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Abstract. More than fifty years ago, in a couple of seminal works (Kubo 1962
J. Phys. Soc. Japan 17 1100-20; Kubo 1963 J. Math. Phys. 4 174-83) Kubo
introduced the important idea of generalized cumulants, extending to stochastic
operators this concept implicitly introduced by Laplace in 1810. Kubo’s idea
has been applied in several branches of physics, where the result of the average
process is a Lioville operator or an effective time evolution operator for the
density matrix of spin systems or the reduced density matrix for boson-fermions
etc. Despite this success, the theoretical developments in these Kubo works
pose problems that were highlighted many years ago by Fox and van Kampen
and never solved. These weaknesses and errors, in particular concerning the
factorization property of exponentials of cumulants and the explicit expressions
that give generalized cumulants in terms of generalized moments and vice-
versa, caused some perplexity (and confusion) about the possible application
of this procedure, limiting its use, in practice. In the present paper, we give
a sound ground to the approach to cumulant operators, working in a general
framework that shows the potentiality of the old Kubo idea, today not yet fully
exploited. It results that, for the same moment operators, different definitions
of generalized cumulants can be adopted. A general Kubo—Meeron closed-form
formula giving cumulant operators in terms of moment operators cannot be
obtained, but the reverse one, cumulants in terms of operators, is given and,
noticeably, formally it does not depend on the specific nature of the moments,
but just on the definition of the generalized cumulants.
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1. Introduction

Cumulants were implicitly introduced by Laplace in 1810 [3-5] in his proof of the
central limit theorem, as coefficients of the power expansion of the logarithm of the
characteristic function. It is noticeable that nobody thought of defining the coefficients
of this expansion as separate entities and to study their very important properties until
Thiele in 1889. Cumulants have been recognized as a very powerful tool in any field of
random processes: cumulants change in a very simple way when the underlying random
variable is subject to an affine transformation, cumulants may be used in a simple way
to describe the difference between a distribution and its Gaussian approximation. The
most important property of cumulants is that they are not vanishing if and only if they
refer to variables that are statistically “connected” to each other. This very important
characteristic is strictly related to the factorization property of the exponential of a
sum of commuting quantities.

In the early sixties of the past century, the great scientist Kubo had the idea to
generalize the definition of cumulants [1, 2] (K62-63 hereafter), including stochastic
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operators, as we shall see hereafter. At first sight, an extension of the cumulant concept
to non-commuting stochastic processes comes up against the fact that for non-commut-
ing quantities the factorization property of exponentials does not hold. However, Kubo
proposed a way to overcome this problem by extending the definition of exponentials.
After this old work by Kubo, which, as we shall see, lacked some formal gaps and con-
tained some errors (giving rise to a series of critical remarks [6, 7]), the theory of cumu-
lants made much progress. In particular, we consider very interesting the recent formal
framework where concepts related to combinatorial calculation, connected or crossed
partitions etc are used and the old results on the Mo6bius inversion on the lattice of
partitions play a crucial role (e.g. [8, 9]). However, in this approach, references to the
notion of probability, average, or characteristic function do not enter, thus physics, or,
more in general, the nature (and the definition) of the generalized moment generating
function is a starting point, rather than a result. On the other hand, once the moment
generating function is given and our formula that gives moments in terms of cumulants
is obtained (see equation (63)), we believe that the theory of lattice of partitions could
be a powerful tool to obtain the inverse formula (cumulants in terms of moments) for
some specific case of interest, a result that, as we shall show, cannot be achieved by
our general approach.

In this work, we shall focus on the classical Kubo method where (generalized)
moments arise by problems in classical or quantum physics (and beyond physics, too)
and the (generalized) standard cumulants technique are introduced as a tool for some
systematic expansion of these moment-operators of interest. In these problems, Kubo’s
original idea remains the pillar on which to base any extension of the concept of cumu-
lants and it is almost always referred (and cited) as the basis of any papers (also the
more recent ones) concerning, e.g. the reduced or stochastic Liouville equation (see
below), the evolution of density matrix of spin systems [10, 11] or the reduced density
matrix for many-body boson or fermion systems (e.g. [12-19]). However, although
mentioned, the general results of K62-63 are not used, and a more analytical approach,
case-dependent, is adopted. A fairly recent example is the case of the above-mentioned
works treating problems in the field of many-electron densities and reduced density
matrices and related Green functions. The analytical developments in these works
mainly aim at obtaining a direct expression that gives reduced density matrices (or
Green functions) in terms of generalized cumulants (see [15, table II] or [14]), but, as
it we shall show in this work, this formula can be given in a much more general form
(see lemma 4, equation (64)), formally independent of the specific nature of the general-
ized moments (in this case density matrices, Green functions etc). This example will be
extensively discussed in section 4.4.1.

The reason why, although so much cited, Kubo’s work is not being fully exploited
is precisely that, as some authoritative remarks have pointed out, some steps and con-
clusions are not well justified, and some results are actually wrong. To remedy this
situation, we will try here to give a more solid basis to the theory of cumulant opera-
tors, working within a general framework. To introduce the reader to this topic, in the
next section we will shortly review the Kubo’s idea of generalized cumulants by using
a specific example borrowed from classical statistical physics.
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2. Kubo’s idea for generalized cumulants and the related criticism

Let us assume to have a (classical or quantum) density function (DF) P¢(x;t) where x
are variables of interest or observables that we can measure in some way, while £ rep-
resents a collection of variables that we cannot measure and of which we just know a
DF p(§) (or a probability measure du := p(§)d€) over which we can average. We assume
that Pe(x;t) satisfies the following generic equation of motion:

Oy Pe(x;t) = Lo(x) Pe(z; 1) + Li(x, &) Pe(x; 1) (1)

in which the evolution operator Lo(x) depends only on the variables of interest, while
the term L;(x, ) expresses the interaction with the rest of the system. In interaction
representation, equation (1) becomes

6t15§(az;t) = Q(m,f;t)ﬁf(m;t), o
where

pf(w; t) = e_LO(w)tP§<a:; t)’ (3)
and

Oz, &1) = e 0Ly (2, e, (4)

Integrating equation (2) and then averaging over the space of the non-observable vari-
ables &, we get an equation for the reduced DF:

t
Plast) = 0 | [ wa))pa:o), 6
0
in  which Q(u):= Q(,&u), expl.] is the standard tordered exponential,

P(z;t) := (Pc(x;t)) and we have assumed that Pc(x;t = 0) = P(x;t = 0): at the initial
time the DF of the variables of interest does not depend on the hidden variables &.
Usually, we aim at obtaining an equation of motion for the reduced DF

O,P(x:1) = & (t, ﬁ(w;z)) ©)
or, more realistically, a systematic expansion of the local or non-local operator

(6] (t, p(w;t)), in terms of the fluctuations of the variables over which we have aver-

aged. This can be done formally by writing the solution of equation (6) as
P(xit) = K (x;t)P(;0). %
i=0

The problem is to find a relation between the operators X and the series that we
obtain by expanding the t-ordered exponential of equation (5). For that, Kubo [1]
started by considering Q(x,¢;t) as a ‘random’ operator, the statistics of which is deter-
mined by the probability measure du = p(§)d¢. Given that the time-evolution operator
of equation (5) can be considered as a sort of moment generating function M(t) for the
g-number® ‘stochastic process’ Q(t):
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260 = o | [ aua)) ®)

The operator M(t) of equation (8) can be written as

= Ma(t), )
n=0

L o H
_ / duy / [ dun{2m)02(02) - 0 o)

:/dul/ dus.. / Aty () Q2uin) .- Qun)). (10)

In equation (10) we have introduced the notation {...}, that hereafter means ‘time
ordering’; a definition that shall be better specified in the following, but that for the
purpose of the present section can be simply associated to the definition of the t-ordered
exponential. The average ({Q(u1)Q(u2)...Q(un)}o) (0<u; <t, 1 <i<n)is called a
t-ordered n-moment density function.

Then, in analogy with c-number (objects of a commutative algebra) stochastic pro-
cesses, to the moment-generating function M(t), Kubo associates the corresponding
cumulant generating function X(¢) (in general, still a g-number):

exp ()= (0 | [ aus)) an

Expanding X in components, K(t) = >, K, (t), and exploiting equation (9), we get

expyy [Z Kn(t)] ZMn (12)

n=

In the last two equations, exp,, is a generalized exponential, the proper definition and
the discussion of which is the central task of the present work. The K,, components are
found by expanding the generalized exponential in the lhs of equation (12) and compar-
ing terms of the same order on both sides of the same equation, starting from n = 1.
In this way the analogy with the standard definition for commuting processes seems
complete. It remains to show how and if this procedure works, and this goes back to the
definition of the generalized exponential exp,, introduced in equation (11). As it is well
known, the fundamental characteristic of the cumulants is to be vanishing when includ-
ing independent processes and, for c-number ‘stochastic variables’, this is directly related
to the factorization property of the exponential function: exp(a + b) = exp(a) exp(b). To

3 For historical reason we shall use the definition of g-numbers as objects of a non commutative algebra, as op-
posed to c-numbers that are objects of a commutative algebra. The operators considered in the present work are
generally g-numbers.
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the best of our knowledge, no exponential function extension (actually, no function)
shares this property when the arguments are g-numbers, instead of c-numbers. Thus,
if  and X' are non-commuting cumulant generating functions, then, in general, the
following equation

expy [K] exp,y, [K,] = exp,y [K + J{’] ) (13)

does not hold true, whatever the definition of the generalized exponential. This was the
main point in Fox’s [6] criticism of the general theoretical foundation of Kubo’s results.
In fact, concerning the factorization property of generalized exponentials of cumulants,
he wrote ‘it is not difficult to show that for T ordering, counter examples [...] can be
constructed, and that even though the cluster property is nevertheless true, Kubo’s
argument does not justify it’.

