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Abstract

In this paper, we mainly study the population dynamics of a Lotka—Volterra
competition system from river ecology. One interesting feature in this model
concerns the boundary conditions at upstream and downstream ends, where
the species can be exposed to a net loss of individuals, as tuned by parameters
b, and b,; measuring the magnitude of the loss. We establish a complete
classification of all possible long time behaviors for this general model, and
as an application, we further present a clear picture on the global dynamics
by investigating a special case where two species are competing for the same
resource.
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1. Introduction
In this paper, we mainly investigate the population dynamics of the following general two-
species Lotka—Volterra competition-diffusion-advection system arising in river ecology:

uy = dytyy — aquy +u(r (x) —u—bv), 0<x<L,t>0,
Ve =dyviy — vy +v(na(x) —cu—v), 0<x<L,t>0,

diu(0,1) — cu(0,1) = b,oqu(0,1), >0,

dyuy(L,t) — aqu(L,t) = —bgoniu(L,t), t>0,

dovi(0,1) — av(0,1) = byanv(0,1), 1> 0, M
dyve(L, 1) — apv(L,t) = —bgonv(L,t), 1t >0,

u(x,0) = up(x) =,#0, 0<x<L,

v(x,0) = vo(x) >,# 0, 0<x<lL,

where u and v represent the population densities of two competing aquatic species living
in a river with constantly unidirectional water flow. The river is abstracted here by a one-
dimensional habitat denoted by an interval (0,L). Populations are taking certain diffusive
movement with rates dj,d, > 0 due to water turbulence or self-propelling, and also some
passive movement caused by unidirectional water flow with advection speeds a, ap > 0. The
functions ri(x) and r,(x) stand for the intrinsic growth rates or local carrying capacities, and
b, ¢ > 0 signify the inter-specific competition intensities. The parameters b,, by > 0 are used
to measure the loss rate of individuals at the upstream and downstream ends relative to the
flow rate, see [9].

Up to now, various special cases of system (1) have been widely investigated.

We begin with the spatially homogeneous case r; = r, = rp with ry being a positive con-
stant. If d| # da, a1 = an, Lou, Lutscher [9] and Lou, Zhou [12], respectively, discussed
b, =0,bg=1and b, =0,b; € [0,1), and they finally conclude that the competitor with
faster diffusion rate would displace the slower one, that is, faster diffusion will evolve, in
sharp contrast to the well-known ‘slower diffuser wins’ in non-advective case [4, 5]; while if
dy = dr, &y # ap and b, = by = 0, it was confirmed by Lou et al [10] that weak advection is
more beneficial for species to exclude its competitor; this conclusion was further extended to
general case with d; = dp, o # ap, b, =0, 0 < b; < +00 and spatially dependent resource
function; see [15, 21]. For differing movement rates, i.e. di # da, 1 # an, Zhou [18] firstly
treated b, = by = 0, and among other things, he found: (i) the strategy of faster diffusion
together with slower advection is always favorable, which can be seen as a generation of [10]
and [12]; (ii) the strategy of faster diffusion but with much stronger advection (relative to dif-
fusion) is always selected against; see also [20] for the generalization to b, = 0 and b; € (0, 1].

For the inhomogeneous case r; = r, := r(x), non-constant, system (1) is much more harder
to deal with. Lam, Lou and Lutscher [8] seems to be the first attempt to talk about the case
d\ # da, oy = ap and b, = by = 0, aiming at the existence and multiplicity of evolutionarily
stable strategies by using some limiting arguments (in the sense of both diffusion and advec-
tion rates are sufficiently small and comparable). Zhao and Zhou [17], focusing on the special
case di # dp, a1 =0 < an, b, = —1 and b, = 0, tried to reveal some different phenomena
after involving spatial variations. The general case d; # d,, oy # an, b, = 0 and b,y > 0, was
recently explored by Lou et al [11], where, by developing new techniques to overcome the dif-
ficult caused by non-self-adjoint operators, they obtained a deep understanding on the global
dynamics.

A recent important advance on a bit more general setting of system (1) is due to Zhou and
Xiao [19], where by assuming
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(Hl)j—f =g2:=k>0 (orequivalently 3! = G = k*);
(Hy)(b,c) €A :={(b,c) :b,c>0and b-c < 1}
(H3)r1(x), r2(x) € C™([0,L], RT) with some v € (0,1);

(Hy)b, = by = 0;

they classified completely all possible long time behaviors of system (1): either one of these
two species wins the final competition or both populations coexist eventually. Indeed, they
discussed it in higher spatial dimensions.

