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Abstract

Codimension-two bifurcations are fundamental and interesting phenomena
in dynamical systems. Fold-Hopf and double-Hopf bifurcations are the most
important among them. We study the unfoldings of these two codimension-
two bifurcations, and obtain sufficient conditions for their nonintegrability in
the meaning of Bogoyavlenskij. We reduce the problems of the unfoldings to
those of planar polynomial vector fields and analyze the nonintegrability of
the planar vector fields, based on Ayoul and Zung’s version of the Morales—
Ramis theory. New useful criteria for nonintegrability of planar polynomial
vector fields are also obtained. The approaches used here are applicable to
many problems including circular symmetric systems.

Keywords: nonintegrability, fold-Hopf bifurcation, double-Hopf bifurcation,
unfolding, planar polynomial vector field, Morales—Ramis theory
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1. Introduction

Codimension-two bifurcations are fundamental and interesting phenomena in dynamical sys-
tems and have been studied extensively since the seminal papers of Arnold [4] and Takens
[16]. Fold-Hopf and double-Hopf bifurcations are the most important among them, and now
well described in several textbooks such as [10, 11]. For the former, fold (saddle-node) and
Hopf bifurcation curves meet at the bifurcation point and its unfolding (or normal form) is
given by
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X1 = vx; — wxp + axjxz — Broxz,
Jo = wxp + vxg + Bxixs + axpxs, x = (x1,%2,x3) € R?, (1.1)
i3 = pt s +x3) + 3,

where pu, v # 0,w > 0, a, 8 € R, s = £1and the dot represents differentiation with respect to

the independent variable 7. For the latter, two Hopf bifurcation curves meet at the bifurcation
point and its unfolding is given by

B1= —wixn+ v+ s +x3) + a3+ x3))x,

. 2 2 2 2

).62 - wix) + (v + s(x :—sz) ;i— a(x32+ x43)x2, x = (x1,X2,%3,X3) € R4,
I3 = —wuxa + (p+ Bl +x3) — (03 +x7))x3,

. 1.2
Zy = woxs + (u+ B +3) — (o5 +x3))xs, (12

where p,v # 0, w >0, o, 8 € R and s = 1. The unfoldings (1.1) and (1.2) are universal,
i.e. their bifurcation diagrams do not qualitatively change near the bifurcation points even if
higher-order terms are included, in some cases, but they are not universal and may exhibit
complicated dynamics such as chaos if higher-order terms are included, in the other cases.
See [9, 11] for more details.

Recently, in [17], the nonintegrability of the unfolding (1.1) for fold-Hopf bifurcations was
shown for almost all parameter values of w and a, 5 € R when p, v # 0. More precisely the
following theorem was proved.

Theorem 1.1. Let p,v,a,B,w € C. Suppose that p,v#0, atv/\/—u & Q and
2a & Zgo := {k € Z | k < 0}. Then the complexification of (1.1) with s = %1 is meromorphi-
cally nonintegrable near the x3-plane in C3.

Here the following definition of integrability due to Bogoyavlenskij [7] has been adopted.
Definition 1.2 (Bogoyavlenskij). Consider systems of the form

x=v(x), xeDcCC, (1.3)

where n > 0 is an integer, D is a region in C" and v : D — C" is holomorphic. Let ¢ be an in-

teger such that 1 < g < n. Equation (1.3) is called (g, n — g)- integrable or simply integrable

if there exist ¢ vector fields v; (x)(:= v(x)), v2(x), . .., v4(x) and n — g scalar-valued functions
Fi(x),...,Fu_q(x) such that the following two conditions hold:

(i) v1,...,v,4 are linearly independent almost everywhere and commute with each other, i.e.
8Uk 8?;
0,0 i= ——0, — —0, =0
[ J k] ox Ix k

for jk=1,...,q;

(ii) OF1/0x, . .., 0F,_,/Ox are linearly independent almost everywhere and F1, . .., F,,_, are
first integrals of vy, ..., v, i.e.
OF,
ZEo;=0 forj=1,....qgandk=1,....n—q.
Ox
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If v1,02,...,04 and Fy,...,F,_, are meromorphic and rational, respectively, then equa-
tion (1.3) is said to be meromorphically and rationally integrable.

Definition 1.2 is regarded as a generalization of the Liouville integrability for Hamiltonian
systems since if a Hamiltonian system with n degrees of freedom is Liouville integrable,
then there exist n functionally independent first integrals and n linearly independent vec-
tor fields corresponding to the first integrals (almost everywhere). The statement simi-
lar to that of the Liouville-Arnold theorem [5] also holds for integrable systems in the
meaning of Bogoyavlenskij: if equation (1.3) is integrable and the level set F~'(c) with
F(x) := (Fi(x),...,Fu_g(x)) is compact for ¢ € C"~9, then it can be transformed to linear
flow on the g-dimensional torus TY. See [7] for more details.

For general Hamiltonian systems, Morales-Ruiz and Ramis [13] developed a strong
method to present a sufficient condition for their meromorphic or rational nonintegrability.
Their theory, which is now called the Morales—Ramis theory, states that complex Hamiltonian
systems are meromorphically or rationally nonintegrable if the identity components of the
differential Galois groups [8, 15] for their variational equations (VEs) or normal variational
equations (NVEs) around particular nonconstant solutions such as periodic orbits are not com-
mutative. Moreover, the Morales—Ramis theory was extended in [14], so that weaker sufficient
conditions for nonintegrability can be obtained by using higher-order VEs or NVEs. See also
[12]. Furthermore, Ayoul and Zung [6] showed that the Morales—Ramis theory is also appli-
cable for detection of meromorphic or rational nonintegrability of non-Hamiltonian systems
in the meaning of Bogoyavlenskij. For the proof of theorem 1.1 in [17], the generalization of
the Morales—Ramis theory due to Ayoul and Zung was used. The following questions were
also given in [17]:

e s the unfolding (1.1) for fold-Hopf bifurcations meromorphically nonintegrable when
at+v/\/[-neQa—v/y/—peQorae Zgy?

e [s the unfolding (1.2) of double Hopf bifurcations also meromorphically nonintegrable
for almost all parameter values like (1.1)7

In this paper, we study the nonintegrability of the unfoldings (1.1) and (1.2) for the fold-Hopf
and double-Hopf bifurcations, respectively, in the meaning of Bogoyavlenskij, and give suf-
ficient conditions for their nonintegrability. Our main results are precisely stated as follows.

Theorem 1.3. Let pu,v, o, 8,w € C. Suppose that one of the following conditions holds:

(i) p#0, a € Qandv #0;
(i) p #0, v/ /—p & Q and 2o — 1 ¢ Zo;
(iii) p =0, v # 0and 20 — 1 ¢ Zgo.