Fox also criticized Kubo’s closed-form formula that directly gives the generalized
cumulants in terms of generalized moments. In fact, he wrote: ‘equation (6.9) of Kubo’s
paper [1] purports to be a closed-form formula for ordered cumulants [...]", but, for him,
it is not: ‘The nature of the error is somewhat subtle, [...] but very significant’. Fox
stated that in the case where the generalized exponential is the t-ordered one, the right
procedure to obtain cumulants from moments is that of van Kampen [20, 21], that he
explicitly proved to be different from Kubo’s. However, van Kampen [20, 21] and Fox
himself, working directly (and heavily) with the analytical expressions of the cumulants
defined by the t-ordered exponential, demonstrated the ‘clustering’ property of cumu-
lants operators, namely, a special case of the general Kubo result. Something similar
was demonstrated by Terwiel [22] working with the Zwanzig projection approach.
Moreover, van Kampen [20, 21] obtained a closed-form formula that gives cumulants in
terms of moments, still valid in the special (although important) case of t-ordered gen-
eralized exponential. In summary, Fox and van Kampen did not consider their results
and the one of Terwiel as particular cases of the Kubo’s generalized cumulant theory.

As we have already stressed, the concept of generalized cumulants has been devel-
oped and applied in many different contexts of physics: dynamical mean-field theory
[23], coupled bosons and valence electrons coupled to plasmons [24, 25], multiple plas-
mons in photoemission [26], dynamic perturbations in metals [27], one-electron Green
function [28], entanglement between electronic domains and reduced density matrix
for coupled electrons in general [12-19], extending Wick theorem in particle physics
[29-31] and in many fields of statistical mechanics [6, 7, 10, 11, 20-22, 32-38], just to
quote some among many others.

In practice, when the generalized exponential introduced by Kubo is just the time
ordered one, the explicit calculus by van Kampen and Fox guarantee the cluster prop-
erty of the cumulants, namely that cumulants vanish if the variables are ‘statistically
un-connected’. In other cases, a specific formalism has been developed to address the
generalization of the concept of cumulants to individual problems (e.g. in the already
cited work on fermions). In contrast, Kubo’s theory aims to be very general, but the
weakness (and, unfortunately, some errors) in the theoretical approach originated some
confusion about the proper way to use it (e.g. [10], where equations (2.14a)—(2.14d) are
not correct, or [34] where equation (4.9) is wrong because it is erroneously assumed that
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if the fluctuating function n(t) is Gaussian, then the stochastic operator Q(t) = n(t)Q(¢)
is also Gaussian in the Kubo’s meaning).

Here we shall re-find the K62-63 approach to cumulants, within a sounded formal
scheme. Thus we shall show that, although in general the fundamental equation (6.9)
of Kubo’s paper [1] is at least questionable, the general approach (and idea) is correct.
Moreover, we shall give the right relation between moments and cumulants.

In the final section, we will shortly show to apply the present theoretical framework
to some noticeable examples.

3. Some formal definitions and results

Let ‘B be a vector space over a field with finite or infinite (typically) dimension. We
indicate with Z = {b;}, (i € N, or R) a selected basis of B, that we shall call the ‘origi-
nal special basis’. For n € N, let
B =B R..0B
—_——

n times

be the nth tensor power of the 9B, of which, for any n, the special basis %" is the nth
tensor powers of #. We indicate with 9)I the vector space given by the direct sum of
the vector spaces B®" for 1 < n < oo:

M =B @ B2 @ B @ BE g R+ (14)
The special basis .#of 9 is given by the direct sum of the special basis Z%":
M= {my )= {my )
=B O B B © B o B

with 41,49, ...,4, € N, or R and n € N. We call operators the elements of 91 and, for
subsequent use, we have explicitly indicate with m; :=wm;, ;, ;  the elements of the
special basis of 1. For convenience, let us associate also a subscript index (possibly a
continuous parameter) to the generic operators: A; € 9, such that A; # A; if i # j.

Remark A. The tensor product is not, in general, commutative, but, by the universal
property, it is associative:

A @ (A @ Az) = (A1 @ Ay) @ As.

Now we define the mapping that we shall use to introduce the generalized moment
generating function.
Definition B. A M-projection {A;},s is a linear map ¢y : M — My, where My, is a
subset of 9N, such that

(i) the M-projection is idempotent, namely, it is a projection map: ¢y © ¢ = Py, O
{{Aidmtn = {Aitws

https://doi.org/10.1088/1742-5468/ab7755 7
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(i) the M-projection is defined by mapping the elements of the special basis: if
i =3 i Qininsein Wi in, i PRED{R s i= 375 o iy AW i, i S

(iii) the order of the operators does not matter:

(A OA .. @A}y = {Ar @Ay @ .. @ A}y, (15)

where 1’2/, ...,n' is any permutation of the indices 1,2, ...,n (that meas any per-
mutation of the operators inside the brackets);

Of course, the time ordering defined by the t-ordered exponential of equation (8)
is an M-projection map. In physics literature, it is the most common among the
M-projection maps that correspond to effective ordering respect to some parameters
to which depend on the operators A; € 9. Considering the M-projection associated to
the t-ordered exponential, the point (ii) is strictly related to the following well-known
surprising ‘paradox’ (see [39], where this fact caused confusion and see [40], instead,
for an example where this apparent paradox is properly considered): let K(t) a linear
operator and consider the following trivial identity:

K(t) — K(0) = /0 du 0K (u). (16)

Now, if we apply the t-ordered exponential to both sides of the above equations, the
consequent equation

t
5 (0 - %0)] =5 | [ dud(w)] an
0
does not hold!. The pitfall stays in a wrong association, to the t-ordered exponential,
of the time ordering operator. The point (ii) of definition B says that to apply the
M-projection ordering map to the lhs of equation (17), the operator K(t) — K(0) must
be expanded in the special basis, that is defined in the rhs of the same equation by the
time integral fot du 0,X(u). See appendix A for an explicit example and a clarification
about this point.

Besides the time ordering, other examples of M-projection maps are, total
symmetrization:

1

" permutations

or anti-symmetrization, operations that are involved in quantum mechanics of identical
particles (see the example in section 4.4.1).

Remark C. By definition B, point (iii), combining the M-projection with the tensor
product ® we have a commutative operation: {A; ® As},, == A1 ®@u As = Az Qp A
However, as for time ordering, caution must be taken using this definition of ®,,, be-
cause, as it is clear by the points (ii), the M-projection severely affects the algebraic
structure of the set 90, because the associativity and the distributivity properties does
not hold anymore. Thus, in general we have:

https://doi.org/10.1088/1742-5468/ab7755 8
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{A1RA® ... QAL @ Ami1 @ ... @ Amn fay

For example, if the M-projection is the total symmetrization operator of equa-
tion (18), it is clear that while in the lhs of equation (19) we have a totally symmetric
result, in the rhs the symmetrization is not complete.

Remark D. Equation (19) stays at the basis of the Fox criticism [6, 7] to Kubo’s
theory of cumulants.

Definition E. Given an M-projection defined on 91, two operators A and B € 9 are
M-unconnected to each other when

{AR@ Bty ={A}y @ {B}y- (20)
Notice, equation (20) does not imply {A ® B},, = {B},, ® {A},,-
For any element A € N let
A" =A® .0 A
—_————

n times

be the nth tensor power of A. Of course A" € 9.

Definition F. If there are two subsets I, MBE) c M such that for any operator
A; € MA) and B; € MB) and for any n;, m;,p,q € N we have

(A 0AP ®.. Ay @B @B ®...@ B}

={Al'0AP®. . @Ay} {B" 9B ®.. @B} 2l

then the subsets MM and M) are called M-unconnected to each other.

Remark G. The two subsets 9™ and MP) as in definition F are vector spaces. In
fact

{Z:Aie@zj:%}]w
_ ;{Ai}M ®{Bitu = {ZA}M ’ {;Bj}M

=Y {Ai@ B}y,
i

thus we shall use the term M-unconnected ‘subspaces’ instead of M-unconnected sub-
sets. Moreover, by equation (21) we see that the two unconnected sets can be infinitely
extended by including all the possible powers of their original elements.

Remark H. In the rhs of equation (21), the ordering between the A; and the B; ele-
ments is usually important (here, the A; stay at the left).

https://doi.org/10.1088/1742-5468/ab7755 9
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Proposition 1. In definition (F), we can substitute equation (21) with the following
equivalent one:

{A?@BT}M:{A?}M(@{BT}M Vn,m € N. (22)

At first sight the condition given in equation (22) looks less restrictive than that of
equation (21); however, the equivalence can be demonstrated by using the fact that the
sets M and M) are infinite dimensional vector spaces:

Proof of proposition 1. To demonstrate the proposition, let us write the operators
A; and B; in terms of the elements of the special basis of M) and MPB), respectively:

p
A= a;,m;,
k=1
a (23)
B, = Z bjhth
h=1

inserting these expansions in equation (22) we get:

((Seem) o (Bm) §,
{(zem) § o () |

by using the multinomial theorem the above equation becomes (7 and s;, are such that
Yop_ e =nand > ]_, s, =m, respectively)

n! m! 1, T2 Tp ps1 pS2 bsq
ailai2...ai 105,95
rilralry, s1lsoll s, mp J1J2 sq

2!
Tk Sh

(24)

T T
X {mﬁ ®mge.moml @m? ® ...qu}
q

M
| |
B Z Z n! m: arlam arp bsl b82 bsq
— | | ] | 1 12 Ty jl .72 jS
— — rilraliry silssllsg P 1
k h
r1 T Tp s1 $2 g (25)
x {mi1 ® m;, ® "'miP}M @ {mjl ® mj2 ® ...qu}M
from which,
| |
Z Z = M ama. gl bbb
1| el 112" ey, g1 J2 " s
— — rilryliry silssls, v !
k h
- ro rp S1 S9 Tq
x ({mi1 ®m, ®.m, Im; Im;, & ’”qu}M
_ 1 T2 P 51 52 i
{mil ® m;, ® "'miP}M ® {mjl © ij “ ‘“ij}M> (26)

=0.
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Because the vector spaces M@, 9MMB) are infinite-dimensional, n and m can be any inte-
ger, and thus the same it holds for all the powers 7, s;. Considering that the coefficients
a;, and b;j, are arbitrary, it follows that equation (26) implies

1 o Tp s1 s2 Tq
{mil @my @.m; Qm; myS ...qu}M
A T2 Tp s1 52 Tq (27)
—{mj omze ...mip}M @ {my omy e ...qu}M

Vri, sn € N, p,q € N, which, in turn, implies equation (21). O

If f(z)is an analytical function in the argument z and £ (z) := d"/dz™f(x), then
we can define f(A):= Yo" L f((0))A". Thus, we can easily define the generalized
exponential for non-commuting operators:

