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Abstract

In this paper, we prove the existence of a new type of relaxation oscillation
occurring in a one-block Burridge—Knopoff model with Ruina rate-and-state
friction law. In the relevant parameter regime, the system is a slow-fast ordinary
differential equation with two slow variables and one fast. The oscillation
is special for several reasons: firstly, its singular limit is unbounded, the
amplitude of the cycle growing like log ¢! as € — 0. As this estimate reflects,
the unboundedness of the cycle—for this non-polynomial system—cannot be
captured by a simple e-dependent scaling of the variables, in contrast to e.g.
Gucwa and Szmolyan (2009 Discrete Continuous Dyn. Syst. S 2 783-800).
We therefore obtain its limit on the Poincaré sphere. Here we find that the
singular limit consists of a slow part on an attracting critical manifold, and
a fast part on the equator (i.e. at co) of the Poincaré sphere, which includes
motion along a center manifold. The reduced flow on this center manifold
runs out along the manifold’s boundary, in a special way, leading to a complex
return to the slow manifold. We prove the existence of the limit cycle by
showing that a return map is a contraction. The main technical difficulty lies
in the fact that the critical manifold loses hyperbolicity at an exponential rate
at infinity. We therefore use the method in Kristiansen (2017 Nonlinearity
30 2138-84), applying the standard blowup technique in an extended phase
space. In this way, we identify a singular cycle, consisting of 12 pieces, all
with desirable hyperbolicity properties, that enables the perturbation into an
actual limit cycle for 0 < € < 1. The result proves a conjecture in Bossolini
et al (2017 Nonlinearity 30 2805-34). The Bossolini et al (2017 Nonlinearity
30 2805-34) also includes a preliminary analysis based on the approach in
Kristiansen (2017 Nonlinearity 30 2138-84) but several details were missing.
We provide all the details in the present manuscript and lay out the geometry
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of the problem, detailing all of the many blowup steps.
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1. Introduction

Relaxation oscillations are special periodic solutions of singularly perturbed ordinary differ-
ential equations. They consist of long periods of ‘in-activity’ interspersed with short periods
of rapid transitions. Mathematically, they are classically defined for slow-fast systems

ex = f(x,y,¢€),
y=g(x,y,€),

as elements I'. of a family of periodic orbits {T'c | € € (0, €]} whose € — 0 limit (in the
Hausdorff sense), Iy, is a closed loop consisting of a union of (a) slow orbits of the reduced
problem:

(1.1)

0 =f(x,0),
¥ = g(xy,0),
and (b) fast orbits of the layer problem:
X' =f(x.y,0),
y =0.
Here () = 2 and )= 4 are related for € > 0 by
T = eilt,

7 is called the fast time whereas ¢ is called the slow time. Obviously, I'y should allow for a
consisting orientation of positive (slow and fast) time. I'j is in this case called a singular cycle.

The prototypical system, where relaxation oscillations occur, is the van der Pol system, see
e.g. [27]. Here the critical manifold C = {(x,y) | f(x,y,0) = 0} is N-shaped and relaxation
oscillations I'. occur, in generic situations, near a I'j consisting of the leftmost and rightmost
pieces of the n-shaped critical manifold C interspersed by two horizontal lines connecting
these branches at the ‘folds’. See figure 1(a).

But other types of relaxation oscillations also exist. The simplest examples appear in slow-
fast systems in nonstandard form

7= h(z,¢), (1.2)

where C = {z|h(z,0) = 0} is a critical manifold. Here relaxation oscillations may even be
the union of one single fast orbit and a single slow orbit on S. These oscillations are also called
two-stroke oscillations, see [18, 29] and figure 1(b). In [15], for example, a planar slow-fast
system of the form (1.1) is considered. Here limit cycles I'. exist which also have segments
that follow the different time scales, # and 7. But I'. grows unboundedly as ¢ — 0% and the
limit I’y is therefore not a cycle. However, in the polynomial model considered by [15] there
exists an e-dependent scaling of the variables that captures the unboundedness and in these
scaled variables the system is transformed into a system of nonstandard form (1.2). For this
system, 'y becomes a closed cycle, albeit with some degeneracy along a critical manifold.
Similar (generalised) relaxation oscillations also occur in systems close to piecewise smooth
limits as € — 0, see e.g. [19, 21, 25]. In these systems, where the notion of slow and fast
orbits have to be generalised, (slow) segments of the relaxation oscillation appear close to the
discontinuity set.

The relaxation oscillations described above can all be analyzed by geometric singular
perturbation theory (GSPT). The terminology GSPT is frequently used as a reference to a
collection of theories and methods for studying singularly perturbed ODEs using invariant
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Figure 1. In (a): the prototypical example of a relaxation oscillation in a planar slow-
fast system with a folded critical manifold. In (b): example of a relaxation oscillation in
slow-fast system in nonstandard form.
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Figure 2. Illustration of model (1.4).

manifolds. This follows, first and foremost, Fenichel’s original theory [12—14] for the per-

turbation of compact normally hyperbolic critical manifolds and their stable and unstable

manifolds. Nowadays, following [26], see also [8], GSPT also consists of the blowup method

as the key technical tool, allowing for an extension of Fenichel’s geometric theory near non-

hyperbolic points. (The GSPT framework also consists of the exchange lemma [20, 38] and

entry-exit functions, [5, 16, 17], neither of which will be important in the present manuscript.)
In the present paper, we will consider the following slow-fast system

x=—-e"(x+(1+a)),
y=e"—1,

o)

with @ > 0,£ > 0 and 0 < € < 1. This is a caricature model of an earthquake fault, see sec-
tion 1.1 below. Relaxation oscillations in this system therefore models the seismic cycle of
earthquakes with years, decades even, of inactivity preceded by sudden dramatic shaking of
the ground: the earthquake.

Similar to the case in [15], limit cycles of (1.3) also grow unboundedly as ¢ — 0. But
in contrary to [15], the right hand side of (1.3) does not have polynomial growth, and as a
result, the unboundedness of the solutions cannot be captured by a scaling of the variables.
We will in this paper therefore have to work on the Poincaré sphere. Here we then prove
the existence of limit cycles I'c, whose limit 'y as € — 0 consists of a single slow orbit on

(1.3)
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Figure 3. Limitcyclesinred fora = 0.8, = 0.5.In(a): e = 0.0l and in (b): e = 0.001.
The motion in the diagrams is clockwise. The black curves are transients showing the
contraction towards the limit cycle. The orange hyperplane C is the critical manifold,
see (1.6). The subset of the limit cycles, that is close to this plane, is accurately described
by the reduced problem, see (1.8). However, away from C, we see that the limit cycles
initially follow the blue plane L until they return to C again, being attracting to the
center-like manifold W*(Q°) (green).
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Figure 4. x, y and z (black, red and blue, respectively) in figure 3 as functions of 7 for
£ =0.5and a = 0.8.In (a): ¢ = 0.01. In (b): ¢ = 0.001. Both solutions are of relaxation
type (two-stroke) in the sense that long periods of moderate ‘activity’ are interspersed
with rapid transitions. The effect of decreasing € is seen to be two-fold: firstly, the
transitions between the slow phases become sharper and, secondly, the amplitude grows
(slightly). Notice also how the period of the periodic solution depends upon €.
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Figure 5. Poincaré compactification of the reduced problem. The point Q° is not a
true equilibrium of X, instead it is an essential singularity e %/ 0 However, subsequent
‘blowup’ of this point and further desingularization reveal, see [3], that Q° essentially
acts like a (nonhyperbolic) saddle (as illustrated in the figure).

the two-dimensional (2D) attracting critical manifold C = {(x,y,z) |y + (x + z)/§ = 0}. The
‘fast’ part of I'y occurs at ‘infinity’ (i.e. the equator of the Poincaré sphere) and is non-trivial
and perhaps even surprising. We uncover this structure by applying the method in [22] to gain
hyperbolicity where this is lost due to exponential decay of eigenvalues. In particular, I'y only
has desirable hyperbolicity properties upon several blowup transformations. The main theo-
rem, theorem 1.5, proves a conjecture in [3].

1.1. Mathematical modelling of earthquake faulting

The model we consider, described by the equation (1.3), consists of a single block dragged
along a frictional surface by a spring, the end of which moves at a constant velocity. We set
this velocity to 1, without loss of generality. The model is illustrated in figure 2. Here v is the
velocity of the block and y is the relative position, measuring the deformation of the spring.
If the moving spring models a sliding fault, then the system becomes a caricature model
of an earthquake fault. It is therefore also the extreme case of a single-block version of the
Burridge—Knopoff model, which idealizes the earthquake fault as a chain of spring-block
systems of the type shown in figure 2. More importantly, the Burridge—Knopoff model has a
continuum limit as the distance between the chain blocks vanishes and travelling wave solu-
tions of the resulting PDE system, see [3, section 2.1], are basically solutions of the one-block
system. See [35] for a different derivation.

The unknown in figure 2, and in earthquake modelling in general, is the friction force F.
Within engineering, friction is frequently modelled using Coulomb-like laws, e.g. the stic-
tion law or the Stribeck law [2, 11, 31]. However, these laws do not account for any of the
microscopic processes that are known to occur when surfaces interact in relative motion.
Consequently, such models cannot produce phenomena known to occur in earthquakes. To
capture this, one can use rate-and-state friction laws. Such models attempt to account for
additional physics, like the condition of the contacting asperities [39], by adding additional
variables, called ‘state variables’, to the problem. The first models of this kind, the Dieterich
law [6, 7] and the Ruina law [37], were obtained from experiments on rocks. In contrast to
e.g. Coulomb’s simple model, the friction force in these models depends logarithmically on
the velocity. (It was only later realized that this decay actually agree with theory of Arrhenius
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processes resulting from breaking bonds at the atomic level [36].) Recently, these friction laws
have also been used to describe sea ice friction [30].

In this paper, we consider the Ruina friction law. This gives the following equations for the
model in figure 2

x=-v(x+ (l+a)logov),
y=v-1 (1.4)
x+ logov
e
in its nondimensionalised form. See [3, 10] for further details on the derivation. The variable x
is a single ‘state variable’. As in [3] we put z = log v and arrive at model (1.3), which we shall
study in this manuscript as a singular perturbed problem with 0 < € < 1.

Numerically, existence of relaxation-type oscillations for a > £ and small values of € > 0
is a well-known fact [10, 35]. See also figure 3, computed in MATLAB using ode23s with
tolerances 10712, Figure 4 shows x, y and z (black, red and blue, respectively) as functions of .
Notice the slow-fast, relaxation-type structure of the periodic solutions; y, describing the posi-
tion of the block, for example, decreases moderately everywhere except for tiny time intervals
where it increases very rapidly. In this paper, we are interested in a rigorous proof of the exist-
ence of these oscillations and en-route on how to apply classical methods of singular perturba-
tion theory to (1.4), or equivalently (1.3), with non-polynomial growth of the right hand side.

€0 = —y

1.2. Previous results on the singular limit of (1.3)

In the following we review some results from [3] on the singular limit of (1.3). Our notation
will in some places slightly differ from that in [3].
In terms of the fast time 7 = €~ !¢, the (slow) system (1.3) becomes the (fast) system

X' =—e® (x+ (1 +a)z2),
y =e(ef—1),

(1.5)
;. X+ z)
z =—¢ y+ .
O
Setting e = 0 in (1.5) then gives the layer problem
X =0,
y' =0,
J— e <y+x+z) ,
£
for which the hyperplane
Jr
C—{(x,y,Z)Ierng—O} (1.6)

is the critical manifold. This manifold is normally hyperbolic and attracting since the linear-
ization about any point C gives

—¢ e, (1.7)
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(a) (b)

(c)

Figure 6. Phase portraits of the reduced problem on the Poinacaré sphere. In (a): a < &,
in (b): a =¢& (the Hamiltonian case) and finally in (¢): a > £. The point Q° is not a

equilibrium of X. Instead it is an essential singularity due to e/ o But the analysis of

[3] shows that it essentially acts like a nonhyperbolic saddle, having a unique unstable
manifold W< (Q%) (see also lemma 7.6).

as a single nonzero eigenvalue. However, C is not compact. Fenichel’s theory [14] therefore
only guarantees the smooth perturbation S, of fixed compact sub-manifolds (with boundary)
So C Cforall0 < ek 1.

Setting € = 0 in (1.3), gives a reduced problem on C, which we write in terms of (the physi-
cal meaningful variables) (y, z) as follows

y=e"—1,

=6+ (az— &y —¢) (1.8)

with
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x=m(y,z) =& —z, (1.9)

using (1.6). Recall that x is a ‘state’ variable describing the friction—it models a combination
of effects and is difficult to measure and observe in practice, see e.g. [39].

In [3] the authors show that (1.8) has a degenerate Hopf bifurcation at o« = £, where peri-
odic orbits emerge at once due to a Hamiltonian structure:

(z) = J(y,2)VH(y,2), (1.10)
where

0 g—le§y+z
J(y, Z) = (_g—leﬁy-i-z 0 >

H(y,z)= (e @@y —z+1—e ) +1—e .

The authors of [3] then put the reduced problem (1.8) on the Poincaré sphere in the follow-
ing way: consider S = {(y,z,w) € R*|3* + 7> + w? = 1} and let ¢ : SN {w > 0} — R?
be defined by

1=
w oy,

<
I

3.z, w) — { (1.11)
By pull-back, the vector-field (1.8) gives a vector-field X on (¥,z,w) € S N {w > 0}. (1.11)
is then also a chart, obtained by central projection onto the hyperplane w = 1, parameterizing
w > 0 of $%. Let Q° be defined by (¥,7,w) = (1,0,0). Then by appropriate re-parametrizations
of time—essentially slowing (speeding) time down (up) for z > 0 (z < 0, respectively)—they
obtain a well-defined vector-field:

z = wlz

X:=r'X,

on 2 N {w > 0}\{Q®}, that leaves the ‘equator’, i.e. the subset defined by w = 0, invariant.
Here r = r(y,z, w) is strictly positive for w > 0, so that X and X are equivalent on {w > 0}.
The point Q° is an essential singularity e %% that—Iloosely speaking—divides the equator into
points where e* in (1.8) is ‘exponentially small’ from points were this quantity is ‘exponen-
tially large’. See [19] where similar essential singularities are studied using the same methods.

To describe S? near the equator w = 0 the authors in [3] studied two separate directional
charts:

61 :5°N{y >0} - R?,
$3:57N{z >0} - R,

defined by
__l_
o 21 =y z
¥,z w) — {m - 5w, (1.12)
(— — —) }_} y3 - Z_ly’ (1 13)
Y, 2, ws = z-lw, .

respectively. These charts are obtained by central projections onto the hyperplanes tangent
to SA2 at y = 1and z = 1, respectively. See figure 5. The authors then found three equilibria
of X within w = 0: Q' where y =0, z= 1, Q° where y~'z2=a"'¢, y > 0, and Q7 where
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y~'z = —£, ¥ > 0. Here Q' is an attracting hyperbolic node while Q” is a repelling hyperbolic
node. The point Q3, on the other hand, is a nonhyperbolic saddle, with a hyperbolic unstable
manifold along the equator and a nonhyperbolic stable manifold (a unique center manifold),
which we denote by W (Q?). Finally, using a separate blowup approach, the singular point
0% was found to act like a saddle, with one ‘stable manifold” along the equator of the sphere,
and a unique center-like unstable manifold, which we shall denote W<(Q9). See also figure 5
(and lemma 7.6 below for details).

Remark 1.1. As is standard, we use different arrows to separate center directions from hy-
perbolic ones. As demonstrated in figure 5, see e.g. the nonhyperbolic saddle Q°, center direc-
tions are shown by single-headed arrows whereas triple-headed arrows represent hyperbolic
directions.

Following [3], we describe the invariant manifolds of Q® and Q° using the original coordi-
nates (y, z) of C as follows.

Lemma 1.2. Consider any o > 0, > 0. Then there exists two unique one-dimensional
(1D) invariant manifolds W*(Q®) and W (Q3) for the reduced flow on C with the following
asymptotics:

7= —log(y) <1+§;>, (1.14)
=ty (LT (1.15)
(0% (6]

as y — oo, respectively. Under the flow of X, the manifold W(Q°) is the set of all trajec-
tories with the asymptotics in (1.14) backwards in time (or simply, the ‘unstable set’ of Q°)
whereas We(Q3) is the set of all trajectories with the asymptotics (1.15) forward in time
(or simply, the stable set of Q7). Moreover, for a = &, We(Q3) and W(Q°) coincide, such
that there exists a unique orbit on C with the asymptotics in (1.14),_, in backward time and
(1.15),_¢ in forward time, respectively (i.e. a ‘heteroclinic’ orbit of X). The intersection is
transverse in (y, z, a)-space:

(a) For a > &: W(Q9) is contained within the stable set of Q', in such a way that z(t) — oo
and z(t)~'y(t) — 0 with y(t) > 0, in forward time, while W (Q?) is contained within the
unstable set of (y,z) = (0,0).

(b) For o < £: W (Q®) is contained within the stable set of (y,z) = (0,0), while W (Q?) is
contained within the unstable set of Q7 with the asymptotics

= _gy’
for y — oo in backward time.

Proof. This is essentially [3, proposition 5.1]. Notice, in [3], however, the authors use Mel-
nikov theory and only deduce (a) and (b) locally near o = £. To show that these statements
hold for any o > ¢ and o < &, respectively, we simply use that H is a Lyapunov function:

dH

T2 = 9~ 1)efa o)
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Wew (Q6)

Figure 7. Illustration of the singular cycle I'y on the Poincaré sphere for £ < a < 1. For
a =1, 47 connects directly to Q° and therefore v° ‘disappears” whereas for a > 1, 7
connects to Co, with 7 < 0 so that 7 gets “flipped’ on C,, relative to Q°. This change in
the singular cycle can be observed in bifurcation diagrams, see figure 30. In this figure,
we deviate slightly from the notation in remark 1.1, insofar that we use single-headed
and tripple-headed arrows to separate ‘slow’ pieces from ‘fast’ ones, respectively. That
is with respect to ¢ in (1.3), the time spend near v U~* U~7 U~ tends to zero as
e — 0. However, everything within w = 0 is completely degenerate, and we only obtain
the ‘fast dynamics’ upon several blowup transformations.

such that sign ($H(y,z)) = —sign(a — &) forall y,z # 0 and « # ¢. Therefore for o > &, H
increases monotonically along all orbits (#£ (y,z)(¢) = (0,0)) of (1.8). Therefore limit cycles
cannot exist. Recall that Q' is a stable node on the Poincaré sphere, while Q7 is an unstable
node. By Poincaré-Bendixson, W(Q9) is asymptotic to Q' when « > £. The approach is
similar for a < &. O

By this lemma, we obtain the global phase portraits in figure 6 for the reduced problem
(1.8).

