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High-dimensional (HD) entanglement provides a very promising way of transcending the limitations of the two-

dimensional entanglement between qubits for increasing channel capacity in many quantum protocols. In the

pursuit of capitalizing on the HD entangled states, one of the central issues is to unambiguously and compre-

hensively quantify and reconstruct them. The full quantum state tomography is a unique solution, but it is

undesirable and even impractical because the measurements increase rapidly in d* for a bipartite d-dimensional

quantum state. Here we present a very efficient and practical tomography method—asymptotical locking to-

mography (ALT), which can harvest full information of bipartite d-dimensional entangled states by very few

measurements less than 2d® only. To showcase the validity and reasonableness of our ALT, we carry out the

test with the two-photon spin-orbital angular momentum hyperentangled states in a four-dimensional subspace.

Besides high-efficiency and practicality, our ALT is also universal and can be generalized into multipartite HD

entanglement and other quantum systems.

PACS: 42.30.Va, 42.30.—d, 42.65.Lm DOI

Quantum entanglement is a fundamental quan-
tum phenomenon and has formed the cornerstone
of quantum information.['”) Entanglement can be
generated in different physical systems such as
photons,[’] atoms,["! ionsl”) and superconducting
circuits.[”] The study on entanglement in two-
dimensional photon systems has been quite ma-
ture. For example, the polarization-entangled Bell
states of photons have been produced from sponta-
neous parametric down conversion (SPDC),Il veri-
fied by full quantum state tomography,”! transformed
by wave plates,®) and discriminated by nonlinear
optics!'" or hyperentanglement.'!'?] Polarization en-
tanglement has been applied into quantum dense
coding,'>"% quantum teleportation,['*) quantum key
distribution,!'” and entanglement swapping.['’) Due
to the limitation of dimension, the quantum proto-
cols based on the polarization-entangled Bell states is
limited to 2 bits for a single qubit. High-dimensional
entanglement is the most promising way of transcend-
ing the limitation, because it allows more information
to be encoded per particle and offers improved robust-
ness against sophisticated eavesdropping attacks with
respect to the two-dimensional one.[' 7%

High-dimensional (HD) entanglement can be
achieved with different degrees of freedom such as or-
bital angular momentum (OAM),!'"] energy-time[*"]
and frequency modes.[*!] To capitalize on the HD en-
tangled states, the prerequisite is to quantify them

: 10.1088/0256-307X/37/3,/034204

explicitly. Hence, several quantum state tomography
methods have been presented, such as full quantum
state tomography (F-QST),[”??) mutually unbiased
bases quantum state tomography (MUB-QST),[**>%]
and symmetric informationally complete positive
operator-valued quantum state tomography.”°! For bi-
partite entangled state with each particle having d-
dimension, the measurements required in the above
methods dramatically increase in d*, making them im-
practical for the HD entanglement. This will strongly
mitigate possible advantages and practical applica-
tions of HD entanglement. An idea, which greatly
reduces the measurements to 2d?, can certify only ef-
fective dimension of HD entanglement.°) Therefore,
there is still a formidable challenge how to find an
efficient and practical strategy, which not only dra-
matically reduces the measurements, but also harvest
the full information of HD entangled state, like the
traditional F-QST.

Here we present a very efficient and practical
method—asymptotical locking tomography (ALT),
which can acquire the full information of bipartite en-
tangled state with each particle having d-dimension by
measurements less than 2d?. The asymptotical lock-
ing process of our ALT is described as follows. We
first select a set of orthogonal basis {|¢:X)} (X repre-
sents particle A or B) as the first basis, then measure
coincidence counts matrix N’ to harvest the normal-
ized coeflicient matrix of the intended target entangled
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state under the first global product basis {|¢:X)|¢:X)}.
To further acquire the information of phases of the
intended target entangled state, we construct another
suitable basis {|¢X)} as the second one and measure
the coincidence counts matrix N’ under the second
global product basis {|¢:X)|¢X)}. The second basis
{l¢X)} is constructed by using {|¢X)} and a certain
criterion defined by N'. Then, pure bipartite quan-
tum states in any dimension can be unambiguously
certified and faithfully reconstructed under two global
product bases, without resorting to inefficient tradi-
tional full state tomography. In particular, we also
develop the ALT theory for the mixed state caused by
the dephased maximally entangled state.