Definition I. For any A € 91 the M-exponential exp,, [A]is defined as the M-projec-
tion applied to the formal tensor power expansion of exp [A]:

expyy [A] == {exp [4 {Z A”}

= Z {‘An}M (28)

Theorem 1. Let A; € M, 1 < i < N, then the following factorization property holds:

expy, [ZA {Hexp }M. (29)

Proof of theorem 1. The demonstration is trivial because by the definition of the
M-projection, properties (iii), the argument of the M-projection can be formally freely
rearranged, without caring about the order of the factors; thus the multinomial theo-
rem can be used

o[]S {[84] ),

o0

11
ZZ me—m— (30)

m1=0mo=0 myn=0 |:|

N
Remark J. X&bﬂ%@h&%@@em&«@ﬁf&}wt‘ﬁailqeeﬁpéﬁp]?kential shares a fundamental
property with the usual exponential, this factidbes not ithply that equation (13) holds
true. We think that this is the principal source of confusion in the work of Kubo [1],
and the basis of the Fox criticism. However, for a proper definition of cumulants, equa-
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tion (13) is not required to hold in general, but only when the processes Q(u), u € T
and Qu'), v € T', (to which the generating cumulant functions X and XK', respectively,
are related) are ‘independent’ to each other. As we shall show in the next section, with
a proper definition of independent stochastic processes, this is the case, thanks to the
following result:

Theorem 2.  Tuwo vector subspaces M), MB) € M, are M-unconnected to each other,

if and only if, for any A € MY and B € MPB) we have:
expy [A + B] = expy, [A] ® expy, [B] or
expyy [ + B] = expy [B] @ expyy [4]. Gh

Proof of theorem 2. According to definition I, the rhs of equation (31) can be rewrit-
ten as (let us consider only the ordering given in the first line, for simplicity):

expyy [A] @ expy, [B] := Z - {'An}M ® Z {Bm}M
n,m= 0
while from theorem 1 the lhs is given by
N
expy [A+B]= Y ——{A"@B"}, (33)
nm=0

Comparing equations (32) with (33), exploiting definition F of M-unconnected sets and
considering that A and B are generic elements of MM and IMP), respectively, it fol-
lows that if 9 and MP) are M-unconnected, then equation (31) holds. The reverse
follows straightforward from proposition 1. |

Now we introduce the map that we shall use to define the generalized cumulants:

Definition K. An M-ordering map is an M-projection map subjected to the con-
dition that if for some A,B €M we have {A},, ® {B},, = {{A}y @{B} i}y
(thus, {A},, ® {B},, € My, the co-domain of the M-projection map) then
{A}; ® {B},; = {A ®B},, (namely, A and B are M-unconnected to each other).

It is clear that an M-projection map corresponding to some ordering/symmetriza-
tion respect to some index/parameter labeling the operators of 9 is an M-ordering
map. However, in general an M-projection map involving some average procedure is
not an M-ordering map. For example, if some subspace 9 of 9 is spanned by the
parameters ¢ € I;, y€ I,, I; CN, I, CR (or N) (namely, if Vi € I;, y € I, we have
A(i,y) € M), then, the M-projection map defined as the combined action of some
ordering respect to the i parameter (e.g. ¢ decreasing from left to right) and a sum (or
average) respect to the y one:
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{AGi1, 1) @ A(i2, y2) ® ... @ A(in, Yn) }as
- / [AGi1,5) ® Alizy) ® . ® Alin,9)} o, dy

is not an M-ordering map. In fact, {A},, ® {B},; = {{A}y ® {B},,},, is satisfied for
any A = A(i1,y1) @ Alis, y2)... and B = A(j1,y1) ® A( J2,y2)... such that iy > jj, Vh,k,
but {A},; ® {B},; # {A ® B},, (in general, the product of averages is not equal to the
average of the product).

In the following, the M-ordering map applied to a generic operator A € M shall be

indicated by {A}, .
The following result follows now without the need for demonstration:

Lemma 1. Let MA and MPB) c M. If VA, € MDA and VB, e MPB) we have
(niamiapaq S N)
Al'@ Ay .. @Ay}, ©{Bl'®B” ®..@ B},

- {{Agﬂ AP ® . OAT}, ®{B OB ®..8 qu}Mo}Mo ,

q

(34)

then MY and MPB) are M-unconnected to each vector space.

4. The case of cumulants

Having defined in a proper way the M-exponential, we proceed now with a less formal
pathway.

4.1. General settings

In the definition of the moment generating function of equations (8)—(10) we have used
the usual t-ordered exponential. As already observed, the M-projection map associated
with the t-ordered exponential, fulfills both the requirements (i)—(iii) of the definition
of M-projection and also the more restrictive definition K of M-ordering. To identify
this specific mapping we use the notation M = O, namely expy|...] :ze?p [...]- We gen-
eralize equations (8) and (10) by substituting the t-ordered exponential with another
M-exponential associated to a general M-projection map, that we shortly indicate with
the M map.

Definition L. Assuming that  is a random g-number means here that in the set of
the possible ‘instances’ €2 we have defined a projection map, that we call ‘average op-
eration (or process)’ and that we indicate with (...). Of course, the above definition does
not coincide with the usual one for random numbers, in fact €2 could be a deterministic
(instead of really random) operator that depends on some parameter/variables & and
(...) could correspond to the integration of ¢ by using some defined measure du(€) (see
the example of equations (1)—(4)).
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The generalized cumulants that concern this work are related to the definition of
independent processes through the factorization of the generalized moment generating
function. Namely,

Definition M. If 2, and (2, are two independent random g-numbers with generalized
moment generating functions M := (exp,,[]) and My := (exp,,[€2s]), respectively,
then Q; and (), are defined statistically independent if and only if the generalized mo-
ment generating function Mg := (exp,,[21 @ s]) of the random g-number Q; & € is
given by M; ® M,.

Now we introduce some notations and comments for further use:

1.

U is some (generally continuous) set of values for the parameter v and, for any
fixed value of u, Q(u) is a random operator, namely Q(u) is a g-number (or
operator) stochastic process. The parameter u does not need to be a time, it
could be a temperature value, as in classical and quantum statistical mechanics,
or some other index or parameter for the set of stochastic operators Q(u).

. By point 1, a value of u € U does not uniquely individuate an operator (u) (for

example, in the case of equation (1)—(4), the Q(u) = Q(x, &; u) operator depends
on the time u, but also on the set of variables ¢ that we integrate in the average
process). We assume that the set of all the possible instances €2 are the original
special basis # = {b;} of a vector space B, and the tensor product ® by which a
space M can be defined (see the beginning of section 3) is the product among the
operators €. From now on, we shall denote with ‘M map’ an M-projection defined
on this M space. Exploiting again the example of equations (1)—(4), for any u € U,
and & ranging in a proper space where it is defined, we have Q(x, & u) € £, and
Qx, &5 u)Qx, & u)Qx, " us)... € A .

. Because the average process (...) is a projection, the composition of an M-projection

map M with the average operation is, in turn, an M-projection map, that we
indicate with M: {...};; :=(...)o{...},, (or, shortly, M = (.) o M).

. The generalized moment generating function M(7T) is defined as

M(T) := (expy, {/Tdu Q(u)b = expyy [/Tdu Q(u)} (35)

where T is a subset of U.

. The generalized moment generating components M, (7) are given by

= o],

:%/Tdu;/Tdug.../Tdun (2un) Q) - Q) 1 o
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Of course we have M(T) := >~ M, (T) as in equation (9). From the operative
side, the last side of equation (36) is mandatory because of the point (ii) of the
definition of the M-projection map.

6. The generalized n-moment density function is defined as

,u;M)(ul, U, ooy Up) 1= {Q(u)Quz)..Qun) } iy, 37)

thus, the generalized n-moments density functions are elements of the co-domain
of the M map, and, in particular, each one corresponds to the mapping of a
different element of the special basis .# of the space 9t where the M map is
defined.

According to definition M, we specify what we mean for independence of stochastic
operator processes:

Definition N. If 7 and 7' are two different subsets of U, given the definition M and
the theorem 2, we say that two g-number stochastic processes Q(u) and Q(u’) € B,
with w € T, u' € T’, are u-independent to each other if the subsets 7 and 7" define
two vector spaces that are M-unconnected to each other in respect to the M map.

Remark O. According to theorem 2, from definition N it follows that the subsets T
and 7' are u-independent to each other if and only if the following factorization of the
moment generating function holds true:

exp Umw duQ(u)} — ey [/Tdusz(u)] exp {/lduQ(u)}. 39

Having generalized the definition of the moment generating function by introduc-
ing the M mapping, we have now to generalize also the definition of the cumulant
generating function. For reasons that will become clear later, this is done by using an
M-ordering map, instead of a more general M-projection map™:

expa [K(TY] = T i= x| [ dusa)], (39)

in which My is the M-ordering map (the ‘M map, shortly) that applies to the general-
ized cumulants. Notice that often both the the My and the M maps are the chronologi-
cal time ordering that give rise to the t-ordered exponential, but in general they can be
different to each other (see below, around equations (44) and (45)). According to Kubo
[1] the generalized cumulant generating function X(7") can be conveniently written as

K(T) = (expy { /T du Q(U)} — 1), (40)

4 As done by Kubo [1], we could consider the case where the integral, in the rhs of equation (39) is substituted
with a sum over the components of a \ dimensional vector of stochastic operators; however, for the sake of simplic-
ity, we shall consider only the case of stochastic processes depending on a continuous parameter, e.g. the time.
Adapting the results to the case of discrete, finite or infinite sets of stochastic operators is straightforward.
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in which M’ is some other M-projection map we shall identify hereafter. Equation (40)
at the same time defines the ‘cumulant average’ (...)., and gives rise to the series
K =3, K, of cumulant generating components, of which the nth term is

K, = % /Tdul/Tdug.../Tdun Q) us) .- Q1) } e

: (41)
LY / duy... / duty, {92(u1)2uz).- Q1) } 17,
n. Jr T T

where, extending the already introduced convention a little, M/ = (.). o M’. In Kubo’s
papers K62-63 there is not an indication about the relations among the M, M, and
M’ maps. We shall remedy hereafter to that. It is apparent that if in the lhs of equa-

tion (39) we take the first order on the power series that defines the My exponential and
if we exploit equation (40), for consistency we must have M’ = M. Thus

%, :z%/fdulfrdUQ...[rdun Q) ws). Q1) o )e

| (42)
= / du1/ dUQ“'/ dun {Q(u1)2uz)...Q(un)}yy, -
neJr T T
The generalized n-cumulant density function is then defined as
H;M’MO)(%, Uy ooy Un) 1= {Q(ur)Q(uz)... Qun) } - (43)

Remark P. The generalized cumulant density functions of equation (43) are the ‘orig-
inal special basis’ Z = {b,} (possible redundant) of the vector space ‘B, that, togheter
with the tensor product ®, gives rise to the space 91 where the My map is defined.

