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Abstract. We estimate the k-error linear complexity of some interleaved sequences with period
4N over the finite field of order N (N an odd prime). Furthermore, we obtain the exact value of
the k-error linear complexity for small value of k of the interleaved sequences obtained from the
cyclotomic sequences. In particular, we study the interleaved sequences obtained from Legendre
sequences and Hall’s sextic residue sequences, respectively. Our results show that these
sequences are quite stable.

1. Introduction

1.1. Motivications and Objects
Let M and N be positive integers. An NM-periodic sequence u, written as u = (ug, ..., Uypy—1), can be

read row by row from the following N X M matrix

Up Uq o Um-1
Uy Upr+1 vt Uzy—1
Un-1)m  UnN-1M+1 7 Unm-1

Sometimes u is also called an interleaved sequence [1]. If we write the i-th column of the matrix
above as a® = (u;, Ujypg, o) Uiy (n—1)m) for 0 < i < M, which forms an N-periodic sequence, then the
following notation is used to denote u: u = 7(a®,a™, ...,a™=1), where 7 is called the interleaved
operator.

In particular in the past several years, for an odd prime N and an N-periodic binary sequence v =
(v, V1, --» Vy—1) over the finite field F, = {0,1}, a special family of interleaved binary sequences of
the form

u = 7(v, L"), LN*D/2 (), VD2 (1) © 1),0 < m < N, (1
was investigated in the literature, see [2-4] for details, where @ is the addition in F, and L denotes the
left cyclic shift operator of a sequence, i.e., L™(a) = (am, Ams1, ) Am—1) for a = (ag, aq, ..., ay_1).

In [2], Tang and Gong proved that the sequence of form u has optimal autocorrelation value {0, —4}
if v is a sequence of period N = 3(mod 4) with optimal autocorrelation value {N, —1}. It is well known
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that binary Legendre sequences and Hall's sextic residue sequences have optimal autocorrelation value.
The linear complexity over [F, of u has been investigated in [5,6]. In this work, we turn to consider the
k-error linear complexity of u.

We will view the binary u as a sequence over [y and consider its k-error linear complexity over F.
In Section 2 we prove some general results. In Section 3, we give some results when v is a cyclotomic
sequence, in particular if v is Legendre sequence or Hall sequence.

1.2. Notion of k-error linear complexity
We conclude this section by introducing the notions of the linear complexity and the k-error linear
complexity of periodic sequences.

Let [ be a field. For a T-periodic sequence s = (Sg, Sy, ..., St—1) over [F, we recall that the /inear
complexity over F, denoted by LCF(s), is the least order £ of a linear recurrence relation over F

Sutr = Cr_1Syss—1 + -+ C1Syp1 + ¢Sy for u=0,
which is satisfied by s and where ¢y # 0,¢q,...,c,—1 EF. Let Gg(X) = 5o + 5:X + 5,X% + -+
sr—1XT~1 € F[X], which is called the generating polynomial of s. Then the linear complexity over [F of
s is computed by
LCF(s) =T — deg(ged(XT — 1, G4(X))), 2)
see, e.g. [7] for details. For integers k > 0, the k-error linear complexity over FF of s, denoted by LC (s),
is the smallest linear complexity (over [F) that can be obtained by changing at most k terms of the
sequence per period, see [8-10], and see [11] for the related even earlier defined sphere complexity.
Clearly LCE (s) = LCF(s) and
T2 LC(s) 2 LCT(8) =+ 2 LCi(s) =0

when n equals the number of nonzero terms of s per period, i.e., the Hamming weight of s denoted by
wt(s). Define the Hamming weight of polynomial G4(X), denoted by wt(G4(X)), as the number of its
nonzero coefficients. It can be easily seen that wt(Gs(X)) = wt(s).

Linear complexity and k-error linear complexity are important cryptographic characteristics of
sequences and provide information on the predictability and thus unsuitability for cryptography. For a
sequence to be cryptographically strong, its linear complexity should be large, but not significantly

reduced by changing a few terms. And according to the Berlekamp-Massey algorithm [12, 13], the linear
complexity should be at least a half of the period.

