IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 1499-1527 https://doi.org/10.1088/1361-6544/ab60d9

A regularity result for the incompressible
magnetohydrodynamics equations
with free surface boundary

Chenyun Luo'® and Junyan Zhang?

I Vanderbilt University, Nashville, TN, United States of America
2 Johns Hopkins University, Baltimore, MD, United States of America

E-mail: chenyun.luo@vanderbilt.edu and zhang.junyan @jhu.edu

Received 27 May 2019, revised 5 November 2019
Accepted for publication 11 December 2019
Published 14 February 2020

CrossMark

Recommended by Dr A L Mazzucato

Abstract

We consider the three-dimensional incompressible magnetohydrodynamics
(MHD) equations in a bounded domain with small volume and free moving
surface boundary. We establish a priori estimate for solutions with minimal
regularity assumptions on the initial data in Lagrangian coordinates. In
particular, due to the lack of the Cauchy invariance for MHD equations, the
smallness assumption on the fluid domain is required to compensate a loss of
control of the flow map. Moreover, we show that the magnetic field has certain
regularizing effect which allows us to control the vorticity of the fluid and
that of the magnetic field. To the best of our knowledge this is the first result
that focuses on the low regularity solution for incompressible free-boundary
MHD equations.
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1. Introduction

The goal of this manuscript is to investigate the solutions in low regularity Sobolev spaces for
the following incompressible inviscid MHD equations in a moving domain:

8lu+u~Vu—B-VB+V(p+%|B|2):O, in D;
OB+u-VB—B-Vu=0, in D; (1.1)
divu =0, divB =0, inD,

describing the motion of conducting fluids in an electromagnetic field, where
D = Upcrcr{t} x Q(¢) and Q(f) C R? is the domain occupied by the fluid with small volume
whose boundary 9€2(¢) moves with the velocity of the fluid. Under this setting, the fluid veloc-
ity u = (uy, up, u3), the magnetic field B = (B, B, B3), the fluid pressure p and the domain D
are to be determined; in other words, given a simply connected bounded domain ©(0) C R3
and the initial data uy and B satisfying the constraints div #y = 0 and div By = 0, we want to
find a set D and the vector fields « and B solving (1.1) satisfying the initial conditions:

Q(0) ={x:(0,x) € D}, (u,B) = (ug,Bp), 1in {0} x Q. (1.2)

We also require the following boundary conditions on the free boundary 9D =
Uoicr{t} x 09(1):

(04 u-V)lop € T(OD)
p=20 on 0D, (1.3)
|IBl=c, B-N =0 on 0D,

where T (D) is the tangent bundle of D, N is the exterior unit normal to 92, and ¢ > 0
is a constant. The first condition of (1.3) means that the boundary moves with the velocity
of the fluid, the second condition of (1.3) means that the region outside €2, is vacuum, where
B-N =0on 09, implies that the fluid is a perfect conductor; in other words, the induced
electric field € satisfies £ x N = 0 on 9%,. Also, the condition |B| = ¢ on 92, yields that the
physical energy is conserved, i.e. denoting D, = J, + u - V, and invoking the divergence free
condition for both u and B, we have:
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=0 by Gauss theorem

We will establish a priori bounds for the MHD equations (1.1)-(1.3) when
ug, By € H*3+9(Q(0)) for § € (0,0.5) under the physical sign condition

—Vn(p+ %|B|2) >¢€ >0 on 9Q(r). (1.4)

We recall here that for the free-boundary problem of the motion of a incompressible fluid
without magnetic field (i.e. the incompressible free-boundary Euler equations), the physical
sign condition reads

—Vap =€ >0 ondQr).

Condition (1.4) was first discovered by Hao and Luo [16] when proving the a priori energy
estimate for the free boundary incompressible MHD equations with H* initial data. Very
recently, they proved that (1.1)—(1.3) is ill-posed when (1.4) is violated [17]. The quantity
p+ %|B|2 (i.e. the total pressure) plays an important role here in our analysis. In fact, it deter-
mines the acceleration of the moving surface boundary.

1.1. History and background

In the absence of the magnetic field B, the system (1.1) is reduced to the free-boundary Euler
equations which has attracted much attention in the past two decades. Important progress has
been made for both incompressible and compressible flows, with or without surface tension,
and with or without vorticity. Without attempting to be exhaustive, we refer [1, 5, 6-9, 18,
22-26, 28, 29, 32-34, 40-42] for more details.

On the other hand, the MHD equations describe the behavior of an electrically conduct-
ing fluid (e.g. a plasma) acted on by a magnetic field. In particular, the free-boundary MHD
equations (also known as the plasma-interface problem) describes the phenomenon when the
plasma is separated from the outside wall by a vacuum, whose motion can be formulated as
the incompressible free-boundary MHD equations.

Although the MHD equations in a fixed domain have been the focus of a great deal of
activities, e.g. [3, 4, 11-13, 19, 39], much less is known for the free-boundary case. The main
difficulty is the strong coupling between u and B (i.e. the appearance of B- VB and B - Vu
terms in the first and second equations of (1.1), respectively). In fact, the appearance of the
Lorentzian force term B - VB destories the Cauchy invariance, which provides good estimates
for curl v when B is absent; indeed, one can see this by commuting the curl operator through
the first equation of (1.1), which implies®

3We refer (1.14) and (1.15) for the detailed computation.
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(0, + V,)curlu ~ V(curl B).

Nevertheless, it is remarkable that the magnetic field B yields certain regularizing effect (see
[38]), which can be derived from the transport equation of B (i.e. the second equation of (1.1)).
Such regularizing effect plays an important role to control the full Sobolev norms of curl B
and curl # and hence the full Sobolev norm of B and u via the div-curl estimate. We will pro-
vide more details on this in section 1.3.

For the free-boundary MHD equations, the local (in time) well-posedness (LWP) of the
linearized equations was studied by Morando—Trakhinin—Trebeschi [27], Secchi—Trakhinin
[30] and Trakhinin [37]. For the nonlinear equations, Hao—Luo [16] proved the a priori energy
estimate with H* initial data and the LWP was established by Secchi—Trakhinin [31] and Gu—
Wang [14]. Also, we mention here that in Hao [15] and Sun—Wang—Zhang [35], the authors
studied the a priori energy estimate and LWP, respectively, for the free-boundary MHD equa-
tions with nontrivial vacuum magnetic field.

In this manuscript, we establish the local a priori energy estimate with u, B € H>>*9 with
0 > 01s arbitrary. This agrees with the minimal regularity assumption (i.e. H $+148 where d
is the spatial dimension) that one may expect for the velocity field in the theory of the free-
boundary incompressible Euler equations (see, e.g. [10, 21, 22]). In fact, Bourgain—Li [2]
proved that the incompressible Euler equations with H $+1 jnitial data are ill-posed even in
the free space R%.

1.2. MHD system in Lagrangian coordinates and main result

We reformulate the MHD equations in Lagrangian coordinates, in which the free domain
becomes fixed. Let Q be abounded domain in R3. Denoting coordinateson Qby y = (y1,y2,¥3),
we define 7 : [0, T] x 2 — D to be the flow map of the velocity u, i.e.

om(t,y) = u(t,n(t.y)), n(0,y) =y. (1.5)

We introduce the Lagrangian velocity, magnetic field and fluid pressure, respectively, by

o(t,y) = u(t,n(t,y)), b(ty)=B(tnty), qty)=ptnty). (1.6)

Let O be the spatial derivative with respect to y variable. We introduce the cofactor matrix
a = [0n]~", which is well-defined since 7(t, -) is almost the identity map when ¢ is sufficiently
small. It’s worth noting that a verifies the Piola’s identity, i.e.

B0 = 0. (1.7)

Here, the summation convention is used for repeated upper and lower indices, and in above
and throughout, all indices (e.g. Greek and Latin) range over 1, 2, 3.

Denote the total pressure piow = p + %|B|2 and let Q = porar (2, 7(2,y)). Then (1.1)-(1.3)
can be reformulated as:

0o — bpa*?d,by + at0,0 = 0 in [0, 7] x €;

Oby — bga“ﬁauva =0 in[0,7] x

ato,v* =0, akd,b* =0 in[0,7] x (18)
v3=0 on ['y; ’
a*’b,b, = 3, 0= %cz, abb’N, =0 onl

2—1%283Q< —€ onT.
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Remark. In above and throughout, the upper index of a represents the number of the rows

whereas the lower index represents the number of the columns, i.e. aldy .

