OPEN ACCESS

10P Publishing Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 53 (2020) 055402 (30pp) https://doi.org/10.1088/1751-8121/ab6010

Braiding properties of paired spin-singlet
and non-Abelian hierarchy states

Yoran Tournois® and Eddy Ardonne!
Department of Physics, Stockholm University, SE-106 91 Stockholm, Sweden
E-mail: ardonne @fysik.su.se

Received 13 June 2019, revised 2 December 2019
Accepted for publication 9 December 2019

Published 13 January 2020
CrossMark

Abstract

We study explicit model wave functions describing the fundamental quasiholes
in a class of non-Abelian fractional quantum Hall states. This class is a family of
paired spin-singlet states with n > 1 internal degrees of freedom. We determine
the braid statistics of the quasiholes by determining the monodromy of the
explicit quasihole wave functions, that is how they transform under exchanges
of quasihole coordinates. The statistics is shown to be the same as that of
the quasiholes in the Read—Rezayi states, up to a phase. We also discuss the
application of this result to a class of non-Abelian hierarchy wave functions.

Keywords: quantum Hall effect, conformal field theory, non-Abelian states,
hierarchical states

1. Introduction

The discovery of the fractional quantum Hall effect [1] has led to the prediction of fractionally
charged quasiparticle excitations [2], quasiholes and quasielectrons, obeying fractional statis-
tics [3, 4]. For most quantum Hall states the quasiparticle statistics is expected to be Abelian,
i.e. the many-quasiparticle wave function picks up a fractional phase under the exchange of
the quasiparticle coordinates. However, certain states are thought to host non-Abelian excita-
tions [5], in which case the many-quasiparticle wave function has multiple components which
transform according to a unitary braid matrix U; when quasiparticles at positions w; and w;
are exchanged.

One way in which the theoretical understanding of the fractional quantum Hall effect has
progressed is by proposing trial wave functions for ground states and excited states, with the
goal of capturing topological properties such as the fractional charges and braiding statistics
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of the quasiparticle excitations. Examples of Abelian trial wave functions are the Laughlin
wave function [2], the hierarchy wave functions [6, 7] and the composite fermion (CF) wave
functions [8]; examples of non-Abelian wave functions include the Moore—Read [5] and,
more generally, the Read—Rezayi [9] series. The Moore—Read state, or rather its particle-hole
conjugate, the ‘anti-pfaffian’ [10, 11], are leading candidates for describing the plateau at
V= % based on numerical studies, see for instance [12].

A powerful tool in proposing and analyzing such model wave functions has been confor-
mal field theory (CFT). Various trial wave functions can be expressed as conformal blocks
and it was conjectured that this description makes the topological properties, in particular the
braiding properties, of the wave function manifest [5]. The braiding statistics of quasiholes is
represented by the Berry holonomy which has contributions from Berry phase accumulated
during the exchange as well as the explicit transformation—the monodromy—of the wave
function [13]. For the Laughlin [14, 15] as well as the Moore—Read case [16] (among other
‘Ising type’ states, see also [17, 18]) it was shown that the CFT description is one in which
the statistics is given by the monodromy, with a trivial Berry phase. This was verified numer-
ically in the Laughlin case [19], and in the Moore—Read and Z3; Read—Rezayi [20] cases using
the matrix product state formulation of [21]. In those cases, therefore, the braid statistics of
quasiholes can be inferred from the manifest transformation of the quasihole wave function.

In this paper, we study the braiding properties of quasiholes in a one-parameter family of
non-Abelian model wave functions denoted W, ), with n > 1. Referred to as paired spin-
singlet states, this family is a generalization of the spin polarized Moore—Read wave function
(n=1) and the non-Abelian spin-singlet (NASS) [22] wave function (n = 2), to particles
carrying n quantum numbers determining the charge and (pseudo-) spin. Such model wave
functions have been considered in the context of rotating spin-1 bosons for n = 3 [23, 24], gra-
phene [25], as well as fractional Chern insulators [26, 27] with Chern number C > 1. Related
wave functions were studied in [13, 28, 29] using a parton construction. Recently, progress
was made on the Landau—Ginzburg theories describing these states [30].

According to the ‘Moore—Read conjecture’ [5] (see [31] for a review) the CFT representa-
tion of the paired spin-singlet states should make the braiding properties manifest in the mon-
odromy. By finding explicit quasihole wave functions, the braid matrices for the Moore—Read
wave functions were found in [32], and those for the Read—Rezayi and NASS cases were
determined in [33]. We study the manifest transformation properties of the paired spin-singlet
states by obtaining explicit expressions for four-quasihole wave functions using conformal
field theory techniques. This calculation relies on explicit four-point functions in certain
Wess—Zumino—Witten (WZW) models which were obtained in [34], as well as the properties
of the closely related parafermion CFTs [35] which are presented in appendix B. We show
that the braiding properties of the quasiholes for W, | 5) are, up to a phase, the same as those
of the quasiholes in the Z,y1 Read—Rezayi states [9], which reflects the rank-level duality
between their CFT descriptions.

The paired spin-singlet states are also closely related to a set of non-Abelian hierarchy
wave functions proposed in [36] based on a picture of successive condensation of non-Abelian
quasiparticles. This set of trial wave functions, which we refer to as Hermanns hierarchy wave
functions, can be thought of as bilayer composite fermion wave functions where one per-
forms a symmetrization (or antisymmetrization) over the layer index. These have been studied
numerically in [37], showing that they are promising candidates for the second Landau level.
The simplest (non-trivial) Hermanns hierarchy state was shown to be closely related to the
non-Abelian spin-singlet state [36]; in [38] it was shown that the other Hermanns hierarchy
states are similarly related to the paired spin-singlet states. Using this relation, we argue that
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the braiding properties of quasiholes in the Hermanns hierarchy states should be the same as
those in the paired spin-singlet states.

The paper is organized as follows. In section 2, we briefly review the connection between
trial wave functions in the fractional quantum Hall effect and conformal field theory. In sec-
tion 3 we discuss the paired spin-singlet states in detail and introduce ‘master formulas’ that
relate two representations of the paired spin-singlet states, which allows us to find explicit
wave functions for four quasiholes. In section 4, we present the calculation of the braiding
properties in the paired spin-singlet state W4 ,) after which we present the calculation for a
general paired spin-singlet state in section 5. Finally, in section 6, we comment on the relation
between the paired spin-singlet states and the Hermanns hierarchy states. In the appendices,
we provide details on the WZW CFTs, the associated parafermion CFTs and the consequences
of rank-level duality for the braid matrices studied in this paper.

2. Model wave functions and conformal field theory

We consider model wave functions for fractional quantum Hall states of the form
M = P .M _lzilﬁlz
\\ (Zl,...,ZN)—q)(Zl,...,ZN)H(Zz ZJ) e 4 , (1)
i<j
where M > 0 and the magnetic length /3 has been set to 1. In equation (1), ® is a symmet-
ric holomorphic function of the particle coordinates z; = x; 4 iy;, obeying certain vanishing

=7 ?é O’
= 0 for any distinct z;, z;, zx. The wave function =0 is bosonic
y j

conditions. In this paper we only consider paired states, for which ® (zy,...,zy) |
bllt (I) (Z] yeeey ZN) ’Zi:Zj:Zk
and has the same pairing property, while the simplest fermionic wave function corresponds to
M = 1. The power M of the Vandermonde determinant [ [, < (zi — z;) ™ is chosen maximally,
thatis ® (zj, . .., zy) is the polynomial of lowest degree with the pairing property as described
above. To simplify the discussion we set M = 0 from here on, denoting ¥*=0 by ¥. We
will consider the general wave functions with M > 0 at a later stage. We also suppress the
Gaussian factors.

In the following we make extensive use of the connection between CFT and the fractional
quantum Hall effect [5, 39], by means of which trial wave functions are expressed as (chiral)
conformal blocks in a certain CFT. In particular, the wave function is represented by a vacuum
expectation value of (radially ordered) operators in the CFT which describe the constituent
(quasi)particles. The trial wave function for the ground state reads

Uz, nan) = (OeV(@) -+ Viw)- 2

Here the operator V represents an electron® and the operator Oy is a background charge oper-
ator which is needed to ensure a nonzero result: it can chosen in such a way that the Gaussian
factors are reproduced [5]. By a simple change of the operators V, the wave function ¥ for
general M can also be represented in this way. Similarly, model wave functions for quasiholes
can be obtained by including appropriate operators H at positions w = wy + iw,.

Not all CFTs give appropriate trial wave functions: there are certain conditions to be satis-
fied [39, 40], most notably the existence of appropriate operators to represent the electrons
and quasiholes. For the quasihole operators H a requirement is that of mutual locality with
respect to the electrons, which means that the braiding of quasiholes and electrons is trivial.