By equation (43), the generalized n-camulant density functions are elements of the
co-domain of the M, map.

Because {...},, is a projection (namely, {{...}MO}MO = {...} a1, )» we can apply the
Mo map to the lhs of equation (39) without affecting the result, thus the same should
hold for the rhs of the same equation. Then, using definition I we have

(o) =L))o, a

The above equation is the constraint we have to take into account when choosing the
Mo map once the M one is given (as is common in real problems), namely, it is the
relationship between these two mappings we were looking for. In practice, exploiting
equations (36), (37) and (44) says that the generalized moments must not be affected
by the Mp map (they belong to the co-domain of My):

P ) | = ({2 01) )i,

= {Q(u1)Quz)...2u,) } iy = /,L,’(,LM)<U17UQ, ey Up).

Of course, the most trivial way to satisfy equation (45) is to choose Mo = M (the
equivalence symbol is used, instead of the equality one, because the 99 spaces of the

(45)
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two mappings are not the same), but we stress again that this is not the only possible
choice (e.g. see section 4.4.3). .

By using both equation (40) and the definition of the M, map, equation (39) can be
also written as:

eXPys, |:eXpMC [[rdUQ(U)] — 1] = expjy [[rdu Q(u)} ) (46)

If M= O, namely if it is the usual time ordering map (increasing time from right to
left), we have
,u%o) (ug, ug, .oy Up) = (Qu1)Q(uz)...Qu,))

(OvMO)

}With UL = Uy = .o 2 Uy,
ko (ur, ug, oy un) = (Qu1)2(uz)...Qup))e

that, inserted in equations (36) and (42) gives,
t ul Un—1
M, = / dul/ dug.../ duy, (Q(ug)Q(ug)...2uy)). (48)
0 0 0

Uy —
0

K, = /Ot duy /Ou1 dug.../ 1 duy, (Q(ug)Q(ug)...2uy)) e, (49)

respectively. It is worth stressing that in respect to the ‘time’ parameter u, the result
of the ordering {...}, associated to the t-ordered exponential, is different for the case of
the M in respect to the case of the Mp mappings. This is because these mappings act
on different spaces. In fact, in the 91 vector space of which the basis is given by the
tensor products of {)(u;) (we recall that the time parameter u does not uniquely identify
the base element ), M = O leads to an ordering of the basis respect to the time u, e.g.

Q(u;)Qu;) for u; > uj
{Q(u)Quj) }o = { QEUJ))Q((W% for u, i U;. 0)

Therefore, in this space, each one of the elements identified by the parameter u is

M-unconnected to any other element identified by a paramter u’ # u. On the other
hand, the mapping Mo = O, defined by assuming that exp, [...] of equation (39) is a
t-ordered exponential, acts on the vector space with a basis given by the tensor prod-
ucts of cumulants K%M’O)(uil, Uiy, -y Uiy, ) 2= {2(u1)Q(u2)... Q(un) } 7, (see remark P) that

depend on n time parameters and where the ordering is in respect to the largest time
inside each cumulant, e.g. (assuming u;, > u;, and u;, > u;,, k> 1):

{{9(ui)Quiy) - Qi) } i, © {2wg)2wzy) - Q) b b
_ { {Q(u21)9<u22)9<u1n)}]\7[c & {Q(ujl)Q(Uh)‘“Q(ujm)}Mc for Uiy > sy (51)
{Q(uh)Q(uh)'“g(ujm)}]\],: ® {Q(U“)Q(UZQ)Q(UM)}ML for Ujy > Uiy,

no matter the relationship among the other times. Therefore Mp= O gives a partial
ordering respect to the time u; (see the examples in section 4.4).
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4.2. The fundamental property for cumulants

Within the framework defined in the previous sections, the approach to generalized
cumulants results is well-founded because, as it is shown hereafter, it follows that a
cumulant is vanishing if it refers to u-independent stochastic processes (or, that is the
same, to M-unconnected sets). In this respect, the following lemma is central for the
present work and, after definition N, lemma 1 and theorem 2, it goes without the need
of demonstration:

Lemma 2. For any u €T CU and v € T' CU two stochastic processes Q(u) and
Q(u') are reciprocally u-independent if and only if we have

exPar, [K(T)] expay, [K(T")] = expay, [X(T) + X (T")]. (52)

Remark Q. By theorem 2, from equation (52) it follows that for any v € 7 C U and
v € T' CU we have that K(u) and K(u') are M-unconnected to each other. Thus, we
can restate lemma 2 as follows: using the Mp map to define the generalized cumulant
generating function leads to a bijective mapping between couples of reciprocally M-un-
connected sets in the 9 space of the stochastic process Q(u) and couples of reciprocally
M-unconnected sets in the 991 space of the generalized cumulant generating function

K(w).

Definition R. The fundamental property of cumulants is the statement that in the
same assumption of lemma 2, namely if the factorization of equation (38) occurs, then
any cumulant mixing the average of the Q random operators of the two sets 7 and T’
is vanishing.

Lemma 3. Under the same assumption of lemma 2, the fundamental property of cu-
mulants holds.

Remark S. Lemma 3, that is one of the principal results of the present work, states
that, although for non-commuting processes equation (52), in general, does not hold,
it automatically holds when the stochastic processes are u-independent according to
definition N.

Remark T. Usually, the definition of the 9 space of the stochastic process Q(u),
the introduction of the generalized moment generating function and of the related M-
projection map, came naturally from the ‘starting facts’ of the specific real problem
(e.g. from physics) we are interested in, while cumulants are introduced by hand for
convenience in different ways (provided equation (44) is satisfied). One might wonder
why for cumulants we have restricted the choice of the M-projection map to the less
general M-ordering type. This is because thanks to this, the constraint equation (52) is
automatically fulfilled for independent stochastic processes 2(u) and €(u’). This is not
always the case for cumulants defined by using the M-projection map without restric-
tions (it should be checked case by case)

After lemma 2 the demonstration of lemma 3 is trivial, being the same holding for
standard c-number stochastic processes: comparing equations (39) with (38) we see that
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equation (52) means that X(7T UT’) = X(T)+ X(T"), thus K(7 UT’) does not have
terms mixing the averages of the € stochastic operators of the two sets 7 and 7.

Remark U. Lemmas 2 and 3 are based on the definition of M-unconnected sets that,
by theorem 2, is strictly related to the factorization of the exponential of sums (and,
in turn, to the definition N of u-unconnected stochastic processes). Shortly (in the
frame of the present formal approach) the fundamental property of cumulants holds if
the ‘statistical’ independence is defined by the factorization of the averages given in
equation (38). The lack of clarity about the definition of statistical independence for
g-numbers has been the main source of confusion in the debate about the validity of
the Kubo’s approach to generalized cumulants. In fact, in his seminal work [1] Kubo
enunciated his theorem I in the following way: ‘.. a cumulant is zero if the elements are
divided into two or more groups which are statistically independent’. And, in the fol-
lowing corollary: ‘A cumulant is zero if one of the variables in it is independent of the
others. Conversely, a cumulant is not zero if and only if the variables in it are statisti-
cally connected’. Both the theorems and the corollary are true for commuting random
processes. For g-numbers they are also true only if we identify the statistical independ-
ence with the factorization of the moment generator function as in definition M. The
extension to g-number stochastic processes leads also to the introduction of the u-in-
dependence as in definition N. In our opinion Fox misunderstood this point, because
his ‘counterexample’ [7], that (for him) should invalidate Kubo’s theorems, simply is
an archetypal case where the statistical independence of the stochastic coefficients (c-
numbers) of an operator is not enough to guarantee the factorization of the moment-
generating function.

Remark V. Another point of Kubo’s work that has originated some confusion is the
not-so-clear definition of the M maps. In particular, it has not be clarified which are
the domain spaces where these maps are defined. As we have shown in an example here
above (see equations (47)—-(51)), the M = 0 map (t-ordering), acts in different ways in
different 9 vector spaces (see e.g. [10], where equations (2.14a)—(2.14d) are not correct
because of a not proper definition of the My = O operator).

Before we pass to the second formal part of the present work, concerning the
explicit relationship between generalized moments and generalized cumulants, we dis-
cuss the above results a little. Although formally it sounds well, one could (and should)
wonder if, in any ‘realistic’ model of some interest, the assumption of lemma 2 (fac-
torization of the generalized moment-generating function) is fulfilled and, if it is the
case, if it has a clear physical (or whatever interesting) interpretation. There are cases
in physics where this happens. A class of cases in that treated in section 4.4.1, where
the generalized moments are reduced density matrices and they naturally factorize for
non-interacting particles (or, asymptotically, for parts of a very large system). Another
situation, probably the most common in physics, it that for which the M mapping is
the time ordering: M = O (also treated in detail in sections 4.4.2 and 4.4.3). In this case,
as already remarked after equation (50), each Q(u) € B is M-unconnected to any other
element of B, with a different value of the parameter . It follows that in B, the M = O
map defines an ordered partition of M-unconnected subsets {€2(u)}, each one associated
with a different value of the ‘time’ parameter u: in the space 9 the M = O map defines
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subsets with different ‘time-scales’ that are M-unconnected to each other. More pre-
cisely, for any couple of subsets 7, 7' of U such that Yu € T, u' € T”, we have u > o/,
then {Q(u1)Q(uz)...Q(u,)Q(u))Quh)... 0w, ) Yo = {Q(ur)Q(uz)...Q2un) Yo {Q(u))Q(uh)...Qu),) }o-
Now, if the average process (...) is done by using a measure that factorizes in two
separate measures for the two subsets with different ‘time-scales’ 7 and 7, then, the
same two subsets of M are M-unconnected respect to the composite map M = (Yo M.
Thus, by theorem 2 and definition N, it follows that the factorization of equation (38)
is satisfied.