Pre-locking the target state.—Omne of the main
tasks of quantum state tomography is to determine
whether a quantum state prepared in lab is the in-
tended one and how much is the difference between
them. Therefore, for the first step, we should se-
lect a set of suitable orthogonal basis {|¢:X)} and
then carry out d? local projective measurements un-
der the first global product basis {|¢:)|¢X)}. We
will have a general understanding of the state pre-
pared in lab, which is described by a density ma-
trix p. With the coincidence counts matrix N’
measured under {|¢:X)|¢X)}, we can obtain A, =

VIOm @R lplom)of) = \/Njun/ Y nNim, where

{Amn} is the normalized coefficient matrix of the state
prepared in lab under {|¢2)|¢2)}. Here we consider
two cases: pure entangled state and mixed state. (i)
For a pure entangled state, if the first basis is well se-
lected to be a Schmidt basis, the number of nonzero
Amn is only d.[?%27 Without loss of generality, we can
set Apmn|mstn = 0. The density matrix p should be

p=12)(0,  [2)=)" Aue™|op)lon), (1)
where A\, = \/N/, />, N}, N] is the abbreviation
of N/, and 0, € [0,7] is the phase of |¢)|pZ2).

(ii) For a mixed state |®) obtained by dephasing, its
density matrix p should bel*"]
p(p) = pl DY@+ (1 =)D AL lom)lom) (ml(on],

(2)

where p € [0,1] is the visibility, which can also char-
acterize the noise level.

Pure state: acquiring the phase information.—To
acquire the phases, we need to construct the second
basis {|p:X)} by the first basis {|¢:X)} with a transfor-
mation matrix. To search for the desired transforma-
tion matrix, we introduce a criterion matrix C defined
by the measured N’

d ~ ~ .
= ‘Zm_mmT;kT;lelﬁm : (3)

where C; is an element of C' and T} is an element of
transformation matrix T'. We then define a criterion

(4)
which means that for the desired transformation ma-
trix, C for different {8,,} must be non-degenerate.
During the optimal search with the two-fold nested
loops (T as the outer loop and {f8,,} as the inner
loop, see Fig. S1 and the Supplemental Material for de-
tails). If the above criterion is satisfied, the searched
T will be the transformation matrix T' we desired.
Then |p:X) can be written as

d
|‘Pr)r(z> = anlean),

where T,,, are elements of matrix T. One should
point out that {|¢:X)} is normalized but not necessar-
ily orthogonal.

We perform the measurements under the second
global product basis {|p2)[¢B)} to obtain the coinci-
dence counts matrix N”. With T, N’ and N, we
can build a set of nonlinear equations as follows:

‘Z kle- = Ny /N¢., (6)

where [’;kl = A\ T T‘Ll7 N/ is the normalized co-
efficient and N}/, is an element of N”. Clearly, N"
is a symmetric matrix (N}, = NJ;), so we need to
measure experimentally only (d? + d)/2 independent
elements of N" instead of all the d? elements under
{le2)@B)}. For {6,,}, only the relative phases are
important, so we can set §; = 0. Clearly, Eq. (6)
contains (d? + d)/2 sub-equations, but only (d — 1)
sub-equations are independent. In our real process-
ing, therefore we need to select only (d — 1) sub-
equations from Eq. (6) for solving (d — 1) unknown
phases {0,,}m>2. To reduce error, however, the se-
lection must follow a rule that the selected (d — 1)
sub-equations should contain the (d — 1) largest ele-
ments among the measured coincidence matrix IN".
One should point out that to achieve the tomography
of any pure HD entangled state, our ALT method car-
ries out the total measurements d? + (d +d)/2 < 2d?
only.