For the sake of simplicity and clean notation, here we consider the model case when
Q =T? x (0,%), (1.9)

where €< 1 and 9Q=TyUTI; and T = T2 x {€} is the top (moving) boundary,
[y = T? x {0} is the fixed bottom. We shall treat the general bounded domains with small
volume in section 6 by adapting what has been done in [10]. However, choosing {2 as above
allows us to focus on the real issues of the problem without being distracted by the cumber-
someness of the partition of unity. Let N stands for the outward unit normal of 9€). In par-
ticular, we have N = (0,0, —1)on 'y and N = (0,0,1) on T';.

In this paper, we prove:

Theorem 1.1. Ler Q) be defined as in (1.9). Let (n,v,b) be the solution of (1.8) and
§ € (0,0.5). Assume that v(0,-) = vy € H*>*9(Q) and b(0,-) = by € H*>T(Q) be diver-
gence free vector fields and by - N = 0 on OS). Let

N(1) = n(0) [7a+s + [0 |F5+s + 16(0) [75+5- (1.10)
Then for sufficiently small €, there exists a T > 0, depending only on N(0) and € such that
N(t) < P(N(0)) forall t € [0, T), provided the physical sign condition

0Q‘

—on o= 00| 4> € >0, onT (1.11)

=0
holds. Here, P is a polynomial of its arguments.
Remark. We will show that the physical sign condition (1.12) propagates within [0, 7). In

other words, it holds

—0() =>e >0, onTy, rel0,T]. (1.12)

1.3. Strategy, organisation of the paper, and discussion of the difficulties

Notations. All definitions and notations will be defined as they are introduced. In addition, a
list of symbols will be given at the end of this section for a quick reference.

Definition 1.1. The L>- based Sobolev spaces are denoted by H*(£2), where we abbreviate
corresponding norm || - || () as || - ||z when no confusion can arise. We denote by H*(T") the
Sobolev space of functions defined on I, with norm || - || zs(r).

Notation 1.2. We use € to denote a small positive constant which may vary from expression
to expression. Typically, € comes from choosing sufficiently small time, from lemma 2.1 and
from the Young’s inequality.

Notation 1.3. We use P = P(- - - ) to denote a generic polynomial in its arguments.

Now we can state the strategies we used and discuss the discovery and the difficulty in
MHD system.
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Gronwall-type argument and div-curl estimates

The proof of theorem 1.1 relies on div-curl type estimates of the velocity field v, the magn-
etic field b and the Lagrangian flow map 7. In particular, let N(z) be defined as in theorem 1.1.
Then if vol (2) is sufficiently small (i.e. € < 1), there exists a 7 > 0 such that the estimate

N(t) < My + eP(N(t)) + P(N(1)) / tP(N(s))ds (1.13)
0

holds whenever ¢ € [0, T], where My = Mo(||vo||g25+5, ||bol|g2s+s) - This implies N () < My
by a Gronwall-type argument that can be found in chapter 1 of Tao [36].

Creation of vorticity by the magnetic field

The vorticity of the conducting fluid cannot be controlled analogously to that in the case of
a non-conducting fluid due to the lack of the Cauchy invariance, since its derivation involves
the derivative of the Lorentzian force (b - 9)b, which contributes to higher order terms. In
particular, let €#¥™ be the anti-symmetric tensor with €!23 = 1. We have:

8t(e,uu7'ay,0m Tnm) = 6'uVTavaaTvm +€HVT8uv:n 7 Tm
—_————

=0

= =70, (a0 Q) D, -+ D, (B0 b" ) (19
=0, same as the Euler’s equations
where the last term in the second line is equal to
70y, (b 05 b™)0,, + €770, (bG O b™ ) (Or1im — 0,,) (L15)

= curl (b§8,b) + €0, (6§D b™) (Dr i — 7).

is nonzero in general. We remark here that it is the Lorentzian force that causes the strong
coupling between v and b. One can imagine that the Lorentzian force twists the trajectory of
an electric particle in a magnetic field and produces vorticity even if the initial data is curl-
free. However, we can control curl v and curl b from their evolution equation derived by taking
the Eulerian curl operator to the first equation of (1.8). This will be dicussed in the following
paragraph.

Regularizing effect of b: controlling curl v, curl » and pressure Q

The key to control ||v|| g2s+s and ||b|| g2s+s is to control | B,v|| g1.5+s and || Byb|| gi.5+s, where B,
denotes the Eulerian curl operator, i.e. [B.X|x = €xrqa"70,X®, where €xrq is the anti-sym-
metric tensor with €j53 = 1. These quantities are treated straightforwardly for non-conducting
fluids (i.e. Euler equations) thanks to the remarkable Cauchy invariance. We, nevertheless,
have to control them differently since the Cauchy invariance fails for MHD equations due
to the presence of the Lorentzian force term bgat? Opb. Inspired by Gu—Wang [14], one can
derive the evolution equation for B,v and B,b. With the help of the following identities*

bga® =bly and b, = (by- ), (1.16)
mentioned in Gu—Wang [14], one can rewrite the first equation of (1.8) as
Ova + ad,0 = (by - 0)*1a. (1.17)
Now, one may apply the curl operator B, on both sides of (1.17) and get:
(BaBrv)x = (Ba((bo - 0)*n)x, (1.18)

*We refer lemma 2.2 for the detailed derivation.
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which yields an evolution equation after commuting 9, and b - O on both sides of (1.18):
0/(Bav)x — (bo - 0)B4((bo - O)n) A = error terms + commutators. (1.19)
This, in particular, yields an energy identity for B,v and B,b = B,(b¢ - O)n, i.e.

1
Eow (1= 5 [ 10"570B,0f + 10508, by - 0 (1.20)
Q

and it can be shown that £(¢) verifies the following estimates by using Kato—Ponce inequali-
ties (2.3)

!
Ecunt (1) < [|bol| 25+ +/ P([|nll g2+, [[0]] st
0

b||gses). (1.21)

On the other hand, it is worth pointing out that the control of ||Q||s+s and [|03Q/[ 1 (a0)
(and hence || Q;|| 25+5) are both required. These quantities are needed even for the incompress-
ible free-boundary Euler equations, whose a priori energy estimate can be closed by requiring
7 to be half derivatives more regular than v (see, e.g. [1, 21, 22]). In the case of a conducting
fluid, i.e. MHD equations, we have to use the regularizing effect of the magnetic field (i.e.
identities (1.16)) to show that ||7|| gs+s is still good enough to control ||Q||gs+s and || Q|| g5+
In particular, Q; satisfies an elliptic equation that involves b{yd,,a"*9, 0;b, as part of its source
term, whose H%>*% norm requires 7 € H>>*9 to control. However, this term can be avoided
by invoking the identities (1.16) when deriving the elliptic PDE of Q..

Remark. One may drop the requirement for ||7]|g+os when s > 3.5 using Alinhac’s good
unknowns thanks to the fact that da € L>°. We refer [14, 16] for details.

Smallness of the fluid’s volume is required: nonlinear control of curl n

One needs to control ||curl 9| z2+s (and hence || B,n|| y2+5) to close the a priori estimate. This
can be done in the case of a non-conducting fluid using the Cauchy invariance if one assumes
wo = curlvy € H**? (see [22]). This, again, fails for MHD equations. In order to control
B,0n, one can only hope to use the multiplicative Sobolev inequality and Young’s inequality
with € to derive the nonlinear estimate, which produces a term e ! P(||7(0)|| g2s+s ). Therefore,
we require the body of the conducting fluid to have small volume to fight the growth of
the vorticity brought by twisting effect of the Lorentzian force (in other words, the strong
coupling between b and v), otherwise the Gronwall-type argument no longer holds since it
requires € to be sufficiently small. The smallness of the fluid body can be propagated” if it
holds initially since 7 is volume-preseving.

