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Quantized Superfluid Vortex Filaments Induced by the Axial Flow Effect ∗
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We report the quantized superfluid vortex filaments induced by the axial flow effect, which exhibit intriguing loop
structures on helical vortexes. Such new vortex filaments correspond to a series of soliton excitations including
the multipeak soliton, W-shaped soliton, and anti-dark soliton, which have no analogue when the axial flow effect
is absent. In particular, we show that the vortex filaments induced by the multipeak soliton and W-shaped
soliton arise from the dual action of bending and twisting of the vortex, while the vortex filament induced by the
anti-dark soliton is caused only by the bending action, which is consistent with the case of the standard bright
soliton. These results will deepen our understanding of breather-induced vortex filaments and will be helpful for
controllable ring-like excitations on vortices.
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Recently, research of quantum fluid has attracted
considerable attention in many-particle systems[1] and
in optics.[2] In either case, the motion of quantum fluid
is most succinctly illustrated by vortex filament due to
the fact that it consists of vorticity of infinite strength
concentrated along the filament and gives an intu-
itive geometric interpretation of the evolution of the
vorticity field. In particular, recent studies demon-
strate that nonlinear excitations of vortex filaments
are physically important since they are the main de-
grees of freedom remaining in a superfluid in the ultra
low temperature regime. Such excitations are known
as bright solitons[3] and breathers.[4,5] Importantly,
the resulting vortex filaments exhibit intriguing loop
structures which provide significant contributions to
our understanding of quantum fluid and superfluid
turbulence. Note that these results are based on the
local induction approximation (LIA),[6−8] which takes
an assumption that the core radius of the vortex tube
is infinitely small in comparison with the local radius
of curvature.

However, the LIA becomes invalid as long as one
considers the axial flow effect in vortex cores.[9] Such
an axial flow effect, which is different from the sur-
rounding flow, plays a key role in tornadoes, bath-
plug vortices and trailing vortices, and the size of the
vortex tube cannot be ignored. This has been con-
firmed experimentally in Refs. [10,11], where the mag-
nitude of the axial velocity near the core is substan-
tial. Theoretically, with such an axial flow effect, the
vortex filament induced by the two-pole soliton so-
lution has been obtained.[12] It has been shown that
the axial flow effect only impacts the movement veloc-
ity of the vortex filament of two-pole soliton. In this
Letter, we study the new quantized superfluid vortex

structures induced by the axial flow effect. In con-
trast to previous results, such new vortex filaments
exhibit intriguing loop structures on helical vortexes,
which correspond to a series of soliton excitations in-
cluding the multipeak soliton, W-shaped soliton, and
anti-dark soliton, which have no analogue in the case
without the axial flow effect. In particular, we identify
these vortex filaments by showing the distributions of
curvature and torsion.

Hasimoto transformation and inverse map.—
Considering the axial flow effect, the Biot–Savart
equation, which gives the velocity at a point 𝑟, can be
reduced to the Moore–Saffman equation for the incom-
pressible and inviscid fluid.[9,13] Neglecting the non-
local contribution along the vortex filament, a simpler
fluid velocity equation is given by[9]

𝑟t = 𝛼𝑟s × 𝑟ss + 𝛽

(︂
𝑟sss +

3

2
𝑟ss × (𝑟s × 𝑟ss)

)︂
, (1)

where the subscripts indicate the partial differentia-
tion with respect to the specified variables; 𝑟(𝑠, 𝑡), as
functions of arc length 𝑠 and evolution time 𝑡, rep-
resents a point on the vortex filament; 𝛼 depends on
the circulation and effective vortex core radius; and
𝛽 denotes the strength of axial flow effect. Repeating
the Hasimoto transformation[3] and making use of the
Seret–Frenet equations given in Ref. [14], we have

𝑟s = 𝑡, 𝑡s = 𝜅𝑛, 𝑛s = 𝜏𝑏− 𝜅𝑡, 𝑏s = −𝜏𝑛, (2)

where 𝑡, 𝑛, 𝑏 represent three mutually perpendicu-
lar unit vectors parallel to the tangent, the princi-
pal normal and the binormal directions respectively.
Equation (1) can be reduced to the integrable Hirota
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equation[15]

𝑖𝜓t − 𝛼
(︁
𝜓ss +

1

2
|𝜓|2𝜓

)︁
+ 𝑖𝛽

(︁3

2
|𝜓|2𝜓s + 𝜓sss

)︁
= 0.(3)