Mized state: acquiring the phase information and
the visibility.—In this case, the criterion for searching
the desired transformation matrix T" in Eq. (4) is still
valid. The coincidence counts matrix N” can also be
measured under the global product basis {|p2)[¢Z)}
obtained by Eq.(5). With T', N’ and N”, a set of
nonlinear equations can be built as

d
p‘ Z k€ + (1-p) Z |F;£:,kl‘2 = Ny /NG
m=1

(7)
As mentioned above, we still set #; = 0 and only

(d — 1) sub-equations among (d? + d)/2 sub-equations

X=AorB, (5
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in Eq.(7) are independent. Due to the presence of
the visibility p, the (d — 1) independent sub-equations
in Eq.(7) are not enough to determine the (d — 1)
unknown phases {0,}m>2 and the visibility p. In
principle, only one independent sub-equation (the dth
independent one) is built again, we can determine
{0m}m>2 and p completely. Therefore, we need to
construct the third basis {|1X)} and then to mea-
sure coincidence counts matrix N under this basis.
{|¥X)} is defined as

Z T 16X), X =Aor B, (8)

where T = are elements of transformation matrix TV,
which also satisfies the criterion in Eq. (4).
Similarly, based on the coincidence counts N’ un-

der the third product basis {|12)|#2)}, a new set of
nonlinear equations can be built as

d
p\zr'* o (1-p) 32 1l =

= )

//// /lI

where "1 = A, 11 Tt N/! is the normalized
coefficient, and N}/ is an element of N'’. In fact,
to build the dth independent sub-equation, we do not
need to measure all the (d? + d)/2 independent ele-
ments in N””’. We only need to measure two larger
matrix elements in IN'”, which are defined as N} and
N!"". Thus, with Eq.(9), we can build the dth inde-

pendent sub-equation as

d _ d
o S e[+ 0ep) S P,

) d N///'
| & Pt 409 S e G0

Finally, by solving the selected (d — 1) equations in
(7) and (10) together, we can acquire all {6,,} and
p completely. Clearly, compared with the pure state,
only a few measurements need to be increased for the
tomography of the mixed HD entangled state.

Ezperiment.—As shown in Fig.1(a), we select
maximally hyperentangled state |®;) oc (|HA)|HB) +
[VAVEY) @[ ¥F ) as an intended target spin-OAM
state, with | g, ,) o< (| +14) = 18) + | —14) |+ 15)).
The preferred orthogonal bases are |v1) = |H,+1),
va) = [V, +1), [us) = |V,~1), and |us) = |H,~1),
where |H,1) (]V,1)) stands for a state of photon with
horizontal (vertical) polarization and an OAM of /A.
As shown in Fig. 1(b), we carry out the projective op-
erations under the basis {|v;,)} with two HWPs (half
wave plates), two QWPs (quarter wave plates), a 1/2-
order g-plate,’”*"l a PBS (polarizing beam splitter),
and an SMF (single mode fibre). For the detailed
projective evolutions one can see Fig. S2 and the Sup-
plemental Material.

QWP2 PBS SMF

(TR 0
U | Q vl

HWP1 g-plate HWP2 Lens

Fig. 1. Experimental setup. (a) Entanglement source. A
fundamental Gaussian fs laser pumps two 0.6-mm-thick
BBO crystals with optic axes aligned in perpendicular
planes. A four-dimensional (4D) spin-OAM hyperentan-
gled state is generated by the type-I SPDC. An unitary
operation on photon-A can transform the initial 4D hyper-
entangled state |®1) into |P2), |P3) or |Pa). (b) Scheme

of projective measurement under the first basis {|¢£l/ B)}
and second basis {|p /B)} (m=1,2,3,4).