2. Bounds on error linear complexity
We always suppose that v is a binary sequence of least period N, i.e., v is not (0,0, ...,0) or (1,1, ...,1).
Our main results are the lower and upper bounds for LC ,]f N(w) presented in the following two theorems.
Theorem 1. Let N > 3 be an odd prime and v an N-periodic binary sequence. Let u be the interleaved
binary sequence defined in (1). If we view u as a sequence over [, we have for any integer k > 0
LCiN (W) = 4LCEN (v).
In particular, LCFN (u) = LC(I)FN (w) = 4N.
Theorem 2. Let N > 3 be an odd prime and v an N-periodic binary sequence. Let u be the interleaved
binary sequence defined in (1). If we view u as a sequence over [y, we have for any integer k > 0

FN g,y < . Fy Fn
LC, (W) < 2k1Tzllrclzsk2(maX(LCk1 »),) + max(LCk2 (y),l)).

We divide the proofs of Theorems 1 and 2 into following several lemmas.
Lemma 3. Let a be an N-periodic sequence over Fy and G4(X) € Fy[X] be the generating
polynomial of a. Then the generating polynomial of b = L™(a) is
Gp(X) = XN"™G,(X)(mod XN — 1).
Proof. 1t comes from [14]. - -
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Lemma 4. Let a be an N-periodic binary sequence over F,. Write b =a @ 1, i.e, b is the
complement sequence of a over F,. If we view a and b as sequences over Fy, then the generating
polynomial (over Fy) of b is

Gp(X) = (X — 1N 1 —G,(X) € Fy[X](mod XN — 1),
where G, (X) € Fy[X] is the generating polynomial of a over Fy.

Proof. Indeed, the generating polynomial of b (as a sequence over Fy) is
N

Gp(X) = Y1 Go(X) € Fy[X](mod X"V — 1).
Then the fact that XN — 1 = (X — 1)¥ over Fy helps us to reduce the fraction above.

Lemma 5. Let a be an N-periodic sequence over [Fy with the k-error linear complexity LC ,f N(a) for
k = 0. Then there always exists an N-periodic sequence e over Fy with wt(e) < k such that

—LcEN
(X = DV D)6 () - Go(X)).
Proof. By (2) we can get the desired result.
F
In fact, (X — D)NLC" @+1 (Ga(X) — G(X)). So we refer such e as to a reference error-

sequence with respect to the value LC ,f N(a).

Let 8 be a primitive 4-th root of unity in [Fy, which is the spilt field of Fy. We have
X —1=X’-DX*+1) =X -DX+ DX - )X — B3 € Fy[X].
We remark that 8 € Fy if N = 1(mod 4), and 8 € Fy\Fy if N = 3(mod 4).
Let e be an error-sequences with respect to the value LC ,f V(w). For Gy (X) and G¢(X) over Fy, the
generating polynomials of u and e, respectively, then there must exist n; € N,i = 0,1,2,3 such that
Gy (X) = Go(X) = 0(mod (X — 1) (X — B)™ (X + 1) (X — p%)™3) 3)
and - B
ng+n, +n, +ns =4N—LC£N(E). 4

Lemma 6. Let N > 3 be an odd prime and v an N-periodic binary sequence. Let u be the interleaved
binary sequence defined in (1). Let e be an error-sequences with respect to the value LC ,](F N(w) over Fy
of period 4N. Then we have

max{ny,ny,ny,n3} < N — LC,f”(g)
when e takes over all possible sequences with at most k = 0 many non-zero entries in one period and
LGN (v) > 1.

Proof. Write b = L™(v), ¢ = LV*V/2(p) and d = L™*NV*D/2() @ 1. From the structure of u
(over Fy), we have G, (X) = G,(X*) + XGp(X*) + X?G(X*) + X3G(X™).

Let K = 4N — 4m + 1. Then after simple calculations we get

G,(X) = ((X2+ DN — XK (X% — DOMG, (XY + X3(X* — DV (mod X*N — 1) (5)
by Lemmas 3 and 4. From above we see that B
G, (X) = 2G,(X*)(mod (X2 — DV Y and G,(X) = 2X%G,(X*)(mod (X2 + DN ).

So accor_ding to the known conditions, we have - -
2G,(X*) = Go(X)(mod (X — 1)™inroN=13),
2G,(X*) — Go(X)(mod (X + 1)min(nzN=1}),
2XK Gy (X*) = Go(X)(mod (X — g)mn{neN=1),
2X%G,(X*) — G,(X)(mod (X — p3)min{naN=1}),

Let € N satisfy 2¢ = 1(mod N). Replacing X by X" in the first comparison above, we get
2G,(X2") = G,(x**) = 0(mod (x> — 1)min(noN-1}),

