · x√
βα · z

)}

� exp
{
− 1

2

∥∥∥x +
2α√
βα · z

∥∥∥
2
+

2‖α‖2

β(α · z)2

}
.

�

(84)

With this, we can write

I2 :=
∫

CW(
√
βz)\I(β)

e−‖x‖2/2−
√
βx·z

[1 + α·x√
βα·z ]

2

∏
ζ∈R+

(
1 +

ζ · x√
βζ · z

)βk(ζ)
dNx

�
∫

CW(
√
βz)\I(β)

exp
{
− 1

2

∥∥∥x +
2α√
βα · z

∥∥∥
2
+

2‖α‖2

β(α · z)2

}
dNx

�
∫

x:‖x‖>
√
βγr�

x·z>0

exp
{
− 1

2

∥∥∥x +
2α√
βα · z

∥∥∥
2
+

2‖α‖2

β(α · z)2

}
dNx,

�

(85)
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with r� as in the statement. Finally, there exists a constant C  >  0 such that

I2 �
CϕN

2

∫ ∞

√
βγr�

e−x2/2xN−1 dx = O(e−βγr�/2) = O(e−M),� (86)

where β > 2M/γr�. ϕN  represents the total solid angle in N dimensions. In a similar manner, 
we can find the asymptotics of the integral

cβ
|W|

=

∫

CW

e−‖x‖2/2wβ(x) dNx

=
(β

e

)βγ/2
wβ(z)

∫

CW(
√
βz)

e−‖x‖2/2−
√
βx·z

∏
ζ∈R+

(
1 +

ζ · x√
βζ · z

)βk(ζ)
dNx

=
(β

e

)βγ/2
wβ(z) (I3 + I4),

�

(87)

with I3 and I4 denoting the integrals in regions I(β) and CW(
√
βz) \ I(β), respectively. Then, 

we see that

I3 =

∫

I(β)
e−xT Hx/2

[
1 − 1

4β

∑
ζ∈R+

k(ζ)
(ζ · x
ζ · z

)4
+ O(β−2)

]
dNx� (88)

and

I4 �
ϕN

2

∫ ∞

√
βγr�

e−x2/2xN−1 dx = O(e−βγr�/2).� (89)

Let us set

c̃β :=
∫

I(β)
e−xT Hx/2 dNx > 0

in order to write

λα(β) =
‖α‖2k(α)

4(α · z)2

I1 + I2

I3 + I4

=
‖α‖2k(α)

4(α · z)2

[
1 +

1
βc̃β

∫

I(β)
e−xT Hx/2

[(α · x
α · z

)2

+
1
2

(
2
α · x
α · z

− 1
3

∑
ζ∈R+

k(ζ)
[ζ · x
ζ · z

]3)2]
dNx + O(β−2) + O(e−M)

]

=
‖α‖2k(α)

4(α · z)2

[
1 +

C̃β(α)

β
+ O(β−2) + O(e−M)

]
.

�

(90)

The final line is obtained by expanding the denominator in powers of β. The constant C̃β(α) 
is given by

C̃β(α) :=
1
c̃β

∫

I(β)
e−xT Hx/2

[(α · x
α · z

)2

+
1
2

(
2
α · x
α · z

− 1
3

∑
ζ∈R+

k(ζ)
[ζ · x
ζ · z

]3)2]
dNx > 0,

�

(91)
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and finally

C̃(α) :=

√
det(H)

(2π)N

∫

RN
e−xT Hx/2

[(α · x
α · z

)2

+
1
2

(
2
α · x
α · z

− 1
3

∑
ζ∈R+

k(ζ)
[ζ · x
ζ · z

]3)2]
dNx + O(e−M).

� (92)

The statement follows.� □ 

The large-β behavior of the transition coefficients gives us insight on the behavior of the 
relaxation exponents in the same regime: when β is large but finite the relaxation exponents 
are larger in magnitude than their value when β → ∞.