Organization of the paper:

The manuscript will be organized as follows. In section 2 we record the preliminary esti-
mates for the cofactor matrix a and its time derivatives. Also, the well-known Kato—Ponce
commutator estimates are summarized as lemma 2.3 for readers’ convenience. Section 3 is
devoted to control | Q|| y3+s and || Q|| y25+5, which is required for the tangential estimate of v. In
section 4 we prove the tangential estimates for both v and b. Finally, in section 5, we provide
the control for the full Sobolev norms of v, b and 7 using a div-curl type estimate. Also, we
show that the physical sign condition (1.12) propagates within a short period by showing that
the quantity 0;Q|r, is 1/4-Holder continuous in time, which allows us to close the a priori
estimates.

3 One may also choose to add an articifical smoothness conditions for 7 (e.g. 7 € H>*?(£2)). But such conditions do
not seem to be the ones that can be propagated.

1505



Nonlinearity 33 (2020) 1499 C Luo and J Zhang

List of symbols:

e e: A small positive constant which may vary from expression to expression.

e €: The ‘height’ of the fluid domain €2, which is also chosen to be sufficiently small.

e a = [On]~": The cofactor matrix;

o || - [[s: We denote ||f |5 == ||f (2. )|l () for any function f(z,y) on [0,T] x €.

e P: A generic polynomial in its arguments;

e P.P = P(||UHH2.5+5, Hb||H2.5+5) (and so Py = P(||Uo||Hz,5+5, ||b0||H2.5+5);

o N(: N = [nlBsrs + lolZnses + 152050

e 0= (I—-A)"? where A = 9? + 02, and S = 9*>+°: Tangential differential operators.

O

2. Preliminary lemmas

The first lemma is about some basic estimate of the cofactor matrix a, which shall be used
throughout the rest of the manuscript.

Lemma 2.1. Suppose ||00|| o (jo1pm15+5 )y S M. If T < CiMfor a sufficiently large con-
stant K, then the following estimates hold:

(1) ||677HH‘-5+5(Q) < Cfort€[0,T

(2) det(9n(t,x)) = 1 for (x,1) € Q x [0,T};

(3) ||a(-,t)||H1.5+5(Q) < Cforte [0, T},‘

() las0)ll1oc@) < ClO0]urnfort € [0.T}1 < p < ox;

(5) [la: (-, )|y < CllO0||pry fort € [0, T, 0 <r < 1.5+ 065

(6) ||an(-,1)| H(Q) S C||0v|| 15+ |00 e + C||Ove||gr, for t € [0, T}, 0 < r < 0.5+ 6;

(7) For every 0 < € < 1, there exists a constant C > 0 such that for all 0 <t < T =
min{ &, T} > 0, we have

||a’,j — 5ﬁ”H1-5+5(Q) <€, Hagaz — (SMVHH1.5+,§(9) <e

(8) Opat = —aﬁagamn”agform =1,2,3.

Proof. See [21]: (1)—(7) is lemma 3.1 and (8) is formula (6.6). O

The next lemma reveals the regularizing effect of the magnetic field b; in particular, the flow
map 7 is more regular in the direction of by. It was also used in Wang [38] and Gu—Wang [14]

Lemma 2.2. Let (v,b,1n) be a solution to (1.8) with initial data (vy, by, no). Then the fol-
lowing two identities hold:

a’“b, = by, 2.1
b? = (by - O)n® = byon". 2.2)

Proof. For (2.1), we multiply a“® to the second equation of (1.8) to get
a’*0b, = a”abga“ﬁaﬂ@ma = a”abga,(aﬂﬁauna) - bg@ta”ﬁ(aunaa”o‘) = —b,0,a"%,
——— N——
=54 o
s0 0;(a¥“by) = 0 and thus a”“b, = bf. For (2.2), it can be easily derived by multiplying
0,mp on the both sides of (2.1) and using a : On = I. O
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The last lemma records the well-known Kato—Ponce commutator estimates, the proof of
which can be found in [20].

Lemma2.3. LetJ=(I— A)l/2, s = 0. Then the following estimates hold:
(1) Vs > 0andl < p < oo, we have

[°(f8) = () lee S 110f [l 1° g
(2) ¥s > 0, we have

I (e < WFllweon llgllre + (1o gl wsez 2.4

with1/2=1/p1 + 1/p» = 1/q1 + 1/q2and 2 < p1,q> < 00;
(3) Vs € (0, 1), we have

I (8) =£(I°8) = (SN)elle < IWfllweror[|gllws—s102 (2.5)

where 0 <s; <sand1/py, + 1/py = 1/pwithl < p < p1,p» < 00;
(4) Vs > 1, we have

e+ TS e llgleoes (2.3)

1°(fe) = fF(F&)z < Wfllwsen llgllLe: + [[f [[wrar llgllws—1a05 (2.6)
where1/2 =1/p1 + 1/q1 = 1/p2 + 1/ga with1 < p < p1,p> < 0o, and

17°(f8) = (F)g =f(F°&)ler < W llwro Ngllwsra + [F lwsran llgllwra (2.7
Sforallthel < p < p1,p2,q1,q2 < cowithl/py+ 1/py=1/q1 + 1/q2 = 1/p.
Ol

3. Pressure estimates

In this section we derive the estimates for ||Q||gs+s and ||Q;||z25+s. These quantities are both
required in section 4.

Notation3.1. Wedenote P = P(||U||H2.5+5, ||b||H2.5+5)al’ldSOP0 = P(||7)0||H2.5+5, ||b0||H2.5+6).

Lemma 3.2. Assume lemma 2.1 holds. Then the total pressure Q satisfies:
t
[01hevs < 2o+ P+ Pllloss) (Nalless + [ o). )
0
and its time derivative Q, satisfies:

t
10 lsss < Po+ P + P(l[oflpesss) <|Qo||Hz+é + [ IIQt||H2+6> L 62
0

Proof. Applying a”*0,, to the first equation of (1.8), we have:
a’®0,(a"0,0) = —a"*8,0,0, + a*“9,(bga"?d,bs) = —a"*0,004 + a8, (bl Ouba), (3.3)

where we have used (2.1).
Invoking the Piola’s identity (1.7), lemma 2.1 (8) and (2.2), we get:

_ayaaya[va = 6,ayaa,ﬂ)a,
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and

a”®0, (bhd,uba) = a”*0,bhd,bo + a”*blyd,0,bq
=a"*0,bl0,bs + b0, (a"*0,bs) — bl 0,a" D, by

=0
= a8, 0,by + b}y 0, 0pn,a” a0, b,
= a"“d,bly0,by + 95((bo - D)1y )a”"a?*d,by — Dbl D,mya”™ a’*0,b,
= a"*8,b}0,by + Opbra” a8, b, — O5bla’*d,b,.
Thus, the total pressure Q satisfies

08,0 = 0,a”® 8,0y + 0, (6" — ata’®)0,Q) + a"*d, b}y dbe + Dgba” a’®d,be — gblia’®d,,bq,

3.4
with the boundary conditions
1
0= Ecz onI'y, and a40,0ON® =0on Ty, (3.5)
where the second condition can be rewritten as
0,ON® = (6k — ak)0,ON® on T (3.6)
The standard elliptic estimate yields that
1Qlla+s < 10" Opva|p+s
—
Qi
+[[(6" — aha"*) 0,0\ pe+s + [ (08 — ab)0uON* | gis+s 1y
[e))
+ [la b Ouballanss + 195y @ bass + 1955ga™ Ouballrs . 37
Qs
Bounds for Q;: We have:

||8,a”°‘81,va|\H1+a 5 ||8,a”“|\H1+sH&,va|\H15+s
< Wallgeses[oless folleses < Clolusss [olass,  3-9)
where we used ||a||gis+s < [|7]|725+5 and the multiplicative Sobolev inequality

Wgllags S Wil llgllas+ss (3.9)

which is a direct consequence of (2.4) and the Sobolev embedding.