Motivated by the above work, in this paper, we aim to consider system (1) under the basic
hypotheses (H|)—(H3) but in a very general region for parameters b, and b, that is,

(Hy)  (bu»ba) € [0,00] x [0,00]\(0,0),

which includes various biological scenarios at the habitat ends, and also, may induce different
types of boundary conditions from the mathematical point of view. We explain this further by
taking b, as an example. Specifically,

(1) by = 0 means that there is no loss at the downstream end, which indicates that populations
cannot cross over the downstream end, and if we further have b, = 0, then one sees the
environment under consideration is closed [8, 18];

(2) by = 1 means that water flow will cause a hundred percent loss at the downstream end,
which can be applied to describe the scenario ‘stream to lake’ [9, 14] and biologically is
called ‘free-flow’ boundary condition (indeed, mathematically it matches the homoge-
neous Neumann type boundary condition);

(3) 0 < by < 1 indicates that at the downstream end there is a partial loss relative to the water
flow, and this seems to happen under certain artificial factors, e.g. at the interface of the
stream and lake, there is a fishnet set up by human beings, which may block a portion of
individuals to be washed out [20];

(4) by > 1 shows that both diffusive and advective movements will cause population loss at
the downstream end, which in turn reflects an unfavorable environment nearby x = L,
and mathematically, it gives rise to the Robin type boundary condition [9]; especially,
if by — oo, then formally we get the Dirichlet type boundary condition, which can be
used to model the situation ‘stream to ocean’ [13] (in the sequel, by b; = 0o, we mean
u(x,t) = v(x,t) = 0 at x = L; b, = oo can be understood similarly).

Since system (1) generates a monotone dynamical system, its dynamics will be largely
determined by its steady states and their stability. Clearly, system (1) always has a trivial
steady state (0, 0), and two possible semi-trivial steady states, which, in the sequel, are denoted
by (U, 01> 0) and (0, vy, o, -, ) TESpectively.

Let us introduce the following auxiliary linear eigenvalue problem

{d(bxx—a(bx-i-r(b—l—r(b:O, x € (0,L), 5
dy(0) — a(0) = byae(0), dey(L) — ad(L) = —baad(L), @

where d, a > 0 and r(x) € L*°(0, L). By the Krein—Rutman theorem [7], problem (2) admits a
principal eigenvalue, denoted in the sequel, by 71 (d, «, r), and its corresponding eigenfunction
¢1(d, «, r) can be chosen strictly positive in [0, L].

Let us define

I:=R" xRT xRt
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and

Yu={(d,on,k) €T : 7i(dr, 0,72 — Uty 0.ry) > 0, i€. (Ug,0,,,,0) islinearly stable};

L, i ={(d1,an,k) €T : 1(di, 1,11 — bVayayr,) > 0, ie. (0,V4y 0, islinearly stable};

Y {(dl,oq, ) el': n (dz,az,rg — cudl,al,rl) < 0 and 7 (dl,oq,rl — bvdz,az,rz) <0 ,

. both (ug, o,.,0) and (0, v, «, .-, ) are linearly unstable };

Eu,o {(d\,a1,k) €T : 7(da, 2,72 — ClUig, 0y.,) = 0, i.€. (Uay.0,.0,0) is neutrally stable};

Yoo :={(di,a1,k) €T : 7(dy, 1,71 — bva,ayr,) =0, i.e. (0,V4,.q,, isneutrally stable};

2030 = {(dl,oq,k) el': n (dl,al,rl - bvdz,az,rz) = Tl(dg,az,rz — cudl_ah,l) =0, i.e. both
(tay.0,.1150) and (0, vy, o,.r, ) are neutrally stable }.

||n>

In the sequel, we say that a steady state (U(x), V(x)) of system (1) is g.a.s (globally asymp-
totically stable) if for any given initial data (u(x), vo(x)) with ug(x), vo(x) =, % 0in [0, L], the
corresponding unique solution (u(x, 1), v(x, 7)) of system (1) satisfies

tl_i}r&(u(x, 1),v(x, 1)) = (U(x), V(x)) uniformlyfor x € [0,L],

in the standard C([0, L]) x C([0, L]) topology. Moreover, a compact set 4 C C([0,L]) x C([0,L])
is said to be a global attractor of system (1) if for any given initial data (uo(x), vo(x)) with
up(x),vo(x) =,# 01in [0, L], the corresponding unique solution (u(x, t), v(x, t)) of system (1)
satisfies