Proof of theorem 4.  It suffices to perform a first-order perturbation on the eigenfunctions 
and eigenvalues of the matrix Mτν = Mτν(β). We assume that β > C(M) = 2M/γr� in order 

to make use of lemma 11, and we denote the eigenvalues of limβ→∞ Mτν(β) by {r(0)
i }i  in 

descending order. First, we note that, since (29) holds for all t and β > 1, we can evaluate it at 
x0 = 0 and t  =  1, and use lemma 11 and the expansion

β|R+|
4(β − 1)

=
|R+|

4

∞∑
n=0

β−n
� (93)

to equate the coefficients of β−1 and obtain (abbreviating the superscript of the peak vector 
z(R))

∑
α∈R+

‖α‖2C̃(α)

4(α · z)2 =
|R+|

4
.� (94)

Let us write the eigenvectors of Mτν(β) as

φi(β; τ) =
∞∑

n=0

β−nφ
(n)
i (τ).� (95)

They form an orthonormal basis because Mτν(β) is a symmetric matrix, and we write their 
respective eigenvalues as

ri(β) =

∞∑
n=0

β−nr(n)
i .� (96)

We note that the {φ(0)
i (τ)}|W|

i=1 form an orthonormal basis themselves, as they are the eigenvec-
tor basis that diagonalizes Mτν(β) when β → ∞. Inserting these expressions and the result of 
lemma 11 into the eigenvalue equation

∑
ν∈W

Mτν(β)φi(β; ν) = ri(β)φi(β; ν),
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and equating the coefficients of β−1 yields

∑
α∈R+

‖α‖2

4(α · z)2 [C̃(α)φ
(0)
i (τσα) + φ

(1)
i (τσα)]−

|R+|
4

[φ
(0)
i (τ) + φ

(1)
i (τ)]

= r(0)
i φ

(1)
i (τ) + r(1)

i φ
(0)
i (τ).

�
(97)

We solve for r(1)
i  by multiplying 

∑
τ∈W φ

(0)
i (τ) from the left, as well as making use of the 

relation

∑
α∈R+

‖α‖2

4(α · z)2

∑
τ∈W

φ
(0)
i (τ)φ

(1)
i (τσα)−

|R+|
4

∑
τ∈W

φ
(0)
i (τ)φ

(1)
i (τ)

=
∑
α∈R+

‖α‖2

4(α · z)2

∑
τ∈W

φ
(0)
i (τσα)φ

(1)
i (τ)− |R+|

4

∑
τ∈W

φ
(0)
i (τ)φ

(1)
i (τ)

=
∑
τ∈W

φ
(1)
i (τ)

[ ∑
α∈R+

‖α‖2

4(α · z)2

∑
τ∈W

φ
(0)
i (τσα)−

|R+|
4

φ
(0)
i (τ)

]

= r(0)
i

∑
τ∈W

φ
(1)
i (τ)φ

(0)
i (τ).

�

(98)

(The second equality is obtained by performing the substitution τσα → τ .) Then, (97) be-
comes

r(1)
i =

∑
α∈R+

‖α‖2C̃(α)

4(α · z)2

∑
τ∈W

φ
(0)
i (τ)φ

(0)
i (τσα)−

|R+|
4

.� (99)

We use the orthonormality of the {φ(0)
i }|W|

i=1 and (94) to complete the square and obtain

r(1)
i = −1

8

∑
α∈R+

‖α‖2C̃(α)

(α · z)2

∑
τ∈W

[φ
(0)
i (τ)− φ

(0)
i (τσα)]

2.� (100)

Because C̃(α) and the rest of the terms in the sum are positive, it follows that r(1)
i < 0.� □ 

This result gives formal footing to the intuition that the relaxation should be faster at finite 
β, and that in the large-β regime the lower bound is given by the least negative nonzero eigen-
value of Mτν(β) at β → ∞.

6.  Relaxation for the case AN−1

The case AN−1 is of particular interest because of its relationship with the Dyson model. Here, 
we consider the relaxation of the jump process in terms of the least negative eigenvalue and we 
draw a connection to PF spin chains [18, 19] in the freezing regime, namely, the limit β → ∞.