In [3], the authors also apply Poincaré compactification of the full system (1.3) defining
O:SPN{w>0 >R, ={(xyzw) |+ +72+w?=1}by

X = w X,
Xy, zw) =y = wly, (1.16)
z = wlz

By (1.11) and (1.9), we obtain
C:={®y»zw) €S|+ EF+2¢ "' =0, w>0}, (1.17)

as an embedded ellipsoid (or actually a hemisphere hereof) within %=
{(x,9,2,w) | ¥* +y* + z2 + w? = 1}, the equator of which, along W = 0, contains the corre-
sponding points Q', 03, 0% and Q7 along the boundary

Coo = {(®V,ZW) €S |5+ (X +2)6 ' =w =0}, (1.18)
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of C, recall also (1.6). For simplicity, we have here used the same symbols for these points as
a subset S°.
We use the directional charts

¢1:8N{y >0} =R,
$3:8°N{z>0} =R,
in the following, defined by

|
—

X1 yOOX,

(X,9,2W) =z = y Iz (1.19)
wi ylw,
X3 77 1x,

(®y.zw) —=ys = z', (1.20)
wy = 7 'w,

respectively (where we again misuse notation slightly by reusing the symbols in (1.12) and
(1.13) for the new charts). Notice that the coordinate transformation between ¢; and ¢3 can be
derived from the expressions

X1 =yy X,
=y (1.21)
wy = y;lw&

for z; > 0 and y; > 0. Furthermore, the coordinates in ¢; and ¢3 and the original coordinates
(x,y, z) are related as follows

-1 -1
X=w; x| =w; X3,

y=wi' =wy'ys, (1.22)
z=wla =wil,
using (1.16).

Under the compactification defined by (1.16), the critical manifold C U C is also compac-
tified. However, by working in the directional charts, [3] shows that the manifold is nonhyper-
bolic along its boundary C,, due to the non-trivial eigenvalue A — 0, exponentially, as points
on C approach C,. See also section 3 below.

Following [3], we define a ‘singular’ cycle as follows:

Definition 1.3 ([3, definition 1]). Let the points Q">*3 be given by
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in the coordinates (x3,y3, w3) of chart ¢3, see (1.20),

0f = (_2%;(1 ta) (- a),O) :

2a (1.23)
05 = (—£,0,0),

in the coordinates (xj,z;, w;) of chart ¢y, see (1.19). Then for any o > £, we define the (sin-
gular) cycle I'y as follows

Lo =7 Ur*uqy’ us? uwe (@), (1.24)

where

e +3 connects Q' and Q7. In the (x3,y3, w3)-coordinates it is given as

7 = {(x.33,w3) |13 € (=1 =, —1], 33 = w3 = 0} (1.25)

o 7* connects Q% with 0*. In the (x3,y3, w3 )-coordinates it is given as

73 = {(x,y3.w3) |13 = =1 — a, w3 = 0,y3 € [0,20/€) }.

e 7/ connects 0* with Q°. In the (x1,z1, wy)-coordinates it is given as

= {(x1,Z1,W1) |x) = f%(l + ),

71 € <2£a(1 —oz),;a},w] —0}. (1.26)

e 7” connects @ with Q° on C.. In the (x1,z1, wy)-coordinates it is given as
9
71 = {(x17zl9wl) |x1 = _6 — 21,

71 € <0,22(1 — a)},wl = 0}, (1.27)

for0 < a < 1. Fora =1, 719 is the empty set, and for a > 1 the interval for z; has to be
swapped around such that z; € [{(1 — «)/(2a),0).

o We(Q°) is the unique center manifold of Q¢ for the reduced problem (1.8), described in
lemma 1.2, connecting Q° with Q' (given that a > £) in forward (slow) time.

The segment v* belongs to a curve L., that the authors in [3], upon blowup (using the
adapted version in [22] to handle the exponentials), identified as a set of partially hyperbolic
equilibria (see also proposition 4.8 below for further details). In the (x3,y3, w3 )-coordinates,
it is given as the line

Loos = {(x3,y3,w3) |x3 = -1 —a,w3 =0,y3 € [}, (1.28)

where I C R is a large interval. 7> is given by the contraction towards this manifold. The
segment y7 connects Q% on L, with a point Q> on C,,. The final segment +” is a segment on
Co following the ‘desingularized’ reduced slow flow on C., (basically using the time that
produces figure 6). We illustrate 'y and the segments in figure 7. Here we represent C as a
disk and the equator sphere w = 0 (locally) as a cylindrical object containing C, as a circle.

In figure 3, we illustrate the set L in the (x,y, z)-coordinates obtained by extending (1.28)
for w3 > 0 sufficiently small and applying the coordinate change (1.22):
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WCU

Figure 8. Illustration of the sections X* and X! at y = 6! and z = 6, respectively,
used in the proof of theorem 1.5. Both sections are transverse to the reduced flow on
C and intersect W in their interior. Also X! is small enough so that it does not contain
We.

L={(xy2)|x=(-1—-a)z y/z€1, 7> 0}. (1.29)
The role of this set (and therefore also the role of L., given that the amplitude increases as

€ — 0) is clearly visible in these diagrams.

Remark 1.4. [3] presents a heuristic argument for how L appears which we for convenience
also include here. Divide the right hand side of (1.3) by e? and suppose that e~% < €. Then
F=— (et (14 a)2),
y=1, (1.30)
z=0

to ‘leading order’. The set x = (—1 — &)z, producing (1.29), is an invariant set of (1.30),
along which y increases monotonically. But notice that this naive approach does not explain
how orbits leave a neighborhood of L. For this we need a more detailed analysis, which we
provide in the present paper.

1.3. Main results
In this paper, we prove the following result, conjectured in [3].

Theorem 1.5. Fix £ > 0 and any compact set K in R>. Then for all o > ¢ the following
holds:

(a) There exists an €y > 0 such that system (1.3) has an attracting limit cycle U, for all
0 < € < €. Furthermore, no limit cycles exist within K. In particular, I'. ¢ K.

(b) Moreover, on the Poincaré sphere S°, recall (1.16), T« converges in Hausdorff distance to
the singular cycle I'y as € — 0.

2974



Nonlinearity 33 (2020) 2960 K Uldall Kristiansen

For oo < &, the omega limit set w(K) of K is the unique equilibrium (x,y,z) = (0,0,0).

Since the statement about o < £ follows directly from Fenichel’s theory and the reduced
problem, see figure 6(a), we will from now on focus on the statements (a) and (b) for o > €.
The main difficulty in proving this result is that C on $* N {w > 0}, see (1.17), loses hyper-
bolicity at w = 0 due to the exponential decay of the single (recall (1.7)) non-zero eigenvalue.
To deal with this type of loss of hyperbolicity, we use the method in [22], developed by the
present author, to gain hyperbolicity in an extended space.

Besides providing all the details of the analysis to obtain a rigorous proof of theorem 1.5
we also provide a better overview of the analysis and the many blowup steps (we count 16
in total). We lay out the geometry of the blowups and detail the charts and the corresponding
coordinate transformations. Also, in the present manuscript we provide a complete analysis of
the dynamics near Q° for € > 0, which is missing at any level of formality in [3]. Our blowup
approach allows us to identify an improved singular cycle, consisting of 12 segments, with
better hyperbolicity properties. The additional segments !-2368:10.11 'not visible in the ‘blown
down’ version of Iy in figure 7, see definition 1.3 and (1.24), are described carefully in sec-
tions 4 and 7, see also figures 15 and 25 from the perspective of ¢ and ¢3, respectively. A cor-
ollary of our results, is that the amplitude of the relaxation oscillations grows like O(log e~ 1)
as € — 0, see remark 5.2 for details.

2. Proof of the main theorem
To prove theorem 1.5, we first consider the reduced problem (1.8) and o > £. Then by lemma
1.2, We(Q°) intersects y = 6! in a single point

¢ =267, (2.1)
with

2~ —log(6™") (1 + O?) ,

see (1.14), and x° = m(d -1 zO), for § > O sufficiently small. Let N° be a small neighborhood
of (x%,z°) in R2. We therefore define a section X° as follows

YO = {(x,v,2)|y=0"", (x,z) € N°}. (2.2)

By lemma 1.2 again, W(Q°) also intersects z = 6~ in a single point ¢' = (x!,y!,6~!) with
y!'>0and x! = m(y',61) for § > 0 sufficiently small, recall (1.9). See also [3, proposition
5.2]. Then we define a section X! as follows

S ={(xy.2)|z=0"", (x,y) eN'}, 2.3)

where N' is a small neighborhood of (x!, y') in R?. See figure 8. Notice that (1.5) is transverse
to X.0. Also the reduced flow on C is transverse to ..

2.1. The transition map T1° : 20 — X!

Let IT° : X0 — X! be defined for 0 < € < 1 as the transition mapping obtained by the first
intersection through the forward flow of (1.3). For ¢ = 0, we similarly define IT° : £ — X!as
the composition of the following mappings: (a) the projection (x, =1, z) + (x, 61, m(x,67"))
onto C defined by the stable, critical fibers. Here (x,y) := —x — &y, obtained by solving
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the equation (1.9) for z. (b): the mapping obtained from (x, 6!, m(x,0~")) € X by the first
intersection with X! through the forward flow of the reduced problem on C. Hence II° only
depends upon x for € = 0:

Ho(x,é_l,z; 0) = Ho(x,é_',rh(x,é_l);O) ecny,

for all (x,0~!,z) € ¥°. Notice, we write II°(-; €) to highlight the dependency of I1° on € (as a
parameter).

Lemma 2.1. Suppose o > £. Then for N sufficiently small there exists an ey > 0 such 11°
is well-defined and C*>'-smooth, even in € € [0, €. In particular

I0(x,6 1 ze) = 0(x, 6L imn(x, 671): 0) + O(e).

Proof. The result follows directly from Fenichel’s theory [12—-14, 20]. Indeed, following
the analysis of the reduced problem, the mapping I1°(-; 0) is described over a compact sub-
manifold Sy C C. Since C is normally hyperbolic, Sy and the smooth foliation of its stable
manifold therefore perturb by Fenichel’s theory. In particular, there exists a locally invariant
slow manifold S, for all 0 < € < 1 which is diffeomorphic to—and smoothly O(e)-close to
So. The reduced flow on S, is therefore smoothly O(e)-close to the reduced flow on Sy given
by (1.8). Using the smooth fiber projections, the result then follows. O

2.2. The transition map T : &1 — %0
The main problem of the proof of theorem 1.5 is to prove the following result: let
o o’ cs! - x°, (2.4)

be the mapping obtained by the first intersection by the forward flow. Then the following
result will enable a proof of theorem 1.5:

Lemma 2.2. There exist a 6 > 0, a sufficiently small set N°, and an ey > 0 such that the
mapping 11 (-; €) is well-defined and C' for all 0 < € < €. In particular, T1' (x,y, 515 €) is C!
o(1)-close to the constant function ¢° as € — 0.

Proof of theorem 1.5. Let IT = IT! o II°. Then by lemmas 2.1 and 2.2, II is a contraction
for € < 1. The existence of an attracting limit cycle T in theorem 1.5(a) therefore follows
from the contraction mapping theorem—the attracting limit cycle being obtained as the for-
ward flow of the unique fix-point of II.

The unboundedness of T in (x,y, z) follows from the convergence I'. — T’y as € — 0 on
the Poincaré sphere. The latter—being the content of theorem 1.5(b)—is a consequence of our
approach. We actually first ‘derive’ an improved version of Iy using successive blowup trans-
formations (working in the charts ¢3 and ¢,) that allow us to prove lemma 2.2 using several
applications of standard, local, hyperbolic methods of dynamical systems theory. This gives
T, as a ‘perturbation’ of (the blown up) I'y. In more details, we further decompose IT' into two
parts IT'7 and T17" where IT1'7 : D(IT'7) € ©' — %7 and I1"° : X7 — ¥, Here X7 is an appro-

priate 2D-section, transverse to 77 (1.26), contained within y3 = 20‘(1%") for v > 0 small, see

figure 7 for an illustration. We describe these mappings in details in the following sections, see
lemmas 5.1 and 8.1. Lemma 2.2 is a consequence of these two intermediate results (see end of
section 8). O
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2.3. Outline

In the remainder of this paper, we prove lemma 2.2. Following the proof of theorem 1.5, the
analysis of IT! is split into two parts: one part in ¢ (relevant for the description of the mapping
I1'7) and another in ¢, (relevant for the description of the other half of II!, I17°). In section 3,
we first describe the blowup analysis in ¢3, summarizing the results in section 3.4 before pro-
viding all the details of the analysis in section 4. In section 5, we combine the results of the
analysis into a rigorous statement on the transition map IT'7, see lemma 5.1. The blowups we
describe in section 3 is (in practice) the result of calculations done in charts. However, given
the complicated nature of the problem and the repeated blowups required, we feel that pre-
senting these transformations—and the associated geometry—in section 3 before the details
in section 4 is useful for the readability of the paper. In section 6, we adopt a similar approach
by first describing the blowup analysis in the chart ¢;. However, due to the special essential
singularity at Q% on Cy, this blowup analysis will be further divided into three separate steps
following a ‘blowup’ of (y,z,w) = (1,0,0). Again, in section 3.4, the results of the blowup
analysis are summarized before all the details are provided, see section 7. In section 8, we
finally combine the results of the analysis into a rigorous statement on the transition map I17°,
see lemma 8.1. We end this section with a proof of lemma 2.2. In section 9, we discuss some
consequences of theorem 1.5 and directions for future work on the topic.

3. Blowup analysis in chart ¢3

In this chart, we obtain the following equations

. _ x3+1
k3 = —€(x3 + 1+ @) +x3e 2™ (y3+ s >

¢
. _ _ +1
y3 = ews(1 — e /") 4 yse /™ <)’3+x3§ > 3.1
1
W3 = W3e_2/w3 <y3 + x32_ ) >

using the coordinates (x3, y3, w3 ), recall (1.20). Here we cover the part of the critical manifold
C (1.6) with z > 0 as follows

x3+1
3

This manifold is still a normally hyperbolic and attracting critical manifold of (3.1) in the
present chart: the linearization about any point in C3 gives

C; = {(x3’y3,w3)|y3—|— =0,ws >0} (32)

—¢ T <, (3.3)

for ws > 0, as a single nonzero eigenvalue. But we now also obtain {w3; = 0}, corresponding
(by (1.20)) to the subset of the equator S*> N {w = 0} with z > 0, as a set of fully nonhyper-
bolic critical points for € = 0. Indeed, the linearization about any point in {w; = 0} only has
zero eigenvalues for € = 0. The boundary of Cs along w3 = 0:

x3+ 1
3

is therefore also fully nonhyperbolic for e = 0. The exponential decay of (3.3) complicates the
blowup analysis and the study of what happens near {w3 =0} and Co.3 for 0 < € < 1. We

Cooy = {(x3,y3,wz) lys + =0,ws = 0} (3.4)
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follow the blowup approach in [22], also used in [3], and extend the phase space dimension
by introducing

gy =e 2/, (3.5)

By implicit differentiation, we obtain

. 2 . _ x3+1
g3 = 2wy 2e= /Wy = 2w; "¢ <y3 + 735 ) .

We therefore consider the extended system

. x+1
x:—ew(x+l+a)+qu<y+),

3
1
y:ewz(l—efl/w)—{—ywq <y—|—x—g ),
. +1 3.6
el ), o
1
i]=2q2(y+x+ )’
3
e=0,

having here dropped the subscripts, introduced € as a dynamic variable and finally multi-
plied the right hand side by w = w3 (to ensure that w = 0 is well-defined). This multiplication
‘trick’ is used frequently in the sequel (and in GSPT, in particular blowup, in general [19, 21]).
It is important to note that it corresponds to a transformation of time for w > 0, and the sys-
tems are therefore equivalent there. Now, by construction, the set

{(.y.w.q.€)|qg=e"/"}, (3.7)

is an invariant set for this system. But this invariance is implicit in the system (3.6) and we
shall use it only when needed. Now, we (re-)define C by

Cz{(x,y,w,q,e)y—|—x_£1=0,w>0,q>0,e:0}, (3.8)
in the extended system, using, for simplicity, the same symbol. It is still a hyperplane within
€ = 0 of partially hyperbolic critical points, now of dimension three, since the linearization
about any point in C has one single nonzero eigenvalue —wg /€. Intersecting (3.8) with the set
defined in (3.7) gives a 2D manifold which projects to (3.2) (upon removing the subscripts)
in the (x,y, w)-space. Similarly, {w = ¢ = 0} and {¢ = ¢ = 0} are fully nonhyperbolic sets of
equilibria for (3.6). The system is therefore very degenerate near

+1
Coo:{(x,y,w,q,eﬂy—l—xg=0,w:q:0,620}, (3.9)

where these degenerate objects intersect the boundary of (3.8): Co =
Cn{w=e=0}N{g=e=0}. Notice (3.9) projects to (3.4) (upon removing the sub-
scripts) in the (x, y, w)-space (which is why we use the same symbol in (3.8)). But the system
(3.6) is now algebraic to leading order and therefore we can (in principle) apply the classical
blowup method of [8, 26] to study the dynamics near C.
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3.1. The blowup method

Before applying the blowup method to (3.6), we will first briefly review this approach in the
simple context of a nonhyperbolic equilibrium point z = 0 for a general system z = h(z) on
a neighborhood ¢/ C R" and where / : i/ — R" is smooth. For further details see e.g. [8, 9,
26, 28]. We assume (after center manifold reduction) that z = 0 is fully nonhyperbolic with its
linearization having only zero eigenvalues. In this paper, I will then say that a blowup of z = 0
is a generalized polar coordinate transformation W : [0,ry) x S"~! — U defined by:

71 =17,
2 =717,
(r,z) —
Zn =717,
where
n
zes = {(zl,ZZ,...,zn) € R"| Zzl? = 1},
i=1
and the weights: o = (ay, . .., a,) € N", such that the following holds: there exists a k € N
so that

hi=r"%n, §h=T"h, (3.10)
is well-defined on [0, rp) x sn—1. specifically

hlreo 0. (3.11)

In (3.10), & is the pull-back of & by W. Furthermore, the division of h by 7 in (3.10) is called
desingularization, and h is said to be the desingularized vector-field. By (3.11), singularities
of i will (or more accurately: may, in dimensions n > 3) have improved hyperbolicity proper-
ties, making the analysis of & simpler than that of 4. Notice also that / and h are equivalent for
r > 0, and we can therefore obtain a complete local description of / near z = 0 by studying A
with r € [0, rp). The caveat is obviously that we have transformed a local problem near z = 0
to a global one on [0, rp) x §"=1, For the analysis and for computations, one will typically
describe A in the local coordinates provided by the directional charts, see section 3.3 below.

I will call the transformation W the blowup transformation (despite the fact that it is \I/_A1
—and not ¥—that is blowing up z = 0 to {r = 0} x §"~!). Any invariant manifold M of &
on [0, ) x §"~! gives rise to an invariant ‘manifold’ M = W (M) of h on U. We say that M
becomes M upon blowing down.

If oy = ap = - -+ = o, (without loss of generality a; = 1 foralli = 1,2,...,n) then WU is
said to be homogeneous. Otherwise it is called quasi-homogeneous. Relevant to the present
paper, it is also possible to apply the blowup approach to study sets (lines, planes or more
generally sub-manifolds) of nonhyperbolic points. The procedure is the same, we just apply a
blowup of each point in the set. In this way, the sets of nonhyperbolic points are blown up to
generalized cylinders, see e.g. [21, 23, 24].