limd((u(x, 1),v(x, t)),ﬂl) =0 uniformlyfor x € [0,L],

t—ro0

where d(-,ﬁl) : C([0,L)) x C([0,L]) — R is defined by
d(m,ﬂ.) = iélg d(m,n), forany m e C([0,L])x C([0,L]).
n .
Here the metric d(-, -), again, is understood in the standard C([0, L]) x C([0, L]) topology.
We now state our main result as follows.
Theorem 1.1.  Assume that (H;)—(H3) and H, hold. Then, we have the following results:
(i) if i (dv, a1, ) 2 0 and 11 (dy, i, 12) = 0O, then (0,0) is g.a.s;
(@) if i (di,oq, 1) = 0 and 1y (da, 02, 12) < 0, then X, = T"and (0,v4, 0,.r,) IS g-0.5;
(i) if Ty (d1, a1, 1) < 0 and 7y (da, iz, 12) 2 0, then 3, =T and (ug, o, 1, 0) is g.a.s;
() if mi(di,a1,m1) < 0 and 11 (da, az, r2) < 0, then

I = (Eu U Eu,o \ 20,0) U (ZV U EV,O \ 20’0) UuX_u 20,0,
and the following statements are valid:
(iv.1) For all (dy, ay,k) € (5, U Xu0 \ Zoo0), (Uayarm,0) is g.a.s;
(iv.2) For all (dy, a1, k) € (5, U0\ Z00). (0, Vapar) is g.a.s;
(iv.3) For all (dy, o1, k) € X_, system (1) has a unique co-existence steady state that is
g.a.s;

(iv.4) For all (dy, a1, k) € X0, Uay o001 = bVay.orr, 1[0, L] and system (1) has a compact
global attractor consisting of a continuum of steady states

Ud, o,
{(euanns (1=0™22) g e f0.1]}
connecting the two semi-trivial steady states.
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Theorem 1.1 presents a complete classification of all possible long time behaviors of sys-
tem (1) under the conditions (H)—(H3) and Hj. Recall the fact that the sign of 7y (dy, aq, 1)
and 71 (dy, an, r2) will exactly determine the existence of (¢4, «,.r,,0) and (0, vy, o, ), TESPEC-
tively. Taking 7 (d,, 1, 71) as an example, the semi-trivial steady state (ug, o, ,0) exists if
and only if 71 (d;, 1, r;) < 0. Having this in mind, we obtain the following nice biological
explanations: theorem 1.1 (i) reveals that if both (uy, o, ,0) and (0, V4, a,., ) do not exist, that
is, both species u and v cannot survive without competition, then two populations definitely
will die out when competition is involved; Statement (i) suggests that if species v can persist
in the long run without competition while u cannot, then v takes an advantegeous position
during the competition and would displace species u eventually; A similar interpretation can
be seen from statement (iif). However, when both u and v can persist without competition,
statement (iv) indicates that the final competitive consequence becomes very complicated,
either one of these two competitors becomes the final winner (see (iv.1)—(iv.2)), or both of
them coexist eventually (see (iv.3)), or even the system is degenerate in the sense that there is
a compact global attractor consisting of a continuum of steady states (see (iv.4)).

As mentioned in [19], it is, in general, highly challenging to precisely describe the geomet-
ric property of the sets X, X, 0, 2y, 210, 20,0 and X _, as some of them may become empty in
certain circumstance. To investigate this issue further, we next turn to discuss the special case
r1(x) = r2(x) := r(x), that is,

u, = dittyy — aquy +u(r(x) —u—>bv), 0<x<L,t>0,
Ve =dpvee — vy +v(r(x) —cu—v), 0<x<L,t>0,
dyuy(0,1) — aqu(0,t) = b, u(0,1), t>0,
dvuy(L,t) — aqu(L,t) = —bgoqu(L,t), >0,

(

dyv,(0,1) — apv(0, 1) = b,av(0, 1), t>0, G)
dyvi(L, 1) — apv(L,t) = —bgapv(L,t), t>0,

u(x,0) = up(x) >,#0, 0<x<lL,

v(x,0) = vo(x) >,#0, 0<x<L.

For system (3), we obtain a more clear picture on the global dynamics by using &, b, ¢ as
variable parameters. See below.