Here 𝜓 (𝑠, 𝑡) is a complex function related with the
local instantaneous parameters, i.e., curvature 𝜅 (𝑠, 𝑡)
and torsion 𝜏 (𝑠, 𝑡), by the transformation

𝜓(𝑠, 𝑡) = 𝜅(𝜎, 𝑡)𝑒𝑖
∫︀ 𝑠
0
𝜏(𝜎,𝑡)𝑑𝑠. (4)

If 𝛽 = 0, Eq. (3) reduces to the scalar cubic nonlin-
ear Schrödinger equation (NLSE) of self-focusing type,
and the resulting vortex structures induced by non-
linear waves have been studied.[3−5,16] For the Hirota
equation, the standard soliton induced vortex filament
has been reported.[12] The reconstruction of these ex-
citations in the context of vortices can be achieved by
the inverse map.[17]

Vortex filaments with soliton modes induced by ax-
ial flow effect.—The axial flow effect introduces a se-
ries of new solitary vortex structures induced by multi-
peak soliton, W-shaped soliton and anti-dark soliton,
which have no analogue in the case that the axial flow
effect is absent. We first consider the multipeak soli-
ton solution whose explicit expression is given by[18]

𝜓 (𝑠, 𝑡) =
(︁

1+
∆ cosh (𝜙+𝛿) + Θ cos (𝜑+𝜃)

𝜅0 [Ω cosh (𝜙+𝜔)+Γ cos (𝜑+𝛾)]

)︁
𝜓0.(5)

Here the plane wave background is given
by 𝜓0 = 𝜅0𝑒

𝑖𝜃 and 𝜃 = 𝜏0𝑠 +[︀
𝛼
(︀
𝜏20 − 𝜅20/2

)︀
+ 𝛽𝜏0

(︀
𝜏20 − 3/2𝜅20

)︀]︀
𝑡. The parame-

ters are defined as

𝜙 = 𝜂𝑖𝜉, 𝜑 = 𝜂𝑟𝜉, 𝜉 = 𝑠+ 𝑣𝑡,

𝑣 = 2𝛽
(︀
𝜅20 + 2𝑏2 − 2𝜏21

)︀
− (𝜏1 + 𝜏0) (4𝜏0𝛽 + 𝛼) ,

𝜂𝑟 + 𝑖𝜂𝑖 =
√
𝜖+ 𝑖𝜖′, 𝜏1 = −𝛼/ (2𝛽) − 𝜏0/2,

𝜖 = 𝜅20 − 𝑏2 +
(︀
𝜏20 − 𝜏21

)︀
, 𝜖′ = 2𝑏 (𝜏0 − 𝜏1) ,

𝛥 = −4𝑏𝜅0
√︀
𝜌+ 𝜌′, 𝛩 = 2𝑏

√︁
𝜒2 − (2𝜅20 − 𝜒)

2

Ω = 𝜌+ 𝜌′, 𝛤 = −2𝜅0 (𝜂𝑖 + 𝑏) ,

𝛿 = arctanh (−𝑖𝜒1/𝜒2) ,

𝜃 = − arctan
[︀
𝑖
(︀
2𝜅20 − 𝜒

)︀
/𝜒

]︀
,

𝜔 = 𝛾 = 0,

with 𝜌 = 𝜖 + 2𝑏2 + 𝜂2𝑖 + 𝜂2𝑟 , 𝜌′ = 𝜂𝑟 (2𝜏0 − 𝜏1) + 2𝜂𝑖𝑏,
𝜒1 = 𝜂𝑟+(𝜏0 − 𝜏1/2), 𝜒2 = 𝑏+𝜂𝑖 and 𝜒 = 𝜒2

1+𝜒2
2+𝜅20.

The plane wave background 𝜓0 corresponds to a
trivial uniform helical vortex filament with 𝜅0 and 𝜏0
describing the curvature and torsion respectively. In
contrast, the multipeak soliton (5), which describes
the motion of a nontrivial helical vortex filament influ-
enced by localized periodic disturbance, exhibits more
interesting and complex behavior.

