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Abstract. Specific absorption rate of superparamagnetic nanoparticles with uniaxial magnetic 

anisotropy has been calculated both for dilute assembly and for assembly of nanoparticle clusters 

with various filling factors using numerical simulation. The optimal particle diameters at which 

the specific absorption rate of assembly reaches a maximum have been obtained depending on 

the value of the uniaxial anisotropy constant. The optimal particle diameters are found to shift to 

smaller values with an increase in the anisotropy constant. The range of optimal diameters 

decreases simultaneously. The specific absorption rate decreases also as a function of cluster 

filling factor, but the optimal particle diameters remain almost unchanged. 

1. Introduction 

Magnetic nanoparticles have unique ability to effectively absorb the energy of a low-frequency 

alternating magnetic field and their surface is easily amenable to bio-functional modification. In 

addition, due to sufficiently small sizes magnetic nanoparticles can cross biological barriers to penetrate 

deep into the body tissues [1-4]. These unique properties of magnetic nanoparticles are important for 

biomedical applications, such as magnetic hyperthermia, enhanced contrast in magnetic resonance 

imaging, targeted drug delivery, purification of biological media from toxins, etc. The uses of magnetic 

nanoparticles for stem cell manipulation in the treatment of vascular atherosclerosis, for mechanical 

action on cell membranes, for food quality control, etc. are also under consideration [1-9]. 

Magnetic hyperthermia [3, 10-14] is one of the most promising areas in modern biomedical research 

related to the cancer treatment. Tumor cells are known [3, 15] to be more susceptible to the influence of 

elevated temperature than normal tissues. Maintaining the temperature of the affected organ above 42° 

C for 20-30 minutes leads to necrosis of cancer cells. It is worth mentioning that magnetic hyperthermia 

has a number of fundamental advantages in the cancer treatment: 1) the penetration depth of a low-

frequency alternating magnetic field is much greater than that of electromagnetic radiation, 2) 

nanoparticles can penetrate deep into biological tissues, 3) the surface of the nanoparticles can be 

modified to achieve biocompatibility and to minimize the adsorption of blood proteins, 4) assemblies of 

superparamagnetic nanoparticles are capable of providing extremely large values of the specific 

absorption rate (SAR) in alternating magnetic field, of the order of 1 kW per gram of substance [16-18]. 

It is well known that magnetic nanoparticles of iron oxides (magnetite, maghemite) are 

biocompatible and have sufficiently short periods of elimination from the body [4, 14]. These significant 

properties, along with a sufficiently high saturation magnetization [19], make iron oxide nanoparticles 

excellent candidates for use in magnetic hyperthermia [4, 14, 20]. Meanwhile, an assembly of magnetic 

nanoparticles is a very complex physical object. Its properties are determined by a number of factors, 

such as the chemical composition and particle crystal structure, possible particle surface contamination, 
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the distribution of the particles in size and shape, etc. In addition, the character of the magnetic 

anisotropy of individual nanoparticles, the effect of the strong magnetic dipole interaction between the 

particles, and the thermal fluctuations of the magnetic moments of the particles have a great influence 

on the assembly properties [11-14, 21]. 

The only nanoparticles with a sufficiently large SAR in alternating magnetic field of moderate 

amplitude are suitable to be used in magnetic hyperthermia. This ensures the safety of the treatment 

procedure and reduces its cost. However, the SAR of nanoparticle assembly depends [11-14, 21] on the 

particle saturation magnetization, as well as on the value of effective anisotropy constant, the average 

particle diameter, etc. The proper choice of the frequency and amplitude of an alternating magnetic field 

is also very important. Unfortunately, in a number of experimental works [22–27] the average particle 

diameters and their magnetic properties turned out to be far from optimal. This leads to very small SAR, 

of the order of 1–10 W/g, which renders such assemblies inapplicable for use in magnetic hyperthermia. 

