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Abstract

®

CrossMark

This paper is devoted to improving the general Kudryashov method by a new and general
auxiliary equation. So, a new method is introduced, which we call ‘the general improved
Kudryashov method’, to produce exact solutions for nonlinear evolution equations arising
in mathematical physics. As application examples, exact traveling wave solutions for the
combined Korteweg—de Vries and modified Korteweg—de Vries (KdV-mKdV) equation
and the (2+1)-dimensional Zakharov—Kuznetsov equation are obtained. These solutions
can be classified as solitary and periodic wave solutions. Some of the obtained solutions

are graphically sketched.
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1. Introduction

Nonlinear evolution equations play an important role in phy-
sics and applied sciences. Searching for exact traveling wave
solutions of nonlinear evolution equations in mathematical
physics plays a crucial role in miscellaneous fields of science
and engineering, such as soliton theory, plasma physics, non-
linear optics, fluid dynamics, biophysics and many others. So,
many powerful methods have been introduced, such as the
homogeneous balance method [1, 2], the tanh method [3], the
tanh-coth method [4], the modified tanh-coth method [5-7],
the inverse scattering method [8], Hirota’s bilinear method [9],
the sine-cosine method [10], the (G'/G) -expansion method
[11], the (G'/G, 1/G) -expansion method [12], the Exp-
function method [13], F-expansion method [14—16] and so on.
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Consider a nonlinear partial differential equation (NPDE)
in polynomial form

1.1)
where (£, s) € R x R, is the independent variable and u is

the dependent variable. Applying the variable traveling
transformation

Q(&s S, U, Mf, Mﬁf’ uggg, ) = 0,

1.2)

we change (1.1) to a nonlinear ordinary differential equation
(NODE)

u, s) =u(w), w=¢— e€s,

O(w, u, u',u", u"”, ...)=0,

(1.3)

/

where / := %. In 2012, Kudryashov [17] proposed his
method for finding exact solutions of the NPDE (1.1). He
looked for exact solutions taking into account the expression
u(w) =" o X' where y = which is a solution of

1 +e”

the equation % = x? — X. A modified Kudryashov method
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was introduced by replacing the natural exponential function
e” by the general exponential function a¢® in [18-21]. In these
research articles, authors found exact solutions of the NPDE
(1.1) by using the expansion u(w) =37 ,a;x where
X = lila"’“' which is a solution of the equation :—; =
Ina(x? — x). Thereafter, some authors [22-25] applied a
general Kudryashov method to explore exact solutions
of the NPDE (1.1). They used a rational type expansion
u(w) = Yi_gix'/X7_0 B/ where x = Hﬁ which is a
solution of the equation % =
authors have discussed the improvement of the Kudryashov

x> — x. Recently, some

1

n=Vfo+ Cexpl(n — Dl ’

+1

n=1fo+ Cexpl(n — Nw] ’

+1

x(w) =

solved by expanding its general solution in the form

Z;OOQ'X"(W)

: - @.1)
> (@)

u(w) =

where o, B;(i =0, 1, ..., x,j = 0, 1, ..., y) are constants to
be determined and y solves the general auxiliary equation

X'(@) = ox(w) — x(w), 1<neN, 0=cecR
2.2)

Solving equation (2.2), gives a set of general solutions in
the form

n=2,4,6,8, ...,

n=3,7,11,15, ..., (2.3)

£ n=5,9,13,17, ...

n=lfc+ Cexpl(n — D] * n~ Yo+ Cexpl(n — Dw] ’

method. S M Ege [26, 27] first extend and improved the
Kudryashov method by new auxiliary equation. Abdus Salam
and Habiba [28] improved the general Kudryashov method

given in [22] by introducing the auxiliary equation
% =ox?® — x, 0 = o € R. This equation has the general
solution y = %