Let us examine the freezing regime first. It is well known that the peak vector (or Fekete set 
[39]) for AN−1 is given by the zeroes of the Nth Hermite polynomial HN(x), z = (z1, . . . , zN), 
in ascending order. Here, the Hermite polynomials are defined as the family of polynomials 
{Hn(x)}∞n=0 that are orthogonal in R  with respect to exp(−x2) [40]. We denote the roots of the 
positive subsystem by αj,i = ej − ei, i  <  j . Then, the jump rates are given by
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λβ→∞(1,αj,i|0) =
1

2(zj − zi)2 ,� (101)

and, adopting the notation in theorem 4 where the superscript (0) indicates the limit β → ∞ 
of the corresponding quantity, the action of the transition matrix in the master equation on an 
arbitrary function f (τ) becomes

∑
ν∈SN

M(0)
τν f (ν) =

1
2

∑
1�i<j�N

f (τσj,i)

(zj − zi)2 − N(N − 1)
8

f (τ).� (102)

Here, we have set σj,i := σαj,i for brevity. As in lemma 10, let us define the matrix M̃(0)
τν  by

∑
ν∈SN

M̃(0)
τν f (ν) =

1
2

∑
1�i<j�N

f (τσj,i)

(zj − zi)2 .� (103)

This expression is nothing but the Hamiltonian of a PF spin chain with N spins multiplied by one 
half. To see this, we introduce the following bra-ket notation: given a family of N-dimensional 
Hilbert spaces {Hi}N

i=1 denote by {|n〉i}N
n=1 each of their respective canonical orthonormal 

bases, that is, |n〉i ∈ Hi with i〈m|n〉i = δm,n and 
∑N

n=1 |n〉i〈n|i = Ii. Consider the direct product 
of the Hilbert spaces 

⊗N
i=1 Hi , and define for every multi-index n ∈ {1, . . . , N}N  the vector

|n〉 := |n1〉1 ⊗ · · · ⊗ |nN〉N ∈
N⊗

i=1

Hi.� (104)

We will restrict ourselves to the subspace H̃ ⊂
⊗N

i=1 Hi spanned by the vectors |n〉 such that 
there exists a permutation ρ ∈ SN  for which ni = ρ(i). In that case, we write |ρ〉 := |n〉. Using 
this notation, we can write functions f : SN → R as vectors in H̃, namely

f (ρ) = 〈ρ|f 〉 ⇔ |f 〉 =
∑
ν∈SN

f (ν)|ν〉.

Similarly, linear operators acting on f  can be expressed as operators acting on |ρ〉; for τ , ν ∈ SN  
and a generic matrix Aτν, we define Â : H̃ → H̃ by 〈τ |Â|ν〉 := Aτν  so that

∑
ν∈SN

Aτν f (ν) = 〈τ |Â|f 〉.

Then, we can leave the matrix M̃(0)
τν  aside and instead focus on its corresponding operator M̂,

M̂ =
1
2

∑
1�i<j�N

1
(zj − zi)2

∑
τ∈SN

|τσj,i〉〈τ |,

which naturally has the same spectrum and also maps H̃ onto itself. The action of the operator 
in the sum over τ  is that of exchanging the ith and j th components of |τ〉, namely τ(i) and τ( j), 
so we can rewrite this as simply

M̂ =
1
2

∑
1�i<j�N

P̂j,i

(zj − zi)2 .� (105)

This is the usual way in which the PF spin chain Hamiltonian is written. The spectrum of this 
operator is calculated by regarding each of the subspaces Hi as an SU(N) spin and introducing 
the N2  −  1 matrices of the su(N) algebra,
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Ĵ( j,l)
i =




1
2 (|j〉i〈l|i + |l〉i〈 j|i), if 1 � j < l � N,
√
−1
2 (|l〉i〈 j|i − |j〉i〈l|i), if 1 � l < j � N,

1√
2j( j+1)

(
∑ j

m=1 |m〉i〈m|i − j|j + 1〉i〈 j + 1|i), if 1 � j = l � N − 1,

0, if j = l = N.
� (106)

Let us keep in mind that we are using the following shorthand notation

Ĵ( j,l)
i = Î1 ⊗ · · · Îi−1 ⊗ Ĵ( j,l)

i ⊗ Îi+1 ⊗ · · · ÎN

to let the subscript indicate the subspace on which Ĵ( j,l)
i  operates, with În denoting the identity 

operator acting on Hn; then

Ĵ( j,l)
i |ρ〉 = |ρ(1)〉 ⊗ · · · ⊗ Ĵ( j,l)

i |ρ(i)〉i ⊗ · · · ⊗ |ρ(N)〉N .