Theorem 1.2. Assume that (H;)—(H;z) and Hy hold. The following statements are true:

(i) Ifk > 1, we have 11 (dy, a1, r) < 71(da, i, r) and

(i.1) if 7i(dy,a1,7) <0< 1i(dy, an,1), then for any (b,c) € (0,1] x (0,1], (ug,.0»0) is
g.a.s;

(i.2) if i (dy, a1, r) = O, then for any (b, c) € (0,1] x (0,1], (0,0) is g.a.s;

(i.3) if T1(d2, 2, 1) <O, there exists ¢* € (0,1) such that for any (b,c) € (0,1] x [c*, 1]
(tdy 01,7 0) is g.a.s, and for any (b, c) € (0, 1] x (0,c*), system (3) has a unique co-exist-
ence steady state that is g.a.s;

(ii) If k < 1, we have Ty (dy, a1, 1) > 71(da, ap, 7) and

(@i.1) if 11(da,an,r) <0< 1(dy,aq,r), then for any (b,c) € (0,1] x (0,1], (0,v4,.0,.r) s
g.a.s;

(ii.2) if 71 (d2, a2, ) = O, then for any (b, C) € (0,1] x (0,1], (0,0) is g.a.s;

(ii.3) if Ti(d1,an,r) <O, there exists b* € (0,1) such that for any (b,c) € [b*,1] x (0,1],
(0, Vay 00.r) I8 g-a.5, while for any (b,c) € (0,b*) x (0, 1], system (3) has a unique co-
existence steady state that is g.a.s;

(iii) If k = 1, we have 11(dy, a1, r) = 7y (dz, az, r) and

iii.1) if i (dy, aq,r) = 0, then for an 0,1] x (0,1}, (0,0) is g.a.s;

(éii.1) § y 8
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(iii.2) if 71 (d1, a1, 1) <O, then for any (b,c) € (0,1) x (0,1), system (3) has a unique co-
existence steady state that is g.a.s;

(#ii.3) if 71 (dy, a1, ¥) < O, then for any (b,c) € {1} x (0,1), (0,Vay.0.r) is g-a.8;

(iii.4) if 7 (dy, a1, ¥) < O, then for any (b,c) € (0,1) x {1}, (44, .0,.r,0) is g.a.s;

(#ii.5) if i (dy, 1, 7) < 0 and b = ¢ = 1, then system (3) has a compact global attractor con-
sisting of a continuum of steady states

{(gudl,al,rl’ (1 - Q)Mdl,al,rl) NS [0, 1]} .

We make some biological interpretations for theorem 1.2. For statement (i) above, clearly
the situation in (i.1) and (i.2) can be understood biologically in a similar way to that of theo-
rem 1.1 (i)-(iii), while for the case that both u and v can survive without competition, (i.3)
above shows that species u has relatively more competitive advantages in the sense that either
it wipes out v completely in the final or coexists with v eventually depending on whether the
inter-specific competition intensity ¢ € (0, 1] crosses over a critical number ¢* € (0, 1). To
understand this phenomenon, we first explain two special cases: (1) c=1 and (2) ¢ =0. If
¢ = 1, from the reaction terms one sees that « is superior since the inter-specific competition
intensity b is less than 1, and also, from the movement terms one finds that v is inferior as it
has stronger advective movement (k > 1) which is negative (as such movements always drive
individuals to the downstream end x = L where there is a net loss of populations measured by
by), so finally species u is the winner. If ¢ = 0, the equation of v is decoupled from that of u,
and for this case, it is not difficult to prove that two species will coexist eventually at the steady
state (#*, vy, a,.r), Where u* is the unique positive solution of

0 = dyuyy — oty + u(r(x) —bvga,r —u), 0<x<L,
dyu,(0) — aju(0) = b,aqu(0),
dyuy(L) — ayu(L) = —bgoqu(L).

(We note here that the existence of u* is equivalent to 7 (dy, a1, ¥ — bvg,.a,,) < 0, which can
be established by using 71 (d2, 02, ¥ — Vagy.a,,) = 0,k > 1, b < 1 and lemma 3.1. The unique-
ness of u* is standard.) Based on the results of (1) and (2), it then seems natural to expect the
critical value of ¢* which connects these two different competitive consequences. Statement
(ii) can be understood in a symmetric manner to (i). For statement (iif), (iii.1) is easy to see;
(iii.2) shows that two weakly competing species (b, ¢ € (0, 1)) will coexist finally if they take
the same movement and growth rate; (iii.3)—(iii.4) suggest that if one species takes a slightly
strong competition ability, then it will be dominated provided the rest biological traits of
two populations are identical; (iii.5) indicates that two populations cannot be distinguished if
everything of them is the same.

As we see from theorem 1.2, the global dynamics of system (3) depends heavily on the sign
of 71 (dy, a1, r) and 71 (d, az, r). To exactly determine the sign of 71 (dy, ay, r) and 71 (da, aa, 1),
we find a feasible way by fixing k* > 0 (recall k* is given in (H)) and changing the diffusion
rates dy, d», and then obtain the following result on system (3).