Then the complexification of (1.1) with s = %1 is meromorphically nonintegrable near the
x3-plane in C3.

Theorem 1.4. Let p,v,a,B,w,w; € C. Suppose that one of the following conditions
holds:

(D0, v/n¢Q  a¢Zs:={ke€Z|k=20}, a+v/u+2¢Zg and
Bv = ps, (ap + v)s — (Bv — ps) # 0;

(i) u#0, a+v/u¢Q a¢ Zsoand fv — ps, (o + v)s — (Bv — us) # 0;

(iii) p=0,v#0, a ¢ Zzpand B # s.

Then the complexification of (1.2) with s = %1 is meromorphically nonintegrable near the
(x1,x2)-plane in C*,
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Theorem 1.5. Ler p,v,a,B,w,ws € C. Suppose that one of the following conditions
holds:

(i))v#0,u/v¢Q,Bs ¢ Leo, s — p/v —2 € Lxoand ap + v, fvs — pn — (ap +v) # 0;
(i)v#0, Bs — /v ¢ Q, Bs ¢ Zgo and ap+ v, fvs — pp— (ap+v) # 0;
(iii) v =0, u#0, Bs ¢ Zgo and o # —1.

Then the complexification of (1.2) with s = %1 is meromorphically nonintegrable near the
(x3,x4)-plane in C*,

Note that a« = v//=pu € Q if and only if o, v//—p € Q. In particular, for (1.1), our suf-
ficient condition in theorem 1.3 is much weaker than that of theorem 1.1 except for « = 1/2,
wu#0and v/\/—p ¢ Q. Thus, we provide (possibly partial) answers to the above questions
raised up for (1.1) and (1.2) in [17].

Our approaches to prove the above main theorems are as follows. We first use the change
of coordinate (x1,x;) = (rcos @, rsin #) to transform (1.1) to

F=W+ax)r, k=p+s?+x3, 0=uw+px. (1.4)

The (r,x3)-components are independent of 6. Using the change of coordinates
(x1,x2) = (r1 cos 0y, r sin ;) and (x3,x4) = (r2 cos by, 2 sin 6, ), we also transform (1.2) to

i=rv4sr+ard), ih=nrlp+Bri—r), 0 =wi, 6 =ws.
(1.5)
The (ry, r)-components are independent of ; and #,. We show that one can reduce the non-
integrability of (1.1) and (1.2) to that of the (r,x3)-components of (1.4),

r= (OUC3+Z/)I‘, X3 :,U,+Sr2+x§, (1.6)
and the (ry, r,)-components of (1.5),
no=r(v+s+an), ih=n(p+pri-r), (1.7)

respectively. See corollaries 2.3 and 2.4 below.

On the other hand, one of the authors and his coworkers [2] recently proposed an approach to
obtain sufficient conditions for nonintegrability of such planar polynomial vector fields based
on Ayoul and Zung’s version [6] of the Morales—Ramis theory [12—14]. Similar approaches
based on the differential Galois theory were used earlier for linear second-order differential
equations in [3] and special planar polynomial vector fields in [1]. We extend their discussions
to obtain new criteria for nonintegrability of planar polynomial vector fields and apply them
to (1.6) and (1.7) for proving theorems 1.3—1.5. The approaches used here are also applicable
to many problems including circular symmetric systems.

The outline of this paper is as follows. In section 2 we give the key result to reduce the
problems of (1.1) and (1.2) to those of (1.6) and (1.7), respectively. In section 3 we review a
necessary part of Acosta-Humanez et al [2] for nonintegrability of planar polynomial vector
fields and extend their discussion to give the other key result to analyze (1.6) and (1.7). The
proof of theorem 1.3 is provided in section 4, and the proofs of theorems 1.4 and 1.5 are pro-
vided in section 5.
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2. Reduction of the unfoldings to two-dimensional systems

Let m > 0 be an integer and consider m + 2-dimensional systems of the form

i=fxy), y=gxy), (xny) €D, 2.1)
where D CC?xC™ is a region containing m-dimensional plane {(0,y) €
C>xC"|yeC"},and f: D — C?and g : D — C™ are analytic. Assume that by the change
of coordinates x = (x,x;) = (rcosf, rsin6), equation (2.1) is transformed to

F=R(ry), y=zg(ry), 0=0(y), (r.y.0)eDxC, (2.2)

where bNC C x C"is aregion containing the m-dimensional y-plane {(0,y) e Cx C" | y € cmy,
andR:D — C,g: D — C"and © : D — R are analytic. Note that g(r,y) = g(rcos 0, rsin6,y).
We are especially interested in the (r, y)-components of (2.2),

F=R(ry), ¥=_8(ry) (2.3)
which are independent of 6. In this situation we have the following proposition.

Proposition 2.1.

(i) Suppose that equation (2.1) has a meromorphic first integral F(x1,x2,y) near
(x1,x2) = (0,0), and let F(r,0,y) = F(rcosf,rsin,y). If §(0,y) # 0 for almost all
y e bforsome j=1,...,m, then

G(r.y) = F(r.0;(y).y)

is a meromorphic first integral of (2.3) near r = 0, where y; and g;(r,y) are the jth comp-
onents of y and g(r,y), respectively, and 0;(y;) represents the 6-component of a solution
to

dr _ R(ry) dye _ &(ry) d§ _ O(ny)
dy, g(r.y)” dy;  g(ry) dy  g(r.y)

(ii) Suppose that equation (2.1) has a meromorphic commutative vector field

. U#] (2.4)

1 (X1, %2, )
v(x1,x2,y) i= | v2(x1,x2,y) (2.5)
Oy (X1, %2, y)
withv1,v2 : D — Cand vy : D — C" near (x1,%2) = (0,0). If ©(0, y) # 0 for almost all
y € D, then

0,(r,0,y)\ _ [vi(rcosf,rsinf,y)cos + vy(rcosd,rsinf,y)sind
0y(r,0,y)) vy(rcosf, rsind,y)
(2.6)

is independent of 0 and it is a meromorphic commutative vector field of (2.3) near r = 0.

Proof. (i) Assumethat F(x;,x,,y)isameromorphic firstintegral of (2.1) near (x;,x2) = (0,0)
and g;(0,y) # 0 for almost all y € D for some j = 1,...,m. Then F(r,0,y) is a first integral
of (2.2), so that
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B IRC) + 52 ()2

9 - - 9. - i

=5,.F (r,0;(3;), y)R(r,y) + a?F (r.0;(y),y)8(r.y)
_OF
T or

_ %’:(r, 0,03, y)R(r,y) + %(r, 0,3 y)&(r,y) + %(n 0(3)).y)0(r.y) = 0.