Figures 1(a) and 1(c) show the temporal evolu-
tions of curvature and torsion on the (𝜉, 𝑡) plane (here
𝜉 = 𝑠 + 𝑣𝑡 denotes the moving frame on the group
velocity) under the condition 𝛼 = 1, 𝛽 = 3, 𝜅0 = 1,

𝜏0 = −𝛼/ (8𝛽) and 𝑏 = 0.4. As is expected, the cur-
vature and torsion remain stable as 𝑡 increases. We
also show the surface plot of the curvature 𝜅 and tor-
sion 𝜏 at 𝑡 = 0 in Figs. 1(b) and 1(d). It is clear that
both curvature and torsion are localized forms with
the same period.
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Fig. 1. Temporal evolutions of curvature 𝜅 (𝜉, 𝑡) (a) and
torsion 𝜏 (𝜉, 𝑡) (c), given by Eqs. (4) and (5), correspond-
ing to a multipeak soliton. [(b), (d)] Variations of 𝜅 (𝜉, 𝑡)
and 𝜏 (𝜉, 𝑡) at 𝑡 = 0. The other parameters are 𝛼 = 1,
𝛽 = 3, 𝜅0 = 1, 𝜏0 = −𝛼/ (8𝛽) and 𝑏 = 0.4.
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Fig. 2. Configuration of vortex filaments of multipeak
soliton at different times: (a) 𝑡 = 0, (b) 𝑡 = 1. The other
parameters are the same as those in Fig. 1.

The corresponding vortex structure induced by the
multipeak soliton is shown in Fig. 2. One can see
clearly that such a nonlinear soliton excitation admits
a collected multi-loop structure with different sizes on
a uniform helical filament. As 𝑡 increases, this vor-
tex structure remains unchanged, which inherits the
property of the soliton.

Next, we concentrate our attention on the motion
of a locally but nonperiodically perturbed helical vor-
tex filament corresponding to the soliton excitations.
In this case, the torsion of the uniform helical fila-
ment plays an important role and should be a constant
𝜏0 = −𝛼/ (3𝛽). That is to say, 𝜏1 = 𝜏0 in Eq. (5). Spe-
cially, the soliton excitation exists when 𝜂𝑟 = 0, i.e.,
𝑏 > 𝜅0. The explicit expression reads

𝜓𝑤 =
[︁ 2𝜂2𝑖
𝜅0𝑏 cosh(𝜂𝑖𝜉) − 𝜅20

− 1
]︁
𝜓0, (6)

where 𝜂𝑖 =
√︀
𝑏2 − 𝜅20 and 𝜉 = 𝑠+𝑣1𝑡 with 𝑣1 = 2𝜏0𝛼−

𝛽
(︀
𝜅20 + 2𝑏2 − 6𝜏20

)︀
/2. This soliton, with one peak and

two valleys, is the so called W-shaped soliton.[19−21]

The variations of curvature and torsion of the vor-
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tex filament induced by W-shaped soliton are shown
in Figs. 3(a) and 3(c), which remain unchanged as 𝑡 in-
creases. Here the parameters are set as 𝛼 = 1, 𝛽 = 3,
𝜅0 = 1, and 𝑏 = 1.3. The specific envelope of curva-
ture and torsion at 𝑡 = −0.1 are shown in Figs. 3(b)
and 3(d), respectively. We find that the torsion has
striking extreme points at the place where the cur-
vature is minimal, which leads to the severe twisting
of the vortex filament. We also point out that the
two extreme points of the torsion have opposite signs,
which means the corresponding vortex structure twist
in opposite directions around the point of maximum
curvature. In Fig. 4(a), we show this solution at dif-
ferent times 𝑡 = −0.1, 𝑡 = −0.06 and 𝑡 = −0.01. It
is clear that the solution admits a loop structure on
a uniform helical filament due to the dual action of
bending and twisting of the vortex.
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Fig. 3. Temporal evolutions of curvature 𝜅 (𝜉, 𝑡) (a) and
torsion 𝜏 (𝜉, 𝑡) (c) corresponding to a W-shaped soliton.
[(b), (d)] Variations of 𝜅 (𝜉, 𝑡) and 𝜏 (𝜉, 𝑡) at 𝑡 = −0.1.
The other parameters are 𝛼 = 1, 𝛽 = 3, 𝜅0 = 1, 𝑏 = 1.3,
𝜏0 = −𝛼/ (3𝛽).
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Fig. 4. Configuration of vortex filaments of (a) W-shaped
soliton and (b) Kuznetsov–Ma breather at different times
𝑡 = −0.1, 𝑡 = −0.06, 𝑡 = −0.01, 𝜏0 = −𝛼/ (3𝛽) for W-
shaped soliton and 𝜏0 = −0.1 for Kuznetsov–Ma breather.