Theorem 1.3. Assume that (H;)—(H3) and H, hold. Fix k* > 0. Then there exists
0 < d* < 400 such that

(i) ifdi,dy = d*, then (0,0) is g.a.s;
(ii) if dy = d* > dy, then (0, vy, gyi= r) IS g.0.S;
(iii) if dy = d* > dj, then (ug, gk~ r,0) is g.a.s;
(iv) if dy,dy < d*, then we have the following results:
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(iv.1) if di < do, then there exists c¢* € (0,1) such that for any (b,c) € (0,1] x [¢*, 1]
(tay.a,.r,0) is g.a.s; while if (b, c) € (0,1] x (0, c*), system (3) has a unique co-exist-
ence steady state which is g.a.s.
(iv.2) if dy < d), then there exists b* € (0, 1) such that for any (b,c) € [b*, 1] x (0,1],
(0, Vay 0p.r) s g-a1.5; while if (b, ¢) € (0,b*) x (0, 1], system (3) has a unique co-exist-
ence steady state which is g.a.s.
(iv.3) if di = dy, then the following statements are true:
(iv.3.1) forany (b,c) € (0,1) x (0, 1), system (3) has a unique co-existence steady state that
is g.a.s;
(iv.3.2) forany (b,c) € {1} x (0,1), (0,V4,.0,.r) IS g-Q.S;
(iv.3.3) forany (b,c) € (0,1) x {1}, (tg,.q,.,,0) is g.a.s;
(iv.3.4) if b =c =1, then system (3) has a compact global attractor consisting of a con-
tinuum of steady states

{(gudl,al,rl’ (1 - Q)Mdl,al,rl) NS [0, 1]} .

Biologically, theorem 1.3 (i)-(iii) suggest that if the advection is proportional to the diffu-
sion at the same level for two populations (d [ty — k*uy]and d; [vy, — k*v,)), then species with
sufficiently large diffusive movement will never win the competition. This is not surprising
because combining lemma 3.1(2) and the limiting behaviors in lemmas 3.2-3.4 together, one
immediately finds that large diffusion is harmful for the survival of single species, and thus
for two-species competition. Theorem 1.3 (iv) can be understood similarly to the counterpart
in theorem 1.2 (i.3), (ii.3) and (iii.2)—(iii.5).

The rest of this paper is organized as follows. In section 2 below, we establish theorem 1.1.
Then in section 3, we prove theorems 1.2 and 1.3. Finally, we include a short discussion in
section 4.

2. Proof of theorem 1.1

To verify theorem 1.1, according to the theory of monotone dynamical systems [6, proposition
9.1, theorem 9.2], we need to make an estimate on the linear stability of coexistence steady
states.

Suppose that (u, v) is a coexistence steady state of system (1), that is,

ditye — aquy +u(r(x) —u—>bv) =0, 0<x<L

dyvey — vy +v(r(x) —cu—v) =0, 0<x<L

dyu,(0) — aju(0) = b,aqu(0), dvy(0) — apv(0) = byav(0),
dyuy(L) — cqu(L) = —bgoiu(L), davi(L) — apv(L) = —bganv(L).

“

Linearizing system (4) at (u, v), we obtain the following linear eigenvalue problem

dipye — a1 + d(r1(x) —u—bv) —u(p+ b)) + Mo =0, 0 <x < L,t >0,
Ayt — athy + (ra(x) —cu—v) —v(co + ) + Mp =0, 0 < x < L,t > 0,
dﬂ/Jx(O) - 0611/)(0) = bual¢(0)’ d2¢x(0) - O‘Z'(/}(O) = buaﬂ/)(o),

dio(L) — a1 (L) = —baa1¢(L), daipe(L) — cntp(L) = —bacaip(L).

(%)
Using the Krein—Rutman theorem [7] again, one sees that problem (5) admits a principal
eigenvalue, denoted in the sequel by Ay, and its corresponding eigenfunctions (¢, 1) satisfying
¢ >0>1¢in (0,L).
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We now display a key lemma regarding the linear stability of any coexistence steady state,
which plays an extremely important role in proving theorem 1.1.

Lemma 2.1.  Assume that (H;)—(H3) and Hy hold. Then for any (dy, a1, k) € T'\ o, every
coexistence steady state of system (1), if it exists, is linearly stable.

Proof. It suffices to show that A\; > 0 when (d|, ay,k) € T'\3o. We employ some idea
from [19] to give this proof.

