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Abstract
Molecular frame photoelectron angular distributions (MFPADs) are theoretically studied by
intense two-color attosecond linearly polarized laser pulses. Simulations are performed on aligned

+H2 from numerical solutions of corresponding time-dependent Schrödinger equations.
Asymmetric MFPADs are produced by a time-delayed soft x-ray attosecond pulse in the presence
of an extreme ultraviolet (XUV) pump pulse. We present the dependence of the asymmetry ratio
Γ of the MFPADs on the laser parameters of the pump-probe pulses. The asymmetry ratio Γ

varies with the time delay, illustrating the coherent superposition of electronic states. Altering the
phase, intensity and duration of the pump pulse gives rise to a modulation of the asymmetry ratio
Γ as well. Moreover, the asymmetry of the MFPADs disappears in the case of long duration probe
pulses, illustrating the coherent charge migration dynamics on the attosecond time scale.
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1. Introduction

Following rapid developments of ultrafast laser technology,
visualization and manipulation of electron motion in atomic
and molecular systems on its natural time scale, the attose-
cond (1 as=10−18 s), has attracted great interest in the field
of ultrafast science [1–5]. Recently, the shortest attosecond
pulse with a duration of 43 as pulse has been produced [6].
Time-resolved photoelectron spectroscopy based pump-probe
techniques has been widely used as an efficient tool for
investigations of electron and nuclear dynamics in molecular
systems [7–13]. A coherent transition between ground and

excited states of targets is initiated by an ultrashort pump laser
pulse, and subsequently its evolution with time is monitored
by a time delayed probe pulse. Electrons have a great
potential for probing the time-resolved transient structure of
matter via ultrashort photoelectron spectroscopy. One can
now envisage the emergence of laser-induced electron inter-
ference and diffraction as efficient methods for orbital ima-
ging [14–22]. In long wavelength tunnelling photoionization
processes, the interference between different electron trajec-
tories originating within the same or different cycles gives rise
to various interferometric structures, which have recently
been observed in photoelectron momentum spectra by a time-
resolved photoelectron holography technique [23, 24].
Recently, laser-induced electron diffraction has been used to
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image Renner–Teller nonadiabatic vibronic dynamics in
neutral molecular systems within picometer and attosecond
resolutions [25].

Interference asymmetry of photoionization accessed
coherently through multiple excitation pathways has acquired
increasing relevance for photophysics and photochemistry
triggered by bichromatic laser pulses. It has been shown that
angular distributions of excitation and dissociation products
in molecules can be controlled directly by varying pulse
relative phases, e.g. in [26, 27, 28]. Measuring photoelectron
angular and energy distributions has been used to monitor
electron dynamics in coherent electron wave packets
(CEWPs), thus revealing the effects of multi-pathway
quantum interference [29, 30]. It has also been found that
with high-frequency UV light, the asymmetry in angular
distributions of molecular above-threshold ionization, due to
multiple ionization pathway interference, is critically sensitive
to the pulse carrier envelope phase (CEP), the time delay
between pulses, and photoelectron kinetic energies [31]. The
influence of photon energies and CEPs in atomic resonant
ionization processes has also been presented [32]. Under
resonant excitation, the interference asymmetry is also shown
to be sensitive to pulse intensities [33]. Interference effects
among ion rotational channels during photoionization have
been exploited to control the asymmetry of photoelectron
angular distributions at specific photoelectron energies [34].
In addition, interference effects of electronic states on vibra-
tionally resolved photoionization in molecules have been
studied [35, 36]. Two time-delayed, circularly polarized
attosecond UV pulses of the same frequency produce spiral
electron vortices in atomic photoionization momentum dis-
tributions [37, 38, 39, 40, 41]. It is found that the vortex
patterns can only be observed for two oppositely handed, i.e.,
counter-rotating, circularly polarized fields and are absent for
the same helicity (co-rotating pulses). However, by using
bichromatic circularly polarized pulses, such a spiral structure
can be produced in molecular frame photoelectron momen-
tum distributions (MFPMDs) for both co-rotating and coun-
ter-rotation cases [42–44]. Time-resolved asymmetric
photoelectron distributions have recently been used to explore
electron coherence in molecular resonant excitation processes
[45, 46]. Analytical and numerical study of the attosecond
x-ray photoionization of a coherent superposition of mole-
cular electronic states shows that asymmetric photoelectron
momentum distributions measure the momentum asymmetry
of initial wave packets due to molecular interference, and thus
are related to the direction of charge migration [47].

The process of ultrafast coherent excitation is a funda-
mental and important phenomenon in photon-induced mole-
cular reactions [48–65]. It arises from coherent population
excitation in multiple electronic states, thus offering an
approach to imaging molecular orbitals and monitoring
electron motion. Recently, studies showed that quantum
control of electron flux during intramolecular charge migra-
tion can be produced by designing an ultrafast laser pulse that
prepares the system in a selective electronic state [66–68]. It
has been also found that electron currents are sensitive to the
polarization and helicity of the driving pulse, i.e., the

symmetry of the excited electronic state [69]. Imaging of
charge migration dynamics is a challenge in real time in
ultrafast spectroscopy due to its high spatio–temporal reso-
lutions. Attosecond charge migration has been, for the first
time, measured in experiments by linearly polarized high-
order harmonic generation in ionized iodoacetylene via atto-
second electron recollision [70]. Angular electronic fluxes can
also be used to reconstruct electron charge migration in
excited benzene by preparing a coherent electronic state
[67, 69], which can be monitored in photoelectron momentum
spectra by time-delayed high frequency attosecond pulses
[45]. Molecular photoelectron diffraction patterns, which
encode information of the symmetry of molecular orbitals and
molecular bondings, have been used to monitor electron
coherence and charge migration by pump-probe pulses
[71–73]. Moreover, photoelectron holography has also been
proposed to monitor coherent electron excitation [74, 75].