Upon blowup additional fully nonhyperbolic singularities may be encountered, see [9, 28]
and [24] for an example. In these situations, blowup has to be used successively. This is
also the case in the present ¢s-chart. In fact, we will have to use five consecutive blowup
transformations to achieve desirable hyperbolicity properties. In anticipation of the details in
section 4, we describe these blowup transformations in the following section. In section 3.3,
we describe the local coordinates used in our analysis. Here we also present two tables, see
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LY, w Zz,Yy,w

Figure 9. First cylindrical blowup of ¢ = € = 0.

tables 1 and 2, to help track of the different coordinates, the coordinate changes and the result-
ing differential equations.

3.2. Blowup transformations in chart ¢3

In the first step of our blowup procedure, we blowup the set of degenerate equilibria
{g = ¢ =0} of (3.6). Let

P={(x,y,wq, €) € R? x [0, oo)S}.
P' = {(x,y,w,r,(g,€) € R* x [0,00)* x §'}.

Then we blowup the set {(x,y,w, q,€) € P|g = ¢ =0} to a cylinder through the following
blowup transformation

o' Pl P,
which fixes x, y and z and takes

(r.(q.€) = (g.€) = r(g.€), r=0,(g.e €S (3.12)

Clearly, only g > 0, € > 0 will be relevant. Furthermore, ¥! simply corresponds to introduc-
ing polar coordinates in the (g, ¢)-plane. We can therefore study a small neighborhood of
(g,€) = 0 by studying any (r, (g,€)) € [0,00) x S! with r > 0 small. But the preimage of
{q = ¢ =0} is a cylinder (x,y,w, (g,€)) € R? x [0,00) x S". (Th1s is in the sense that we
understand blowup.) The mapping ¥' produces a vector-field X' on P! by pull- back of the
vector-field (3.6) on P. More importantly, the desingularized vector-field X X! = =r ~1X" is well-
defined and non-zero—this is straightforward to see from (3.6). It is therefore X! that we shall
study in the following.

We illustrate the blowup transformation defined by (3.12) in figure 9. Notice how we artisti-
cally combine the xyw-space into a single coordinate axis. We use red colours and lines, also in
the following, to indicate what variables and coordinate axes that are included in each blowup
in figure 9. Specifically, points that are blown up are given red dots. Since we are working in
five dimensions, some of the figures that will appear in the following will be fairly caricatured.
We cannot capture everything with these figures. To obtain a more detailed understanding,
these attempts of “global figures’ have to be combined with the ‘local’ ones in section 4.

Now, although the set defined by (g, €) = (1,0), r = 0 is partially hyperbolic for X; (which
we will use later in section 4.7, see also figure 20), this set loses hyperbolicity along the line
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(a) (b)

Figure 10. In these figures, the ‘blown down’ diagrams are on top while the
corresponding ‘blown up’ pictures are sketched below. A similar convention will appear
in later figures, although sometimes we will rotate the diagram, recall figure 9. Notice
that our view is from w > 0, the w-axis coming out of the picture. The directions of the
remaining x- and y-axes are indicated. In particular, the x-axis is directed downwards.
In (a): second blowup of C, see (3.9), along g = 1. The spheres indicated below
are blown versions of the (red) points on C,, shown on top, each involving the extra
dimensions due to ¢ and e, see details in (3.13). The sphere at y = 0 (enlarged) is extra
special since this point, corresponding to Q', is a stable node of the reduced problem.
The blowup produces normal hyperbolicity of C all the way up to (an improved version
of) C (indicated by smaller tripple-headed arrows). This enables an extension of the
slow manifold, in the usual way [26]. In (b): third blowup step. Here we blowup a line of
equilibria (indicated by red points in the top half of the figure), emanating from the fully
nonhyperbolic ‘north pole’ of the sphere obtained in the second step, see figure (a). This
gives rise to a cylinder (also in red in the blowup figure below), its axis being formed by
the quarter circle with g > 0,€ > 0.

defined by x = —1 — £y, w = 0 for each y (corresponding to C (3.9)). In the next step, we
therefore blowup this set. Let

P’ = {(y, r,p, (X, w,€)) € R x [0, 00)2 X SZ}.
We then apply the blowup transformation
U*:P? - P,

which fixes y and r and takes
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x = —1-&+px,
v, p, (% 9,8) = {w = pw, p=0,(xwe €S (3.13)
g 'e = pe

Clearly, we can study a small neighborhood of x = —1 — &y, w =0, (g,€) = (1,0) by
studying (p, (X, w,€)) € [0,00) x §? with p > 0 small for any y. As before, the mapping W
gives rise to a vector-field X~ = ¥2*(X') on P2 by pull-back of X' on P'. Now, for example
by working in the local charts described below, we find that X has p as a common factor and
we therefore study X2 = p’1Y2 in the following. For this X2, we find an improved partially
hyperbolic version of Co,, which allow us to extend the slow manifold up close to Q', in the
usual way see [26]. See an illustration of the second blowup step in figure 10(a).

Let

PP = {(nr.p.0. (% W) € R x [0,00)> x §'}.

Then in the third step, we find that x =w = 0,é = 1, p > 0 for each y is a set of nonhy-
perbolic points within P? for X2. We therefore blowup this set through the following quasi-
homogeneous blowup transformation

v pP - p?
which fixes y, r and p and takes
o elx = ox .
X, _ ~ >0, (X, L :
(0, (X, w)) = {6_1W T 0, (x,w) €S (3.14)

We illustrate this in figure 10(b). Clearly, we can study a small neighborhood of
(x,w,,€) = (0,0,1) by studying (o, (X,w)) € [0,00) x $? with ¢ > 0 small. U3 gives a vec-
tor-field X° = U3+ ()?2) on P3 by pull-back of X2 on P2. The weights on g in (3.14) are so that

X has o as a common factor and we therefore study the ‘improved’ vector-field defined by

X3 =0 1X"

In the following, we define
vz, pr 4 p
and
ulB.pip
by the compositions
\1112 — \I/l o \112 \11123 — \1112 o \113
Therefore by (3.12)—(3.14) (see also remark 3.1)

X —1 — &y + px,
y =y
= woo= pw,
U2 (y,r, p, (%, 9,8)) - (3.15)
q - \/m,
rpe
¢ T Jipe
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w w
4a
Yy z v Y v AQD
ﬂ’ z
Coo
(a)
w w
\I/4b

Yy xﬂb -~ Y m“ﬁ
& jP

Figure 11. In these figures, the ‘blown down’ pictures are on the left, whereas the
‘blown up’ versions are on the right (as in figure 9). In both figures, we show a view
from x < 0, the x-axis ‘entering’ the page. The directions of the remaining axes w and
y are indicated by arrows. In (a): fourth blowup step, part a, blowing up Co, (red points
in the ‘blown down’ picture on the left), see (3.9), to a cylinder (in red in the ‘blown
up’ picture on the right). In (b): fourth blowup step, part b. Here we blow up a line of
equilibria (red points on the left) g = 0, w = 0 on the cylinder (also on the right in
figure (a)) producing a new cylinder (also in red on the right) along the negative x-

direction.
x = —1- +%
gy A/ 1+9222+g4w2 ’
y =y
P po*w )
_ V140332404 w?
123 = =
LA O Y A G T)) g (3.16)
) 9
1+ 1+QZ§Z+Q4§2
1
,
€ — P1/1+92;2_§g4ﬁ/2 )
—_p~
1+l+92§2+e4fv2

Remark 3.1. The expressions in (3.15) and (3.16) follow from simple calculations. For
example, given that (g, €) € S', it follows from the last equality in (3.13) that

o - (VTP ).
V 1+ p*é

Similarly, since (%, w, €) € S2 we can also write the right hand side of (3.14) as
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Figure 12. Similar to figure 11(b), but now—following lemma 3.3—using the
viewpoint in figure 10(b).

o ox o*w 1
(x,w,€) = = —, = —, = — |.
V1 + 052+ o'W /T4 022 + o2 /1 + 0232 + o*n?

In the fourth step, we first return to P! near (g, €) = (0, 1). Notice that this implies p large
in (3.13). We therefore proceed as follows in two steps (enumerated a and b). (Eventually in
lemma 3.3 we will connect these steps with ®123 see also figure 11(c).) Let

P = {(y,r,0,(% W), (g€) € R x [0,00)* x S' x §'}.

Then, we first blowup the set C, of nonhyperbolic points of X! defined byx=—-1-&,w=0
through the blowup transformation

g . pre s pl
which fixes y, r and (g, €) and takes

x = —1—-&y+oa,

0o i) { :

w = o°w.

(3.17)

Crucially, the exponents of ¢ in (3.17) coincide with the exponents on g in (3.14). For r = 0,
(3.17) is still a blowup of Co,. We illustrate the blowup in figure 11(a). ¥** gives a vector-field

XY = g (X') on P* by pull-back of X' on P'. Here X" = oX%, with X* well-defined. It

is X*@ that we shall study.
Next, let

P¥ = {G.r,o.m, (w,q)) € R x [0,00)> x Sl}.

Then we blowup the set of nonhyperbolic points for X4 defined byi=—-1,w=0,e'g=0
within P* for each y through the blowup transformation ¥* : P* — P% which fixes y,  and
o and takes

V

) - {0 2T a0t 3.18)
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We illustrate the fourth blowup step in figure 11, see also figure 12, using the viewpoint of
figure 10(b). (See also lemma 3.3 below).

U4 gives X" = g4 (X*) on P* by pull-back of X** on P*. Now, X" = 7X* and it is
X* that we study.
We now define
glda . pla _, p  yladh . pth _, p
as the compositions
\I/14a — \I’l o ql4a \Ijl4a4b — \I/l o ‘1/4a o \114[7
Therefore by (3.12), (3.17) and (3.18) (see also remark 3.2)
= —1—-¢&+ o7,
=y
2w,
rq,
= TE€,

VR (voro (59), (4, €) =

"R T o &
I

and

—1 =& +ox (mw),

I
<

o (i) (3.19)
r0q

,
Vi+mg”

Here x : R — (—1,0) is the unique, negative-valued, smooth function

Qb (v r o, (. ) —

QT e o=
I

[0}
I

-1 ifp=0

x:R—=(-1,0), x(p)= NZr L
S T otherwise
satisfying x(p)*> + x(p)*p* = 1.

Remark 3.2. Notice that since (¥,w) € S' and (g,€) € S! it follows from simple
calculations that the right hand side of (3.18) can be written as

(x,w) = (X (mw), x (mi/)z 7rv:v> ,

_ 4

ma-( 1)
V1728 1+ 23

Lemma 3.3. Ler

U ={(y.r.p.o.(xw)) €P*|p>0,0>0,x<0, w>0},

and
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—3 —4b

X |ys . > Xy

Uscp? M > b c pib
®123|U3 @14(141)"/4[)

P

Figure 13. Commutative diagram.
Then there exists a diffeomorphism M : U> C P3 — V* C P* such that

U130 = Wt o .

Proof. Clearly, M fixes y and r and takes
(r.p 0. (%, W) = (0,7, (W,))-
We solve for (o, m, (W, g)) directly using (3.16) and (3.19). This gives,

x 72w = /14 2% + o*w?p X 2w = 7w,
elg=V1+ R +otwpt =g,

the first set of equalities due to (3.16), the latter ones due to (3.19). Therefore by division

(3.20)

—1 -2

=l

=

‘/:V?

Qi

and hence we obtain a unique (7, w) € S' with § > 0,w > 0 for every (%, w) € S! with ¥ > 0
and w > 0. From here 7 can be determined by

T =w'"\V1+ 2% + o*w?p X,
using (3.20). Finally,
o = x(mw) " pox/\/1 + 0?X% + o*w?.

Similar calculations gives the inverse of M on M(U) = V*. O

This result means that the diagram in figure 13 commutes and that we can study X3 on U5
using X* on M(U?) = V* since X" = M, (X") there. The latter property is important for
connecting results for X3 on P3 with results for X* on P*.

In the analysis of the fourth blowup, we will find that o eventually increases while m
remains small. To cover this part, where C, plays no role, it is easiest to skip the first part of
the fourth blowup (3.17), see also local form in (3.29) below, and just do a polar blowup of
w =0, (€q) = (1,0) as follows:

U (u (9.9) = (w.e'q) = p(#.9). n>0, (m.9) €S,
fixing x, y and r,. Here ¥° : P> — P! where
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Figure 14. Fifth blowup step near L., see (3.21), where this blowup is used. We view
the system from the x < 0 side, the x-axis ‘entering’ the page. In this picture, we blowup
w = g = 0 to a circle. Geometrically, this produces the red cylinder and dynamically
it injects partial hyperbolicity (indicated by black triple-headed arrow) of an improved
version of L. This gives rise to a slow flow on L, (indicated by the thick red orbit
with a single-headed arrow). We also indicate two important planes g = w = 0 (furthest
away) and € = w = 0 (nearest) by gray shading. An essential step in our construction
of the improved singular cycle, will be a transition between these planes. Basically, the
dynamics near L, occurs close to the former whereas the dynamics close to Co, occurs
along the latter.

PS = {(x,y,r2, pt» (W, 3)) € R? x [0,00]* x S'}.
We put U5 = ! o U3, We illustrate this final blowup in figure 14 near

Lo :={(x,y,w,q,€)|x=—-1—a,yel,w=qg=¢€=0}, (3.21)
recall also (1.28) and remark 1.4.

3.3. Local charts and the corresponding directional blowup transformations

We use separate directional charts to describe the blowup transformations defined in the previ-
ous section. For the first blowup Ul for example, we will use two separate charts obtained by
central projections onto the planes § = 1 and € = 1, respectively. We call these charts (g = 1);
and (€ = 1), respectively. The mapping from local coordinates to (g, €) is obtained by setting
g = 1 and € = 1, respectively, in (3.12). These charts therefore give the following local forms
of the blowup U':

1. q = T,
\I/l : (I‘],E]) — {6 . (322)
== 14 N
) (rqn) = {q ~ e (3.23)
€E = N
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where (x,y,w,r1,€r) and (x,y,w,r2,q>) are the local coordinates in the two charts. We can
change coordinates between these charts through the following expressions:

Iy = rie€y,

_ 3.24
g2 = € 1, ( )
for €, > 0. For the second blowup W2, described by the equation (3.13), we work in the
chart (g = 1), such that §~'€ = €; > 0. Subsequently we then use local charts to describe
(x,w,€) € s? by setting w = 1, € = 1 and finally x = 1. We refer to each of these local charts
as(g=1,w=1)1,(g=1,€=1)1,and (g = 1,x = 1);3, respectively. They produce the fol-
lowing local forms of the second blowup ¥'? = ¥! o ¥2:

x —1 =&+ pixi,
w =
Uit O proxnen) = . (3.25)
q = T,
€ = Tipi€i,
x = —1—=&+ prxa,
w = wa,
W13t (3,71, P2, X2, W2) g = flz ? , (3.26)
€ ryp2,
using (y,r1, p1,x1,€11) and (y,ri, p2,x2,w2), as the local coordinates in these charts
(g=1Lw=1), (g=1,6é=1)1,, respectively. We can change coordinates between
(g=1,w= 1)1 and (g = 1, € = 1), through the following expressions:
P2 = P1€11,
Xy = el_llxl, (3.27)
Wy = €1,

for €;; > 0. We summarize the information about the charts used for the first two blowups in
table 1.
For the third blowup W3, we work in the chart (g = 1,€ = 1);, where

E_l)?:xz, E_IVVZWQ.

Then we plug in w = 1into (3.14) and obtain the chart (g = 1,€ = 1,w = 1), respectively.
Within this charts we obtain the following local form of the blowup ¥!?3 = ¥! o ¥2 o ¥3:
=1 =&y + pro2x,

2
P205
rl 9

rp2,

OB (11,2, 00, 00) = (3.28)

oo T ow
I

using (y, r1, p2, 02, X22) as local coordinates.

For the fourth blowup W#, we first work in the chart (¢ = 1),. Then we plug in ¥ = —1 into
(3.17) to obtain a chart for the description of (%, W) € S! in aneighborhood of (%, W) = (—1,0).
This produces the local chart (€ = 1,% = —1),;in which ¥4 = ¥! o U* takes the following
local form
—1=&y—oa,
012W1 s
rq2,
r27

U (v oW q2) (3.29)

LR
Il
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Table 1. Details about the charts used for the first two blowups. The second to last row
(‘Equations’) contains the equation numbers of the local forms of the desingularized
vector-fields, and the corresponding section numbers where these systems are analyzed.
The last row (‘Coordinate changes’) contains the equation numbers for the coordinate
changes between the corresponding columns.

1st blowup 2nd blowup
Charts (g=1) (e=1), (g=1,w=1) | (g=1,=1)p»
Coordinates (x.y,w,ri,€1) (xy,w,.q2,m2) | (o ripnxsen) | (0671, p2, X0, wa)
Local blowup Ul (3.22) Ul (3.23) U12(3.25) U12(3.26)
Equations (4.19), section 4.7 (4.1), section 4.1 | (4.10), section 4.2
Coordinate changes (3.24) (3.27)
using (y, r2, 01, w1, g2) as coordinates in this chart. Within (€ = 1, = —1),; we have
T = wy,
e'a= g

and therefore (3.18) becomes

wp = Wéb,

¢ = 7q.
We therefore plug in ¢ = 1 and obtain the chart (€ = 1,X = —1,g = 1)1 and the following
local form of W40 — Wl o W4 o U#:

x = —-1-¢&—oy,
2
w = oimw
14a4b . 1T,
W (s o mwin) (3.30)
q T,
€ = I,

using (y, r2, 01,71, wi1) as local coordinates.
Following lemma 3.3, we can change coordinates between (¢ = 1,X = 71,5 = 1)p1; and
(g = 1,é =1,w = 1), through the following expressions:

—1
Wl:pz ’

ry =ripz,
(3.31)
01 = pP202X22,
wi = x;zl
for p, > 0 and x; > 0.
We describe the fifth blowup transformation g using the chart (¢ =1,w = 1),; and
(€ =1, = 1)y such that U5 = ¥! o ¥ becomes

q = niqz,

Uy (o pnnga) = e = (3.32)
wo= Ui
qg = "Ny,

U (rapaw) = e = o, (3.33)
w Haw2,
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Figure 15. Parts of the blown up singular cycle visible in chart ¢3;. The improved
hyperbolicity properties of the segments ' ~7 allow us to prove lemma 5.1. In (a): '3
using the viewpoint in figure 11(c). In (b): v*7 using the viewpoint in figure 11(d).
Notice that in (b), v* and 4* are contained within the plane § = w = 0, whereas 7’ is
contained within € = w = 0. > and 7 connect these orbit segments. Along these orbits,
€ is therefore decreasing. Essentially, v'~7 provide a route from € = 0, into g = 0 and
back again. Furthermore, the dynamics near g = 0 is dominated by an ‘improved L.,
* whereas the dynamics within € = 0 is dominated by an improved version of C.. See
further details in section 4; here we will also define ¢”’s as the points where the 7"’s
‘depart’ from.

in the local coordinates (x,y, r2, 111, g21) and (x,y, r2, 12, w2 ), respectively. Notice, that we can
change coordinates between (€ = 1,w = 1)y, and (¢ = 1,Xx = —1,g = 1),; through the fol-
lowing expressions
M1 = 0%W1W11,
g = oy wi, (3.34)
x=—-1—-& —o.
Also, between (€ = 1,w = 1)y, and (¢ = 1,§ = 1), we have the following equations
H2 = H1921,
o — gl (3.35)

We summarize the information about the charts used for the third, fourth and fifth blowup
in table 2.

