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Far-field vector-diffraction of off-axis parabolic mirror
under oblique incidence”
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Based on a full vector-diffraction theory, a detailed theoretical study is carried out, aiming at providing a clear insight
into the effects of different focusing and off-axis parabola parameters on far-field vector-diffraction properties of an off-
axis parabolic mirror in the presence of misalignments of the incoming beam. The physical origin of these effects is
also explored. The results show that the far-field intensity profile is altered by the distortion-, coma-, and astigmatism-like
aberrations, which are caused by oblique incidence rather than inherent aberrations for the off-axis configuration. The radius
of 90% encircled energy also increases but does not change monotonically with incident beam size increasing, or rather,
it first decreases and then increases. The focal shift strongly depends on the effective focal length and oblique incidence
angle, but it is almost independent of the beam size, which affects the focusing spot patterns. The intensity distribution
produces a higher astigmatic image with off-axis angle increasing. Coma-like aberration starts to become dominant with
beam size increasing and results in larger curved propagation trajectory. The incident polarization also affects the intensity
distribution. The variation in the Strehl ratio with oblique incidence angle strongly depends on the misalignment direction
and beam size as well. In addition, we find that the difference in locus between the catacaustic and the diffraction focus
in the meridian is small. But the locus of the sagittal foci is obviously different from the locus of the meridian foci and
the catacaustic focus. Moreover, the peak intensity of the sagittal focus is maximum, and the ratio of the peak intensity to
that in the meridian plane is approximately 1.5. Understanding these effects is valuable for assessing a practical focused
intensity and describing the motion of charged particles under a strong electric field in ultraintense laser—matter interaction.
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1. Introduction

As it is well known, off-axis parabolic mirrors (OAPs)
can perfectly focus a broadband collimated beam, the axis of
propagation of which is parallel to the axis of revolution of
the mirror, into the focal point of the mirror without any chro-
matic aberration within the accuracy of the ray optics, and,
in this sense, they are ideal focusing devices and widely used
in astronomy!!! and laser-fusion experiments.[?! In particular,
OAPs have now become essential devices to focus ultrashort
laser pulses up to relativistic intensities without the undesired
nonlinear and dispersive effects induced on the pulsed beam by
transmissive focusing optics, ! with f-numbers ranging from
1 up to ~ 20-50 and unfocused laser beam transverse sizes
(setting the OAP size) ranging from a few tens of millime-
ters for the TW-scale lasers up to a few hundreds of millime-
ters for sub-PW to PW scale systems. This relativistic laser
intensity creates many exciting opportunities for laser—matter
interactions. [+

However, when an OAP is irradiated by a parallel beam
with oblique incidence, the reflected light rays will form a cat-
acaustic, which is defined as either the envelope of light rays
reflected by the mirror!® or the loci of singularities in the flux
density.[”! Early in 1964 Scarborough showed that the cata-
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caustic of a two-dimensional (2D) OAP illuminated by a tilted
plane wave is a circular arc lying below the tilted axis of the
mirror in the framework of ray theory.!%! Recently, Bell et al.
further investigated that the catacaustic of a three-dimensional
(3D) paraboloid illuminated by a tilted plane wave.®! How-
ever, researchers only concerned the geometry of the caustics
and not the distribution of light intensity. In this paper, our
results show that in the framework of geometrical optics, the
catacaustic of an OAP can only give an approximate position
of the diffraction focus in the meridian plane, but cannot give
the position of the diffraction focus in the sagittal plane. And
the peak intensity of the sagittal focus is maximum, and the
ratio of the peak intensity to that in the meridian plane is ap-
proximately 1.5.

On the other hand, motivated by the widespread diffu-
sion of OAP mirrors as optical devices to focus ultrashort laser
pulses, a growing effort is being devoted by the community ac-
tive in the field of ultraintense laser—matter interaction to the
accurate calculating of the spatial structure of the electromag-
netic field in the focal regions. In the case of the laser interac-
tion with a solid target, for example, due to a pedestal and/or
the picosecond prepulse, a pre-plasma can develop in front of
the target surface, leading the main interaction to take place
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slightly before the focal plane. To the best of our knowledge,
the physical processes involved in laser—matter interaction are
normally modeled by using focused pulses with an ideal space
structure. %! Therefore, the accurate calculating of the light in-
tensity distribution and pattern of focal spot is still important.

As matter of fact, the first paper dealing with the field
intensity distribution of an OAP dates back to 1979. Based
on the calculation of the catacaustic curve, Howard investi-
gated the focusing properties of OAPs under small tilt error in
the framework of ray optics.!”! Arguijo et al. further pointed
out that the diffraction patterns in the focal plane of an OAP
for zero-field angle are altered by the aberrations that are in-
herent in the OAP surface: astigmatism and coma.!! A ray-
tracing approach was taken by Arguijo and Scholl to evalu-
ate the shape of a tilted plane wave focused by an OAP. They
claimed that for a tilted beam focused by an OAP the focus is
no longer point-like (with considering no diffraction effect), or
rather, it is a distorted spot.!'! It is indisputable that these re-
searchers have presented some useful results in the framework
of geometric optics or scalar diffraction theory. However, the
scalar diffraction theory and geometric optics are deficient in
predicting the quality of the focal spot generated by OAPs be-
cause the vector characteristics of electromagnetic field are
not taken into account. For more accurately describing such
a nonparaxial beam, especially when the polarization effect
is considered, a vector-diffraction theory is taken as a rigor-