In the present work, we present the asymmetry of
MFPADs in ultrafast molecular photoionization processes by
intense two-color attosecond laser pulses, as illustrated in
figure 1. The molecular ion +H2 is used as a benchmark model
which can be fully investigated to describe the electron
dynamics [76] and is aligned [77]. An XUV pump pulse is
employed to excite the molecule, leading to a resonant exci-
tation between two electronic states, the ground 1sσg and
excited 2pσu states. Subsequently, a time-delayed soft x-ray
attosecond probe pulse is used to ionize the excited molecule.
Results show that the asymmetric MFPADs of the x-ray
photoemission are dependent on the parameters of the pump-
probe pulses. The asymmetric distributions of x-ray photo-
emission yields result from the coherent electron which
evolves periodically in molecules, thus allowing the mon-
itoring of molecular charge migration. Simulation results are
obtained by numerically solving the corresponding time-
dependent Schrödinger equation (TDSE). The molecular

Figure 1. Illustration of photoionization processes in the aligned
molecular ion +H2 by time-delay two-color laser pulses. The pump
pulse ( )E t1 induces a resonant σg−σu/πu excitation. Subsequently,
a soft x-ray attosecond probe pulse E2(t) is used to ionize the excited
molecule, producing asymmetric MFPADs. Δτ is the time-delay
between the two pulses. The molecule +H2 is aligned along the
molecular x axis, and the pump and probe pulses with their field
vectors along the x axis propagate along the z axis.
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rotational and vibrational motions on picosecond (1 ps=
10−12 s) and femtosecond (1fs=10−15 s) time scales are
ignored because these effects are much slower than the laser–
molecule interaction that occurs within the attosecond
time scale.

The paper is organized as follows. We briefly describe
the computational method for solving TDSEs of the aligned
molecular ion +H2 in section 2. Results of asymmetric pho-
toelectron distributions produced by pump and probe tech-
niques are presented and discussed in section 3. We describe
time dependent ultrafast photoionization models to under-
stand these ultrafast phenomena. Finally, in section 4 we
summarize our findings. Throughout this paper, atomic units
(au) are used unless otherwise stated.

2. Numerical and computational methods

For an aligned single electron molecular ion +H2 interacting
with linearly polarized laser fields E(t), the corresponding
three-dimensional (3D) TDSE within Born–Oppenheimer
approximation and static nuclear frames reads as,

( ) [ ( ) ( ) ( )] ( ) ( )y y
¶
¶

= + +i
t

t T V V t tr r r r r, , , . 1en L

T(r) and Ven(r) are the kinetic energy operators of the electron
and the electron–nucleus Coulombic attraction. We adopt
cylindrical coordinates r=(ρ, θ, z) with r q=x cos ,

r q=y sin to describe the ultrafast electron dynamics. The
molecule is aligned along the x axis at equilibrium. Then, the
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R=2 au is the equilibrium molecular internuclear distance
and α=0.35 is a soft parameter which is used to remove the
singularity in the Coulomb potential in equation (3), allowing
the accurate production of the electronic state potential
energies of +H2 [78]. As illustrated in figure 1, the molecule is
aligned along the x axis. The two laser pulses are linearly
polarized along the x or y axis, propagate along the z axis and
perpendicular to the molecular (x, y) plane. The radiative
interaction between the laser field and the electron
VL(r)=r·E(t) is described in the length gauge. The total
fields E(t)=E1(t)+E2(t) have the forms

( ) ˆ ( ) ( ) ( )w f= +t e E f t tE cos , 4x y1 1 1 1

and

( ) ( ) [ ( ) )
( )

/t t w t f- D = - D - D +t e E f t tE cos ,

5
x y2 2 2 2^

where Δτ is the time delay between the two pulses with CEPs
f1 and f2 and êx y is the laser polarization direction. A smooth
pulse envelope ( )p=f t Tsin1 2

2
1 2 for maximum amplitude

E1/2, corresponding to intensity e=I c E 21 2 0 1 2
2 and dura-

tion T1/2=10τ1/2 are used, where one optical cycle period
τ1/2=2π/ω1/2. This pulse satisfies the total zero area

( )ò =E t dt 01 2 in order to exclude static field effects [1].
Time durations T2 are chosen to be ∼100−200 as, time
much faster than the +H2 vibrational period τv∼10 fs, so that
charge migration due to electron motion is the main dynamics
in the presence of static nuclei.

The 3D TDSE in equation (1) for the aligned molecule
+H2 is numerically solved by a second order split operator

method, which conserves unitarity in the time step δt com-
bined with a fifth order finite difference method and Fourier
transform technique in the spatial steps δρ, δz, and δθ [79, 80].
The time step is taken to be δt=0.01 au=0.24 as. The
spatial discretization is δρ=δz=0.25 au for a radial grid
range 0�ρ�128 au (6.77 nm) and ∣ ∣ z 32 au (1.69 nm),
and the angle grid size δθ=0.025 radian. To prevent
unphysical effects due to the reflection of the wave packet
from the boundary, we multiply ψ(ρ, θ, z, t) by a ‘mask
function’ or absorber in the radial coordinates ρ with the form

[ ( ) ]p r r r-cos 21 8
a abs . For all the results reported here we

set the absorber domain at ρa=ρmax−ρabs=104 au with
ρabs=24 au, exceeding well the field-induced electron
oscillation αd=E1/2/ω1/2

2 of the electron.
Photoionization yields, i.e., MFPADs, are calculated by a

Fourier transform of the 3D time-dependent electronic
wavefunction ( )y r q z t, , , which exactly describes the elec-
tron dynamics in the continuum [81]:
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where tp is the time after the pulse turn off and ρf=100 au is
an asymptotic point before the wavepacket is absorbed.