2 Although the particles described by V are bosons for M = 0, we refer to them as electrons.
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This requirement implies that the operator product expansion (OPE) of the fields H and V is
of the form

V() H (w) ~ (z—w) H(w) 3)

where £ is a non-negative integer and H denotes the field resulting from the fusion of H with
V. This condition places a constraint on the possible types of quasiholes.

A well-known example of a model wave function—that is, a trial wave function with a
known parent Hamiltonian—is the Moore-Read wave function [5], which we denote by V¥ 5 ).
Here, the notation W, 1) refers to a wave function with n internal degrees of freedom and a
k-clustering property which we refer to as a pairing property for k = 2. For M = 0, W (,,41 1) has
an su (n + 1), symmetry, while for M > 0, this is broken down to su (n),. The relevant CFT
for the Moore-Read model wave function is the product of the Ising CFT and the u (1) chiral
boson CFT, where the correlator of the boson field ¢ is given by (¢ (z) ¢ (w)) = —log (z — w).
The electron and quasihole operators read

V(2) =1 (z) €@ @
H(w) = o (w)er®™

where the Majorana fermion ¢ and the ‘spin field’ o are the primary fields of the Ising CFT
and the vertex operator ¢®? is a primary field of the free boson CFT. Writing {z} for the col-
lection zy, . .., zZy, the model wave function for the ground state is

Viop) ({2}) = (¥ (21) -9 (2w)) (Opge'® ) - - 1))

S ) | G )

i<j

Because of the fusion rule o x o = 1 4 ¢ of the spin field o, the many-quasihole wave
“function’ has different components labeled by a fusion channel index p, i.e. the specific way
in which the spin fields fuse to the identity. The wave function with 2m quasiholes has 2!
components [32], or (chiral) conformal blocks, given by

(2 (0w ) = (o () 0 w2 ) T = ) TT @ = wp)* T i
i<j ij i<
(©6)

Here w;; = w; — wj, the w; are assumed to be radially ordered, i.e. |w;| < ... < |wp,| and we
have adopted the notation

(o(w1) - o (Wam)X)P) = (a(w1) - - o (Wam)¥(z1) - - - (zn) )P )

with X denoting a string of Majorana fermions . The explicit wave functions involving arbi-
trarily many quasiholes and electrons for the Moore—Read wave function were found in [16,
41]. The implementation of the (four-) quasi-hole states as topological protected g-bits was
studied [42, 43].

The conformal blocks \Ilg )2)

particle coordinates are exchanged. That is, exchanging w; and w; and analytically continuing

the wave function, \IJEZP )2) =3, (Ui(jz,z)) ;’,\Ilgi /2)) with Ui(jz,z) a unitary braid matrix. The col-

lection of braid matrices, which were found in [32], forms a unitary representation of the braid
group on 2m strands.

transform non-trivially amongst themselves when the quasi-
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3. Paired spin-singlet states

3.1. Model wave functions

The Moore-Read wave function W, ») is the simplest example of a paired ‘spin-singlet’ state,
denoted W, 1 1 ), which are studied in this paper. The pairing property of W, 5y may be veri-
fied by inspection of equation (5), or by considering the OPE

V@R V() ~ (z—2) 200 ©

between the electron operators, using ¥ (z) ¢ (') ~ 1/(z — Z). In fact, the Moore—Read wave
function is the unique, densest zero-energy eigenstate of a certain three-body Hamiltonian
[44, 45]. Consequently, the Moore—Read wave function may also be obtained by symmetriz-
ing two bosonic Laughlin wave functions as observed by Cappelli et al [46]. Denoting the
Laughlin wave functions by \11(2 1)

OO IBICERRINIE

S1 82 2€8) i< €85 i<
Y Z U2y (S1)¥ 1) (S2) ©)
Sl S

as equation (9) obeys the same vanishing properties and has the same degree. Here, the coor-
dinates {z} are partitioned into two ‘layers’ Si, S, of equal size’, and the sum is over all
inequivalent partitions. We consider two partitions to be equivalent if they are related by a
layer permutation S; <+ S>.

The paired spin-singlet state ¥, | ) can be viewed as a generalization of the Moore-Read
wave function to particles having » internal quantum numbers. These wave functions have an
underlying su (n + 1), symmetry. Additionally, they are also non-zero when two particles are
at the same position, and vanish when three particles are brought together (quadratically when
the three particles are identical, linearly otherwise).

Generalizing equation (4) there are n electron operators V,, which factor into a ‘parafer-
mion’ [47] ¢, generalizing the Majorana fermion %), and a vertex operator of n independent
chiral bosons ¢ = (1, ..., d,):

Vi (2) = P (z) e 0@/ V2, (10)

Here o« = 1,...,n and v, is a vector: to avoid clutter in the notation, we do not write vec-
tor-superscripts. The factor v/2 in the vertex operator is included so that the vectors v,, are
simple in terms of the roots of su (n + 1), see appendix B.3. In particular, they should obey
Vo - Ug = 1 + dap, so that the OPE of two electron operators reads

Vo (2) Vs (2) ~ (z — ZI)O ei(tat+05)-6(2)/V2 (11)

in accordance with the pairing property of W, 7). The paired spin-singlet states are the
unique densest, zero-energy eigenstates of the same three-body Hamiltonian that has the
Moore—Read state as its ground state (it is understood that the Hamiltonian treats all particle
types equally). Generalizing equation (9), ¥(, ) can be obtained by symmetrizing the fol-
lowing generalized Halperin wave functions

3 The number of ‘electrons’ in the ground state must be even in order for the fields ¢ to fuse to the identity.

5
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Wiy ({2}) = HH —) T (= -5"). (12)

a=1i<j a<a’ ij

Here N, denotes the number of particles with index o, with coordinates z{*. Hence, the model
wave functions W, | 5) can be expressed as

Vg2 ({2}) = HH%c 2 ) (¥t ({Z})]%

a=1i=1

— Z inr1,1) (1) ¥ngrny (S2) (13)
S] Sz
In the symmetrized representation, each layer S, = {S!,S2,...,8"} with a = 1,2 contains

half the coordinates with a given index .

The relevant CFT that describes the paired spin-singlet states is the su (n + 1), WZW CFT
(see [48] for an introduction). These CFTs can be written as a product of a parafermion theory
su(n+ 1), /u(1)" and n free boson CFTs [47], which leads to the expression equations (10)
and (4) for n =1 in which case the parafermion CFT is the Ising CFT. The more general
parafermion CFTs are described in appendix B. The electron operators V,, are currents of the
su (n + 1), WZW model, as described in appendix A.

The fundamental quasiholes are represented by primary fields H,, of the WZW model, where
u=0,1,...,nlabels the different types: a quasihole with a pseudospin index (1 = 1,...,n)
or a ‘spinless’ quasihole (¢ = 0). These operators read

H, (w) = 0, (w) e ¢/V2, (14)

where o, is a spin field of the parafermion theory. In order that the operators H,, have the correct
OPEs with the electron operators, equation (3) with £ = 0, the inner products have to satisfy

Vo Vg =140  qo-Va=1  qa-Vg=0ap
z =5 ! 15
n+1 n+1 Go"4p = Oap n+1° (as)

The quasihole wave function can be expressed as a correlator of operators H,, and V,,, or in
terms of two copies of W, ) with quasiholes inserted in the layers Sy, S,. In particular, the
operator H,, is equivalent to the insertion a quasihole in one of the layers, which becomes a
non-Abelian quasihole after the symmetrization procedure.

We are mainly interested in four-quasihole wave functions. For the simplest case, where all
quasiholes carry the index p = 1, the two conformal blocks (p = 0, 1) read

W) (b gzl = (00 () o1 (w2) 1 (w3) 01 (we) XY P [W )]
XHH(ZiI—WJ‘)%HWW- (16)

i=1 j=1 i<j

q0 - 9o = q0 " qa =

Here, X denotes a string of parafermions X = [[, ; ¥« (z{*). To express the conformal blocks
ina symmetrized representation, we first define the wave functions

Vapea({2}) = Z [T wa) = wp) iy (1) [T (2 = we) (2 = wa) ¥ (us1.1)(S2) (17)

51 »52 z€S) ZES)
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where S! denotes the coordinates with index p = 1 in layer a. Only two of the three possible
symmetrized wave functions W34, Wy3.04, and W4.p3 are linearly independent, as was seen in
[32] for the case n = 1. In particular, the wave functions V.., are related by

(1 =x) Wia03 = V300 — XV 1234 (18)
in terms of the following anharmonic ratio
Wi2W3gq

X = , 11— .
W13Wa4 Wi13Wa4

_ Wiawa3 (19)

We note that the convention for the anharmonic ratio used here differs from the one used in for
instance [33, 34], but agrees with the convention in [32]. The reason for picking the current
convention is that the w; are properly radially ordered, namely, after an appropriate conformal
transformation, we have w; = 0, w, = x, w3 = 1 and wy = co.