Finally, we set the convention that all subspaces of index different from any subscript in an 
operator are to be left intact in general. Then, it can be shown that P̂m,n can be expressed as 
(see appendix)

P̂m,n =
1
N

Îm ⊗ În + 2
∑

j,l

Ĵ( j,l)
m ⊗ Ĵ( j,l)

n .� (107)

Finally, recall that

Tr[Ĵ( j1,l1)
i , Ĵ( j2,l2)

i ] =
1
2
δj1,j2δl1,l2 and

[Ĵ( j1,l1)
i , Ĵ( j2,l2)

i ] =
∑
j3,l3

f [( j1,l1),( j2,l2),( j3,l3)]Ĵ( j3,l3)
i ,

� (108)

where [·, ·] denotes the commutator and the f [( j1,l1),( j2,l2),( j3,l3)] denote the structure constants. 
With all the definitions in place, we can define ladder operators in order to produce the spec-
trum of M̂. Let us define operators K̂( j,l), L̂( j,l) that map 

⊗N
i=1 Hi  onto itself by

K̂( j,l) :=
N∑

m=1

zmĴ( j,l)
m and

L̂( j,l) :=
∑
( j1,l1)
( j2,l2)

∑
1�m�=n�N

f [( j,l),( j1,l1),( j2,l2)]

zm − zn
Ĵ( j1,l1)

m Ĵ( j2,l2)
n . (110)

�

(109)

Do note that K̂( j,l) and L̂( j,l) do not map H̃ onto itself in general. We check in appendix that

[M̂, K̂( j,l)] =
1
2

L̂( j,l) and [M̂, L̂( j,l)] =
1
2

K̂( j,l).� (111)

Then, for every eigenvector |φm〉 with eigenvalue ̃r(0)
m , it follows that

M̂(K̂( j,l) ± L̂( j,l))|φm〉 = (r̃(0)
m ± 1/2)(K̂( j,l) ± L̂( j,l))|φm〉.� (112)
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Finally, we recover the eigenvalues of M̃(0)
τν  from (102) by writing

r(0)
i = r̃(0)

i − N(N − 1)
8

.� (113)

By (35), we know that the maximum eigenvalue of M(0)
τν  is zero, so we can use an annihilation 

operator K̂( j,l) − L̂( j,l) to find that the least negative nonzero eigenvalue is  −1/2. However, we 
cannot use an arbitrary annihilation operator because we require that the result of operating 

K̂( j,l) − L̂( j,l) on the eigenvector 
∑

ρ∈SN
(N!)−1/2|ρ〉 remain in H̃. We show in the appendix 

that this requirement is only satisfied by annihilation operators such that j   =  l, meaning that 
there exist exactly N  −  1 eigenvectors with eigenvalue  −1/2.

From the result in the previous section, we find that the scaling exponent of relaxation is 
given by

r1,A = −
(1

2
+

|r(1)
1,A |
β

)
+ O(β−2)� (114)

when β > C(M) as in theorem 4, provided |r1,A|  <  1.

7.  Concluding remarks

We obtained the master equation that governs the dynamics of Dunkl jump processes when 
β > 1 and all the multiplicities k(α) � 1. This parameter condition was critical in the descrip-
tion of the jump processes as Poisson random walks on the Weyl group W, as it provided 
the basis for the proof of lemma 5. However, the dynamics of the process when β < 1 must 
be handled with greater care due to the fact that the rate functions in (28) diverge and our 
approach breaks down.

For the cases AN−1 and BN, which have a corresponding stochastic particle system represen-
tation, we reported a phase transition that appears as a singularity for βc = 1 in the jump rate 
per particle in the bulk scaling limit N → ∞ with t  =  N. While it is well-known that βc = 1 is 
the value of β that separates the colliding (β < βc) and non-colliding (β > βc) characteristics 
of these particle systems, no other physical insight had been given until now. Given the form 
found in theorem 1, it is clear that the critical exponent in the ordered (β > βc) phase is equal 
to one. However, it is unknown whether a similar result can be obtained in the disordered 
(β < βc) phase. In addition, the bulk scaling limit was taken at the level of the jump rate per 
particle directly, so we do not have any further specific information about the jump process 
behavior in the limit N → ∞; this is a problem that warrants further investigation.