(R0 R) + 5 B0 80r) + S B0 S ) )

Here we have used the fact that éj(yj) is the f-component of a solution to (2.4). Note that
F(r,6,y) is meromorphic since so is F (x|, x2,y) and that the solution is analytic since so are
R(r,y),8(R,Y),O(r,y). Thus, we obtain the desired result.

(i1) Assume that equation (2.5) gives a meromorphic commutative vector field of (2.1) near
(x1,x2) = (0,0)and ©(0,y) # 0. Let

- in6 ) 6
0g(r,0,y) = —v1(rcosf, rsin 9,y)ﬂ + vy(rcosf, rsind,y) o ,
r r

which is also meromorphic. Then

0r(r,0,y)
o(r,y.0) = | 0,(r,0,y)
0g(r,0,y)

is also a commutative vector field of (2.2), i.e.

G 3) + )80,
= G 0R(.) — S 00.0)8(0) - G (10.3)8(ry) =0,
B )Bn(r.0.3) + S () (6)
S BIR0D) — T 0E() — S 00000 =0,
o, 0.3) + G2 ()5 6.9)
= SR ODRI) - S0 - GR0080) =0, @)

Let (r,y,0) = (7(1),y(t),0(¢)) be a solution to (2.2) as in the proof of part (i). From (2.7) we
see that x = 0(¥(1),%(¢), 0(t)) is a solution to the VE of (2.2) along the solution,
)

G (r(0.50)  GE@).5(1) 0
X = | G050 GEED.0) 0 f X

G2(F(1),3(0)  F2(r(1),3(1)) 0
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Hence,
_ (070, 3(). (1))
t (@(r(rxy(r),o(r)))
is a solution to the VE of (2.3) along the solution (7(¢), y(¢)),
a(r(0).5()) G0, 3(1)

x=1 _ ) X
% (7(1).5(r)  ZE(7(1),5(1))

This means that

00, _ Oy B

59 10:9)0(r.y) = 57 (r.0.y)8(r,y) =0,
along with (2.7). Since O(r,y) # 0 for almost all y € D near r = 0, we obtain the desired
result. O
Remark 2.2.

(i) Asinproposition2.1(i), we can also show thatif equation (2.1) has a firstintegral F(x1, x2, y)

near (x1,x2) = (0,0) and R(0,y) # 0 for almost all y € D, then G(r,y) = F(r,0(r),y) is

a first integral of (2.3) near r = 0, where 6(r) represents the f-component of a solution to
dy g(ry) dé _©(ry)

dr  R(r,y)’ dr R(r,y)’

(ii) If equation (2.1) has a commutative vector field v(x;, x2,y) and ©(r,y) = 0, then by (2.7)
equation (2.6) gives a commutative vector field of (2.3) for any 6 € C.

Using proposition 2.1 for (1.1) and (1.2) (once for the former and twice for the latter), we
immediately obtain the following corollaries.

Corollary 2.3. If the complexification of (1.1) is meromorphically integrable near
(x1,x2) = (0,0), then so is equation (1.6) near r = 0.

Corollary 2.4. [f the complexification of (1.2) is meromorphically integrable near
(x1,x2) = (0,0) and near (x3,x4) = (0,0), then so is equation (1.7) near ry =0 and near
ry = 0, respectively.

We easily see that equations (1.4) and (1.5) satisty 8i(0,y) # 0 for almost all y € D for
some j=1,...,mand ©(0,y) # 0 forany y € D.

Remark 2.5. The converses of corollaries 2.3 and 2.4 do not necessarily hold. Actually,
even if equations (1.6) and (1.7) have first integrals, then the first integrals may not be mero-
morphic for the complexifications of (1.1) and (1.2), respectively. A similar statement is also
true for commutative vector fields.

3. Nonintegrability of planar polynomial vector fields

3.1. General results

Consider planar polynomial vector fields of the form

E=P&n), n=0(En), (&n) eC? 3.1
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where P(€,n) and Q(&,n) are polynomials. Let " : 7 — ¢(€) = 0 be an integral curve of (3.1)
where (&) is assumed to be a rational function of €. So T represents a rational solution to the
first-order differential equation

,0En)
T e T

which defines a foliation associated with (3.1) (or its orbits), where the prime denotes differ-
entiation with respect to & and R(&, n) is rational in £ and 7.

Let ¢(&,n) denote the (nonautonomous) flow of the one-dimensional system (3.2) with
(&0, m) = n for & fixed, and let (£p, 7o) be a point on T, i.e. 79 = ©(&). We are interested in
the variation of ¢(&, ) with respect to 5 around 5 = 19 at £ = &, which is expressed as

R(&,m), (3.2)

2
6.1) = #(6) + GoEmn =) + 5 55 (€ m) = m) 4+

So we want to compute the above Taylor expansion coefficients

)

=——(&m), keN,
er(§) ont (€ m)
which are solutions to the equations in variation. Let
'R
r(8) = 55 (6 0(0), kEN. 3.3)

Note that k(&) is rational for any k € N. The first- and second-order variational equations
(VE| and VE,) are given by

@) = r1(&)er (VE1)

and

o = k1)1, @b = r1(€)p2 + ka(E)er, (VE2)

respectively. The VE; is linear but the VE; is nonlinear. Letting x»; := np% and 2 := s, we
can linearize the VE, as

X1 = 261(E) X2t X = F1(€)x22 + ma(§)xat, (LVEy)

and refer to it as the second-order linearized variational equation (LVE,). We also refer to the
VE, as the LVE;. In a similar way, for any k > 2, we obtain the kth-order variational equation
VE, as

¢i=rEer b =R+ m(€)et, ...
1 _
ok = mi(©pk + -+ Sk(k = Do ()t 02 + re(€)h. (VEx)
‘We can also linearize the VE;, as

X = ke (E)xas Xeo = (k= Dri1(E)xre + m2(E)xats -+

X = K1 (E)xue + -+ + %k(k = De—1(§)xaa + K (€) Xkt (LVEy)
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and refer to it as the kth-order linearized variational equation (LVE;), where
Xkl = go’f, X2 = cp’ffzapg, .o Xkk = k- We observe that the LVE; has a two-dimensional
subsystem

X = kw1 (E)xurs X = F1(€)xm + #a(€) xu (3.4

for any k > 2.
Let Gy be the differential Galois group of the LVE; and let G be its identity component.
Using the result of Ayoul and Zung [6] based on [12—-14], we have the following theorem [2].

Theorem 3.1. Assume that the VE| has no irregular singularity at infinity and the planar
polynomial vector field (3.1) is meromorphically integrable in a neighbourhood of T'. Then for
any k > 1 the identity component Gg is abelian.

The statement of the above theorem also holds in a more general setting. See [6, 12—14] for
the details. Obviously, G; and GY are subgroups of C* and abelian. However, G; and G may
be non-abelian for k > 2.