Let us see that explicitly. We assume that Q(t) = £(t)£(t), where £(t) is some time-
dependent operator (e.g. a matrix, a differential operator, a Lie-adjoint operator etc),
that does not commute with itself for different times: [£(¢1), £(t2)] # 0 and £(t) is some
c-number stochastic process. We indicate with p(&y,t1; &, ta;...;&n, t) the joint prob-
ability density function to have (with some abuse of notation) £(¢1) = & and &(t2) = &
and...and &(t,) = &,. Let us assume now that there is a time ¢ such that the instances
of £(t) at times t > ¢ are statistically uncorrelated with the instances of £(t) at times
t<t. Thus, if t1 > t and ty < t we have p(gl,tl;gg,tg) = p(fl,tl)p(gg,tg). Then, the
generalized moment generating function for the stochastic operator €2(¢1), Q(t2) is

<{eﬁ(tl)f(tl)dtJrE(tg)&(tz)dt}O> — /d&dfzp(fl,h;fz,tz) {eﬁ(tl)€(t1)dt+ﬂ(t2)€(t2)dt}O

= { / d&dézp(&,tl)p(ﬁz,t2)eﬁ<t1>€<t1>dt+ﬂ<tz>s<tz>dt}
— <eﬁ(t1)£(t1)dt> <eﬂ(t2)§(t2)dt>‘

(0]

And, for t > t, we also have (53)

(oo [ [ £wietuan]) = tgtenpo | [ £ttt espo [ [ L<u>§<u>du] . 59

€— L

4.3. A closed-form formula for cumulants

4.83.1. Background. As it is well known, for commuting stochastic processes a closed-
form formula was worked out by Meeron [41, appendix]. In Kubo’s basic paper [1],
a similar formula has been proposed also for non-commuting processes. That was
strongly criticized by Fox [6] for the case of time-ordered cumulants. In a subsequent
paper, Apresyan [42], supporting Kubo’s work, proposed a Meeron—-Kubo’s equivalent
formula, that, in turn, Fox [7] criticized again, presenting what he purports to be a
counterexample. As we have already observed in remark U, in the Fox criticism there
was confusion (actually due to some mistake in the original Kubo paper) generated by
the identification of the partition defined by unconnected sets and the partition given
by the sets of statistically independent stochastic operators. Moreover, more confu-
sion, supporting the Fox arguments, was introduced by Fox himself [43] and by other
authors (e.g. [10]), which made a too generalized use of the Meeron-Kubo formula for
cumulants.

In this section, we shall show that using the definitions of cumulants given in equa-
tion (39), a Meeron formula holds, but only for the expression that gives the operator
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moments in terms of operator cumulants. A general inverse formula (namely, valid for
any M-projection mapping), that gives generalized cumulants in terms of generalized
moments, does not hold true for operators (or, if it exists, is not so straightforward).
Actually, in some cases of physical interest, it is possible to find such a closed-form
formula (see the examples in section 4.4). Thus Fox, despite that he was wrong when he
stated [6] that Kubo’s approach to generalized cumulants does not lead to the validity
of the fundamental property of cumulants, he was partially right in affirming that the
Meeron—Kubo closed-form formula cannot be applied.

4.3.2. Main results. We start inserting in equation (39) the series M = Y>> /M, and
K=> 0 K

o 1 0o m 0o
Z@{(Zv@) } => M, (55)
m=0 r=1 Mo n=0

The Meeron closed-form formula that gives the generalized moment-generating comp-
onents M, in terms of sums of products of generalized cumulant generating components
K., r < n, is obtained by rearranging the sums in the lhs of equation (55). By definition
B, point (ii), the M-projection map does not interfere with this kind of arrangement of
the addends of the sums. Thus, the formula is the same as that of Meeron [41, equa-
tion (A7)], apart the M-projection mapping applied to each addend of the sums:

Proposition 2. The generalized moment-generating component of order n is given in
terms of the generalized cumulant generating components of order r < n by the following
ELPTESSLON:

M= Y {H%(ﬂc)} : (56)

Part.ofn Lr=1"""

in which the sum is over all the possible ways to partition n ‘elements’ such that: one par-
tition is made of s; = n groups with r=1 element, another partition is made of only one
group (s, = 1) with r =n elements, a generic partition is made of s; groups with r=1
elements and sy groups with r =2 elements and etc..., such that Y ' s, =n.

We report shortly the demonstration in appendix B.
For what concerns the inverse Meeron-like formula:

. Looee 3
X, = Z (—1)? 1(p_1)!HS_T!(MT) , p:Zsr, M, are c-numbers (57)

Part.of n r=1 r=1

n

it cannot be generalized to g-number stochastic processes just by applying one of the
M-projection mappings (Mo and/or M) to the addends. Actually, for non-commuting
stochastic processes we are not able to find such a general formula. The reason is the
following: for standard commuting stochastic processes to obtain such a result we start
from equation (39) and, to get rid of the exponential in the lhs, we take the logarithm
of both sides of the equation. Then, in the rhs of the resulting equation, we expand this
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logarithm in power series of its argument. For non-commuting processes in the lhs of
equation (39) we have a M-exponential instead of a standard exponential, and, because
it is a projection map, it is not usually invertible. In conclusion, we guess that there is
not a general definition for a generalized logarithm that corresponds to the inverse of
the M-exponential (however, we do hope that we will be proved wrong).

In our opinion this is the real mistake in Kubo’s paper [1] that has originated the
Fox criticism and that, to the best of our knowledge, has not been cured so far. Case by
case, the formula that directly gives generalized cumulants from generalized moments
can be found, as it will be shown in section 4.4. A way to face the problem (still case
by case) is to consider the relation between cumulants and moments in the frame of a
combinatoric calculus on partition lattices. By expressing in terms of set-partitions of
n distinguishable objects the formula that gives the n-moment in terms of cumulants
(see equation (62)), and taking into account the specific M and My maps that define
the rule for managing (e.g. by ordering) the elements in the partitions, then, at least in
principle, the Mobius inversion result on the partition lattice, should lead to the inverse
formula [44] for the specific case of interest.

Also when this formula is known, often the easier practical way to get X,, from M,
is to iteratively use equation (56). We explicitly do that by running some iterations: we
start with K; = M, and

1
3 =M = 5 {(K0)°},, (58)
in which X; = My,
1
Ky = Mz — {XK1 @ Ko}y, — 31 {(:Kl)g}Mo (59)
in which X; = M, and X5 is obtained by equation (58),
1 1 1
j(:4 = M4 — 5 {(IKQ)Q}MO - 5 {(:Kl)2 & :K:2}Mo - I {(K1)4}MO (60)

in which K; = M; and K5 and K3 are derived from equations (58) and (59), respectively,

1

s = M5 — % @ Kshyy, — 5 {Kz 0K}y, o
1 1 1

- {:Kl ®j<4}Mo - 5 {IK% ®j<3}MO - 5 {K:{) ®‘(K2}Mo - g {‘(K?}Mo

where X; = M, and Ky, K3 and K, are derived from equations (58)—(60), respectively;
and so on. Notice that if M; = 0 then Xy = M, and K3 = M3, whatever the rule Mo. To
go ahead with the above iterative procedure we have to bear in mind how the My map
acts on the space of tensor products of the cumulant density functions of equation (43)
(on which it is defined).

The same arguments that lead to proposition 2 can also be used to write the analog
closed-form formula that directly gives density moments in terms of density cumulants:
Lemma 4. The generalized n-moment density function ,u,(lM)(ul, Usg, ... Uy) 1S given in

M,Mo)(

terms of the generalized cumulant density functions K Uy, Ug, ..Uy, by the standard

Meeron formula, taking care to apply the M-ordering map to the result:
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- n p
FETORTREL of I o {Hnsm. va} )
Mo

p:1 Zipzl m;=n =1

where m%’MO) = {Q(ujl,Q(ujQ),...,Q(ujmi)}M is the generalized m;-cumulant density

function, and {m;} is a subset of n :=[1,2,...,n|, with m; elements.

An equivalent but more compact way to write equation (62) is the following:

{Qw), Quz), ., Au) b = > 1 |1 {Hﬁ(ui)}~ 63)

m(n) | Ben(n) \i€eB Mo

where 7(n) runs through the list of all set-partitions (or grouping) of n distinguishable
objects and B runs through the list of all blocks of the partition m(n).

Remark W. The formal algebraic expression of equation (62), that gives generalized
moments in terms of generalized cumulants, does not depend on the nature of the gen-
eralized moments (that is related to the M map), but it depends on the choice of the
Mo map. Of course, the choice of the My map is not completely independent of M but
it is constrained by equation (44).

From a practical point of view, it is more convenient to rephrase the above lemma
by adapting to the present general case the recipe of Roednik [45, page 27, ‘reverse
transformation’] (the Roednik-van Kampen analytical work on the operator-cumulants
defined by the t-ordered exponential can be considered as an anticipation of the modern
combinatorial approach to this subject).

(i) Write a sequence of n-dots.

(ii) Partition them into non-crossing subsequences {......} sz, (cumulant averages inside
of which the M mapping is applied) by inserting these brackets in all possible
ways (excluding empty subsequences).

(iii) For each partition write 1 on the first dot, and any permutation of the numerals
2,3, .....,n on the remaining dots, subject to the condition that subsequences with
different ordering of the same numerals are considered equivalent (or, that is the
same, take just one kind of ordering, for example, not decreasing).

(iv) Replace each numeral ‘i’ by ‘Q(w;)’.
(v) Apply the M-ordering map (the My map, shortly) to each addend so obtained.
Here we explicitly write down the first four generalized density moments in terms of

generalized density cumulants (notice, (Q(u)) = (Q2(u)). whatever the My and M map-
pings, we also shall use the shorthand notation Q(u;) — ¢ and Q(u;)(u;) — i - j, thus

{il . ig et Zk}MC = <{Zl : ig et Zk}M>c)
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{i-gtw =1 gt +{@ @)}y,
i-grty =07 g +{Oehe®l,,
H{{i b, @M}y, T @ Dy, H{{T e ® <i>}Mq
1:{{i'j}M:(rg’<T>}Mo 3]
{i-gor-styp={i-g-r- sty +{@ @)@ e(s)},,
+{ g b @ () b A+ {6 3 @ {r - shi, g 1B
+{{i d}um, ® () @ (s)},, [6]. (64)

Each number between square parentheses indicates a sum over distinct partitions hav-
ing the same block sizes, so the fourth-order moment is, in general, a sum of 15 distinct
density cumulant products. In some cases however the My map could impose to dis-
card some of terms we obtain in the rhs of the equation (64). For example, in the case
where My = G, illustrated in section 4.4, we take only the partitions where the opera-
tors are totally ordered respect to the time parameter u, see equation (94). Another
example is where the Mg-projection includes a fully anti-symmetrizer operator (see
section 4.4.1). In this case the relations of equation (64) have been extensively used to
express reduced-density matrices of electrons in terms of cumulants that cancel quanti-
ties that are not size-extensive (see equations (2.25)—(2.28) of the Ziesche seminal paper
of [13] and [12, 14-16, 19]).