We examined the β-dependence of the relaxation exponent and we found that the initial 
configuration x0 plays an important role in the long-time dynamics. In particular, we found 
that the relaxation exponent magnitude has an upper bound of 1 which is imposed by the 
effect of x0 on the jump rates. Moreover, we found that this exponent changes at large values 
of β whenever the case x0 = 0 at β → ∞ yields an exponent of magnitude less than one. It is 
interesting to note that it was reported in [23] that the relaxation asymptotics due to the jumps 
in a Dunkl process were of order t−1/2, which is a correction derived from the power series 
expansion of the Dunkl kernel. We have shown here that these asymptotics are a worst-case 
scenario, as the fastest jump process relaxation behaves like t−1 according to theorem 3. This 
leads us to suspect that the relaxation exponent satisfies −1 � r1(β) � −1/2 in general. This 
seems consistent with the case AN−1, where we found that r1,A(β) ↑ −1/2 when β → ∞. 
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While we do expect r1(β) to be a non-increasing function of β in general, we do not have 
proof of this yet.

Three open questions remain after the present work. An important one is describing the 
jump process when 0 < β < 1, as in that regime the description given here breaks down. This 
implies that the jump process must be approached using a different technique, and in par
ticular, that taking expectation values with respect to the law of the underlying radial process 
must be avoided.

Another open problem is calculating each of the jump rates as functions of β > 1. 
Computing the total jump rate for x0 = 0 was straightforward because it is the integral of 
a W-invariant function. However, the individual jump rates are integrals of non-W-invariant 
functions, which makes their calculation substantially more difficult, even when x0 = 0. We 
suspect that there may be indirect methods for calculating them, and we would like to make 
progress in this direction.

Finally, we mentioned that in general the relaxation exponent is decreasing in absolute 
value for sufficiently large β, and that in particular it falls toward 1/2 in the case AN−1. This 
decreasing behavior appeared from the eigenvalue problem for the case x0 = 0; we suspect 
that these eigenvalues are decreasing for β > 1. If we could prove this, it would imply the 
existence of a cross-over dictated by a well-defined value of β under which the relaxation 
exponent is 1 and above which the exponent is less than 1. We are currently considering this 
problem, and hope to report on it in the near future.
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Appendix

First, we provide a proof of (107), followed by a derivation of the relationships (111). After 
that, we show that the only ladder operators which map H̃ into itself must be of the form 
K̂( j,j) ± L̂( j,j), 1 � j � N − 1.

Without loss of generality, we can consider the case where H = H1 ⊗H2, and each of the 
Hi is of dimension N. Then, we consider the action of

P̂1,2 =
1
N

Î1 ⊗ Î2 + 2
∑

1�j,l�N

Ĵ( j,l)
1 ⊗ Ĵ( j,l)

2� (A.1)

on the vector

|m, n〉 := |m〉1 ⊗ |n〉2.� (A.2)

Since we are dealing with permutations, we can also impose m  <  n. Henceforth, we abbrevi-
ate the direct product symbols for simplicity. Let us denote by Iη the indicator function, that 
is, Iη = 1 if the expression η is true, and zero if it is false. Then, for j   =  l we have
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N−1∑
j=1

Ĵ( j,j)
1 Ĵ( j,j)

2 |m, n〉 =
N−1∑
j=1

1
2j( j + 1)

[Ij�n − jδj+1,nIj�m]|m, n〉

=
1
2

[ N−1∑
j=n

1
j( j + 1)

− 1
n

]
|m, n〉

=
1
2

[ N−1∑
j=n+1

1
j( j + 1)

− 1
n + 1

]
|m, n〉

...

=
1
2

[ 1
N(N − 1)

− 1
N − 1

]
|m, n〉 = − 1

2N
|m, n〉.