Let

ﬂ@ﬁwm(/m@mg,eua:/m@m&WMg (35)

for k> 2. The subsystem (3.4) of the LVE, has two linearly independent solutions
(xa1, xie) = (0,9(€)) and (€)X, Q(€)0k(€)). Let G be the differential Galois group of (3.4)
and G° be its identity component. We have the following criterion for G? to be non-abelian.

Lemma 3.2. Suppose that the following conditions hold for some k > 2:

(HI) Q&) is transcendental;
(H2) 0,(€)/2E) "V is not rational.

Then the identity component Gg is not abelian.

Proof. Assume that conditions (H1) and (H2) hold. Let o € G. We compute

a(QQ) _ (YO _ — ey 2 Y

Sy = (ag) =t © =m0 = g
which yields

a(Q2(§)) = C1¢E), CreCn. (3.6)
So we have

o (6c(€)) = o (kU ) = CI (U ! = 1 '6:(8),
so that for some C, € C
o (0(€)) = C{7'0u(&) + Ca.

Assume that C; = 0 for any o € G. Let w(€) = 0,(€)/6:(€) = ki (€)Q(E) " /0:(€). By
the hypothesis, w(€) is not rational. However, we have

o)
= o) -

a(w(€))
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which means that w(¢) € C(€). Thus, we have a contradiction. Hence, C; # 0 for some
o € G. Taking (xx1, xe) = (0,92(€)) and (Q(&)*, Q(€)0(€)) as fundamental solutions to
(3.4) and noting that £2(&) is transcendental, we see that

=~ C1 C2
o= 3)

Hence, G° = G is not commutative. This yields the conclusion. O

Cl EC*,CZ EC}

Let £ (&) = k(&) /kra(€) for k € N, where ki, (€) and ki (&) are relatively prime polyno-
mials and kg (&) is monic. We see that if deg(xra) > deg(ki ), then r1(1/€) /€ is holomorphic
at & = 0 so that the VE; and consequently the LVE,; have no irregular singularity at infinity
for k > 2. Using theorem 3.1 and lemma 3.2, we immediately obtain the following theorem.

Theorem 3.3. Suppose that deg(rk1a) > deg(k1,) and conditions (HI1) and (H2) hold for
some k = 2. Then the planar polynomial vector field (3.1) is meromorphically nonintegrable
in a neighbourhood of T

Remark 3.4. Suppose that condition (H1) does not hold. Then Cy in (3.6) can only take
finitely many values, so that

I c2 c3 -+ ci
0 1 23 Cok
ch C12,...,Ck_1,k€(c
0 0 1 cr—14k
0 0 0 1

Thus Gg is abelian.

If the variational equations have irregular singularities at infinity, then an obstruction for
the existence of (meromorphic) first integrals and commutative vector fields may appear at
infinity when the phase space is compactified. In such a case we can only discuss ‘rational’
nonintegrability instead of meromorphic one [12, 13]. Moreover, if deg(k14) < deg(k1,),
then the VE; and consequently the LVE; have an irregular singularity at infinity for k£ > 2.
Rational nonintegrability of (3.1) in this situation was extensively discussed in [2].

3.2. Criteria for condition (H2)

It is often difficult to check condition (H2) directly in application of theorem 3.3 although it
does not hold in only special cases. So we give useful criteria for condition (H2) below. They
are extensively used in our proofs of the main theorems in sections 4 and 5. We begin with the
following lemma.

Lemma 3.5. If condition (H2) does not hold, i.e. 6;(&)/Q(€)*=! € C(¢), for k > 2, then
there exist C3(#0) € C, n € Z»o:=NU{0}, q; € Z\ {0} and § € C, j=1,...,n, with
& # & for j # L, such that

C3k(§)
@ € — )T 37)

k(€)=
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where

fi(€) = (k— Dri(©) T[(€ — &) — m1a(€ Z i [ - €0 (3.8)
j=1 j=1 t#

In particular, if n = 0, then equation (3.7) reduces to ki (§) = C3k1(§).

Proof. Let w(§) = 6,(£)/6k(€) as in the proof of lemma 3.2. We easily have

0u(€) = Cyexp ( / w<£)d£)

for some constant C3 # 0. Hence,

(&) = Cow(&) exp ( / w(&)ds) . (3.9)
On the other hand, by (3.5)

06) = (9" = r@exp (k1) [ ma(e)) (3.10)

Assume that condition (H2) does not hold. Then w(€) = i (£)Q(€)*~1 /6, (&) is rational.
Comparing (3.9) and (3.10), we cannot conclude that w(§) = (k — 1)k (€) but obtain

= ¢t T - )

j=1

w() = (k— Dmi(€ Zf e

where n € Zso, a; € Z\ {0} and &€ C, j=1,...,n, with & #¢& for j#{, since
k1(€), ki(§), w(€) € C(&). This yields the desired result. O

This lemma means that (&) has the very special form (3.7) with (3.8) if condition (H2)
does not hold, and it is useful to determine whether condition (H2) holds. It is clear that the
polynomial £ () has a zero at § = & if k14(§;) = 0, and #4(&;) # 0 otherwise. For k > 2, we
write

ny ny
kra(§) = K1a(§) H(f = &y)" H(f — &)™, (3.11)
J=1 Jj=1
where ny € Zxo, § € C and ag; € Z\ {0}, j=1,...,n4 if ny > 0 for £ = 1, k, such that
&jis aroot of k14(§) but &, is not, and &, # &, if ji # jo. Note that ay; > 0, j=1,...,m,
and aj; = —by but a;; #0, j=1,...,n, if n; and ny, respectively, are positive, where by;
is the multiplicity of the zero &j; for k14(§), since rxa(§) is a polynomial and k14(&;) # O,
j=1,...,n. Whenn; >0, let

ny ny

Fi(§) = (k= 1)k1a(§) H(§ = &y) — K1a(§) Z(alj +b;—1) H(f —&1e)s
= = G
where b = (by,...,b, ) withb; € N, j=1,....n;. Obviously, &g (£) has a zero at § = &);like

Ri(€) by k14(&1;) = 0. We see that if by; > 1, i.e. the zero &); is not simple for k14(§), then it is
simple for Ry, (§) with any b € N™, since x1,(&);) # 0.
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Lemma3.6. Suppose that condition (H2) does not hold and ny > 0, and fix j € {1,...,n1}.

(i) If the zero &y is not simple for Ry, (&) with some by € N, then it is simple for k14(§) and
Ry (&) with by # bjo, where bjg is the jth element of by for j=1,...,n.
(ii) If the zero &y is simple for Ry, (§) with some by € N™, then so is it for Ry, (&) with by = bjo.