3.4. A summary of the findings in chart ¢3

The full details of the analysis of the blowup systems, working in the charts described in sec-
tion 3.3, are available in section 4. Essentially, our approach injects improved hyperbolicity
properties into parts of the singular cycle visible in the chart ¢s. In doing so, we also identify
segments that are only visible upon blowup. In section 5, we combine the findings of section 4
into a result, see lemma 5.1, on the transition map I1'7. In the following, we will first sum-
marise our findings, focussing in particular on the description of the hidden segments '’ of
I'y obtained upon blowup. (Only v* and v* are visible upon blowing down, recall figure 7.)
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Table 2. Details about the charts used for the third, fourth and fifth blowup. The
rows have the same meaning as in table 1. In particular, the last two rows contain the
equation numbers for the coordinate changes between the corresponding columns.

3rd blowup 4th blowup, part b 5th blowup
(@:17521,)7:—1)122 (Ezl,i:—l,éil)zn (E:LWZI)Z] (Ezl,éil)zz
(71, 2, 02, %22) (v, r2, 01,1, W) (X, 3,72, 1, g21) (X, ¥, 72, 12, W2)
Ul3, (3.28) Yllaldb (3 30) vl (3.32) vl3(3.33)
(4.11), section 4.3 (4.13), section 4.4 (4.15), section 4.5  |(4.18), section 4.6
(3.31) (3.35)
(3.34)

Figure 15 provides an illustration of the blown up cycle using the viewpoints in figures 11(c)
and (d).

Firstly, by working in the chart (g = 1,w = 1); associated with the second blowup trans-
formation W' and the vector-field X2 we are able to extend the hyperbolicity of the critical
manifold up to a neighborhood of the € = 0-equator of the sphere (%, w, €) € S. This enables
us to extend the slow manifold as a center manifold, in the usual way [26], and hereby guide
a neighborhood of W<(Q°) close to a heteroclinic connection ' on the sphere (%, w, €) € 52,
see also figure 10(a), section 4.1 and proposition 4.2. In fact, we show that the contraction of
the slow flow on C towards Q', recall figure 6, produces a contraction towards 'yl fore < 1, see
lemma 4.4. (In turn, this gives rise to the contraction of the full return mapping IT = II' o I1°,
which is used to prove the existence of the attracting limit cycle, recall section 2.)

By the third blowup, we gain hyperbolicity of the forward limit point of 7! and subsequently
follow a 1D unstable manifold +* (defined in (4.12) in the chart (g =1, = 1,w = 1)127)
towards (g, €) = (0, 1). See section 4.3. We gain hyperbolicity of the forward limit point of >
by the fourth blowup transformation and follow an unstable manifold > (see (4.14)). Then by
working in the chart (€ = 1,w = 1), we find that 73 is attracted towards a center manifold
basedon Ly : x=—1—a, w=0,y € I, recall (1.28); see also section 4.5. On this center
manifold, we desingularize the slow flow and follow 74. Along 74, we find that y is increasing,
recall remark 1.4. At y = 2a/&, v* ends along a line of equilibria of saddle-structure. We sub-
sequently follow the unstable manifold ~°, along which g is increasing. By the fifth blowup,
we gain hyperbolicity of the forward limit point of 4> and subsequently follow an unstable
manifold 0. See (4.16) and figure 19. 4 is asymptotic to a normally hyperbolic set of equilib-
ria defined by (g, €) = (1,0), r = 0. Upon desingularization, we obtain a slow flow within this
manifold which produces v”. These last segments are described by the chart (€ = 1,§ = 1)
and by (€ = 1); in section 4.7. 47 is asymptotic to Coo—where the set (g,€) = (1,0), r =0
loses hyperbolicity—but this part is better described in chart ¢, see section 6.

4. Blowup dynamics in chart ¢3

In this section we describe the dynamics in chart ¢3 using the blowup and the charts presented
in section 3.

Remark 4.1. In the following, we will need to introduce several new symbols. In general,
M; will be reserved to denote center manifold extensions of the slow manifold S.. Here the
subscript i will reflect the subscript used in the corresponding chart. However, an M; with
J # i will not necessarily correspond to M; in a separate chart since the domains for these
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1,out 1,out
11 X1

Figure 16. Illustration of the result in lemma 4.4. Our view is from p; > 0, the p-axis
‘coming out” of the page. Within the center manifold M, the orbit 7{, .. contained

within p; = 0, is a local unstable manifold of the point ¢!, on the degenerate line
p1 =€ = 0, being defined by (y, P1s 6]]) = (0, 0, 0)

(often local) manifolds will not necessarily overlap. The same applies to other objects C;, N;,
Pi, Li, H; and U; introduced in the following. Here C; and £; will be reserved to improved
versions of Cy, and L, (that blow down to these manifolds in the (x, y, w)-space) whereas P;
and H; will refer to various new 2D and 1D invariant manifolds that appear along the way. Im-
portant points and orbits are denoted by qij and fyij , where j is the number system used for the
segments on the (improved) singular cycle and where i corresponds to the chart. The number
system we follow is so that 'ylzj ('ylzj *1) ‘ends’ (‘begins’, respectively) at qj +

HA
We will also introduce various smooth functions #; and H; in the following. The functions
h; and h; with i # j will in general denote different functions (as opposed to the same function

in different coordinates). Same applies to the H;’s.

4.1. Dynamicsin (q=1,w = 1)1

In this chart, we obtain the following equations

. x
y=p (611P1F(P1) +y1) ,

3

. x|
o= 2r =,

3
. X1
pr = p?? b
. X
& = _fl —en(pix; — &+ a) + prenéF(pr),

. X
€11 = —61121(2 + p1)

by (3.6) using W12, see (3.25). Here F(p;) = 1 —e~!/71. Notice that ri-decouples. At this
stage, we therefore proceed with the (y, p1,x1, €11 )-subsystem only. We notice that the point
q!,, defined by (y, p1,x1,€11) = 0, is an equilibrium of the system with —£~! as a single non-
zero eigenvalue. We therefore obtain an extension of the slow manifold as a center manifold
using standard center manifold theory:
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Proposition 4.2. Fixn € (0, 1). Then there exists a 6 > 0 and a small neighborhood U, of
(v, p1,€11) = 0 in R? such that the following holds. There exists a local center manifold My,
of 41, as a graph

x; = —ené&hn(y, pr,en), 4.2)

over (y, p1,€11) € Uny. Here hy; is a smooth function of the following form

hi (v, proen) = a— &+ O(pr.en). 4.3)

Furthermore, there exists a smooth stable foliation with base My, and 1D fibers as leaves of
the foliation. Wifhin x1 € [=4,6], (p1,y, €11) € Uy, the contraction along any of these fibers
is at least e "¢ 1.

Remark 4.3. Notice, as usual [26], that M, provides an extension of the Fen-
ichel slow manifold as a locally invariant manifold, upon restriction to the invariant set

{e=rpiei,rn = e’pfl} and blowing down, up to
=0 e=c" Wi w=Wes )"
Here W in the last expression is the principle-value Lambert W function W:
(—e~!,00) = (—1,00), defined by z = W(ze) for all z € (—1, 00). Using the asymptotics
W(w) = logw(l + o(1)), “.4)

of W for w — oo, see e.g. [32], we realise that the slow manifold by M, is extended up to
w R logf1 e L

Now, consider the following sections:

Sh = {0, pr.x1,en) | pr =6, x1 € [=B1,0), y € [~ Ba, Ba], en € (0, B3]},
S = {0 prxen) e = v, p1 € [0, 84], x1 € [=f1,0), y € [-B2, 2]}

transverse to the flow. Notice that p; = § in X}, becomes z = 1/§ in the original variables
using (3.25), in agreement with > see (5.1).
The 1D manifold

Mitoe = Mit N {p1 =y =0},
is invariant and by inserting x; = —e;1&h11(0,0,€1) into (4.1), using (4.3), it follows that
€11 is increasing along this set for €17 # 0. In fact, we shall see that 7, |, is a local unstable
manifold of the point ¢}, of a desingularized flow on M ;.

1 H Lout » : lout - :
V11.10c 1NtErSECtS ;7" in a point ¢, with coordinates

(y’ P1,X1, 6ll) - (0’ 0’ —thll((), O’ V)9 I/)-

We now consider the mapping I}, : ¥1, — E}’lom defined as the first intersection by the for-

ward flow. See figure 16. We have the following.

Lemma 4.4. The mapping 11}, is well-defined for appropriately small 8, v and 3; > 0,
i = 1,4. In particular,
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0}, (y, x1, 9, €11) = <y+(y,xl, T(y,x1,€11)), pr+ 0 x1, T(y, x1, €11))s
x1+(y,X1,T(x1,611)),V>,

with y,, pi+, and x;, being C' in each of their arguments:

)
pr+(y,x1,T) = m(l +0(6)),
Yy dlog (1+6T) ] e
y+ 00 1) = T + T e 1+or° :

2T
X1+ (0, x1, T) = —vEhi (pr4 (3, %1, T), y4 (v, x1, T),v) + Oe™ ),

Sor some c(8,v) > 0 sufficiently small and where T(y, x1,€11) > 0 is the unique solution of the
following equation

e (P Y X1 v) = €18, y, x1, €112 O (1 4 6T (y, x1, €11)). 4.5)

Here é1(p,y,x1,€11) = €11 (1 + O(x1, €11&h11 (8, v, €11))) is a smooth function.

Substituting (4.2) into (4.1) (with r; decoupled) and dividing the resulting right hand side
by €11h11(p1,y, €11), where hy; is defined in (4.3), produce the following equations

én =en(2+ p),
p1=—pi, 46)
. p1F(p1) )
= — F — ——— .
Y pE(p) < hii(p1,ys€ir)

To prove lemma 4.4 we will then use the following result on this reduced problem on M ;.
Fact. There exists two C', locally defined functions H;; and 1:111 such that

y=y=Hy(y, p.en) =y + O(pr1), 4.7)
with inverse

¥y =HuG.pr.e1) =3+ O0(p1).
transforms system (4.6) into

én = €en(2+p1),

pr=—pi, (4.8)
K ~ P
y=—p (y - f) :
(0%

Proof of fact. The transformation (4.7) is composed of two steps. First we notice that
the set defined by €;; = 0 is a normally hyperbolic invariant set for (4.6) with smooth un-
stable fibers. We can straighten out these fibers through a smooth transformation of the form
(p1,¥,€11) — y1. Then the y; equation is independent of €;;:
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P (yl piF(p1) >.

hii(p1,y,0)

The (p1,y1)-system therefore decouples, and with respect to the time 7 defined by

dr _
dr P1
this planar systems has a stable, hyperbolic node at the origin. Therefore we can linearize this
system by a C' transformation fixing p and taking (p,y;) + ¥;. This gives the desired result.

O

Proof of lemma 4.4. First, we straighten out the stable fibers of M, by a smooth trans-
formation fixing x; and taking (y, p1, X1, €11) — (p1,¥, €11) of the form

p1=p1(1+0O(p)),
y=y+0(p),
én = en(l+ O(xy, enéhn(pr,y. en))).

The transformation is close to the identity for p;, x| and €; sufficiently small and hence invert-
ible by the inverse function theorem. Then the dynamics of (py, ¥, €;1) becomes independent
of x;. Then upon dropping the tildes and dividing the right hand side by ej1h11(p1, ¥, €11)
we finally obtain the equations in (4.6). Following the fact above, we apply the local diffeo-
morphism (p1,y, €11) — (p1,¥, €11), defined by (4.7), and study (4.8) instead. Integrating this
equation gives

b
T)= —
(D) 1467
B y dln(1 + 06T
5(T) o ( )

T 1467 " a(l+6T)
where T is defined by €1(T) = v:
7 = &e’T (1 + 7). 4.9)

We now transform 7 back to the original time. This gives the duration of the transition in terms
of this time. Using the contraction along the stable fibers, then gives the desired result. O

Now, the function 7, given implicitly by (4.9), can be expressed in terms of the smooth
Lambert W function as follows

1 _
T(va,en) = 5 (W (25e25 '/50) - 25—1) .
Using the asymptotics (4.4), we obtain the following asymptotics of 7 in (4.5) as €;; — O:
1 -
T(y,x1,€11) = 3 loge;' (1 +o(1)),
after substituting o = €11 (P14, Y+, X1+, V), €0 = €11(d,, x1, €11). In fact, the partial derivatives
of T with respect to y and x; satisfy an identical estimate. We therefore have the following

corollary:
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2,in
E122

2,out >
2159 T22

2,out

4122 P2

Figure 17. Illustration of the result in lemma 4.6. !5, is contained within p, = 0,
approaching the point ¢2,, defined by x» = —v/&a, g2 = p» = y = 0. The orbity?,, is
the unstable manifold of the point g3,, and is contained within g, = 0.

Corollary 4.5. The mapping (y,x;) = I}, (y,x1,68,¢€11) is C' O (m>-close to the

loge“

constant mapping (y,x1) — qhom as ey — 0.

4.2. Dynamicsin (@ =1,é=1)12

In this chart, we obtain the following equations

. X2
y=p (pzW§F (paw2) + sz—) ,

§
P = —292%7
(4.10)
. Zx% X2
=g —w (0= &+ poax2) + hors (p2x1 = 1)
+ Epaw3F (paws),
Voy = wZ%(z + paw2),

from (3.6) using (3.26). We then transform ¢} " from above to this chart and obtain g™ with

coordinates

(ys p2’x29 W2) - (09 07 _£h11 (09 09 V)’ V_l )5
see (3.27). Setting y = p» = 01in (4.10) gives

In [3], it was shown, using a simple phase portrait analysis that ~{,, which is 7}, in the present
coordinates, is asymptotic to the nonhyperbolic equilibrium x, = w, = 0 within the invari-
ant subset y = p, = 0. Fix a large 7' > 0. Then, by regular perturbation theory, we can map a

sufficiently small neighborhood of ;3" diffeomorphically onto a neighborhood of ¢r(g15™)
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using the flow ¢,. Due to the loss of hyperbolicity we apply the third blowup transforma-
tion, see (3.14) and (3.16), of x, = wp = 0. We describe this in the following using the chart
(g =1,€=1,w = 1)12; and the local form of the blowup (3.28).

4.3. Dynamicsin (g=1,6=1,w = 1)122

Inserting (3.28) into (3.6) produces the following equations:

. X22
V=03 </)292F(Pzé’%) +y> :

3
X
p2 = —2 2%7
1 xx»
b=p0p 2+ ma). @.11)
. X3
i =2 = (= &+ pon)
X 1
+ 92% <2f>292x22 - 1) +EmaF(p203).

Now, ~l,—in these coordinates—becomes ~1,, which is asymptotic to the equilibrium ¢35,
defined by x2 = —v/a&, y = p» = 02 = 0. This point is a stable node within the invariant
(02, x22)-plane. We therefore work in a neighborhood of this equilibrium and consider the
sections

2 — {(y, p2, 02, %2) | 02 = 6, p2 € [0, B1), X2 — Vaf € [~ o, Bal, y € [~ 53, B3]},
and
S = {(0, 2, 02.%2) | 2 = 1, 02 € [0, 4], x20 — /A€ € [, B], ¥ € [~ B5. Bs]}-

Notice the graph H iz, defined by xp = —/&(a — &y), y < $» p2 =02 =0, is a curve of
equilibria of (4.11). It is normally hyperbolic with a 3D stable manifold W*(?{12;) within p, = 0

and a 2D unstable manifold W*(H ) defined by x» = —v/&(a—&y), 02 =0, p, >0,
y < % In particglar,

Yia = {0, p2, 02,%22) |y = 020 = 0, x0 = —v/ &, p2 > 0}, (4.12)
is contained within the unstable manifold and is invariant. See figure 17.

Consider the local mapping I13,, from X355 to X153 obtained from the first intersection by

following the forward flow.

Lemma 4.6. 113,, is well-defined for appropriately small § >0, v >0 and f3; >0,
i=1,...,5. Inparticular,

Hfzz(y, p2,5,x22) = (Y+()’, Pz,xzz),% Qz+(\/072)sx22+(y, m,xzz)),

with 02+ a C! -function,
X2+ (¥, /P2, X22) = Hia(y, p2) + O(y/p2),

with Hjp; smooth satisfying Hi(0,0) = —/a&. Also
Y+, p2.x22) =y + O(In(p2) p2).
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Furthermore, the remainder terms in x»,, and y, are C! with respect to xp; and y and the
orders of these terms as p, — 0 do not change upon differentiation.

Proof. We divide the right hand side by —x,,/&. This gives

1
02 = 50 2+ m03),

pZ = 2p25

and new equations for x,; and y. It is possible to C! linearize the (02, p2)-subsystem by a
transformation fixing p, and taking (02, p2) — 02 = 02(1 + O(p2)) with (02,0) — 32 = 0.
Now, for the p, = 0 subsystem y is constant and x2 = —+/&(a — &€y), 0, = 0 is a hyperbolic
stable node for any y < % sufficiently small. We can therefore linearize this subsystem by a
C' transformation fixing 0, and taking (g, x2) — X25. Applying these transformations to the
full system produces

v = 0(p283),
p2 = ZPZ,
0 = — 0o,

Xop = —2%n + O(p202).

Integrating these equations gives
T
5622(T) = 672T5€22(0) +/ O(eiz(T*s)Czspz()eis,gzo)ds
0

= @%22(0) + O(V/p20020) = O(/p20),

v
Y(T) = ¥(0) + O(In(py' p2) p2003):

using that el = 1/,02_0l and hence pgoeT ~ +/p20. We obtain similar estimates for the deriva-

tives. O

Notice that T13,, (0, 6, x22,0) = 735, N XA for every xz; — v/ € [~ [, fa]. Now, along
Y15y, p2 is increasing for p, # 0. We therefore study the dynamics in a neighborhood of this
orbit in chart (€ = 1,Xx = —1,§ = 1)a11.

4.4. Dynamics in (=1,x = —1,q = 1)211

In this chart, we obtain the following equations

~.
|

Yy
= olmwi <§ + 01W11F(012P1W11)) ,

. 2m

™ ="

3 (4.13)
o1 = owiGa (y, 1, o1, win),

. 2 T
Wil = wij (§ — Wi (2G211(y,7T1,01,W11)+0125‘)) ,
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and 7, = 0. Notice that r, > 0 decouples and we shall therefore work within the
(v, 71,01, wy;)-space. Here

Gon(y, 1,01, wn) = a— oy — & — oy (o) + 1) — otémwi F(oipiwnn).