We then measure the coincidence counts matrix
N under the global product basis {|vm)|v,)} in
Fig.2(al). N is a non-diagonal matrix. For the con-
venience in the handling problem, we select the coinci-
dence counts matrix N/ under the first global product
basis {|¢72)[¢2)} to be a diagonal one. Therefore, the
first orthogonal basis {|#:X )} by {|v1, } should be define
as [62) = [on), [62) = [va), |64) = Ius), |62) = va);
|67) = |va), [65) = [vs), [65) = |v2), [6F) = ).
N’ in Fig.2(a2) comes from N in Fig.2(al) with-
out resorting to remeasurement under the first global
product basis {|¢7t)|¢E)}. Thus, we can write the
preliminary result of tomography for the state gener-
ated in lab as |#7) = S22 _ X, [6A)|¢B), where
Am = /N />, N}, and N, is a diagonal element
of N’. Following the criterion in Eq. (4), we find the
desired T to construct the second basis as

|<P1> |¢X> 11 1-1

) |7 e |07 T2 11 1 1y,
(11)

|<P4> |¢4> -1 1 1 1

The arrangement for performing the projective oper-
ations of basis {|X)} is the same one for {|v,,)} (see
the Supplemental Material for details).

We measure the coincidence counts matrix N/ un-
der the global product basis {|p2)|02)} in Fig. 2(a3).
Substituting N/, N”, |#]') and Eq. (11) into Eq. (6),
we can harvest all the phases {6,,)} and realize the
full quantum state tomography of the 4D entangled
state. We calculate the density matrix p? = |7 )(®]|
in Fig.2(ad), suggesting that the state generated in
lab is indeed close to the intended target state |®;)
in Fig.2(ab). We also estimate the fidelity to be
F(pT, &1) = Tr(|91) (D1 |pT) = (90.63 £ 0.40)%.

To test our ALT again, we carry out the measure-
ments of other maximally hyperentangled spin-OAM
states. By the unitary operations with an HWP and a
QWP on photon-A, we can prepare the 4D maximally
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entangled state | $2) from | Py ),
|@2) o ([HVE) = [VAHP)) @ [9y)- (12)

For the ALT measurement of the intended target
state | @) produced in lab, the procedure is very sim-
ilar to that of |@;). The preferred orthogonal bases
are still {|v,)}. We measure the coincidence counts
matrix IN under the global product basis {|vm)|vn)}
in Fig.2(bl). Different from |®), the first orthogo-
nal bases {|¢:X)} for | ;) are selected as |¢') = |v1),
68) = va), [68) = Iws), 104) = loa)s 6F) = lva).
05) = |va), |6F) = |11), [6F) = [12) to obtain di-
rectly the diagonal coincidence counts matrix N’ un-

der the global product bases {|¢2)|¢Z)} in Fig. 2(b2)
from N in Fig. 2(b1). The second basis {|¢:X)} can be
constructed from {|¢:X)} by the same T in Eq. (11).
We measure the coincidence counts matrix N’ un-
der the global product bases {|p2)|p2)} in Fig. 2(b3).
Finally, we harvest the ALT result |®#J) for the in-
tended target state | ®;) and the density matrix pl =
|#3)(®T] in Fig. 2(b4). The result shows that the en-
tangled state produced in lab is close to the intended
target state |®s) in Fig.2(b5). The ALT results of
other two maximally hyperentangled states (|@3) and
|®4)) can be found from Fig.S3 in the Supplemental
Material. All the ALT results prove our witness.

Fig. 2. Experimental data and reconstructed density matrices for the spin-OAM hyperentangled states. (a) Spin-
OAM hyperentangled state |®1). (b) Spin-OAM hyperentangled state |®2). Coincidence counts for the intended
target state |®1) under the global product bases of {|vm)|vn)} (al), the first basis {|¢2)|#E)} (a2), and the second
basis {|o2)|¢B)} (a3). Here (ad4) and (a5) are experimentally and theoretically reconstructed density matrices,
respectively. Similar to (al)—(a5), (b1)—(b5) show the results for the intended target state |P2).