Recent theoretical [10, 11, 21, 28-33] and experimental [16-18, 34-35] studies show that with a 

proper choice of the magnetic and geometric parameters of nanoparticles, one can obtain SAR values 

up to 1 kW/g. In this work the influence of the effective magnetic anisotropy constant on the SAR of an 

assembly of iron oxide nanoparticles with typical saturation magnetization Ms = 350 emu/cm3 has been 

studied in detail. First, for dilute assemblies of nanoparticles the interval of optimal particle diameters, 

where SAR of the assembly has a large enough value, is determined as a function of the effective 

anisotropy constant. Then, for particles of optimal diameters the influence of the magneto -dipole 

interaction on the SAR in dense clusters of nanoparticles is studied depending on cluster filling factor. 

The SAR is found to decrease with the increase of the cluster filling factor. However, the optimal particle 

diameters remain almost unchanged. The results obtained are of interest for creating magnetic 

nanoparticle assemblies promising for use in magnetic hyperthermia. 

2. Numerical simulation 

2.1 Non interacting nanoparticles 

For a sufficiently dilute assembly of nanoparticles with uniaxial anisotropy the calculation of low 

frequency hysteresis loops can be carried out using approximate kinetic equation [10] for the population 

numbers n1(t) and n2(t) of two potential wells of superparamagnetic nanoparticle  
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Here 1(T) and 2(T) are the corresponding relaxation times at a given temperature T for first and second 

potential wells, respectively. The equations for the relaxation times 1(T) and 2(T) that depend 

essentially on the amplitude and direction of the applied magnetic field with respect to particle easy 

anisotropy axis can be found in the appendix of reference 10. The iteration procedure can be used to 

calculate the well population numbers n1(t) and n2(t) and to obtain stationary hysteresis loop of a particle 

in alternating magnetic field. To get hysteresis loop for a dilute assembly of randomly oriented 

nanoparticles it is necessary to average the reduced particle magnetization over the applied magnetic 

field directions. 

 

2.2. Nanoparticle clusters  

To investigate the effect of the mutual magneto-dipole interaction on the SAR of assembly of interacting 

magnetic nanoparticles in this paper we study the behaviour of dilute assemblies of 3D clusters of 

superparamagnetic nanoparticles which arise usually in biological media loaded with fine magnetic 

nanoparticles [36, 37]. In a quasi-spherical 3D cluster of radius Rcl there are Np nanoparticles of the same 
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diameter D. The nanoparticle centres, {ri}, i = 1,2, Np, are randomly distributed in the cluster volume. 

Such 3D cluster is characterized by its filling factor  = NpV/Vcl. Here V is the volume of nanoparticle 

and Vcl is the volume of cluster, respectively. For an assembly of random 3D clusters the orientations of 

the easy anisotropy axes of nanoparticles, {ei}, i = 1,2, Np, are chosen randomly and independently on 

the unit sphere.  

For a given set of initial parameters, i.e. D, Rcl and Np, various random 3D clusters differ by the sets 

of the coordinates of the nanoparticle centres {ri}, and orientations {ei} of the particle easy anisotropy 

axes. However, the calculations show that in the limit Np>> 1 the hysteresis loops obtained for different 

realizations of random variables {ri} and {ei} differ only slightly from each other. Moreover, if one 

calculates a hysteresis loop averaged over a sufficiently large number of random cluster realizations, 

one obtains a non-random hysteresis loop. The latter characterizes the behaviour of a dilute assembly of 

random nanoparticle clusters. 

2.3. Stochastic Landau- Lifshitz equation  

Dynamics of the unit magnetization vector i


 of i-th single-domain nanoparticle of the cluster is 

determined by the stochastic Landau – Lifshitz equation [37-41] 

 

 ( ) ( )( )ithiefiiithiefi
i HHHH

t
,,1,,1




+−+−=






, i = 1,2, ..,Np, (2) 

 

where is the gyromagnetic ratio,  is phenomenological damping parameter, 1 = /(1+2), iefH ,


 is the 

effective magnetic field and ithH ,


 is the thermal field. The effective magnetic field acting on a separate 

nanoparticle can be calculated as a derivative of the total cluster energy 
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The total magnetic energy of the cluster W = Wa + WZ + Wm is a sum of the magnetic anisotropy energy 

Wa, Zeeman energy WZ of the particles in applied magnetic field, and the energy of mutual magneto-

dipole interaction of the particles Wm.  