Also v3,, from chart (g = 1, = 1,w = 1)1 becomes
i = {0 o wi) [T > 0w = 1/(af), o1 =0,y = 0},
using (3.31). It is contained within the invariant set o; = 0 where
y=20,

m

é— 9

. 1
Wi = 2wy g wii(a—&y) |.

it =

Here the 2D graph Payy, defined by wyy = 1/(&(a — &y)), over y < %, w1 > 0, is invariant.
This set is foliated by 1D stable manifolds wy; = 1/(§(a — £y)),y = const, 7 > 0 of points
on the curve H,;; of equilibria, defined by wy; = 1/((a — &y)), vy < %, within 77; = 0. In
particular, fy%n is contained within the stable manifold W*(H,;1) within y = 0, being asymp-
totic under the forward flow to the point q%ll defined by wy; = 1/(af), y =0, m; = 0 within
Hoip.
Next, within the invariant set 7; = 0 we have
y=0,

o1 =owi (o —o1 —&y),
. 2
Wi = wiy <€ — 2wy (o — 0y Ey)> :

For this subsystem, H,;; is of saddle type. Indeed, the linearization about any point in this
set, gives —2/¢ and 1 /£ as eigenvalues with the stable space purely in the wy-direction and
the unstable space contained in the (o1, wy; )-plane. It is possible to write the individual local
unstable manifolds within as graphs:

wir = Hap1(y, 01),
with H,y; smooth, such that H1(y,0) = 1/(£(a — &y)), for oy < v with v > 0 sufficiently
small. Let 73, be the individual unstable manifold of g3,,. Locally it is given as

Vitsee = Lm0, wi) [win = H(0,01),0 < 0y < v,y =0, m = 0}.
(4.14)

Therefore, we consider the following sections transverse to the flow:
221“11 ={(ym,oLwn)|m =0, wn —1/(a€) € [-51,81], o1 € [0, 5], y € [—53, 53]},
w3 — {(y, 7,01, wir) |1 € [0, Ba], 01 = v, wi — 1/(a€) € [<B1, B1], ¥ € [~ B, Bs]}.

Let I3, : ¥31" — %2 be the associated map obtained by the first intersection by applying
the forward flow.
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Figure 18. Illustration of the result lemma 4.7. 42, is contained within o = 0,
approaching the point g3, defined (y, 71,1, wi1) = (0,0,0,1/(a€)). The orbit 73, is
the unstable manifold of g3, and is contained within 7; = 0.

Lemma 4.7. 113, is well-defined for appropriately small § >0, v >0 and 3; > 0,
i=1,...,5. Inparticular

13,3, 6,01, wi1) = v+ (v o1, win)s i (0 01, win ), Vs it (v, 01, win)),s

with
T4 (v, o1, wi1) = O(07),
wig (v o1, wn) = Han (v, v) + O(a7),
yig (v o1.wir) =y + O(In(o~")ai).

Furthermore, the remainder terms in Wi+, wy;, and y ;. are C! with respect to'y and wy; and
the orders of these terms as o1 — 0 do not change upon differentiation.

Proof. The proof is similar to the proof of lemma 4.6, using partial linearization and Gron-
wall-like estimation of the remainder. We leave out the details. O

Notice that II3,, (8, wy,0,0) = 73 N Y3ou See figure 18. Notice also that 73 in the
211 211 211 211,loc
(x,y, w)-variables becomes:

e = {(x.y.w) [x € [-1 v, —1],y =w =0},

using (3.30), in agreement with (1.25). (! and 42, on the other hand, both ‘collapse’ to Q' at
(x,y,w) = (0,0, 0) upon blowing down. See also figure 15.) To follow fy%’n forward, we move
to chart (€ = 1,w = 1)y, see (3.32).

4.5. Dynamics in (€=1,w = 1)z

In this chart, we obtain the following equations
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. x+1
x=—(x+14+a) +xpugn|y+ ¢ ,

. X+
V= F(p1) + ypga (y+ ) ,

§
. x+1
H1 :M%QZI (Y-I- ¢ )

. x+1
Q1 =243, (y+ §> (2—m),

and i, = 0. Again, r, decouples and we shall therefore only work with the (x, y, 11, g21)-8ys-

(4.15)

tem. Also 73} o, becomes
'y;]!loc - {(xvyvu‘la q21) | ‘]21 = 0-]_2H(U’O)5 X = _1 — 01, 01 S (O’ V)a

yZO’N1:0}9

using (3.34), in the present chart. It is therefore contained within the invariant set iy =y =0
where

i=—(x+1+a),

. s x+1

421 = 2q5, €
Notice, that starting from x = —1 — v with v > 0 small, x and ¢,; are both monotonically
decreasing towards the equilibrium g3, defined by (x,¢21) = (=1 — ,0). Therefore, by
extending VS,loc by the forward flow, we obtain an orbit that is asymptotic to this point. Since
the x-direction is a stable space and the g-direction is a center space, the orbit 3 approaches
g3, as a local center manifold x = h(qg) over 0 < ¢ < & which is flat at ¢ = 0: A9(0) = 0 for
all i € N. In fact, we have something similar for any y € I where / is a open interval contain-
ing [0, 2 /€]: the line Ly, defined by (x, 1,¢21) = (=1 — @, 0,0), y € I, is a set of equilib-
ria. The linearization about any point in this set gives one single non-zero eigenvalue —1.
Since L) blowsdownto Lo, : x = —1 —«a, w =0,y € I using (3.32), we think of £;; as an
improved version of this original degenerate line. Then, by center manifold theory, we have
the following:

Proposition 4.8. Fix 7 € (0, 1). Then there exists a 6 > 0 and a small neighborhood Uy,
of (u1,g21) = 0 in R? such that the following holds. There exists a locally invariant center
manifold N>y as a graph

x=—1—a+ phy(y, p1,921),
over (y,11,q21) € I Xx Uy, Here hy; is a smooth function. Furthermore, there exists a

smooth stable foliation with base Ny and ID fibers as leaves of the foliation. Within

x+ 14+ a€[-6,6], (v, p1,921) € Uay, the contraction along any of these fibers is at least
e .

Remark 4.9. Center manifold theory is (in general) a purely local result [4], that can be
applied to any partially hyperbolic equilibrium. However, in proposition 4.8 we use the fact
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Figure 19. Illustration of the result in lemma 4.10. Our view is from x; > 0 on top
and from p;; > 0 below. In the (y, i1, g2 )-variables, the y-axis is a line of equilibria
(it is a projection of L51). Upon the blowup (g1, pt11) — 1 = g21 4411, which fixes ga1,
this line has improved hyperbolicity properties, in particular we obtain a heteroclinic
orbit 'ygl—contained within ¢p; = 0, see also expression (4.16)—between equilibria
(0,0,0) and g3, : (2a/€,0,0) on this axis. It connects 3, with 73,, the former being the
stable manifold of (0, 0, 0) while the latter is the unstable manifold of (2a/&, 0, 0). For
simplicity, we use the same symbols in the two figures (although the axes are different).

that the center manifold theory can be applied to any point on the line £,;. This gives the
desired ‘global’ center manifold A>; in proposition 4.8 by the same theory (in the same
way that a slow manifold S, of (1.1) can be obtained as an e-section of a center manifold
{Se x {€}| € € (—€p,€0)}, only truly local in €, of the critical manifold Sy x {0} in the ex-
tended space {(x,y, €)}, obtained by adding €' = 0 to the fast time version of (1.1)).

Next, consider the following sections
St = {6y, 1,921) | g1 = 6, x + L+ € [, Bi], i € [0,52), y € [~Bs, B3]}
ou 2a
E;’l = {(X,y, ,ul’q21) |q21 = 69 X+ 1 +ac [_319 51]; M1 S [0964]3 y—- ? S [_55’ Bﬂ}a
and let II§ : %33/™ — B3 be the associated mapping obtained by the first intersection of the

forward flow. By reducing the dynamics to the center manifold N3, (and applying a subse-
quent blowup) we will then show that we can guide the forward flow along the following lines
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Vo1 = {(x.y. p1,q21) [ x = —1 — a, y € [0,200/€), 11 = g1 = 0},
= {06y, 1, q0) | x = —1—a, y =2a/& uy = 0,q21 > 0}.

See figure 19. Notice that +3, belongs to £, and is obtained through a desingularized (slow)
flow on N>y, see details below. Recall also figure 7. Then we have

(4.16)

Lemma 4.10. 113} is well-defined for appropriately small § >0, v >0 and 3; > 0,
i=1,...,5. Inparticular,

1057 (x5, v, 11 0) = (g (6, 3 1) g (06,9 ) pi 4 (20 111, 6),
with p14 a C!function with py4 = p (1 + o(1)),
xp(ny, ) = —1 = a+ pip (n,y, p)vho (4 (x5, 101), 6, y4 (x5, 1)) + O(e 7).

200
Vi (6y, ) = 3 =¥+ O(p1 log puy),

as 11 — 0. Furthermore, the remainder terms in x, and y , are C' with respect to x and y and
the orders of these terms as |11 — 0 do not change upon differentiation.

Proof. Working in a small neighborhood of N>, we can straighten out the stable fibers by a
smooth transformation fixing x and taking (x,y, i1, g21) — (3, fi1, g21) Where

y=y+O0(um),
fir = 1 + O(1iq1),
g1 = g + O(g3)).

We drop the tildes henceforth and therefore consider the following reduced system on MN>j.

¥ = (F(u) + yqa1 (& — o+ pha(p1,921,5)) /) »
fir = g1 (§y — a + pha(p1, 1. y)) /6.
g2 = 451 (& — a + mha (i1, q21.y)) /€2 — ).
Here (1 = g1 =0, y € I, where [ is some appropriate interval, is a line of equilibria (it is a
projection of £,;, so we will use reuse this symbol in the following). It is not normally hyper-

bolic since the linearization about any point in £,; only has zero as an eigenvalue. We can gain
hyperbolicity by applying the directional blowup, setting:

H1 = q21H11-
Inserting this into the reduced equations we obtain
V=11 (F(qaipnn) +yqa1 (§y — @ + guipnnha(qai s qa15y)) /€)
Lo = 2p01 (§y — o+ g pnha(qai 11,421, )) (=1 + qaipnn) /6, (4.17)
ga1 = g1 (& — a4+ gupnha (g1, g21,y)) (2 — ) /€,
after division of the right hand side by ¢;. Now, the line EAzl defined p1 = g1 =0, y €I is
an improved version of £,;, being normally hyperbolic for any y # a//€. Indeed, the lineariza-

tion about any point gives £2(£y — «) as nonzero eigenvalues. Within the invariant set 1; = 0
we obtain
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y=0,
g2 = gqn (§y —a) /§.
Along y = a/€, g21 = 0 every point is an equilibrium. For y < «/&, g1 contracts exponen-

tially towards ¢g»; = 0. On the hand, for y > «/&, ¢»1 expands exponentially. Next, within
¢>1 = 0 we obtain from (4.17)

Y = p11,
fur = 2411 (§y — ) /€.
Writing

d
o =2E-a) /s

we realise that every point py; = 0,y = yo < a/&, is heteroclinic with 1, = 0,y = y; > a/¢
where y; = 2a/€ — yo. See figure 19.

Now, to describe the mapping H‘ﬁ, we proceed as follows. We first work locally near y = 0
and consider a mapping from g;; = J to u1; = v. From there we then apply a finite time flow
map by following the heteroclinic orbits within z1; = 0 up to a neighborhood of the point g3,
defined by py1 =0, g21 =0, y = 2 /€. From here, we then consider a mapping 1y = v to
g21 = 6 working near the normally hyperbolic line p1; = g21 = 0, y &~ 2a/&.

For the first part, near y = 0, we divide the right hand side by
(&y — a4 gapiha (g2 11,921, y)) (=1 + g2 p11) /€ > 0.

This gives

¥ =i (=14 gapn)™" ((5}’ — a+ gupnha(gnnis ga1,y) " EF(gapn) +)’Q21) ,
1 = 211,
g1 = gn(1 — @)~ (=2 + ).

Now we straighten out the unstable fibers within the unstable manifold g,; = 0 by performing
a transformation of the form (y, p1;) — ¥ such that

)L’:O(NHLIZI),
fiir = 2411,
g1 = g1 (1 — i)~ (=24 ).

The y-variables decouples and the (i1, g21)-subsystem has a saddle at py; = ¢q21 = 0. We
can therefore linearize this subsystem through a C'-transformation fixing p; and taking

(11> 921) = @21 = qa1 (1 + O(p11)) such that

y=0(unga),
1 = 21,
G = 2401
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We then integrate this system from g»; = 6 to w11 = v. This gives
(9»#1135) = (v + O(pn IOgMu),V,MnV_IS)-

We then return to (y, f411, g21), by applying the C'-inverses, and proceed with the second and
third step. In the third, final step, our approach is identical to the first part, now working near
the point qgl ty=2a/E, ui = g21 = 0. We leave out further details, but in combination, this
gives the desired result. O

4.6. Dynamicsin (6 =1,q = 1)

In this chart, we obtain

X=w (—(x+1+a)+xuz (y+le)>

. x+1
Y = w2 <W2F(M2W2) +y (y + )> ,

§
. X1 (4.18)
o =2 <y+§>,
1
Wy = —wp (y+ XZ) (2 — pown),

and i, = 0. Furthermore, 35, becomes

Vo = {(%y, 2, w2) [w2 > 0,0 = =1 — a,y = 2a /&, iy = 0},
contained within the invariant set x = —1 — a, i, = 0 where

y=0,

e ()

75, is asymptotic to the point g5, defined by (x,y, 2, w2) = (—1 — a, 2a/€,0,0) within the
set Py, of equilibria, defined by i = wp, = 0 and (x, y) in a neighborhood of (—1 — a, 2a/€).
The linearization about any point within this ‘plane’ P, has £2 as the only non-zero eigenval-
ues. Consequently, P,; is normally hyperbolic. Within the invariant subset defined by w, = 0,
we have

=0,
y=0,

. x+1
fo=2p (y+ e )

In particular,

V% = {6y, pa, wa) [ w2 = 0,x = =1 — a,y = 2a/&, pp > 0},

is contained within the unstable manifold of P, , and is the individual unstable manifold of
the base point g5, € P2, of 73, defined by (x,y, 2, w2) = (=1 — a, 2a/€,0,0). We therefore
consider the following sections
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B8 = {(x,y, pr2, w2) | wa = v, x+ 1+« € [=B1, Bi], y — 20 /€ € [~ B, Ba], pa € [0, Bo]},
Eg;m == {(-x7y7/j/29 W2) |:U‘2 = 57 -x+ 1 + [eRS [7/837 ﬁ’.’)]v y—- 2@/5 S [7/847 ﬁ4]7 %) S [07 /85]}1

and let T1S, : X8I — 359" the associated local mapping obtained by the forward flow. We
then have

Lemma 4.11.  The mapping 115, is well-defined for appropriately small v > 0,5 > 0 and
8;>0,i=1,...,5. Inparticular,

I3, (x, s 2, v) = (e (0,3, p2), y (36, 0, 2, 6, W (12)
where wy, is C! satisfying wyy (1) = pa(1 + o(1)) and

x4 (6, ) = H(x,8) + Opa In i 1),

Y46y, p2) =y + O(pnpy ),

as pup — 0. Here Hy; is smooth and satisfies Hyp(—1 — «,6) = —1 — .
Furthermore, the remainder terms in x, and y , are C! with respect to x and y and the or-

ders of these terms as p,; — 0 do not change upon differentiation.

Proof. We straighten out the individual stable manifolds of P,; within pu, = 0 by a trans-
formation fixing y and w, and taking (w5, x) — X = Hp,(x, w,). Here by the invariance of 3,

we have Hy(—1 — a,wp) = —1 — a for any wy. Then
JLCZ = O(Wzﬂz).
Straightforward estimation gives the desired result. O

See figure 15 for illustration of .

4.7 Dynamics in (e = 1)1: exit of chart ¢3

To follow 'y§2 forward, we return to the chart (€ = 1); and the coordinates (x,y,w, ej, 7). In
this chart, we obtain the following equations

x:w(—el(x+l+a)+x<y+x+])),

3
y:w(ele(w)—ky(y—kﬂ)),
§ (4.19)
).

. x+1
6]27261 y+T .

Also i} = 2¢ (y + %) but this decouples and we shall therefore (again) just work with the

X, Yy, w, €1 )-subsystem. In these coordinates, 76 becomes
22
6 20
W=1xy,we)le>0x=—-1—qy= ?,w =05.
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It is asymptotic to the point g| with coordinates
2a

(x,y,w,e1) = (-1 — ?,0, 0). (4.20)

We work in a neighborhood of this point where

x+1
13

We therefore divide the right hand side of (4.19) by this quantity and consider the following

system
1
P <_61<H+a> H) ,

y+

~a/f>0.

x+1
T
etwF(w)
=W x+1+y>’
(Y+ 3
w:wz,
6122-—26L

Notice that €, = w = 0 is invariant. Also the linearization about any point in this set
gives —2 as a single zero eigenvalue. Therefore ¢; = 0,w € [0, 5] and (x, y) in a small neigh-

borhood of (-1 — «, 2?0‘) is a local center manifold with smooth foliation by 1D fibers, along
which orbits contract towards the center manifold with e =% . Therefore there exists a smooth,
local transformation fixing w and € and taking (x,y,w,€;) — (%, 5) = (x,y) + O(we;) such

that
X= WX,
y=wy.
In the following, fix y; > 2?0‘ and consider the following sections:
ST = {(x,y,w,e1) | e1 =0, x+ 1+ a € [B1, B, y — 2a/E € [~Ba. Ba], w € [0, B3]},
Sl ={(y.w.er)ler €0, 8], x+ 1+ € [, 5], y = y1. w € [0, Bg]}-

Let IT] : X" — %] Then, by integrating the (¥, 7, w, ¢; )-system and transforming the result
back to the (x, y, w, €1 )-system using the implicit function theorem, we obtain the following:

Lemma 4.12. 1I] is well-defined for appropriately small y; — 2?0‘ 0 >0 and p; >0,
i=1,...,6. Inparticular,

117 (26, y, w, 6) = (- (o6, 3, W), y1s g (1,3, w), €14 (3,3, w)),
with x,;, w, and €1+ all C! satisfying
X1
xp (X, y,w) = 7(1 + O(w)),
LA

wy (x,y,w) = 7(1 +O(w)),

erp(xy,w) = 0(e™/"),
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Figure 20. Illustration of the result in lemma 4.10. We try to artistically include all the
four dimensions, our view being from x < 0. The set {¢; = 0} is partially hyperbolic
and attracting within the region y + (x+ 1)/ > 0. We can desingularize the flow
within €; = w = 0 (shown in yellow) by division by w. This produces (4.22) and 7,7 (in
red) as the flow of the base point ¢} : (x,y,w,e1) = (=1 — @, 2a/£,0,0) of 7¢ (also in
red). The projection of this point onto (x, y, w) (which we indicate by ~) is 0*.

for some sufficiently small ¢ > 0.