The W 4.4 Obey the same vanishing properties as the conformal blocks equation (16), when
either electrons or electrons and quasiholes are taken to the same point. As a result, and by
virtue of equation (18), each conformal block may be expanded in the basis ¥15.34, 1304 as

W (wh {z}) = AW ({w}) Wiaas ({2}) + B ({w}) Uisas ({2}) 20)

where the expansion coefficients A(”), B(") depend only on the w; and ensure the correct
behavior when quasiholes are brought to the same position.

3.2. Master formulas and braiding

Following [33], relations like equation (20) which relate the conformal blocks to symmetrized
wave functions open up the possibility of finding explicit expressions for two-quasihole and
four-quasihole wave functions. In turn, this allows us to study the braiding properties of the
quasiholes by finding the monodromies of the four-quasihole wave functions, i.e. the trans-
formation properties of the conformal blocks under exchanges of quasihole positions. Such
equations are therefore referred to as ‘master formulas’.

In the following, we obtain various master formulas for different types of quasiholes. By
taking limits of the master formulas, letting the electron positions coincide with each other
or with the quasihole positions, the expansion coefficients AP B(P) are determined [33]. In
particular, we employ operator product expansions of the parafermions ¢, and spin fields
o, found in appendix B, to reduce the correlator to a four-point function of spin fields. The
latter can be determined using the results obtained in [34], where closely related four point
functions of primary fields in the su (n+ 1), WZW CFT were found explicitly by solving
the Knizhnik—Zamolodchikov equation. The spin field four point functions are presented in
appendix C.

Using the solutions of the coefficients A(P),B(P) in terms of the w; we find the manifest

(p)

transformation of the conformal block U}” under w; S wy:

(n+1,2)
\11553-1,2) — AP )\11/12 4+ B (p)‘l’w 24
1+12)\” (")
Z (U ) Vi1 1)

Here, (U (n+1, 2)) is the 2 x 2 braid matrix corresponding to the given transformation. In

particular, we determine the matrices corresponding to the transformations
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l.wlﬁwz,orxal;j;
2w Sw,orx —1—x

1
3.W2(:>W3,0I‘X—>;

in terms of the anharmonic ratio x defined in equation (19). The braid matrices for the more
general wave functions U™ (see equation (1)) are obtained afterwards and differ from the
bosonic (M = 0) braid matrices by a global phase only.

This analysis hinges on the explicit form of the four point functions of spin fields.
Unfortunately the explicit form of correlators involving more than four spin fields is much
harder to obtain. Therefore, although the conformal blocks and symmetrized wave functions
can be written down, the expansion coefficients AW B(P) . can not be determined easily in
the same way. Additionally we assume that the braiding statistics is determined by the mani-
fest transformation of the wave function alone (holonomy = monodromy), i.e. that there is no
additional contribution to the statistics coming from the Berry phase.

4. Braiding for the paired su (4), spin-singlet state

4.1. The paired su (4), spin-singlet state

The (bosonic) model wave function W 4,y has the two equivalent representations

o ({2) = le VT T ws@nwen (b

= /v D T (ST (S:). (22)
NI

An explicit representation of the vectors v, and ¢,, that satisfy the correct inner products in
this case are given in equation (46). The number of electrons of each pseudospin type must be
even—this ensures the parafermions fuse to the identity, or that the sets of coordinates can be
partitioned into two equal sized sets in the symmetrized representation.

The prefactor N may be fixed by taking pairs of parafermions to the same point, i.e. letting
Z‘z"j — zg;,l for j=1,...,Ny/2 and o = 1,2,3. Using the OPEs of the parafermions (see
appendix B.3)

1
z—7

Yo (Z)wa (Z/) ~ (23)
1(N1+N2+N3)*1'

and taking the aforementioned limit of equation (22), one finds N = 22

There are four quasihole operators: a spinless quasihole Hy, as well spinful quasiholes
Hy, H,, H;. The simplest two-quasihole wave function is obtained by inserting two identical
quasiholes H,; the wave function reads

3

W4y (Wi, wa, {2}) = (o (wi)ou(w2)X >[‘1’(41)]%H(Z’-‘—Wl)%(Zf—M)%sz

{W}

Z I G—w) @an(s) [T = w2) T (S2). (24)

S1.82 ze st zesy

Here S* denotes all coordinates with pseudospin index p, where we adopt the convention
§% = §,.. Indeed, the spinless quasiholes ‘couple’ to all types of electrons. In equation (24),
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the additional factor A depending on wy, wy is fixed by requiring that both sides are equal in
1

the limit w, — wy. Using the OPEs of the spin fields, this yields A = w?,.

In the following sections, we present the relevant master formulas for the four-quasihole
wave functions. We insert two pairs of identical quasiholes for simplicity, which leaves the
cases

(I) m,, = 4, corresponding to the insertions (¢,,0,0,0,X) where ;1 = 0,1,2,3;
(I1) my, = m,, = 2,for ' # p, where we consider two orderings of quasiholes corresponding
to the insertions (0,0,0,/0,/X) and (0,0, 0,0,/ X).

For the bosonic wave function the different quasihole types are related by a symmetry so that
their braid matrices are identical. In particular, it is enough to consider the above cases for
() p = land () p = 1,/ = 2. The symmetry relating quasihole types is broken for M > 0,
and the braid matrices differ by an overall (global) phase from the bosonic braid matrices. The
braid matrices for the wave functions with M > 0 are presented in section 4.6.

4.2. The case m; =4

We consider the quasihole wave function with m; = 4 and take Ny =2 and N, = N3 = 6.
We label the coordinates zj, 22,23, - - -, 214, Omitting the pseudospin index. Then, the master
formula reads:

B (s {2d) = (1w (wa) o (ws)or (wa) X) P [B g )]

< [TT1G —w)* [Tws

ool

i=1j=1 i<j
= AP ({w}) U 234 + BP ({w}) W 304 (25)
We then take the following three limits of equation (25):
(i) 22 = 21,24 — 23,26 — 25+ - - 214 = 213
(i) : 23 = 21,24 = 22,26 — 255+ - +» 214 —> 213321 —> W3,22 —> W4
(iii) : 23 = 21,24 — 22,26 — 55 - - > 214 —> 213521 —> W2, 22 — W4 (26)

To obtain expressions for A(?) and B(P), only two limits are strictly necessary. The third limit
is taken to fix the phases of the four-point function of spin fields: this is explained in more
detail in appendix C. These limits reduce the full correlators to four-point functions, namely

<01010101X>(p) (l; <01010'101>(p)
(o101010,X)(P) @ (01010207)7)

<0’10’]0’|0’1X>(p)(i)i)<0'|0'20'10'2>(p). (27)
Taking the limits of the symmetrized wave functions ¥j5.34 and Uy3.04 as well, one finds the
equations

3 3 3 3 3 3
AP ({w}) + B ({w}) = (o1 (wi)a1(wa) a1 (ws)or (wa)) Prwiwiwdwswi,wl,

(28)

301 1 1103
BP ({w}) = (o1(w1)o1(w2)o2(ws)oa(wa)) Pwipwiswwyst wiwl, (29
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A(p)({w}) (o1 (WI)UZ(WZ)UI(W3)02(W4)>(p)W12W13W14 W23 W24W34 (30)

By using the four point functions of spin fields, which are determined in appendix C, we find

AP () = (1) briawsal o (191 [F] () — T2 FF ()]

— X

-

B ({w}) = (=) [wiawsa] 2% (1—x)"* hEF (x). GD

In equation (31), vh = %2_% (see appendix C) and the functions F[,F/ are given in
equation (C.5).

4.3. Thecase my = mp =2

We consider the four quasihole wave function with m; = m, = 2, taking Ny = N, = 2 and
N3 = 4. As in the previous section, we label the coordinates zi, 22, . . . , 23, omitting the pseudo-
spin indices. We consider two possible orderings of the four operators, corresponding to
<O’10’10’20’2X>(p) and <0’10’20’10’2X>(p).

Note that in this case, there are only two natural ways of dividing the quasiholes over the
two layers in the Cappelli representation. For the first case, the symmetrized wave functions
are Wy3.04 and W 4.03. For the second case, they are Wi,.34 and Wi4.3.

4.3.1. First case. For the first case, we write

U (whAzh) = (o1 (w1)a1 (w2) o2 (ws)oa (wa) X) P [W o 1))

4
1 L3 1 1 o1 13
X H )? H(Zi = W) 2WhW Wit Wyt wotwy
ij=1 ij=3
32
—A("’)({w})\I/13 24 +B ({W})\I’1423 (32)
‘We then consider the limits
(i) 22 — 21,24 — 23,26 — 25,28 — 27 -
(ii) 1723 > 21,24 > 22526 —* 25,28 — 27521 — W3,20 — W4, 33)
which give the equations
AP ({w}) + BY({w}) = (=) [wiawsa] ¥ x5 (1—x) 5 REF] () (34)

AP () + (1= 0B ({w}) = (=1) bwiawsa] 7 8 (1= 2% hE [F (x) + FY ().
As in the previous section, we use the four point functions of the spin fields to find
AP () = (1) friawaa) ¥ x7E (1= 0)F REFY ()

1

B ({w}) = (= 1) [wiawsa] 578 (1= x) "% b [bFP (x) — (1 —x) FF ().