In this paper, we improve the general Kudryashov method
given in [22] by a general auxiliary equation Y'(w) =
ox"(w) — x(w), 1 <n €N, 0=0 € R. So, we present a
very straightforward and effective method called general
improved Kudryashov method for exact solutions of nonlinear
evolution equations. The merits of the introduced method lie in
two directions. Firstly, it leads to both the solitary and periodic
solutions. Secondly, the solution strategy, by this method and the
computing system Mathematica, is of utter simplicity, and can
be easily extended to all types of nonlinear evolution equations.
Moreover, If n = 2 and n = 3 our general auxiliary equation
reduces to the auxiliary equations used in [17, 22] and [28],
respectively. Hence, a novel improved Kudryashov method for
finding exact solutions of nonlinear evolution equations in
mathematical physics is introduced. As application examples,
new sets of exact solutions for the combined KdV-mKdV
equation and the (2+1) dimensional Zakharov—Kuznetsov
equation are presented.

2. Demonstration of the general improved
Kudryashov method

Consider the NPDE (1.1) together with the variable traveling
transformation (1.2) and the transformed NODE (1.3). For
simplicity, we integrate the NODE (1.3), provided that all
terms include derivatives, and set the integration constants to
be zero. Subsequently, the transformed NODE (1.3) can be

The positive numbers x and y can be specified by balancing
the linear and nonlinear terms of highest order in
equation (1.3). Inserting equations (2.1) and (2.2) into
equation (1.3), yields an algebraic equation in Y and its
powers. Equating the coefficients of the terms that containing
the same power for x to zero, gives an algebraic system of
equations in o, §; and €. With the help of the computer
symbolic system Mathematica, we can obtain ¢, 3; and €.
Eventually, by using these values and the solutions (2.3) of
equation (2.2), we can produce exact traveling wave solutions
of equation (1.1). In fact, equation (2.2) has many solutions
unlike the solutions given in equation (2.3). But we only
consider the solutions (2.3), because they have interesting and
effective properties.

In the following section, our method is applied forn = 5
to find exact traveling wave solutions of the combined KdV—
mKdV equation and the (2+1)-dimensional Zakharov—Kuz-
netsov equation.

3. Applications

3.1. The combined KdV-MKdV equation

The KdV and mKdV are known as solitary equations which
have been extensively researched. The nonlinear terms of the
KdV and mKdV equations usually arise simultaneously in
many physical problems such as fluid mechanics, quantum
field theory and plasma physics. These nonlinear terms con-
struct a nonlinear evolution equation called the combined
KdV-mKdV equation

& ) € R x Ry (3.1)

Here, we apply the general improved Kudryashov method to
investigate the combined KdV-mKdV equation (3.1). By
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Figure 1. (a) 3D plot of the solution u (&, s). (b) 2D plot of the solution 1 (&, s) at s = 0. Here, 0 = 0.0002, p = C = 1, = 0.002,

o = 0.005, By = 0.05 and 3, = 0.5.

using the transformation (1.2), we can convert (3.1) into a
NODE

—eu' + Suw’ + putu’ + u" = 0. (3.2)

Integrating the NODE (3.2) and setting the integration con-
stants to be zero, gives

—cu + %uz + §u3 +u" =0. (3.3)

Taking the homogeneous balance between u”/ and 1°, we get
x=y+ 4. Let y=1, then x = 5. Hence, we can put the
traveling wave solution of equation (3.1) in the form

ap + oy + awx? + asx3 + asxt + asx’
Bo + Bix

u(w) =

34)

Substituting equations (3.4) and (2.2) with n =35 into
equation (3.3), gives an algebraic equation in y and its
powers. Equating the coefficients of the terms that containing
the same power for x to zero, yields an algebraic system of
equations in oy, 3;(i=0,1,2,3,4,5,j=0, 1) and € (see
appendix A). Solving the obtained system by Mathematica,
we have the following sets of solutions.

