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Abstract
In the present article, we consider blow-up phenomena appearing in
k-equivariant harmonic map heat flow from R to a unit sphere S¢ C R¥+!:
d—1 k(d+k—2)

u

= 5,2 sin(2u), r>0,t>0.
r r

Here the scalar variable u stands for latitudinal angle on S¢ from the north
pole (u = 0) to the south pole (u = ). The integer k > 1 corresponds to the
eigenvalues associated to eigenmaps € : S“~! — S?~!, that is, harmonic
maps with constant energy density. We prove constructively the existence of
asymptotically non-self-similar blow-up solutions with precise description of
their local space-time profiles. The blow-up solutions arise from, depending on
the combination of d and k, two different approximations of the nonlinear term:
either through a Dirac mass supported at the origin or via a Taylor expansion
around equator map u = /2. Transition of the blow-up mechanisms arises,
accordingly.

Uy = Uy +
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1. Introduction

As a continuation of our previous work [8], we study the singularity formation of harmonic
map heat flow from R? to S € R*!, j.e. the equation for map F : RY x Ry — S

OF = AF + |VF|’F, (1.1)
a gradient flow for the Dirichlet energy
1
E[F] = = / |VF|*dx. (1.2)
2 Jpa

Let € : S¥~! — S?—! denote an eigenmap, i.e. a harmonic map with constant energy density
|V%|? = Ay. From the general theory (see [13, chapter VIII]), we know that

Ay =k(d +k —2) (1.3)

and € is a d-tuple consisting of eigenfunctions of —Ags—1 and represented by homogeneous
polynomials of order k subject to a condition |Q2|> = 1. We particularize our analysis here to,
so called, k-equivariant map:

F(x,1) = (Qk (i:) sinu(r, 1), cosu(r, t)) , (1.4)

where r = |x|, x € R?. The scalar variable u, on which we assume radial symmetricity with
respect to x, stands for latitudinal angle on S¢ from the north pole (u = 0) to the south pole
(u = 7). Direct computations then show that

O, F =0,u () cosu, —sinu),
O F =0yu (Q cosu, —sinu) — (8,u)2 (Q sinu, cosu) ,
Vi1 F = (Vg1 ) sinu, 0), Age—1 F = ((Age-18) sinu, 0),
OF =0 (Y cosu, —sinu).

The energy density is expressed as
2 2, 1 2 2, Mo
|VF|* = |0.F|" + ﬁ'VSd—1F| = (Oyu)” + o sin” . (1.5)

Using the decomposition of the Laplacian into its radial and transversal parts, we get
d—1

1
AF = 0,F + “——0,F + 5 Agi i F
r r

d—1 A

= (Grru + —20u+ —zk) (Q cosu, —sinu) — (Ou)” (e sinu, cosu) .
r r

Consequently, the harmonic map heat flow (1.1) is reduced to a k-equivariant ansatz:

d—1  k(d+k—2)
Uy = Uy + ur —
r 2r2

sin(2u), r>0,t>0, (1.6a)

u(r,0) =up(r), r=0. (1.6D)
Due to (1.5), the Dirichlet energy E[F] can be written as E[F] = Vol(S¢~1)E;(u) with

1 sin” u

Eu) = 5 /Ooo <(8,u)2 b k(d 4k — 2)2) =14,
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The continuity at r = 0 of the map F(-, ¢) as in (1.4) imposes boundary condition
u(0,1) = 0. (1.6¢)

As amatter of fact, equation (1.6a) is a gradient flow for Ey(u). As for the initial data, we assume
that ug is a nonnegative function such that uy(r) = O(r*) as r — 0. Existence and uniqueness
of local-in-time classical solution of (1.6a)—(1.6¢) is shown by rather standard arguments. See
[8, proposition 3.1] for the case k = 1. The proof begins with changing unknown variable as
®,(r,t) = u(r,t)/r in order to transform equation (1.6a) to another equation with a bounded
nonlinear term. The same argument works for general k > 1if we start with the transformation
O (r,t) = u(r,t)/r*. We say that a solution u of (1.6a)—(1.6¢) blows up in a finite time 7 if u
is smooth in R4 x (0, T) and

u(r,t)

lim sup sup —— = +o0. (1.7)
t /T r>0 r

A blow-up is said to be of Type I if there exists a constant C > 0 such that

u(r,t) Cc
sup ” <
>0 r T—1t

and of type II otherwise. Type II blow-up means that the singularity structure is not in accor-
dance with the scaling property of (1.6a). Much effort has been recently paid to determining
blow-up types for (1.6a) with k = 1. Despite its apparent simplicity, equation (1.6a) admits
various blow-up mechanisms depending on the combination of k and d. Below we just review
some of the known results.

In the two-dimensional case d = 2, a generic blow-up pattern is of type II and is realized
by a shrinking harmonic map with finite energy so that the blow-up may be viewed as ‘bub-
bling’ process, where some portion of energy is trapped inside the singularity [3, 31, 32, 39].
In dimensions 3 < d < 6, there exist self-similar solutions, which exhibit type I blow-up [14].
The shrinking self-similar solutions, together with expanding ones, can be used to describe
global (possibly nonunique) weak solutions to (1.6a) [5, 6, 18]. Moreover, the stability prop-
erty of the shrinking self-similar solutions constructed in [6] has been shown in [7]. On exist-
ence and regularity of weak solutions for rough initial data of finite Dirichlet energy, readers
are referred to [10] and the references cited therein. Uniqueness of weak solutions in a class
that includes blow-up solutions has been studied in [17]. The blow-up solutions constructed in
[8], however, do not satisfy a condition of the uniqueness result in [17].

In higher dimensions 7 < d, type I blow-up cannot occur [9]. The proof given in [9] is by
contradiction, and hence no information on actual blow-up rate nor the asymptotic profiles
is obtained there. We aim at constructing typical examples of type II blow-up solutions with
quantitative informations about their blow-up rate and profiles. One of the authors described
in [4] some expected blow-up mechanisms by means of matched asymptotic expansions and
demonstrated by numerical computations how reasonable they are. While the formal construc-
tions by [4] provide us with useful information about asymptotics of the expected solutions,
we need extra nontrivial arguments to prove the actual existence of the expected solutions
with the prescribed asymptotics. In our previous article [8], we have proven that there exist
a countably many type II blow-up solutions with exact rates, justifying some of the formal
constructions in [4]. A stability result of such blow-up solutions has been obtained in [19]. For
further results, see the introduction in [8]. Our goal in the present article amounts to giving a
rigorous proof of the existence of the solutions suggested by the result of [4] but being beyond
the scope of [8].
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The key point of the arguments in [8] consists in the linearization of (1.6a), after intro-
ducing backward self-similar variables (®;y, s), around the singular map 7 /2. The operator
associated to the linearization is formally written as

Av—-12 (pav) 7]((“—;1_2)0, p=yle A
p Oy \" Oy y

It is realized as a symmetric operator in Li o (RY) (see (2.4) for the definition). Let us just point
out the following essential fact:
The linearized operator A is lower semi-bounded in L7 ,(R¢)

ifd > d*(k) =2+ (2 +2V2)k.

See proposition 2.1 below. The spectrum of Friedrichs’ extension, still denoted by A, con-
sists only of simple eigenvalues {\,}>°, CR and A\, =n—~/2 (n=0,1,...), where
~v = ~y(k,d) > 0 is the constant defined in (1.9) below. Each blow-up solution constructed in
[8] is associated to a stable eigenvalue Ay > O (for the case k = 1). However, for eachn € N
there exist k > 1 and d > d*(k) such that A\, = 0. In the present article we construct blow-up
solutions associated to the neutral eigenvalues for each k > 1.

In the general case k > 1, Gastel [16] proved the existence of self-similar blow-up solutions
for d < d*(k). So far, regarding rigorously proven results, all the results on type II singularity
in the high-dimensional case were given only for the case k = 1. In the case k > 2, there are
several dimensions where neutral eigenvalues appear. Recall the asymptotic property of the
stationary solution Uj(r) satisfying U;(0) = 0 and lim,_,o U; (r)/r* = 1[4, 28]: if d > d*(k),
then

™
Ui(r) =5 =" +0 (r7=¢) (1.8)
as r — oo, where & is a positive constant and
d—2—
Y= i w=w = Vd =27 —4k(d—2) 42 (1.9)

is the smaller root of quadratic equation v> — (d — 2)y 4+ k(d +k —2) = 0.

We are now in a position to state our main results. As a main novelty, we show that type
II blow-up solutions associated to neutral eigenvalues actually exist and their blow-up mech-
anisms are quite different depending on whether 2y > w (i.e. 4y >d —2) or 2v < w (i.e.
4~ < d — 2). The simplest case, \; = 0, happens if and only if (k,d,~) = (1,7,2), and hence
condition 4y > d — 2 is satisfied. Suppose next that A\, vanishes. This is true if and only
if (k,d,v) = (2,12,4) or (3,27,4). Notice that condition 4y > d — 2 holds for the former
triplet, whereas condition 4y < d — 2 holds for the latter one. In general, the both situations
occur in accordance with suitable choice of k > 2 and d > d*(k) when a higher eigenvalue \,,
(np > 2) vanishes (see remark 2.2 below).

Theorem 1.1.  Assume that d > d* (k) = 2 4 (2 + 2+/2)k holds. Suppose that v = 2ng for
some integer nyg > 1. Then there exists a solution u of (1.6a) and (1.6b), with Ei(up) < oo,
that blows up in a finite time T and that fulfills the following properties:

(i) (Exact blow-up rate) There exists a constant 6 € (0, 1) such that the limit

k2
lim (T—1) u(r,t)
=T |log(T — )|/ rk

with 6 = min{2vy,w} (1.10)
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exists and is positive. The convergence is uniform on the set
{0 < r < C|log(T — t)|729/%\/T —t} for every constant C > 0.

(ii) (Estimates in a neighborhood of the inner layer) There exists a positive smooth function
e(s) satisfying, if 2v > w,

e(s) = Ks~/“ {1+ 0(1)}, (1.11a)

. _ K —1/w—1

g(s) = —s {1+0o(1)} (1.11b)
and if 2y < w,

e(s) = Ks™V/2 {1+ o(1)}, (1.12q)

é(s) = —Es_1/27_1 {1+o0(1)} (1.12b)

2y '
as s — oo for some constants K ,I~( > 0, and
_ _r wy (T
u(r,t) — Uy (E(S) T—t)‘ < e(s)™w (E(S) T—t) (1.13)

forr <e(s)P/T —1,t <T, where s = |log(T — t)| and ¥ is a positive smooth function
satisfying

0(¢k)  as¢ =0,
\If =
© {0(57) asg — 0.

(iii) (Estimates in self-similar regions) For every M > 0 there exists a constant Cy; > 0 such
that

()= = De(s) (=) e (1
T
BN VT =1 O Ty
fors(s)G\/T —t<r<MVT—-1t<T,
where D = hN with N' = N(ny,d) > 0 is a constant and L (x) denotes the associated
Laguerre polynomial of order n:
x Vet d"
n!  dx

and where €(s) is as above.

(1.14)

< Cue(s)" (T — 1)/

(1.15)

LY (x) = (e™¥"™),

(iv) (Number of intersections) There exist exactly ng simple zeros {rj(t)};2 of u(-,t) — m/2 in
(0, 00) for every 0 < t < T, which satisfy rj(t) = O(vT —t)ast /T forj = 1,...,ny.