/=E p 2e
2 is the kinetic energy of an ionized electron with

wave vector k=p=2π/λe, and ( ) /= +p p px y
2 2 1 2 is the

momentum of a photoelectron of wavelength λe. Since the
ionization occurs in the laser polarization (x, y) molecular
plane, we define θ as the angle between the electron
momentum p and the x polarization axis. With the transfor-
mation q=p p cosx and q=p p siny , we then obtain the two-
dimensional (2D) momentum distributions of photoelectrons
from equation (6). MFPADs at photoelectron kinetic energy
Ee are obtained by integrating over the one-photon energy,
where the spectra width of the probe pulse Δω≈ω2/3,

( ) ( ) ( )òq q=
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w
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corresponding to the main one-photon ω2 frequency of
absorption.
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3. Results and discussions

Here we focus on the photoionization process in the molecule
+H2 which is used as a benchmark system by intense two-color

ultrashort laser pulses. Time-delayed pump and probe pulses
are used to excite and ionize the molecule. The molecule +H2
is aligned along the x axis at equilibrium, and the pump and
probe pulses with their field vectors along the x/y axis
propagate along the z axis, as illustrated in figure 1. We
measure the ultrafast x-ray MFPADs to explore the coherent
electron dynamics in molecules. For these processes by high-
frequency pulses, multi-photon ionization dominates with the
Keldysh parameter g = I U2 1p p , where Ip is the

molecular ionization potential and w=U E 4p 1 2
2

1 2
2 denotes

the ponderomotive energy [1]. Since Up is very weak, the
modification of the ionization potential by laser-induced Stark
shifts can be ignored as well. Moreover, the dipole approx-
imation, in which the spatial dependence and magnetic
component of the external field are neglected, remains valid.

3.1. Asymmetry of MFPADs in time-delayed two-color laser
fields

We first consider the dependence of the MFPADs on the time
delay Δτ between the pump E1(t) and probe E2(t) pulses.
Figure 2 displays the results of the MFPADs, ( )q Ee calcu-
lated from equation (7), at two different time delays: (a)
Δτ=−6τ1 and (b) 6τ1, i.e., the pulse E2(t) switches on
before and after the pulse E1(t). The pulse wavelengths are
respectively λ1=100 nm (ω1=0.45 au) and λ2=5 nm
(ω2=9.1 au). The same pulse intensities and durations are
used at I1/2=2.75×1013 W/cm2 (E1/2=2.8×10−2 au),
T1/2=10τ1/2, i.e., T1=3.31 fs, corresponding to 1.655 fs
full width at half maximum (FWHM) and T2=165.4 as

(83 as FWHM). The pulse phases are fixed at f1=f2=0.
Of note is that the vibrational period of +H2 τv∼10 fs. The
duration T2 on the attosecond time scale is much faster than
proton motion, so one observes charge migration from elec-
tron transfer between the protons.

In figure 2 it is found that the structure of the simulated
MFPADs is sensitive to the time delay Δτ. At Δτ=−6τ1,
symmetric distributions are obtained due to the symmetric
initial σg orbit, where the MFPADs exhibit four angular nodes
at angles ±30° and 180°±30°. Altering the time delay leads
to a variance of the photoelectron distributions due to creation
of a superposition of the 1sσg and 2pσu states. At Δτ=6τ1
one finds that asymmetric MFPADs are produced. The pho-
toionization yields are mainly localized in the right half plane,
90°�θ�−90° (270°). The angular nodes are also sup-
pressed and the photoelectron distributions lie along the
molecular R/x axis. In the case of Δτ=−6τ1, the probe
pulse E2(t) switches on before the pump pulse E1(t). The x-ray
photoelectron distribution mainly comes from the ground
1sσg electronic state. However, at Δτ=6τ1, the molecule is
excited resonantly by the pump pulse, from which the soft
x-ray pulse produces photoelectron yields. As a result, the
coherent excitation modifies the time-delayed x-ray photo-
emission via attosecond time dependent electron charge
migration.

The modulation of the MFPADs by the time delay Δτ

illustrates the molecular coherent electron dynamics induced
by the λ1=100 nm pump pulse. A σg−σu resonant exci-
tation occurs from the electronic ground 1sσg state, ( )ys rg

with the eigenenergy sE g
to the electronic excited 2pσu state,

ysu
(r) with the eigenenergy sE u

. The energies for the 1sσg and
2pσu states are respectively = -sE 1.08 aug

and =sE u

-0.65 au in the numerical simulations. Since w @ D =E1

- =s sE E 0.45 auu g
, a coherent superposition of the two

Figure 2. MFPADs of the molecular +H2 aligned along the x axis at R=2 au by time-delayed two-color λ1=100 nm and λ2=5 nm
laser pulses, with their field vectors polarized along the molecular R/x axis. The time delays are, respectively, chosen as (a) Δτ=−6τ1 and
(b) 6τ1, i.e., the pulse E2(t) switches on before and after the pulse E1(t). The pulse intensities I1/2=2.75×1013 W/cm2 (E1/2=
2.8×10−2 au), durations T1/2=10τ1/2, i.e., T1=3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM), and phases
f1=f2=0 are used. Arbitrary units of MFPADs are used.
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electronic states is therefore created due to a strong charge–
resonance excitation [82]
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Here ( )sc tg
and ( )sc tu

are the occupation coefficients. The
electron density distribution of the coherent superposition
electronic state in equation (8) is then described by,
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The coherent electron dynamics are composed of two
electronic state densities, ( ) ∣ ( ) ( )∣( ) y r= s s c t zr ,g 2

g g and
( ) ∣ ( ) ( )∣( ) y= s s c tr ru 2

u u
, and their interfering superposition

( ) ( ) ( )( ) = D t t Etr r, , cosg u, , where ( ) ∣ ( ) ( )= s s t c t c tr, 2 g u