Case A.
36000361 — 1800350316 + 1243 813606 + 2a0p)
Qo = Qp, Q1 = 2 3 p
6(agp + B+ aof0d) — ap(3Bod +2app)
15583 1083 96 810
oy = —=, 3= =% , ap =0, as= £
10237 \/6—/1 B1496p ~ip
_ _ _ apBBod+2a0p)
50—@)’ ﬂ1—ﬁp 5—462 s
B
(3.5)

where g, 5y and 3, are free constants. Substituting the values
(3.5) into (3.4) and using (2.3), yields traveling wave

solutions of equation (3.1) as follows

Yo + Cexpl46 (&, 9)]
B £ Boifo + Cexpl4o (&, 9)]
15503
(0 + Cexp[4o(&, )2
2448335 ]
(0 + Cexp[4o(&, 5D} |
(3.6)

ul(g’ S) =

ag+ A
10267 J6p
25503
(0 + Cexpl[4p(&, )i

Yo + Cexpl44(E, 9)]
BiE i Boifo + Cexpld4p (&, )]
; 15553
(0 + Cexp[4¢(&, )2
l 2448330 ]
(0 + Cexp[4o(&. 9D} |
(3.7)

us (5’ S) -

g + A
102437 {/6p
; 25543
(0 4+ Cexp[46(E, )i

where

_ 36008361 — 1800580616 + 1205413808 + 2a0p)

A
6(cgp + B3 + 2Bod) — ap(3Bod + 2ap)

and

b6 5) =€~ [0‘0(350‘5 + 20‘°p>]s.

6533

Figure 1 shows the behaviour of the solution u(&, s) for
o =0.0002, p=C=1, 6§ =0.002, ap = 0.005, Gy = 0.05
and 5, = 0.5.
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Figure 2. (a) 3D plot of the solution u3(&, s). (b) and (c) 2D plots of the solution u3(, s) at s = 0 and s = 1, respectively. Here, p = 0.0001,
c=C=1,0=06.7, oy =0.02, y = 1.5 and 5, = 0.002.

Case B. “ ) o + Cexp[4o(&, 9)]
us(&, ) =
 Bo\J957 — 384p — 3046 = BB 18 330 ! Bi £ i Boifo + Cexpld4o (&, s)]
== 8p B 1= 8p >
_ 04(813{3(2)(7278(1%/1) _ —306a409 _ -0 % 50 V962 - 384p - 3/806
ap = BTV R Qa3 = 5 Q4 = Q4, 5=V, 8p
§(36 — \[952 — 384p) — 64p
Bo= Bo. Bi=p1, €= 2 , L B1+/36% — 128p — 33,6
i
(3.8) 8p(0 + Cexpl[4p(&, $)))i
where ay, 0y and [, are free constants. 48138202 — 8alp)

Substituting the values (3.8) into (3.4) and using (2.3),

2 2 1
yields traveling wave solutions of equation (3.1) as follows 120570°(0 + Cexpl4o(&, $))>

C 7 i 3060&4ﬁ0
uy(€, 5) = — T+ CRIE )] 72610 + Cexplad(&,
Bi £ Boifo + Cexpldo (&, 5)] o
s 3.10
 [80957=384p — 3605 T o T Coxplaae, s)])] G-10)

8p

" Bi136% — 128p — 35316 where
8p(c + Cexpl[4d(S, )i
481308302 — 8aip)
1208202(0 + Cexpl4p(&, 5))2
306044ﬂ()

72 C expl46 (&, )]t
File + Cexpl4o (&, o) Figure 2 shows the behaviour of the solution u3(¢, s) for
+ Q4 ] (39) P= 0.0001, c=C=1,6=06.7, ay =0.02, By = 1.5 and
(0 + Cexpl4o(&, ) B8, = 0.002.

6§36 — /962 — 384p) — 64
¢<£,s>=£—l( e p) p]s.
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Case C.