Bounds for Q,: Invoking lemma 2.1 (7) and (2.4), we have:
18" — aka"*)0,0llpeve S —a:a'[|r<|0,Qllwes + |1 — a:a” ||ges 0,01

1/2 1/2
S ellQlliess + (1 + [nlfers) | QI s 101
S ell@lla+s + P(nllzs+5) 1 Qllo+s

t
S elQlhoes + Pllalls) (1Qulhess + [ 100wsts) . 5 1
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and similarly

(5% — at)BuON lssary < I = a1 Qllsss + I — alless Qe
t

< ellQ@llsss + P(lnlsss) (||Q0||H2+5 + ||Q,||Hz+ads) 3D
0

Bounds for Qs: All the terms in Q can be controlled by C||b||g2s+5|bo||g2s+s + C||B||20545
via the multiplicative Sobolev inequality. We only write the first term and the others are treated
similarly.

a8, b0 ,ballin s S la”™ ses 1,05 Dyballes S Clbllpseslbollases. (3.12)

Summing up the bounds for Q-Q3, then absorbing the e-term to LHS, we conclude the esti-
mates of Q as:

t
||Q||H3+557’o+7’+1’(||77||n3+5)(||Q0||H2+5+ / ||Qz|Hz+ads). (3.13)
0

Now we start to prove the estimates of Q,. Taking time derivative of (3.4), we obtain:
0"0,0; = 0ya"*0,vo + 0,0V 0,0,v,
— 0,(8,a4a"*0,,0) — 0, (ak0,a"*90,,0) + 0, ((6*" — akal,)0,0;)
+ a/®0,bly0uba + "0, b 0,0,be + 0,(03b 0y bo)a” a"™ + 93b,0,(a”"a"*)0, b

— Ol aP8,0,bo — Dblial®d,by (3.14)
with the boundary conditions
0;=0 only,
0aON® = —0,a4,0,0ON“ + (8% — ah)0,Q,N* on T. (3.15)
By the elliptic estimate, we have:
1Qtllpr2s+s
S |\8,,a”a8,,va\|yo.s+a + |\8,a””81,8,va||;,os+s =+ Hf),aga”o‘f)uQHHl.sM =+ Ha’é@,a”aauQHHl.sH
(5 — alta)B,Qullrses + OO, ON s oy + (8 — a2)3u QN s 1
+ ||l 0, bl Oubal|osts + ||@” 0ubly0,0uba || gosts + ||0i(0pbyOyba)a”a’® || gos+s
+ Haﬁbﬂ,(a”aﬁ“)ayba||Ho,s+5
+ 18552 aP 8,8 bl posss + 1055l D b oss. (3.16)
First, since 0,0, = a£0,0 — bga"ﬁ 0ubo we have:
[orlleriss S 11BNz s+s lallsss + [1Qllmess lallpsss. 3.17)
Using this and the multiplicative Sobolev inequality
fgllmos+s S (1Flmos+s llgllms+s. (3.18)

the first two terms of (3.16) are treated as:
H@,,a”“&,va||yo.s+a + \|8,a”a61,8,va||yo.s+a
S llanllmos+s[[ollges+s + @[ ms+s [[0e|| grs+s

S olizases [0llms+s + Inllases [ollasrs ol s+s

t
5 P+ ||U||H2.5+5 (||Q0||H2+5 +/ ||Q[|H2+5ds> . (3.19)
0
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Second, invoking (3.9) and lemma 2.1 (7), the terms containing Q in (3.16) are treated as:
|01t a” 0, Q isss + ||k 0a"* Dy Qllisss + 11010, N [lra ey
+ 110" = agag) 0, Qillms+s + 165 — al)Ou@iN [l m+s(r)
S lallgises larllsss [Qlleses

+ llarllgsts | Qllests + 1T = a” < allses | Qillpests + 1T — allises ]| Qlless
t
S [[olles+s (IIQoIIHM +/ IIQtHHHadS) + €llQlls+s, (3.20)
0

which can be controlled appropriately by the RHS of (3.2) by plugging in the estimate (3.1).

Now it remains to control the terms containing b in (3.16) (the last 6 terms). In fact, all the
terms containing b can be controlled with the help of the multiplicative Sobolev inequality
(3.18). The terms not containing b, are easier to control:

a8, b Oubalmosrs + [105byD1(a" Y0 ), ballosss + |95bh @ Dyuballosss
S ||at||Ho.s+5 ||b0HH2.5+5 Hb||H2.5+5

+ lallms+s lallses [BlFases + Narllmmses 1bollas+s 1Bl pesss |l ss

<P. (3.21)

For the terms containing b,, we have to put H%3*9 norm on 9b, when we use the multiplica-
tive Sobolev inequality (3.18), because we only have b, € H'*?, This can be directly derived
by taking time derivative of 9,b,, = bga“ﬂ 0,0q = bl 0,04, which implies

odllmses S lollmses [Bollnses S bollmsss [ollssss.
Therefore,

||a”aayb6‘6,8#ba\|,,o.s+a + H@,(@gbwz‘?yba)a’”aﬁa||HoAs+5 + H@gbé{aﬁaaﬁubaHHo,m
S llallases 1ol soses 1Bellses + lallFuses 1Bl ses |[Bil|rses
<SPo+P. (3.22)

Summing these bounds up, and absorbing the e-term to LHS, we obtain:

t
1Qhesss S P+ P+ Pllolles) (1Qulhess + [ 10wss ). 23
0
which yields (3.2).
4. Tangential estimates

In this section, we establish the tangential energy estimate for the incompressible MHD
equations.

Notation 4.1. We define 0 = (I — A)'/2 where A = 97 + 92 to be the tangential differ-
ential operator.

Theorem 4.2. Let S = 9>510. Let E(1) = ||S0||%, + ||Sb||% + %"HaiSUQH%Z(FI). Then there
exists a T > 0 such that for each t € [0, T), the estimate

t t
E(I) SP()—I—/ P—i-/ P(||Q||H3+5,HQ,||H2.5+5,||’I7||H3+5)ds (4.1)
0 0
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holds.

We prove this theorem by estimating v and b separately.

4.1. Tangential estimates of v

First, we derive the tangential estimates of v.

LA 5oy (S0a)dy = / (S0°)(9,S00)dy
2dt Jq Q
—— [ (soS(at0,@)s + [ (56)(5(bsa" 3,5y
=1+ 4.2)
To control /, we have:
1= = [ (50°)(Stat0,0)ay
= [ (so)(a) 50,005~ | (50°) (302D, 00
11 12
- [ (86 15(010,0) ~ at(50,0)  (542)3, 01y
Q 4.3)
I
Control of I3: This is a direct consequence of the Kato—Ponce inequality (2.7), i.e.
I < ||Svll2(llag | wisl|0uQllwis+ss + llag lwrs+sa (|0, Qllwie)
< [olesss lalers Q) svs (“44)

S Nollsss 1155 1Q] .
Control of I;: We integrate 0, by parts to get:
I = 7/ Sv*ak (0,50)dy
Q

=/agS8uv°‘(SQ)dy+/ (S0)(a2,S0™)dS(To) — | (SQ )(aSv™N,)dS(T)
Q To T~

=0
— / S(ah0,v%)(SQ)dy — / (Sak)o,v*(SQ)dy — / [S(ak0,0%) — (Sak)d,v* — ak S0, v™](SQ)dy,

where the boundary integrals in the second line vanish since a} = a3 = 0 and v3 = 0 on Iy,

and 9Q = 9(c*/2) = 0 on I';. The last term in the third line is controlled using (2.7):

_ / 1S(a9,0%) — (Sat") 00" — at50,0°)(SQ)dy
Q

< (latllwisss110,0% lwns + lla lwrel|8,0% s 1Ol
SQlss lallss 0llmmses S 1Moo lml2sss [0l asrs. (4.6)

For the second term in the last line of (4.5), we need to integrate 1/2-tangential derivatives by
parts and then apply (2.4):
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- / Sa"9,v"SQdy = / 700" (500,0°)
Q Q
S llallzz+s ([1SQ|aos (|00 || oo + (SOl 15 |10, 0% [ woss)

S lnlses [ Qllss [0l ss.