(35)
4.3.2. Second case. For the second case, the master formula reads
WD ({wh {z}) = (1 (wn)aa(wa)or (ws)oa(wa)X) P [ Wy T (@ = wi)? (zi — ws)?
=12
1 1 3 -1
X H (2 —w2)2( W4)2W12 W13W14 W23 W24W34
j=34
=AY (Wh Wi + B ({(wh) Wao. (36)

10
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In this case, we take the limits

(iii) : 20 = 21,24 = 23,26 — 25,28 = &7

. (37
(iv): 23 = 21,24 — 22,26 —> 25,28 —> 27;21 — W2, 20 — Wy
which give the solutions
AP ({w}) = (=1)" wiawsa] F 2 (1= 0 REFD ()
17 —L .
B ({fw}) = = (—1)” [wiowsa] ¥ 8 (1 =) REF) (x). (38)
4.4. The case mg =4
We take mg = 4 and Ny = N, = N3 = 2. The conformal blocks have the expressions
W) ({w}d2)) = (o(w)oo(wa)ao(ws)oo(ws)X) P (W) [ —wp) [ wi
ij i<j
= AP ({w})W1a34 + B ({w}) U304 (39)
We take the limits
(): 22— 21,24 = 23,26 = 5
(40)

(i) © 24 — 23,26 = 2521 — W3,20 — Wy

which reduce the four point functions to (oooooeX)(?) — (d9o900a0)(?) for (i) and
(00000000X)(P) — (5909oi01)(P) for limit (ii). This yields the same equations as in equa-
tion (31), i.e. the braid matrices for spinless quasiholes in the bosonic case are be the same as
the braid matrices for the spinful quasiholes. This result was to be expected: it follows from
the su (4) symmetry which is unbroken in the case M = 0.

4.5. Braiding transformations

By keeping track of how the coefficients A(?), B(P) and the symmetrized quasihole wave func-

tions W 4.4 transform, we find the manifest transformation of the conformal blocks \IIE f )2) The
transformations of the ¥, are obtained straightforwardly, using equation (18). The trans-
formations of the coefficients AP, B(P) follow from the transformations of the anharmonic
ratios and the transformations of the functions F; which are presented in appendix D. The

combined transformation yields

\I’(‘”)

(12) Z(U(“) fz)y (41)

where (U; (4 2))p, is the 2 x 2 braid matrix corresponding to the transformation w; = w;.

ij
We now present the matrices corresponding to the transformations w; < w,, w; < ws and
wy 5 ws, found from the solutions of the master formulas in sections 4.2-4.4. The braid

matrices read
1 0
42 1
Ui? = (-1t ( ) 42)

1
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UR? = Gl ( : ) ﬁ) (43)

V3

i _ (_\1@)8 (\2 f) (44)

All of the matrices are found for the case m; = 4, while the case m; = m, = 2 yields only
the matrices U S’z) and U 1(‘31’2), one for each ordering. As was mentioned before, the symmetry
between the quasiholes in the bosonic case means these are the correct braid matrices in the
general cases m, = 4 and m,, = m,, = 2 as well.

The matrices Uj; constitute a two-dimensional representation of the braid group, as they are
unitary and satisfy the “Yang—Baxter’ relation U3 = U, U3 U 2 = Uy3U 2 Uss. Moreover, the
braid matrices are closely related to the braid matrices associated with quasiholes in the k = 4
Read-Rezayi wave function [9], which we write W (,4). The braid matrices for the Read-
Rezayi states are given in [33, 49]. The close relation is due to the rank-level duality between
the WZW CFTs su (4), for the paired spin-singlet and su (2), for the Read-Rezayi state [S0].

Denoting the braid matrices for ¥, ) by U; (n+1.0) , the matrices satisfy

42 1/24 (2.4)
uh? = (-1 Uy

U = (-1 Y B
42 1/8 +(24) 45)
U§3 = (_1) / Ui 7,

where the overline indicates that the rows and columns (i.e. the order of the fusion channels)
of the matrix are swapped. This is explained in more detail in appendix E.

4.6. Wave functions for general M

To obtain the braid matrices for the M > 0 wave functions \Il}(‘iz), we modify the electron and
quasihole operators for the M = 0 case. First, we adopt the following representation [38] of
the vectors v and ¢

o (o) G G
1 2 1 1 1 3
"= (T\@’O"%)"”: (zf ek f) < NCRV¥ f) (m,o,oz
(46)

which satisfy the inner products equation (15). These vectors ensure charge neutrality in all
sectors except the first, so that Oy, depends on the field ¢; only, which describes charge. To

obtain the model wave function \I"(‘Z %) without quasiholes, we change the first components to

4+ 6M
3

which yields the appropriate modification to the wave function as in equation (1). Introducing
quasiholes, the appropriate change to qL follows from the requirement of mutual locality, so
that the inner products between the vectors g, and v, is unchanged for M > 0. For the vectors
q, this yields

1 1 _
Oy — Oam =

(47)

12
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M
qaM 9o’ M = 4o " 4o’ — m
3M
qom - Gam = 40 - o — m
oM
qom - qom = qo - qo — m (48)

The new conformal blocks \1,1(\1(21)’ ) then differ from their bosonic M = 0 counterparts by the

full Jastrow factor [[; < (zi — zj)™ and similar factors of the quasihole coordinates which we
denote by =:

LS (whAzh) = E@wh el (wh Azh) [] @ — 2" 49)
i<j
The factors = for the different cases are

M
_ _ _ 9= EICED)
oma—4andma_ma/?M2._—H[<j i

A= — T a(at6m)
.m0_4'_‘_Hi<jwij

The factor = leads to additional, global phases of the braid matrices, while the Jastrow factor
has no effect. In particular, they break the symmetry between the braiding behavior of the dif-
ferent quasiholes. The resulting braid matrices for the quasiholes with spin are

P = (1) g

URPM = (—1) T g[y?
UM = (—1) e g, 0

The updated braid matrices for the spinless quasiholes read

U = (1)t g

o = (1)
U](;l,Z),M — (_ 1)— 4(4+6M) U(4 2) (5 1 )

5. Braiding for the paired su (n + 1), spin-singlet states

We turn to the braiding of the fundamental quasiholes in the paired su (n + 1), spin-singlet
state equation (52). There are n electron operators and n + 1 quasihole operators H,,, given
by equation (14), in terms of parafermions 1, and spin fields o, of the parafermion theory
su(n+ 1), /u(1)". The model wave function for the ground state reads

V12 ({2}) = H H?//a \1/(n+1,1)]%

a=1i=1

Z‘I’(rm S g1,1)(S2), 52)
51 S

13
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where the OPE of the parafermion fields fixes the normalization N = 23(ZaNe)=1 We con-
sider the master formula for the case m; = 4, equation (20), since it yields all braid matrices.
The master formula is:

W (wh ) = (o1 w)or (wa)ar (ws)on (wa) X)) [ )] ? H d ) [ w0
i<j
=AP({w}h)Wizas + BP({w}) Wisos.

(33)

We consider the simplest case where Ni = 2 and N;3, = 6, taking the three limits
(i) : zok = zo4—1 for k> 1

(i) : z3 = 21,24 = 22,20k — 221 fOr k> 3,20 = w3, 20 — wy

(i) : 23 = 21,24 = 22,22k = 22%—1 for k =321 = wa, 20 — wy. (54)

The four-point functions of spin fields are presented in appendix C, and yield the solutions

X

AP({w}) = (=1)" Dorawaa #T2APATF (1= )P TE [FD (1) = T2 F ()]
B ({w}) = (=1)" pwiawsa] #1288 (1) m A ().
(55
Here 2A = % Further, v/A and the functions F! are given in appendix B.3. Using the

transformations of the functions F presented in appendix D, it is straightforward to obtain
the braid matrices

1 0
(n+12) _ 1\ e "
ue (-1) . (_1)$ (56)
2
1) _ (_I)ZA 1 —(—l)n 3 d}%—l
U a4 4 o7
di \= (- JEZ=T  —(-1)
1) _ (_1)% 1 dy —1
e - JE=T " . (58)

In these expressions, d,, = 2 cos ( +3) see appendix D. For n = 3, they reduce to the matri-
ces in equations (42)—(44). For n = 2, these braid matrices agree with the results obtained in

[33] for the NASS case*, while for n = 1 they agree with the braid matrices for the Moore—
Read wave function [32]. Again, the matrices Uj; constitute a unitary representation of the
braid group, i.e. they satisfy U3 = U,U3U 1, = Uy3U 2 Uss. Finally, the matrices are closely
related to the braid matrices (see [33]) of the Read-Rezayi ¥, ,, ) states, see appendix E for
more detail.