Remark 1.2. It is readily seen that sup,.qu(r,t)/r* is attained in the region where
r < Ce(s)V/T —t,C > 0, foreacht € (0, T) and not outside a ball with radius of order greater
than e(s)y/T — t. In particular, there is a constant M > 0 such that

u(r,t M|log(T —t ko/s
sup{ (rk ); e()?VT —1 < r} < | (T(— t)k/)2| )
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Remark 1.3. The constant 7/2 is a stationary solution of (1.6a) as well as of the rescaled

equation (2.1c) below, although it does not satisfy the boundary condition (1.6¢). The associ-

ated Laguerre polynomials in (1.15) appear in the expression of the eigenfunctions:
— Ny YL/ (324

by (V) = Ny L (2 /4) (1.16)

for the linearized operator around 7 /2 in the self-similar variables (see (2.8) below). The even
integer assumption of «y is merely for guaranteeing that O is an eigenvalue.

We thus complete the first step of our project, which was presented (partly) in [4] by means
of the formal asymptotic expansions coupled with numerical evidence, prior to the rigorous
mathematical analysis due to [8] and the present paper. We conjecture that blow-up rate of a
general blow-up solution of (1.6a) is the same as one of the particular solutions constructed in
[8] and the present paper. See remark 1.4 below for the detail.

Remark 1.4. As stated in [8, remark 1.5], there is a striking analogy on singularity forma-
tion between equation (1.6a) and a semilinear heat equation u, = Au + u?, p > 1. For this
equation Herrero and Velazquez [24, 25] proved the existence of radial type II blow-up solu-
tions {ugpy}e if N> 11, p>1+4/(N —4 —2y/N — 1) =: p;;*, which play an essential
role in the classification of general radial blow-up solutions due to [29, 30]. More precisely,
the authors of [29] and [30] proved independently that if two radial solutions blow up at the
same time, with type II regime, and have the same ‘number of vanishing intersections’ then
the ratio of their maximum is bounded from below and above by positive constants. Although
type II blow-up solutions are not directly constructed in [29, 30], one can use the HV solutions
{ugpnv}e to compare with given radial blow-up solutions if p(>p;;) does not coincide with
certain exceptional values, denoted by { p; }fil Consequently, they classified all possible rates
of radial blow-up solutions for p > p;; with p # p;, N > 11. Analogous classification result
was obtained for a different parabolic problem in [21] based on [20, 34]. Taking account of
these works, the authors expect that the blow-up solutions as in theorem 1.1 and [8, theorem
1.1] exhibit all possible blow-up mechanisms of (1.6a) for d > d*(k) with k = 1. The same
should be true also for k > 2, as [8, theorem 1.1] is extended to the case k > 2 [35], though
type I blow-up could occur in that case. The information about the number of intersections as
stated in (iv) of theorem 1.1 should be essential to claim such a statement.

Statement (ii) in theorem 1.1 shows that the leading term near the singularity evolves in
a non-self-similar scale due to the presence of function ¢(s), whereas statement (iii) implies
that the solution behaves in a self-similar manner in the region r ~ /T — ¢. This fact is a key
qualitative description of type II singularity. Based on the local estimates in theorem 1.1, we
may show that it applies also in its derivatives. Moreover, we may obtain the asymptotics of
the energy density of the corresponding k-equivariant map.

Theorem 1.5. Assume the same hypotheses as in theorem 1.1. Let u and €(s) with
s = —log(T — 1) be as in theorem 1.1 and let ¢, (y) be the function as in (1.16). Then

(i) Function (&,t) — u(e(s)V/T —t,1) is close to Uy (€) in C% [0, 00) in the sense that

2
Z sup

o<k

ggj (u (gg(s)\/ﬁ, ;) — U (g))‘ —~0 ast /T (1.17a)

4 For some integer powers p > p;;, the existence of nonradial type I blow-up solutions has been proven in [11]. The
solutions exhibit the same blow-up rates as of {u,nv }, for such a value of p.
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foreveryK > 0, andfunction (y,t) —u(yv/T — t,t)isclosetou*(y,t) := w/2 — De(s)? ¢y, ()
in C2. (0, 00) in the sense that
2 i
> sup |- (u(y\/T —0,1) —u*(y, t))’ =0 ast /T (1.17b)
<m0y
forevery M > L > 0.
(ii) Let F(x,1), Fi(x,t), F*(x,1) be the k-equivariant maps defined by (1.4) corresponding to

u(r,t), Uy(r/e(s)\/T — t), u*(r//T — t,t) with r = |x|, respectively. Then:
sup £(s)2(T — 1) ](|w|2 — VR P) (fe(s)\/T —, t) \ 0 ast /T 184)

£<K

for every K > 0, and

sup @‘(IVFIL\VF*\Z) (y\/ﬁ,tﬂ%() ast AT (1.18b)

L<y<m €(5)%

foreveryM > L > 0.

Remark 1.6. Estimates (1.18) show that the leading term of the energy density |VF|? in
the designated regions are precisely given by |VF;|* and |[VF*|?, respectively, since we have

A < (T = sup [V (60T —1r) < 2 (119)
<K
B, < (T—1) sup |VF*]? (ym,t) <B (1.19b)
LysM

for some constants Ay, A,, By, B, > 0. In particular, the energy density |VF |2 behaves in non-
self-similar manner in the inner region r < e(s)+/T — ¢, but in self-similar manner in the
self-similar region r ~ /T — t.

We just recall a general decay estimate essentially due to [17]. Suppose that initial data
uy = hy satisfies |ho(r)| < My, rlhj(r)| < M, for a.e. r > 0 for some constants My, M; > 0.
Then any bounded solution 4 of (1.6a) on [0, T] with &(-,0) = hy satisfies

M
b ()| <=2, r>0, (1.20)
;

uniformly on [0, 7], where M, > 0 is a constant depending only on k,d, M, and M. The proof of
(1.20) is given in [17, proposition B.1] for k = 1 by using a heat kernel estimate, which works
for any k£ > 1 without any change. Applying (1.20) as well as the identity (1.5) to our solution
u in the region {r > e\/T — t}, we immediately see that there holds [VF|> < C/e%(T — 1),
whence the following corollary. In particular, the singularities of our solutions are categorized
into the second kind in terms of Struwe’s classification [38].

Corollary 1.7. Assume the same hypotheses as in theorem 1.1. Then the energy density of F
enjoys the following blow-up rate estimate:

G

76@)2(7,_[) (1.21)

G
S IVF( )70 (ray < 8

(s)X(T 1)

where Cy, Cy > 0 are some constants, where £(s) is the function as in theorem 1.1.
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We finally mention a technical aspect of our approach. Our fundamental tool bases on a
method of matched asymptotic expansions, which has been used in a number of nonlinear
problems at least on a formal level, e.g. [4, 15, 36, 39]. This method describes possible sin-
gularity mechanisms, especially locally in space, prior to verifying the actual existence of
sought-for solutions. On the other hand, the justification of such formal asymptotic expan-
sions is known to be a delicate problem, in general. In semilinear problems, a method of
linearization about a stationary solution is commonly used. Information in the region away
from the singularity is given by such a linearized problem. Such an approach has been adopted
in various nonlinear parabolic problems, e.g. [20, 22, 23, 33, 37] after the pioneering work
[24, 25]. A related technique was used in [2]. In these works, the leading terms are obtained
completely on the linear level. In subtler problems, such as the situation where O is an eigen-
value, deeper analysis is required. In particular, the situation becomes more complicated in
a problem where a non-self-similar singularity can arise, because the standard method of
higher-order approximation may not work. Some (but a few) works deal with such a situation
[27, 26] in the asymptotic methods, but the authors doubt if it would apply for our problem at
least not directly. Instead, we adopt here the approach that has been recently developed in the
second author’s work [34]. See section 3.1.1 for detail.

The plan of the present article is as follows. In section 2 we recall some preliminary results
and revisit the formal construction of our sought-for solutions presented in [4]. A full proof of
theorem 1.1 is given in section 3, which consists of six subsections. After some preparations
in section 3.1, the topological fixed-point argument is carried out in section 3.3 by admitting
a key a priori estimate. Consequently, theorem 1.1 is proved. The remaining subsections of
section 3 are devoted to deriving a prior estimates. The most important one is about a bound
of oscillation near the origin, presented in lemma 3.6 in section 3.3. This leads to sharp esti-
mates suggested by the formal construction as demonstrated in sections 3.4 and 3.5. The sec-
tion ends with the proof of theorem 1.5 in section 3.6.

After completing this work, the authors were informed of very recent results by [12], which
show the appearance of interesting bubbling phenomena for the two-dimensional case. This
result yields crucial contribution to the study of the harmonic map heat flow (1.1).

2. The formal construction

In this section we formally derive the main results by means of the matched asymptotic expan-
sions. Such a singularity mechanism was essentially found in [4]. We shall revisit and slightly
modify the formal argument in that article, so as to estimate the magnitude of the remainder
terms. No essential change on the most important terms from [4] appears in the final result
but the reconstruction of the formal solution is convenient to prove the actual existence of the
sought-for solution.

2.1. Preliminary results
To study the blow-up asymptotics around (r,t) = (0, T), we use the self-similar variables:
O(y,s) = u(r,1), 2.1a)

r

Y= = s = —log(T —1). (2.1b)

~
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In the following, let us write A := k(d + k — 2) for simplicity. The new unknown function ®
then satisfies the rescaled equation:

d—1 A
O, =0, + (y—y> <I>y——ksin(2<l>) y>0,—logT < s < 400,

2 2y2
(2.1¢)

as well as the boundary condition ®(0, s) = 0. We will construct a solution f of equation (2.1c¢)
that converges to /2 as s — oo in an appropriate manner, setting

s

o(y,s) = @(y,s) — 5 (2.2)

Let us set

p(y) =y exp (—y*/4).

It is readily seen that v solves the equation

Us =Ty + (dl - y) Uy — Aﬁkv +/f(v)
' 2 Y (2.3a)
_ 1o (o0) M __ '
- p ay <p8y> y2 v +f(v) - AU +f(v)7
@) = 2—;2 (sin(29) — 2¢)). (2.3b)
Let us write
12 (Y = { € Lhf0.00) [olP = [ ooy < oo} , 2.4)

HMM:Z%WMmMWWMﬁZﬁNWw<m,@®
j=0 117

where m = 1, 2, ... These function spaces have Hilbert space structures endowed with canonical
scalar products, respectively. When d > d*(k), a linearized operator A : L} (RY) — L} (R?),
that is initially defined in the set of smooth functions, may be extended to a unique self-adjoint
operator (Friedrichs’ extension) satisfying

(40,9) >~ v € D(a), 2.6)

where +y is the positive constant defined in (1.9). The following lemma was obtained in [8,
lemma 3.4] for k = 1 (see also [4]). The proof for k > 2 is entirely similar and thus omitted.