“.7
Summing these up, we have:
I S il [1Qllas [0l s (4.8)
Control of I;: Let S, := —(I — A)**+09599,  Then one may decompose S as:
S = ((1 _ Z)1.25+0.55 o (I . Z)0.25+0.56) + (1 o Z)O.ZS+0.56
—_——
=50
= (1= A)P¥0(=8) + Sy 4.9)
2
=1 SuOn + So-
m=1

Plugging this decomposition and the identity (which is obtained by differentiating a : 9n = I)
Omal = —a950,m" a’ (4.10)
into I, we have:
2
-3 / (S0°) (SuOna)(0,Q)dy — / (S0™)Spal 9, Qdy
e’ Q

Ry

= Z/ (Sv*)Si(ak0s0mn" a )8 QOdy + R,
@.11)

= Z/Q(SU“><Smaaamn”>(a“a )9, 0dy

Iy
+/(50a)[5m(05355m77”a§) — (SnOp0nn")(ala})]0,0dy + Ry
Q

Here, R, is bounded by P(||9]|g25+5)||Q||g15]|0]| 25+ via the multiplicative Sobolev inequal-
ity, while the last term in the third line of (4.11) can be controlled by using Kato—Ponce
inequality (2.6) as:

/Q (S0™)[S(@“ DO — (SwDsDnn”) ("’ )]0,0dy

< (labag lwisll0gOmn” llwos+ss + 1050un” o labal llwis+ss) 8, Qo S0 .2

S lelss sl Qlesss ol PQlloso @lrsss ol

It remains to control Ip;. Writing zizlsmam =S — Sy, we have:

I = [ (50°) (801" ) ata2) (0,05 — [ (50°) (S0 aal) (0,004
4.13)
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It is easy to see the second term in (4.13) can be bounded by ||0|| g25+5 || Q]| g1.s P(||7]| g2-s+5 ) For
the first term, we integrate Jg by parts to obtain:

by = - /Q (85Sv*)(Sn")(alsal) (8, Q)dy — /Q (50)(Sn")(9pals)an(9,,Q)dy

b

= [ (o ata 30,00+ [ (S0 (50" )atal (0, QN50S(Th)

Ty

=0

+ /F (S0*)(Sn")a"al (0,Q)NsdS(T'y) +R,

bi>

< Lyt + 10al 1S s lall < [|10Q] < 10|22 + llallz 1Sl lall< 10*Qll s S|l 2
+ by + ||allzs |9 2s+s [|all < [|0Q] < | SOl 2
S b+ L+ P+ P(|Olws)s (4.14)

where the integral on I'y vanishes because N = (0,0, —1) and a3 = a3 = 0 on I',.
Now, we bound I5;; by the Kato—Ponce commutator estimate (2.7), because we want to
move the derivatives on v to a in order to control v.

b = —A(Saavaai)(aﬁSn”)(ﬁuQ)dy
= [ (@0)sa 500,000
+ [ (atsn0,0)(5(a3007) - (SaDay0" - alS@0 Ny, (415)
Q

The term on the second line of (4.15) is controlled by (2.4) after integrating 0.5 derivatives
by parts, i.e.

| @satais 0,000 = [ 8" s ato, 005070 aly

—=1/2 v o
< Nallaees |3 (S0” @ 0,0050%) |2
< llallgees (laSn]l [ 0000] i za + [[aSnll 2] 0000] 1)
< PUnllss) [0llgses | @l (4.16)

In addition, we apply (2.7) to the term on the third line of (4.15) and get:

[ (a5 9,0)[s(az050) - (Sa)os0" ~ aiS(@a0 )y
Q

< llalles11Snl 2 |0Q]| L (|allwis |00 grs+s + [lallwistss |00 wis)
S Pl as+s) [[0]| s +s | Q| p2s+s- 4.17)

Therefore,

L S P[0l a+o)[[0lles+s (| Ql 2s+s- (4.18)

Now we come to control I;,. We shall compute its time integral, which then allows us to
integrate 0, by parts to eliminate 0.5 more derivatives falling on v. Since N = (0,0, 1) and

0 = 1c* on T, we have aNg = a} and a!9,0 = a} 950, and so:
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t t
/mm://memww@@meMs
0 0 JIY

t

—5 | ) saa @:0as(r)
T \——

0
>0

t 1 1
- / a,aiaiSnaSn”adeS(Fl)dsfE / / aa’ Sy Sy’ 9;0,dS(T'})ds.
0 JI 0 JIy

(4.19)
Invoking the physical sign condition 9;Q < —¢g and Sobolev trace lemma, we have:
' €0 a vy, 3 3 !
bLippds < —— [ ($7)(Sn )auaads(rl)‘
0 2 Jr, 0
t
+/HmeWmew%N@mwm
0
t
b el Qs
0
€0
< —5||a30¢577a\|%2(r1)
t
+P(||UO||1~12-5+5, | b0||H2.5+5) +/ P(||T]||H3+5, |QHH2.5+5, Q,‘|H2.5+5)ds. (4.20)
0

Summing up (4.3), (4.8), (4.11), (4.14), (4.18) and (4.20), we obtain:

t t t
€0
[ 1685+ Slesi ey S Po+ [ P [ PGl

Control of J: Now we start to control J. We first plug the identity (2.1) into J, then write J to
be the sum of the highest order term and the commutator, which again can be controlled by
Kato—Ponce inequality (2.3)

7= [ (50°) (S0 0,00y = [ (So)(S(B0, o))

Oll+5, [ Qullg2ss)ds.— (4.21)

= / (S0™)b SO, bady + / SO [S(bDuba) — blSO,baS,ba]dy
Q Q

Ji
=154
ST olleses (106G [l 107 Ouballr + 1155 122 [|Ouballzo )
STy 0]l gzses |Bol | eses ||B]| s+ (4.22)

The term J; cannot be controlled directly, but it actually cancels with the highest order term
in the energy of b. We will see that in the next step.

4.2. Tangential estimates of b

We derive the tangential estimates of b in this subsection and then conclude the tangential
energy estimates. Taking the time derivative of % ||Sb\|z2 and invoking the identity (2.1) and
Kato—Ponce inequality (2.6), we have:
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1d

5 S IsBlZ: = / (Sba)S(bsa? 0, 0" )dy = / (Sba)S(b0,:0")dy
Q Q

_ / (Sba )bt (S9,,0%)dy + / Sba [S(B0,0%) — b (59,0%)]dy
Q Q

K,

4.23
S Ky + [[0llses [bo s 1Bl esss. *29)

Now we are able to see that J; cancels K;: Integrating 0, in J; + K| by parts, we have
L+ K = / (S0 )50, bady + / (Sbe )bl S0,,0"dy
Q Q
_ / 0,,(S0° Sba )bl dy
Q

_ / S0°Sby O,b dy + / S0°Sbe bsa®N,, dS(y) = 0.
div bp=0 B-N=0 .

Combining (4.2) and (4.21)—(4.24), we derive the tangential estimate as follows:

€0 «
159172 + [ISBl172 + 5HaiSn IZ2r))
t
5 P(||Z)()||H25+5, Hb0||H2‘5+5) + / P(\|77||H3+5, ||ZJHH2.5+5, ||bHHz.5+a, HQ||H3+6, HQtHH2.5+5)dS
0

1 1
SPo+ [ Pt [ PQIws 1@ sss. Il 4.25)
0 0 ’

which implies in (4.1). O

5. Closing the estimates

In this section we close our a priori estimate and prove the physical sign condition can be
propagated to a positive time if holds for the initial data.

5.1. The div-curl type estimates

H?3t9.estimate of v and b: In this subsection we do the div-curl type estimate of v and b to
derive the control of full H>>*+% norms. Although for Euler equations one can use the Cauchy
invariance to give linear estimates for curl v and div o, there is no such analogue for MHD
equations. Instead, inspired by Gu—Wang [14], we can derive the evolution equations of curl v
to control the curl v and curl b simultaneously thanks to the identity b = (bg - 9)n. Then we
apply the div-curl estimate to derive the control of full H>>*% norms of v and b.

The following notations will be adopted throughout:

Notation 5.1. Let X = (X ' X2, X3) be a vector field. We denote the ‘curl operator’ and the
‘div operator’ in the Eulerian coordinate by

(BaX)x = €xr@ad”70,X%, and A X = ah0,X",

respectively, where €. is the sign of the permutation (A7) € S;.
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Proposition 5.2. For sufficiently small T > 0, the following estimates hold:

t
HCllI‘lU||H1.5+5 + ||Clll'lb||H1.5+6 < €(||Z)HH2.5+5 + ||b||Hz.5+5) + Po +/ P;
0
HdiVU||H1.5+J + ||diVb||H1.5+5 < €(||UHH2.5+5 + ||b||H2.5+5), (5.1
whenever t € [0,T].