�

(A.3)

Similarly, for j   <  l we get

∑
1�j<l�N

Ĵ( j,l)
1 Ĵ( j,l)

2 |m, n〉 =1
4

∑
1�j<l�N

(|j, l〉〈l, j|+ |l, j〉〈 j, l|)|m, n〉

=
1
4
|n, m〉,

� (A.4)

and the case j   >  l gives

∑
1�l<j�N

Ĵ( j,l)
1 Ĵ( j,l)

2 |m, n〉 =− 1
4

∑
1�l<j�N

(−|l, j〉〈 j, l| − |j, l〉〈l, j|)|m, n〉

=
1
4
|n, m〉.

� (A.5)

Adding all of the expressions gives

P̂1,2|m, n〉 = 1
N
|m, n〉+ 2

[1
4
|n, m〉+ 1

4
|n, m〉 − 1

2N
|m, n〉

]
= |n, m〉,� (A.6)

as desired.
The first expression in (111) is derived through a direct calculation. Inserting the defini-

tions of M̂ and K̂( j,l) into the commutator gives

[M̂, K̂( j,l)] =
1
2

N∑
m=1

∑
1�i<k�N

zm

(zk − zi)2 [P̂k,i, Ĵ( j,l)
m ]

=
1
2

N∑
m=1

∑
1�i<k�N

zm

(zk − zi)2

( 1
N
[̂IkÎi, Ĵ( j,l)

m ]

+ 2
∑
j1,l1

[Ĵ( j1,l1)
k Ĵ( j1,l1)

i , Ĵ( j,l)
m ]

)

=

N∑
m=1

∑
1�i<k�N

∑
j1,l1

zm

(zk − zi)2

(
δm,iĴ

( j1,l1)
k [Ĵ( j1,l1)

i , Ĵ( j,l)
i ]

+ δm,kĴ( j1,l1)
i [Ĵ( j1,l1)

k , Ĵ( j,l)
k ]

)

=
∑

1�i<k�N

zi

(zk − zi)2

∑
j1,l1

Ĵ( j1,l1)
k [Ĵ( j1,l1)

i , Ĵ( j,l)
i ]

+
∑

1�i<k�N

zk

(zk − zi)2

∑
j1,l1

Ĵ( j1,l1)
i [Ĵ( j1,l1)

k , Ĵ( j,l)
k ]
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=
∑

1�i<k�N

zi

(zk − zi)2

∑
j1,l1

∑
j2,l2

f [( j1,l1),( j,l),( j2,l2)]Ĵ( j1,l1)
k Ĵ( j2,l2)

i

+
∑

1�i<k�N

zk

(zk − zi)2

∑
j1,l1

∑
j2,l2

f [( j1,l1),( j,l),( j2,l2)]Ĵ( j1,l1)
i Ĵ( j2,l2)

k

=
∑

1�i<k�N

zk − zi

(zk − zi)2

∑
j1,l1

∑
j2,l2

f [( j1,l1),( j,l),( j2,l2)]Ĵ( j1,l1)
i Ĵ( j2,l2)

k

=
1
2

∑
1�i�=k�N

1
zk − zi

∑
j1,l1

∑
j2,l2

f [( j1,l1),( j,l),( j2,l2)]Ĵ( j1,l1)
i Ĵ( j2,l2)

k

=
1
2

∑
1�i�=k�N

1
zi − zk

∑
j1,l1

∑
j2,l2

f [( j,l),( j1,l1),( j2,l2)]Ĵ( j1,l1)
i Ĵ( j2,l2)

k

=
1
2

L̂( j,l).

�

(A.7)

For the fifth equality, we have used (108), for the sixth, we have used the antisymmetry of the 
structure constants after exchanging the indices ( j1, l1) ↔ ( j1, l2) in the first term. To obtain 
the seventh equality, we note that the sum is invariant when we exchange i and k, and we end 
the calculation using the antisymmetry of the structure constants one last time. The second 
expression in (111) is obtained in a similar manner; terms involving zi, zk and zm (i �= k �= m) 
appear, but they vanish because the resulting sum is antisymmetric in two of the indices, add-
ing up to zero. The remaining terms involve only coefficients of the form (zi − zk)

−3, and 
making use of the following relation

zi =
∑

1�k�N
k:k �=i

2
(zi − zk)3� (A.8)

for the zeroes of HN yields the desired result. This last relation is obtained by taking the second 
derivative of the Hermite differential equation

H′′
N(x)− 2xH′

N + 2NHN(x),� (A.9)

and setting x  =  zi after expressing the Nth Hermite polynomial in the form HN(x) =  
CN

∏N
i=1(x − zi).