∣ ( ) ( )y ys sr rg u
. The oscillation period of the coherent electron

wavepacket is τ co=2π/ΔE=331 as=τ1.
The photoemission yields from the superposition state

ψc(r, t) in equation (8) can be derived based on the ultrafast
photoionization delta-function pulse model [14]. The instan-
taneous transition amplitude to a continuum state of
momentum p can be given by

( ) ( ) ( ) ( )· ·òp y= - - - t d e e tp r r, 2 , . 10i i
c

p r E r3 2
2

The wavefunctions ( )ys rg
and ( )ys ru

in equation (8) are
respectively linear combinations of a hydrogenic 1s orbital
localized at ±R/2. Then the coherent state transition ampl-
itude ( ) tp, in equation (1) is given by [14, 83]
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In this work, the pulse field strength E can be ignored
to describe high-frequency photoemission yields, since the
used intensities induce negligible ponderomotive energies

w=U E I2 4p p1 2
2

1 2
2 and E=p. The transition ampl-

itude, i.e., the momentum distributions of the photoelectron in
equation (2), can be simply expressed as
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The emission angle θ defines as the photoelectron momentum
p direction with respect to the molecular internuclear distance
R axis. The total photoelectron distribution ( )q p t, , in
equation (12) is composed of the two direct components,

( )( ) qs p t, ,g and ( )( ) qs p t, ,u respectively from the ground

1sσg and excited 2pσu electronic states, and their coherent
superposition term, ( )( ) qs s p t, ,,g u .

As shown in figure 2, the photoionization at the time
delay Δτ=−6τ1 is initiated from the ground 1sσg electronic
state by the x-ray probe pulse. The pump pulse does not
influence the x-ray photoelectron emission. According to the
ultrafast photoionization model in equation (12), the photo-
electron distribution follows the form ( )( ) q ~s p t, ,g

∣ ( ) ( ) ( )∣q ysc t pR pcos cos 2 s1
2

g
, since ( ) =sc t 0u

at t=0.
With a λ2=5 nm x-ray pulse, the corresponding photoelec-
tron momentum is ( )w= - =p I2 4.01 aup2 and wave-
length λe=2π /p=1.57 au. As a consequence of λe<R
[14], photoelectron diffraction occurs in the x-ray photo-
emission processes. As predicted in equation (12), the max-
ima of diffraction patterns occur at angles (n±0.21)π,
n=0,±1,±2, L. One can see that these angle nodes
predicted from equation (12) are in good agreement with the
numerical results in figure 2(a) and the x-ray photoelectron
distributions show symmetric structure.

At the time delay Δτ=6τ1, the pump pulse switches
off. The populations in the two electronic states are con-
stant, ∣ ( )∣ ∣ ( )∣= =s sc t c t 0.52 2

u u
at t>11τ1, also seen in

figure 7(c). For both the electronic states, their photoelec-
tron distributions, ( )( ) qs p t, ,g and ( )( ) qs p t, ,u , are sym-
metric and do not depend on the time. The coherent
superposition term ( )( ) qs s p t, ,,g u leads to asymmetry of the
photoelectron distributions. At t=12τ1 one has ( )D =Etcos 1
since ΔEτ1=2π. As shown in equation (12), the interfer-
ence term of the photoelectron distribution satisfies

( ) ( )( ) ( )q q p= = - =s s s s p t p t, 0, , ,, ,g u g u . Consequently,
asymmetric MFPADs are obtained in figure 2(b).

From equation (12) one can see that the coherent
superposition term of the angular distributions of photo-
ionization yields is dependent on the ionization time t, fol-
lowing ( )DEtcos . Altering the ionization time t, i.e., the time
delay Δτ, gives rise to a periodic variance of the asymmetric
x-ray MFPADs. To describe the periodical asymmetry of the
MFPADs due to coherent excitation, we also introduce an
asymmetry ratio Γ as the difference of probability between
the forward and backward half of the momentum distribution
at energy Ee, which can be defined as

( )G =
-

+
+ -

+ -

 
 

. 13
E E

E E

e e

e e


Ee present the distributions in forward (+) momentum

direction ( )ò q q=
p

p
+ -

 d JE E
2

2
e e and backward (−) momen-

tum directions ( )ò q q=
p

p
- d JE E

2

3 2
e e , where ( )qJ Ee is

obtained from equation (7).
Figure 3 illustrates the asymmetry ratio Γ at different time

delaysΔτ. It is evident that as the time delayΔτ increases, the
asymmetry of the MFPADs varies periodically as a cosine
triangular function. At the time delay Δ τ≈6.1τ1, the dis-
tribution is mainly localized along the forward momentum
direction (positive +

Ee), whereas atΔ τ≈6.6τ1, the backward
component (negative -

Ee) dominates. The oscillation period is
τ asy=τ1, the same as that of the coherent electron dynamics,
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2π/ΔE=τ1=331 as, predicted in the phase free
equations (9) and (12). This confirms that the asymmetry of the
MFPADs in figures 2(b) and 3 arises from the σg−σu reso-
nant excitation. The electron coherence leads to the time-
dependent asymmetry of the MFPADs.

3.2. CEP-dependent symmetry

The asymmetry of the x-ray photoelectron distribution is also
sensitive to the CEP of the pump pulse ( )tE1 . Figure 4 displays
the dependence of the asymmetry parameter Γ on the phase f1
in the molecular +H2 aligned along the x axis by two-color
λ1=100 nm and λ2=5 nm laser pulses. The time delay is
fixed at Δτ=6τ1 i.e., the soft x-ray pulse E2(t) switches on
after the XUV pump pulse E1(t). The phase of the soft x-ray
pulse is f2=0. One sees that varying the CEP f1 gives rise to
an oscillation of the asymmetry Γ with a period of 2π. At
f1=(2n+0.15)π and (2n+1.15)π the positive (forward)
and negative (backward) photoelectron distributions dominate
respectively. Around f1=(n+0.65)π, x-ray photoionization
yields show symmetric distributions where Γ≈0.