1.[411=201 Moreover, the expressions of its electromag-

ous too
netic field must satisfy Maxwell’s four equations beyond the
paraxial regime. As matter of fact, an earlier discussion on
vector-diffraction properties may date back to 1920 when Ig-
natovsky obtained formulae for the electric and magnetic field
vectors in the image region of a parabolic mirror (PM) of any
angular aperture.!'?! Unfortunately his deductions from these
formulae were chiefly restricted to the study of the energy flow
A detailed

framework to analyze focused beams by using the vectorial

across the central bright nucleus of the image.

characteristics was initiated by Stratton and Chu,?!! in which
both the electric field and magnetic field are substituted into
Maxwell’s equations. Another classical approach was pro-
vided by Richards and Wolf through decomposing the inci-
dent field into an angular spectrum of plane waves, by which
the focused vectorial characteristics of the beam are accurately
described.!??! More recently, Labate et al.!**! reported on the
effects of small misalignments on the intensity and Strehl ra-
tio (SR) for a laser beam focused by an OAP in the framework
of Stratton—Chu vector-diffraction theory. However, they re-
stricted their attention to the maximum achievable intensity
and the SR in the presence of small misalignments, rather than
systematically considering the effects of off-axis angle of an
OAP, polarization of light and f-numbers on the focused elec-
tromagnetic vector field behavior, nor on the 3D propagation

characterization of the focused beam.

Although the ray and diffraction optics of OAP are ex-
tensively studied, a detailed knowledge of the far-field vector-
diffraction field intensity distributions and the effects of off-
axis angle of an OAP, the effects of polarization of light and
f-numbers on the vector-diffraction properties of the focused
electromagnetic field by an OAP used with an incident beam
having a nonzero angle of incidence in the context of high-
intensity laser—matter interaction is still missing.

In this paper, we report on a detailed theoretical study,
based on a full vector-diffraction treatment, aiming at provid-
ing a clear insight into the effects of different focusing and
off-axis parabola parameters normally employed in the con-
text of intense laser—matter interaction experiments on far-
field vector-diffraction properties of an OAP illuminated by
a slightly tilted incoming beam. In what follows, we first use
the Stratton—Chu theory to provide far-field vector-diffraction
formulae suitable for calculating the intensity distribution of a
super-Gaussian laser beam focused by an OAP in the presence
of misalignments of the incoming beam. We then use the far-
field vector-diffraction formulae derived to investigate in detail
the characterization of focused vector fields formed by an OAP
with a tilted plane wave. The focused vector field 3D spatial
structures anywhere in the focal volume, focal shift, radius of
90% encircled energy, SR, position change of the maximum
intensity and difference between our results and those based
on ray optics are calculated and discussed. Finally, we draw
some conclusions about the effect of slightly tilted incidence
on the far-field vector-diffraction characteristics of an OAP.

2. Far-field vector-diffraction formulae

We first consider a parent paraboloid with its axis of rev-
olution symmetry coinciding with the z axis and its focus
coinciding with the origin of a Cartesian coordinate system
S(x,v,z). The apex of the paraboloid is in the negative z di-
rection with a distance f to the left of the origin, as shown
in Fig. 1. A point on the surface of the paraboloid is denoted
by O (Xo,Yo,Z0). The equation of the parent paraboloid is then
given by

. %oty
0 4f

where f is the parent focal length. In this paper, we assume

-/ ey

that the incident wave is reflected only once, i.e., the field scat-
tered off the surface leaves the paraboloid. The region of the
parent paraboloid, made up of the OAP surface, is specified as

Y:—a<xo—h<a and —a<y,<a, 2)

where £ is the distance from the z axis to the center of the
incident beam and 2a is the greatest transverse width of the
paraboloid. We call & the offset.
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Next, we consider an incident beam with a planar wave-
front and a super-Gaussian transverse amplitude profile, which
are to be specified below. These two assumptions are of course
an approximation of a real laser beam, as long as we limit our-
selves to the near-field region, as a practical real case. Let the
incoming beam propagate at an arbitrary angle 6 with respect
to the negative z direction and be linearly polarized as shown
in Fig. 1. We assume that the angle 6 is very small so that
the small-angle approximation is adopted, i.e., sin6 ~ 6 and
cos 0 ~ 1. Such assumed incident fields on the paraboloidal
surface are given by

Ei = (%x:i:—i—%yg})eXp [_lk(p (x,y,G)] ) (3)
1 .
H;= E(%yiﬁ_%xﬁ)exp [—ik® (x,7,0)], &

dropping insignificant constant-phase and time-oscillation
terms. In the above equations 1 = \/ﬁ is the intrinsic
impedance of the medium, with € and u being the capacitiv-
ity and inductivity of the medium, respectively, k is the wave
number and is given by k = 27/A, with A being the wave-
length of the incident beam, ¥, and ¥, represent the spatial
envelopes of the light in the x and y directions, respectively,
and @ (x,y, 0) is the aberration function. Note that the aberra-
tion here is caused by oblique incidence, not wavefront aber-
ration of the incident beam. When the propagation axis of a
collimated beam is tilted with a very small angle 6, or 6, with

-

respect to the z axis in the x—z or y—z planes [in the case of
the setup shown in Fig. 1, the y axis is normal to the plane of
Fig. 1(b) and the x axis lies on this plane], the aberration func-
tion is given by x6, or y6,. In other words, the field distribution
acquires an additional phase factor given by exp (—ikx6,) or
exp ( —ikyey) (from now on, for conciseness, we will refer to
oblique incidence around x as “6,” and similarly for y).