Proposition 2.1. Assume that d > d*(k) holds. Then the spectrum of A consists only of
simple eigenvalues {\,};2, C R with

/\n:n—%, n=01.2,..., 2.7)

Eigenfunctions of A associated to eigenvalues \, are given by

2
Gu(y) = Ny 7L/ (y4) . n=0,1,2,..., (2.84)
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)

where w = wy g, L,(qu denotes the standard associated Laguerre polynomial of order v, and

|
= 1-w/2 L 2.
N T+ 1+w/2) (2.86)
is a normalizing constant so that (¢, ¢) = Opm. Moreover,
on(y) =y 7(1+0(1)) asy — 0; (2.9a)
on(y) = E,,y*wrz"(l +o(l)) asy — oo, (2.9b)

where ¢, > 0 and ¢, are constants such that (—1)"¢, > 0forn=0,1,2,...

Remark 2.2 (The existence of neutral eigenvalues). It is convenient to make a list
of triplets (k, d, ) for which an eigenvalue vanishes. Suppose that A\, = 0, i.e. v = 2n, which
requires, in view of (1.9),1/(d — 2)? — 4k(d — 2) — 4k* = d — 2 — 4n. Under the assumption
d > d'(k), the last identity is equivalent to

(k—2n)(d —2) + k* +4n> = 0, (2.10a)
d—2—4n>0. (2.10b)

As a matter of fact, there is an infinite number of triplet (k, d, ) that consists of integers satis-
fying (2.10). Up to n = 5, the triplets (k, d, ) producing \,, = 0 are as follows:

M =0<= (k,d,v)=(1,7,2),

A =0 (k.d,7) = (2,12,4),(3,27,4),

A3 =0 < (k.d,y) = (3,17,6), (4,28,6), (5.,63,6),

A =0 < (k.d,7) = (4,22,8),(6,52,8),(7,115,8),

As =0 < (k.d,) = (5.27,10), (6,36, 10), (8,84, 10), (9, 183, 10).

As already pointed out in section 1, the both cases 2y > w and 2y < w can occur if ny > 2.

Assumption 2.1. There exists a neutral eigenvalue: \,, = 0 for some ny € N.

2.2. Derivation of the formal asymptotics

The asymptotic behavior (2.9a) of ¢, shows that the linearization in pointwise sense does not
yield adequate first-order approximation for y close to the origin. This fact indicates the onset
of inner layer around the origin. We shall denote henceforth the size of inner layer by (s) and
assume that (s) > 0 for all s and

Jim <) = Jim ) =0

To analyze the behavior in the inner layer we introduce new variables:
Yy

=5 U(E5) = D(y.5).
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Equation (2.1c¢) then reads

d—1 A
5@%@:U@+<€—@@f—%@d@é)%—jéQMHm
It is thus expected, to the leading order, U(E, s) behaves asymptotically to a stationary solu-
tion of the original equation: U(E, s) ~ U, (&) as s — oo locally uniformly in [0, co) for some
o > 0. Here we just recall that the stationary solutions are given by a one-parameter family
{U,}. Each function U, is characterized by the boundary condition:
Ua(§)

U, (0) =0, %13% & =ak. (.11

We shall just summarize some properties of stationary solutions.

Proposition 2.3. Assume d > d*(k). Then any stationary solution U, (§), a > 0, of (1.6a)
satisfying (2.11) is given by U, () = U (a&). Moreover, U, (€) has the following asymptotics:

Ui(§) =& +0(&%) as¢—0, (2.124)
Ui(€) =k& " +0 (&) as¢ — 0 (2.12b)
Ui (€) = g —h&T+0(677°)  ast — oo, (2.12¢)
Ul€) =hye " +0 (677" asé — o0, (2.12d)

where 6 = min{2vy,w}.

Proof. The first assertion is a consequence of uniqueness and scale-invariance. The proof
of (2.12¢) is found in [4, 28]. One may easily prove (2.12d) by using (2.12c¢) and the identity

k(d +k —2)

Uie) = =S

¢
/ 3 sin(2U, (r))dr, € >0,
0

with the help of H’Lbopital rule as well as the quadratic equation satisfied by . Similarly, we
may derive (2.12a) and (2.12b). O

By normalization, we may suppose U(&,s) ~ U;(€) as long as £(s)%¢ = o(1/€),i.e. y < 1
as s — co. We thus obtain

B(y,5) ~ Binn(y,5) 1= U (E(ys)> ~ g — he(s)y 2.13)

for e(s) < y < 1, s — oco. Expansion (2.13) describes the approximation of out sought-for
solutions near the origin. We will describe another type of expansions valid for the outside the
inner region. Let us expand the solution v of (2.3) to a Fourier series:

0(y,8) = ao(s)do + ar(s)P1(y) + - - + g (8)bny (r) + (. 5), (2.14)
where (Q(-,5), ¢o) = -+ = (Q(-, 5), ®u,) = 0. Fourier coefficients a,, n = 0, 1, ..., solve the
ODE:

an(s) = —Anan(s) + (f(0(5)), Pn)s (2.15)
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where f(v)1is the function defined in (2.3).
As we have seen in proposition 2.1, the eigenfunctions ¢;(y) behave as y~7 as y — 0. To
factor it out, we introduce the following dependent variable:
W =y0. (2.16)
Equation (2.3a) then reads:
-1
W, = Wy + (m = ;) Wy+ W +g(W) with m=d—2y,
y
A
gW) =y f(y7"W) = y”’zjk {sin(2y™"W) - 2y7"W}
(2.17)
(See (2.3)). Since v = 2ng by assumption 2.1, it turns out that m is a positive integer. Hence

the rescaled solution W is canonically identified with a radial solution of m-dimensional equa-
tion. Let us define

m—1 "y Y — 2 (R
—LV =V, + (y - 2) Vy + EV’ VeD(L):=H, ,R").

It is routine to see that the operator L is self-adjoint and its spectrum consists only of eigen-
values. Moreover, the nth eigenvalue is equal to \,, i.e. the nth eigenvalue of the operator A
defined before. Eigenfunctions v, of £ associated to \, are given by:

Uu(y) = ¥ P ().

Notice that lim,_,o+ 1,(y) = ¢, exists for every n, where ¢, is the positive constant as in
(2.9a). The following Fourier expansions are then canonically obtained from (2.14):

W(y,s) = ao(s)o + ai(s)Y1(y) + -+ + any ()00, (v) + 70, 5)- (2.18)

Let ¢ be a continuous function on Ry such that ¢(y) = O(y~7) as y — 0 and set
Y(y) := y7¢(y). A straightforward computation reveals that

<8(W(',S)),¢>L315(Rm) = (f(v(~5)). D)1z o), (2.19)

where p = p(y) = y’"*le*yz/ 4. To estimate a,(s) we examine the above amount in detail. Let
L = L(s) be a continuous function satisfying e(s) < L < 1 as s — oo. In order to see the
contributions of inner and outer parts to (g (W(,s)), @), let us divide it as

L o]
m—1 *)’2/4
( /0 T /L >g(w(y,s))¢(y)y e Mdy (2.20)
=1+ 1.

It is crucial to determine the contributions of /; and I, as s — oo, which depend on k and d
through the amounts w and ~.
Since v = ®(y,s) — /2 ~ Pipn(y,s) — /2 ~ —he(s)"y~ 7 as y — 0, we obtain

(g (W(9)),9)

A (R 1
=3 [ fsin) 20wl iy
oy
Ay L y 3y a2
~ ﬁhS/o (g-_‘(s) ’l][}(y)yd 3 Te y/4dy as L — 0.
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We then change the integral variable to the inner scale

Y
£= ) (2.21)
Since d — 3 — 4y = w — 2y — 1, the last integral converges if and only if w < 2+, whence:
e A S s )
I ~ ’ w2 (2.22)
A B L 7
A
G(§) = 5 (sin (2U* (&) —m) — (2U"(€) — ) (223)

as L — 0.

Assumption 2.2. The leading term of W(y, s) in the expansion (2.18) is an,(s)4n, (y) and
g(s) =o(e(s)) ass— oc.

The inner expansion (2.13) requires

an (5) = —ge(sﬁ +o(e(5))

as s — oo. Taylor approximation yields

20 [ g 2
B =2 [ W) o) e
L

Notice that the last integral diverges as L — 0 if and only if d — 2 < 4~. We thus obtain

2v—w
hee (ds)”*“ (U) ) = 0(e(s)7+) (w < 27),

" Ol; (2.24)
o 20 [T 0 e e ey (> 20,
It then follows that
(g (W(-,s)) 1) ~ De(s)7+° (2.25q)
with
w(0) [ Gl ag (@ < 27),
D— (2.25b)

0
2A; o a4 2
S [ O e e ey (> )
This last result suggests that the nonlinear term g in (2.17) may be approximated by a Dirac

mass supported at the origin of R™ when w < 2+, whereas by a cubic function of W when
w > 2. We begin with the former case.
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2.2.1. The case w < 2.
Assumption 2.3. The nonlinear term g(W) may be replaced by xe(s)" <6 (y) with

X = % / h [sin (QU*(€) — 1) — (QU* (&) — )] €77377de. (2.26)
0

Accordingly, the evolution of our sought-for solution is governed by equation

Wy = —LW + c(d)xe(s)T45(y)

in a weak sense, where c(d) > 0 is a universal constant depending only on d.

Notice that since G(£) is positive everywhere, so is . Under the assumption 2.3, the Fourier
coefficients in (2.18) are approximated as

o0
an(s) ~ —ch/ e’\”(T_S)a(T)"Y*“dT forn=0,1,...,no,

where ¢, > 0 is the constant as in (2.9a). As for the remainder term y?Q(y, s), we expect

Y'Q(y.5) ~ e(d)xe(s) " F(y)

for some smooth function F on (0, o).
Under the assumption 2.2, the function F satisfies

o

- [F” + <my_1 - ;) F' + ZF} =0(y) — > (6, = S(y), (2.27a)
k=0

(F,4) =0 (j=0,1,....,n0). (2.27b)

After suitable approximation, we argue with classical Riesz—Schauder theory (see [34, sec-
tion 3.1]) to show that problem (2.27) has a unique solution, which is given by

Foy= 3 89,0

j —n
o1 M0

in the dual norm for a suitable weighted Sobolev space. Moreover, the asymptotic behavior of
F(y) as y — 0 is determined by the Green function of the m-dimensional Laplace equation.
Namely,

F(y) ~ by~ "%, (2.28)
where by > 0 is a constant. Since m —2 = d — 2y — 2 = w, it follows that

O(y,5) ~ boc(d)xe(s)" ™y 77 asy — 0.
We have therefore obtained the following outer expansions:

s
~ — —

O(ns) ~ 5

o [e'e]
X Z Cn / eMT=e(r)YFdr -y 4 boe(d)xe(s) Ty YT

"= (2.29)
as y — 0. We just notice that the last term in the right-hand side of (2.29) is apparently large,
but is in fact small in the intermediate region £(s) < y < 1, as it can be seen at the points, for
instance, [y| = £(s)? with § € (0, 1). Matching the both expansions (2.13) and (2.29) in such
a region, we obtain
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n()*l

o0 o0
—he(s)T = —x > / T e (r)1Hdr — xey, / e(r)7tdr. (2.30)
n=0 s §

The asymptotic behavior of €(s) as s — oo is then obtained by solving (2.30) asymptotically.
A dominance balance argument then shows that the first term in the right is negligible. Hence:

(s)” ~ %/ e(r)rtdr 2.31)

as s — 0o. An equivalent asymptotic differential equation is

. XCny 14w

E(S) ~ —WE(S) s (2.32)
which agrees with equation (45) in [4] with Ay = O there. We then solve this equation asymp-
totically, to get