Define 717,10c by

JElta) [zﬁ MH “.21)

7
= s s Wy = = 09 = s
,YIJOC {('x y w 61) | 61 w X 20[ é— é—

It is obtained from the reduced problem of (4.19) within € = 0:

a2

. x+1
a2,
using x(0) = —1 — a, y(0) = 2a/&, see (4.20), upon desingularization through division by w,

and subsequently letting w = 0. See figure 20. Then it follows that
HZ (x’ ¥, 0, 6) = ’ﬂ,loc n ZZ

(4.22)

We can extend ’yf,loc by the forward flow of (4.22) within ¢; = w = 0. We then have

Lemma 4.13. Under the forward flow of (4.22) within € = w = 0, ~y] is bounded if and
only if « < 1. In the affirmative case, ] is asymptotic to the point Q3 € Cy, with
1+« 2a
X = y =

1o T )
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5. The transition map I1'7 : &' — X7

We now combine the findings in ¢3 into a result on the transition mapping II'7. This map is
defined by the first intersection of the forward flow of (3.1) from
= {(yw)|w=0,x—1-¢& €[-£.0).y € [-52. B}, (5.1)

to {y = 2a(1 + v)/&}, with v > 0 sufficiently small. It will be convenient to write the image
of this mapping in terms of the coordinates (x,y,w, €;) in chart (g = 1);. Consequently, we
therefore define I1'7 : X! — %7 for 0 < € < 1 with

Si={ywe)ly=2a(1+v)/& x+1+a€[-f.0. we[0.0]. e €[0.5]}.  (52)
Notice the following:

o We restrict ' to x — 1 — &y € [-01,0) so that the flow is transverse to the section, see
(3.1). This is clearly a subset containing IT°(X°), recall (2.4).
e Using (3.5) and (3.22) we have

—1
€ = ee? .

By describing the image in the (x,y, w, €1 )-coordinates, we therefore at the same time
keep track of how small w is. If w were to be too small then €; would not be small enough
for us to compose it with the subsequent mapping I17°, see lemma 8.1.

We then have
Lemma 5.1. The mapping 11" is well-defined for appropriately small 6 > 0, v > 0 and
B;>0,i=1,...,5and all 0 < € <K 1. In particular,
7 (x, 3,85 €) = (21 (x,y,€), 2a(1 + 1) /&, w (x, 5 €), €14 (x5 €))
where x,, w, and €1 (x, y; €) are C!-functions in x and y, satisfying the following C'-estimates
xp(nyre) = —(1+a)(1+v)+ O(og ™' e logloge™),
wy(x,y;e) = O(log™" e 'logloge™), (5.3)
e (rnyie) = O(e™ =),

for ¢ > 0 sufficiently small, as € — 0.

Proof. The result follows from the series of lemmas: lemma 4.4, see also corollary 4.5,
lemmas 4.6, lemma 4.7, 4.10-4.12, describing the relevant local transition maps in the local
charts described in section 3.3 using standard hyperbolic methods to follow the segments
+'77. Notice that the mappings between the different local sections are diffeomorphism that
do not change the order. O

Remark 5.2. In C the estimate for w in (5.3) can be improved to (’)(1log_1 e~ 1). In fact,
this is more or less a direct consequence of our approach: setting g = e™" and g = €q gives
w = O(log™' e !) for fixed ¢, as € — 0. Similarly, it follows that minw(r) = O(log™" e~ 1)
along a relaxation oscillation. Since z(#) = w(¢)~! for z() > 0 this implies (more or less) that
the amplitude of the limit cycles grow like O(loge~!)as e — 0.
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6. Blowup analysis in chart ¢4

In this chart, we obtain the following equations

Wl = —EW%F<ZIW171)9
i = —e (wixFzwi) + (a + (1+a)z)),

) (6.1)
2= —ewiz Flzwy ') —e 2™ | (1 += ZZI> ’

é=0,
redefining F(s) = 1 — e~*. Therefore also
F(—s) = —¢'F(s).
Henceforth we drop the subscripts. In this chart, we then have
C={(w,x,z,¢)|x=-€—2z,w>0,e=0},
and
Coo = {wyx,z,€) | x == —z,w =0, e = 0}. (6.2)

We first notice that e~ ' and %" appearing in (6.1) are not defined along w =0
for z < 0. We shall therefore introduce a new system by blowing up w = z = 0 by the polar
blowup transformation

(w,2) = 0(w,2), 8 >0, (w,2) € S', (6.3)

and apply appropriate ‘desingularization’ of the transformed vector-field to have a Well-]
defined vector-field within 6 = 0. In particular, we will divide the right hand side by e 2"~
whenever z < 0.
We will use three separate charts (7 =1);, (w = 1), and (z = —1)3 obtained by setting
z=1,w = land Z = —1, respectively, so that we have the following local forms of (6.3):
w= 6wy, z="06, (6.4)
w =0, z=thzs,

w = bO3ws3, z = —03, 65)

where (01, w;) € [0,00)?, (62,22) € [0,00) x R, and (63, w3) € [0,00)? are the local coordi-

nates, respectively. We consider each of these charts in the following.

6.1. Blowup analysis in chart (z = 1)

Working in 1the chart_@ = 1) is similar to the analysis of (3.6) in chart ¢3. Indeed, here we
have e™?* = e~2"1 , and as in chart ¢, we therefore put

g =e (6.6)
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Figure 21. Blowup in chart 7 = 1 of the line corresponding to Cw to a line of spheres.
Our view is from w; > 0, the wj-axis ‘coming out’ of the page. The gray shaded region
is w; = 0 while the orange hyperplane is C. C is the intersection of C with w; = 0. As
before, the spheres, seen in red on the right, are the result of blowing up the (red) points
on C in the picture on the left, each involving the remaining directions due to g and
€ (not shown), see details (6.8). By this blowup we are able to extend the hyperbolicity
of Ctow; = 0forall §; > 0 (indicated by the tripple-headed arrows) within € = 0. The
sphere at #; = 0 (enlarged) is still degenerate.

This gives the following equations

X = —efiw (lele(wl_]) +(x+(1+ a)91)) ,

. 0
91 = 701W1 <€0%W1F(W1_1) +q <1 + Xt 1)> )

¢
Wy = wig (H”f‘), ©67)
q:2q2 <1+x+91>
é. 9

€=0,
by implicit differentiation and dropping the subscript on g. Here we have multiplied the right
hand side by 6;w; to ensure that 6; = 0 and w; = 0 are well-defined. For this system,
x+ 60,
£

is a partially hyperbolic set of equilibria, but still not compact. As in chart ¢s, the system is
very degenerate near

C:{(x,ﬁl,w,q,eﬂl—i— =O,w>0,q>0,e:0},

x+ 0,
§
Then we proceed as in chart ¢35 let Pp = {(x,0;,w,q,¢€) €R x [0,00)*}, P} =

{(x,01,w,7,(g,€)) € R x [0,00)* x S'} and blowup g = ¢ = 0 through the blowup transfor-
mation

COO:{(xselswsqse)|l+ :O,leq:0,620,91>0}.

)Pl =Py,

which fixes x, 6; and w and takes

Vv

(r,(qi))H{q -~ s, (3.6 € S

€ = T,
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©

Figure 22. Blowup in chart 7 = 1 of point on the sphere at #; = 0. This produces a
cylinder of spheres with improved hyperbolicity properties. Again, the spheres involve
directions due to g and €, missing in this sketch.

Again, only g > 0, € > 0 is relevant. Notice that we use a notation for the blowups

(i.e. \I/}) that is similar to the one used in section 3. However, we believe it will be clear

from the context what blowup we are referring to. In the second blowup step, we set
P; = {(01,r,p,(x,w,€)) € R x [0,00) x $?} and blowup C, through the transformation

U3 Pt — P,
which fixes #; and r and takes
X = —£—0,+ px,
(01,,0, ()_C,V_V, g)) — QW = pwi, p =0, ()_C,V_Vl,g) S Sz.
g 'e = pg

(6.8)
See figure 21. Since (g, €) € S' we can write the last equality as

@) 1 e
q? 6 - pt ] .
Vit pre 14 pe
Let V12 = Ulo W2
Due to the multiplication by #; on the right hand side in the derivation of (6.7), the
resulting system is still degenerate near (X,€w;) = (0,0,1), 0; =0. Therefore let
P} = {(r,p, 0, (X,01,€)) € [0,00)* x S?}. Then we apply a final blowup transformation

Ui Py — P,
which fixes r and p and takes
w X OX,
(0. (x,01,€) — ¢ 0 = 00, 0>0,(x0,,¢ €S (6.9)
Wwi'E = 0

See figure 22. Since (X, w;, €) € S? we can write the right hand side as

_ 1 3
(xw1,6) = z___ — <.
V14 0R + 028 1408 + 0@ /14 0% + 0@
Let U123 = U120 03,

3012



Nonlinearity 33 (2020) 2960 K Uldall Kristiansen

6.1.1. Local charts and the corresponding directional blowup transformations. To describe
the blowups W1, W12 and ¥{? we again use local directional charts. For ¥} we will only work
in the chart (z = 1,g = 1);; obtained by setting g = 1 so that
qg = T
Ol (r,e) —

i (rsen) {6 . (6.10)
in the local coordinates (ry,€;) € [0,00)%. Then to describe ¥{?, we use two separate charts
(z=1,g=1,x=1)and (z=1,§ = 1,w = 1)), obtained by setting X = 1 and w; = lin
(6.8):

x = —§—bi+p.
Uity (b prownsen) = ;Vl z fllwn’ : (6.11)
€ = Tripi€n,
x = —=£—0,+ paxa,
Uity o (r1,01, p2, X2, €12) :;1 Z flz (6.12)
€ = Tip2€12.

The coordinate changes between these two charts are given by
P1 = P2X2,
—1
wir =X (6.13)

—1
€11 = €12X, .

Remark 6.1. Notice that there exists a smooth change of coordinates between the coor-
dinates (ry, 0y, p1,wii,€11) in (Z=1,g = 1,x = 1)11; and the coordinates (x,y,w,r,€;) in
(€ =1)1(3.22) in ¢35 given by

0 =y’1,

-1 —1

pr=y +y x+¢

1 (6.14)
Wll = pl W9
€11 = pl_l €1.

(Itis easy to see that the 7’s are same as those in (3.22).) This is important when transforming

the analysis in the exit of ¢3 in section 4.7 to the entrance in chart ¢, see section 7.1.

For ¥}, we will only consider the chart (= 1,g = 1,w; = 1,0, = 1);12; obtained by set-
ting ¢, = 1in (6.9):

x = —={— o1+ poix,
= o1
‘I’%% D (rhp2s 00 X1, €121) = A WL = 012, (6.15)
q = T,
€ = Tnp201€121,

such that
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Table 3. Details about the charts used to describe the blowups in ¢;. The first row divide
the table into three parts, corresponding to the three directional charts associated with
the initial ‘blowup’ (6.3). The remaining rows have the same meaning as in table 1. In
particular, the last two rows provide the equation numbers for the equations describing
the coordinate changes between the charts in the corresponding columns.

Z=1) (w=1) Z=—1)s
(g=Li=Du | (g=Lx=Di | (ng=1w =10 =Dz | (0, = 1)y |(05 = 1Lws = 1)y
("1,91,P1,W11,611) (V1,919023x2,612) (rlsPZsQIax2ls€121) (ZZso'l,xlsel) (7T1,/t1,x11,611)
vi2 (6.11) vi2 (6.12) U123.(6.15) W, (6.18) Ul (6.22)
(7.1), section 7.1 | (7.4), section 7.2 (7.7), section 4 (7.10), (7.13), section 7.5
section 7.4
(6.13) (6.23)
| (6.16)
01 = o1,
X2 = 01X21, (6.16)
€12 = Q1€121-

See table 3 for a summary.

6.2. Blowup analysis in chart (w = 1),

The analysis in this chart is more standard because here e =e s regular. We have
x = —602 (QQJCF(Zz) =+ (x1 =+ (1 =+ Q)QQZZ)) s
9.2 = —EegF(Zz),

(6.17)
by = o2 <1 n X+ 92Z2) ’
3
E=0,
after multiplication of the right hand side by 8,. Within §, = ¢ = 0, we find
x =0,

S —22 X
= —¢€ 1+>7
(144

so that 25 <0 for x>¢ and 2z, >0 for x<&. Hence x=-( 6, =¢=0,20 € R
is a line of degenerate equilibria, which we—for obvious reasons—also call
C. Since it is fully nonhyperbolic we will blowup this set through the following blowup
transformation W} : P} — Py, where P, = {(x,02,22,¢€) € R x [0,00) x R x [0,00)},
P} = {(z2,0,(x,0,,€)) € R x [0,00) x §?}, which fixes z, and takes

x = —£- obhzp + OF,
(22,0,(%,0,,€)) = b = o0, o >0,(x, 60,6 € 5.
€ = 0§,

In this way, we gain hyperbolicity, allowing us to extend slow manifold into this chart, see the
illustration in figure 23.
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Figure 23. Blowup in chart w = 1. Our view is from 6, > 0, the 6,-axis ‘coming out’ of
the diagram. We blowup a line corresponding to C to a cylinder of spheres involving
e. This enable us to extend the hyperbolicity of C (in orange) up an improved version of
Cwo. This is indicated by tripple-headed arrows. The shaded gray areais #, = 0, x > —¢
where 2, < 0, x = 0 as indicated by the single orbit (in black).

6.2.1. Local charts and the corresponding directional blowup transformations. We only need
to consider the single chart (w = 1,6, = 1), obtained by setting 6, = 1. This gives the fol-
lowing local form of W}

x = —§{—-ontox
1.
U0 (2. 0nx,61) = (0 = oy, (6.18)
€ = O01€].

Notice, that we can change coordinates between the chart (z=1,g=1,x= 1,0, = D121
and (w = 1,0, = 1)y, using (6.15), as follows

e1 = exp(—2p; enr,

o1 = le25

o (6.19)
Z2 - pz ]
X1 = X21,

for p, > 0. See table 3 for a summary.

6.3. Blowup analysis in chart (z = —1)3

In this chart we have

i= ey (93w3xF(w;1) e k- (14 a)eg)) ,

3

03 (69§e_W31F(w11) N 93) ,

3
W3:—W3 <1+x_§93) s

€=0, (6.20)
after division of the right hand side by 65 'e2%3”" {0 ensure that w3 = 0 is well-defined. For the
analysis in this chart, we will have to keep track of exponentially small remainders in center

manifold calculations. Standard power series expansion will therefore have to be adapted. For
this purpose it is useful to again introduce a flat function g(w3) as follows

3015



Nonlinearity 33 (2020) 2960 K Uldall Kristiansen

g3 =wyle™ 6.21)

It is also possible to use the seemingly more natural choice g3 = e ™3 'but the calculations are
slightly simpler with (6.21). Implicit differentiation of (6.21) gives the following system after
multiplication by w3 on the right hand side to ensure that w3 = 0 is well-defined:

i = eO3wiq (O3wax(1 — wsq) — wag(x — (1 + a)bs)),

) -0
03 = O3w; <€9§W3q(1 —waq) + 1+ al 3) ,

3
Vo3 = —w3 <1+x_§93),

q:—q(ux‘%)(l—m

£
€=0.
Here we have dropped the subscript on g and used (6.21) to write e™"> ‘= wsq. Let
P = {(x,03,w3,q,¢) € R x [0,00)*}, P} = {(m,w3,q,(%,05,€)) € [0,00)% x S?}. Fix any
ws,g. Then the linearization about any equilibrium point with x = —¢, 3 = ¢ = 0 has only
zero eigenvalues. We therefore perform a blowup transformation

vl pl— P,
of x = —¢, 03 =0, e = 0, defined by fixing w3 and ¢ and taking
x = =&+ w0 + 7x,
(7, (%,0,8) = 0 = =0,
€ = TE

In this way, we gain hyperbolicity of Cs,, but w3 = 0 is still degenerate. Subsequently, we
therefore blowup 63 'x = 0, w3 = 0, 65 '€ = 0 through the blowup transformation

U3 Pi— P,
where P% = {(m, u, q, (x,w3,€)) € [0,00)% x S2}, which fixes 7 and ¢ and takes
1‘73_1)? = ux,
(, (X, w,8) > {wy = w3, p>=0,(%0,6 €S
9_3_1€ = UE,

We illustrate the blowup in figure 24. Let ¥1? = ¥l o W2,

6.3.1. Local charts and the corresponding directional blowup transformations. To describe
the blowup ! we will only consider the following chart (z = —1,6; = 1)3; obtained by set-
ting § = 1:

x = =&+mm+mx,
. —
\1131 : (7T1,X1,€1) — 93 = T,
€ = T€1,

using the local coordinates m; > 0,x; € R, € = 0.
For W12 we use the single chart (z = —1,0; = 1,3 = 1)31; obtained by setting w3 = 1:
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Figure 24. Blowup in chart Z = —1. Our view is from 63 > 0, the #5-axis ‘coming out’
of the page. The gray shaded region is #3 = 0 whereas the orange hyperplane is C. In
diagram, we blowup a degenerate point on the sphere at #3 = w3 = 0 to another sphere.
This provides improved hyperbolicity properties of C. In fact, the reduced flow on
this extended critical manifold, produces the set We(Q°) (in green) as a unique center

manifold.
X = —pu+m A+ X,
03 = m
\1112 AT, U5 X115€11) ’ 6.22
s s (mLp ) wy = i, (6.22)
€ = Ti1H1€11

using the local coordinates m; > 0, 1 = 0,x17 € R, €17 > 0. Notice that we can write the
right hand side of (6.22) as

X =—&—z+wxi,

€ = weq,
after eliminating 7y and y1; and using that #3 = —z. Notice also that we can change coordinates
between (w = 1,6, = 1)y1and (Z = —1,603 = 1, w3 = 1)1 as follows

T = —0122,

w = —1/z,

PO (6.23)

€11 = €1,

for z, < 0. We summarize the results on the charts in table 3.

6.4. A summary of the findings in chart ¢

The full details of the analysis of the blowup systems in chart ¢, is available in section 7. The
findings are combined into a result, lemma 8.1, in section 8 below on the transition map I17°.
Here we will first try to summarize the findings. For simplicity, we restrict to the case where

a<l. (6.24)

«a > lis easier, while o = 11is a special case, see appendix.

The blowup approach provides improved hyperbolicity properties of parts of the singular
cycle visible in the chart ¢;. We illustrate all the segments, including the new segments only
visible upon blowup, in figure 25 using the viewpoints in figures 22-24. In figure 25(a) we
illustrate the parts visible in the chart (z = 1);. All orbits are contained within the subset
defined by (g,€) = (1,0) and r = 0. 47 is asymptotic to a partially hyperbolic point (1,0, 0)
on the sphere (¥, w,€) € S?. From here 1 is an unstable manifold which is asymptotic to a
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Figure 25. Improved singular orbit segments of the blowup in ¢;. In (a)—(c) from the
viewpoints of the three direction charts associated with (6.3).

point within w = 1 on a center manifold. This center manifold provides an extension of the
slow manifold in the usual way, see e.g. [26]. By desingularization of the slow flow on this
center manifold we obtain an orbit v° which is asymptotic to a partially hyperbolic equilib-
rium on #; = 0. From here ' is an unstable manifold that we follow forward into (w = 1),
see figure 25(b), by following the slow flow on the center manifold. This orbit eventually
brings us into (z = —1)3; where we finally obtain a heteroclinic 4! connecting the end of !
with We(Q°), obtained as a center submanifold of the reduced problem on the larger center
manifold (that provided an extension of the slow manifold). In fact, v!! is only visible upon
further use of a blowup involving exponentially small terms. The illustration in figure 25(c) is
therefore (extra) caricatured. We combine the information in each of the charts into a single
figure in figure 26.