Proof. Assume that the zero &; of Ry, (§) is not simple. Then the zero &j; is simple for
k14(§), i.e. by; = 1, or else it is simple for R, (§) as stated above. Hence, if b; # bjo, then the
zero &y is simple for

n

R (&) = Fn (€) — k1a(€) D (b — buo) ] (€ = &10). (.13)

m=1 L#m
since it is a simple zero of the second term. Thus, we obtain part (i).
We next assume that the zero &); is simple for Ry, (€). As easily seen, if b; = bjo, then
& = £y is at least a double zero of the second term in (3.13). This means part (ii). O
Define the polynomial

ng L3

pe(©) =(k = Dria(©) [T (€ = &) — m1a(©) D (a; — D ][ (€ — &)
Jj=1 j=1 L]
r1a(€) [T, (€ — &)
T -6 ;aug € — &) (3.14)

Let pr(€) and pi(€) be the quotient and remainder, respectively, when ry,(€) is divided by
Pk (§)- S0 K (§) = pr(§)p(§) + pr(§). Let n € Zzo be the number of distinct roots of pi(§),
andlet { € Cand g; € N, j=1,...,n, denote its roots and multiplicities, respectively, if
n>l:

(&) = CIJe - &), (3.15)
o

where C € C is a nonzero constant. If deg(r,) < deg(px), then we set 2 = 0 and pi(€) = Co,
where Cy € Cisaconstant which may be zero. We also consider the first-order differential equation

Ny

r1a(€) [T = &) | 2+ pe(&)z = raa(9). (3.16)

j=1
Let pyo be the leading coefficient of pi(€) and let 7y (§) = Ryp(§) with b = (1,...,1) € N,
ie.

ny

Fe(€) = (k= e (&) TJ (€ = &) — mial€ Z‘”!H (€ — &)

Jj=1 j=1 A

Using lemmas 3.5 and 3.6, we obtain some effective criteria for condition (H2) as follows.

Proposition 3.7. Let k>2. Suppose that k1,(§),kim(§) Z0 and k(&) #0,
j=1,...,ny. If one of the following conditions holds, then condition (H2) holds.

(i) axj =1 for some j=1,...,m;
(ii) For each j = 1,...,m, the zero &y is not simple for i (&) or simple for Ky, (€) with some
b € N" for each b; € N.
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Moreover, if ny > 0, then assume that for j=1,...,n the zero &ij of Ri,(§) is simple when
b; > 1. If one of the following conditions holds, then condition (H2) holds:

(iii) Equation (3.16) does not have a polynomial solution that has no root at { = &; and ke
forany j=1,...,njand ¥l =1,... n;

(iv)n=20,
(iva) pe(§) = 0 or pi(§) # 0;
and (ivb) deg(r1a) + mi # deg(p) + 1or —pro € N;

(v) i > 0 and deg(k1a) + mx > max(deg(ki), deg(px) + 1);
(vi) n >0, deg(k1a) + me < deg(px) — deg(pr) + 1 and

(via) pi(§) has a root at § = &y or & for some j=1,....,nporl=1,...,n;

or (vib) pr(€) # £1a(§)pr (&) ITL, (€ — &y)-

Recall that ny, ng, &y, &; were defined in (3.11) and 7 is the number of distinct roots of
Pi(§)-
Proof. Assume that k1,(§), ki (§) # 0, kia(&1j) 7 0 and condition (H2) does not hold. Then
by lemma 3.5 equation (3.7) holds for n € Z>y, a; € Z\ {0} and §; € C, j=1,...,n, with

& # & for j# L. Comparing (3.7) and (3.11) and noting that ky, (1) #O0for j=1,...,ny,
we can take

& =& for 1 <j < ny,
Gm =E&jr  jn, =ag — 121 for 1 <j <y, (3.17)
£j+n1+nk = éjs aj+n1+nk + 1 < 0 for 1 g] < n=n-— ny — ng,

where é] eC, j=1,...,a, such that éj # &0, &, for any £y =1,...,n and
O =1,...,n. Here we have used the fact that #x(€), k1a(§) #0 at £ = &; and & for
j=1,....mpand £ =1,...,n. If n; =0 or n;y = 0, then the corresponding relation in (3.17)
is ignored. In particular, a; > 2, j = 1,...,n So condition (i) does not occur.

Assume that n; > 0. Since Kg,(£1;) #0, one has aj; >1 for j=1,...,n. Let
@ = —@jynyyn, > 1for j=1,...,7,and let b; € N be the multiplicity of the zero £;; of A (€)
for j=1,...,n;. Again, via (3.7) and (3.11),

aj=ay+b—1>1 1<j<n,

so that equation (3.8) becomes

SIGE | () ) (G (CRRIAESY § (e

=1 =1 =1
— £14(§) El:(alj +h -1 ]JE- fw))
Jj=1 LF#j
~ru@ IJ6 - ) (T1e - 6 Yoy - D T[6 - 0
=1 =1 =1 4]
STIE -0 S a e - gm). (3.18)
=1 pEr—
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Suppose that condition (ii) holds. Then it follows from lemma 3.6 that the zeros &j; of
Fw(§), j=1,...,ny, are all simple for b # (1,...,1) € N although it may be simple even
forb = (1,...,1). Hence, ifl;j > 1forsome j € {1,...,n1}, then we see via (3.18) that 44 (&)
has a simple zero at £ = £y, since so does
ny nj
R (§) = (k= 1)k1a(§) H(f —&1j) — K1a(§) Z(Gu +b—1) H(§ — &)

j=1 j=1 (£

with b = (131, e, l;n]) as well as k14(&1;) = 0. This yields a contradiction, so that l;j =1, 1ie.
Rk(€) has a simple zero at § = & for j=1,...,n;. Let l;j =1,j=1,...,n,1in (3.18). Then
the zeros £ = £y, j = 1,...,ny, are all simple for & (§) since they are not simple for & (§) if
not. Thus, condition (ii) does not occur.

We now assume that n; > 0 and Ry, (£) has a simple zero at & = &j; if b; > 1. From the
above argument we see that for j = 1,...,n; the zero § = &;; of Ri (&) is simple, i.e. I;j =1,s0
that a; = ay; # 0. Using (3.7) and (3.17), we have

_ CsRi(€) Hjnzl(f _ éj)&j—l

=T € y)
Substituting (3.8) into the above equation and using (3.14), we obtain
i (€) =C3 ((k — Dr(€) TJ € — &) [T (€ - §)™
j=1 j=1
L mi© T e Tl — 605 S ar TTee -
H;;1(§ — gl]) Jl;!:(g gk]);l;ll(g 5]) ;alj :!;[J(f 51@)
— r1a(§) <H(§ &) (ag— D] - &)
j=1 j=1 L#]
= 1 (RO | (S I (= &)))
Jj=1 Jj=1 j=1 t#
=pe(€)n(&) + A(E)ma(€) [T (€ — &) (3.19)
j=1
where
pe(§) = G €= &) (3.20)
j=1
Recall that a; = —ajqp 4. j=1,...,71. We easily see that equation (3.19) holds even if

ny = 0. Thus, pi(€) is a polynomial solution to (3.16), so that condition (iii) does not occur.
It remains to show that conditions (iv)—(vi) do not occur when condition (H2) does not hold
under our other assumptions. The expression (3.19) gives a key for our proofs of the remaining

1379



Nonlinearity 33 (2020) 1366 P B Acosta-Humanez and K Yagasaki

parts. Recall that 7 and 7 are, respectively, the numbers of distinct roots of pi(€) and px(§). We
need the following lemma.