Generalizing the discussion in section 4.6, the braid matrices for the wave functions for
general M read

“In comparing the matrices in equations (56) and (57) for n = 2 to the braid matrices obtained for the NASS case,
one should be aware that the anharmonic ratios differ. The braid matrices for n = 2 and the matrices listed in [33]
are related by a similarity transformation determined by U, = Uss.

14
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U(n+12)M (,1)WM U§;+1,2)
U(n+1 M (71)Wﬁ+m U(n+1,2) 50
Ugﬂ,z),M = (- 1)m U(n+12)
for the spinful quasiholes, and
2
U,(;“’Z)M = (- I)WM U(n+12)
U§n+l,2)»M = (_l)m U(n+1‘2)
puttAM _ 1)% gt )

for the spinless quasiholes.

6. Application to Hermanns hierarchy states

We apply the results obtained to a series of recently introduced trial wave functions [36] which
are obtained from a hierarchy picture of successive condensation of non-Abelian quasiparti-
cles. We refer to these wave functions as Hermanns hierarchy states. They can be thought of as
symmetrized copies of composite fermion (CF) [8] wave functions and were studied numer-
ically in [37]. In [38], the Hermanns hierarchy states were given a CFT description by using
their close relation to the paired spin-singlet states. Referring to [36, 38] for more details, the
(bosonic) Hermanns hierarchy wave functions read

Uiern ({2}) = Z\I’cm (81) Wepna (S2) (61)
Sl S

where the symmetrization is similar to that in the paired spin-singlet case except one now
symmetrizes over two (bosonic) CF wave functions instead of the ¥, 1), with

Uepa({z}) = Ha* IHH = I B IERE)] (62)

A=1i<j AN iy

Here A labels the effective A-levels, A = 1,...,n, and )\ =[L (aa—;")m is a product over deriv-

atives of coordinates in level A. The \IJCF;n have v = and their fermionic counterparts

n+l’

constitute the positive Jain series with v = Therefore, the bosonic Hermanns hierar-

T
and the corresponding fermionic wave function has filling

chy wave functlon has v = =4

fraction v = state, while for n = 2, 3,

3n +1
the Hermanns hierarchy wave functions are, after particle-hole conjugation, candidates for

v=2+2and v =2 + , respectively.

To see the relation between the Hermanns hierarchy wave functions and the paired spin-
singlet states we recognize equation (62) as a pseudospin symmetrization of the generalized
Halperin state W (.11, i.e. Wepa({z}) = S[[Thr; 05" ¥ i1y ({2})], identifying the inter-
nal quantum numbers a with the A levels. Therefore equation (61) can be rewritten by doing
the symmetrization over the layer first, so that

Uhter ({2}) = Ha W12 ({2})] (63)

15



J. Phys. A: Math. Theor. 53 (2020) 055402 Y Tournois and E Ardonne

in terms of the paired spin-singlet states. In equation (63), the particles have definite pseudo-
spin indices in the paired spin-singlet state W, ) and the symmetrization is a sum over the
ways of assigning pseudospin to the particles.

Similarly, the quasihole model wave functions in the Hermanns hierarchy are obtained
by symmetrizing paired spin-singlet states with quasiholes. The latter have n + 1 distinct
fundamental quasiholes, i.e. quasiholes with a definite pseudospin index p = 1,...,n or the
spinless quasihole with p = 0. Although we perform a symmetrization, effectively removing
internal quantum numbers, the Hermanns hierarchy wave function still has n 4 1 distinct
fundamental quasiholes, discernible by the short distance behavior of the many-quasihole
wave function. Considering a single quasihole for simplicity’, a model wave function for a
quasihole with the smallest charge is

Uhtern (. {2}) = S ] 057" ¥ (a1 (. {2})). (64)

where w(!) denotes a quasihole with pseudospin p = 1. The model wave functions for differ-
ent choices of = 1,...,n are expected to differ slightly because of the derivatives, but to
have the same topological properties. The other type of fundamental quasihole corresponds to
the spinless 4+ = 0 quasihole in the paired spin-singlet state. It is straightforward to generalize
this to several quasiholes.

With the quasihole wave functions in place, we now argue that the braid properties of the
quasiholes in the Hermanns hierarchy are the same as those of the paired spin-singlet states
studied in this paper. In writing the Hermanns hierarchy wave functions one has to perform
two symmetrizations: one over identical layers as in equation (61), and one over pseudospin
as in the CF wave functions.

The symmetrization over identical layers changes the statistics of the quasiholes in the indi-
vidual layers: the most famous example is the Cappelli et al construction [46] of the Moore—Read
state, via the symmetrization of two Laughlin states. This symmetrization reduces the dimension
of the Hilbert space of quasihole states, which effectively renders the quasiholes of the Laughlin
layers non-Abelian. Likewise, this symmetrization procedure renders the quasiholes in the gen-
eralized Halperin states non-Abelian, resulting in the braiding properties of the state W,y { 2).

Contrarily, it has been argued that the pseudospin symmetrization does not change the statistics
of the quasiholes [51], in accordance with the result that one can determine the statistics for the
quasiholes of the CF wave functions from the K-matrix formalism [52, 53]. In symmetrizing over
the pseudospin, a reduction of the dimension of the Hilbert space is expected not to occur. The dif-
ference with the layer case is that the parts of the wave functions associated with different pseudo-
spin are not identical. Although this is not a proof, it is likely that even for the Hermanns hierarchy
wave functions the symmetrization over pseudospin does not alter the statistics of the quasiholes.
Assuming this argument to be correct, the fundamental quasiholes in the Hermanns hierarchy
come in two types, whose braid matrices are given by equations (59) and (60) respectively.

In particular, the (non-Abelian) braid behavior of the fundamental quasiholes in the
Hermanns hierarchy wave functions at v = 3,1211 is the same, up to an overall phase, as that of
the quasiholes in the Z,41 Read—Rezayi wave functions at v = % For n = 2, the Hermanns
hierarchy wave function is a trial wave function for v = 2 + % (after particle-hole conjuga-
tion), and one expects the quasiholes to obey Zj statistics. For n = 3, the Hermanns hierar-
chy wave function has the same filling factor as the Z3; Read—Rezayi wave function: both

are wave functions for v =2 + % (after particle-hole conjugation). Interestingly, one expects

3To ensure charge neutrality we assume another quasihole is placed at infinity.
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Z4-type braiding in the Hermanns hierarchy case, which is non-universal for topological
quantum computing [54], as opposed to the Zj braiding expected in the Read—Rezayi case.
Additionally, this differs from the Ising (Moore—Read) statistics expected for quasiholes in the

Bonderson—Slingerland [55] hierarchy state at v = 2 + %

7. Conclusion

In this paper we have studied the braiding properties of the fundamental quasiholes in the
paired spin-singlet states by finding explicit expressions of the quasihole wave functions and
obtaining their monodromies. As expected on the basis of rank-level duality, we have shown
that the non-Abelian braiding properties of the quasiholes in the paired spin-singlet states
are closely related to the quasiholes in the Read—Rezayi series, with the only difference an
overall phase. The extension to clustered spin-singlet states W, | with k > 2 is straight-
forward, although additional subtleties such as fusion multiplicities will arise, and is left to
future work. Additionally, we have argued that the braid behavior of quasiholes in certain
(spin polarized) non-Abelian hierarchy states should agree with that of the quasiholes in the
paired spin-singlet states, and have observed that if the former are the appropriate model
wave functions, the expected braid properties are Zs-type braiding for v = 2 + % and Zs-type
braiding for v = 2 + % The latter is to be contrasted with the Zs-type braiding based on the
Read-Rezayi wave function and Ising statistics (Z,-type braiding) based on the state in the
Bonderson—Slingerland hierarchy.

In finding the quasihole braiding properties from the CFT wave functions, we have assumed
that ‘holonomy = monodromy’, i.e. that no additional Berry phase contributes to the braid
statistics. Additionally, we have argued that the braiding properties of the paired spin-singlet
states are unchanged by a symmetrization procedure. A promising method to address these
matters is the matrix product state implementation of [21], by means of which the full Berry
holonomy may be calculated numerically for large system sizes.
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Appendix A. WZW models and current algebra

We provide details on the WZW models that underpin the paired spin-singlet states. We dis-
cuss the current algebra as well as the WZW primary fields with respect to this current algebra.
Introducing a vertex representation of the currents as well as the WZW primary fields, we
explicitly identify the electron and quasihole operators used to write down the model wave
functions. We refer to [34, 48, 56] for more information.