7. Blowup dynamics in chart ¢4

In this section, we describe the dynamics in chart ¢; using the blowup and the charts presented
in section 6. We follow the notation in remark 4.1.

71 Dynamicsin (Z=1,G=1,X = 1)111

In this chart we obtain, using (6.11), the following equations
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Figure 26. Improved singular orbit segments of the blowup in ¢;, combining
figures 25(a)—(c) into a global picture.

b1 = prwny (—=1/€ — en@2pown F(p7'wiy)) s
p1 = piwi G (01, €11, p1,win)s .1)
wii = —wh G (01, €11, pr,win) + piwi /€, .

én = €n (—2/& — G (61, €11, prowin)win) ,

where
Gi11 (01, prswin,en) = =01 /€ — enby (=€ + pi + aby) + enpwn F(p; 'wi ) (€ — p1).
In these coordinates, using (6.14), ’ﬂ becomes

7 _Ela—1) f(l-—a) & o
M = {(91,P1,W11,611) |p1 = T +0, 0, (720[ P ) Wi =€ =0,,

for a < 1, recall the assumption (6.24). It is asymptotic to the point g, with coordinates

li
(01, pr,winsen) = <§(2aa)’0’0’0). (7.2)

Now, we notice that {e;; = 0,wy; € [0, 85]}, with 55 > O sufficiently small, is an attracting
center manifold. The (center-)stable manifold has a smooth foliation by stable fibers as leaves
of the foliation. We can straighten out these fibers through a transformation which fixes €;; and

takes (61, p1, wits en) = (1, p1, wi1) = (61, p1, wir) + O(wyren). This gives

0 = —piwii6, /€,
p1=—piwnbi /€, (7.3)
Wi =w (01 +p1) /€,

upon dropping the tildes. We see that wy; is a common factor and therefore divide this out on
the right hand side. This gives

p1 = —pi161 /&,
wi =wi (01 + p1) /&,
91 = _Plol/f,
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with respect to the new time. Now, the line 7, defined by p; =0, w;; =0, 6, >0is a
line of equilibria. It is normally hyperbolic, being of saddle type. 7{,; is contained in the
stable manifold of 7{;;; within wi; = 0, being asymptotic to the base point qﬁg“ with p; =0,

0, = %, recall (7.2). From this point, there is also an individual unstable manifold within
wH (7‘[1 11 )Z

(1 -a)

9 2 O 9
2o Wm }

= {(91,P1,W11,611) lpr=€1=0,0 =

of the base point ¢,,. In the following, we work in a neighborhood of the point g3, ,. Let

1 —a)

Eif’lirll:{(el’/)l,wllyfl])‘ﬂl:5, 0, — 5

€ [-B1, Bi],wi €10, 53], e € [0,ﬁ4]},

0l € [—Bs. Bs), €11 € [0, 54]} ,

yhout — {(el,ﬂl,wu,eu) [win =v, p1 €10,5s], 01 — o

transverse to the flow and I1%,, : £} — 23" the associated mapping obtained by the first
intersection of the forward flow. Then we have

Lemma 7.1. 118, is well-defined for appropriately small 6, v and 3; > 0, i = 1,5. In par-
ticular,

15, (01, 0, win, €11) = (01401, wirs €11), pi4 (01, win, €11), vy €14 (01, win, €11)),s

where p1+, €11+ and 014 are C' and satisfy
01+ (01, wir,€11) = 01 — 6 + O(wyy),
pl+(91,W11,€11) = O(Wll),

el (01, win, €n1) = 0(6116_”51),

for some ¢ > 0 sufficiently small.

Proof. We integrate (7.3) from p;(0) = 6 to wy;(T) = v. This gives
01(T(01(0),w11(0))) = 61(0) — T(61(0), w11 (0)),
pi1(T(01(0),w11(0))) = 6 — T(61(0), w11(0)),

where

4(591W11

1 1
T(Ql,wll):5(54-01)—*(01—6) 1+m
1

2

Notice that 7(6,0) = 4. Returning to the original variables gives the desired result upon us-
ing the exponential contraction towards e¢;; = 0. O

It follows that the image of 4], N S under 1§, is 7%, N X3, See figure 27.

72. Dynamics in (Z=1,G =1, W1 = 1)112

In this chart, we obtain the following:
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Figure 27. Illustration of the result in lemma 7.1 within €¢;; = 0. Our view is from
wy > 0, the wyj-axis ‘coming out’ of the page. 7311 is within the subset wy; =0,
approaching the point ¢%,, on the line of equilibria defined by p; = wy; = 0. In
contrast, ’y?” belongs to p; = 0. The purple point is a partially hyperbolic point on the
pr-axis. The purple orbits shown in the figure, which are relevant for the case a > 1, see
appendix, are the stable and unstable manifolds of this point contained within w;; = 0
and §; = 0, respectively.

01 = p20y (p20FenF(p5 ") +x2/€) .
P2 = p%xi’
3
X2 = prennbiF(py ") (€ — paxa) — Or€rn (€ + poxa + ) — x2 (01 + pax2) /&,
—enx2/E(2+p2).

€12
(7.4)
In these coordinates, 7%, takes the following form:

11—«

W= {(91,P2,x2,612) [x2>0,p2=0, 6, = 5(27(1), €1 = 0},
using the coordinate change x, = wy,' between the charts, recall (6.13). The dynamics on 7%,
is asymptotic to the point g}, defined by

11—«

(01, p2,x2,€12) = (Za ),0,0,0> .
This point becomes Q° upon blowing down to (x,z,w), see (1.23). The set Ci2, defined by
=€ =x=0,0; €[0,00), is a line of equilibria for (7.4). Upon blowing down, using
(6.12) and (6.4), it becomes the subset of C.., see (6.2), with z > 0. But within this blowup
chart, the linearization about any point on C;1, now has one single non-zero eigenvalue —6; /&
for 6; > 0. We therefore think of C;;, as an improved version of C,. This produces an exten-
sion of the slow manifold as an e-section of a center manifold by standard center manifold
theory in the usual way (recall remark 4.9):

Proposition 7.2. Fix a closed interval I C (0,00). Then there exists a 6 > 0 and a neigh-
borhood U1, of (p2,€12) = 0 in R2 such that the following holds. There exists a locally invari-
ant center manifold M, of C112 as a graph
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x =& (1— ¢l + enhin(en. p2.61)), (7.5)

over (01,p2,€12) € I X Uj1p. Here hyjp is a smooth function. Furthermore, there exists
a smooth stable foliation with base M1, and 1D fibers as leaves of the foliation. Within
Xz € [=9,6], (01, p2, €12) € I X U1z, the contraction along any of these fibers is at least e~
with ¢(I) > 0.

The reduced problem on M, is

) p203F (p3 ")
b = —pth [ 1+ ,
: P ( E(1 — &'l + ennhina(erz, p2,61))

o, (1.6)
P2 = P2,
€ =—€n(24+p),

after division of the right hand side by x,/&. Notice that by (7.5) this quantity is positive for
0; sufficiently small and €;, > 0 sufficiently small. For €1, = 0, (7.6), after division by p, on
the right hand side, therefore provides a desingularized system on the center manifold, which
we shall study in the following. Within €, = p, = 0, we therefore see that 6, is decreasing
and hence we put

1—a
Mizjoe = {(el,pz,xz,qz) |0, € [V, g(za)} X =€pp = py = 0},

and consider the sections

E?f‘z‘ = {(91,/)2,)62,612) |x2 =0, pp €[0,61], €12 € [0, 52], 61 — 5(127;60 € [*ﬁa,&]},

S0 = {(01, pa, x2,€12) | 01 = v, p2 € [0, B4, €12 € [0, Bo],x2 € [—Ps, 5]}

and let T3, : £715 — 7" be the associated mapping obtained by the first intersection of the
forward flow. We then have

Lemma 7.3. The mapping 113,, is well-defined for appropriately small § > 0, v > 0 and
B; >0,i=1,...,5. In particular,

11, (01, p2, v €12) = (¥, pas (p2, 01, €12), Xa4- (02, 01, €12), €124 (02, 01, €12)) »

with each P2+, X2+, €124 being smooth and satisfying
p2+(p2, 61, €12) = O(p2),
—1
X0+ (p2. 61, €12) = O(epe™ 2 ),

-1
€1+(p2, 01, €12) = Olenpe™ "2 ),
for ¢ > 0 sufficiently small.

Proof. We consider the reduced problem (7.6). Here the set defined by ¢; = 0, p, € [0, 5]
is an attracting center manifold with smooth foliation by stable fibers. We straighten out the
fibers by a transformation fixing p,, €12 and taking (81, pa, €12) — 0 = 61 + O(p?63e12) and
obtain the following
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P2 = p2,

; p20iF (py ")

0, =—0, (14202 /)
e ( (1-¢"at))

after dropping the tildes. On this time scale, the mapping from X715 to ¥73" takes O(1) time.
We now work our way backwards and obtain the desired result. O

See illustration in figure 28.

73. Dynamics in (Z =1, =1, W1 = 1,01 = 1)1121

In this chart we obtain

. 2 X21
P2 = Pr——>
§
01 = _Q% (prZl/f + Q%pglelF(pz_l)) s (7.7)

k21 = prorern F(py )E — ennr (€ + pro1xar + ) — xa1 /€,
€21 = —€ar (221 /€ — oipaernF(py ') s

from (6.7) using (6.15). Here the set Cy121, defined by x21 = €121 = p2 =0, 01 € [0, 6], is a line
of equilibria. The linearization about any point in Cjj2; gives on single non-zero eigenvalue
—1/¢ for any p; > 0. Also, since it blows down to C,, we think of it as an improved version
of Cy. Furthermore, it agrees upon coordinate transformation with Cyj, from the previous
chart. By center manifold theory, we obtain a center manifold—which we shall call M5,
—of partially hyperbolic set C;12;. This manifold therefore also provides an extension of the
center manifold M, into this chart as follows.

Proposition 7.4. Fixn € (0, 1). Then there exists a 6 > 0 and a small neighborhood Uy 12
of (01, p2, €121) = 0 in R? such that the following holds. There exists a locally invariant center
manifold M2y as a graph

x1 =& (1 - o + (e p2.01)) s

over (01, p2,€121) € U1 Here hy; is a smooth function. Furthermore, there exists a
smooth stable foliation with base M 121 and ID fibers as leaves of the foliation. Within
X21 € [—6,0], (01, p2, €121) € U121, the contraction along any of these fibers is at least e~/

The reduced problem on M) is

p2 = P2,
2 1
. p201F(py )
Q - — Q 1 + b
! o ( §(1 =& aor + ennthar (€121, p2, 01)) (7.8)

€1 = —€m |2 — Q%sz(pz_])
E(1 — & oo + €nihar (€121, p2, 01))

Here €51 =0, p, €[0,581] is a center manifold with smooth foliation by stable
fibers. We straighten out these fibers by a transformation fixing p,, €2 and taking
(p2, 01, €121) + 01 = 01 + O(p303€121) such that
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9,out ~ O°
E112 Q 91

P2 Mo

Figure 28. Illustration of the result in lemma 7.3 within €;; = 0. Our view is from
p2 > 0, the py-axis ‘coming out’ of the page. The red shaded region is contained

within x, = 0. In particular, 7%, is contained within p, = 0, asymptotic to the partially
hyperbolic point ¢7,, along p, = x, = 0. Notice that this point becomes Q° in figure 7
upon blowing down (indicated by ~) to the (x, z, w)-space. The segment 77, is an orbit
segment of a desingularized flow and is contained within p, = x, = 0.

P2 = p2,

2 —1
N _moiF(p ) (1.9)
o= e (”f(l—s—lagl))’

after dropping the tilde, and dividing the right hand side by p,. In these coordinates, 7?12’]00
therefore becomes

1l -«
7?121 = {(Pz,Ql,x21,€121) |x21 =ep1=p=0,0 € (0, 5(204)} },

upon using the flow of (7.9) to extend the forward orbit. It is asymptotic to
X21 = €121 = p2 = 01 = 0 and becomes ~%in (1.27) upon blowing down using (6.15). From
(7.9), we have an unstable manifold

Miatiee = {(p2: 01: %21, €121) | X1 = €121 = 01 =0, p2 € [0, 1]},
with v > 0 sufficiently small. We therefore consider the following sections
219 = {(p2, 01, %21, €121) | 01 = 8, p2 € [0, Bu], x21 € (Ba], €121 € [0, 53]},
E}(l)’zofu = {(p2, 01,021, €121) | p2 = v, 01 € [0, Ba], p2 € [0, B1], x21 € [— 2, Ba), €121 € [0, B3]}
transverse to 7;,; and {3, , respectively. We let I1}9,, be the associated mapping obtained by
the first intersection of the forward flow.
Lemma 75. 1119, is well-defined for appropriately small § >0, v >0 and f; > 0,
i=1,...,4. In particular,
1%, (p2s x21, v €121) = (Vs X211 (p2, X1, €121)5 014 (P2, X1, €121)s €121+ (P2, 01 €12)) »
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with each X211, 01+, €1214 being C! and satisfying
-1
X214 (p2, 01, €12) = O(e11e™ 2 ),
01+ (P2, %21, €121) = O(p2),

—1
€1+(p2, 01, €12) = Olepie™ " ),
for some ¢ > 0 sufficiently small.

Proof. Similar to previous results in the manuscript, we perform a C'-linearization of the
(p1, 01)-subsystem in (7.9). Working backwards we then obtain the result. O

Notice that the image of 7?,,; N 2197 under T1},, is 1%, .. N 2190, as desired.

74. Dynamics in (W = 1,02 = 1)

In this chart, we obtain the following equations:

(5'1 = —J%ElF(Zz),
2= —e_zzle/f,
X1 = 01616 — € (—f +o1x) + OZUlZz) (7.10)

—e x /€4 ol F(z2),
é = 07€elF (z2)
from (6.17) using (6.18). Let I = [—cy, ¢;] C R be a fixed, large interval. Then there is a suf-

ficiently small neighborhood Us; of (0,0) in R? such that there exists a center manifold My;
(of an improved version of Cy,) as a graph

x1 = e (1 + 01F(z2) — £ 'aoiza + e1hai (01, 22, 1)),

over (z2,01,€1) € I X Upy. This is completely analogous to proposition 7.2, see also remark
4.9. The center manifold M, gives an extension of the slow manifold into this chart. On My,

we obtain the following reduced problem
oje 2 F(z5)

E(1+ 01— & laoiz + e1hai (01,22, €1))°

I =—e %, (7.11)
ole 261 F(z)

E(1+ 01— & aoiz + et (01,22, €1))

o1 = —

€ =

upon dividing the right hand side by x; /£ > 0. Clearly, z, is decreasing. We then get a map-
ping from {zo = v~!} to {zo = —v~!} using regular perturbation theory. In particular, we
notice that by using (6.19), {1, becomes

N ={(o1.z2.x1.@1) o1 =x1 = €1 =0, 22 € R}, (7.12)

upon extension by the forward flow of (7.11).

75. Dynamics in (Z = —1,0 =1, W3 = 1)314

In this chart, we obtain the following
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i = —xn /E+ enpiq (—Em(1 = mg) — g(=& + mmxn — am)),
i = mp (rrenpig(l — piq) +xi1/€)
1 = —pdx /€, (7.13)

g=—qn(l—m)/E,
én = —mipigeis (1= ug).
Recall that the equation
g=ple M, (7.14)

defines an invariant set of (7.13), see (6.21) and (6.22). We will work in the extended space
to do calculations but subsequently restrict to the space defined by (7.14) and project to
(x11, 715 p1, €11). For simplicity, we will use the same symbols in both spaces.

The orbit v1¥ becomes

10 —1 —p!
73112{(x11,7T1,M1,M1 e M Len)|m =x1=€1=0, M1>0},

in the present chart, using (7.12) and the coordinate change described by (6.23). Now, the
point gi},, defined by x; = 0, m; = p1 = g = €;; = 0, is an equilibrium of (7.13). The lin-
earization has —1/¢ as a single non-zero eigenvalue. Therefore there exists a small neighbor-
hood Usy of (71, p1,g,€11) = 0 in R* such that there exists a local center manifold M3; of
g31; as a graph

xi1 = EenpiqHs (T, . g, €n), (7.15)

over (71'1,,&1,6[, 611) € Us1,. Here
Hyn (i, s goen) = —mé(L — uq) + q(é+ am) + enpighan (1, . g.en), (7.16)
with A31; smooth. On this center manifold, we obtain the following reduced problem

1 = —piHzpi (71, 5 gy €nr),

q = —qHs1(m, p, g €n1) (1 — ),
i = m (71 (1 — pug) + Hann (1, s g, €11))
én = —miuen(l — puq),

after division on the right hand side by €11 u2q. For this system, g}, : p1 =qg=m =€, =0
is fully nonhyperbolic. In fact, P3;; defined by m; = g = 0 is a set of degenerate equilibria
(containing gi},). We therefore apply a subsequent blowup transformation of points in Py,
setting

(7.17)

T = 4T11- (7.18)
This gives

Hap1(qmin, i1, gs e11) = gHsi (i1, 11, gy €11)s
with

Hyi (711, s gs enn) = —mné(1 — pnq) + € + agm + enpthan (gmin, i, gy €n1)-
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See (7.16). Therefore

fi = — i Hap1 (i1, pu. g, €11),
g = —qHsn (my, .. enn) (1 — ),

i = i (Hsn (min, pra g, i) + migqua (1 — wq))

én = —mhmgen (1 — pq),
after division of the right hand side by g. Now, we have gained hyperbolicity. In particular,
g:l, - T = 1 = g = €11 = 0 (misusing notation slightly) is partially hyperbolic, the linear-
ization having a single non-zero eigenvalue £ > 0 with corresponding unstable eigenspace
along the invariant 7y -axis. Also, the point qé%lon My, definedby iy =g =€ =0,m; =1,

is a partially hyperbolic equilibrium and therefore we have the following by standard center
manifold theory.

(7.19)

Lemma 7.6. There exists a local center manifold K311 as a graph

1 = G (. g. €11), (7.20)

over (p1,q,€11) € Va11, where V11 is a small neighborhood of (0,0,0) in R®. Here

o E+1
Gsi(p. g en) = 1+ enpiihsin (0., 0.en) + g <E +t €

p1t+ O(M%ﬂh/ﬁ»‘])) ,

is smooth. The function h3;; is defined by (7.16).