K
e(s) ~eo(s) == sl—/lw as s — 00, (2.33)

where K| = hy / XCn, > 0 is a constant. Scaling back to the original variables, we obtain

u(r,t) ~ U (

r

5(s)T—t> for r € e(s)VT — 1, (2.34a)

r

VT —t

) for e(s)VT —t < r. (2.34b)

2.2.2. The case w > 2. In this case the approximation of g(W) by Dirac mass does not yield
the first order approximation, but instead the cubic approximation dominates:

2A;
3 b
where x4 stands for the indicator function of set A. The dependence of function g..,(W) on

the space variable y has not been specified explicitly for simplicity. Assumption 2.3 should be
then replaced by:

g(W) ~ geun (W) := —by_27_2W3x{y>L} with b =

Assumption 2.4. The nonlinear term g(W) may be replaced by gew(W). Accordingly, the
evolution of our sought-for solution W is governed by equation

Wv == *‘CW + gcub(W)'

Assumption 2.2 is kept as is. Consider expansion (2.18). It follows from (2.25) and assump-
tion 2.4 that

oo
a(s) ~ D, / M e(r)dr forn=0,1,...,n, (2.35)
s
where D,, is the constant obtained by substituting 1) = 1, in (2.25). More explicitly,
an(s) = 0 (e(s)*) for n=0,..,ng— 1, (2.36a)
Ay, (8) = —Ce(s)7(1 4 o(1)) with some constant C > 0. (2.36b)
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Notice that the former estimate is due to integration by parts and assumption 2.2, whereas the
latter one is due to the matching condition required by the inner expansion (2.13). As for the
remainder term y”Q(y, s), we expect, up to higher order terms,

Y0, s) ~(s)"F(y)
for some smooth function F on (0, 00) and ¢ > . The function F should then satisfy

no

EE(S)Z_lé(S)F = _5(5)65}7 +gcub(W) - Z<gcub(W)v wn>¢m (237)
n=0
(F,4u) =0 for n=0,...,np. (2.38)
Taking the inner product with ¥; (i = ng + 1,...) in (2.37) and using (2.25), we obtain

Ce(s) 7 e(s)(F L) = —Nie(s) (F, ab) + Dye(s)>

up to higher order terms. Suppose that £ < 3~y holds. The last equation then implies (F, ;) = 0
foralli = 0,1, ..., whence F = 0. Suppose next that / = 3+ holds. It then follows from (2.37)
that, to the leading term,

-1

F' + (my - ;) F + %F = by P 2(1+0(1)), L<y<l
Hence there holds F(y) ~ —By=27 as y — 0 with y > L, where B = i*b/2v(w — 27) > 0.
Retuning to the self-similar variables, we obtain the following outer expansions:

no

o0 Wb
Dys) ~ 3 — [Z cnD / M e(r)Vdr +
n=0 s

3vy=2v |
P T A A y
2y(w —27) )

(2.39)
for e(s) € y < 1, s — oo, where ¢, > 0 are the constants as in (2.9a). Matching the inner

and outer expansions (2.13) and (2.39) in an intermediate region {e(s) < y < 1} and using
(2.36), we obtain

—he(s)” = —cuyDp, /00 6(7)37d7 +o(e(s)). (2.40)

The asymptotic behavior of £(s) as s — oo is then obtained by solving the ODE corresponding
to (2.40) asymptotically, which essentially agrees with equation (45) in [4]. The result is:

2¢1y D, > —1/2

; (2.41)

e(s) ~ eo(s) == As™!/?7 with A = <

as s — oo, whence the result.

3. Full construction

In this section we shall prove the actual existence of blow-up solutions that behave like the
formal solutions constructed in section 2. Let § € (0, 1) be a constant satisfying

| 2y —w y
0 <= 2
<2m1n{27_w+2,7+2} (27 > w), (3.1a)
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[ w— 2y 8
0 <= , 2 . .
<2mm{w2’y+2 *y+2} 2y <w) (3.1b)

‘We now state our main results in the self-similar variables as follows:

Theorem 3.1. Assume that d > d*(k). Suppose that \,, vanishes, i.e. v = 2nq for some
ng = 1. Let

Kis~'7¢ (27 > w)

eo(s) = {As1/27 (27 < w), 3.2)

where K| and A are the positive constants as in (2.33) and (2.41), respectively. Then there exist
initial data ®y € L (R™) with ®((0) = 0 and a positive smooth function £(s), that depends
on the order of 2y and w, satisfying

le(s) — e0(s)| < Ceo(s)'+% (3.3)

with some constant C > 0 such that the solution ® of (2.1c) with ®(-,so) = Do fulfills

‘@(y, s) — U, <E(ys)>‘ <e(s)’H (E(ys)> for y < go(s)%; (3.4)

T, h +20 2ng+1
[2008) = 5+ =660, ()] < ()T 4P )

<y < o0, s <s <.

forep(s)

Here H(£) is a positive smooth function on R satisfying

o(&* asé — 0,
H(&) = {022_)7) asg — 00. (36)
In particular, there holds
sl;r(x)lo E(S)k;};(y’s) =1 uniformly onthe set{y < £o(s)?}. 3.7
Moreover, the graphs of ®(y, s) and /2 intersect transversely exactly ny times:
Zooe) |[@(5) = 3] = o (3.8)

and all the zeros lie in (R~!,R) with some large fixed number R > 0 for all s > sy, where
Z(0,00) Stands for the number of zeros in (0, oc).

3.1 Setting of initial data and a basic functional framework

Let o(s) be the positive function as in (3.2) and set n(s) = {eo(s)}~F/DO+20) Let S(y)
be a nonnegative smooth function such that S(y) = 7/2 at y =2n(sp), 7/2 < S(y) <=
for 2n(sy) <y < 4n(so)?, and S(y) =7 for 4n(sp)® <y < oo. For a given parameter
a = (apg, ..., ) € R we define
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1 y ™ g 2
CTno {Ul <6o(SO)> 2 Z aj¢f(y)] bt 9)

j=0
(gm)(y) = d)no(y) (50(50)29 <y< 277(50))
no—1
—O% {Z%’@(y) -8+ ;} (2n(s0) <y < 0)
no =0
(3.9)
and
no—1
Do(y) = 5 + Y i) + iy ),
j=0
so that
0 (25s) o<ab)
Do(y) = g + ;aj¢j(y) (60(50)29 <y < 2n(so)) (3.10)

S(y) (2n(s0) <y < 00).

Remark 3.2. Due to the choice of S(y), the initial data has finite energy. In terms of the
original variables, the initial data u(lxl) satisfies

uo(0) =0, |x1|5noo up(|x[) = (3.11)

and Oup(x) = 0 for all sufficiently large |x|. The actually required condition on ® (thus on
up) for [y| > n(so)? is merely boundedness, so S(y) = 7 there may be replaced by S(y) = n7
with n € NU {0}. It means that ®(y) gets free of the equator 7 /2 near co.

In terms of W variable, the initial data is rephrased as

ng—]

s ~
W(y,s0) = Wo(y) =" [@o(y) - ﬂ = Z; A i(¥) + g tny ()
=
ng—l
= aj(50)Y;(y) + ¥ Eo(y),
=0
where a;(s) = (W(-,5), %) and ¥y, (¥) = ¥ u, (»). Then there holds
ai(s0) = 0 + Qg (s Wy)s j=0,1,.mp — 1, (3.12q)
ny (50) = Oty (Vs Py )- (3.12)
It is not difficult to check that
|0l |(Dnys 33| < Ce(s0)Y T2, j=0,1,0img — 1, (3.13a)
|ty | |1 = (Brgs Do) | < Ce((50) 27 (3.13b)

2773



Nonlinearity 33 (2020) 2756 P Biernat and Y Seki

Then we have

Eo(y) = Wo(y) — Zaj(so)¢j(y)

1 (3.14)
= —Qp Z <¢nm ¢j>¢j(y) + Qg |:1;m) (y) - wno (y) + {1 - <¢nm ¢n0>} qybno (y)i| >
=0
and
Ceo(so)? for |y| < o(s0)*
B < {CEO(SO)’Y+40 (1 + [y[2o+1/2) for e0(s0)? < |y| < oo. (3.15)

3.1.1. The case 2y > w. Let ®(y,s) = ®(y,s;) be the solution of (2.1c) with initial
data ®(-,s9) = @y, defined for sy < s < s; with some s1 > s9. We then define a function
e(s) = e(s : 50,51, ) as a (unique) solution of

XC”O/OO e(1)"dr + @(s) = he(s)Y (s > s0)

E(So) = Eo(&o)

(3.16)

with

o) = { TEORBEDNT 0 s <)

(s1 <s),
Y(e, U(.s)) (3.17)

= A /0629 {COS (2U1 (g) - W) - 1} {\Ij(y’s) -U (g) } @bno(y)yd’”*e*%dy.

The unique existence of a local solution is shown once we rewrite the integral equation (3.16)
to an explicit differential equation. The function ¢(s) may be considered to be a small per-
turbation, so that the equation (3.16) should be a regular perturbation of the equation (2.31)
in section 2. Indeed, existence and uniqueness of a solution to (3.16) is guaranteed as long
as |s; — so| small enough. Moreover, it can be extended to [so, s1] with any s; > so provided
that @ belongs to A(so, s1; 1), where A(so, s1; 1) is the set of functions defined by (3.22) and
(3.23) below.
Notice that the as long as ¢(s) = o (e(s)7) in (3.16), there holds

e(s) ~eo(s) as s— o0 (3.18)

and the asymptotic identity for the corresponding derivative holds as well (see proposition 3.3).
Our goal is to show that if ®(y, s) is a solution of (2.1¢), defined for sy < s < s, that belongs
to a certain functional framework, then ®(y,s) ~ (y/e(s))* for y < &(s). This amounts to
showing that the solution ® may be approximated by the formal solution constructed in sec-
tion 2.2. This last task is accomplished by comparing equations

m—1 'y

W, = Wy, + <y - 2) W, + %W+g(W) (3.19)

with
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-1
Vy =V + (my - ;) v, + %W + e(d)xe(s) T 8(y) (3.20)
for the same initial data at s = s, where g(W) = yYF(y~7W) and §(y) denotes the Dirac mass
supported at the origin of R", m = d — 2y € N. Equation (3.20) suggests another way of
defining true size of the boundary layer:

1 ao(s)e )
—7;A 00 8)) b0y e " ay. G21)

c(d

As a matter of fact, £(s) # € (s) in general. This idea was adopted by [27, 26] in different
problems. We do not adopt this approach because it requires a priori pointwise estimates
of the derivative v;(y, s), which is a hard task in general. Our approach, which comes from
the second author’s recent work [34], does not need such estimates, but instead sharp error
estimates on approximate solutions in the inner regions. This last task is accomplished by
computations based on asymptotic series expansions and the definition of (s).