0= Gy (X) — Go(X) =
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Due to the fact GE(XZ{I) = G, (X)(mod XV — 1), we derive
Gy(X) — 271G, (X?" ") = 0(mod (X — 1)mintroN-1)y,

which means that
24’—2

(X — DMV ged (G, (X) — 277G (X* ), (X = DY),
from which we derive
LCN (v) < N — min(ng, N — 1)
by (2). Since LC,T”(E) > 1, we derive ng < N — LC,LFN(E).
Now, replacing X by —X in the second comparison above, we get
2G,(X*) — G,(—X) = 0(mod(X — 1)™in{n2N-1},
So, as ear_lier, we obtain that
(X _ 1)min{nz.N—1} | ng(Gz(X) _ 2_1G£(—X2€_2), X — 1)N)’
and
LCN(v) < N — min(ny, N — 1)
orn, <N — LGN (v).
Now we consider the cases of n; and ns.
(1). Suppose N = 1(mod4); then § € [Fy and replacing X by X in the third equation above, we have
2BX%G,(X*) — G,(BX) = 0(mod (BX — p)min{naN-1}
or
G,(X*H) — 2B) X ™16, (BX) = 0(mod (X — 1)™min{nuN=1})
It means that B
(X — VMRt N ged (G, (X) — (2B) X 1G(BX ), (X — DY),
and - B
LCM(v) < N —min(ny, N — 1)
by (2) orny <N — LM (v).
Inequality n; < N — LC ,]CF N (v) may be proved similarly.
(i1). Suppose N = 3(mod4); then § € Fy, ny = n3 and
2XKG,(X*) — G,(X) = 0(mod (X? + 1)min{nuN=1}h
Write - B
Ge(X) = Gep(X?) + XG,p (X?). (6)
Then we have
2XXGy(X*) = Geo(X*) — XGo 1 (X?) = 0(mod (X2 + 1)min{naN=1}),
Replacing X by —X in the eq@ion above, we obtain
—2XKG,(X*) — Geo(X?) + XG, 1 (X?) = 0(mod (X? + 1)min{nN=1})
From the last two congruences;bove, we get_
2XK71G,(X*) — G 1 (X?) = 0(mod (X2 + 1)minnuN-1}y

or
2XK716,(X*) — Gp1(—X?) = 0(mod (X2 — 1)min{naN-1}
So, as before, we obtain that
(X _ 1)min{n1.N—1}|ng(GE(X) — 2—1X4-m6£(_X2‘?_2)’ (X _ 1)N)’
and

LCiN(v) < N — min(ng, N — 1) = N — min(ng, N — 1)
by (2) orny = ng < N — LGN (v).
We note that we carry the operations in the field of characteristic N.
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Now we turn to prove Theorems 1 and 2.

Proof. (proof of Theorem 1.) For LC ,LF N(v) = 0 the statement of this theorem is obvious. Otherwise,
we consider two cases.

(i). First, we suppose that LC ,LF N(v) > 1. Then by Lemma 6 we obtain
Mo + 1y +ny +ng < 4N — 4LC, N (v).

S0, by (4) 4N — LCiN (w) < 4N — 4LC,N (v) or LGV (w) = 4LCp N (v).

(i1). Now, we suppose that LC,](FN (v) =1, so k < N. We prove the case by contradiction. Let
LC,ISN(I_,L) < 4. Then by (4) there existi:n; = N,0 < i < 3.

First, let ny = N. Then, by (5), we obtain that

ZGZ(X“') — Ge(X) + X3(X* — DNt = 0(mod (X — D).

Denote by G,(X*), G¢(X) the remainders of dividing the polynomials G, (X b, Ge(X) by X N_1,
respectively. Since X3(X* — 1)VN71 = X3 4 X3+ 4 ... + X3+*(N-D and {(3 + 4n)(modN):n =
0,.,N—1}={0,1..,N — 1}, then we have  G,(X) = 2G,(X*) + XNl X +1.

By condition v is the binary sequence with the period N, hence G, (X 4) = YNt fixt where f; €
{0,1}. So, we see that G.(X) = Nl (1 +2f)xt and 1+2f; #0 in Fy for N > 3. Hence,
wt(Ge(X)) = N and wt(e) = k = N. We get a contradiction. Cases when n; = N,i = 1,2,3 can be
considered similarly.

By Theorem 1, if v is a "'good" sequence so is u. Now we give an upper bound for the k-error linear
complexity of u.