A.1. Current algebra

The su (n + 1), WZW model is characterized by its current algebra, a set of OPEs of currents
J corresponding to the generators * of su (n + 1)
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k sab s pabe Je
5 5(,1 1 J w
2 < f ( )

JO(2) J? (W) ~ (A.1)

(z—w) =w

with f%2¢ the structure constants, i.e. [%, ] = if*.
As a simple example, we consider n = 1. The currents J',J? and J? obey the above OPEs

with f@¢ = ¢ Alternatively one may introduce raising and lowering operators through
JE =J' £iJ% so that

k 273 (w
JT () I~ (W) ~ 5 + ()
(z—w) Z=w
+J+
P o~ )
Z—w
3 3 3
2
I (2) 7 (w) Cow? (A2)
The current algebra of the su (n + 1), model is generated by JEwitha = 1,...,n which form

su (2) subalgebras with J3.

Following Gepner [47], the vertex representation of the su(n -+ 1), current algebra is
an explicit representation of the currents J* in terms of free bosons ¢ = (¢, ..., ¢$,) and
parafermions:

T3 (@) = Vil () et

T3 (&) = Vit (e o/
B (z) = %va 00 (2). (A3)

The vectors v, obey v, - v, = 2 and v, - Vg = 1if a # F; they correspond to specific roots
in the root lattice of su (n 4 1). It is straightforward to show that these currents generate the
su (n + 1), current algebra, by using the OPEs

001 (2) 96, (w) ~ 0
(z—w)
Ul (@) e (W) ~ (2= w)"2HE, (A4)

as well as the OPE between vertex operators

eita 0(2)/Vkgivg ¢(w)/VE (z— W)va-vﬁ/k elta-®(2)/Vitivg ¢ (w)/Vk (A.5)

For k = 1 the parafermions ), are trivial, while for k = 2 they satisfy ¢, = 1),. The parafer-
mions are discussed in more detail in appendix B. The connection to the paired spin-singlet
states is the identification of the electron operators with the raising operators:

Vo (2) = I (2) = V20 (2) €09/ V2, (A.6)

A.2. WZW primary fields

The primary fields in the WZW model are fields that correspond to a specific representation of
the algebra su (n + 1),. The number of irreducible representations is finite, as opposed to the
algebras su (n + 1). In particular, the representations A of su (n 4 1), are denoted
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A= (AQ;Al,...,An), (A7)

where > u A, =k and the A, are positive integers. Each representation A corresponds to
a representation A = (Ay,...,A,) = >, Aw; of su(n+1) (here w; are the fundamental
weights). Therefore, the possible representations A of su (n 4 1), can be represented by the A
labels alone. We adopt this convention in the following, but it should be kept in mind that the
proper labels carry an additional label Ag =k — >, A; > 0.

To each representation A (strictly speaking A) of su (n + 1), corresponds a collection of
fields G*. The ‘components’ correspond to the weights A in the representation A, and are
denoted Gf\\. Thus, the field G* can be thought of as a vector of size dim A (note that we only
consider one chiral half of the theory). The field G* satisfies the OPE

—1G" (w)
—w

J*(2) G* (w) ~ (A8)
with respect to the currents J“, where #4 is the generator #* in the representation A.

As a simple example, the representations of su (2), are (2;0), (1; 1) and (0;2). The associ-
ated A labels correspond to the trivial representation A = 0, the fundamental representation
A =1, and the adjoint representation A = 2 of su (2). The primary fields corresponding to

these representations are G° = (Gj)) ,G' = (G},G.,), and G* = (G}, G§, G*,).

In the general case, the weights A = (A, ..., A,) in the representation A are obtained by
subtracting simple roots

o = (2,-1,0,...,0),ap = (-1,2,-1,0...,0),...,2, = (0,0,...,—1,2)

(A.9)

from A (see e.g. [48, 56]).
The WZW primary fields Gf\\ can also be represented in terms of primary fields CIJf\\ in the
corresponding parafermion CFT:

G (w) = &% (w) e o/ VE (A.10)

The parafermion CFTs are discussed in appendix B. The quasihole operators may be identified
with particular WZW primary fields; the corresponding primary fields are the spin fields o,.

Appendix B. The su (n+ 1), /u (1)" parafermion CFT

We provide the details on the su (n + 1), /u (1)" parafermion CFTs, see [47] for more infor-
mation. For the case n = 3 we explicitly list all primary fields and their conformal dimensions,
as well as the fusion rules. We also list the relevant OPE coefficients. For general n, we list
only those details needed to perform the braiding calculation.

B.1. General properties

The su (n + 1), /u(1)" parafermion CFTs were introduced in [47]. To completely specify the
cosets su (n+ 1), /u(1)", we have to specify the radii (or the number of primary fields) of
the compactified boson theories. These radii are 2i(i 4+ 1), where i = 1,2, ..., n. The primary
fields are related to the su (n + 1), WZW models through the relation equation (A.10). The
primary fields in the parafermion CFT are of the form ®4, where A denotes an su (n + 1) ‘
representation and A is a weight in that representation. To such primary fields, the following
field identifications must be applied:

19



J. Phys. A: Math. Theor. 53 (2020) 055402 Y Tournois and E Ardonne

PR = PR o (B.1)
where « is an element of the root lattice Q = Zay + - - - + Zay,, as well as
(Ath) 2 (AoApenBn_)
D\ = (I)(A?+lcl,)\z...,)\,:) (B.2)

where Ag =k — ), A;.

The parafermion CFT corresponding to the su(2), model, which is the Ising CFT
su (2), /u (1), has the primary fields ®), @}, ®! |, ®3, &3 and &2 , prior to field identifications.
One then identifies <I>2_2 ~ <I>§ via equation (B.1) (the simple root is & = 2 in this case) and
@2 ~ Y, &' | ~ ®! via equation (B.2). We are left with the three well-known primary fields
1 = ®),0 = ®!and ¢ = @} of the Ising CFT.

The conformal dimensions of the primary fields follow from equation (A.10) and the con-
formal dimensions of the WZW primary fields [47]; in the following we simply list the results.
The braiding calculation further relies on the precise operator product expansions between
primary fields, which are used to take limits of the master formulas. In general, the OPE
between primary fields ¢; with conformal dimension A; reads

Bal2) (W) ~ > Coylz — w)A TR0 (w), (B.3)

Here C¢,, denotes an OPE coefficient, and it is non-zero only if ¢, appears in the fusion between ¢,

and ¢y. For k = 2, each primary field fuses with itself to the identity, so that C!, = 1 for all a. For

the remaining OPEs, we use the general expression for a three-point function of conformal fields:
Cabc

(Ba(z1)Pp(22)Pc(23)) = Aty —A. Dt DA, At A=A, (B.4)
212 213 23

with structure constants Cppe = CS, = C%. = CY,. These can be determined by performing
contractions of the ground state and the quasihole wave functions.

B.2. Details on su (4), /u (1 )3

We provide the details for the su(4), /u (1)’ parafermion CFT. The representations of the
su (4), algebra are

A =(0,0,0),(2,0,0),(0,2,0),(0,0,2),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1) .

(B.5)
The weights in the representations A are found by subtracting the appropriate simple roots
al:(27_190)9a2:(_1929_1)5a3:(09_132)5 (B6)

which leads to a list of fields fl)ﬁ\‘. Applying the field identifications equations (B.1) and (B.2),
the su (4), /u (1)’ parafermion CFT has the following twenty primary fields

1= @8 Y= ‘I)(()z,q,o) Yy = (I)(()1,1,71) Y3 = (I)(()I,O,l)

1/}12 = <I)(()_1,2,_1) 1/}13 = (I)(()—l,l,l) '@[123 = (I)(()O,—I,Z) ¢123 = (I)(()(),z,o)

_2(1,00) 2 (00.1) 2 (00.1) 2 (00.1)
a0 = P15 o =P ) o2 =P, o3 =P

2 (0.1.1) 2 (L10) 2 (L1.0) 2 (1,1.0)
To = (I)(Lo,o) = @(1,71,0) = (I)(o,l,q) 3= CI)(O,O,I)
2 (100) 2 (100) 2 (100) 2 (100)
pP= ‘I’(o,o,o) "= ‘1)(2,—1,0) 2= ¢’(1,1,—1) = ‘1’(1,0,1)'

(B.7)
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Here we have used the shorthand 0 = (0, 0, 0). The most important fields are the parafermions
1,1, 3 and the spin fields oo, 01, 02, 03, which are used to define the electron and funda-
mental quasihole operators in equations (10) and (14) for n = 3. Note that the X labels of the

g are
(2,-1,0) = ay, (1,1,-1) =a; + ap, (1,0,1) = a1 + @ + 3 (B.8)

in terms of the simple roots equation (B.6). We denote these vectors by v; = 1,0, = o) + o
and v3 = a; + an + a3, so that

Va (2) = ) (z) % 0@/ V2, (B.9)

Similarly, denoting the X labels of the spin fields by go = w;, ¢1 = w; — Wz, g2 = wy — w3 and
¢3 = w3, we obtain