Qo = Qp,

_ By(=36+ /967 — 528p)
=t

p
B0 = 5238 + 95> = 528p). B =

where o and 3, are free constants.
Substituting the values (3.11) into (3.4) and using (2.3),
yields traveling wave solutions of equation (3.1) as follows

5280p(c + Cexp[4d (€, ) £ 6681(—36 + /962 — 528p)

a=0a3=as=0a5=0,

3.11
B e —362 4 6,/96% — 528 — 88p ( )
15 = b

32p

Balancing u’ with u”’ gives x = 5 and y = 1. Therefore,
we can set the traveling wave solution of equation (3.14) in

us(&, s) = , (3.12)
’ —8app(36 + /962 — 528p) (0 + Cexp[4o(E, s)Di + 5280p
B i By(— 982 —
ue(, ) = 528y p(o + Cexpl4o (&, s))+ £ 661 51(—36 + 96 528p) (3.13)

where

—36% + 6,/96% — 528p — 88p
¢(£9 S) = g - s.
32p
Figure 3 shows the behaviour of the solution us(§, s) for
p=20.0001, c=C=1, 6 =25, ag = —0.005, and () =
—0.002.

3.2. The (2+1)-dimensional modified Zakharov-Kuznetsov
equation

In [29], Schamel constructed the (2+1)-dimensional modified
Zakharov—Kuznetsov equation:

us + putug + v (ugee + gee) = 0,
& ¢ s)eRx Ry, (3.14)
which portrays the ion-acoustic waves inside a cold-ion
plasma when the behavior of the electrons does not isothermal
during their passway of the wave. According to the trans-
formation:

ul& ¢ s)=u(w), w=&+ (— €s, (3.15)
Equation (3.14) can be converted into a NODE
—eu' + puu’ + 2uu" = 0. (3.16)

Integrating the NODE (3.16) and putting the constants of
integration to be zero, yields

7

—eu + §u3 + 2w = 0. (3.17)

—8ap(36 + 4/96% — 528p) (0 + Cexp[4o(&, i £ 528 ﬂlp’

the form

ao + anx + anx? + aax® + agx? + asx®
Bo + Bix

u(w) =

s

(3.18)

substituting equations (3.18) and (2.2) with n =35 into
equation (3.17), gets an algebraic equation in x and its
powers. Equating the coefficients of the terms that containing
the same power for x to zero, gives an algebraic system of
equations in o, B(i =0, 1, 2,3, 4,5, =0, 1) and ¢ (see
appendix B). Solving this system by Mathematica, we have
the following sets of solutions.
Case I.

a=0,g=a, x =az3=a4 =0, as = —2q0,

Bo=0, B = iaTli /ﬁ, €= —16v,
14
(3.19)

where o is a nonzero free parameter.

Substituting the values (3.19) into (3.18) and using
(2.3), gets traveling wave solution of equation (3.14) as
follows

4i (1 —2a)ﬁ

b ’ = :t '
(&, ¢, ) o+ Cexpl4(€ + ¢+ 16ws)]

(3.20)

Figure 4 shows the behaviour of the solution u,(¢, ¢, s) for
uw=01v=—-1,0=025and C = 1.
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Figure 3. (a) 3D plot of the solution us(§, s). (b)—(d) 2D plots of the solution us(§, s) ar s =0, s = 0.5 and s = 1, respectively. Here,
p =0.0001, c =C =1, 6§ =2.5, ap = —0.005, and 3; = —0.002.

Case II.
Ot()::|24l',60\/§,041::|:4l.ﬁ1\/§, 022013:0,044::&81'ﬂ00'\/§,
’“‘3 ! ! (3.21)
as = £8i ﬁ10\/¥, Bo = Po, 1= P, €= —16v,
where (3 and (3, are free parameters. where (3 is free parameters.
Substituting the values (3.21) into (3.18) and using (2.3), Substituting the values (3.23) into (3.18) and using (2.3),
gets traveling wave solution of equation (3.14) as follows gets traveling wave solution of equation (3.14) as follows
. |3v
ur(E G 5) = £4i | = (e, €. 5) — L@ CexplaV(E, ¢ ! [,61<9u2 — 230)
a B w202 — 1
y (1 n - 440 - ) n 3uv
o+ CXp[ (f + C+ vs)] (3.22) (561 202 — 1 + 37v) (o + Cexp[47j;(§, <7 S)])%
Figure 5 shows the behaviour of the solution u;(¢, ¢, s) for I 3u@? + o?)
p=C=landv=0=—1 (561202 — 1) (0 + Cexpl4d(, ¢ 9D |
Case IIL : PV ¢ (3.24)
o /31(9/1,2— 23v) o . 3w _
Qp =~y g = 0, v = 175‘6]’ i BT 0, (323
L 3u@t+ad) _ _ _ =2+ 27— T4v) - 33v ’
Qy = ZGIW’QS_[}O_O’ ﬂl_ﬂhf_ \/2‘/271 5
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Figure 4. (a)—(c) 3D plots of the solution u;(&, ¢, s) at s = 0, 0.2 and 0.4, respectively. Here, = 0.1, v = —1, 0 = 0.25 and C = 1.