Proof. (proof of Theorem 2) To prove this theorem, we will construct the sequence f for u in a

special way. Let kq, ko: 2k, + 2k, < k. Applying Lemma 5, we get that there must exist reference error-
sequences e; and e, such that

Gy(X) — G, (X) = 0(mod (X — 1) )i=0,1
where wt(e;) < k;. Hence, there exist polynomials E;(X) € Fy[X],i = 1,2 such that

—LcEN
Gy(X*) = Gy (XM = (X* = D" % PR xM,i = 0,1,
We will take f:G¢(X) = X%+ 1)NG£1(X4) + X%(1 —XZ)NGEZ(X‘*), where K = 4N —4m + 1.
Then wt (]_C) < 2ky + 2k, < k. By (5) we see that G, (X) — GZ(X) =
X2+ 1)V (GZ(X“') ~ Gy, (x4)) — X¥(x2 =)V (GZ(X‘*) — Gg, (X*)) (mod (X* — D)

N-LCN )
Ve

or

F
N-LC,

G (X) — Gr(X) = (X2 + DV (X* — 1) Y @p (xh) +

Fy
)N—LCk2

XK(1 - XV (x* -1 ®) g, (x%)(mod (x* — 1)¥-1).

So, we obtain
Gu(X) = Gr(X) =0 (mod (X2 + 1)V @D (g2 pyN-maxacy @'”).
Hence, there exists_an error-sequences e such that
ng +ny +ny, +nz > Z(ZN - max(LC,]sz(y),l) - max(LC,](Ff’(g),l).
This completes the proof of Theorem 2.

Thus, by Theorems 1 and 2, if v is a “good” sequence so is u and vice versa.
Remark 7. Let N =3 and v = 0,0,1 then u = 0,0,1,0,0,0,0,1,1,1,0,1 for m = 0. Let k; =k, =

1,k = 4. Then we have LC{¥(v) = 0 and LCIN(w) =3 > 0 = 2k1Tz‘;?25k2(LCk1 @) +LCN@))-
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3. Some applications
In this section we determine the exact values for the k-error linear complexity of u in (1) when v is a
cyclotomic sequence of period N > 3.
Let N be an odd prime. If d > 1 is a divisor of N — 1 and g is a fixed element of Fy, then the
cyclotomic classes of order d give a partition of Fy = Fy\{0} defined by
Dy ={g™0<n<(N-1)/d—1}and D; = g/Dy,1<j<d -1
For fixed cy, ¢y, ...,cq-1 € Fy a cyclotomic sequence of order d is the N-periodic sequence v =
(vg, V1, ..., Vy_q1) defined by
0,if pli,
Vi = {cj,ifi(mod N)ED;,i=012, ..
We consider two examples.
Letd = 2, N = 3(mod4). The Legendre sequence [ = {l;} of period N is defined by
I = {1,ifi(modN) € D,
t 7 |0, otherwise.
Letd =6, N =A%+ 27,A = 1(mod3) and let D = D, U D; U D5 be a Hall's difference set [15]
(3 € Dy). Denote by h a Hall's sextic residue sequence, i.e.
1,if i(lmodN) € D,
L {O, otherwise.
Earlier, the linear complexity and the k-error linear complexity over Fy of the Legendre sequences
and series of other cyclotomic sequences were investigated in [16, 17].
Lemma 8. [17] Let v be a cyclotomic sequence of order d of least period N. If LCFN(v) = N, then

there exist t:1 <t < d such that LC,f”(y) =N-—-t(N—-1)/d for 1 <k <t(N —1)/d. Moreover,
t = 1 for Legendre sequences and Hall's sextic residue sequences.

In the following we always suppose (N — 1)/d is large, or at least (N — 1)/d > 3.

Theorem 9. Let v be a cyclotomic sequence of order d of least period N and u the interleaved binary
sequence defined in (1). Let t be determined in Lemma 8.

(i). For 4 < k < t(N — 1)/d, we have LC, ™ () = 4LC," (v).

(ii). For k = t(N — 1)/d, we have

2LCN (v) + 2max(LCy N, (v),1),if m # (N + 1) /4,
LC, N (v) + 3max(LCY, (v),1),if m = (N + 1)/4.

Proof. (i). 1t follows from Theorem 1 that 4LC ,ICF Nwv) <LC ,]fN (w). Then by Theorem 2 we get that
LCN (W) < 4LC, M (v). On the other hand, using LCyN (v) = LC, ™ (v) for 4 < k < t(N —1)/d by
[17], we prove the desired result.