To calculate the field in the region near the focus of an
OAP, we use the vector-diffraction formulae based on the
Stratton—Chu integrals of Green’s theorem,?!! which provides
the electric and magnetic field at point P (xp,yp,zp) in the far
field as follows:

E(P) = ;//SOAP[iwu(ﬂxH)G—i—(ﬁxE)

X VG+ (/- E) VG)da, )
H(P) = i// liwe (E x 7) G+ (i x H)

41 JJSoap

X VG + (#-H)VG]dA, ©6)

where @ is the angular temporal frequency of the beam, G =
exp (ikrop) /rop, and VG should be used to calculate the point
O and can be expressed as —ikG(1 — 1/ikrop)rop/rop with
rop = rp —ro and rop = |rop|. It is noted that the contour
integral in the original Stratton—Chu integral formula is not in-
cluded, because it is negligible for the continuous paraboloidal
surface calculation.

off-axis
surface

-'.
B L

incident wave J/)

observation P®

focal region

Fig. 1. Schematic illustrating reflection of OAP and sketch of Cartesian coordinate systems Fxyz and Fx'y'z’. (a) 3D view of paraboloid reflection. (b)
Meridional section of OAP. Focus F' of OAP coincides with origin of Cartesian coordinate system.

The paraboloid area element dA can be written as

22 2 220 2
” (a) ’ (ay) 1

2, 2\ 12
+
_ (1+x°4f2y°) dxodye. %

The unit inward normal vector to this paraboloidal surface is

1/2
dA

dxody,

expressed as

_ —(1/2f) (o +y09) + £

Aoy = = A nar

®)

where &, ¢, and £ are the unit basis vectors of the Cartesian co-
ordinates. The electric and magnetic field appearing in Egs. (5)
and (6) are considered to be the sum of the corresponding inci-
dent and reflected field, which are boundary conditions on the
OAP surface. The total electric and magnetic field are given
as follows: [11:20]

E=E;+E,=2a(n-E,), )
H=H;+H,=2H;,—2h(f H). (10)

Researchers have shown that in Cartesian coordinate system S,
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the diffraction patterns in the focal plane of an OAP for zero-
field angle are altered by the aberrations that are inherent in the
OAP surface, i.e., astigmatism and coma. (9101 The factor that
contributes to this behavior is the lack of symmetry that causes
the wave-front reflected by the OAP surface to deform, and the
optical path difference to become non-symmetric with respect
to the observation plane. To avoid generating these inher-
ent aberration effects and analyze exactly the focusing vector-
electromagnetic field structure after off-axis paraboloidal re-
flection in the observation plane, it is useful to introduce a new
Cartesian coordinate system S’ (x',y’,7’). Let the direction of
propagation of the focusing beam reflected by the paraboloidal
surface coincide with the 7’ axis of the new coordinate system
S’ as shown in Fig. 1. The new coordinate system S’ is ob-
tained by rotating the coordinate system S an angle ¢ around

the y axis. As shown in Fig. 1(b), the rotation angle ¢ is de-

fined as ZAFC, where the line CF is an angular bisector such
that /BFC = /CFE. 1t is noted that the line CF does not
coincide with the line DF connected to the center ray of the
incoming beam. We choose the line CF as the alignment axis
because it gives a symmetric range of direction cosines. Ow-
ing to this symmetry, these so-called inherent aberrations of
the off-axis paradoloidal surface do not exist. This result has
been verified in Ref. [20]. Thus, based on the Stratton—Chu
integrals of Green’s theorem the vector electromagnetic fields
near the focus from the off-axis paraboloidal reflection in the
S’ frame can be expressed as follows:

E.(P) = 1k // Jexp [ik (uxp +vyp+ v2p)]
27 JJS onp

x exp [—1k®P (u,v,0)] dudv

1 x(z) XoYo ,

—— — | Y% — ——=%%, | T

G o) e 3
1 yg XoYo /
—— Y, — ——= W | U
" [( 22 ) 0T g )Y

0

K// Jexp [ik (uxp +vyp + yzp)]
T JJS onp n

x exp [—1k®P (u,v,0)] dudy
22
~ Xo)Yo X0 Vo i N
(oGt -2ym
2.2
Xo — Yo i XoYo
* K 47 +r%)lp ! (Zf >%y]

1
+ (yo%x_xo%y) ,22/}7 (12)
0

1
+ (o P +y0%y) 2 } (11)
uxp

where &', 9/, and 2’ are the unit basis vectors oriented along
the new Cartesian axes x’,y’, 7’ attached to the OAP, the origin
of which is positioned at the focus of the mirror, and

u=—(xoco8Q+2z,8inQ)/ry, (13)

V= —Yo/To, (14)
Y= —(—Xo8in @ +2z,c0s Q) /75, (15)

which are called direction cosines in the S’ frame. The Jaco-
bian of the transformation can be expressed as

412
y(1+usin@+ycos @)
By a series of intricate derivations, the aberration function

J= (16)

@ (u,v,0) induced by oblique incidence can be written in
terms of the angular spherical coordinate as

2ftana [— (cos 3 sin @ + cos @) + sec O]
(cos B cos @ tan ot — sin @)* + sin” B tan? ot
x (cosfcosp —sin@tanar), (17

P(a,$,0) =06

where o and 3 are respectively the polar and azimuthal angle
of the spherical coordinate. When ¢ is equal to zero (that is,
the PM is in the on-axis configuration), equation (17) reduces
to

P (OC, ﬁ ) 0) =
This result is in agreement with the result of April et al.!'%! By
expanding the function tan (@ /2) as a power series of sin (@),
we can obtain an insight into the form of this particular aber-
ration function. Hence, the aberration function can be written
as follows:

P (a,p,6)

2f0tan(a/2)cos . (18)

1
~ fOsinacosf + Zf@sin3acosﬁ

1 5
+§f95in5acosﬁ+6—4f95in7acosﬁ+m
= fOg(sina)cosf. (19)

The first term on the right-hand side of Eq. (19) corresponds
to the distortion, which displaces the position of the focal spot
by an amount f60 along the x axis with respect to the focus of
the PM. The second term relates to the primary coma whose
aberration coefficient is £6 /4. Higher-order terms correspond
to higher-order coma such as secondary coma, etc. Therefore,
we expect that when a collimated beam is incident on a PM
with a nonzero angle of incidence, the field distribution in the
focal plane merely suffer distortion and coma, but not astig-
matism. This conclusion will be confirmed by the following
3D intensity calculations.

When ¢ # 0 (that is, the PM is in the off-axis configura-
tion), the aberration function (Eq. (17)) of an OAP with tilted
incident beam can be qualitatively expressed as

P (a,B.6) = f'0g1(9.B,sina)cos’ B
+f/6g2 ((P7ﬁ75i1’1 a) COSﬁ
+/'0g3(9,B,sinax), (20)
where f’ is the effective focal length (EFL) of the OAP sys-
tem. The first term on the right-hand side of Eq. (20) re-
lates to the astigmatism-like aberration whose aberration co-

efficient is f6g1 (@, B,sina). The second term relates to the
distortion- and coma-like aberrations whose aberration coeffi-

cientis f'0gs (@, ,sin ).
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3. Numerical calculations and discussion

The far-field vector-diffraction properties of linearly po-
larized collimated light focused by an OAP under oblique in-
cidence can be analyzed based on Eqgs. (11) and (12). How-
ever, the integrals appearing in Egs. (11) and (12) have no
closed form and must be calculated numerically. To estimate
these numerical integrals involving rapidly oscillating terms,
a Levin method is chosen.?*! In this section, the electromag-
netic field distributions will be computed for different values
of the parameters that characterize the optical system and in-
cident condition. The first parameter is the oblique angle 6 of
the incident beam, which can quantify the amount of aberra-
tion in the focused beam. In the following section, to clearly
reveal the influence of oblique incidence on the far-field
vector-diffraction properties, both 6, and 6, are separately in-
troduced. The second parameter is the rotation angle ¢, which
quantifies the amount of the angle for off-axis paraboloidal
surface deviating from on-axis configuration, and is defined as
%[arctan((h +R)/zon4+r ) +arctan((h —R) /zojp—g )]. It should
be noted that the angle is not the traditionally defined oft-
axis angle of the OAP, which characterizes the center posi-
tion of the off-axis surface, and is defined as arctan[h/(f —
h? /4£)].1>] However, in our case, the rotation angle ¢ is more
suitable for describing the off-axis characterizations of the fo-
cused beam. This is because we chose the angular bisector CF
as the alignment axis, which gives a symmetric range of direc-
tion cosines in Egs. (11) and (12). On this account, we choose
and use the rotation angle ¢ to describe the off-axis charac-
terizations, and from now on we will improperly use “off-axis
angle” to refer to the rotation angle. The third parameter is de-
fined as f’ /2R, where 2R is the waist diameter of the incident
beam. For larger values of f’/2R, the ratio is similar to the
f-number of the optical system. Note that the f’ is different
from the parent focal length f of the parabolic mirror as shown
in Fig. 1, which increases with off-axis angle ¢ increasing.[?’!

We present profiles of the electromagnetic field intensi-
ties below, which are defined as I, = |E')* = |E/|* + ‘E;‘z +
|E| and 1, = |H')? = |H)” + |H]|” + |H.|”
power laser beams generally have square cross-sections,
we assume that the illuminating beam has a super-Gaussian
top-hat beam profile of Egexp{—[((x — Xcenter)/Rx0)>" + (y —
Yeenter)/ Ryo)z"] }, where Ej is constant amplitude and 2R, and
2Ry are the beam waists in the x and y directions, respectively.

Since high-
[25]

For a square beam profile, Ryg = Ryo = R. Xcenter and Ycenger are
the transverse coordinates of the center of the incoming beam.
The wavelength A of the incident beam is 1.053 um. Unless
otherwise stated, the incident wave is linearly polarized along
the x direction, the beam size is 320 mm x 320 mm, and the
parent focal length of the OAP is 800 mm. It is beyond the
scope of this paper to discuss the optimal values of the beam
size and parent focal length of the parabolic mirror.

In the following section, it will be seen that the diffrac-
tion spot in the focal plane is altered by the distortion-,

astigmatism-, and coma-like aberration. As a consequence,
this spot is no longer point-like; or rather, it becomes large
and splitting, even exhibiting a dark center. To quantitatively
analyze a change of the diffraction-spot position in the focal
plane, analogous to the concept of “center of mass,” we define
the “center of electric field intensity” as

n ’ n
'21 IE;xl _):1 IE;)’,
= 1=
Xe= "y Ye= i 1)
Y Iy Y g

where x, and y, characterize transverse coordinates of the
“center of electric field intensity.” Since we account for a
change of the spot position in the Gaussian focal plane, we will
improperly use the “focal shift” to refer to the “position change
of center of electric field intensity” for brevity. It is noted that
the focus of the focused beam by an OAP is actually not in the
focal plane due to the presence of the astigmatism-like aber-
ration. This phenomenon can be clearly seen in the following
3D intensity calculations. Owing to diffusion and splitting of
the spot in the focal plane, we will use the “diameter of 90%
encircled energy” to refer to the “full width at half-maximum”
for quantitatively analyzing the size change of a focused spot.
A similar convention was used in Ref. [26].