Hoy (w) = @;)1 (w) eido-d(w)/V2

‘ (B.10)
Ho, (W) = 32 (w) eld= 900/ V2,

These vectors v, and g,, obey the correct inner products, where the inner product should be
taken with respect to the quadratic form matrix of su (4),.
The conformal dimensions of the primary fields are
1 1 5 1
szi, A"/’lz:& :1, Ao—zg, Aq—zg, Ary:* Ap:*. (Bll)
B.2.1. Fusion rules and OPEs. We list the full set of fusion rules between the primary fields
in equation (B.7). In general, the fusion rules read

PYxBY = D, Oy (B.12)
A" EAXA
where A x A’ denotes the fusion of the representations A x A’, which may be obtained by the
Littlewood—Richardson rule. Note that the field identifications equations (B.1) and (B.2) may
need to be used on the fusion outcomes.
The parafermions have simple, Abelian fusion rules: they have A = 0, so their A labels add
modulo 2Q by virtue of equation (B.12). We reminder the reader that Q is the root lattice, and
k = 2 in this case. The fusion table is

(1 2] 3 Y123 Y3 P13 P12
1 1
{3 (P 1
s Y13 a3 1
Y123 3 Y13 (2P 1
3 Y123 s () P 1
P13 3 Y123 (5 L2 12 1
P12 1 P Y123 3 P13 P23 1

For the remaining fusion rules, we first note the following:
O X P13 = Ty (B.13)

By associativity of the fusion rules, the o fusion rules encode all 7 fusion rules as well. Then,
the following fusion tables encode all fusion rules:
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(1 () 3 Y123 P23 P13 P12

a0 [ep] 02 03 70 T T2 T3
(o1 o0 T3 ) T1 7o 03 02
a2 T3 ao 7] T2 a3 70 a1
o3 ) 71 oo 73 a2 g1 70
(1 () 3 Y123 Y3 U3 Y12
4 7 72 3 P " Y2 73
0d! P 73 72 ol P 3 "2
"2 73 P " 72 V3 4 M
3 72 " P 73 "2 M P
00 o1 o2 03
o)) 1+p
o1 b1+ 1+p
02 Y+ 7 Yo +73 I+p
03 Y3+ 73 i3+ 7 P23 + M I+p
g0 (o] 02 g3
P oo + 70 o1+ T 02+ T2 03 + T3
Y o1+ 71 oo+ To 03+ 73 0y + T
Y2 o+ 7 03+ T3 oo+ 7o o +m7
Y3 03+ T3 o2+ T2 o1+ 7 oo+ 7o
14 ad! "2 3
P 1+¢13+p
gl Yr4+s+y 1+Yis+p
"2 v +Yi+r vs+vint+y 1+vims+p
"3 Vs ++y v+t Yr+Yn+y 1+Ys+p

In this particular CFT, the fusion rule equation (B.13) implies that the braiding proper-
ties of the fields 7 are closely related to those of the fields o. In particular the difference is a
sign: braiding two 7 fields is equivalent to braiding a pair of o and 1,3 around another pair,
which is seen to give a relative minus sign compared to the braiding of the o fields alone. The
corresponding WZW primary fields T,, = Tueiqm/ V2 yield the same braid matrices as the
H,,, again up to a sign. We have verified this by explicitly calculating the F"and R symbols for
the representations A = (0, 1, 1) and A = (1, 1, 0) to which the 7 fields correspond, using the
quantum group approach [49].

We turn to the coefficients appearing in the operator product expansions of the field. By
performing contractions of the ground state and quasihole wave functions, we reduce the cor-
relators to three point functions, which determines several OPE coefficients. The coefficients
for parafermions read:
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1
C¢|w2¢|z = Cwlwﬂ/ﬂm = sz%wzz = Cwmﬁmﬂz} = ﬁ
C11J1¢23¢123 = Cw21/1131[1123 = Cw3w12'¢123 =1 (B.14)
The structure of the remaining relevant OPE coefficients is
C C ! C 1
oo’y = Lorys = = Lory = L,
V2 (B.15)

Co’ap = 3\/12, Co’o’"y =V- \/]jl

B.2.2. The sector p. The weight (0,0,0) in the adjoint representation A = (1,0, 1) has mul-

tiplicity three—this means that the field p = @E(l)g(l); actually consists of three independent

Virasoro primary fields. A similar feature was noted in in the NASS case [33], where the
equivalent sector splits up into two independent Virasoro primary fields. We proceed in a
similar way as in that paper, defining fields p,, by

)80 4 ryBe 2 MW (). (B.16)

This distinction between the sector p and the fields p, is necessary to ensure consistency of
the four-point functions of spin fields: studying their behavior also leads to the choice of OPE
coefficient v/3v/h above—see appendix C. Additionally one finds the OPEs
1
1

PPy’ = _5’ (B17)

o (W) o (W) ~ (w—w

i.e. the fields p, are not independent. They may be written in terms of the three independent
fields p, ps, pr as

Po = —Pc

p1= %pc +0ps — %ﬁpz

P2 = %pc + %ps + ?m

p3 = %pc - %ps + ?ﬂ:- (B.18)

B.3. Details on su(n+1), /u(1)"

We provide the details on the CFT su(n+ 1), /u(1)" needed to perform the braiding
calculation. The primary fields are labeled by the representations A= (Ag; Ay, ..., A) with
> u A, =2, and weights A obtained by subtracting the simple roots equation (A.9). The
important fields after the field identifications are

p= (I)gl+an ¢1 = (I)gz] 1/)2 = ¢(O)t]+012 T w" = ¢(0)4]+"‘+0‘n
Yo = ¢>32 o3 = <I>33 P34 = ‘I)?M e Y—1)n = ‘I’gn
a0 = B o1 =0 oy =P e oy =B (B.19)
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This table is not exhaustive: there are many more primary fields within the CFT, but in order
to perform the calculation of the braid behavior of the fundamental quasiholes we only need
detailed knowledge of the fields listed above. The electron operators are

Vo (2) = @Y (g) el ¢/V2 (B.20)
withv; =y, = g + 2, ...,0, = a1 + - - - + «, and the quasihole operators read

Hy (w) = @21 (w) el (W) /V2

) (B.21)
Ha (W) = (PL;‘; (W) e'61a‘¢(W)/\/§
with ¢o = w1, g1 = w1 — W2, s = Wy — W3, ..., gy = wy,. The conformal dimensions of these
fields are [47]
1 n n+1
Aypy== Ag=——F, A, = (B.22)

2’ 4n+3) 7" n+3

Using equation (B.12) and the field identifications equation (B.1) the relevant fusion rules are
'(/)a X ¢o¢ =1
Y1 X P2 = Y12, 1 X 3 = Y3, ..

wa(a-&-l) X Oq = Oa+1
ouXo,=1+p,

(B.23)

where, generalizing equation (B.16), we define the fields p, by Ch 5. = V/nvh using the

nop
1 1

properties of the four point functions derived in appendix C. This also yields C,, b = T

Appendix C. Four point functions of spin fields

The calculation of the braiding properties ultimately relies on the knowledge of the four-point
functions of spin fields o, in the su (n + 1), /u (1)" CFTs, which we present here, following
[33]. By virtue of equation (A.10), the spin fields are related to the following WZW primary
fields which transform according to the fundamental representation:

Ho (w) = ao(w)ei0-e()/V2
H_] (W) = 04 (W) e_iqa‘(b(w)/\/i.

[e3

(C.1)

To simplify the notation, we write these as g,,, u = 0,1,...,n where go = Hyand g, = H, 1
Then, g;' transforms according to the anti-fundamental representation. The four point func-
tions of such WZW primaries are given by® [34]

P = (gu(wi)gs (w2)g (ws)gur (we))”
= [wiowss] 2222 (1 — x) "R FP (x) (C.2)

i = (guwi)g,! (w2)g;r (ws)gur (wa))'"”
= [wiawsa] 2222 (1 —x) " mW TS [—xFP (1) + (1 —0)FF (x)]  (C.3)

%We note that the results are obtained in [34] with a different convention for the anharmonic ratio.
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CiP+ €87 = (gulw)g; ! (w2)gs" (w3)g, (wa))”

= [wiawsa] A8 (1 = x) 7R [F) (x) + Ff (x)] (C4)
where p = 0,1 denotes the fusion channel and A = % is the conformal dimen-
sion of g. We remind the reader of the notation w; = w; —w; and x = x%” Additionally

_ 1 TERTGH) MG p ;
Vh = )\ TPy T and the F are the following functions in terms of the

hypergeometric functions »F (a, b; c; x):

1 1 2
]:P (x) — x—zA(l _ x) (n+1)l(,,+3) »F; ( _ . .x>

n+3 n+3"n+3’
I EPIN i 1 1 2
]:g(x>:§x (1= x) T, Fy 1+n+3’1_n+3;]+n+3;x
n o n+2 n—|—1
n+3 n+3’ nt3

n n+2 n+1 >

Fl (x) = x W00 (1 — x) TF06T 5 F (

n+3' n+3"n+3’ €5)

FL(x) = —(n + 1)x®06 (1 — x) 500, F, <
Up to a phase, the four point functions of spin fields can be found from equation (C.2) by split-
ting off a correlator of vertex operators. The final result is

Y = (1) [wiawsa] 7650 2228 (1 — ) W0 RE[FY (x) + F (x)]

(=1)" [wiawaa] 50 222 (1 — x) 0 1S FY (2)

(=1)7 [wipwag] om0 222873 (1 —x)2<"+1>h [—xF! (x) + (1 —x)Ff (x)].
(C.6)

The precise way in which the phases were obtained requires some additional clarification.