Lemma 3.8.

(i) Ifn > 0, thenn > 0.
(ii) If 7 = 0 and one of the following conditions holds, then # = 0:

(iia) deg(r1a) + nx # deg(px) + 1;
(iib)—pko & N.

Proof. Suppose that 7 > 0. Then deg(ry,) > deg(pi). However, if 77 = 0, then the degree
of the right hand side in (3.19) is deg(p). This is a contradiction. Thus, we obtain part (i).
Suppose that 7 = 0. Then deg (ki) < deg(px). If 1 > 0 and deg(x14) + nx # deg(px) + 1,
then the degree of the right hand side in (3.19) becomes
deg(r1a) + m + deg(pr) — 1 or  deg(px) + deg(px),

depending on whether deg(r1q) + nx > deg(px) + 1 or not, so that deg(ry,) > deg(px) for
both cases. On the other hand, if i > 0, —pro ¢ N and deg(k14) + nx = deg(pr) + 1, then the
leading coefficient of the right hand side in (3.19) is
Cs(pro + deg(px)) # 0,
so that its degree becomes deg(pi) + deg(pr) > deg(pr). Thus, we have a contradiction if
condition (iia) or (iib) holds. So we obtain part (ii). O
We return to the proof of proposition 3.7. Suppose that 7 > 0 and

deg(k1a) + m < deg(pr) — deg(pr) + L.

Then we have
deg(px) > deg(r1a) +m — 1,

so that deg(kk,) = deg(pr) + deg(pr) by (3.19). Moreover, by lemma 3.8(i), 7 > 0 and
consequently deg(px) > 0. Since deg(xi,) = deg(px) + deg(pr) by definition, we have
deg(pr) = deg(px), so that

deg(r1a) + deg(px) +nx — 1 < deg(px).
Hence, it follows from (3.19) that when £y, (§) is divided by pi(&), the quotient (&) £ 0
is equivalent to ¢(€) and given by (3.15) with C = C3, § = éj a; = a; and n = f, and the
remainder becomes

Nk

(&) = m1a(©)p(&) T (€ — &)-

J=1

Thus, condition (vi) does not occur.

If 7 =0 and condition (ivb) holds, then by lemma 3.8(ii) 7 =0, so that by (3.19)
k(&) = C3 £ 0 and pr(§) = 0, i.e. condition (iva) does not hold. Hence, condition (iv) does
not occur. If 7 > 0 and deg(k1q4) + nx > deg(px) + 1, then by (3.19)

deg(kin) = deg(kia) + ni

since 1 > 0 by lemma 3.8(i). Hence, condition (v) does not occur. We complete the proof. []
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Remark 3.9. Suppose that k1,(€), ki (§) # 0; Kin(§1j) # 0, ai; > 2 and the zero §;; of

Rw(€) is simple when b; > 1 for j=1,...,n;; and equation (3.16) has a polynomial so-
lution of the form (3.20) such that & # &ig,, &g, for any j=1,...,7, {1 =1,...,n and
l, = 1,...,n Then from the above proof we see that

0:(&) Nay xmag -l N~ g
— (k— _ - - € C(¢).
g ~ o ml Z#—@ Z%—@+Z%f§€(®

Obviously, condition (H2) does not hold.

4. Proof of theorem 1.3

We begin with theorem 1.3 for the unfolding (1.1) of fold-Hopf bifurcations.

Proof of theorem 1.3. Based on corollary 2.3, we prove the meromorphic nonintegrability
of (1.6) near the x3-plane. We set £ = x3 and ) = r and apply theorem 3.3 to (1.6) with assis-
tance of proposition 3.7. Hence, we only have to check deg(k14) > deg(k1,), condition (H1)
and the hypotheses of proposition 3.7.

Equation (3.2) becomes
, rlaxs +v)
TRyt @.1)

where the prime represents differentiation with respect to x3. We take r = 0 as the integral
curve, i.e. p(x3) = 0, and compute (3.3) as
—s5)/ " axs +v)

_ i _ it
Koj—1(x3) = (2/ — 1)! R

, sz(X3) =0, j e N. (42)

Recall that s = £1.

We first consider the case of y # 0. In addition, assume that o € Q or v/\/—pu & Q. Re-
placing r, x3 and v with \/=p r, /=1 x3 and /= v, respectively, we take . = —1 and have
a or v € Q. From (4.2) we easily see that deg(k14) > deg(k1,) and compute

ax +V a—v (0% i 74
3

so that condition (H1) holds since & — v ¢ Q or o + v € Q. We now only have to check the
hypotheses of proposition 3.7.
Let k =2j — 1 for j > 2. Assume that & # £v. Then by (4.2)

Kin(x3) =axs +v #0, Kyj_1.(x3) = (2 — DY(=s) Y axs +v) #0,
k1a(x3) = (i3 + D) (xs — 1), Koj—1a(x3) = Kia(x3) (s + 1) (o5 — 1)/,

from whichn; =2,&1 = —1,&12 = 1,a11 = a1, =j — 1and nyj—; = 0. We compute (3.12) as

Roj—1p(x3) = (3 + 1) (3 = (20— D(a = 1) = b1 = by + 2)x3 + 2(j — v + by — ba),
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where b = (b, b,) € N2 If and only if

by —1

a—v# 1
j—1

+1 (resp. a+v# [;2 11 + 1) , (4.3)
then the zero x3 = —1 (resp. x3 = 1) is simple for Ryj_;,(x3). Hence, if a =v+1 and
a = —v + 1, respectively, then the zeros x3 = —1 and x3 = 1 of Kyj_;(x3) are double as well
as the zeros x3 = 1 and x3 = —1 of sz,lyb()@) are simple for any b € N2. Thus, condition (ii)
of proposition 3.7 holds whena =v+1or —v+ 1.