Figure 2 shows the contour plots of the electromagnetic
field intensity distributions in the focal plane (the X'~y plane
with zp = 0) for a square super-Gaussian top-hat beam fo-
cused by OAPs with different off-axis angles under oblique
incidence angle 6, = 0.016°, while the corresponding plots
for 8, = 0.016° are not shown for brevity. These far-field
vector-diffraction intensity distributions clearly show that a
tilted beam focused by an OAP produces the spatial distribu-
tion in the focal volume different from the previously known

1.2.6.101 1y the case of

results based on scalar and ray theories.|
R =160 mm, as the off-axis angle increases, the field intensity
distributions exhibit the increasing of distorted spots, which
is altered by increasing distortion-, astigmatism-, and coma-
like aberrations. It should be emphasized that none of these
kinds of aberrations is inherent aberration for the off-axis con-
figuration claimed by Arguijo ef al.,!'%! but they are caused
by oblique incidence. This result can be easily explained by
Eq. (17): when 6 = 0, the aberration function @ (¢, 3,0) = 0.
In addition, we find that the distortion (or tilt) displaces the
position of the spot in the Gaussian focal plane by an amount
—f'6; (or —f'6,) along the x" axis (or y’ axis, the plots of
which are not shown for brevity) with respect to the focus of
the OAP, where f’ is the EFL, but not the the parent focal
length f of the OAP system. This result is different from that
in Ref. [16] due to the fact that here in this work PMs are used
in the off-axis configuration. This effect is clearly visible in
Figs. 3-5. In addition, it is easily seen that the width of the
spot increases with off-axis angle increasing, but the corre-
sponding maximum value of the intensity decreases.
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Fig. 2. Electromagnetic field intensity distributions of focused square super-Gaussian top-hat beam polarized along x direction by OAPs with off-axis angles
[(al)—=(a8)] ¢ = 0°, [(b1)-(b8)] ¢ =20.7°, and [(c1)—(c8)] ¢ = 61.6° under oblique incidence angle of 0.016° around the x axis. Fields are computed in
focal plane (the x'—y’ plane with z = 0). Intensity is indicated by “heat” of the color bar.

Figure 3(a) shows the electric field intensity distributions
of the focused beam by OAPs under oblique incidence an-
gles of 8, = 0.016° along the x axis in the focal plane, and
the plots of deatacaustics @mp, and dsp as a function of offset 4.
deatacaustic denotes the distance from the catacaustic to the ori-
gin F, dpp, and ds, denote the distance of diffraction foci in the
meridian plane and sagittal plane to the origin F, respectively.
It is easy to observe that the difference among the distance
from the spot in the focal plane to the origin F', dcagcaustic> dmp
and dgp is small when 7 < 640 mm (¢ < 43.3°). But the dif-
ference increases with offset £ increasing due to the increase
of astigmatism-like aberration. Although the difference be-
tween dpp and d;, is subtle, practically the diffraction focus in
the meridian plane does not coincide with that in the sagittal
plane, and the distance between them is apparent, which will
be validated later. Figure 3(b) shows the electric field inten-
sity distributions in the focal plane for the oblique incidence
angle 6, = 0.01°. It is noted that the intensity maps along the
x' axis with y = 0 shown in Fig. 3 for each 4 is continuously
rescaled and normalized to the corresponding maximum am-
plitude. This scaling allows the relatively weak intensity dis-
tribution to be plotted on the same scale as the high-intensity
distribution for clarity. It is clearly observed that the width of
the spot increases with /4 increasing, and the position devia-
tion of the spot in the focal plane from the focus of the OAP
also increases. Additionally, it can also be seen that the width
of the spot and position deviation of the spot from the focus
of the OAP decrease with oblique incident angle decreasing.
Figure 3(c) shows that the central electric field intensity of
|E!|* decreases and the dark center gradually appears with h
increasing, until 2 = 1608 mm (¢ = 7/2). Afterwards, as the
value of A increases, the electric field intensity is enhanced,
and the dark center gradually disappears. This similar phe-
nomenon also happens for 8, = 0.016°, which is not shown

here for brevity. Consequently, the longitudinal field |E£‘2
is predominant, and the corresponding maximum intensity ra-
tios between the longitudinal and transverse fields in the focal
plane are approximately 3x 102 for 6, = 0.016° and 3.5x 10?
for 6, = 0.01°.

—1500

—1000
S
=

—500

|E)2 0, =0.016°
—100
0 1000 2000 3000 3600
h/mm

|E"|2 6, = 0.01°
0 1000 2000 3000
h/mm

Fig. 3. Plots of dcatacaustic> dmp» dsp and electric field intensity distributions
of focused beam by OAPs under oblique incidence angles of (a) 6, = 0.016°
and (b) 6, = 0.01° along X’ axis as a function of offset 4. Fields are computed
along ¥’ axis with zp = 0 and y, = 0. Inset (c) shows the corresponding in-
tensity distribution of E.. Intensity is indicated by color “heat”.