The effects of the CEP f1 of the pump pulse on the
symmetry of the x-ray MFPADs illustrates the phase-depen-
dent coherent resonant excitions in molecules. According to
first order perturbation theory, the occupation coefficient sc u

in
the excited state is defined as

( ) ( )ò= - ¢ ¢s
-¥

D ¢c i dt V t e , 14
t

i Et
1u

where D = -s sE E Eu g
is the energy difference between

the two electronic states. The interaction term ( ) =V t1

( )∣ · ( )∣ ( )y yá ñs str r E r1g u
is a time-dependent matrix element,

where the external pump field ( ) ( )= w f+t E eE e i t
1 1 1 1 includes

the time factor t and the CEP f1 of the pulse E1(t) [84].
The Fourier transform of the pulse, ( ) ( )òe = eE E t e dti t

1 1 , in
the frequency domain, is composed of two components,

( ) ( ) ( )e e e= +f f
+ -E EE e e1 1 1* . The factors ( )eE1 are CEP

and polarization-independent scale parameters of the pulse
( ) ( )òe = e wE E e dti t

1
1

2 1 1 , ( ) [ ( )]e e= -+ -E E1 1 *, and the unit

vector =f
fee e i 1. Therefore, the time-dependent excited state

occupation coefficient sc u
in the superposition state in

equation (8) is a function of the CEP of the pump pulse,
which can be written as = ¢s s

fc c ei
u u

1. The interfering super-
position terms can be rewritten as

( ) ∣ ( ) ( )∣ ( ) ( ) ( )
( )

( ) y y f= ¢ - Ds s s s t c t c t Etr r r, 2 cos ,

15

g u,
1g u g u

for the time-dependent coherent electron density distribution
and

( ) ∣ ( ) ( )∣ ( )
( )∣ ( )∣ ( )

( ) q q

f y

= ¢

´ - D

s s
s s p t c t c t pR

Et p

, , sin cos 2

cos , 16s

,

1 1
2

g u
g u

for the photoelectron momentum distribution. At f1=0,
equations (15) and (16) reduce to the corresponding phase-
free results in equations (9) and (12). From equations (15) and
(16) one notes that the asymmetry of the photoelectron dis-
tributions reflects the phase difference Δf=f1−ΔEt. The
information of the coherent electron state ψc(r, t) and

( )( ) tr,g u, is imprinted on the photoionization yield
( )( ) qs s p t, ,,g u , which evolves as a function of the pump

pulse phase f1 and the ionization time t, i.e., the time delay

Figure 3. Dependence of the asymmetry parameter Γ between
forward (positive) and backward (negative) momentum photoelec-
tron distributions on the time-delayed Δτ in the molecular ion +H2 ,
aligned along the x axis at R=2 au by two-color λ1=100 nm and
λ2=5 nm laser pulses, with their field vectors polarized along
the molecular axis. The pulse intensities and durations are I1/2=
2.75×1013 W cm-2 (E1/2=2.8×10−2 au), T1/2=10τ1/2, i.e.,
T1=3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM).
The units τ1=2π/ω1=331 as.

Figure 4. Dependence of the asymmetry parameter Γ between
forward (positive) and backward (negative) momentum photoelec-
tron distributions on the phase f1 in the coherent molecular
excitation of +H2 , aligned along the x axis at R=2 au by two-color
λ1=100 nm and λ2=5 nm laser pulses, with their field vectors
polarized along the molecular axis. The time delay is Δτ=6τ1
i.e., the soft x-ray pulse E2(t) switches on after the XUV pump
pulse E1(t). The pulse intensities and durations are I1/2=2.75×
1013 W/cm2 (E1/2=2.8×10−2 au), T1/2=10τ1/2, i.e., T1=
3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM).
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Δτ. As a result, varying the CEP f1 leads to a modulation of
the asymmetry of the MFPADs in figure 4.

For comparison we also present the CEP f2 effects of the
soft x-ray probe pulse on the asymmetry of the MFPADs.
Figure 5 shows the results of the MFPADs at different phases
(a) f2=π/2 and (b) π. The CEP of the pump pulse and the
time delay are fixed at f1=0 and Δτ=6τ1. The other laser
parameters are the same as those used in figure 4. It is found
that the MFPADs exhibit the same asymmetric structure for
both CEPs f2, as obtained in figure 2(a) at f2=0. Varying
the CEP f2 does not influence the asymmetry of the photo-
ionization yields, confirming that the signature of the asym-
metry of the MFPADs arises from the molecular coherent
excitation induced by the pump pulse E1(t). The forward
(θ=0) asymmetry is indicative of charge localization on the
right-hand proton [47].

3.3. Influence of the pulse intensity and duration on the
asymmetry of MFPADs

We next present the effects of the pulse intensity on the
asymmetry of the x-ray photoelectron distributions. Figure 6
displays the MFPADs at different field strengths of the pump
pulse: (a) E1=0.25E0 (I1=1.72×1012W cm-2), (b) 0.5E0

(6.88×1012W cm-2), (c) 2.0E0 (1.1×1014W cm-2), and
(d) 4.0E0 (4.4×1014W cm-2), where E0=2.8×10−2 au
(I0=2.75×1013W cm-2). We fix the probe-pulse intensity
at I2=I0 (E2=E0). The CEPs and the time delay are
f1=f2=0 and Δτ=6.0τ1. The other laser parameters are
the same those used in figures 2–5. It is found that the
MFPADs are strongly modulated by the pump pulse intensity
I1 (E1). At E1=0.25E0 the MFPADs exhibit four angular
nodes which are asymmetric in the left–right planes. The
distributions dominate in the right plane. As the pulse inten-
sity increases, the asymmetry increases. The maximum

asymmetry occurs at E0 in figure 2(b). Increasing the pulse
intensity further, the asymmetry of the MFPADs decreases.
At E1=2.0E0 and 4.0E0, one sees that the MFPADs in the
left and right planes are nearly equal in amplitude, as dis-
played in figures 6(c) and (d). This modulation mainly comes
from the change of amplitudes of the coherent excitation, i.e.,
the increase in ionization rate being faster than the slower
charge migration time scale illustrated in figure 7.