Note that the W-shaped soliton is a special case of
the Kuznetsov–Ma breather,[18,22] where the growth-
decay cycle tends to zero. In Fig. 4(b), we use the
same initial state as Fig. 4(a) at 𝑡 = −0.1 besides the
𝜏0 = −0.1 and present the motion of the Kuznetsov–
Ma breather induced vortex filament. A notable dif-

ference is that the size of loop structure induced by
the Kuznetsov–Ma breather changes gradually as 𝑡 in-
creases and this process will emerge periodically, while
the W-shaped soliton induced loop structure remains
unchanged over time. The reason for this phenomenon
is that when 𝜏0 ̸= −𝛼/ (3𝛽), the soliton solution will
be converted to an unstable ‘breathing’ mode. There-
fore we point out that the vortex structures which
start from the same locally perturbed helical filament
may be absolutely different due to the introduction of
axial flow effect.

In addition to W-shaped soliton, the motion of a
locally perturbed helical vortex filament can also be
described by the anti-dark soliton which is first shown
in the NLS system with third-order dispersion.[23]
There exists a slight phase shift with W-shaped soliton
and its explicit expression for Eq. (3) is given by

𝜓𝑎 =
[︁
1 +

2𝜂2𝑖
𝜅0𝑏 cosh(2𝜂𝑖𝜉 + 𝜇) + 𝜅20

]︁
𝜓0, (7)

where 𝜇 = arctan (−𝜂𝑖/𝑏) and 𝜉 = 𝑠 + 𝑣2𝑡 with
𝑣2 = −𝛼2/3𝛽−𝛽

(︀
𝜅20 + 2𝑏2

)︀
/2. In the limit of 𝜅0 → 0,

the anti-dark soliton can be transformed into the stan-
dard bright soliton (BS) on the vanishing background
as follows:

𝜓𝑏 = 2𝑏 sech (2𝜂𝑖𝜉 + 𝜇0) exp [𝑖(𝜏0𝑠+ 𝜔𝑡)] . (8)

Here 𝜇0 is an arbitrary constant. Actually, the anti-
dark soliton can be seen as a bright soliton on a non-
vanishing background.
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Figures 5(a) and 5(b) show the variations of cur-
vature and torsion of the vortex filaments induced by
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W-shaped soliton, anti-dark soliton and bright soli-
ton, respectively, under the condition 𝛼 = 1, 𝛽 = 3,
𝜅0 = 1, 𝜏0 = −𝛼/(3𝛽), 𝑏 = 2 and 𝑡 = −0.1. Re-
markably, for the vortex structures corresponding to
anti-dark soliton and bright soliton, the perturbation
only increases the local curvature relative to the uni-
form helical filament background and has no contri-
bution to the torsion, which is different from that of
W-shaped soliton.

The vortex structures induced by W-shaped soli-
ton, anti-dark soliton and bright soliton are presented
in Figs. 6(a)–6(c), respectively. One can clearly know
from the figure that the torsion of the latter two soli-
ton is a constant, which is different from the former.
This means that the twist direction of the vortex struc-
ture induced by anti-dark soliton and bright soliton
remains unchanged, and the corresponding loop struc-
tures are only influenced by the bending action of cur-
vature. The major difference between the latter two
vortex structures is that the anti-dark soliton induces
the loop structure on a uniform helical filament, while
the bright soliton on a vortex line with zero curvature.

In summary, we have investigated new quantized
superfluid vortex filaments induced by the multipeak
soliton, W-shaped soliton and anti-dark soliton, which
are affected by the axial flow effect. We present two
types of loop structures: one arises from the dual ac-
tion of bending and twisting of the vortex, which is in-
duced by the multipeak soliton and W-shaped soliton;
the other is generated only from the bending action
of curvature corresponding to anti-dark soliton and
bright soliton. Meanwhile, We compare the vortex fil-
aments induced by W-shaped soliton and Kuznetsov–
Ma breather, and demonstrate that the vortex struc-
tures which start from the same locally perturbed he-
lical filament may be absolutely different due to the

axial flow effect.
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