4.4. A few important classes of cases

In the most common cases M = O (time ordering of the operators 2(u)) and we shall
treat some of them in detail. However, before that, we want to discuss, albeit briefly,
the application of our results to the context of quantum mechanics, and in particular
to many-body boson or fermion systems.

4.4.1. Many identical particles. For the sake of simplicity, we shall deal only with
fermions, but the extension to bosons is straightforward. This is a field subjected to a
very dynamic research activity, in particular concerning the reduced density matrix
(RDM) approach and the related reduced-density matrix cumulants (RDMC) tech-
nique, adopted by many research groups (e.g. [12-19, 46, 47]). We think that the
results of the present work can contribute to a simple systematic development of this
research field. For the reader skilled in this matter, it should be enough to observe
that the antisymmetric Grassmann (or exterior) product is commutative (when applied
between tensors with the same number of upper and lower indices) and satisfy the con-
ditions of definition K for an M-ordering map. Thus, if we use it as the My map intro-
duced in section 4.1, we see that whatever the definition of the generating function for
the RDM, lemma 4 (or the explicit expansion of equation (64)) gives the same relation
between RDM and RDMC we find in the specific literature (e.g. see table II of [15]).
Notice that in our treatment we do not need to introduce any additional Grassmann
function/Schwinger probes.

Let us now give some more (few) details for not expert in this matter. Let us work
in the frame of the second quantization, and let us define de p particles RDM as
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i1y 1 . At A .

Dy i= Dy o= (sl -l a, - a; [y (65)

where the number of indices implicitly specifies the tensor rank, a convention that shall
be followed hereafter, ¥y represent some state of the whole system of N particles and,

finally, as usual djp (a;,) is the creation (annihilation) operator, for the quantum num-

ber 7, (j,). For example, if ¥y is the pure state of a N-electrons system, the N-electron
density matrix for the state U is the following projector:

1 . At .
Dy = [Un)(Vn| = ﬁ@’ﬂagl ' "aINajN e a W) (66)

of which a partial trace operation, applied to the indices from p + 1 (p < N) to N (by a
factor N!/p!), gives, by definition, the p-RDM. An old result by Lowdin [48] makes the
RDM interesting: due to the antisymmetry of ¥, D, can be used to compute the exact
expectation value of any p-electron operator that treats all p electrons equivalently.
Since electrons are indistinguishable according to the postulates of quantum mechan-
ics, any valid observable must correspond to such an operator. Moreover, it is a conse-
quence of empirical facts that all the N particle operators used in quantum mechanics
are the sum of one or two pairs operators. We shall not go deeper in describing the
advantages of the RDM approach to many-particle systems, the interested reader can
consult some of the above-cited literature. Here we are focused on the possibility of
decomposing the RDM in generalized cumulants. There are many reasons for why this
decomposition is advantageous. We just cite the fact that in the thermodynamic limit
(N — oc0) RDMs are not extensive quantities (RDMCs are), so they do not necessarily
become additively separable in the limit of noninteracting subsystems (RDMs are mul-
tiplicatively separable rather than additively separable). This is easily seen: consider
a composite system of identical particles made of two non-interacting subsystems, one
with p electrons (subsystem A) and the other with ¢ = N — p electrons (subsystem B).

Thus the Dy RDM is given by Dy = %(\IIA‘IIB|&;[1&L&J»2&]-1|\IIA\I/B>, and it is clear that
its matrix elements scales as N?. On the other hand, the second reduced density matrix
cumulant (RDMC) must scale as N because, from the fundamental property of cumu-
lants, the RDMC of the whole system is given by the sum of the RDMC of the two
non-interacting parts.

To introduce the RDMC in the treatment of the present work, we start observ-
ing that equation (65) is written taking care of the normal ordering for the products
of creation (left position) and annihilation (right position) operators, and we associate
to this rule the M map defined in section 4.1. Moreover, the average process, which
combined with M defines the M map, makes fully antisymmetric the RDM, respect to
all the indices. Comparing equation (65) with equations (35)-(37) it is clear that the
RDM-generating function is given by

M := (U]exp,, sz;rpdjp |U) 1= expyy; szgp&jp . (67)

p  Jp p  Jp

Following the procedure of the present work, we write the RDMC as:
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1
_ Adtein St At Sy e s -
A Al Jp . ]7!<ai1"'a'ipajp"'a'jl>c = 17!{0’7?1'”0’1'1,0’]';;”'071} . (68)
Following the definition of equation (39), the RDMC-generating function in the present
case can be written as:

expyy, [K] := M := expy; Z Z&jpajp . (69)

ip

For the My map, from which depends the specific definition of the RDMC, we know
that we have different possibilities, but equation (44) must be satisfied. Because the
RDM are fully antisymmetric respect to all the indices, the natural choice for the
Mo map is the operator that fully antisymmetrizes the indices of tensors, namely the
Grassmann product, that, for two tensors A, and qu is defined by:

Ap N Bg = .A“’ ’Z” A ‘B;ilf [ — E mwoe(m “’ »p B“’__’.
e dq p+ q 15--3]q

where 7 represents all permutations of the upper indices and ¢ represents all permlglzg2
tions of the lower indices; the function ¢(7) gives +1 for even permutations and —1 for
odd permutations. The Grassmann product is linear and commutative (when applied
between tensors with the same number of upper and lower indices). Thus we make the
following choice for Mp:

{ApAA Sy = By AAGAAGA ..

With this choice, by exploiting lemma 4 or equation (64) we get exactly the same rela-
tion between RDM and RDMC we can find in the specific literature (e.g. [15, 47]):

D, = A,
DQ — AQ + Al A Al
D3 — A3 + (Al)/\g —|— 3A2 /\ Al (71)

D,=A,+ (A +6A5 A (A + 403 N AL+ 3(A)™

where A .= AANAAN .. \NA. Notice that in the expression for D, in the rhs of equa-
—_—
n times
tion (71), the term A; A A; is the one that for N — 0o scales with N?, while the second
RDMC represents the correlations, that scales with N, because for uncorrelated par-
ticles A, is additive.
In the same way, we can treat the p-density operators (or the p-density functions) or

the Green’s functions of electrons, which are the time-dependent version (in Heisenberg
picture) of the RDMs [13].

4.4.2. The classical time-ordered cumulants. In statistical mechanics, both concern-
ing the stochastic Langevin equation (see equations (1)—(8)) or the treatment of spin
systems [10], the case, M = O (chronological ordering of the original basis constituted
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by the operators Q(u)) is dominant. In this case the formal expression of the general-
ized moment and cumulant density functions are given in equation (47), and, from the
cumulant side, the original basis is given by the generalized cumulant density functions:

rif?’MO)(ul,uQ, e Un) = ({Q(w)Qu2)...Q(un) bo)e- (72)

In terms of this basis, the formal expression for the cumulant generating components
are (see equation (49)):

K(t) =1+ / / dur [ dus (@) 2).

- +/ dul/ duz.. / dut, (Q(u1)Q(11z).-Q(un))e + .. (73)

Equation (63) in this case becomes:

({Q(w), Qua), ... Aun)to) = > 11 ({HQ(%)} Jep (74)

w(n) | Bemr(n) \i€B Mo

Once we have set M = O, the relationship between cumulants and moments depends
on the specific My map we choose. In fact for M = O, the constraint in equations (44)
and (45) leaves some freedom. This is made clear by using the following argument:
M = O means ‘chronological ordering’ of the elements of the original basis given by the
stochastic operators §2(u). Because these operators depend only on one time parameter,
this ordering is well defined. However, from the cumulant side, the elements of the
original basis depend on many time parameters (see equation (72)), thus we have to
specify (or choose) which of them is involved in the ordering process associated to the
Mo map. Two different choices are here presented, the first one in the present section,
the second one in the next section.

If we know (or if we want to know) that the generalized moment generating function
satisfies a local time differential equation, like

oM = F(t)M, (75)
we have

M(t) =exp { /0 du S(U)} (76)
thus,

M(t) =éxp { /0 t du S(U)} 1= expyy, [K]. (77)

From equation (77) it follows that §(t) = (0,X(t)), namely
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. ¢
M(t) = exPyy, (K] =exp [/ du (8uﬂC(u))]
0
=1 —f-/ du1 (8ulﬂ< Ul / dul/ dUg 8u196(u1)) X (8u2j<(U2))
/ dul/ dug/ dug (0, K(u1)) @ (04, K(ug)) @ (0 K(uz)) +

. ) o ) . 78
Exploiting equation (73) it is easy to see that the series of equation (78) leads to ch(gos%
Mo = O defined in this way: in any tensor product (u; > u; if j > %) such as

. ® <Q(Uz)Q(uz+1)Q(uz+n—1)>c X <Q(Uj)Q(Uj+1)...Q(Ui+m_1)>c X ...

the Mo map imposes a decreasing time ordering from left to right between the first
parameter u; of any cumulant density function and the first parameter u; of the next
cumulant density function, namely, w; > u;. This kind of ordering for the product
of cumulant density functions is called partial time ordering (PTO). Using this rule
and reminding that the M = O mapping imposes a time ordering inside any average,
by exploiting equation (64) (u; > u; if j > %) it is easy to write the first four density
moments in terms of cumulants:

(1-2) =(1-2),+ (1) ®(2)

(1:2:3) = (1-2-3). + (1) ® (2) @ (3)
[3 terms ;] +(1-2).® (3) +(1-3). ® (2) + (1) ® (2 - 3).
(1-2:3-4)=(1-2-3-4.+(1)®(2)®(3) ® (4

[4 terms ;] +(1-2-3).@ 1)+ (1) ®(2-3-4).+(1-3-4),®@(2) +(1-2-4). ® (3)
[Bterms:|+(1-2), @3- 4).+(1-3),®(2-4).+(1-4).® (2-3).