Figure 4 shows the effects of the oblique incidence angle
and the beam size on the focused electric field intensity distri-
butions in focal plane (x'-y’ plane with z, = 0) for ¢ = 20.7°
OAP. The oblique incidence angle value ranges from 0° to
0.038° and the size of the incident beam from 100 mm to
200 mm. From the results shown in Fig. 4, it is clearly seen
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that the intensity distribution of the vector field of the focused
beam is deformed with respect to the intensity distribution that
will be observed if the angle of incidence is zero. With a zero
angle of incidence, the structure of the electric field intensity
is aberration-free and it possesses lobes of relatively weak am-
plitude surrounding a central high-amplitude peak. When the
angle of incidence is different from zero, the bilateral symme-
try exhibited in the intensity distribution of a beam focused
with a zero angle of incidence is destroyed by the formation
of asymmetrical rings, showing a comatic image flaring in the
x' direction; these distributions, characterized by a comet-like
shape, confirm the presence of coma-like aberration in the fo-
cal spot when the beam is incident on the OAP with a nonzero

angle of incidence, however small it is. As the oblique in-
cidence angle increases, an extended tail develops in the in-
tensity profile, especially for large values of R. This effect
may result from the coma- and astigmatism-like aberrations,
which can be seen below. The presence of comatic aberration
in the system yields a positional displacement and a modifica-
tion of the width of the maximum intensity accompanied by,
in most cases, a reduction of the maximum intensity. This dis-
placement of the maximum intensity is mainly explained by
the presence of distortion in the aberration function of the sys-
tem; the extra amount of displacement can be attributed to the
presence of coma and astigmatism in the aberration function
of the system. These behaviors are verified by Fig. 5.

0/1073 (°) R=100 mm, |E'|?|R=160 mm, |E'|?|R =200 mm, |E'|?

=
0 >

Zof
4 >
=
7 >
=
10 =
=
13 =

x'(h) x'(2)'(A) x'(A)

0 R=100 mm, |E'|?|R=160 mm, |E'|? R =200 mm, |E'|?

20

26

32

38

Fig. 4. Contour plots of focused electric field intensity distributions in focal plane for a ¢ = 20.7° OAP under different oblique incidence

angles. Intensity is indicated by color “heat”.

The displacement of the center of electric field intensity
(referred to as focal shift for brevity) is shown in Fig. 5(a).
With a nonzero value of 6, (or 6y, none of the plots of which is
shown here for conciseness), the electric field intensity profile
is shifted in one direction with respect to the origin. The focal
shift strongly depends on the amount of distortion (or tilt), but
it is almost independent of the size of the incident beam. How-
ever, the size of the incident beam affects the focusing spot
patterns. Consequently, the larger incident-beam size results

in a larger and more split spot. By fitting the plots of Fig. 5(a),

we find that the position of the center of electric field intensity
in the focal plane is approximately located at x, = — f”6, and
f' =827.2 mm for the OAP with @ =20.7°. Similar trends are
found for 6, and y, = — f’6,, measured along the x’ axis (or y’
axis) with respect to the focal point of the OAP. Additionally,
as seen clearly from Fig. 5(a), the radius of 90% encircled en-
ergy of the spot in the focal plane is affected not only by the
angle of incidence of the beam on the OAP, but also by the
size of the incident beam. The radius of 90% encircled energy

increases with the value of tilt angle 6 increasing for a given
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R but does not change monotonically with the size R of the in-
cident beam; or rather, it first decreases and then increases as
the size of the incident beam increases. Note that this behavior
can be clearly observed in Fig. 6.

T T T T T T T T :<\

—600 - —e—R =100 mm focal shift j 30 :

| —=—R =160 mm focal shift 25 o0

—500 - ——R =200 mm focal shift T g
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~ _400 —v— R =160 mm radius 420 o}
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Angle of oblique incidence/10~3 (°)
Fig. 5. Plots of (a) focal shift (position of maximum intensity) and radius of
90% encircled energy, and (b) SR of electric field intensity in the focal plane
for OAP with off-axis angle ¢ = 20.7° versus oblique incidence angle for
different R values.

The SR is the ratio of the observed maximum intensity
in the focal plane to the peak intensity of the aberration-free
version of the system, i.e., when 6 = 0. Figure 5(b) shows the
behaviors of SR in the case of an OAP with an off-axis angle
¢ = 20.7° for different R values. These plots as a function of
the angle of oblique incidence are symmetric with respect to
0, =0or 6, = 0. For R =200 mm, the SR decreases relatively
quickly with the increase in 0 value; for R = 160 mm, the SR
decreases, but slowly, and for R = 100 mm, the SR decreases
more slowly. This effect is due to the fact that a larger R re-
sults, at a given off-axis angle, in a higher coma. In addition,
we observe that the decrease of the SR as a function of oblique
incidence angle is faster for 6, than for 6,.

In our previous work, [201 we have confirmed that the fo-
cusing performance of an OAP system without any aberration
is determined by its f-number if it is illuminated exactly along
the system axis. The width of the focal spot of the focused
beam decreases with f-number decreasing, until it reaches the
diffraction limit; that is, smaller f-number values lead to a
tighter focus. However, when the angle of incidence is differ-
ent from zero, the width of the spot in the focal plane does not

change monotonically with the increase of f-number (approx-
imately equal to f’/2R) of the OAP system. In other words,
the f-number is not suitable to characterizing the focusing per-
formance of an OAP system with a tilted incident beam. Fig-
ure 6 shows the contour plots of the focused electric field in-
tensity distributions along the x” axis with z, =0 and y, =0
for OAPs with ¢ = 20.7° and ¢ = 61.6° under the oblique in-
cidence angle of 6, = 0.016° versus f'/2R, with f’ fixed. It
can be clearly observed that whatever the value of the off-axis
angle, the width of the spot in the focal plane first decreases
and then increases with incident-beam size increasing; this is a
consequence of the contribution of diffraction effect and coma.
However, the position of the center of electric field intensity in
the focal plane is always approximately located at x, = — /7 6.