(i1). By Lemma 5 there exist e;, i = 1,2, with wt(e;) = 1 and wt(e,) < k — 4, such that

Gy(X) = G, () = (X = DVH"WH, () and 6, (X) = G, () = (X = DM LA8 D, ),
where ged(H; (x),x — 1) = 1. B

Let Ge(X) = (1 + X))V (1 = X*)G,, (X*) + 2X¥G,,(X*). Then wt(f) < k. By (5) we obtain

G -G (X) = (X +DVA-X9) (GE(X“) - Ge_l(X“))

LGN (W) <

+ 2XK (Gy(X*) = Gy (X)) + X3(x* — DV
= 24DV - XXt DV LAY @E, (x4 £ 2XM (x4 — VLG @ B, (X

+ X3(X* - DV (mod (X* - D)
Since

Gy (X) — Gp(X) = 0(mod (X2 + 1minW-LE N, @N-1) (x2 _ )N-16;V @)
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ifm=#= (N +1)/4, and
. F F
G, (X) = Gr(X) = 0(mod((X2 + 1)(X — 1)™N-LELON-D(x 4 1)N-16," )

if m = (N + 1)/4, so we have LC," (w) < 2LC,; ™ (v) + 2max(LC; ", (v),1), if m # (N + 1)/4, and
LCN (w) < LCY (v) + 3max(LCN, (v),1) if m = (N + 1) /4.

However, for 1 < k < 3, we have following two theorems.

Theorem 10. Let v be a cyclotomic sequence of order d of least period N and u the interleaved binary
sequence defined in (1). If m # (N + 1)/4, we have
2N +2LC N (v) — 1,ifk = 1,2,
2N +2LC N (v) — 2,if k = 3.

Theorem 11. Let v be a cyclotomic sequence of order d of least period N and u the interleaved binary
sequence defined in (1). f m = (N + 1)/4. we have for 1 < k < 3

LGN (W) = N + 3LCN (v).
To prove Thereoms 10 and 11, we need following discussion.

By formula (2.2) in [17], there exists F(X) € Fy[X], F(1) # 0 such that
Gy(X) = G, (1) + (X — 1) WN-D/AF(X).

LCN (W) =

So, by (5), we get
Gy (X) = G,(((X* + DV = XX (X* = 1)V)(mod (X* — 1)*N=D/4), (7
Also, there exists T()?) € Fy[X],T(1) # 0 such that
Gu(X) = G,(D((X? + DN — XK (X2 — D)V + (X* — 1)!N=D/AT(X*)(mod (X* — 1)t (N-1/d+1)

Lemma 12. If aiis a root of the polynomial Q (X) with the multiplicity n < N, then wt(Q(X)) > n +
1.

Proof. Let Q(X) = ¥; a;X*i. Without loss of generality, we can assume that @ = 1. Denote
¥ a; XkimodN) by 9 (X). Then Q(x) = Q(X)(mod(X — 1)V) and wt(Q(X)) = wt(Q(X)).

Now we show that wt(Q(X)) = n + 1 by contradiction. Let Q(X) = Z{=0 b; X' withb; #0, f <
nand 0 <I; <N — 1. Let QU)(X) be a formal derivative of order j of the polynomial Q(X) and
QO X) = Q(X). Since Q1) =0for0<j<f—1and XH)D|y_; =1(l-1D(A-2)..(d—j+
1) forall 1 < j < L, then we have Y/ b;l/ = 0,forallj = 0,1,..., f — 1.

Thus we obtain the linear system of f-equations over the field Fy, and the Vandermonde determinate
|l{|£j_=10 # 0. Hence, b; = 0 for all 0 < i < f — 1. This contradicts the fact that Q(X) # 0(mod(X —
nHM.

) ’lghe following lemma is useful for us to investigate G, (X) in (6) in the proof of Lemma 6.

Lemma 13. Let G, (X) and G, (X) satisfy (3). Let mo_ = min{ny, n,} and my; = min{n,,n3}. Then
we have - B

(D wt(Gep) =my + 1if G, o(X?) Z 0(mod (X% + 1)V);

(2) Wt(Ge1) = mg + 1if G, 1 (X2) 2 0(mod (X2 — 1)V);

(3) WE(Goyp) = Mg if 2G,(1) — Gop(X2) % O(mod (X2 — 1)V);

(4) WE(Gey) = my if 2G,(DXK™T = G 1 (X2) 2 0(mod (X2 + 1)V)
where Go(X) = G o(X2) + XGo 1 (X?) with wt(Go (X)) < t(N — 1)/d,i = 0,1.