[6 terms ] +(1-2), @ 3) @ (4) +(1-3),®(2) ® (4) + (1-4). ® (2) ® (3)

+(H®(2-3)e@@W+{12)2 (3 -4).+(1)®(2-4).® (3) (79)

in which the partial ordering of the numerals is apparent. Equation (79) is the same we
have in the case of commuting stochastic processes, but here the terms are re-arranged
following two rules (that are ineffective in the case of c-numbers):

e inside each group (or average) both in the lhs and in the rhs of equation (79) it is
important to keep the ordering of numerals, increasing from left to right (this is
due to the M = O map);

e in each addend, the ordering in the sequence of groups multiplication is such that
the first numeral of any group is lesser than the first numeral of the next group
(this is because of the My mapping chosen for this case).

By using the combinatorial approach of set partitions, we can exploit the Mobius inver-
sion formula (see for example [9]) to invert equation (63) and obtain:

({Q(w), Auz), o, Aun)}o)e = D (V™Y P[] <{H Q(ui)} ) (80)

m(n) P(B) Ben(n) \ieB
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where, again, 7 runs through the list of all set-partitions (or grouping) of n distinguish-
able objects, B runs through the list of all blocks of the partition , |7| is the number of
blocks in the partition 7 (the number of blocks, corresponding to p in equation (62)), P
is the permutation operator acting on the sequence of |7| blocks B, but keeping fixed to
the left side the one that contains (and then starts) with the numeral 1. Of course, the
number of these permutations are (|7| — 1)!. We stress that, unlike equations (74), equa-
tion (80) is not the Meeron formula modified by simply inserting some M-projection/
ordering map. In fact here we have a sum over the permutations of blocks that is not
present in the standard commuting processes case (where we have a factor (|7| — 1)! in
place of the same sum). An example may serve for illustration: from equation (80) we
obtain, for the third cumulant density function, the following expression

(1-2:3).=(1-2-3) - (1-2),®3) - (1-3)®(2) - (1) @(2-3)
+(1H® )@ 3)+ (1) (3) @ (2);

the last two addends came out from the sum of the permutations of the two last groups
(made of just one element, 2 or 3). In the case of c-number stochastic processes (and,
unfortunately, also in the wrong closed-form formula, equation (6.9) of Kubo [1]) we
can collect them in only one addend with a factor (3 — 1)! = 2.

Equation (80) is a compact way to express the procedure found by van Kampen [20,
21] and then Roednik [45, page 27] by using a direct calculus approach. At the end of
the next section we shall reformulate this result in a slightly different, but equivalent,
way.

(81)

4.4.3. Green operator and totally ordered cumulants. Again with M = O, let assume
now that the generalized moment generating function, instead of satisfying a local
equation of motion as (75), satisfies an integral (or master) equation:

t
oM = / duG(t,u) @ M(u). (82)
0

This equation is, of course, very common in physics (and not only in physics). For
example, it is obtained by using a Zwanzig projection operator technique (e.g. [22,
49-51]). Concerning this case, note that while Terwiel [22] proved a cluster property for
the ‘partial kernels’ obtained using the Zwanzig projection approach, for Fox [6] ‘his
proof does not establish directly the factorization property for the ordered cumulants’.
The following procedure and lemma 2 remedies to this situation.

By a recursive integration of the non-local equation (82) we get

t Ul
le—i—/ dul/ du) G(uy,u))

= expg [ / du / du’ G(u, u')] = expg [K(1)].
(83)
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Thus, Mp= G. Assuming the expansion G(u,u')=>.7"G,(u,v’) and making the
association

t U
/ du/ du’ G (u,u') = XK, (t) (84)
0 0

we have:

t u
/ du / A/ Gy (u, 1) = Ko () = My (b), (85)
0 0

from which, with some arbitrariness, we can set,
Gi(u,u') = 0(u — u'){Q(u)) (86)
and it follows that

/Ot du /Ou du'Go(u, u') = Ko(t)
_ /d | duw@ae).

Equation (87) leads to the following identifications: u = u; and v’ = us, and
Ga(u, u') = (Qu)Q(u))c. (88)

Going ahead in this way, we see that for n > 3 there is ambiguity in the identification
of the time v’ of G, (u, ') with one of the times ug, us, ..., u,, of the n-cumulant density
function. The ambiguity is made clear by deriving respect to the time ¢ both sides of
equation (84), from which we get

/0 Gt = /0 ' dus /0 dus... /O " A Q) 4) 2 ) ). (89)

(87)

From the above equation it is clear that the first time parameter u of G, (u,u’) is
uniquely associated to the first one, u;, of the generalized cumulant density function
Q(t)2u2)(uz)...02(uy))e. On the other hand, for n > 2 we have n — 1 different possi-
bilities for the second time parameter u': v’ = ug, v’ = uz,...,u’ = u,, (see appendix C).
Let us make the choice v’ = u,, thus (see equation (C.4) of appendix C):

Go(u,ul) = / ,"dUQ / dus... / du 1 ()12 ut3) .-ty 1))
(90)

or

t u
iKn(t):/O du/O du' G, (u, u')

:/Otdu/ouduz /Ou du3.../0un1 du/ (Q(u)Q(ug) us)... Q).

Exploiting equation (91) in the series of equation (83), we see that in this case the My
projection map must be defined in the following way: in any tensor product such as
(n, m € N)

(91)
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. ® <Q(Uz)Q(uz+1)Q(uz+n—1)>c X <Q(Uj)Q(Uj+1)...Q(Ui+m_1)>c X ...

the My map imposes a decreasing time ordering from left to right between the last
parameter u;., 1 of any generalized cumulant density function and the first param-
eter u; of the next cumulant density function, namely, u;y,—1 > u;. Because inside the
cumulant density function the operators are ordered from left to right (we are consider-
ing the case where M = 0), this Mo map leads to a total time ordering (TTO) for the
operators Q(u) in any expression connecting generalized moments to generalized cumu-
lants and vice-versa. Thus, equation (62) becomes: (again, we assume u; > u; for j > 9):

> grouping [Q(u1)Q(uz)..Q(un )] (92a)
(211} (1tz) . Q1)) =  composttions (.}
(Qur) (1 +Po)Q(ug) (1 + P)Q2(ug)....(1 + Po)Quy)) (920)

In equation (92a) the sum is over all the 2" — 1 possible ordered compositions of
Q(u1)Quz)....2(uy), with grouping made by using the average (...).. In equation (92b)
the projection operator P. breaks a cumulant average in the product of two averages:
CPe. =) ® (.. . A generic term of the sum is given by the product of p cumulant
density functions:

(1) Q1)) @ (2t 51)-w- Lty 1)) © .

- @ ( QU +ma+ b 14+1) - QU gty +mp) e

(93)

such that m; +mgo+ ... +my_1 +my, =n (i.e. the last time index must be equal
to m). For fixed p groups we have % possible ways of grouping, of course,
> et % = 2"~! The first four density moments in terms of cumulants can be
written by using equation (92), or, more easily, we can take advantage of the partial

ordered result of equation (79), and discard, in the same equation, all the terms that
are non-totally ordered:

(1 2

(1-2-3

(1-2).+ (1) ® (2)
(1-2-3).+ (1) ® (2) ® (3)
(1-2)e®(3) + (1) ® (2 3)c
(1-2-3-4).+ (1) ®(2) ® (3) ® (4)
(

(

(

[3 terms = 1 term

)=
)
]+
(1-2-3-4)
]
]
]

[4 terms = 2terms:]+(1-2-3),® (4)+ (1) ® (2-3-4).

[3 terms = 1 term:]+ (1-2),® (3-4)

[6 terms = 3 terms :] + (1-2). ® (3) ® (4)

+ (1) ®(2-3)c® (4) + (1) @ (2) ® (3-4).. (94)
The relation of equation (92) (or of equation (94)) is easily invertible and gives:

(Qu1)Qu)...Q2>un))e = (Qur) (1 — P)Q(uz)(1 — P)Q(ug)....(1 — P)Q(uy,)) (95)
in which the projection operator P is similar to P, but acts to standard moment aver-
ages, instead of cumulant ones ‘.. P... = ...)(.... As for equation (92), the rhs of equa-

tion (95) is the sum of 2"~ ! terms, each one corresponding to one of the possible different
ways to make a partition of the ordered sequence of n operators Q(u;), 0 < ¢ < n, in
p < n groups (the moments), such that the time ordering is fully preserved (namely
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u; > u; for j > i) and suppling the partition with a factor (—1)?*!. A generic term of
the sum is given by

(=17 1) Qe )) (2t +1) - Qthimy s )) -

96
<Q(um1+m2+-..+mp_1+l)---Q(um1+m2+...+mp_1+mp>> ( )

where my +mg + ... + m,_1 + m, = n. As we have reported at the beginning of this sec-
tion, we are now in the position to make a direct link between the cumulant approach
and the Zwanzig [51, 52] perturbation projection procedure: from equation (95), the nth
cumulant generating component X,, = fot duy [i" dug... [ dun (Q(us)...Qup))e corre-
sponds to the nth order of the series expansion we get from the Zwanzig projection
method. This fact, and the fundamental property for cumulants (lemma 2), prove the
connection between the Terwiel [22] cluster property for the ‘partial kernels’ arising
from the Zwanzig approach and the factorization property of the ordered cumulants.

In the case where the stochastic process is stationary, the integral form of equa-
tion (82) becomes a convolution, thus it can easily be Fourier-transformed. From
the relation of equation (84), we have G(v) = 12K(v). In general, the TTO cumulant
approach can be useful for analysis performed in the frequency domain, sometimes the
only possible way for anomalous diffusion processes.

Equation (79) differs from equation (94) because the former considers also cross par-
titions of the numerals 1, 2..., n, while the latter only ordered (non-crossing) ones. Thus,
starting from the reverse relation of equation (95), by using combinatorial (or graph)
arguments, it is easy to obtain the procedure of Roerdnik [45], which gives cumulants
in terms of moments also for the previous example, where the moment-generating func-
tion satisfies the local time equation of equation (75):

(i) Write a sequence of n-dots.

(ii) Write 1 on the first dot, and any permutation of the numerals 2,3, .....,n on the
remaining dots.