Let A(so,s1;7) (0 < v < 1) be the set of all functions ®(y, s) on R x [so, s1] satisfying

e1(s)Y =

“I)(y, s) — U, (63;))‘ < ve(s)’Hy (E(ys)> for y < eo(s)?; (3.22)

[@03.5) = T+ he(s) 0, ()] < we() (14320 )
forso(s)9<y<oo,s0<s<s1. '

We now define U,,, C R™*! as the open subset of all points a = (v, ..., Q) € R™T!
satisfying

h
Qy + —¢0(50)” )7+20

no

| < e0(s0)"™ (j=0,mp — 1),

< 80(6‘0

(3.24)
and

D(y,s; ) € A(so, s1,1).
We note that

Uspsy = {a € R*M 1 = (, ..., a, satisfies (3.24) }
and is nonempty. By a continuous dependence results, one has

Usys, 70  whenever (s; —so) is sufficiently small.

3.1.2. The case 2y < w. Let @ € (0, 1) be a constant such that ' > 26. We denote by g, (W)
the leading term in the set {y > eo(s)? } of the nonlinear term g(W) as a function of W:

g(W) = =by 7 Wox (oo 0y (3.25)
For a given function ®, we define a function ¢(s) as a solution of
h AN P B
—e(s)"=x|— e(r)7dr — @(s) (s> so0), (3.26a)
Cno Cno s
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@(S) — {({v] Y(€(T),¢(',T))dT Ei(l) i §)< sl) (326b)

(e, ®(-,9)) = (€1 (Wou) (W = Wou) X (y5.c0(5) }> U (3.26¢)
h

Wour (v, ) 1= ap, (5)4n, (¥) 1= = ——(5) ¢uy (¥) (3.26d)

such that (sg) = €o(so), where ’ denotes the differentiation with respect to W. The setting
of initial data, the definitions of A(so, s1; ) and U, 5, are exactly the same as of section 3.1
except for the definitions of £ (s) and £(s).

3.2. Topological arguments

We begin with showing that the positive function (s) defined in (3.16) (or respectively (3.26))
behaves as € (s) (see (3.2)) to the leading term as well as its first derivative.

Proposition 3.3. Suppose that a solution ® of (2.1c) belongs to A(sg,s1;1). Then there
exist constants D, D’ > 0 such that

le(s) — o(s)| < Deo(s)'?, (3.27a)
|4(s) — 20(s)| < D'zg(s)" T (3.27b)

Sor so < s < s1. Moreover, €(s) is Holder continuous in (s, s1] for every a € (0,1) and its
Hélder norm is locally bounded in (sy, s1] uniformly with respect to sj.

Proof. We shall state the proof only for the case of 2y > w since the case of 2y < w
is entirely similar. The membership of ® to A(sg,s1;1) and the elementary inequality
1 —cosx < 27!%? (x € R) imply
e(s)0!
Y (e, @(-,5))| SCE(S)GHW/ {201(€) — 7} Ho()§ T~ "d¢
0

<Ce(s)0trte,

(3.28)

Boundedness of the last integral is a consequence of the asymptotics (2.12¢) of U, (&) and
Hy(§) ~ hy§~7 as & — oo and the assumption 2y > w.
We now begin with the proof of the estimates in (3.27). Differentiating the both sides of
(3.16), we obtain —xc,e(s)7T — Y (g, ®(-,5)) = hye(s)Y~é(s), whence:
ny Y ) ® Yy
E(S) — X< Og(s)l+w _ (6 ( f)l)
hry hrye(s)? (3.29)
= —as(s)"" {1+ f(e(9))} .
where a = xc,,/hy > 0. Since |f(e(s))| < Ce(s)? and Ep(s) = —aso(s)!* with
€(s0) = €o(so), it is rather easy to show that £(s) < 0 and the following rough bounds hold:

1 3
EEO(S) <e(s) < gao(s) forsg < s < 51 (3.30)
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as long as (sg) is small enough. Taking a difference between the identities satisfied by 1 /&(s)*
and 1/g¢(s)* and using €(sg) = £o(so), we obtain

1 1 s
() eols)” aw/w)f(g(T))dT (3.31)

0 =5 <

for so<s<s;. We now exploit the elementary inequality
|t — 1] - min{t;, 1,}"/“ =1 (¢, 2, > 0) and use (3.31), to get

6(s) — eo(s)] < aweols / Fe(r))] dr. (3.32)

Since w > 1 > 6, the error estimate |f(£(s))| < Ce(s)? and the rough bound (3.30) yield
/ [f(e(r))ldr < C'eo(s)" ™ (3.33)

for some constant C' > 0. The first claim (3.27a) then follows from (3.32) and (3.33).
We then proceed to show the second claim (3.27b). Taking a difference in the differential
equations satisfied by e(s) and £¢(s), we obtain, by (3.28),

[(s) — €o(s)] <ale(s)'™ — g™ ()] + Y (e, (- 5))]
<ae(s)” e(s) — eo(s)| + Ce(s) Tt

The desired estimate then follows from the first claim (3.27a) and (3.30).
We next estimate a Holder norm of £(s). To this end, it suffices to show:
For every « € (0, 1), v > 0 there is a constant C > 0 independent of s; such that

Y (e(s). @(-.5) = Y(e(s', @(-.5)) < Ce(s) s — '

«

. Vs,s' € [so+ v, 8]
(3.34)

We are going to show this claim by applying classical parabolic estimates for equation (2.1c).
Suppose firstly & > 2. Then for any p > d + 1 there is a constant C, > 0 such that

s+1 1
[,
K 0

This is readily seen by splitting the space integral as fol =J; + fl with & = ¢(s) and using
the bound |®(y, s)| < 2(y/e)* for y < 1. Set Q = By x (s0, s1] with B, = {Iyl < r}. Then, due
to L? theory, for any v € (0, 1) there exists a constant M > 0 such that

in(20) |”
bln(z ) yd—ldygcp‘kg(s)d—Zp' (3.35)

H‘I)”W,%'(Q(V)) <M (”(I)”LT’(Q) + Cd,p,kﬁ(s)d_ZP) > (3.36)

where Q(v) = By, x (so + v, s1]. Notice that ||®||,»(p) is bounded by a positive constant de-
pending only on ||u || (0,00)- By @ version of Sobolev inequality [1, lemma 4.28, IV], we have

||(I)||C°‘°‘/2(Q(V)) C(d p,k v M) ( )d/p—Z’
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where C**/2(Q) stands for the standard Holder spaces of order A € (0, 1)in Q with respect to
parabolic distance. It then follows from this and (2.12¢) that, for s, s’ € [so + v, s1],

[ () -

/2 e(s)?
M@l iy s =17

2
[D(y,s) — ®(y,s")[y 7 'dy

20, (%) _—

)9—1

e(s
<Cy |s — /|7 e(s) /P26 (5) 47 / 20,(€) — nff et g < e(s) s — 5|2
0

2
Yy ldy

sincew > 1. Theother terms arising when evaluating the difference Y (s, ®(-, s)) — Y(s', (-, s"))
are easily estimated, whence the result. In the case k = 1, the tuple satisfying our basic as-
sumption is (d,v,w) = (7,2, 1). We change the dependent variable as ¥(y,s) := ®(y, s)/y*
and argue as before for the equation satisfied by W. The detail is left to the reader (see the

proof of proposition 3.14 below for a related argument). O
Let
. Ytw

56 = { o) (o200 (30

We now define a continuous map P(+;s1) : R+ — R+l a5
P(a;s1) = (poassi),. .., pny(ais1)), (3.384q)

- oo
plass) = (O(.s30) - 5 %) — / MW (r)dr. (3380

When s; = s9, we have
P(a;50) = o+ (0,...,0,heo(50)") + O (20(50)" )

for any o € Uy, 5, as So — 00. Thus, in particular, P(c;s9) — (0, ..., 0, heg(s0)7) is a small per-
turbation of the identity map. Let deg stand for the mapping degree of P(-;s;) with respect to
0 € R™*! The standard homotopy invariance property implies

deg (P(+;50),0,Us,5,) = 1. (3.39)
We also have deg (P(-;s1),0,Us,5,) = 1as long as Uy, 5, # 0.
Lemma 3.4. The set Uy, is not empty for any sy € [sg, 00).
Lemma 3.5. Suppose that o € R™T! belong to the closure of Uy, s,. Then if P(ca;s1) = 0,
it turns out that ®(y, s; ) € A(so,s1,1/2).

In order to keep the flow of the main arguments, we shall postpone the proof of lemma 3.5

to section 3.5 and admit the claim here.
Proof of lemma 3.4. Suppose that

s* i=sup {s; > 50 : Uy,s, # 0} < 00. (3.40)
Then there exists a sequence {s,}2, C [so,00) such that Uy, 5, # () for each n and s, 5™ as

n — oo. Due to the homotopy invariance, there holds
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deg (P(';Sn)’o’um,sn) = deg (P(.;SO)’O’USOJO) =L

Therefore there exists a root ay, of P(+;s,)in Uy, 5, for each n. Lemma 3.5 then guarantees that
D(y, 55 ) is in A(so, s, 1/2). Since {a, }52, C R™*!is a bounded sequence, there is a conv-
ergent subsequence, still denoted by {c, oo Set oy = lim,,_, oo a,. In view of proposition
3.3, the sequence {e,(s)} = {e(s, s0, s, P(+; vy)) } satisfies

[€n(s)| + €n(s) < Keo(s)

with some constant K > 0 independent of n, thus converging, up to subsequence, to a continu-
ous function &, (s) uniformly in [so, 00) as n — oo. Let {(,(s)} denote a sequence of the func-
tions defined in (3.17) (or respectively, (3.26b)) with (s;, ®) replaced by (s,, ®(-; o)) there.
By continuous dependence on initial data and the dominated convergence theorem, we have

lim, s 00 n(s) = pu(s), where @, (s) = f;* Y(7,®(-, 7;*))dr for s < s* and ¢, (s) = 0 for
s > s* (see proof of proposition 3.3). Consider the case 2y > w. The function ¢, (s) solves

cho/oo £.(T)7TYAT + i (s) = heu(s)?, (so) = eo(s0)-

It then turns out that o, belongs to U, and P(a*;s*) =0, whence ®(y,s;a*) is in
A(sg, s*,1/2) due to lemma 3.5. Moreover, corollary 3.8 below, (3.12), and (3.13) imply

. h
laf] < eo(s0)" ™ (j=0,0mg— 1), |, + C—aeo(so)7 < eo(s) 3.

no

(3.41)
Therefore a* lies in U, ¢~. A continuous dependence result then shows that there exists 6 > 0
such that U, ;«+5 7 (0, which contradicts (3.40). The case 2y < w is similar and thus omitted.
The proof is complete.

Proof of theorems 3.1 and 1.1. Take a sequence {s,} * co. Due to lemma 3.4, there
exists an a;, € Uy, 5, such that P(cay,;s,) = 0 for each n. Arguing as in the proof of lemma 3.4,
we may prove that the tuple of e(s) = &(s; 50, 00, P(+; i) and P(y,s) = D(y, s; ) satis-
fies conditions (3.3)—(3.7). The claim (3.8) is a consequence of (3.5) and the well-known
zero-number diminishing property for one-dimensional parabolic equation applied to function
U(y,s) = ®(y,s)/y*. Consequently, theorem 3.1 is proved. Returning to the variable (r, ) and
u, we readily verify the claim of theorem 1.1. The proof is complete.