where

— 442 2 _
YE ) =E+(— [ 4+ p @7 — 74v) 33”Js.

N2 — 1

Figure 6 shows the behaviour of the solution u;(¢, ¢, s) for
p=v=C=1,0=2and g, = —0.0002.

4. Conclusive remarks
This section is devoted to some conclusive remarks.

Remark 1. According to the identity e’ = cosh + sinh 6,
our traveling wave solutions, obtained by the general
improved Kudryashov method, can be handily converted to
solitary wave solutions. For example, the solution (¢, s) of
the combined KdV-mKdV equation can be converted to a

solitary wave solution as follows

“1*(5, s)

_ 4Jo 4 C(cosh[4¢ (&, )] + sinh[46(E, 9)])

B % Boifo + Clcosh[46 (€, 5)] + sinh[46(E, 5)])
[ ag+ A

10267 J6p

N 15533
(0 + C(cosh[4¢ (&, s)] + sinh[46 (&, 5)])2
N 25503
(0 + C(cosh[4¢ (&, 5)] + sinh[46 (&, 9)])¢
N 244833 o ]
(0 + C(cosh[4¢(&, s)] + sinh[46 (&, )]} @

where A and ¢ (€, s) are given in Case A. Also, the solution
w (&, ¢, s) of the (2+1)-dimensional modified Zakharov—
Kuznetsov equation can be converted to a solitary wave
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Figure 5. (a)—(c) 3D plots of the solution u,(&, ¢, s) at s = 0,0.2 and 0.4, respectively. Here, y = C=1and v =0 = —1.

solution as follows

ul*(g’ C, S)

4i (1 — 20) ﬁ
o + C(cosh[4(£ + ¢ + 16wvs)] + sinh[4(€ + ¢ + 16vs)]’
4.2)

Remark 2. Using the identity e’ = cosf + isinf, our
traveling wave solutions, obtained by the general improved
Kudryashov method, can be easily converted to periodic wave
solutions. For example, the solution 1 (&, s) of the combined
KdV-mKdV equation can be converted to a periodic wave

where A and ¢ (¢, s) are given in Case A. Also, the solution
(&, ¢, s) of the (2+1)-dimensional modified Zakharov—
Kuznetsov equation can be converted to a periodic wave
solution as follows

ul**(é’ C’ S)
4i (1 — 2a)ﬁ
o + C(cos [4i(€ + C + 16vs)] — i sin[4i(€ + ¢ + 16vs)]
(4.4)

Remark 3. This paper improved the general Kudryashov
method [22] by a general auxiliary equation

X' (@) = ox"(w) — x(w),

solution as follows l<neN, 0=o0cR, 4.5)
x 4/0 + C(cos [4ip(&, s)] — isin[4ip (&, 5)]) g+ A
23] (f’ S) = - . T 2
B+ Boyfo + Clcos [4ig (&, )] — i sin[4id (&, 9)]) | 10257 J6p
15583 25503
+ ) — Tt ) — 3 4.3)
(o + C(cos [4ip(&, s)] — isin[4ip(&, s)])2 (0 + C(cos [4ip(&, 5)] — isin[4igp(&, s)])4
N 2448830