Additionally, suppose that o # £v + 1. Then for some j > 1 both conditions in (4.3) hold,
so that the zeros x3 = %1 of Ryj_1(§) are simple for any b € N2 even if a or v € Q. Equa-
tion (3.14) becomes

i1 (5) = 20— (@ — s + ).
We see that 7 = 0, deg(k1q) + noj—1 = deg(pzj—1) + 1 =2 and
1

(2 = D(=s)"""a

j — —s)/ 1y
P (8) = S 1) Py (1) = —H 7 DS

a—1

if @ # 1, and that 7 = 1 and

deg(k1a) + noj—1 =2 > max(deg(Kaj—1,),deg(prj—1) + 1) =1
if & = 1. So condition (iv) or (v) of proposition 3.7 holds, depending on whether o # 1 or not,
where the condition

—pj—io=—2(—1)(a—1) €N, (4.4)

which holds for some j > 1 if 2 — 1 ¢ Zgq, is required as well as v # 0 for the former. If
a€Q,thenatvgQandifa—vora+v € Q,thena € Q, since a or v € Q. Hence, if
200 — 1 ¢ Zgo and « # 1, then one can take j > 1 for which conditions (4.3) and (4.4) hold
simultaneously.

We next assume that & = v or —v and a, v # 0. By (4.2)

Kin(x3) = a £ 0,  kojo1a(x3) = (21 — DI(=s)"'a #0,

Rua(s) =x F L wyora(s) = riale) (e +1)77 06 = 1)77
from which ny = 1, é]l = :I:l,a“ :] — 1, nyj—1 = 1, 52]'_]’1 = :Fl anddzj,1’1 :] — 1, where
the upper and lower signs are taken for o« = v and —v, respectively. So we see that condition
(i) of proposition 3.7 holds for j = 2. Thus we obtain the desired result for ;4 # 0.

We turn to the case of u = 0. Let u = 0 and let @ ¢ Q or v # 0. From (4.2) we easily see
that deg(r14) > deg(r1,) and compute

Qx3) = exp (/ s de3) = e,
3

so that condition (H1) holds. We check the hypotheses of proposition 3.7 for o, v # 0.
Let k = 3. Assume that «v, v # 0. Then by (4.2)

Kin(x3) =axs +v Z 0,  Ka(x3) = —6s(axs +v),

H]d(x3) = x%: H3d()€3) = Hld(xS)xgy

from which n; = 1, £&;; = 0, a;; = 2 and n3 = 0. We compute (3.12) as
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F3p(§) = (2(a = 1) = b+ 1)x3 + v)x3,

where b € N, so that the zero x3 = 0 is simple for &3,(¢) with any b € N. Equation (3.14)
becomes

paj—1(x3) =2((a — 1)xz +v).
We see that 7 = 0, deg(k14) + n3 = deg(p3) + 1 =2 and

—bsa s (x3) = 6sv
20a—1) P T

if @ # 1, and that n = 1 and

p3(x3) = Z0

deg(k1q) + n3 = 2 > max(deg(ksy,), deg(ps)) = 1

if @ = 1. So condition (iv) or (v) of proposition 3.7 holds, depending on whether a # 1 or not,
where condition (4.4) is required for the former. Thus, we complete the proof. O

5. Proofs of theorems 1.4 and 1.5

We now turn to the unfolding (1.2) of double-Hopf bifurcations and reduce the problem to
(1.7) based on corollary 2.4, as in section 4. We set (£, 1) = (r2,r1) or (r1, r2) and apply theo-
rem 3.3 to (1.7) with assistance of proposition 3.7 in a similar way as in the proof of theorem
1.3. Equation (3.2) becomes

dri (s} + ar3 +v)
dro n(Bri—r3+mp)

G.D

and

ar _ n(BR At 5
dri (s +ari+v) '

for (§,m) = (r2,r1) and (ry, r2), respectively. Recall that s = £1.

Proof of theorem 1.4. We consider (5.1) and take r; =0 as the integral curve, i.e.
©(r2) = 0. We compute (3.3) as

ar%—kz/

ra(r3 — 1)

Kojar(r2) = —(2+ 1)1877!

H](I‘z) = N sz(rz) = 0,

(aB + s)r3 + Bv — ps
AR

, jeN (5.3)

We begin with the case of 1 # 0. Additionally, let a + v/ & Qorv/u ¢ Q. Replacing ry,
ryand v with \/ji ry, \ /i rp and pv, respectively, we take 4 = 1and have o + v € Qorv ¢ Q.
We easily see by (5.3) that deg(k14) > deg(r1,) and compute

ars +v y oty
() = exp ( [ ;75 50n) = 3= 1
2

so that condition (H1) holds. If v € Q, o € Z>¢ and Bv — s, (a + v)s — (Bv — s) # 0, then
a+v,3#0,a+v=0;0r f=0and o+ v #0, as well as o, v # 0. On the other hand,
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if a+v€Q, adZso and v —s,(a+v)s— (Bv—s)#0, then v,3#0; v=0 and
a# —1;or =0, as well as o, + v # 0. In the following, we check the hypotheses of
proposition 3.7 separately for o + v, o, v, 3,8y —s # 0, for a +v =0 and v, v — s £ 0,
for v =0 and o # 0, and for 8 =0 and o + v, o, v # 0. Here 8 may be zero in the second
and third cases, and v — s # 0 also holds in the latter two cases.

Letk =2j + 1 for j > 1. We first assume that o + v, o, v, 3, Sv — s # 0. Then by (5.3)

kin(r2) = —(ars +v),  kKajpia(r) = =2+ DI ((af +5)r3 + v — ),
ka(r) =r(r+1)(rn—1),  kyrra(r2) = Ka(r) (2 + 1)/ (r2 = 1)/,
from which n; =2, &;=-1, €2j+|’1 =—1, agy=ap=j and Nojy1 = 0, since
(af+5)+ (Bv —s) = (o« +v)B # 0. We also compute (3.12) as
R2j+],b(r2) = 7(7‘2 + 1)(}’2 — l)((ZJ(a + 1) + b] + b2 — 2)7‘% — (b] — bz)rz + 2]1/)

with b = (b1, b,) € N. If and only if

1-b 1-b
arr# i (resp. j2—1>, (5.4)

then the zero r, = —1 (resp. r, = 1) is simple for Roj41,(r2). Hence, if o + v = —1, then the
zeros rp = £1of Kojq (r) are double, so that condition (ii) of proposition 3.7 holds. Note that
ifatv=—1forv ZQ,thenaa € Q D Zxpand (a +v)s — (fv —s) = —Pv # 0.

Suppose that o +v # —1L.If a +v > —1lor a + v + 2 & Zo, then there exists an integer
J > 0 such that both conditions in (5.4) hold, i.e. the zeros r, = +1 of R2j+1’b(r2) are simple,
for any b € N2, Equation (3.14) becomes

poj1(ra) = =2j((a+ 1)r3 +v).
If o # —1, then 72 = 0, deg(k1q) + noj+1 = deg(pzj+1) + 1 =3 and
(2 + D!BI" (@B +5)

/52]+1(r2) = 2](@ + 1) >
. @) (et v)s — (Br —5))
p2j+1(r2) = P .