3.3. A priori estimates in the inner regions

The goal of this subsection is to estimate possible oscillation of ®(y, s) in the inner region,
to be presented in lemma 3.6 below. To this end, we prepare some notations. Let us set
V(& s) = U(E,s) — Uy (&) with U(&, s) = D(e(s)E, s). We have

_ _V(&s)
V(0,s) =0, %1_% e 0. (3.42)
The function V solves
d—1 ¢ Ay
e(s)*Vy =Vee + Tvg = ()3 Ve = 2 cos(2U,)V—
Ar o .
~ s (n(2U; +2V) = sin(20) 2605201 )V} - u(s)%(Ul)g,

(3.43)
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where, by (3.16),
u(s) = e(s)* — 2e(s)é(s)

1 3.44
= e(s)? <1+0<s)> as s — oo. (344)
Let us consider a related equation:
d—1 A
0= Voge + ——Voe = ;;‘ cos(2U*)Vo — u(s)T(€), (3.45a)
_ ¢
T(§) = E(UI)E' (3.45b)
A solution V(&,s) is given by V(E,s) = u(s)H (&), where function H (&) solves
d—1 A
H" + TH’ - 5—2" cos(2U\)H = T(¢), (3.46q)
H(0)=0, H() =0 (") as¢—o. (3.46b)
Let & > 0 be a constant. It is readily seen that function
Hy(§) = 0aUa(§)|a=a = €U} (a€) (3.47)

is a solution of the homogeneous equation with cos(2U;) replaced by cos(2Uj ) satisfying

Ho(0) =0,  Ho(&) = (a€)"(1 +o(1)) as § — 0.

By the variation of constant, a unique solution H;(§) of (3.46) with cos(2U,) replaced by
cos(2Ug) is given by

3 v v
(O = 1(6) [ oty [ T (3.48)

Because the asymptotics of H; (&) as £ — oo is important in our approach, we shall carefully
compute the first and the second leading terms of 7(£) and Hy(&). We begin with T'(§). Recall
the asymptotic expansions of U, (£) (see (2.12¢)) as £ — .

We may differentiate it with respect to £ and «, respectively, whence:

Hy(&) =hya 7' +0(E77Y) (3.49a)
Hy(&) =hya "~ (=) +o (e (3.49b)
T(§) = %ME’” +0(E77). (3.49¢)

The asymptotics (3.49a) follows from (3.47) and (2.12d), whereas its derivative (3.49b) is
shown by differentiating (3.47) in £ and using the differential equation for U; with asymp-
totics of Uy and Uj. The asymptotics (3.49¢) of T(§) is a direct consequence of (2.12d). The
asymptotics of H;(§) as & — oo may be computed by substituting (3.49) in (3.48) with the
help of H’Lopital rule as follows:
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0(741)  (w<2)

Hi(§) =G+ 70 ogl)  (w=2) as €= oo (3.50a)
o) (w>2)
h Oy — hry

We just emphasize that the leading term of H; (&) does not depend on &. Formal differentia-
tion of (3.50) suggests

H{(&) =Ci(—y+ 2§ +0 (7779 as € — o0,

which is justified by differentiating (3.48) and using the asymptotics of the resulting functions.
We are now prepared to state the most crucial results in this section.

Lemma 3.6. Ler 6 € (0,1) be the constant satisfying (3.1a). Then there exists a positive
smooth function H() on (0, 00) satisfying

B o(&) asé — 0,

H(E) = {0(57) asé s oo, (3.51)

such that
20 y

- (3 <o ()
fory < eo(s)?, 50 <5 < sy
Proof. Set

Dour(y,5) = g + an ()pn, (¥); an (s) = fcis(s)”, (3.52a)

— A
Dinn(y,5) = Uy (E(S)) . (3.52b)

In the matching region e(s) < y < 1, we obtain

y\
Dou(y.5) = Pinn (v, 8) = @ ()3~ (Vo (¥) = €ny) + O <<> ) .

e(s)
(3.53)
The explicit formula of the eigenfunctions v, in proposition 2.1 implies
(n) P~ )y (Y
7/’ﬂ()’)*cn:cn ST ST T a7 a\Ta
(=y+d/2)-11 4 JZ; (=y+4d/2);-j' \ 4
for all n > 2. Recalling the constant C; as in (3.50b), we obtain
| ®out(y, 5) — Pinn(y.s) — C1e(s)7y 7 H?| < Ce(s)7 T4y (3.54)

2781



Nonlinearity 33 (2020) 2756 P Biernat and Y Seki

for y = £(s)?. Combining (3.54) with the assumption & € A(so, s;; 1), we deduce

|(b(y’ S) - (I)inn(y, S) — C1€(S)7y77+2} < Zs(s)’YJrZGyffy

for y = 50(s)‘9, so < s < s1. By means of the inner variables, this estimate reads

e(s)*Hi(€) — Moe(s)* Ho () < U(&,s) — Ui(€) < e(s)°Hi(€) + Moe(s)* Ho (€)

(3.55)
with some constant My > 0 for £ = €¢(s)? /e(s), 5o < 5 < 51.
We will try to construct super- and subsolutions W (&, s) of (3.43) of the form:
Vi (&,5) == px()H (€) & Me(s)* Ho(€). (3.56a)
ps(s) =e(s)* {1 ¥e(s)’}. (3.56b)

We shall first select plus sign from =+ of (3.56a) and prove that V = V. is a supersolution. We
now particularize the free parameter & as & = 2. A direct computation shows that

_ A /
NV = Vee + %Vg - g cos(2U)V - u(s)gg] - u(s)%
A
— 2—5’; {sin(2U) — sin(2U;) — 2 cos(2U;)V} — 5(5)2857‘: (3.57a)

= % [{COS(ZUz) —cos(2U,)}V — {sin(2U; + 2V) —sin(2U;) — cos(2U1)2V}]

()5 (1 O, + Me(o) 2] (6 {j (5 + M5

€0 o

(3.57b)

+{p4(s) — p(s)} T (3.57¢)

The functions in (3.57b) and (3.57¢) should be considered as source terms. For instance, we
have

— () 1o (s) EH;(O < Ce(s) (14677 (3.58)

for £ < Zeo(s)g_l, so < s < s1. Similar estimates for the source terms in (3.57¢) may readily
be obtained. On the other hand, the definition of ¢+ implies that

{14-(5) = p(s)} T(&) = —e(s)*T7677 as € — oo,
which is larger than the quantity in (3.58) for & < 2¢¢(s)?~!. We thus obtain

NV < %[{COS(ZUz) —cos(2Uy)}Vy — {sin(2U; 4+ 2V ) — sin(2U;) — cos(2U1)2V+}}

as long as £ < 280(S)9_1, 5o < s < s1. Negativity of this remaining term is verified due to our

choice & = 2. Indeed, the asymptotics of U, (§) implies
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U2(6) —Ui(§) =h(-2774+ 1T +0(677Y),
—sin(2U,) = U, — ) + O ((2U2 _ W)s)
= —27RETT 4 0(6T) + 0(6 ).

Since — sin x is monotone increasing in (—7 /2, 7), we obtain
{cos(2U) — cos(2Uy )} V4 < —sin(Us) - 2h(=277+ 1) [TV + 0 (¢777¢)] -2V,
<D+ 0 (€]
where D > 0 is a constant depending on d, h,y, M, and Cy. On the other hand, we have
Sin(2U; +2V,) — sin(2Uy) — cos(2U )2V, = — sin(2Uy) - (2V4) + O ((2v+)3)
:5(s)40 (5737#‘) + E(S)490 (5737)

for 1 < & < 2e(s)?~!. Notice that

E(s)4§—3'y+4 < CE(S>2+20§—3'y+2 < 4C€<s)49€—3'y

for 1 < & < 2¢(s)?~1, whence N'V < 0. As for £ = O(1), negativity of A’V in any bound-
ed interval is verified by the presence of the term {cos(2U,) — cos(2U)} - Me(s)*Hy(€).
Therefore the function V4 is a supersolution for & < 2eo(s)?!, s < s < s1.

To construct a subsolution, we select minus sign from =+ of (3.56). In this case we have

{=(s) = n(s)} T(&) me(s)*T76™7 foré > 1

and {cos(2U) — cos(2U;)} - (—M)e(s)?® dominates in any bounded interval, respectively.
The detail is similar to the construction of the supersolution and is thus omitted.
We just check that the initial condition satisfies

%@‘U(d$>‘“wm<£wﬂg&mwm<¥b>(”%

with some constant C > 0 for y < e(so)?. This is clearly satisfied for y < £(s9)?’, since
®y(y) = U, (y/e(s0)) there and Hy(€) = O(£7772) for € > 1. It follows from (3.10) that

|‘b0(y) - éout(y’s()” g Z |Oé](j)](y)‘ +

h _
u+ )] < Colon) 0y
no

for a(s0)29 < y < 1. Combining this estimate with (3.50), (3.54), we obtain (3.59). Rewriting
(3.59) by € and choosing constant M > 0 in (3.56) large enough, we conclude

V_(&50) < U(E50) = Ui(€) < Vi (&,50)  for & < e(so)’

Comparison principle then concludes the proof. O
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3.4. A priori estimates of lower Fourier coefficients

Let us write

no

D) = 5+ D an(s)6u(y) + Q09),
n=0

where Q(-, s) satisfies the orthogonal condition (Q(, s), ¢,) = 0forn =0,...,no.

Lemma 3.7. Assume that 2y > w holds. Suppose that P(ay,. .., 0m;81) =0 for some
o € Uy 5. Then:

o0 S1
an(s) + xCn / Mg (7)1 dr 4 / MY (e(r), (-, 7)) dr
< {Ce(s)7+“’+49 (n<ny—1)

Ce(s)y 40 (n = no)
(3.60)

Jorsy < s < s

Proof. We first show:

‘<g(W) - g/(Winn)(W - Winn)X{\y|<a(x)29}v d)n> - ch5(5)7+w| < C5(5)7+wz;061)

Since g (Winn) = Ay =2 {cos(2y™"W;,,) — 1}, it follows that
(&' (Winn)(W = Winn) X {ly|<=0()20 > Yno) = Y(€(5), @(-,5))
and
8(W) = g(Winn) — &' (Winn) (W = Winn)
A

— TkyH [sin(20) — $in (20 ) — €08(20im ) (20 — 20i)] .
Lemma 3.6 implies [0 — U] < [0inn| for y < e(s)?, 5o < s < 51, 50

e(s)? i
/0 {8(W) = g(Win) — & (Winn) (W — W) Y b (y)y" e ™ /*dy

<Ce(s)rets?,
Finiteness of the last integral is a consequence of (3.51), that is,

2
1Un ()| p(y)dy

(3.62)

201 (&) = w| [H (P ¢ =0 (6747) asé = o0

and d — 4y — 2 = w — 2y < 0. A slight modification of the argument in section 2.2 shows
)29

e(s
/ 8(Winn (3.9)) 0 ()"~ e ™ /4dy — xeue(s) 74| < Ce(s) 7+,
0

(3.63a)
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/ gW(,5))a(y)y* =2 p(y)dy| < Ce(s)1Tet(1=20C=w) (3 63p)

(3)29

Since (1 — 26)(2y — w) > 46 by (3.1a), inequality (3.61) follows from (3.62) and (3.63).