Discussion.—We provide a clear physical picture
to gain insight into our ALT (Fig.3). The selection
of first basis is important and should follow certain
rules. (i) The first basis must be orthogonal and com-
plete and (ii) we should consider the entangled de-
grees of freedom and spatial modes of states. The

background of readily available knowledge about the
interested quantum system provides us some hints to
narrow the choice of the first basis. For the polar-
ized entanglement, the first basis can be selected as
{1H),[V)} (or {|H) + [V, |H) — |V}}); for the OAM
entangled states, the first basis can be selected as {|)}

034204-4
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with the Laguerre-Gaussian modes. For the spin-
OAM hyperentangled states, we prefer the first basis
tobe {|H,1)|V,1)}. The choice of suitable first basis re-
duces the searching scope of the intended target state
within the area surrounded by the black ellipse. The
measured coincidence counts matrix N’ under the first
basis greatly narrows the searching scope into the area
surrounded by the blue ellipse. The construction of
the second basis is mainly restrained by the criterion
matrix C related to the measured N'. Clearly, the
measured N’ acts as a limitation or feedback to op-
timize the construction of the second basis. We carry
out the coincidence measurements under the second
global product basis to obtain the coincidence counts
matrix N”. By N", we can acquire the accurate
phase information and finally identify the entangled
state produced in lab (red ellipse), which is very close
to the intended target entangled state (green ellipse).
Such an “asymptotical locking” process plays an in-
dispensable role in drastically reducing the measure-
ments. By contrast, no criterion is used for construct-
ing the second base (tilted base) in Ref. [26], which
leads to the situation that they can only certify effec-
tive entangled dimension and fidelity of HD entangled
state but cannot provide the full quantum state infor-
mation.

Boundary
based on selection of
the first base

Boundary
based on coincidence]
counts matrix N'

Measured state

based on coincidence

counts matrix N''

Fig.3. ALT—Witnessing HD entanglement with two
bases. Every potential target state is in a subspace of the
infinite Hilbert space, which is composed of any available
degree of freedom. Range of black ellipse is a subspace
limited by the particles and degrees of freedom used in
a specific experiment. The coincidence counts measured
with the first base can give the boundary of blue ellipse.
When the second base is properly selected, measured co-
incidence counts can narrow the border to the red ellipse.
In principle, only the target state locates in the red ellipse.
The green ellipse represents the intended target state. Due
to the presence of noise, the red ellipse and the green el-
lipse do not completely coincide, which implies that the
fidelity can not reach 100%.

For a d-dimensional bipartite entangled state, our
ALT requires measurements <2d?, which is much less
than ~d* of F-QST["! and MUB-QST.!**?*) When
d = 10, our ALT needs 155 measurements only, while
F-QST and MUB-QST require ~10* measurements.
Compressed sensing technique used in the quantum
state tomography®"#? dramatically reduces the mea-
surements, but they are still higher than our ALT.

A more practical method should not only be able

to high-efficiently diagnose the quality of the prepared
HD entangled light source, but also provide a guid-
ance for optimizing the entangled source. Our strat-
egy meets indeed such a pursuit. For instance, the
initially produced entangled state in lab deviates from
our intended target state [see Fig. S(4a)]. The analysis
based on our ALT result tells us that HWP in path-A
is not well aligned. After fine adjusting HWP, the en-
tangled state is greatly optimized [see Fig.S(4b) and
the Supplemental Material for details].

In conclusion, in the pursuit of capitalizing on the
HD entangled states, one of the central issues is to
unambiguously and comprehensively quantify and re-
construct them. The F-QST provides a solution, but
it is too inefficient and even is impractical for fully
diagnosing the HD entangled state. Our ALT needs
to carry out only d? + (d* +d)/2 < 2d? measurements
much less than the d* required ones for the standard
F-QST, but full information of the d-dimensional en-
tanglement can be still harvested to unambiguously
certify and faithfully reconstruct the intended entan-
gled states. Our ALT is the most efficient and practi-
cal method for tomography of the HD entangled states
so far. It is valid for not only the pure HD entangled
state but also the mixed state (dephased maximally
entangled state). In addition, our ALT method can be
generalized into multipartite HD entanglement with
multi-degree of freedom (see the Supplemental Mate-
rial) and other quantum systems. Our ALT method
should be a great advance to promote the practical
applications of HD entangled states.
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