As shown in equation (16), the amplitudes of the
coherent electron wave packets, ( )sc tg

and ( )¢sc t
u

, can also lead
to a modulation of the photoelectron distributions. In figure 7
we show the evolutions of the population in the ground 1sσg
and the excited 2pσu electronic states of the x− aligned
molecular ion +H2 with time t at different pump pulse inten-
sities, corresponding to figure 6, where

∣ ( )∣ ∣ ( )∣ ( ) ∣ ( )y y= á ñs sc t tr r, , 17g u g u

with the eigenfunction ( )ys rg u
of the s ss p1 2g u electronic

state and the electron wavefunction ψ(r, t) obtained from
equation (1). The different population evolutions reflect var-
ious coherent excitation processes. The excitation probability
reads as

∣ ( )∣ ∣ [ ( ) ]∣ ( )¢ =sc t A tsin 2 , 182 2
u

where the pulse area A(t) is

( ) ( ) ( )òm= ¢ ¢
-¥

A t E f t dt , 19
t

1 1

with the transition dipole matrix element μ between the two
resonant electronic states. The population undergoes trian-
gular function variation. For the weak field cases, the
corresponding numerical populations ∣ ( )∣sc t 2

g
and ∣ ( )∣¢sc t 2

u
are

0.05 and 0.95 at E1=0.25E0, and 0.18 and 0.82 at
E1=0.5E0 after the pump pulses (t>11τ1), due to the small

Figure 5. MFPADs of the molecular +H2 aligned along the x axis at R=2 au by time-delayed two-color λ1=100 nm and λ2=5 nm laser
pulses, with their field vectors polarized along the molecular axis. The probe-pulse phases f2 are, respectively, chosen as (a) π/2 and (b) π.
The pump pulse CEP is f1=0. The time delay is fixed at Δτ=6τ1. The pulse intensities and durations are I1/2=2.75×1013 W cm−2

(E1/2=2.8×10−2 au), T1/2=10τ1/2, i.e., T1=3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM). Arbitrary units of MFPADs
are used.
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interaction term of μE1. The σg dominant photoionization
leads to four angular nodes in the MFPADs. As the coefficient
∣ ∣¢s sc cg u

increases, the interference effect enhances, giving rise
to an enhancement of the asymmetry in the MFPADs. The
maximum appears at ∣ ∣sc 2

g
= ∣ ∣¢ =sc 0.52

u
. At E1=2.0E0, the

population ∣ ( )∣sc t 2
g

in the ground 1sσg state is reduced due to
ionization. We also note that at E1=4E0, pronounced Rabi
oscillations of population are induced during the pump pro-
cess. The population in the intermediate resonant excited
2pσu state decreases and the ground 1sσg state population
recovers. The Rabi frequency is Ω=μE1, i.e., the oscillation
period is defined by τra=2π/μE1. For example, at
E1=4.0E0, the Rabi frequency is Ω=0.112 au and the
corresponding oscillation period is τra=2π/Ω=56.07 au,
≈4.1τ1, with μ=R/2=1.0 au for the 1sσg−2pσu

transition moment of +H2 [76]. The numerical results in
figure 7(e) agree well with the prediction values. Due to
ionization effects, the amplitudes of the Rabi oscillation
decreased gradually. As shown in figure 7(e), the state
populations are ∣ ∣ =sc 0.222

g
and ∣ ∣¢ =sc 0.092

u
, after the pump

pulse t>11τ1. In these cases with strong pulse intensities,
the coherent effects becomes suppressed, thus resulting in
approximately symmetric MFPADs in figures 6(c) and (d).

According to the pulse area theorem in equations (18)
and (19), similar phenomena should be produced at different
pulse durations T1 of the XUV pump pulse E1(t). Altering T1
modifies the coherent resonant excitation, thus varying the
asymmetry of the MFPADs. Moreover, it should be noted that
the asymmetry of the MFPADs is not sensitive to the pulse
intensity I2 of the soft x-ray probe pulse E2(t). The amplitude
of the MFPADs is determined mainly by the probe-pulse

Figure 6.MFPADs at different pulse strengths of the pump pulse (a) E1=0.25E0 (I1=1.72×1012 W cm−2), (b) 0.5E0 (6.88×1012 W cm−2),
(c) 2.0E0 (1.1×1014 W cm−2), and (d) 4.0E0 (4.4×1014 W cm−2), where I0=2.75×1013 W cm−2 (E0=2.8×10−2 au). The molecular +H2

is aligned along the x axis at R=2 au. The time delay between the two pulses, pump E1(t) and probe E2(t), is Δτ=6.0τ1 (2 fs). The pulse
durations are T1/2=10τ1/2, i.e., T1=3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM). The intensity of the probe pulse is fixed at
I2=I0 (E2=E0). Arbitrary units of MFPADs are used.

8

J. Phys. B: At. Mol. Opt. Phys. 53 (2020) 064002 K-J Yuan and A D Bandrauk



intensity. The change of I2 does not influence of the coherent
electron dynamics in the molecule +H2 .