Taking inner products with 1, in (3.19) and integrating the resulting ODE for e**a,,(s) over
[s, s1], we obtain, forn = 0, ..., ng,

eA"“an(sl) + ch/ eA"Te(T)'V‘WdT
1
[e’e} S1
= eMa,(s) + XCn/ e e(r) dr +/ M [( (W(-7)) . ) — xcag(1)T] dr.
s N

The left-hand side vanishes by assumption P(«;s;) = 0. It then follows from (3.61) that

an(s)+xcn/ eA”(T_S)s(T)VJr“dT—l-/ eA”(T_S)Y(a(T),é(-,T))dT

s

51
</ e (7=9) ’<g (W(T)) - g'(W,-,,,,)(W - Winn)X{|y\§s(s)29}a 1/"n> - ch5(7)7+w‘ dr
s

gC/S] e’\"(T”)E(T)'”“’HGdT
s

{Cs(s)”'*‘w‘“w (n<nyp—1)
=\ Ce(s)r 40 (n=ng)

for1 < 59 < s < s1. The proof is now complete. O

Recalling our definition of £(s) given in (3.16), we readily obtain the following corollary.

Corollary 3.8. Under the same assumptions as of lemma 3.7, there holds

no—1

> lai(s)l +
j=0

an(s) + -<(s)7| = 0 (<ls)+¥) G.64)

no

forl < sop <5< 581
We then proceed to consider the case w > 2.

Lemma 3.9. Assume that w > 27y holds. Suppose that P(«y, ..., u;s1) =0 for some
o € Uy, 5. Then for any v > 0 there exists sg large enough such that

|y (5) — ay, ()] < ve(s)*? (3.65)
forsg < s < s, where ay; (s) = —Cig(s)”y (see (3.26d)).
o

Proof. We first show that there exists § > 0 such that

(g(W) — (gL(Wour) + 82.(Wour) (W — Wou)) X{y>so(s)9’}’¢no> < CE(S)37+(2+6)6
(3.66)

for 59 < s <5, where g7 (W) and W, are the functions as in (3.25) and (3.26d), respectively.
Computations similar to those in section 2.2 shows that
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/

e(s)’ ,
/ (W (,5))hn, )y pdy| < Ce(s)*7+0 (@27,
0

where the change of variable y = £(s)¢ has been used. Since 2y = 4ny € N, the assumption
w > 2 actually means w — 27 > 1. Our basic assumption ® € A(sg, s;; 1) implies

W (3,5) = Wou(y.5)| < Ceols)?*27 (1 + y**1) (3.67)

for £o(s)? <y < 00, 5o <5< sp. This last estimate holds also for E(S)al <y < go(s)?,
5o < 5 < 51, due to lemmas 3.6 and (2.12¢). We then readily see that

<(gL(W) - gL(Wout) - glL(Wout)(W - Woul)) X{y>eo(s)?' wﬂo>

o0
< Ce(s) T+ / i ()] Y272 pely
0

and the last integral converges since m — 2y —3 = w — 2y — 1 > —1 by assumption. The
error arising in replacing g(W) by its leading term g;(W) in {y > eo(s)? } is readily estimated
by Taylor as well as the exponential weight function p. The result is:

< Cg(s)3fy+2(l—9’)fy

/O(o)e/ {8(W) = 8L(W)}dhu, ()’)ym_lpdy

and 2(1 — 6")y > 20’ > 46. Summarizing these estimates, we obtain (3.66).
Arguing as in the proof of lemma 3.7, we obtain

e}

Ap, (sl) - X {a:[) (T)}3dT
=y, (s) — X/ {aZU (7)}3(17— - / <glL(Wout)(W - Wout)X{y>so(s)9’}’wno>dT

+ / <g(W) - (gL(Wout) + g/L(Wout)(W - Wout)) X{y>€o(5)9'}”¢)no>d7-'

The assumption P(c;s1) = 0 means that the left-hand side vanishes. Due to the definition of
e(s) given in (3.26a), we then obtain, by (3.66),

|, (5) — a5, (5)] = / (8(W) = (8L(Wou) + 8L(Wou) (W = Wou)) Xy (s)¢'}» o) AT

LCe(s) 109,

The proof is now complete. O
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3.5. Pointwise bounds for higher Fourier modes

We estimate the higher mode:

no

E(v.s) = W(,s) = Y _aj()s(0),  (EC.s).dy) =0 forj=0,....n,

J=0
which solves

y-VyE vy
LE+R,
;b Tt
no

R=R(y,s) = g(W(y.s)) = p_(a(W(-5)), 4e(y)-

j=0

E,=AE -

Here and henceforth, we abuse the notation of y to denote the variable in R™ withm = d — 2~
and the counterparts of the partial derivatives are denoted by V, and Ay, respectively. The
standard semigroup theory shows

E,=T(s—s0)Ey + / T(s —7)R(-,7)dT, 5 > S0,

50

with Ey = E(-,s9) and

(v/2)s —s/2 _ |2
TOE0) = ey o (e JEO Gt

=D e MEY)Y() (3.68b)
j=0

for s > 0. The convergence of the series are understood in the norm of Lf)(IRm) as well as the
uniform topology in every compact subset of R™. This last statement is due to uniform bound-
edness of the Laguerre polynomials ¢; (j =0,1...).

Our goal in this subsection is to show: if ® € A(sp, s1; 1), then there holds

E(y,s)| < e(s)7 (1+ "), eo(s)? < |y < o0, 50 <s <51 (3.69)

To this end, we first show (3.69) for short-time sy < s < 59 + 1 and then extend it to long-time
5o+ 1 <s, to get (3.69) for the whole time interval sy < s < s1. In the following, we always

assume & € A(sg,s1; 1), even if it is not stated explicitly, and the indicator function of interval
I is denoted by x(7)(+)

3.5.1. A priori estimates for short-time interval.

Lemma 3.10. For any v > O there exists so large enough such that

I[7(s = s0)Eo] ()] < ve(s)™27 (1 + |y +) (3.70)
fore(s)? <y < oo, so <s<sp+ 1

Proof. We will estimate the left-hand side of (3.70) by (3.68a). Recall (3.15):
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Ceo(s0)” for |y| < eo(s0)?

o0 {Cso(so)'7+49 (1 + [yPnt1/2) for g9 (s0)? < |y| < oo. (371

The former estimate of (3.71) implies
| [7(s = s0) Eox([0.20(s0)])] (3)] < Ce(s0) " (14 > +1/2)

ZC—x/lﬁ

for o(s)? < |y], since sup,.ox™/ < oo. It follows from the latter estimate of (3.71)

that

|[7(5 = s0) Eox([eos0)”. 2n(s0)])] ()] < Celso) 7+ (14 yfo+172)

forall y € R™. As long as the region {|y| < n(so)} is concerned, there holds |[y| — |z|| > |z]/2
for|z| > 2n(so), and hence

s 2
1T (s — 50)Eox((27(s0), 50))] ()| < Ce(50)” exp (‘n(s)>

whence the desired bound.
We finally consider the region {|y| > n(so)}. Split the integral as

= —|—/ .
/{IZI>2?7(so)} /{ZI>4|y|} {2n(s0) <zl <yl /4}

The former integral may be estimated as in the previous one. On the other hand, in the region
of the latter, we have |z|>F1/2 < 271/2¢4(59)(7+20)/3|g|20+1 | whence:

I[7(s = s0)Eox([2n(s0). [¥1/4])] ()] < Ce(s0)?* 207 (1 4 [yet)

for 5o < s < 59 + 1. Putting these estimates together, we obtain the desired estimate (3.70).
The proof is complete. O

Lemma 3.11.  For any v > 0 there exists sy large enough such that

< ve(s)+?? (1 + |y|2”°+1)

[ =R 0)ar

50

foreo(s)? < |y| < 00, 5o < s < sp+ 1.

Proof. Note that

/ (s — )R( 7)dr — / T(s - mg(Wydr — 3 / "Ts — P)(g(W), ) dr.
Jj=0 %0

S0 S0

The second term is easily estimated, since |(g(W), ¢;)| < Ce(s)Y+min{w27} To estimate the
first term, let us write

gW) = g(W)xqpi<ets)? /8y T 8W)X{y>e(s)8 /83 =2 m1 (¥, 8) + ha(y, ).

2788



Nonlinearity 33 (2020) 2756 P Biernat and Y Seki

Consider the term involving ;. By the change of variable z = £(7)(, one has

—(s—7) _ |2

e z

/ €xXp (7 ‘y 7(577)‘ ) ‘g(Winn)| dZ
{Id1<=(7)? /8} 4(1—e )

<Ce(rym+? /

B

—(=7) _ o(7)(¢)?
exp (_ ‘ye4(1 — e—(f_(»))d ) P72 |sin (2U) — ) — (2U) — )| d¢,

where B = {¢ € R" : |¢| < e(7)~(1=9/8} and U; = U; (|¢|). We want to replace £(7)¢ by
0 in the exponential factor. To estimate the error that may arise, we take advantage of an el-
ementary inequality

, . 1
e~ (0 _ e < Ce*W2/2|va| provided that  |v| < §|w\ (3.72)

with
o e(r)¢ " ye~ (=772
2/ —e (-7 2/ —e G=7)

As a result, we obtain

|yef(sf‘r) _ Z|2
/ exp (*m 18(Winn)| dz
{Iz1<e(r) /8} (1-e )

—(s—7)|2 —(s—7)|2 20 —(s—7)
m+vy—2 _ |ye ‘ _ ‘ye | 6(7_) |y‘e .
SCe() {eXp ( d1—e ) ) TP\ 1)) 1D

/ ¢ Isin 23 (I¢]) = m) — (U1 (I¢]) — )] ¢
{I¢I<e(r)f =1}

for e(s)%% < |y, so < s < 5o + L. Since

|sin 2U; (r) — 7) — U, (r) — ) % RU (r) -7 =0 (r)

asr —+oo,andy—2—-3y+m—1=w— 2y — 1, we obtain

s 1 / ( |yef(s77‘)/2 _ Z|2)
T aGorm2 exp | === | 1§(Winn)| dzd7
o A1 —e 2 oo mye /sy 4(1 —e~(=7)

S g(r)7te (1 + 5(7)(9—1)(w—27)) lye=(s=7)/2)2
< [ e (s ey )

<C5(so)7+“ (1 JrE(sO)(«?fl)(wav)) ly| =,

(3.73)

where the change of variable 7= |y|>/4(1 —e~(~7)) has bee used as well. Since
lg(W)| < 2g(Wip) due to lemma 3.6, we obtain

< Ce(s)yH1=9)9 (3.74)

/ [T(s — (7] (0)dr

50

for eo(s)? < [y| < oo, where § = min{27y, w}.
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We shall turn our attention to the term involving hy(y,7). Recall the function
n(s) = {eo(s)} ~*/>+20)_ The function g(W) may be estimated by a cubic function of
ly| =YW in {87 'eo(5)? < |y| < n(s)} due to the assumption ® € A(sp,s1; 1) and lemma 3.6.
We then obtain

/s: ‘ [T(s - T)hzx([e(q-)é’/&n(r)m (y)| dr <C/S: 5(7)V+2(1—9)’Y—29d7_ (1 + |y|2110+1) .