For nanoparticles with uniaxial anisotropy the magnetic anisotropy energy is given by 
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where K is the effective anisotropy constant and e is the unit vector along the easy axis direction. Next, 

Zeeman energy of the cluster in applied alternating magnetic field is given by  
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where  = 2f is the angular frequency.  

For nearly spherical uniformly magnetized nanoparticles the magnetostatic energy of the cluster can 

be represented as the energy of the point interacting dipoles located at the particle centres ri within the 

cluster. Then the energy of magneto-dipole interaction is  
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wherenij is the unit vector along the line connecting the centres of i-th and j-th particles, respectively. 

The thermal fields ithH ,


 acting on various nanoparticles of the cluster are statistically independent, 

with the following statistical properties [38] of their components  
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Here Bk is the Boltzmann constant,  is the Kroneker’s symbol, and ( )t is the delta function. 

3. Results and discussion 

3.1. Non interacting nanoparticles 

Let us first discuss the results of SAR calculation for dilute assemblies of superparamagnetic 

nanoparticles obtained using the approximate kinetic equation (1). It was previously shown [10] that the 

results obtained using this approach coincide up to several percents with the calculations based on the 

stochastic Landau – Lifshitz equation (2), neglecting the magnetic dipole interaction of nanoparticles. 

Due to high performance of the approximate kinetic equation (1), one can study in detail the effect of 

changes in the magnetic parameters and average sizes of nanoparticles on the SAR of assembly. 

However, this approach does not take into account the influence of the magnetic dipole interaction on 

the dynamics of particle magnetic moments. Therefore, the results described in this paragraph are 

applicable only for the analysis of experimental data obtained for sufficiently dilute assemblies of 

magnetic nanoparticles. 

The saturation magnetization for iron oxide nanoparticles is known to be in the range Ms = 300 – 400 

emu/cm3 [18, 42-49], depending on the oxide chemical composition and its uniformity. For simplicity, 

in this work the saturation magnetization of iron oxide nanoparticles is taken to be Ms = 350 emu/cm3. 

At the same time, due to distortion of the spherical shape and inhomogeneous crystal structure the 

effective magnetic anisotropy constant of nanoparticles can vary in a much wider range, from 8×104 to 

5×105 erg/cm3 [18, 42-49]. In addition, in the experimentally studied assemblies there is a significant 

scatter in particle diameters. Therefore, in this work we considered assemblies of particles with various 

effective anisotropy constants in a wide range of average diameters, from 10 to 50 nm. The latter, 

however, do not exceed the single domain diameter of an iron oxide nanoparticle. Due to the large set 

of parameters that determine the SAR value, the alternating magnetic field frequency is fixed at a typical 

value f = 300 kHz, while the amplitude of the alternating magnetic field varied in the range H0 = 100 – 

200 Oe. 

Figure 1 shows the examples of low-frequency hysteresis loops of dilute randomly oriented 

assemblies of magnetic nanoparticles obtained using approximate kinetic equation (1). 
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Figure 1. a) Low frequency hysteresis loopsof random assembly of uniaxial nanoparticles for the case 

H0 = 100 Oe, f = 300 kHz, K= 8×104 erg/cm3 for various average diameters: 1) D = 18 nm, 2) D = 20 

nm, 3) D = 22 nm, 4) D = 24 nm, 5) D = 26 nm. b) The same for the case H = 200 Oe, f = 300 kHz, K = 

2×105 erg/cm3; the average diameters are: 1) D = 14 nm, 2) D = 15 nm, 3) D = 16 nm, 4) D = 17 nm, 5) 

D = 18 nm. 

 

It is easy to see that the hysteresis loop area substantially depends on the average particle diameter 

for all cases investigated. The maximal area of hysteresis loops shown in figure 1a corresponds to 

particles with diameter Dmax= 22 nm, whereas for hysteresis loops shown in figure 1b the maximal area 

corresponds to particles with Dmax = 16.5 nm. It is well-known [50], that the thermal power released per 

unit particle volume is determined by the integral  

 

fAHdfMP s == 


 ,    (8) 

 

whereA is the hysteresis loop area in the variables (M, H). SAR per unit mass is then given by P/, 

where  is the particle density. For iron oxide nanoparticles the density  = 5.0 g/cm3 is usually accepted. 