We finally present the pulse duration effects of the probe
pulse on the asymmetry of the MFPADs. Figure 8 displays
the MFPADs of the molecular +H2 aligned along the x axis at
different durations of the soft x-ray probe pulse E2(t), (a)
T2=15τ2=248.1 as (124 as FWHM) and (b) 20τ2=330.8
as (166 as FWHM). We fix the duration of the pump pulse
T1=10τ1, i.e., T1=3.31 fs (1.655 fs FWHM), the time
delay between Δτ=6.0τ1 (2 fs), and the pulse intensity
I1/2=2.75×1013 W cm-2 (E1/2=2.8×10−2 au),
corresponding to figure 2(b). The results in figures 2(b) and 8
show that the symmetry of the MFPADs is also dependent on

the duration of the probe pulse. With a long probe-pulse
duration, symmetric distributions are produced.

As predicted in equations (8), (9) and (12), the photo-
ionization yield comes from the time-dependent coherent
superposition state. The time dependence of the MFPADs
illustrates the evolution of the CEWPs in molecules. The
period of the coherent or charge migration electron motion is
t p t= D = =E2 13.8co

1 au=331 as. For long duration of
the probe pulse, since T2>τ co=τ1, the averaged density
probabilities of the coherent superposition state are symmetric
during the probe processes. As a result, the time evolution of
the electron between the protons cannot be tracked by time-
resolved MFPADs. The photoelectron distributions are

Figure 7. Evolutions of population in the ground ss1 g (black) and excited 2pσu (red) electronic states at different electric field strengths E1

and E2=E0. The molecular ion +H2 is aligned along the x axis at R=2 au. The time delay between the two pulses E1(t) and E2(t) is
Δτ=6.0τ1 (2 fs). The intensity is defined as I0=2.75×1013 W cm-2 (E0=2.8×10−2 au). The durations of the pump-probe pulses are
T1/2=10τ1/2, i.e., T1=3.31 fs (1.655 fs FWHM) and T2=165.4 as (83 as FWHM), c.f., figure 6.

Figure 8. MFPADs at different durations of the probe pulse E2(t): (a) T2=15τ2=248.1 as (124 as FWHM) and 20τ2=330.8 as (166 as
FWHM). The molecular +H2 is aligned along the x axis. The time delay between the two pulses E1(t) and E2(t) is Δτ=6.0τ1 (2 fs), the pulse
intensities are I1/2=2.75×1013 W cm-2 (E1/2=2.8×10−2 au), the duration of the pump pulse E1(t) is T1=10τ1, i.e., T1=3.31 fs
(1.655 fs FWHM), and CEPs f1=f2=0. Arbitrary units of MFPADs are used.
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simply the sum of the distributions originated from the ground
state and the excited electronic state, as shown in
equation (12) ( ) ( ) ( )( ) ( )q q q= +s s  p t p t p t, , , , , ,g u ,
and figure 8(b). The dependence of the MFPAD on the probe-
pulse duration confirms that the asymmetry results from the
coherent resonant excitation by the pump pulse, and
the importance of the short duration and high frequency of the
probe pulse in the dynamical reconstruction of coherent
excitation processes.

3.4. Asymmetry of MFPADs in perpendicular σg�πu transitions

Figures 2–8 show results of the σg − σu transition. Similar
asymmetry of the MFPADs can also be obtained in the
perpendicular σg − πu transition. Figure 9 shows the asym-
metry parameter Γ of MFPADs at different time delays Δτ

from equation (13), where the distributions in positive (+)
and negative (−) momentum directions define as =+

Ee

( )ò q q
p

d J E
0

e for py>0 and ( )ò q q=
p

p
- d JE E2

e e , where

( )qJ Ee is obtained from equation (7). A λ1=70 nm
(ω1=0.65 au) pump pulse with its field vector polarized
along the y axis, perpendicular to the molecular R axis, is used
to excited the molecule +H2 . Subsequently, a linearly polarized
5 nm soft x-ray probe pulse with its field vector polarized along
the y axis is employed to ionize the excited molecule. The
pulse intensities and durations are I1/2=5.0×1013 W cm-2

(E1/2=3.8×10−2 au), T1/2=10τ1/2, i.e., T1=2.21 fs
(1.105 fs FWHM) and T2=165.4 as (83 as FWHM). The
corresponding MFPADs at time delays Δτ=6.0τ1 and 6.5τ1

are also plotted, with reverse asymmetries. From figure 9 one
can see that the asymmetry ratio Γ varies with the time
delay Δτ.

Since w = D ¢ = -p sE E E1 u g
, the energy difference

between the 1sσg and 2pπu electronic states, a resonant
excitation occurs, leading to a coherent superposition of the
two electronic states,

( ) ( ) ( ) ( ) ( ) ( )y y y¢ = +s s p p
- -s pt c t e c t er r r, , 20c

iE t iE t
g g

g
u u

u

with the occupation coefficient ( )pc tu
and eigenfuntion ( )yp ru

of the excited 2pπu state. According to the ultrafast photo-
ionization model [14], the corresponding photoemission
yields, MFPADs, of the superposition state ( )y¢ tr,c , read as

( ) ∣ ( ) [( ) · ] ( )∣
∣ ( ) [( ) · ] ( )∣
∣ ( ) ( )∣{ [( ) · ]}

( ) ( ) ( )
( )

y

y

y y

¢ ~ + +

+ + +
+ + +

´ D ¢ + +

s

p

s p

 t c t

c t

c t c t

E t

p P F R P F

P F R P F

P F R

P F P F

, cos 2

cos 2

1 cos

cos .