Multiplying the first equation in (5) by u and the first equation in (4) by ¢, and then sub-
tracting the resulting equations, one finds

(dld)xx - a1¢x)u - (dluxx - Oélux)¢ - M2(¢ + b"/}) + Ajgu =0. (6)
Multiplying (6) by %Ze*%lx and integrating over (0, L), one attains
t ¢* oy t (AT
/ (dmbx — (11¢))fo 4 7dx — / (d]uxx — Oé]lztx)ﬁe 47 dx
/¢ 6+ buje ™5 dx+A1/ Seiar =0, ™

Set

L ¢2 _ar, L ¢3 I
I = / (digx —aup)y—e D dx and L= [ (diuy — aqu)y-—5e 4 dx.
0 u 0 u

By integration by parts and boundary conditions, one can calculate

3L e 3 L 3 o,
I, = —deé]¢ ( )e dl]L—bua]¢ (0) +/ ﬂd)*(dl% _al)e 4 dx
0

u(L) u(0) di u ¢
Gx ¢3 ¢x U —TFx
*/0 (d1g —ai)— » (2 ) ;)e iy, ®)

and

3(L) _e1 3(0 L 3 n T
L= —bdoqme ak _bual¢ ©) +/ ﬂ(ﬂ(dluf —ap)e T dx
u 0

(L) u(0) diou " 'u
- OLf(d]’;"— 1)(3%—2%)&%’"@ ©)

It follows from (8) and (9) that
11—12:—2011/0L(i3(”x “;‘)2 e iy, (10)

which, together with (7), gives

3 ay L a
)\,/ P o~ gy = /201,@ ﬂfi‘) dex+/ (6 + bu)e Fdx
0 0
(1D
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Following the same idea as above, one can use the equations v and 1 satisfy to derive

3 @ L @
Al/ Yo%y = / 2, "‘ﬂ E—%)ze*@xdw/ A ch +P)e” % dr.
0

(12)
Multiplying (11) by ¢* and subtracting (12) by the resulting equations, one finds
Loogd _ay P e L _a
T
0
3 L 3 o
/ 2, AL (M Pryp ‘Txdx—/ 2P (¥ _ Yrype—ag,
0 u-u ¢ 0 vy (13)

20’

where we have used ' = 32, bc < 1and ¢ > 0 > ¢ in (0,L). So, Ay > 0.
It remains to exclude A\; = 0 under the given conditions. By (13), we know that A; = 0 if
and only if

bczl,&:@ E %and¢—c¢

u ¢ v
which implies

U, v
bc=1 and — = -2,
u v

The above second condition further yields
u = pv for some constant p > 0. (14)
By applying (14) to the equations of (u,v), one can derive from the uniqueness of positive
steady state of the single species problem that
b
(I+ ;)“ =g, and  (1+cp)v =V aum,

dla]r

which, in view of bc = 1, gives = b. This in turn shows
h.ap.r

Ti(da, a2, 12 — C“dl,al,rl) = 71(d2, 02,72 = Vapapr,) = 0

and

Ti(d1, o1, 11— bVayanr,) = Ti(dr, a1, 11— Uy 00n) = 0,
contradicting our assumption. Thus, A; > 0. O

Remark 2.1. We note here that when b, or b, equals infinity, that is, the Dirichlet boundary
condition holds, the above proof still works. Indeed, one should keep in mind

/ /
;|x:0,L = ?|x:0,L and ;|x:0,L = 7|x:0,L7

where we have used the Hopf boundary lemma.
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We next give the proof of theorem 1.1 as follows.

Proof. In statement (i), both semi-trivial steady states do not exist; in statement (ii), only
(0, Va0, ) €Xists; and in statement (i), only (¢4, o, ., 0) exists. The dynamics in these three
statements can be obtained by using the standard upper and lower solution method; see [21,
lemma 5.1].

Statement (iv) holds mainly due to the estimate in lemma 2.1. Since the rest proof is quite
similar to [19, theorem 1.2], we omit the details here. |

3. Proof of theorems 1.2 and 1.3

Recall 71 (d, a, r) for problem (2). By the variational approach, if 0 < b,, b, < 0o, then

fOL(dz/)xe%x — rp?edi¥)dx + byaet P2(L) + b,a1p?(0)
1n I = 5
0AYEH! (OL) Jo et yrdx

n(d,a,r) =

if b, = by = oo, then

L o a
d 2.%x 2.%x dx
ri(d,a,r) = inf fo( wxeLda riead®)
Yes fo ed¥)2dx
where S := {¢ € H'(0,L)|$(0) = ¢(L) = 0,¢ # 0}; if b, = oo and 0 < by < oo, then

rdonr) = in (VR = et + biae¥yA(L)
1 s ’ -

_ : 15
WES foL edxy2dx (15)
where S; := {¢ € H'(0,L)|$(0) = 0,¢ # 0}; and if 0 < b, < co and by = oo, then

L a a
dy?ed* — rp2ea®)dx + b,a?(0
71(d, 0, r) = inf fo( e Zwed LALLA0
YES: Jo e eprdx

s

where S; := {¢ € H'(0,L)|¢(L) = 0, ¢ # 0}. Then the following result is standard.