Proof. Using G;(X ), Gy (—Xﬁs in the proof ofzemma 6, then by (5) we get that

GE(X‘*)(X2 + DN = G o(X*) = 0(mod (X% — 1)™o (X% + 1)™)
XKGE(X‘*)(l — XN —XGo 1 (X*) — X3(X* — DV = 0(mod (X2 — 1)™o(X? + 1)™).
From this and (7) we can establish that
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Gop(X?) = 0(mod (X? + 1)™)

26,(1) — G o(X?) = 0(mod (X2 — 1)MIn((N-1/dmo)y

Go1 (X?) = 0(mod (X2 — 1)Min(ToN-1)

26_2(1))(’“1 — Ge1(X?) = 0(mod (X2 + 1)Min(tWW=1/dma)y

Then the assertions of this lemma follow immediately from (8) and Lemma 12.
Lemma 14. Let G, (X) and G, (X) satisfy (3). Then we have

*ny =Ny if Go 1 (X?) = 0;
ey = g if Go o (X2) = 0.
Proof. By (7), we have G, (1) =Gy (—1) and G, (B) = —G,(—p). Thus we can get the desired result.
Proof. (proof of Theorem 10) (i). Suppose that k = 1,2. Since (X2 — 1)¥ +2 = (X2 + 1)V in
Fy[X], then by (7) we have
G.(X) = G,(D(X? + DV — X¥) + 2XF) (mod(X* — 1)t N-V/d),
where K = 4N — 4m +1, that 18,
Gy (X) — 2X%G,(1) = G,(1)(X? + DV (1 — X)(mod(X* — 1)*N-D/a),
So, (X% + 1)'WN-D/A(x — 1)|(G,(X) — 2X¥G,(1)). Hence, by (4) and Lemma 8, we have
LCiN (W) < 2N + 2LC N (v) — 1.
Now we show that LC,LFN (w) = 2N + 2LC,](FN (v) — 1. Conversely, suppose that LC,]fN(g) < 2N +
2LC,]fN (v) — 1. Then there exists G, (X) with wt(G,(X)) < 2 such that (3) holds and ny + ny +n, +

ng = 2N — 2LC, N (v) + 2, that is

(®)

ng + 1y +ny +ng + 2LC N (v) = 2N + 2. 9)
It follows from Lemma 6 that my +my = 2. So we obtain G, o(X?) = 0(mod(X?* + 1)V) or
Ge,(X?) = 0(mod(X2 — 1)) by Lemma 13(1). o
~ We consider four cases.
(1.1). Let Gg o(X?) = 0. Lemmas 13(3) and 14 lead to that my = 0 and m; = n; = n3. By Lemma

8, we haven; + nyg = N — LC,](FN (v) + 2 > k + 2. It follows from Lemma 13(4) that
Ge1(X?) = 2G,(DX* T+ AXH(X? + DY,
where A(X2) = aXX~1 or A(X?) = aX¥~172V with q € Fy and degA(X?) < 2N. So, by (8) we have
Gy(X) — Ge(X) = Gz(l)(X2 + DN - XX - XA(X?) +
(X4~ _ 1)t(N—1)/dT(X4)(mod(X4- _ 1)t(N—1)/d+1).
Here, ny = n3 =t(N —1)/d, max(ngy,n,) =1 for K # 0(modN), i.e., m # (N + 1)/4. Then
we haveng +nqy +ny, +nz + 2LC,I€FN (v) = 2N + 1 by Lemma 8. This is in contradiction with (10).
(1.2). Let Gg(X?) = 0(mod(X? + 1)V) and G, o(X?) # 0. Then we have G, 1(X?) = 0. Thus by
Lemmas 13(4):nd 14, we have m; = 0 and m, =1 ng = n,. Lemma 13(3) leads to that Geo(X?) =
2G,(1) + b(X? — 1)" with b € Fy. So we obtain that B
Gu(X) = Gep(X*) = G,(DX* = DVA = X*) = b(X* — DN +
(X4 — 1)t(N_—1)/dT(X4)(mod(X4 _ 1)t(N—1)/d+1)
by (8). Thus, ng =n, = t(N —1)/d, max(ny,n3) <1 for K # 0(modN). Similar to the proof of
(1.1), we have a contradiction.
(1.3). Let G 1 (X*) = 0. Similar to the proof of (1.2), we get a contradiction.
(1.4). Let Ee,l X?) =C(X?)(X? - 1)N, where C(X) #0 and C(X) € Fy[X]. Then we have
Geo(X?) = 0. Similar to the proof of (1.1), we get a contradiction.
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(i1). Let k = 3. Consider
Gf(X) = ZGZ(]_)(X(N+K)/2+2N + X(N+K)/2 _ XK+2N)
= 2G,(D)XK + (XWVH/2 — xKy (X2 + 1)V)(mod(X* — 1)V),
then we have B
Gy (X) — Gr(X) = G,(D(X? + DV (1 + XK — 2x N+HO/2) (mod (x* — 1)t N-D/4),
Hence (X? + 1)tW -1)/d (X — 1)?|(Gy(X) = G¢(X)). Thus, there exists an error sequence e such that
LCN (w) < 2N + 2LC, " (v) — 2 by Lemma 8 and (4).