21

s

p

s p

1
2

2
2

1 2

g

u

g u

Equation (21) shows that total MFPADs ( )¢ tp, are asym-
metric and vary as a function of t. Therefore, altering the time
delay Δτ gives rise to a modulation of the MFPADs and the
asymmetry ratio evolves periodically, i.e., ( )tG ~ D ¢DEcos ,
as illustrated in figure 9. The corresponding oscillation period
should be p D ¢ =E2 221 as, the prediction in equation (21).
For instance, at time delay Δτ=6.0τ1, the asymmetry
parameters are Γ=−1.48×10−2 and 1.35×10−2 at
Δτ=6.5τ1. However, at Δτ=7.0τ1, Γ=−0.1×10−2.
The asymmetry ratio is weaker than the expected value. For
the σg−πu excitation, the interfering term is very weak with
small transition probabilities ∣ ( )∣pc t 2

u
and transition dipole

moments μs pg u. As a result, at larger time delays, the
asymmetry of the MFPADs decreases due to the spread of the
coherent electron wave packets.

From equation (21) it can also be found that the asym-
metry of the MFPADs in the s p-g u resonant transition is
also dependent on the laser parameters of the pump-probe
laser pulse, similar to those presented in figures 2–8 for the
σg−σu transition. Varying the phase, duration and intensity
of the pump pulse results in a modulation of the asymmetry of
the MFPADs. The asymmetry does not depend on the
intensity and phase of the probe pulse. Due to the attosecond
resolution of the coherent electron wave packet, the asym-
metric MFPADs are sensitive to the duration of the probe
pulse, and disappear at long pulse durations.

4. Conclusions

We present photoionization of the molecule +H2 by intense
two-color ultrashort laser pulses from numerical solutions of
corresponding TDSEs. A soft x-ray 5 nm attosecond probe
pulse is used to ionize the molecular target in the presence of
a 100/70 nm XUV pump field. Simulation results show that
the MFPADs exhibit a signature of time-dependent asym-
metry with a time-delay between the two pulses, thus
allowing the exploration of coherent excitation and charge

Figure 9. Dependence of the asymmetry parameter Γ between
positive ( >p 0y ) and negative (py<0) momentum photoelectron

distributions on the time-delayed Δτ in the σg−πu perpendicular
transition, in the molecular ion +H2 aligned along the x axis at
R=2 au by two-color λ1=70 nm and λ2=5 nm laser pulses,
with their field vectors polarized perpendicular to the molecular axis.
The pulse intensities and durations are I1/2=5.0×1013 W cm-2

(E1/2=3.8×10−2 au), T1/2=10τ1/2, i.e., T1=2.21 fs (1.105 fs
FWHM) and T2=165.4 as (83 as FWHM). The units τ1=
2π/ω1=221 as. Inserts are MFPADs at time delays Δτ=6.0τ1
and 6.5τ1.
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migration [71]. It is found that the asymmetry is also
dependent on the phase and intensity of the pump pulse and
the duration of the probe pulse. The dependence reflects the
time-dependence of the coherent excitation in molecules.

The XUV pump pulse leads to a coherent superposition,
ψc(r, t), between the ground 1sσg and excited 2pσu electron
states in the molecule +H2 by 100 nm pump pulses. The
corresponding CEWPs evolve with time between the two
nuclei, as predicted in equation (9). By a soft x-ray attosecond
probe pulse, photoionization yields initiating from the
coherent superposition state show asymmetric MFPADs. We
introduce a parameter Γ to describe the asymmetric
MFPADS. The results show that:

• The asymmetry ratio Γ is a function of the time delay
between the pump-probe pulses, reflecting the coherent
superposition of electronic states, i.e., Γ∼Δτ. The time-
resolved photoelectron distributions illustrate the CEWP
motion, giving rise to charge migration following the
form ( )DEtcos in equation (12) and figure 3. Therefore,
the asymmetry ratio evolves with a period of 2π/ΔE.

• The asymmetry ratio Γ depends on the the phase of the
pump pulse, i.e., Γ∼f1. The evolution of CEWPs is
sensitive to the phase of the pump pulse. Consequently,
varying the pulse CEP induces a periodic oscillation of
the asymmetry of MFPADs.

• The asymmetry ratio Γ is sensitive to the intensity and
duration of the pump pulse, i.e., Γ∼E1 or T1, ~ s sc cg u

.
The coherent superposition of the two electronic states is
determined by the orbital occupation coefficients, sc g

and

sc u
, as shown in equation (8). Altering the intensity of the

pump pulse thus gives rise to a modulation of the
asymmetric MFPADs due to varying orbital populations.
At lower intensities, the excitation is weaker and the
ionization from the ground 1sσg state dominates.
Pronounced photoelectron diffraction patterns are
obtained in MFPADs. The maximum asymmetry occurs
in the case of ∣ ∣ ∣ ∣= =s sc c 0.52 2

g u
which corresponds to

maximum charge localization [47]. For the processes at
higher intensities, Rabi oscillations are induced and
ionization is enhanced, suppressing the asymmetry of
MFPADs.

• The asymmetry ratio Γ varies with the duration of the
probe pulse, i.e., Γ∼T2. For long duration probe pulses
the asymmetry of the MFPADs disappears due to the
symmetry of the averaged density distributions of the
oscillating coherent state population.

Similar dynamics are produced in the coherent resonant
excitation process between the ground 1sσg and excited 2pπu
electron states by 70 nm pump pulses, as illustrated in
figure 9. It also found that due to the spread of CEWPs, the
asymmetry is suppressed at large time delays.

The present demonstration in principle paves the way for
a new method for tracking coherent excitation processes in
molecules by intense ultrafast laser pulses. The dependence of
the asymmetry of photoemission yields on these parameters,
such as time delay, phase, intensity and duration of the pump

and probe pulses allows us to characterize the coherent
electron dynamics processes. Similar ultrafast phenomena
should be predicted in more complex molecular systems, thus
offering a possibility for measuring molecular coherent
excitation and charge migration from ultrafast x-ray photo-
ionization [85–87].
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