0 100 200 300
R/mm

|E'|)? ¢, = 61.6°

0 200 400 600 800
R/mm

Fig. 6. Contour plots of focused electric field intensity distributions along x’
axis with zp = 0 and y}, = 0 for OAPs with off-axis angle of (a) ¢ = 20.7°
and (b) ¢ = 61.6° under tilted incidence of 6, = 0.016° versus parabola f-
number (f' /2R, f' is fixed). Dashed lines present center position of electric
field intensity. Intensity is indicated by color “heat”.

To comprehensively understand the far-field vectorial
diffraction properties of the OAP under tilted incidence, we
run lots of 3D intensity calculations, which are partially shown
in Figs. 7-8 for brevity. The far-field intensity distributions
in the ¥'—7' and y'—7’ planes and cross-section (x¥'—y' plane)
with different values of 7' before and after the focal plane
(7 = 0), are exhibited. Figure 7 presents the 3D intensity
profile of the total diffraction electric field E’ focused by the
on-axis PM under the incident beam with R = 160 mm and
0, = 0.016°. The intensity distribution exhibits a caustic curve
in the meridional plane and plane symmetry with respect to the
plane containing the diffraction focus with a displacement of
x., = —f'6y = —212A, and the focus merely shifts perpendic-
ularly to the optical axis. This figure clearly reveals the pres-
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ence of distortion and strong coma, but the absence of astigma-
tism. These results can be easily explained by Eq. (19): when
a collimated beam is incident on a PM with a nonzero angle of
incidence, the field distribution in the focal plane merely suf-
fers distortion and coma, but not from astigmatism. Interest-
ingly, the tightly confined main intensity feature of the axially
asymmetric focused beam propagates along a curved trajec-
tory. This curved propagation phenomenon, analogous to the
propagation of an Airy beam, can result from the cubic phase

-100 90 -80 -70 -60 -50 -40 -30 -20 ~-10

y=0mm

-150  -100 -50 0 5 100

150

modulation.?”! The coma aberration is of cubic phase[?! and
results in curved propagation of the main intensity. When the
off-axis angle ¢ is different from zero, the diffraction focus of
the focused beam in the meridian plane does not coincide with
that in the sagittal plane as shown in Fig. 8. As is well known,
astigmatism corresponds to a difference in focus position be-
tween the sagittal and meridian plane. Figure 8 manifests the
presence of astigmatism. As the off-axis angle ¢ increases,
the intensity distribution produces a higher astigmatic image.

10 20 30 40 50 60 70 80 90 100

-150  -100  -50 100 150

0
Z(A)

Fig. 7. 3D intensity distribution of total diffraction electric field E’ focused by OAP with ¢ = 0° for R = 160 mm and 6, = 0.016°. (a) Intensity profiles
in cross-sections at z = —100A2—100A. (b) Intensity profile in meridional (x'—Z) plane. (c) Intensity profile in sagittal (y'—z) plane. Bent yellow dotted
line presents propagation locus of main intensity. Green and light blue dashed lines present diffraction focus position in corresponding plane. Intensity

is indicated by color “heat”.

=70 -60 -50 -40 -30 -20

-100 -90 -80

Z(A)

10 0 10 20 30 40 50 60 70 80 90 100

150  -100 -50 0 50 100
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Fig. 8. 3D intensity distribution of E’ focused by OAP with @ = 20.7° for R = 160 mm and 6, = 0.016°. (a) Intensity profiles in cross-section. (b)
Intensity profile in meridional plane. (c) Intensity profile in sagittal plane. Dashed lines present focus position in corresponding plane, and dashed—dotted

line presents position of peak intensity. Intensity is indicated by color “heat”.
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To make a comparison of numerical results in the frame-
work between ray optics and full vector-diffraction theory, we
run lots of 3D intensity distribution calculations and show loci
of the catacaustic, diffraction foci in the meridian and sagittal
plane for OAPs with R = 160 mm and 6, = 0.016° varying
with the off-axis angle ¢ in Fig. 9. The locus of the caustic is
determined by deaacaustic = 0 sec®(¢/2) and w =3¢ /2 — /2
in the framework of ray optics. The intensity distributions and
loci of the diffraction foci in the meridian and sagittal planes
are obtained based on Eqs. (11) and (12). From these results
shown in Fig. 9 it follows that the difference between the caus-
tic focus and the diffraction focus in the meridian plane is
small, especially for ¢ < 61.6°. This observation can be ex-
plained by the fact that the caustic curve is obtained under 2D
OAPs, i.e., it contains the singularities in the flux density in the
meridian plane. But this difference is apparent with increasing
¢ due to the increasing of coma-like aberration. In addition,
due to the presence of astigmatism-like aberration, the locus of
the diffraction foci in the sagittal plane is obviously different
from the other two. Moreover, we notice that the intensity of
diffraction focus in the sagittal plane is maximum due to the
present of astigmatism- and coma-like aberration. The peak
intensity ratio of the diffraction focus in sagittal plane to that
in meridian plane is approximately 1.5.