The assertion that LC ,f” (w) = 2N + 2LC ,f N(v) — 2 can be proved similarly to that of (i) of this
Lemma, so we only give a sketched proof.

IfLC,]fN(g) < 2N + 2LC,LFN(E) — 2, then we obtain that

g + 1y +ny + 13 = 2N — 2LCN (v) + 3, (10)
and my + my = 3 by Lemma 8, and G, o(X?) = 0(mod(X? + 1)V) or
Ge1(X2) = 0(mod (X2 — 1)V) by Lemma 13.
TAgain, we consider four cases.

(2.1). Let G o(X?*) = 0. Then by Lemmas 13(3) and 14 we get my = 0 and m; = n; = ns. Lemma
8 leads to that ny +n3 > N — LC,iFN(g) +3>k+3 and Lemma 13(4) leads to that G.,(X?) =
G, (DX*~1(mod(X? + 1)N). Therefore, we obtain B

Ge1(X?) = 2G,(D)(XX 1 + (aX' - XK"H(X2 + 1V)
or B )
Geq(X?) = 2G,(D)(XX7! + (ax' — XK7172My(x2 + V)
where a € Fy, 0 <1 < 2N. So we have by (8) that
Gy(X) = XGo1(X?) = G,(D(X? + DV (1 + XX - 2aX") +
(X* - 1)t(N—_1)/dT(X4)(mod (X* — 1)tW-D/d+1y
or
Gy(X) = XGo1(X?) = G,(D(X? + DV(1 — XK — 2aX' + 2XK-2N) ¢
(X* — 1)t(N—_1)/dT(X4)(mod (X% — 1)t0-1/d+1y,

So, ny =n3 =t(N —1)/d, max(ng,n,) =2 for K Z 0(mod N) for both case, which is in
contradiction with (10).

(2.2). Let G o(X*) = 0(mod (X2 4+ 1)V) and G, o(X?) # 0. Then wt (G, (X?)) < 1.

Ifwt(G, 1(X2))) = 1, then G, o(X?) = aX'(X? + 1),a € Fy,0 < [ < 2N. By Lemma 13 (2) and
(4), mg = 0 and G, 1 (X2) = 2G,(DX¥ " or G, 1 (X2) = 2G,(1)X¥~1=2V_ Thus

G, (X) — G,(X) = G,(1)(X2 + DN (1 — X¥) — 2aX' (X2 + DN +
()}4 _ 1)t(&—1)/dT()_(4)(mod (X% — 1)t0V-D/d+1y
or
Gy (X) — Ge(X) = G,(D(X* + DV (A — XF) = 2ax' (X2 + DN
_ZGE(l)XK—ZN(XZN — 1) + (X* = DOV-D/AT(x4)(mod (X* — 1)tNV-D/d+1y

So, ng +ny + 2n, < 2N — 2LCE (v) + 2 for K % 0(mod N).

Now, let Ge’l(Xz) = 0. By Lemmas 13(4) and 10, m; = 0 and my = ny = n, = 3. By Lemma 13
3), Ge,O(XZ):ZGE(l) + C(X?)(X%2 — 1)N for some C(X) € Fy[X]. Therefore, since Ge_o(XZ) =
0(mod(X2 + V) we get 2G,(1) — 2C(X?) = 0(mod(X? + D)V). So, G.(X) = 2G,(1)(X? —
DN (mod (X* — 1)V). We obtain a contradiction since wt(Geo(X?)) = 3. ) B



MMPAM’2019 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1352 (2019) 012012  doi:10.1088/1742-6596/1352/1/012012

(2.3). Let G 1 (X 2) = 0. Similarly to that of (2.2), we can get a contradiction.