Proof. The divergence estimates are easy because A,v = 0 and A,b = 0, so:
(Idivo||gis+s = || Agv +(Ar — A) 0|l gpss S €0l gestss
~—~
=0
||div b||grs+s = || Aab +(A; — Ap)b||gis+s < €||b]|grs+s -
~—~
=0
The estimates for ||curl v||g1.5+s and ||curl b|| g1.5+s are more dedicate. Since

||CllI'1’0||H1.5+5 + ||Clll'1b||H1.5+5
< 1By — Ba)ollgises + 1B — Ba)bllsses + [1Batllrses + |1Babllossa
< €(||T)HH2.5+5 + ||bHH2.5+5) + ||BHUHH1.5+5 + ||BabHHl-5+5s 5.2)

and so it suffices to control ||B,v|| 15+ and || Bb||gis+5. As mentioned in the beginning of this
subsection, we will derive the evolution equation for B,v and B,b: Plugging bga“B = bfy and
bo = (b - 9)n in the first equation of (1.8), and then applying the curloperator B, on both
sides, we have:

(Bu00)x = (Ba((bo - 0)*n))a. (5.3)

Commuting 9, and by - O with B, on both sides of (5.3), we have:

D,(Ba0)x — (bo - 9)Ba((bo - D)n)x = exradia™ 8,0% + [Bas by - ) ((bo - a>n>€s' 4)

Taking 0'° 17 derivatives, and then commuting it with 9, and by - 0, respectively, we get
the evolution equation of B,v:

0,(0"T°B,v)x — (bo - 0)(8"FBy(bo - O)n)x = Fa, (5.5)
where
Fy = [0"7, by - 9](Ba(bo - D)) + 0" (exra0iah™ 8,0 + [Basbo - ) ((bo - O)1)r).  (5.6)

Taking the L? inner product of 8'°T°B,v and (5.5), we have:
1d

E&/ |8"5+5Bav\2dy—/8]'5+5Bav'(bgap)(al'er&Ba(bo'(9)77)(1)’:/F-8]'5+5Bavdy.
Q Q Q

1516



Nonlinearity 33 (2020) 1499 C Luo and J Zhang

Integrating 9, by parts in the second term on LHS, commuting (bg - 9) with 9'°+°B, and then
invoking 0,n = v, we have:
1d

1d / 10155802 + |95+ B, (by - O)nl2dy = / F - 0"558,0dy
24 g, o

B,

+ / 93 (B,(bo - O)n) - [0"+ By by - D]udy
0 (5.7)

B,

n / 81'5+5(Ba(bo . 8)77)’\8"”5(6,\7&8[61“73“ (bo - On™))dy,
Q

B3

where the boundary term vanishes since by - N = 0 on the boundary. The control of Bs is
straightforward by the multiplicative Sobolev inequality, say,

Ba S Iblnsssllallmsss lallmses S 181 Zesssllolmses [nlGases. — (5.8)

To control B,, it suffices to control ||[0' B, by - 3]v|| . We simplify the commutator term
as follows:

[0"F2By. by - 00 = €xra (0" (a0, (b5 0,0™)) — b§0,0" (a7 0,,0™))
= exra (00 (a"70,, (DY 0,0%)) — 8,0+ (b a™8,,0%))

Bai
+ exra (0,01 (b a"™9,0™) — by 0,01 (a7 0,,0™)) .

By

(5.9)
Invoking the Kato—Ponce commutator estimate (2.3), we can control By, as
18, 0"3F (b a"™ 8,04) — b 0,01 (a7 9,04 || 2
S Mbollzzs+s|a®” Opval|ee + [|0bollLo [T 0val|prs+s (5.10)

< Nbollests [0l pass 1|75

For B,;, we have
By = eAm(?I'SJF‘S(a“Ta,L(bga,,v“)) — 0y (bya"™0,v%)
ExradT? (a"70ubg 0, v™ + a"" by 0,,0,v" — by 0,a"" B,v* — bya""d,,0,v%)
= €y,00'10 (a‘”aubé)’&,va + bgaﬁaymawaﬂfauva) (5.11)
= ema‘ﬁ”(awaubgayva + 9p((bo - 8)177)51‘”5:/378”0‘* - 8gbgayn7a“7aﬁfc’)“v“),

=gby 1 aPTd, 00

where we used (4.10) to expand byd,a"7d,v" in the second line. Therefore, invoking
b = (by - O)n again, the L* norm of By can be controlled by the multiplicative Sobolev in-
equality:
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||Bz[ HLz S ||a/LT({9Mb58yva‘|Hl,5+é + ||8ﬂb7a"7aﬁ78Mva||H1.5+5 + \|85b6‘aﬁT8Hva||H1,s+a

(5.12)
S Pl s+ (lbollgps+s + [|bllgess ) [[0]l pos+s.

It remains to control By, specifically, we need to bound ||F||; given by (5.6). The first term
is controlled by using Kato—Ponce commutator estimate (2.3). Silimarly as in (5.9), we have

10", g - 8](Ba(bo - O)n)lz2 = |0"5+°0, (b Bab) — bod"**° 0, Bb|| 2
S 19bollzo< [|Bablls+5 + [|bolles+s || Babl| o

S PlInllzzs+a)[[boll2s+s [0l os+s.
(5.13)

For the commutator term in (5.6), we can proceed similarly as in (5.11) to get

1[Ba> bo - O1((bo - D)n)llgrs+s S Pl nllses ) [oll s+ [0l]poss (5.14)

The remaining term in F can be easily bounded by P(||n||g25+5)||bol| g25+5 ||0|| g2s+5 via the
multiplicative Sobolev inequality.
Combining (5.9), (5.10) and (5.12)—(5.14), we have

t
1Butllyises + |Bubllgnses < Po + [[bollgsss / P (5.15)
0

Therefore, invoking lemma 2.1 (7), then absorbing the e-term to LHS, we ends the proof
by:

||CllI'1 ’U||H1.5+5 + ||Clll'1 b||H1.5+5
<N/ (By = Ba)ollgsss + (B — Bbllgrsss + |Baolsss + | Babllses

t
S elloliesss + [bllnsis) + Po+ [ P.
0 (5.16)

O

Now we can derive the estimate of full H>3+9 derivative estimate of v and b. First applying
Hodge’s decomposition inequality, we get

[Ollzas+s S ol + leurd vl gses + |divollgses + 1(90) - Nllgary).- (5.17)

For the tangential term, we apply Sobolev trace lemma to get:

130 - Nllgssry S 18 03 lmosryy S 187 0032, (5.18)
where the last term in (5.18) can be expressed using the tangential derivative of v by:

0303 = divo — 01v; — hva = (Aj — Ag)v — 0101 — Dh0s. (5.19)
Hence,

S1.545 =254
19003 )|2 <1157 0|z + [[0] 505 + €][0|| 2545 (5.20)
Combining (5.2) and (5.20), and then absorbing €||v||z25+5 to the LHS, we have:

t
ol g2s+s < Po +/ P ds + [|Sv]| 2. (5.21)
0
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The estimate of ||b||z25+5 can be derived exactly in the same way as ||0||z25+5, SO we omit
the details.

t
b 25+0 57>o+/ P ds + ||Sb|| 2. (5.22)
0

In conclusion, we have proved

Theorem 5.3. The following estimates hold in a sufficiently short time interval [0, T):

t
||U||H2.5+5 + ||b||H2.5+5 <Py +/ P ds + HST)HLz + ||SbHL2. (5.23)
0

O

H3*9-estimate of 1: We derive the H3T? estimate for 7 via the standard div-curl estimate:

Il < lnllzz + llewrdnllgaes + [ldiv yllzees + [[(9n) - Nllgis+s o0)- (5.24)

The divergence part is easy to treat owing to the div-free condition A,v = 0, i.e. the
Eulerian divergence of v is identically zero.