(iii) Partition each of the (n — 1)! permutations of numerals into subsequences by
inserting TTO cumulant averages (......). with the constraint that two successive
numerals belong to the same subsequence if and only if the first one is smaller
than the second.

(iv) For each partition consisting of p subsequences supply a factor (—1)7*L.

(v) Replace each numeral ‘7’ by ‘Q(u;).

Equation (95) and the related above procedure of Roerdnik are here obtained in a very
general context, and can always be applied when the M map is the time ordering corre-
sponding to a t-ordered exponential and when the moment-generating function satisfies
an integral (or time-convolution) equation or a time local (or time-convolutionless)
equation, respectively. For example, the expansion formulas of equations (5.9), (5.10)
and (5.17), (5.18) of [53] can be directly obtained by using equation (95) and the above
Roerdnik’s procedure, respectively.
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5. Conclusions

In this work, we revisit the classical Kubo approach [1, 2] (referred as K62-63 in
this paper) that introduces moment-operators and cumulant-operators. Kubo’s idea of
extending to non-commuting quantities and the concept of cumulants has been used
by many researchers in the last fifty years as a tool for some systematic expansion
of, for example, the Liouville equation of both classical systems [20-22, 54] and spin
systems (e.g. [10, 11]), or to separate the non-extensive parts of the reduced density
matrix for many-body boson or fermion systems (e.g. [12-19, 46]). However, apart
from the general idea, usually the results of these old works of Kubo have not been so
exploited. A more case-dependent and analytical approach has been instead adopted.
This is because, as it was pointed out, for example, by Fox [6, 7], in K62-63 there are
some theoretical gaps/flaws and, unfortunately, at least questionable results, that have
never been fully cured so far.

In order to extend the concept of cumulants to non-commuting quantities, a way
to generalize the definition of exponential of operators must be introduced, so as to
recover the factorization property of the exponential of a sum. Here we give indications
on how to do that.

The generalized moment generating function is usually identified by the ‘facts’ of
the specific problem (e.g. from physics) we are interested in. For example, in the case of
fermions a natural M map is the physical constraints that the creation operators stay
at the left of the annihilation ones and that the average is made with a totally antisym-
metric function. Because in this case we are interested in the reduced density matrices
(RDM see 4.4.1), this M map naturally leads to equation (67) as the RDM-generating
function.

Once the generalized moments have been defined, the generalized exponential func-
tion that defines the cumulant generating function can be chosen in different ways,
depending on the specific expansion we are interested in. The fundamental requirement
is that any cumulant that mixes independent ‘processes’ should be zero. A property
which, for non-commuting cumulants, is closely linked to the factorization property of
the exponentials of the sums. In this work we faced the problem of how to introduce the
generalized exponential for cumulant operators, in such a way to automatically meet
this strong requirement. With lemmas 2 and 3 we provide a solution to this problem,
suitable for a wide class of practical cases.

Moreover, we also clarify that, in spite of what stated in K62-63, a general Meeron
formula that gives generalized cumulants in terms of generalized moments cannot be
given, but the reverse is easily obtained (see lemma 4 and equations (62)—(63)). It is
noticeable that its formal expression does not depend on the specific definition of gen-
eralized moments, but only on the chosen definition of generalized cumulants (the M,
map).

Applications of the results of the present paper to different problems in physics are
briefly illustrated, emphasizing how it is possible to recover, in an unique theoretical
framework, many different results that have been obtained by using case-dependent
analytical approaches.

Other applications to new problems are under work.
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Appendix A. A precise definition of ‘time ordering’

Let us consider the M-projection map corresponding to the chronological ordering of
operators, from right (smaller times) to left (larger times). Thus, using the notation
{...}, to indicate time ordering of the argument *...", for any two time dependent opera-
tors A(t) and B(t) we have
A(tl) X B(tg) for t; >ty
{A(tl) Q B(tg)}o — B(t1)®A(t1)42rA(t1)®B(t1) for ty =t (A.1)
B(tg) (029 .A(tl) for to > t1.

Now, we assume that ¢; > t5 and let us consider the sums Sy(t1, ) := A(t1) + A(ta)
and Sg(t1,t2) := B(t1) + B(t2). One would be naturally tempted to write:
{Sa(ti,t2) ® Su(t1,t2)}o = At1) ® B(t1) + A(t1) @ B(ta) + B(t1) @ A(tz) + A(t2) ® B(ti
(A.2)
The above definition of time order looks clear, but it present some pitfalls, in fact it
invalidates the distributive property of the usual algebra associated to operators of
interest (like differential operators). This is clearly seen with the following two exam-
ples. In the first one we have A(t) = B(t) = tC + D, in which the operators € and D
does not depend on time. From the lhs of equation (A.2) we have

{((t1€C+ D) + (12.€ + D)) ® ((t1€ + D) + (1€ + D)) },
= {((t1 + t2)€ +2D)) ((t1 + t2)€ + 2D)) } , (A.3)
= (t; +12)?C2 +4D* + 2(t; + 1) (CR® D+ D ® C)

while from the rhs of equation (A.2) we have
(t1 +12)°C* +4D* + (11 + t2)(C@ D+ D ® C) + 241 (€ ® D + 2t,D ® C)(A.4)

Equation (A.3) differs from (A.4) by the term (t; + t2)(D ® € — € ® D). In words, the
difference is due to the fact that if we first make the sum 8§ of the operators evaluated
at different times (A(t1) + A(t2) + ..), as in equation (A.3), we lose the detailed infor-
mation of the value of the operators at the partial times ¢1, to, ..., thus the M-projection
map is not involved.

The second example is an explicit case of the first one, where C = ty0d, and D = 0,
namely A(t) = tyd, + 0,. Moreover, we assume also that the sum Sy is extended to an
infinite series of times: tg = 0,t; = t/N,ty = 2t/N,..,ty = Nt/N =t, N — oo. Therefore
we have

2

t t
Sa(0,t) := / A(u)du = / (uy0y + 0,) du = %y&p +1t0,.
0 0

In the time-ordered product {Sx(t)Sa(t)},, if we first solve the integral, then we have
just the square of an operator evaluated at the final time ¢ and the M-projection map
is not effective:
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{54(0,t) ® Sa(0,)}, = {/Otfl(u)du ® /Ot/l(u)du}

0]

t2 ? t4 292 t3 2 02
= (590 +10,) = 79202+ S (40,0, + 0,y0.) + £ ;.

But if the integrals are made after the time ordering, we get: (A-5)
t t
{&@ﬂ@&&ﬂbz{/ﬂ@@@/ﬂwm&
0 0 o
t t
= / duy / dug {(u1 Y0, + 0y) (u2 Y0, + 0y},
0 0 (A.6)

t ul
= 2/ duy / duy (w1 YOy + 0y) (ug Y0, + 0y)
0 0

4 3
— tzyzﬁi - %(Qyﬁxﬁy + 0yy0y) + t* 85,

that is different from equation (A.5). The t-ordered exponential is affected by this prob-
lem because is a series of terms like {S4(0,%)"},. On the other hand, if in the above
example we state that the action of the time ordering map {...}o is defined only on
the special basis generated by the tensor products of A(u), u € [0,t], then, when it is
applied to the vector Sx(0,t), this last must be first decomposed in the special basis:

Sa(0,t) := fot A(u)du. In this way we avoid any apparent paradox. This is the reason
for which we have introduced the point (ii) in the definition B of the M-projection map.

Remark A.15. It is trivial but important to notice that in the case where the times
of integration (or the sums) are not overlapping, for example {Sx(t1,)S4(0,%1)}, with
0 < t; < t, we recover the distributive property of the tensor multiplication combined
with the M-projection map. This is because in this case the non-overlapping time inter-
vals define a partition of M-unconnetced sets on 9 (see definition F).

Appendix B. A demonstration of the Meeron formula

Proof of proposition 2. The demonstration is straightforward and well known for
commuting stochastic processes, for which the M-projection is just the identity map-
ping. Here is the sketch: exploiting the multinomial theorem, equation (55) becomes

o0 [ee] o0 1 .
2Mn=3, ) hhﬁm} (B.1)

m=0 Comp.of m \r=1

where the sum of compositions of m means sum over any infinite set of non-negative
integers sy, s2,.. with the constraint ) _, s, = m. Because m can assume any value,
we can rearrange the rhs of equation (B.1) as a sum over partitions of n defined by
> TS, =n, as in the statement of the theorem:
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o0 [e.9] n 1 .
Yooy 3 T} 2

n=0 Part.ofn \(r=1

In the rhs of the above equation, for any fixed n we have sums of terms of order
> on_ rs, =n, thus, by equating terms of the same order of both sides of equation (B.2)
the demonstration ends. ]

Appendix C. How to switch the time integrations

Here we demonstrate that the parameter u’ of the lhs of equation (89) can be associated
with anyone of the n — 1 parameters us, ..., u, of the rhs of the same equation.

Getting rid of the first integral in both the sides of equation (89), one could be
tempted to define v’ = u,, from which

Gn(u,u') = /Ou du'... /Oun_1 dug, (Q(uw)Q(u)Q(u3)...Q(un))e (C.1)

With this choice the time ordering associated with the generalized exponential defined
by the series (83), with the identification written in equation (84), would involve the first
time u = u; and to the second time u’ = uy of the density cumulants (€ (u1)Q(u2)..Q(uy,)) e
However, before we get rid of the first integral, in the rhs of equation (89) we can
change the order of integration between any couple integrals, let us say that involving
U; and Uj—1-

Ui—2 Uj—1 Ui—2 Ui—2
0 0 0 U;

and, subsequently repeating this integral switch, we get (we have already set u; = u)

U u u u2 Ui—2 Us
/ W Gp(u,u') :/ dui/ du2/ dU3.../ duil/ dugyg...
o 0 Uj Uj Uj 0
2

Un— Un—1 (C.3)
../O dun_l/o dug, (Q(uw)Q(u2)Q(ug)...2w;) ... (un) e

Now, getting rid the first integral in both sides of this equation, we are lead to set
u' = u;, from which

’

u u Uj—2 u
G (u,u') :/ du2/ du3.../ du,;_l/ dujgq...
u’ u’ u’ 0
n—2 1

" ) (C.4)
../0 dunl/o dug, (Q(u)Q(ug)Qug)...2u)...Quy) e,
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