(0 + C(cos [4ip (&, s)] — isin[4ip(E, s)])%



Phys. Scr. 95 (2020) 045212

A-A Hyder and M A Barakat

()

Figure 6. (a)—(c) 3D plots of the solution u3(&, ¢, s) at s = 0,0.5 and 1, respectively. Here, pu = v = C =1, 0 = 2 and 3; = —0.0002.

which has numerous general solutions depend on the natural
number n, see (2.3). If n = 2, equation (4.5) reduces to the
auxiliary equation /() = ox?(w) — x (=) which used in
[17, 22] together with the expansion (2.1) to produce a families of
exact solutions for some nonlinear evolution equations. Also, for
n =3, equation (4.5) reduces to the auxiliary equation
X' (@) = ox3(w) — x(w) which used in [28] together with
the expansion (2.1) to produce a family of exact solutions for
some nonlinear evolution equations. In our work, we just used
equation (4.5) for n = 5. But one can use it for many values of
the natural number n and obtain new pairwise disjoint sets of
exact solutions. Moreover, we apply our method for the combined
KdV-mKdV equation and the (2+1)-dimensional Zakharov—
Kuznetsov equation as application examples. But, in fact, one can
use it to solve many nonlinear evolution equations arising in
mathematical physics, such as Hirota-Satsuma coupled KdV,
Sawada-Kotera, Zhiber—Shabat and KdV-Burgers equations.

5. Conclusion

In this paper, the general Kudryashov method is improved by a
novel auxiliary equation. So, a new method to constructing exact
solutions for nonlinear evolution equations is introduced. This
method is called the general improved Kudryashov method. The
main merit of the general improved Kudryashov method over the

others lies in the fact that it uses a particularly straightforward and
effective algorithm to obtain exact solutions for a large number of
nonlinear evolution equations. Also, a great variety of exact
solution can be derived easily on choosing the parameters that
appeared. We apply this method to explore exact traveling wave
solution for the combined KdV-mKdV equation and the (2+1)-
dimensional Zakharov—Kuznetsov equation. These solutions
include solitary and periodic wave solutions. Also, some of the
obtained solutions are graphically sketched.

Besides that, our approach generalizes some previous
approaches. It is based on improving the general Kudryashov
method [22] by the general auxiliary equation (2.2) which has
various general solutions depend on the natural number n. If
n = 2 and3our approach reduces to the approaches presented in
[17, 22] and [28], respectively. In our work, we just used our
general auxiliary equation for » = 5. But one can use it for
many values of the natural number n and obtain new pairwise
disjoint sets of exact solutions. In our point of view, there is no
any demerit in applying our approach to finding exact solutions
for nonlinear evolution equations.
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Appendix A

The system of algebraic equations in oy, 8; (i = 0, 1, 2, 3, 4,
5,j =0, 1) for the combined KdV-mKdV equation
X" =201 65 + @0 (2801 + a0 — 265€ + agp) = 0,
X" =835 + (2801 + 200806 — 2B5€ + 3agp)
+ aoB1(2681 + apBié + 480€) = 0,
X2 apBaip — 2687 €) + ar(enBob + 200518 + 48051 €)
+ 0 QagBob — 68051 — 2B5€ + 3agp) — 180385 = 0,
X3 =324 8% + a3(2apBod — 220081 — 265 € + 3agp)
+ 2287 + 201806 + 200316 — 4BoPre
+ 6agaip) + (B8 — 287 e+ aip) =0,
x* —500as85 + aa(4680B1 + 200806 — 265 €
+ 3a5p) + a32a1 806 — 857 + 200316 + 4B0S1€
+ 6apap) + an(a 806 + 201616 — 26%6
+ 3agazp + 3aip) + 108y0 (a1 By — aof) = 0,
X1 as2ao B — 788051 — 2B5€ + 3agp)
+ g2 808 — 183F + 200316 + 480 B¢ + 6a9a1p)
+ 3202806 + 201816 + 3aip — 237 € + 6apazp)
+ (@16 + 3ajanp + 245350)
+ 6810 (180 — B = 0,
X°: as(=3257 + 21806 — 480616 + 6agaup + 2a0016)
+ 42 Bo8 + 201816 — 237 € + 3aip
+ 6apanp) + az(azBod + 2a, 610 + 6z p
+ 3agaszp + 42650) + 2 (3080 Bio + a3p) = 0,
X't as(Ran Bob + 201616 — 267 € 4+ 3alp + 6agasp)
+ @4(2a3B06 + 202816 + 6aiazp + 6apazp
+ 64830) + asz(az 316 + 3a3p
+ 3aa3p + 62630510) + 100z 570 = 0,
X% as(2a3 806 + 200818 + 6ajanp + 6agaszp + 90850)
+ ag(asfod + 203616 + 3a3p + 3apasp
+ 6ara3p + 10280510) + a3Bazasp + 24B70) =0,
X7t as(RagBod + 203816 + 3(1%,0 + 6apagp + 6a1azp
+ 15080310) + as(asf16 + 6araszp
+ 3ajayp + 42670) + aip = 0,
10: as(asBob + 204016 + 6aza3p + 6ajasp