ldiv || gz+s S ||div Onl|gi+s + [|div gl gi+s

5 ||Aaa7]HH1+6 + ||(A1 *Aa)anHH“ﬂ‘ + ||77||H2+5 (5.25)

t
S [1Aa0nles + €llnllms+s + [10(0)[|+s +/ [[0]] g2+
0

Now it remains to control A,97. We have:

t t
A0n(t) = A.0n(0) + / Ay, 0n + A,0v = divon(0) + / Ay, 0n + 0(A0) —Ap,v ds.
0 0 ey

Therefore, it can be controlled as

t
[AaOn(0)]|g+s < [|div On(0)|[1-+s +/ 146, 0nllin+s + |Agav]|+sds
0
t
S 11(0) [+ +/ arl|nses [nlle+s + llallpers 0]l pas+sds
0

t
< I (O)llsvs + / Il lollsesds. (5.26)
0

Summing up (5.25) and (5.26), then absorbing the e-term to LHS, we get the control of
divn:

t
Idivnlliers < [0(0)ss + / P(Inlss. [ollposss)ds. (5.27)
0
For the boundary estimate, we have:

1(0n) - Nllgsesryy SIS0 - Nz, + 110+ Nllgs+sry)
S HaiSvyo‘HU(Fl) +11(62, - “i)SnaHLZ(FI) + [7lp2+s

t

€0 o
S 7 llaisn IILzm)+6||77||H3+Hn(0)|\m+/0 0] 72-
(5.28)
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Here we remark that the term $||a],Sn®||;2(r,) is exactly the boundary energy term derived
from the physical sign condition in the tangential estimate.
It remains to control ||curl n|| g2+s, we start with
lcurln||g2+s < |[curl Onl|gi+s + ||curl ngi+s 599
< Badllss + 1B = B)Ollnss + eurt s 2

Recall that the ith component of B,dn (resp. (B; — B,)9n) is of the form eatd,,0n*
(resp. € (6 — at )@ﬁn"). So we apply the multiplicative Sobolev inequality (3.9) to get:
1(Br = Ba)Onlm+s < I — allgses [ nllz+s < ellnllgsss. (5.30)

In addition, using multiplicative Sobolev inequality, Young’s inequality and Jensen’s inequal-
ity, we have:

1BaOnllui+s S Nallmseslnllases S € nlliases + ellnlzars

B ! (5.31)
S € Hn(0)[[fases +e 1/0 [0lf25+5 + €llnll3 s
holds for sufficiently small ¢. Also,
t
[eurln(t)[[m+s S In(0)llr+s < [[7(0)[|prvs +/ [0l s (5.32)
0

and hence

t
leurl ] 2+5 S € P([[0(0)[|2s+s) + eP(|[1l] o5 ) + € / P([[v]lg2s+5).
(5.33)
Now summing up (5.27), (5.28) and (5.33), we get the H>*+9 estimates of 7.

Theorem 5.4. The following estimates hold in a sufficiently short time interval [0, T):

€0

t
@ 2HaiSna”Lz(Fl)+6_1P(”77(0)HH25+5)+6P(||77||H3+5)+6_1/0 P(|[v]|2s+2)-

(5.34)
0

[nllss S

5.2. Propagation of the physical sign condition

For the MHD system, we still need to show that the physical sign condition (1.12) can be
propagated to a positive time if it holds for the initial data, that is, —03Q|r, = €y > 0 holds in
a short time interval [0, T] for some €, provided —33Q|r, = €{ > 0 holds at # = 0 for some ¢j,.
We start with the following lemma:

Lemmab.5. LetT > 0befixed. Assume f : [0, T] x T'y — Rsatisfies f € L>=([0,T]; H'>(T';))
and 9,f € L®([0,T); H*S(T'))), then f € C%:([0,T] x I'y).

Proof. Since f € L>([0,T]; H'S(T'y)), wehave d,f, 05f € L>°([0, T]; H*>(T';)). By Sobolev
embedding and Holder’s inequality, we have

L>([0,T); H*3(T)) < L>=([0, T); L*(Ty)) < L*([0, T]; L*(T'y)) = L*([0,T] x T'y),
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which implies f € W!#([0,T] x T'). Finally, we use Morrey’s embedding W'#([0, T] x
I'y) < C%:(]0,T] x I') to conclude that f € C%3([0,T] x I'y). O

Recall we have shown that Q € L>([0, T]; H**°(Q)) and Q, € L>=([0, T]; H*3T(12)).
This, together with the trace lemma, gives 0;Q|r, € L°°([0,T);H'*(T;)) and
90|, € L*°([0, T); H*>(T'y)). Therefore, we are able to set f = 930 in lemma 5.5 to see
that 9;Q is 1/4-Holder continuous in [0, 7] x I';. Now, suppose —030|r, > € holds at t = 0
for some €, > 0, then there exists a €y > 0 such that —d;Q|r, > ¢ for all # € [0, T} if the
time T is chosen sufficiently small. This verifies that the physical sign condition (1.12) can be
propagated to a positive time, provided it holds at t = 0.

5.3. Gronwall type argument
Now we recall that

N(t) == [In(0) 755 + 0O |7pses + [16(0)[[7ps+s- (5.35)
From (4.1), (5.23) and (5.34), we have :

N(1) S eP(lIn(0)lls+s) + +P(N(0)) + P(N(1)) / P(N(s))ds
. 0 (5.36)
+ e P([7(0) [ses) + ¢! / 0(5) [ esss .

For fixed € < 1, recall that Q = T? x (0,€) and 7(0) = Id, one may choose € sufficiently
small so that e "' P(||(0)]|| 2545 ) < 1. Then by a Gronwall-type argument in [36] we conclude
that:

N() <1+ P(N(0)), when t€]0,T], (5.37)
for some T = T(N(0), €). O

6. The case of a general domain

In this section we show how to adapt the ideas used in the proof on theorem 1.1 to the case of
a general bounded domain with small volume. The physical situation we have in mind is that
of a conducting liquid droplet with sufficiently small volume. We shall adapt the idea used in
section 12 of [10] to our case. The goal of this section is to prove:

Theorem 6.1. Let Q C R3 be a bounded domain with smooth boundary T, and denote by n
the unit outward normal to T. Let (n,v, b) be the solution of

0vo — bpa'?d,by + at9,0 = 0 in [0, 7] x ;
Oby — bga“ﬁauva =0 in[0,7] x Q; 61
At 0,0% =0, ald,b® =0 in [0,7] x .1

v 2 1.2 v _
a” buby—c,Q—ic,aﬁb n,=0 onT,

and § € (0,0.5). Assume that v(0,-) = vy € H*>*°(Q) and b(0,-) = by € H*T9(Q) be di-
vergence free vector fields and at;(0)bgn, = 0 onT. Let
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N(t) = ()l + 100 [srs + 160 75 (6.2)

Then if diam(Q2) := € < 1/8, there exists a T > 0, depending only on N(0) and € such that
N(t) < P(N(0)) forall t € [0, T}, provided the physical sign condition
%Y

By im0 = 0> 0, onl (6.3)

holds.

Flatten the boundary: Let 2 C R?be a bounded domain with smooth boundary I" with diam-
eter 8¢ < 1. Given y € T, there exists r > 0, r < 4€ and a smooth function ¢ such that (after
a rigid motion and relabeling the coordinates if necessary) we have

QN B, (yo) = {y € B-(yo) : y3 = ¢(y1,y2) + 1}.

Now, we take coordinates that flatten the boundary near y,. To be more specific, there exists
R > 0 and a diffeomorphism

®: QN B, (yo) = Br(0,0,1)N{zz > 1}

such that ®(y1,y2,y3) = (y1,¥2,¥3 — ¢(¥1,y2)). Note that det(D®) =1, and so
det(D®') = 1. Denoting ¥ = &~ and ¢ = ¢!, we have

U(z1,22,23) = (21,22, 23 + ¥(21,22))-
Moreover, we must have R < 4€ since both ® and ¥ are volume-preserving diffeomorphisms.