The submanifold of K311 within the invariant subset {e;; = 0,q = ul_le*“l_l}, recall

(7.14), is a unique center manifold W5Y,. In particular, its image under the coordinate trans-
formation (py1, ) — (,2) defined by (7.18), (6.22), (6.5) and (1.22) produce W (Q%) with
the asymptotics in lemma 1.2 for y > 1.

See figure 29.

Notice that the invariant graph (7.20) passes through the set of equilibria given as the graph
711 = 1+ e pdhin (0, 11,0, €11) over (puy,€1) within g = 0. On the center manifold (7.20),
we have

Hyp(mi, . q.en) = —q (,ul + O(H%GH’H%’Q)) .
Therefore, upon returning to the variables (711, p41, €11) and the set defined by g = ,ufle_“rl,
recall (7.14), we have

Hyi(min, s (), en) = —pig(un) (14 O(m))
and hence obtain the following reduced problem on the center manifold

fu =i (1+0(m)),

énn = —en (14+O0(err 1)) s

after division by p1g on the right hand side.
Consider the following sections

(7.21)

Zé},lin ={(xi,mpen) [ p = v, xi1 € [=B1,B1], T €10, B2], enr € [0, B3]},
29 = {mi s en) [ =8, x11 € [=B1 Bil, mi — 1 € [—Ba. Bal, €11 € [0, B3]},
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. 6
Wit (Q°)
0
2311
11,in €11
Y51 1 10\ 11
311 Y311 314

M1

Figure 29. Illustration of the result in lemma 7.6 and the reduced problem on M3;.
Our view is from 7, > 0, the 7j-axis ‘coming out’ of the page. On the left, we illustrate
the singular dynamics in the (ui, 7, é€11)-space obtained upon center manifold
reduction to M3;;. To obtain this picture we use that ¢ = g(p), see (7.14). The point
uy = €1 = m = 0 projects to Q° Using the blowup (7.18) of the set of degenerate

points P31, we gain hyperbolicity and obtain an attracting center manifold Cs;; (shown
in green) of the partially hyperbolic equilibrium gi2,, its intersection with €;; = 0 being
the unique center manifold W (Q%) in lemma 1.2. The purple orbit is relevant for
a>1

and consider the associated mapping II3}, : %29, — 231", Notice that y; =4 in XY,
becomes y = 1/§ in the original variables using (6.22) and (1.22), in agreement with 20, see
(2.2). Setting

i = {i s s en) [xn =0,y € [0,1), g = 0,6 = 0},
we can then describe I}, by following vi9,, vil, and W§i, (Q°).

Lemma 7.7. 1L}, is well-defined for appropriately small 6 >0, v >0 and 3; >0,
i=1,...,4. In particular,

H:I;{l(xlhﬂll,%ﬁu) = (X11+(x11,7T11,611),7T11+(x11,7m,€11),5,611+(x11,7T11,611)),

with each coordinate function being C'. In particular, these functions satisfy the following
equalities

_ —1
Xt (s s en) = ey (i T e1)0e 0 Hapy (g (i, T €01), 0,6 e Leng)

—1
—llec/logw“ )
s

+O(e
sl _c/logmig!
T (X1 T €1) = Gann (e (X1, Ty €01), 6,6 e ™) + Oe ™ e

)-

—1

€4 (X, T, €n) = e’ _V7]7T11€11(1 + O(enr, 6e — 5_1))
for ¢ > 0 sufficiently small.

Proof. We consider the following system
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i = —xn/é+ enpiq (—Em (1 — mq) — g(=€ + muxin — am)),

i =mn (Thenma (1 — mg) +x11/€)

i = —pixn /€,

én = —mhmg’e (1 - ma),
with g(uy) = py e ', obtained by substituting (7.18) into (7.13). First, we straight-
en out the stable fibers of the center manifold (7.15) through a transformation of the form
(X11,7T11,,u1,611) — (7?11,/11) = (7T11(1 + (’)(x“)),,ul(l =+ O(/,lell))). Dropping the tildes

we then obtain (7.19) after division by €;112q(11)? = €176 on the right hand side. We
further divide the right hand side by

Hapi (mns s gs en) + migui (1 — pug) =~ &,

such that
= — 1 Hyp (mn, i1, 4, €111)
= —H1= ,
Hiy (71, 1. g, €11) + 7r12q,u1(1 — 119)
T = 11,
Gy = — 2 gen (1 — pq)
Hipi(m11, 15 g, €11) + migpa (1 — p1q)
We then straighten out the unstable fibers of the local invariant manifold m; =0 by a

transformation fixing mj; and taking (71, i1, €11) = (i1, €11) = (i (1 + O(pim)),
en(l+ O(e’“flﬂ%] )) such that

T = T11»
.2
M1 = — s
€11 =0,

upon dropping the tildes. Now, we integrate these equations from p;(0) = v to m1(T) = §
using 711 (0) < 5, < §. This gives

v
T)= ——,

i (T) 1 +ouT

for T = log(m1(0)~'4). Working our way backwards, we realise that the contraction along the

stable fibers of the center manifold (7.15), during this transition, is at least O(e*C/ (en (0)“”(0)))

for some ¢ > 0 sufficiently small.

Subsequently, from (7.19), we then apply a finite time flow map up close to m;; = 1 — v.

From here, we then straighten out the center manifold by a transformation of the form

a +1
=1+ enpihann (0, u1, 0,611) + ¢ (E + ¢ ¢

1+ O(ujen, pi + q)) + 7.

This gives
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7 = —&m,
[ =3 (mq + O(Wll,/ﬁ‘I)) >
—(1+ O(e1147,qOm1) ) gen

€11
after a transformation of time and dropping the tilde. Now, we straighten out the stable fibers by a
transformation of the form (my, uy, e11) = (i, €11) = (1 (1 + O(pmr)), en (1 + O(e‘“flml))).
This gives

i = —&m,

i = pig (1+0(m)),

én = —(14+0(m))mgen,

upon dropping the tildes. 7; decouples from this system. We therefore consider the (1, €11)
system. Dividing the right hand side by p;g(1 + O(u?)), and applying a transformation of the

form (eyq, p1) — fr = (1 + O(p1)) gives
fin =y,
€11 = —€1

upon dropping the tildes. We then integrate this system from 11 (0) = v¢ to iy (T) = 0 taking
V1o < 9. This gives

€11 (T) = C_T€1 1 (0),

with T = -L (1 — v19/). Therefore

V10

GII(T) _ e—z/lgl(l—l/m/é)en(o)'

Working our way backwards, we realise that the contracting along the stable fibers of the

center manifold (7.20) under this transition is at least O(e’ce]/(zym) )

—1 u71
along the stable fibers of the center manifold K31, see (7.15), is at least O(e ™10 €10 ). Both

constants ¢ here are sufficiently small. Now, we combine these estimates to obtain the desired
result. In particular, the expression for €11+ follows from the conservation of € = e "7 €1;.
Therefore

. Similarly, the contraction

1

sTl—vl 1
€114 =€ 7T1]+7T1|€11.

Here 71+ =1+ C’)(elpr/ﬁ, pie”H1). We therefore solve this equation for €11+ using the im-
plicit function theorem. O

8. The transition map IT7° : 7 — X0

We now combine the findings in ¢, into a result on the transition map IT’°. For this, let

1
1€+ m x4+ ( ;Laa)g € [—P5. 8], we (0,84, e1 € [0,55]},

» = {(x,z,w) |z = 20
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min z

0.5 1 1.5

Figure 30. Bifurcation diagram of limit cycles for £ = 0.5 and three different values
of €: € = 0.01 (full line), € = 0.001 (dashed line), e = 0.0001 (dash-dotted line), using
min z as a measure of the amplitude. Around o = 1, we see a dramatic change in min z.
This transition is captured by the method of the paper.

recall (5.2) and (1.22), and
Y0 = {(x,z,w) |w =6, (0x,0z) € N°}. (8.1)

Here NV is the small neighborhood of (x°, z°) in (2.2). Notice also that ¢° = (6x°, 6z°, §) in our
present (x,z,w) = (x1,z1, w;)-coordinates, see (2.1) and (1.22). We then define the mapping
170 : 37 — % as the first intersection by the forward flow. Then we have

Lemma 8.1. The mapping 117° is well-defined for appropriately small 6 > 0, v > 0 and
B;i>0,i=1,...,5and all 0 < € K 1. In particular,

7 (x, w, 0,€1) = (x4 (x,w€1), 24 (x, w0, €1), ),

where x_. and z,. are C'-functions in x and w, satisfying

xp(x,w,e1) = 50 + O(er,w),

zi(x,w,€1) = 6% + O(er,w).

Proof. The result follows from the series of lemmas: lemmas 7.1, 7.3, 7.5 and 7.7, describ-
ing the relevant local transition maps in the local charts described in section 6 using standard
hyperbolic methods to follow the segments 7!, W*((Q°). Notice that the mappings between
the different local sections are diffeomorphism that do not change the order. O

We are now ready to prove lemma 2.2.
Proof of lemma 2.2. To prove lemma 2.2 we first write
m' =111 : pIr') c ' — x°, 8.2)

in the local charts ¢; and ¢3. In particular, X! in (8.2) is defined in ¢3, see (5.1), while X is
defined in ¢4, see (8.1). Then by lemmas 5.1 and 8.1
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' (x,y,0) = (5x0 + O(log™' e ogloge™),82° + O(log ™" e loglog 671),6) ,

for all 0 < € < 1, the estimates being C'-small with respect to x and y. Transforming the re-
sult back to the original variables (x, y, z) completes the proof of lemma 2.2. |

9. Discussion

In this paper, we proved existence of a new type of relaxation oscillations in a ODE system
(1.3), being a caricature model of an earthquake fault, with exponential nonlinearities. The
details were presented in theorem 1.5. Our approach was to use GSPT, specifically applying
the adapted version of the blowup method in [22]—developed by the present author—to gain
hyperbolicity where this was lost due to exponential ‘flat’ terms. In this way, we ‘derived’” an
(improved) singular cycle, consisting of 12 ‘hyperbolic segments’, from which we obtained
our desired limit cycle as a perturbation for all 0 < e < 1. The singular cycle was described
in several figures, see e.g. figures 7, 15, 25 and 26. In [22], the adapted blowup method was
mainly used on toy examples and the present analysis therefore provides the most important
application of this new method to obtain rigorous results in singular perturbed systems where
hyperbolicity is lost in this special way. In [19], the method is used on some planar oscillators
with exponential nonlinearities.

From the results in the present paper, we deduce the following interesting consequences:
firstly, in [10] chaos is observed in numerical computations of (1.3) through a period doubling
cascade of the relaxation oscillation for o > ¢ studied in the present manuscript. A corollary
of our results, is that this chaos is not persistent within any fixed compact interval I C (&, o)
of a-values as € — 0. Indeed, the limit cycles in theorem 1.5 do not bifurcate for any o > ¢
and all 0 < e < 1. In this sense, the period doubling cascade is an ¢ = O(1) phenomenon.

Secondly: let (x(),y(t),z(t)) € T'c. Then for o < 1, z(¢) attains its minimum close to
wet(09), see (1.14) with y >> 1. On the other hand, for « > 1, the minimum of z(f) occurs
at a smaller value, near the line z = 5(02’7;1))1 on C with y > 1. This follows from (1.27)
and the statements proceeding it, see also appendix. There is therefore a transition in how
the minimum of z(#) depends upon € (and o) when « crosses o = 1. We illustrate this fur-
ther in the bifurcation diagram in figure 30 using minz as a measure of the amplitude for
& = 0.5 and three different values of €: ¢ = 0.01 (full line), ¢ = 0.001 (dashed line), ¢ = 0.0001
(dash-dotted line). This diagram was computed using AUTO. It shows that the limit cycles are
born in Hopf bifurcations near o = 0.5. The amplitudes increase rapidly due to the underly-
ing Hamiltonian structure, recall (1.10), see also [3]. Subsequently they flatten out. This is
where the connection to the relaxation oscillations, described in theorem 1.5, occurs. Between
a =~ 0.5-1.1 the increase in amplitude is more moderate, like min z ~ log o.. Examples of limit
cycles are shown in figure 3. Beyond this interval of a-values, the amplitudes increase linearly
ino:minz ~ a.

In [3] it was conjectured that the relaxation oscillations and the local limit cycles near the
Hopf bifurcation belong to the same family of stable limit cycles for all 0 < € < 1, as exem-
plified in figure 30 for particular values of e. I believe that this result can be proven using the
methods in the present paper, but it requires a detailed description near Q® where the trans-
ition from small to big oscillations occur. I have not yet pursued such an analysis. On a related
matter, we highlight that, as a consequence of our approach, I'. attracts a large set of initial
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conditions. In fact, I, attracts all initial conditions in K\U where U is a small neighborhood
of K N W (Q?), recall theorem 1.5. T expect that a detailed analysis near O would reveal that
T, attracts all points in K\{0}.

As highlighted in [3], the physical realistic values of € belong to the interval [10724, 1078].
Long time numerical computations are not feasible in this interval and I therefore believe that
theoretical progress is fundamental for the advancement of mathematical modelling in this
area. In ongoing work, I use methods from the present paper to show a similar result to theo-
rem 1.5 for the spring-block model with the Dietrich friction law:

k= (1+a)(e/ () —ef),
y=¢"—1,

!

See also [1]. The set defined by L. also plays an important role for this system. In fact, the
analysis is completely analogous, suggesting something fundamental about this line in rate-
and-state friction models.

However, there are known limitations of the Dieterich and Ruina laws. Basically, experi-
ments suggest that friction should be an N-shaped graph of velocity (when the states are in
‘quasi-steady states’). Dieterich and Ruina only capture parts of this shape, see e.g. [33, fig-
ure 1]. The more recently developed spinodal rate-and-state friction law, see [33] and refer-
ences therein, has been developed to capture the missing pieces of the n-profile, producing a
potentially widely applicable, yet complicated, friction law. In [34], travelling wave solutions
of a simple model for a thin sliding slab with this friction law were analyzed numerically. The
results showed a rich bifurcation structure and demonstrated that the spinodal law captures
the most essential physical phenomena known from friction experiments, also those not pro-
duced by the Ruina or the Dieterich law. Ideally, in the future, we hope that our insight into the
two simpler models, Ruina and Dieterich, eventually will allow for a detailed analysis of the
spinodal law and increase our understanding of the numerical findings in [34]. Central to our
analysis in the present paper, is the existence of reduced models on C and L (or in practice L,
recall (1.29)). It is reasonable to assume, that by obtaining similar objects for the spinodal law
we will enhance our understanding of system parameters and in general facilitate the process
of translating data to parameter estimation.

Appendix. Case o > 1

First, we describe o > 1. Since the details in chart ¢s, in particular the proof of lemma 5.1 is
unchanged, we will work in the chart ¢; only. We then consider the chart (w =1,g = 1)1,
recall (6.10). This gives the following equations:

i=—efw (wixF(wy') + (x+ (1+a)by)).,
91 = —0iwy (619%W1F(W11) + (1 + i 91)) s

£
e (1558),

0
& =2 (1 + x+51>
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Figure A1. Improved singular orbit segments of the blowup in ¢; for & > 1. We show a
view from the the positive w-axis (‘coming out’ of the page). The directions of the two
remaining axes x and z are indicated by the arrows. The spheres are blowup of points,
involving the two remaining dimensions: ¢ and €.

r1 decouples as usual and shall therefore be ignored. In this chart v7 becomes

§

731 = {(x,&l,wl,el) ‘x: ——a(l —i—Oé), 91 S (O, 25011| , Wl =€ = 0} s

for a > 1, see e.g. (4.21). It is contained within the invariant manifold €¢; = 0. By desingular-
ization through division by w; within this set, we obtain

x =0,

. 0
0, = —0, (elﬁfwlF(wl_l)—F <1 —|—er l)) ,

3
Wi = wy (1+X—291>

The x-axis is therefore a line of equilibria. 7, is asymptotic to (x,0;,w;) =
(—¢(1 + a)/(2a),0,0) within this set, following the associated stable manifold. Notice here
that

x+0; a—1
1 = > 0, .
( + ¢ > 0 (A.1)
for x = —£(1 + «)/(2a) and 6; = 0, by assumption. As usual, we can track a small neigh-

borhood of v/, near #; = const. > 0 up to w; = const. > 0 in a C'-fashion by following the
unstable manifold

’yfl = {(x,@l,wl,el) |x = ,%(1 +a),0,=0,w; 20, ¢ —0}.

In fact, the result is almost identical to lemma 7.1. We therefore skip the details.
Next, recall that € = e*Zerel, see (6.6), so at w; = const. we have €; ~ €. We can there-
fore transform the result in (z =1, = 1);; into the chart (w = 1),, see (6.17), using that
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2= —wfl. The system is a regular perturbation problem in this (w = 1),-chart. In particular,
along

%= {(x,92,22,6) = *%(1 ta),h=02€R €= 0}’
75 is decreasing. This brings us into the chart (z = —1)3 using the coordinate transformation
w3 =2, ! The equations in this chart are given in (6.20). The x-axis is again a line of equilib-
ria for this system and ~4 is asymptotic to the point (x, 63, w3, €) = (—=£(1 + a)/(2a),0,0,0)
within this line by following the associated stable manifold. We can (again) track a small
neighborhood of 3 near wy = const. > 0 up to #3 = const. > 0 in a C'-fashion by following
the unstable manifold

-1
v = {(x,93,W3,e) |x = ,25(1 +a), 03 = [0, 7§(a )) sw3=0,e= 0}'

« 2a

The result is almost identical to lemma 7.1. We skip the details again. Here 3 is asymptotic
to a point (x, 63, w3) = (—£(1 + @)/ (2a),&(a —1)/(2a),0) on Coo : x = =& — 03, w3 =0,
which is normally hyperbolic in this chart. Following lemma 1.2, see also [3] and figure 6(c),
we obtain an orbit 1% of the slow flow on Cy

7310 = {(x,93,W3,e) |[x=—-¢+ 05,05 € (0, f(azo_[l)] ,w3 =0, €= O} ,
along which 653 is decreasing. Notice in particular, that for « > 1 the point
(x,03,w3) = (—£(1 + @) /(2), £/2a(a — 1),0) is always contained between Q° and the
unstable node Q7, the latter having coordinates x = 0, 65 = &, w3 = 0 in this chart. v3° there-
fore brings us into the chart (7 = 1,0 =1,w; = 1)311 where the analysis in section 7.5 is
valid. See figure 29 where 7% is shown in purple. This completes the (sketch of) proof for
a > 1. We illustrate the singular segments in figure Al.

Up until now our approach is not uniform in . For a > 1 for example, the approach breaks
down at a = 1 since the condition in (A.1) is violated (the bracket vanishes). To capture this,
we may follow the approach in section 7.1, see figure 27. Here both & < 1 and o > 1 are vis-
ible (red and purple in figure 27). However, the wy;-axis in figure 27 is degenerate. To obtain
results uniform in o we therefore blowup this axis by introducing polar coordinates in the
(p1, 61)-plane. The details are pretty standard so we also leave these out of the manuscript for
simplicity.
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