+ 3agasp + 64310) + 3aup(ald + aray) = 0,
11.

=

as(as 016 + 304%,0 + 6aa4p + 3aasp) + 3a3aip =0,
s as(6azayp + 3asasp) + aip =0,

:3asp(ai + asas) =0,

: 304404%/) =0,

caip=0.
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Appendix B

The system of algebraic equations in «;, 5;(i =0, 1, 2, 3,
4,5,j=0,1) for the (2+1)-dimensional Zakharov—Kuz-
netsov equation

X% —3a0f5e + agu =0,
X' anBagu — 385€ + 685v) — 6apBoBi(e + v) =0,
X2 (24850 — 385e + 3agp) + ar (6801 — 6B0fie
+ 3agaip) + 3o (6r — €) =0,
X3 azBagp + 54850 — 365¢) + ax (1830 Biv
+ 6agaq e — 608¢B1€) + al(a%u — Sﬂfe) =0,
X* aaBagp — 365e + 9665v) + az(b6aganp
— 6B0B1e + 6658081v) + ax(Baipu — 357 €
+ 3agaap + 637r) =0,
X3 asBadp — 385 + 15080v) + a4 (13830611
+ 6aganp — 660B1€) + azBatp — 367 e
+ 60t 4 24830) + au(Basp — 3633v0)
+ 360Gy Bivo = 0,
X% as(23430 61w — 600 51€ + 6agon o)
+ as(546% v — 36% ¢ + 6agar i + 3ai 1)
+a3(bayaap + 3apgasn) + ax(aap + 9655v0)
+ 1281v0 (B — a1 o) = 0,
X' an(6agasp + 3aiu — 367 € + 96537 v)
+ 6asp(oas + ajan) + as(Bazp + 3aiasp
— 18033v0) — 108, 30 f1vo = 0,
A3 6asp(aoas + aran) + as(3asp + 6ajasp
+ 3agaup — 2888310) + asBanasp — 2526 31v0)
— 36azﬁfua =0,
X% as(bagog i — 4208500 4+ 3031 + 6agasp)
+ as(barazp + 3aragp — 44460 1vo) + az(asp
— 9643ivo) + 30Boro? (a1 By — o) = 0,
X' as(6arasp + 3agasp — 68430 f1vo + 6aio )
+ as(3a3pu + 3o + 18037 v0)
+ vo} (7120285 + 1818081 — 18co37) = 0,
X' asBajaspy — 28837v0 + 3051 + 6ana4 1)
+ az(Badp + 12663v02) + 90, BoBive® = 0,
X% as(6azaup + 3azasp) + oy (19285007 + ajp)
+ 361002620389 + 10 B)) = 0,
X3 3as(ad i + azasp + 9083v0?)
+ 38102 (10204 By + 24036 = 0,
X1 Bas(aap + 1508081002 + 1260 B3 vo?
X5 as(ad + 19267 v0?) = 0.

0,
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