We finish the appendix by showing that the only ladder operators that map H̃ onto itself are 
of the form K̂( j,j) ± L̂( j,j). By definition, H̃ is spanned by vectors |ρ〉 with ρ ∈ SN ; the action of 
a generic ladder operator on |ρ〉 is given by

(K̂( j,l) ± L̂( j,l))|ρ〉 =
N∑

m=1

(
zmĴ( j,l)

m |ρ〉 ±
∑

1�n�N
n:n�=m

∑
( j1,l1)
( j2,l2)

f [( j,l),( j1,l1),( j2,l2)]

zm − zn
Ĵ( j1,l1)

m Ĵ( j2,l2)
n |ρ〉

)
.

� (A.10)

If j �= l, then 
∑N

m=1 zmĴ( j,l)
m  takes |ρ〉 into a linear combination of

|ρ(1), . . . , ρ(k − 1), j, ρ(k + 1), . . . , ρ(N)〉 and |ρ(1), . . . , ρ(n − 1), l, ρ(n + 1), . . . , ρ(N)〉,

since there exist k and n such that ρ(k) = l and ρ(n) = j. However, if ρ(k) is changed to j , 
for example, then there are two indices with the same value: the kth index, which has been 
changed into j , and the nth index, which is ρ(n) = j. Then, the resulting vectors are not in 
the span of {|ρ〉}ρ∈SN  and therefore not in H̃. Moreover, since the structure constants are 
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antisymmetric, the operators Ĵ( j1,l1)
m  and Ĵ( j2,l2)

n  in the second term must be such that ( j1, l1) 
and ( j2, l2) �= ( j, l). This means that only one of the two index pairs can take the value (l, j), 
and therefore the product Ĵ( j1,l1)

m Ĵ( j2,l2)
n  cannot reproduce the action of any of the Ĵ( j,l)

m  in the 
first term. Consequently, all ladder operators of the form K̂( j,l) ± L̂( j,l) with j �= l are ruled 
out.

It only remains to show that all ladder operators K̂( j,j) ± L̂( j,j) satisfy our requirements. 
Because Ĵ( j,j)

m  is a diagonal operator in Hm, the mth index remains unchanged. Then, we must 
check that the second term in (A.10) maps |ρ〉 to a linear combination of vectors in H̃. A direct 
calculation gives

[Ĵ(i,i), Ĵ( j,k)] = −

√
−1

2i(i + 1)

(
Ij�i − Ik�i + i(δk,i+1 − δj,i+1)

)
Ĵ(k,j)� (A.11)

for j   <  k. It follows that

f [(i,i),( j,k),(k,j)] = −

√
−1

2i(i + 1)

(
Ij�i − Ik�i + i(δk,i+1 − δj,i+1)

)

and that
∑
( j1,k1)

f [(i,i),( j,k),( j1,k1)] = f [(i,i),( j,k),(k,j)].

Without loss of generality, let us assume that m  =  1 and n  =  2. Then, we have
∑
( j1,k1)

∑
( j2,k2)

f [(i,i),( j1,k1),( j2,k2)]Ĵ( j1,k1)
1 Ĵ( j2,k2)

2

=
∑

1�j<k�N

f [(i,i),( j,k),(k,j)]
(

Ĵ( j,k)
1 Ĵ(k,j)

2 − Ĵ(k,j)
1 Ĵ( j,k)

2

)

=

√
−1
2

∑
1�j<k�N

f [(i,i),( j,k),(k,j)]
(
|k〉1〈 j|1 ⊗ |j〉2〈k|2

N⊗
l=3

Îl

− |j〉1〈k|1 ⊗ |k〉2〈 j|2
N⊗

l=3

Îl

)
.

� (A.12)
This indicates that the second term in (A.10) produces a linear combination of vectors in 
which indices are always exchanged. Consequently, if the ladder operators K̂( j,j) ± L̂( j,j) act 
on a vector indexed by a permutation, the resulting vectors are indexed by permutations as 
well, meaning that they are the only ladder operators that map H̃ into itself. Since there are 
only N  −  1 such raising and lowering operators, our claim is proved.
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