Finally, to clearly understand the effect of the incident
polarization, misalignment direction and beam size on the far-
field vectorial diffraction properties of the OAP under tilted
incidence, we plot the 3D intensity distribution of E’ focused

Z'(A)
-150 -135 -120 -105 90 -75 -60 -45 -30 -15 0

z'(A)

=
8
-250
-270
-290
-150  -100 -50 0 50 100 150
#(\)

y'(N)

by OAP with ¢ = 20.7° for R = 260 mm, 6, = 0.016° and
R =160 mm, 6, = 0.016°, while the corresponding plot for
the y-polarization is not shown here for brevity. By compar-
ing the results shown in Fig. 8 with those in Fig. 10, we can
find that coma starts to become dominant with the increase of
incident-beam size, and thus resulting in larger curved trajec-
tory. Owing to asymmetric shape of the OAP, the 3D intensity
distribution of E’ for 6, = 0.016° is very different from that
for 6, = 0.016°, which has two equidistant foci in the merid-
ional plane or sagittal plane as shown in Fig. 11. This is also a
reason why the decrease of SR with oblique incident angle is
faster for 6, than for 6. In addition, we find that although the
beam polarization can affect the focused intensity distribution,
the difference between the x- and y-polarizations is small.

. A
1500} ===== locus of catacaustic "4 4
/ ]
® ® @ locus of diffraction focus 4 ]
1000} in the meridian plane 4+g ]
o © 0o locus of diffraction »® catacaustic ]
focus in the sagittal,’.
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Fig. 9. Loci of the catacaustic, diffraction foci in the meridian and sagittal
planes for OAPs with R = 160 mm and 6, = 0.016° varying with off-axis
angle.
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-150

2100 -50 0 50 100
Z'(A)

Fig. 10. 3D intensity distribution of E’ focused by OAP with ¢ = 20.7° for R = 260 mm and 6, = 0.016°. (a) Intensity profiles in cross-section. (b)
Intensity profile in meridional plane. (c) Intensity profiles in sagittal plane. Dashed lines present focus position in corresponding plane, and dashed—
dotted line presents position of peak intensity. Intensity is indicated by color “heat”.
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Fig. 11. 3D intensity distribution of E’ focused by OAP with ¢ = 20.7° for R = 160 mm and 6, = 0.016°. (a) Intensity profiles in cross-section. (b)
Intensity profile in meridional plane. (c) Intensity profile in sagittal plane. Dashed lines present focus positions in corresponding planes. Intensity is

indicated by color “heat”.

4. Conclusions

In this paper, we present a method to quantitatively ana-
lyze the effects of oblique incidence on the far-field vector-
diffraction properties of an OAP based on a full vector-
diffraction treatment. The physical origin of these effects is
explored. The method described here allows the 3D inten-
sity profiles in the focal volume, including the focused beam
longitudinal profiles in the meridional and sagittal plane and
transverse profiles at a generic plane, to be evaluated numer-
ically. The focal shift, radius of 90% encircled energy, SR,
polarization effect, and a position change of the maximum in-
tensity are calculated and discussed in detail. Even though the
discussion here is limited to square pupils only, this method is
well suited to study circular apertures.

In conclusion, in the framework of a full vector diffrac-
tion theory, besides that all known conclusions based on ray-
tracing approach are verified, we observe some interesting re-
sults. When an OAP illuminated with a tilted parallel beam,
the far-field intensity distribution is altered by the distortion-,
coma- and astigmatism-like aberrations, which are caused by
oblique incidence rather than inherent aberrations for the oft-
axis configuration. The bilateral symmetry exhibited in the
intensity distribution of a beam focused with a zero angle of
incidence is destroyed by the formation of asymmetrical rings.
A positional displacement of the spot, a change of radius of
90% encircled energy, and an SR decrease are observed. The
distortion-like aberration makes the intensity profile shift in
the focal plane in one direction with respect to the geomet-

ric focus of the OAP. The focal shift strongly depends on the
effective focal length and oblique incidence angle, but it is al-
most independent of incident beam size, which affects the fo-
cusing spot patterns. The presence of comatic-like aberration
yields a positional displacement and an alteration of the width
of the maximum intensity accompanied by a reduction of the
maximum intensity, and makes the tightly confined main in-
tensity feature of the axially asymmetric focused beam prop-
agate along a curved trajectory. Owing to the aberration of
astigmatism-like, the maximum intensity is not in the focal
plane. The intensity distribution produces a higher astigmatic
image with the increase of off-axis angle. Coma starts to be-
come dominant with the increase of incident-beam size and re-
sults in more greatly curved propagation trajectory. The polar-
ization of light slightly affects the intensity distribution. The
decrease of the sensitivity of SR with oblique incidence an-
gle is faster for misalignment in the y-direction than in the
x-direction. As the oblique incidence angle increases, an ex-
tended tail develops into the intensity profile, and the width of
the spot and the position deviation of the spot from the focus of
the OAP increase. The radius of 90% encircled energy also in-
creases but does not change monotonically with the size of the
incident beam; or rather, it first decreases and then increases.
When the off-axis angle is approximately /2, the longitudi-
nal field is predominant, but the maximum peak intensity ratio
between the longitudinal field and transverse field in the focal
plane decreases with oblique incidence angle increasing.

In addition, comparing our results with those in the
framework of ray optics, we find that the difference in lo-
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cus between the caustic focus and the diffraction focus in the
meridian plane is small. But the locus of the diffraction foci
in the sagittal plane is obviously different from that in the
meridian plane and the catacaustic. Moreover, we notice that
the intensity of diffraction focus in the sagittal plane is maxi-
mum. The peak intensity ratio of the diffraction focus in sagit-
tal plane to that in meridian plane is approximately 1.5. Un-
derstanding these effects is valuable for assessing a practical
focused intensity and describing the motion of charged parti-
cles under a strong electric field in ultraintense laser—matter
interaction, which, in particular, is helpful in designing the ul-
trashort and ultraintense laser—matter interaction experiments.
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