In principle, these phases can be obtained by studying the behavior of the four point func-

tions in the limit wyy, w34 — 0 or x — 0, using the OPEs of the spin fields. For the fusion

channel p = 0 this fixes all phases to 1. For the fusion channel p = 1 however, the distinc-

tion between the sector p and the fields p,, introduced in appendix B.2.1 becomes important.
Namely, naively using the sector p as the p = 1 channel in the OPEs of the spin fields, i.e.

<Uu5u‘7u Opu
<Uu‘7uau’au'> )

<Uu0u"7u0u'>(p)

(ouop)t Cf o, ps the coefficients C. , are found to be inconsistent.

oo

Using the definition (UHUH) x Col, 0, pp instead, the normalization C;H o = 1 deter-
mines the phase for the four point function <0’MO'HO'HO'M>(1), which is —1. For the remaining
four point functions, the OPE coefficients C! ppp, A€ NOL known a priori: to fix the phases an
additional limit of the master formula, given in equation (26) for n = 3 and equation (54) in
the general case, is taken. This gives a consistency condition between the expansion coeffi-

cients A(P), B(P) which is used to fix the phases and thereby the OPE coefficients. The phases

are —1, and the OPE coefficients read CL p = —%.

Appendix D. Transformation properties of the .7-‘,.‘D

We present the transformations of the functions F/ (x) given in equation (C.5) under
x—=>1—x x— = and x — i For this, the transformation properties of the hypergeomet-
ric functions are needed, as well as contiguous relations between them.
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For the transformation wy < w;, corresponding to x — =%, we have

— (n+1) _
7 (1 —xx) = (1) (- ()

]-"21’( = ) = (1) T (1A ] (1) 4 (1 - 0 Ff (). (D)

1—x
For the transformation w, < wjs, corresponding to x — %:

77 (1) = (1) e 2 s - (1 - 978 - () Ol - (1) ]

7 (3) = (1) e a s cp A - (<) o 2
where
1
Cg =—Cl=
2 cos <n13)
1 — CO 2 ]_"2 n+l
ch= 1y 3
Q) INC== A=)

Finally, for the transformation w; < wj, corresponding to x — 1 — x [34]

FP(1 —x)=ClF(x)+ CPF) (x

1(1=x) = CgFy (x) + C1F (x) D4

FY(1=x) = C{F (1) + CTFi (1)

To obtain the braid behavior of the fundamental quasiholes, the following identities are also
useful:

dp = (Cg)_] = 2cos (n I 3)

Covh = 3% =—\/1- (Y2 (D.5)

Appendix E. Rank level duality

We comment on the consequences of rank-level duality, which relates the su(n + 1), and
su (k),,; WZW theories. In particular, we consider the consequences for the correlators, and
thereby the braiding behavior of the quasiholes. In [50], the relation between the correlators
of WZW primary fields in the dual WZW theories was derived. For the present purposes, we
only consider the su(n + 1), and su (2),, | cases. The correlators of four primary fields of
the former theory are given in equations (C.2)—(C.4). The equivalent correlators for the later
theory are stated here, using the convention x = W‘ZW , which differs from the one used in
[34], where these correlators were derived. The correlators C’ (P) of the fields g, corresponding

to the fundamental representation of the su (2), 11 WZW theory read

CL7 = (gulwn)gy (w2)g! (wa)gy (wa))'” = wi? Swid 82808 [F (5) + Ff ()] E.1)
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P = (g, (w1)g,, (w2)gy (w3)gp (wa)) " = wiBwi BB hE [~ F (v)] E2)

CP 4+ EP = (gu(wi)ey (wa)gy (w3)g(wa))” = wi?Pwi P2 28R [F7 (x)], (E.3)

where pu, p’ label the weights of the fundamental (i.e. two-dimensional) representation of
su (2). The p = 0 channel corresponds to the trivial intermediate channel, (0), while the p = 1
channel corresponds to (2), the adjoint (i.e. three dimensional) representation. The tilde indi-
cates that we deal with the su (2), , , quantities instead of the su (n + 1), version (for the gen-
F(,,+;)F(,l+3)F("+;)2

n+1

eral su (n + 1), results, see [34]), that is A = e +3), = T (L) and

~ A 1 1 I n+ l
0(y) = x2A(] — \) 5, F

1) =27 (=) TR | S — R e (E.4)
. 1 A i 1 1 n+ 1

= 1 —x),F, (1 1 i1
) = o T =) '( T T ars a3t >
(E.5)

~ 1 1 3 2

1 — I 1— ) F .l .
Fi(x) = x2059 (1 — x) 2059 5 F pon U th i e th (E.6)
~ 1 1 3 2

1 = 2 2(n1+3) 1 — 2(nl+3) F . . X
72 S St RRE R (o S e (E.7)

For the correlators of the su (n + 1), and su (2),,, | WZW theories, rank level duality takes the
following form [50]

(E0+ &) (0 + ) + (@7 + E) (¢ + ) = w5 (10
(E.8)
Before we comment on the  consequences for the braid matrices, we note that we obtained the
results for the correlators Cj (P by taking the result from [34], and transforming x — —*,
to take the different choices for the anharmonic ratios into account. This leads to the fact that
for the su (2), correlators, i.e. either CS”) or €57 with n = 1, we have that C(O) C(O) and
Céo) Céo), but in the p = 1 channel they differ by a sign, C( ) = —C(]) and C(]) —C(])
The duality relation between the correlators equation (E. 8) implies that the brald matrices
are also related. To avoid clutter in the notation, we denote braid matrices derived from the
WZW correlators by W("+1 “)From the explicit form of the correlator equation (E.3), we

obtain the braid matrices W2(3 D for the exchange of wy < ws,

X __2_
WD _ (-1)*2 21 (—=1)7 \/0? —1
e (N e A S |

+ P ), equation (C.4), we obtain the equivalent braid matrix for

(E.9)

From the correlator C l(p )

su(n+1),

(E.10)

o (1)

(-)FVE-T (-1
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These matrices satisfy

W(2n+l) W(n+12) (71)*W1, (E.11)

as expected from the duality relation equation (E.8), see [50].

The matrices W("Jrl ) differ from the ones obtained using the parafermion correlators in
section 5 by a sign of the off-diagonal elements, see equation (57). From an anyon-model
point of view [57], this sign is a gauge convention. However, the (sign) ‘choices’ made in
section 5 came from various consistency conditions. These choices are consistent with the
choices made in [33] in the case su (3)2, so indeed, the braid matrices are the same (after tak-
ing the different choices for the anharmonic ratio into account). In addition, these choices also
coincide with natural phase choices when one calculates the F- and R-matrices of the anyon-
models using quantum groups, as explained in [58]. The braid matrices Ug’"'H) calculated in
[33] are the same as the ones obtained from the WZW correlator equation (C.4) (again after
taking the different anharmonic ratio into account), so Wi = g1
spond to the braid matrices obtained using quantum groups.

Thus, because of the difference between W("Jrl 2 and Us; (n+1.2)

tigate if the braid matrices U§3+1 ?) and Ug ah) _ Wg w1}, as given in equations (57) and

. They also corre-
, it is interesting to inves-

(E.10) are also related in some way. Such a relation indeed exists, if one swaps the rows and
columns of Ug’"ﬂ). This swap is natural, because the two fusion channels of two fundamental
representations wj are (2,0) and (0, 1) for su (3),; (2,0,0) and (0, 1, 0) for su (4),; (2,0,0,0)

and (0, 1,0,0) for su (5),, etc. Form this point of view, the natural ordering for su (2), would
(2 n+1)

be (2) and (0), which is the opposite ordering in comparison to one used for U of equa-
tion (E.10). We denote the version of Ug ) with swapped rows and columns by Uy [ "H).
One then easily obtains the relation

(—1) e gt = () gt (E.12)

One finds that relation between the braid matrices for exchanging w; <+ w is the same, and
the one for w; <+ ws easily follows,

(—1) (n+1)(n+z) U("Jrl 2) _ ( 1)2(n+3) U(2 n+1) (E.13)

(—1) e gt = (—)me gty (E.14)
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