Lemma3.1. Assume thatd,a > 0,0 < b, by < 00, |b,| + |ba| # 0 and m(x) € L>([0, L)).

Then the following statements on 11(d, ., m) are true:

(1) 71(d, oo, m) is strictly decreasing in the weight function m(x) in the L™ sense, that is, if
my(x) <, % my(x) in[0, L], then Ty (d, o, my) > 71(d, o, my);
(2)if B > 1, then 7'1(%, g.m) < 7i(d, 0, m) < 71(Bd, Ba, m).

Proof. The proof of statement (1) is standard; see, e.g. [1-3].

We next verify statement (2). Without loss of generality, we assume that b, = oo and
0 < b; < 00. By the Krein—Rutman theorem [7], problem (2) admits a principal eigen-pair
(11(Bd, Ba,m), 1 (Bd, B, m)), where ¥, (5d, Ba, m) € Sy can be chosen strictly positive on
(0, L]. For simplify, we denote v (8d, Sc, m) by 1. Clearly, (11(8d, fa, m), 1) satisfies
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JHBR e — myte ) dx + byBae T pR(L)

T(Bd, Bo, m) fOL e pdx
(@ o5 — muted )+ baaeFUR(L)
et
> inf foL(d%%e%" — myPeT)dx + byae Ty (L)
> ot i eryprdx

=711(d, o, m),

where we have used d, « > 0, b4 > 0, 5 > 1, ¢ is not a constant on [0, L], and the variational
approach (15). Similarly, one can obtain 7 (%, %, m) < 71(d, @, m). This completes the proof.

O

We now are ready to verify theorem 1.2.

Proof. Since the proofs are similar, we only prove case (i).

By the assumption, k& > 1, that is, d» > di. By lemma 3.1, we have 7((d,a;,7) <
71(da, a2, 7). Then (i.1) and (i.2) are the direct results of theorem 1.1. For (i.3), we have
Ti(dy, a1, 1) < 1i(da, az,7) <0, that iS ug, o, and Vg, a,, exist. Now, we will show that
(0, Vay,r.r) 18 linearly unstable. It suffices to show that 7 (dy, ay, ¥ — bvy, a,,) < 0. Actually,
by lemma 3.1, we have

Ti(di, 01,7 — bvaya,r) < Ti(d1, 00,7 = Vayan ) < Ti(da, 2, F — Vg 0,r) =0,

where we used 0 < b < 1, d, > d,, the equation of v, «,, and vy, o, , > 0in (0,L).

Next, we consider the stability of (ug,.q,r0). It suffices to consider the sign of
71(dik, ark, r — cug, o, ). Since 11(dy, a1, 7) < 0, by lemma 3.1 and theorem 1.1, it suffices
to show that 7 (dik, ank, r — ug, «,,) > 0. Indeed, by lemma 3.1, we have

Ti(dik, ok, 1 — g, o, r) > T1(d1, 1,7 — Ug ) =0,

where, we used k > 1 and the equation of ug, , . [l
To prove theorem 1.3, we need the following lemmas.

Lemma 3.2. For any given d,L,k >0, 0 < by < 400, 0 < b, < 400 and r(x) >0 in
(0,L), we have

(i) ‘liim T1(d,dk,r) < 0;
(i) dl?m 71(d, dk, r) = +o00.
—00

Proof. By variational representation, choosing 1 as a test function, we have

bl

L akx
e dx
lim m (d,dk, ) < —30 "%
d—0 fo ekxdx

where we have used » > 0 in (0, L).
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On the other hand, by a transformation ¢ = e***¢), where € is a positive number to be de-
termined later, we have

badkek 2 (L) + b,dky(0) + [y (dy2ed — ryp?e)dx

7i(d,dk,r) = inf .
0#£p€eH'(0,L) fo ek"lﬁzdx
. {bddke(l—zf)kLQOZ(L) + bydkp?(0) — foL ree(1-20kx
= m
0#£0EH (0.L) foL e(1-20)ke 2y