(2.4). Let G, 1(X?) = C(X?)(X2 — 1)V, where C(X) # 0 and C(X) € Fy[X]. Since wt(Go (X)) <
3, then Wt(Ge,OB(Z)) <1

If wt (G o (X2)) = 1, then G, 1 (X?) = cX" (X% — 1)V, c € Fy,0 < r < 2N. By Lemma 13 (1) and
(3), my = 0 and G, o (X?) = 2G,(1). Thus, by (8) we have

Gu(X) — Go(X) = G,(DN(X2 — DV (1 — XK) — cx™ (X2 — DV +
();4 _ 1)t(1_V—1)/dT()_(4)(mod (X4 _ 1)t(N—1)/d+1).

So, ng + ny + 2n, < 2N — 2LCE (V) + 2 for K # 0(mod N). This is in contradiction with (11).

Now, let G, (X?*) = 0. By Lemmas 13 (3) and 14 m; = 0 and my = ny = n, = 3. By Lemma 9
4), Ge,O(XZ)_z 2G,(DX*1+ D(X*)(X2 + 1)V for some D(X?) € Fy[X]. Therefore, since
G,y (X2) = 0(mod(X2 — 1)) we get 2G,(1)XX~1 — 2D(X?) = 0(mod (X% — 1)"). So,

B G,(X) = 2G,(1)X¥"1 (X% — )N (mod (X* — D).

We obtain a contradiction since Wt_(Ge'O X?)) = 3.

Remark 15. The assertion LC,f”(g) = 2N + ZLC,fN(y) —1,k =12 is true for any N periodic
cyclotomic sequence v with LC ,f Nw) > 1.

Proof. (proof of Theorem 11) If m = (N + 1)/4 then K = 3N. By (7),

Gy, (X) — 2G,(DX3N = (X2 + DVNF(X*)(1 — X3N)(mod (X* — 1)t (N-D/dy,
So, (X2 + 1)!V-1/d(x — 1)!N=D/d| (G, (X) — 2G,(1)X?V). Thus, by Lemma 8 and (4),
LCiM(w) < 4N —3t(N — 1)/d or LCiN (W) < N + 3L, (v).

If LC,fN(g) <N+ 3LC,ICFN(2), then there exists G, (X) € Fy[X] with wt(G,(X)) < k such that (3)
holds for ng + ny + ny + ng > 3N — 3LCF ¥ (v). Lemma 6 leads to thatn; > 1,i = 0,1,2,3, and m, +
my > k. By Lemma 13 (3) and (4), we get Ge,O(XZ) # 0 and Gerl(Xz) # 0. Then, by Lemma 13 (1)
and (2), wt (G, 0(X?)) = 2 and wt (G, 4 (X2)) = 2, which is in contradiction with k < 4.

Thus, we have established the following.
Corollary 16. (i). Let v be the N periodic Legendre sequence and u be defined by (1). Then

3N, ifk=12and m = (N + 1)/4,
L = 43N L ifk =3and m = (N + 1)/4,
kW T (5N +3)/2, ifk=123and m= (N +1)/4,
2N +2, if4<k<(N-1)/2.

(i1). Let v be the N periodic Hall’s sextic residue sequence and u be defined by (1). Then
(11N —-2)/3, ifk=12andm = (N +1)/4,
(11N =5)/3, ifk=3andm = (N +1)/4,
(7N+1)/2, ifk=123andm=(N+1)/4,
(10N +2)/3, if4<k<(N-1)/6.
In a conclusion, we give an upper bound for k > t(N — 1)/d.
Corollary 17. (1). Let v be the N periodic Legendre sequence, and u be defined by (1). If k = (N —
1)/2 + 4, then

LCiN (w) =

Fy N +3, if m= (N+1)/4,
LG W = {(N +3)/2, if m=(N+1)/4

(i1). Let v be the N periodic Hall’s sextic residue sequence, and u be defined by (1). If k = (N —
1)/6 + 4, then
3N +1, ifm#=(N+1)/4,

L™ (u) < {(171\1 +7)/6, if m=(N+1)/4.
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The investigation of the k-error linear complexity of u obtained from Legendre sequence or Hall’s
sextic residue sequence may be continued in the same way. But for the other values of k we have a
significant decrease of the linear complexity. So, further research is not worth the effort.

4. Conclusion

In this paper, we first established over the finite field [Fp the relation between the k-error linear
complexity of the binary interleaved sequences of period 4N and that of the binary sequences of period
N from which the interleaved sequences derived. Then, as applications, we obtained the exact value of
the k-error linear complexity for small value of k of the series of interleaved sequences derived from
the cyclotomic sequences. We also studied the k-error linear complexity of the interleaved sequences
obtained from Legendre sequences and Hall’s sextic residue sequences, respectively. Our results show
that these sequences are quite stable.
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