The local Lagrangian map and the cut-off functions: Consider the Lagrangian map
n:Q— Q(r), and set 7 = n o U. Then §,57 = o ¥ = u o7, where u is the velocity of the
moving domain (¢). In view of this, if we introduce

b=uoi, b=Boi, a=[0]"", Q=0Qoi,

then these new variables verify the incompressible MHD equations in the domain
Bgr(0,0,1) N {zz > 1}. We thus use suitably chosen cut-off functions to produce local esti-
mate, passing to the global estimate by the standard gluing procedure. Let 6 be a smooth
cut-off function such that 0 < 8 < 1 with d =1 1in BR/S (0,0,1) and suppf C BR/4(O, 0,1).
Therefore, extending all quantities to be identically 0 outside Bg4(0,0,1) and since R < 4€, we
may consider the equations and variables defined on the reference domain € = T2 x (0,€).
This allows us to adapt the tangential energy estimates in section 4, but all integrands should
carry the cut-off function . Also, unlike section 4, no integral over the lower boundary I’y of
Q) is present since all variables vanish there in view of the way they have been extended.

The energy estimate: First, since 77(0, z) = (z1, 22,23 + ¥ (z1,22)), a direct computation yields
that at t = 0 we have

1 0 -0
a0)=[0 1 —ow
00 1

In the proof of theorem 1.1, for which ¢ = 0, we used a(0) — I = O, where O stands for the
zero matrix, to produce some small parameters (i.e. lemma 2.1 (7)) in the energy estimates.
We need 0v to be small in order to apply the same argument here. This can be achieved
since we may assume, without loss of generality, that 9¢(0,0) = 0, and so the smallness of
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[|0%]| 1o (ry can be achieved by the mean value theorem possibly after reducing €, provided
that 1) € H>>T9(T).
We now apply the energy estimates of section 4 with

S- =0, (6.4)

In order to simplify the exposition, we will omit tildes from all quantities and continue to label
7,0, b, a and g, which are only locally defined Lagrangian flow map, velocity, magnetic field,

cofactor matrix, and pressure, respectively. We start by differentiating [[Sv[[ ;2. i.e.

1d o B o
3 d Q(Sv )(Sva) = /Q(Sv )(0:Sv4,)
- [ sostazo,0 + [ (500,60
=:1+J.
To control 1, we have:
= — / 52.5—}—5 (gva)ngS-HS(eagauQ)
Q
— _ / 52.5+6 (eva)eag (52.5+6 [8;AQD _ / 52.5+§(90a)52.5+6 (9(15) (auQ)
Q Q
(6.6)

il b

= [ B 005 (000,0) - 0@ 10,0) — 75 (0 0,0).
Q

I

Control of /;: We integrate 0,, by parts to get

I = / 0at (5*3+°100,,0°)) (8>3 Q) — / (0> Q) (0atSv*N,,)dS(T'y) + R.
Q Iy

I

6.7)
Here and throughout, R contains error terms when the derivatives fall on 6, which can be
controlled by the RHS of (6.16). Now,

Ly = / 0 5(ak0,0™)(0**°Q) — / 0(Sat)d,,0" (9> Q)
Q N— Q

Lz

=0
_/ G[S(agalﬂ;a) _ (Sag)auva _ agsa‘uva](EZ‘S—MQ) )
z 6.8)

i3
1113 can be controlled using the Kato—Ponce inequality. To do this, however, each separated
term needs to be properly cut-off since the fractional derivatives destroy the compact support.
Let 6 be a smooth cut-off function such that 0 < 8 < 1 with supp§ C Bg/3(0,0,1) and =1
on supp 6. The construction of # allows us to introduce € without changing given expressions.

Notation 6.2. We shall use Cy to denote constants depend on ||| |3+s and ||0|| 3+ through-
out the rest of this section.
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Now, commutating @ through §>5+?

Iny S [10%77°[6(a460,0%)] — 00*°° (ali00,0%) | 21211600 Q|
+ (5P [0(at00,0%)] — 80 (0a)00,0 — 0akD>5+0(00,0°) 21000l (6.9)
The first line is bounded by

we get

1001 |1a6, 00,0 [ wis+s3/2 + 10| was+s/2 10600, 0% (| < Co|Oallgs+s] 100|254, (6.10)

and the second line is bounded by

(110t 53 160,0% [yss + (186 lyns 08,0° s+5) 165>+ 0]

< CollOQles 16alco 160l -5 @1y
Moreover, we integrate 1/2-tangential derivatives by parts and then /,1, becomes

/(2 7 [aag]éo's (00>51200,0%) + R (6.12)
where

|7 ag™ 07°5000,07) (6.13)

< ||0all s (|00*3T0 Q|5 ]|00, 0% || + |00*5T2 Q)| 15100, 0% ||woss) (6.14)

< Col|0al o5 10Q|| g5 |00 o5 (6.15)

Summing these up, we have

I < C9<||9a||Hz+a||9QHH3+5||§v||Hz.s+a n ||§Q||Hs+s||9a||%12+5||90||Hz.5+5>.
(6.16)
Control of 73: We have

I < [[0%74° (00) | 12]10%7° (00400, Q) — 0y (9*°[00,,0]) — 9>+ (0ak) (00,0)| 12

Ce, 6.17)

|9'0||H2.5+6 H961||H2+5 ||(9_QHH3+5.

Control of I,: First it is easy to check that the decomposition (4.9) remains valid, i.e. for any
smooth function u, we have

2
Su=">" SuOn(0u) + So(6u), (6.18)

m=1
where S-is defined as (6.4), and S,,,, Sy are defined in (4.9). Then the analysis of (4.11) suggests
that it suffices to consider the term associated to />, i.e.

2
n=Y / P40 (00 (S (0050t ) (a0 0, 0.
m=1
Writing 2,2,,21 SO = 02319 — 5. we have

L = /Q D3 (00*) 0> (005n” ) (alkall) 0,0 — /Q 032 (60)S0(00m" ) (alkal}) 0,0 + R,
(6.19)
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where the second term is controlled directly by Cg||00| g2s+s(|6al|?,515 (|00 s |00 g2s+s.
For the first term, we integrate dg by parts to obtain

By = = [ 2005607 @05 (atal) 0,0 — | B (00°) (@005l (ata?)0,0)
Q Q

7
I2ll

| P00 (@00 )alag (D, Q)NpdS(T) (6:20)
Iy

Bz
There is no problem to control the second term in the first line of (6.20) and 3, is controlled
analogous to Iy in section 4. For I}, we write

Ly = —/ﬁaﬁSa,gv“(a’;Sn”)auQ—k’R

— [ (sa2) 050" atsi)2,0 + [ [S(6050%)  (Sa) (@) ~ 00" (a2, 0.
Q Q
(6.21)
The first term can be treated similar to (6.12) by integrating 0.5-derivatives by parts. The
second term is equal to

70 0ao50) — 3 (002 00) — 0a20*5 050" al5)0,0
- / B[P (0050%) — 63259507 (b S ), 0.

Q
(6.22)

The first line can be controlled similar to (6.11), and since
||52.5+§ (gaﬁva) o 952.5+5aﬂva ”L2

_ (6.23)
S 1100 ) o [0lls+s + 102°H20]| 2|00 e < Col[v]lasss

so the second line can be bounded by Cy||0al|%, 5.5 [|0Q| s25+5 (|07 g2s+5 || 00| ps+5.

Control of J + $ 1||Sb||2,: This follows from the what has been done in section 4 except that
the cancellation (4.24) holds up to a term of type R, which can still be controlled appropriately.

After covering I" with finitely many balls, the procedure described above yields the tangen-
tial energy estimates near the I". We still need to cover the region of §2 not covered by these
balls. However, we have no problem to cover this region using finitely many balls with radius
r < 4€ and again reducing the tangential estimates to Q. In addition, there are no boundary
integrals on either I'y and T'y.

Finally, we need to show that the estimates in sections 3 and 5 are still valid in each local
coordinate patch. This follows from adapting the estimates in sections 3 and 5 to the MHD
equations after commuting 6, i.e.

9(004) — bpaB,,(0by) + a8, (0Q) = —bsat®(9,0)bs + a*(8,0)Q  in[0,T] x

d(0ba) — bgatbd,,(0vs) = —bgat?(9,0)v, in [0, T] x Q;(6 24)
atd,v* =0, atd,b* =0 in[0,7] x Q;
atb,b, =, Q = 1%, atb’N, =0 onT
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We can recover the equations for Q, Q,, B,v and B,b modulo error terms involving derivatives
land on 6, but these contribute only to lower order terms.
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