. fOL[d@)% 4 d€2k2§02 _ €dk(¢2)x]e(l—25)kxdx}
foL e(1-20)ke 52y
o {bddke(l_ze)kLSOZ(L) + b dkp?(0) + [T[dg? + dek2p?el! 2 Mkxdx
foL e(1-20ke ,2qx
edkp?(L)el 2K — edkip?(0) + [ rgel! =2k dx
foL e(1-20ks p2qx
L el =204k IS (pze(l—ze)k"dx}
foL e(1-200ke 24y
= inf { (ba — €)dke(! 29K G2 (L) + [*dpZe(=29Mdx + (b, + €)dkp?*(0)
okpeh foL e(1-20kv 2y
N e(1 — €)dk? foL re(1-20)kxqy foL rtpze(lfh)kxdx}
foL e(1-20)ke 2y
>e(l — e)dk2 - ||’”||L°c(0,L),

0#£pEH! (0.L)

0#£pEH! (0,1)

(16)
provided 0 < € < min{b,, 1}. Letd — +o0, part (ii) follows directly from the above inequal-
ity. O

Lemma 3.3. For any given d,L,k >0, b, =0, 0 < b, < +00 and r(x) > 0 in (0,L), we
obtain

(i) lim 7, (d, dk, r) < 05

L d=0

(ii) lim 7(d,dk,r) = 400
d—+oo

Proof. The proof is similar to that of lemma 3.2, and thus is omitted. O

Lemma3.4. Forany givend,L,k > 0andr € C*7([0,L], RT), if one of the following cas-
es holds: case (1) b, = by = +0o0; case (2) b, = +00 and 0 < by < +o¢; case (3) by = +00
and 0 < b, < +o0; then, one obtains

(i) limy_,o 71 (d, dk, r) <0y
(ll) 1imd*>+oo T1 (d, dk, r) = +4o00.

Proof. Since the proofs of these cases are similar, we only consider case (2), i.e. b, = +00
and 0 < by < +oo.
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Choosing x as a text function and recalling (15), one attains that limy_,o 71 (d, dk,7) < 0,
which finishes (7). For (if), one can continue to use the idea in lemma 3.2 (ii) (with easy modi-
fications) to establish the desired result. [l

Finally, we establish theorem 1.3.

Proof. Based on theorem 1.2 and (5—1‘ = ‘;‘—22 = k*, it suffices to consider the signs of
71(d1,d1k*, r) and 71 (da, dok™, r). By lemma 3.1 (2), we know that 7 (d, dk*, r) is strictly in-

creasing about d. Then it suffices to show that

lim 7 (d,dk™,r) <0
d—0

and
lim 7(d,dk*,r) >0
d—~+oo
which are immediately derived from lemmas 3.2-3.4. O

4. Discussion

In this paper, we primarily studied the population dynamics of a general model from river
ecology as shown in system (1), where an interesting feature of the system structure lies in
two parameters b, and b, appearing in the boundary conditions, which are used to measure
the loss rates of individuals at the upstream and downstream ends, respectively. These two
parameters, beside obviously important biological interpretations, also play a significant role
in mathematics, as different values of them may yield different types of boundary conditions,
including the standard Neumann, Robin and Dirichlet types.

For this general model, our first contribution is to establish a complete classification of all
possible long time dynamical behaviors under certain mild conditions on system parameters;
see theorem 1.1. This result provides a first angle to understand the global dynamics of system
(1), and more importantly, it implies that the global dynamics could be determined by the
local dynamics. Resting on this, we then further apply theorem 1.1 to discuss a special situ-
ation where two species are competing for the same resource. By regarding k or k¥, b, ¢ and
diffusion rates as variable parameters, we obtain a more clear picture on the global dynamics
of system (3); see theorems 1.2 and 1.3.

Although in the current work we have made some progress in understanding the general
system (1), there are several important problems that are unsolved and deserve further invest-
igation. The first one concerns the technical condition (H), which, biologically means that the
movement rates of diffusion and advection for two competitors are proportional. It is inter-
esting to explore to what extent this condition can be relaxed; see also [19]. The second one
refers to the local stability of semi-trivial steady states, which, currently is well understood
in the case of identical growth rate. What about the case of differing growth rates? Lastly, we
should point out that even the existence of semi-trivial steady states is non-trivial in general
due to the appearance of parameters b, and b,. For the homogeneous case, that is, the growth
function is a constant, recently we made some new insights to this issue in [16]; but for general
functions especially those that are admitted to change sign in the domain (0, L), it is far from
being completely understood. We leave these interesting and challenging problems for future
exploration.
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