<e(s) 0 (14 [yt

for g9(s)? < |y| < oo, since 2(1 — )y — 26 > 26 (see (3.1)). Our next task is to show:

J UG = Phaatr).con] )l dr < vee ™ (14 b @6

for e9(s)? < |y| < co. Consider first the region {|y| < 1(s)/4}, in which |z| — |y| > (3/4)]z]
for any |z| > 7(s), whence:

ye 67m/2 — ¢ 9l 9n(s)®
SR P I . — - ,
b < 41—ty ) S\ e tmy) P\ T 32

The desired estimate then follows at once. Consider next the region {|y| > n(s)/4}. Split the

integral as
/ - / N / .
{lzIZn(7)} {n(m)<]z|<4(} {4lyI<lzl}

The latter part may be estimated as above. As for the former, we have
lg(W(z,7))| < Clz|"~% < C|z/** {n(7)}~3 in the region of integration. Hence (3.76) holds.
Summarizing, we have obtained

/ (75 — ()] G)dr| < p2e(s) 2 (14 [y 377

S0

for £9(s5)? < |y] < o0, 59 < 5 < 59 + 1. Combining (3.74) with (3.77), we conclude the de-
sired estimate. The proof is complete. [

3.5.2. A priori estimates for long-time interval. 'We extend the estimates having been obtained
in section 3.5.1 to the case s; > s¢ + 1.

Lemma 3.12. For any v > 0 there exists s large enough such that

[[7(s — s0) Eo] ()] < ve(s)" (1 + [yP*") (3.78)
foreo(s)? < |yl < oo, so+1<s< sy

Proof. Let K> 1 be a constant to be specified later. We first show (3.78) in
[e0(s)?, K] % (so + 1,s1]. The series expression (3.68b) of the semigroup T'(s) yields
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[T(s — 50)Eo] ()| < Cx D> e MO0 [(Ey, 1) (3.79)
Jj=no+1

Due to (3.14), we have |(Eq, 1;)| < Ceo(s9)Y™? for some constant C > 0 independent of j
and so. Hence we obtain
y+mb o]
76— s0)a] )] < Ce(oy# (L)oo 37 et
(s
Jj=no+1

< C;éé.(s)'y+m96—(s—so)/4

(3.80)
for|y| < K, so+ 1 < s < s;. In particular, (3.78) holds there.
We will extend this bound to unbounded region [K, co). Consider the function
w(y,s) = e (DEm0) 2t (3.81)

A simple computation shows that

. 1
w, — Aw + y ZVW _ %w _ Ze7(1/4)@7%) [|y|2n0+1 _ KZ‘y|2n071] . (3.82)

which is positive if [y|> > 4(2ng + 1)(2ng +m — 1) =: K2. Namely, w is a supersolution of
equation v; = Av — 27! (y - Vo) + (v/2)v in (K, o0) X (so,s1). Moreover, we have

[Eo(y)| < v2e(s0) 72 [yt (3.83)

for K < |y| < oo. Furthermore, (3.80) and the corresponding short-time estimate imply

[[7(s = s0)Eo] (y)] < ve(s0)7+20e= (/D Es |y 2ot
whenever [y| = K, so < s < s1. We may now apply comparison principle, to get

426
IT(s — 50)Eo] (¥)] < 122(s50) 2wy, s) = v2e(s) 7+ <Q) e (/s |y 2ot

e(s)

< I/E(S)7+29|y|2n0+1

for K <

y|, so < s < 51, which completes the proof. O

Lemma 3.13. Forany v > 0 there exists sy large enough such that

< veg(s)7 T (14 [yt (3.84)

/ [T(s — )R] ()dr

S0

foreo(s)? <|y| < oo, 50+ 1< s < sy

Proof. The proof is almost the same as of lemma 3.12, so we state only the main points. We
first notice that fs i in (3.84) may be replaced by j; _“:)_], since the term corresponding to fs 11
may be estimated exactly as in the short-time estimates in section 3.5.1. Notice that

(R(-,7), )| < Ce(r)H*,  j=0,1,...
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Pick 7 € [sg, 5 — 1]. Since (R(-,s),v;) = 0 for j = 0....,np, the series expression (3.68b) of the
semigroup T'(s) as well as local uniform bounds of Laguerre polynomials guarantee

[T(s — T)R(-,7)] (v)] < Cre(r)VTwe M=)

if|y| < K. We now let 7 vary over [sg,s — 1] and integrate T(s — 7)R(-, T) there, to get

< CCKE(S>’Y+WC—(1/4)(5—SO)

[ 6= nre) 0)ar

S0

for|y| < K, so + 1 < s < s;. Notice that
e(s)1 0yt (1< |yl < 2n(s)),
|g(W(y, S))‘ < 2(v426) |y, |7 +1
Ce(s) 1yl (2n(s) < |y < o00),
whence:

IR(y, 7)| < ve(r) T2 |y[rot! (3.85)

for all |y| > K. Comparison principle as well as integration in 7 then implies

s—1
< CV2|y|2no+1/ 8(7_)'y+2067(1/4)(s77—)d7_

5o

s—1
/ [T(s — T)R(-7)] ()dr

5o

< we(s) Tyt

for|y| > K, so + 1 < s < s;. The proof is now complete. O

Completion of the proof of lemma 3.5. Due to lemmas 3.10-3.13, we conclude the esti-
mate (3.69) on the higher Fourier mode. The a priori estimate & € A(sp, s1; 1/2) then follows
from lemma 3.6, corollary 3.8, and (3.69). The proof is complete.

3.6. Asymptotic behavior of energy density
Having proved theorems 3.1 and 1.1, we turn our attention to the proof of theorem 1.5.

Proposition 3.14. Assume the same hypotheses as in theorem 1.1. Let u and €(s) be as in
theorem 1.5. Then for every K > O there exists a constant C > 0 such that

J

o <u (ge(s)m, t) -U (5))‘ < Ceo(s)* (3.86)

forTI2 <t<T.
Proof. We appeal to classical parabolic estimates after performing suitable change of vari-

ables. Without loss of generality, we may assume that K = 1/4. Recall the notations &, U(&, s)
used in section 3.3 (see (3.43)). Let us write

Vies) = Ues) - Ui = €2en. 7= [

w €)%
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By direct computations, it turns out that Z satisfies the radial version of a (2k + d)-dimension-
al parabolic equation with uniformly bounded continuous coefficients for || < 1, 7 > 0. To
avoid ambiguity, we shall introduce different notations: Z(n,7) = Z(£,7),n € R¥*t4 || = €.
The equation for Z(&, 7) is then recast as
A
M1 ooy - MO 7 4 p,

Ui Ak . k . k )
F(n,7)= —M](T)W — W [sm(ZUl +2[n|*Z) — sin(2U;) — cos(2U;)2|n| Z] s

PRSNGSR

where jui(r) = u(s) = 2(5)° = 26()é(s), Uy = U(Jnl), U} = U} (nl), and V.2, de-
note the counterparts of differential operators in 7, respectively. Fix 7 > 0 and set
0 = By x (7*,7* 4+ 1]. Due to (3.4), there is a constant C > 0 independent of 7* such that

1Z]] 1 gy < Cer (), (3.88)

where &1(7) = €o(s), and thus [|Z[[, ) < Cei ()% for every p > 2k + d + 1. By Talyor
expansion and proposition 2.3, we readily obtain an L>-estimate on the forcing term of the
form ||F|| () < C'e1(7%)*. Set Q' = By, x (% +1/2,7* + 1]. L theory for linear para-
bolic equations implies

12l <P (1Zllag) + IFllogy) SK(C+C)ar(m)¥,  (389)

where D > 0 is a constant depending only on k, d, and the parabolic distance between Q' and
the parabolic boundary of Q. For A € (0,1 — (2k +d + 1)/p), let us denote by C**/2(Q’) the
standard Holder spaces of order A in @ with respect to parabolic distance. Due to a version
of Sobolev inequalities [1, lemma 4.28, IV] as well as Taylor expansion and proposition 2.3,
estimate (3.89) implies

IFllexargry < Cer(m)%, (3.90)
where C” > 0 is a constant depending on C,C’, D, p, k,d but not on 7*. Taking account of
the uniform Holder estimates for £(s) guaranteed by proposition 3.3, we may verify uniform
bounds of Holder norms (independent of 7*) on coefficients of the linear part of (3.87). Hence

we may apply Schauder theory. Set Q" = By /4 x (7* +3/4,7* 4 1]. Since £(7*) < 2¢(7), it
follows from (3.88)—(3.90) that

1Zll c2exasn2igry < M (”ZHLOO(Q’) + ||FHCM/2(@)) <2M (C+ C")ei (1)

for 7* +3/4 < 7 < 7* + 1. We now let 7* vary on (0, o), to get, in particular,

1ZCo)lzer gy S2M(CHCMer(n), 7> 1. (3.91)
Notice that V(&,s) = |n|*Z(n, T) satisfies

ov _
‘6?‘ <kl |Z(n.7) ] + Int 19,200, 7).

A%

e <k(k = D)2 |Z(n, )| + (d = Dl Vo Z(, )] + [nl* 18, Z(n, 7).
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Estimating the right-hand sides by (3.91), we obtain (3.86). The proof is complete. O

Proof of theorem 1.5. The claim (1.17a) is a direct consequence of proposition
3.14. We prove the claim (1.17b), applying (3.5) and parabolic estimates to the function
E = W(y,s) — any(5)tn, (¥), where W(y,s) = y7(® — 7/2), an,(s) = (W(-,5), 1y, ). A direct
computation shows that E solves an m-dimensional parabolic equation

C-V¢E v
—F
) +2 + G,

G ::g1(y, W) - <g1 (‘7 W("S)) 9wno>wn0(y)’

E, =A:E —

where ¢ denotes space variable in R”, m = d — 2~y € N, such that y = |¢| and

g1y W) =g(W) = %y”‘z [sin(2y™"W) = 2y7"W].
Due to (3.5), for every L,M > 0 there is a constant C = C(L, M) > 0 such that

|E(C,8)| + |G(C,5)] < Ce(s)"2 (L2 < [C| <2M, so+ 1 <s). (3.92)
A similar argument to (and even simpler than) the proof of proposition 3.14 shows

D

J=0 i1+ Fin=

O'E

|oq o @] S CET LKMot 1<)

(¢.s)

Writing this estimate with self-similar variables, we obtain

«x)%xWWﬂ<O$W”(uw M, so+1<s),

whence the result (1.17b).
The claim (ii) follows from (i) and identity (1.5), i.e. |[VF|*> = (u,)? + Agr—2sin? u. In-
deed, for r < Ke(s)y/T — t, there holds
Ceo(s)%
url_ur2<2ur. (S) < 0 >
’() (1,)’ |1,| ()F ()(_t)
A A

—zk ’sinzufsin2u1| < r—zk 2luy (r, 1) ||u — w|

Aol N r Ce(s)”
r2 3 (s(s)\/T— t) (s)"H (s(s) T - t) S e(s)X(T —1)’
where u; = uy(r,t) := U (r/e(s)V/T —t). When L < r/\/T — t < M, we have
e(s)” < C(L,M)e(s)*
T—t T—t

A 2A 1 C(L,M
Wmuﬂﬁﬂ<7%mwwhm+ﬁwm@<§—#@mﬁ
r | _

~

[(ur)? = (@) < C(L,M)eo ()" (T — 1)~/ - |y (s)]

r
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where u* = u*(r,t) := u*(r/+/T — t,t). Therefore the desired estimates follow from (1.5).
The proof is now complete. O
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