Ifo=—land (o« +v)s — (Bv —s) #0,ie. B #s,thenn =2 and
deg(kia) + ngjp1 = 3 > max(deg(rgjt 1), deg(pyj+1) +1) = 2.
Noting that (o 4+ v)s — (Bv — s) = —(a + v)(a + 1) when a8 + s = 0, we see that condi-

tion (iv) or (v) of proposition 3.7 holds if (a + v)s — (Bv — s) # 0, depending on whether
« # —1 or not, where the condition

—pajri0 =2j(a+1) €N, (5.5)

which holds for some je N if 2(a+1) ¢ N, is required for the former. Note that if
2(a+ 1) ¢ N, then conditions (5.4) and (5.5) hold simultaneously for some j € N. Moreover,
if 2(a+ 1) is a positive odd number, then o ¢ Z>( and condition (iii) holds for k = 2j + 1
when j > 0 is an odd number. Actually, if 2j(a 4+ 1) = 2¢ — 1, £ € N, and equation (3.16) has
a polynomial solution, then it has the form
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L
2i—1
=Yz z.....z€C,
i=1

but never satisfies (3.16) since the left hand side of (3.16) has no even-order monomial.
Thus, under our present assumptions, condition (H2) holds if & & Z>o, o« + v + 2 & Z( and

(a+v)s— (Bv—s) #0.
We next assume that v, Sv — s # 0 but a + v = 0. Then o # 0. By (5.3)
fin(r2) = —a,  kagjria(r2) = (2 + DB/ (Br — ),
kia(r) = ra. kojrra(r2) = Kia(r)(r 4+ 1)/ (ra = 1)/,
from which noj11 =2, &jq11 = —1, &ip11 =1, asjq1,1 = agjp12 =j and n; = 0. Since
Bv — s # 0, we have kyj1,(r2) # 0 and condition (i) of proposition 3.7 holds for j = 1 even
if 8 =0.
We next assume that o # 0 but v = 0. Then (o + v)s — (Bv —s) = (a+ 1)s. If 8 # 0,
then by (5.3)

Kin(r) = —ary,  kKojpia(r) = —(2/ + DB (B + s)r3 — ),

kia(r) = (n+ 1) (r2 = 1), Kojp1a(r2) = k1a(r2)ra(ra + 1)/ (r, = 1)/,
from which n = 2, 511 = —1, 512 = 1, aip = ap :j, nng = 1, §2j+1,] =0 and asz,l = 1,
so that condition (i) of proposition 3.7 holds. If 5 = 0, then

Kin(r) = —ar,  ka,(r2) = —6s,

Kia(r) = (n+1)(rn—1), k() = Kia(r)rn,

from which ny = 1, &31 = 0, a3; = 1 and n; = 0, so that condition (i) of proposition 3.7 holds.
Note that ksj41,(r2) = 0 forj > 1 when 3 = 0.
We finally assume that o + v, a, v # 0 but 5 = 0. By (5.3)

Kin(r2) = —(ar% +v), Kau(r) = —6s,
Kia(r2) = r(rn+1)(rn —1), K3a(r) = ka(r),

from which ny = n3 = 0. Equation (3.14) becomes

p3(r) = —2(ar§ +v).
If 2a ¢ N, then 2 = 0, p3(r2) = 0, p3(r2) = —6s # 0 and —p30 = 2 € N, so that condition
(iv) of proposition 3.7 holds. Note that deg(x14) + n3 = deg(ps) + 1 = 3. Moreover, if 2« is

a positive odd number, then « ¢ Z>( and condition (iii) of proposition 3.7 holds for k = 3, as
in the above argument for the first case with & + v # —1. Thus, we obtain the desired result

for u # 0.
We turn to the case of u = 0. Let u = 0 and let @ € Q or v # 0. We easily see by (5.3) that

deg(k14) > deg(k1,) and compute

2
_|_
Q(n) = exp (/ — d) = rge v/,
2

so that condition (H1) holds. We check the hypotheses of proposition 3.7 for o, 5, v # 0 and
for 5 =0 and o, v # 0.
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Let k = 3. Assume that o, 3, v # 0. Then by (5.3)
Rin(r2) = —(ard +v),  K3u(r2) = =6((af + s)r3 + Bv),
ria(r2) = r%, K3d(r2) = md(”z)"%»
from which n; = 1, £;; = 0, a;; = 2 and n3 = 0. Equations (3.12) and (3.14) become

Rap(r) = —m(2a+1)+b—1)r3 +2v), pi(r) = =2((a+ 1)r3 +v),

where b € N. The zero r, = 0 of R3,(r2) is simple for any b € N. Suppose that & # —1. Then

deg(k1a) +n3 = deg(ps) + 1 =3.If a8 + 5 # 0, then 7 = 0 and

3(af+s) . _06(B—s)
(Oé+1) ’ p3(7‘2)— Oé+1

and if o8 + s =0, then n = 0, p3(r2) = 0 and p3(r2) = —68v # 0. On the other hand, sup-

pose thata = —1. If af +s= —(f —5) # 0, then 7 = 2 and

p3(r2) =

b}

deg(kiq) + nojy1 = 3 > max(deg(kojt1,4), deg(paj1) + 1) = 2.

Thus, we see that condition (iv) or (v) of proposition 3.7 holds if 3 # s, depending on whether
a # —1 or not, where the condition a ¢ N, which follows from —p39 = 2(« + 1) as in the
above argument, is required for the former.

We finally assume that o, v # 0 but 5 = 0. By (5.3)

kin(r) = —(ar? + 1), kKau(ry) = —6s,
Kia(r) =1, kaa(r2) = Kia(ra),

from which n; = ny; | = 0. Equation (3.14) becomes
p3(r) = =2(ar3 +v),

so that 7 = 0, deg(K14) + naj+1 = deg(poj+1) + 1 =3 and
p3(r2) =0, p3(r2) = —6s # 0.

Hence, then conditions (iv) and (iii) of proposition 3.7 holds if —p;3y = 2a € N and 2« is an
odd number, respectively. Thus, we complete the proof. O

Proof of theorem 1.5. We consider (5.2) and take r, =0 as the integral curve, i.e.
©(r1) = 0. Replacing r; with \/—s ry, we rewrite (5.2) as

dry _ ra(—r— fsri 4 )
dry rl(ar%fr%JrV)

(5.6)

which has the form of (5.1) with s = —1. Applying theorem 1.4 to (5.6), we easily obtain the
desired result. O
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