Knowing the area of the assembly hysteresis loop and using equation (8) one can calculate the 

dependence of SAR on the average particle diameter for assemblies with different values of the effective 

anisotropy constant. These calculations are presented in figure 2. As figure 2 shows, for each value of 

the effective magnetic anisotropy constant there is a rather narrow interval of optimum particle diameters 

where SAR of the assembly reaches maximum values. 

It is easy to see that with an increase in the effective anisotropy constant, the domain of optimal 

particle diameters shifts toward smaller particle sizes. Simultaneously, the maximum SAR of the 

assembly and the range of optimal particle diameters considerably decrease. For the assemblies studied 

the maximum SAR values are achieved for effective anisotropy constants K = 105erg/cm3, and K = 

8×104erg/cm3, respectively. For the case of K = 105erg/cm3 (curve 5 in figure 2) the range of optimal 

particle diameters is given by 20 – 30 nm, the maximal SAR being 650 W/g. On the other hand, for 

particles with K = 8×104 erg/cm3 (curve 6 in figure 2) the optimal particle diameters correspond to the 

interval 20 – 45 nm with maximal SAR equals 630 W/g.  
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Figure 2. The dependence of SAR on the average particle diameter for various effective anisotropy 

constants: 1) K = 5×105erg/cm3, 2) K = 4×105erg/cm3, 3) K = 3×105erg/cm3, 4) K = 2×105erg/cm3, 5) K 

= 105erg/cm3, 6) K = 8×104erg/cm3. 
 

Therefore, one can see that for assemblies of particles that correspond to curves 5 and 6 in figure 2, 

the domains of optimal diameters are rather wide and maximal SAR reaches sufficiently high values 

even for moderate amplitude of alternating magnetic field. This indicates the preference of soft magnetic 

nanoparticles for use in magnetic hyperthermia. Similar SAR calculations can also be performed for 

dilute assemblies of nanoparticles with other saturation magnetization values in a wide range of 

alternating magnetic field frequencies and amplitudes. 

3.2. Assembly of nanoparticle clusters 

The results of SAR calculations given in the previous paragraph correspond to dilute assemblies of 

magnetic nanoparticles, which is rare situation in practice. The properties of dense assemblies of 

magnetic nanoparticles that usually spontaneously form in biological media [36,37] are significantly 

affected by the strong magneto-dipole interaction between the particles of the assembly [29-35]. The 

influence of the magneto- dipole interaction on the SAR of a dilute assembly of 3D nanoparticle clusters 

has been studied in this work by solving the stochastic Landau – Lifshitz equation (2). As an example, 

figure 3 demonstrates the change in the SAR with increase in the cluster filling factor η.  

 
Figure 3. The dependence of SAR on particle diameter for different cluster filling factors and various 

particle anisotropy constants: a) K = 2×105 erg/cm3; b) K = 3×105 erg/cm3. 

 

Evidently, with an increase in this parameter, the average distance between the nanoparticles 

decreases, and accordingly, the intensity of the magnetic dipole interaction in the cluster increases. As 
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figure 3 shows, for both cases studied, K = 2×105  erg/cm3 (figure 3a), and K = 3×105  erg/cm3 (figure 

3b), the SAR of the assembly rapidly decreases as a function of cluster filling factor η. It is interesting 

to note, however, that the interval of optimal particle diameters, where the assembly SAR reaches high 

enough values, remains practically unchanged. 

4. Conclusions 

In this paper the low-frequency hysteresis loops and SAR in alternating magnetic field have been 

calculated for assemblies of magnetic nanoparticles with uniaxial anisotropy. For dilute assemblies of 

nanoparticles where influence of magneto-dipole interaction is negligibly small the optimal range of 

particles, where SAR of the assembly has sufficiently large value, has been determined depending on 

the value of effective anisotropy constant. It is found that the range of optimal particle diameters 

decreases as a function of effective anisotropy constant. The maximal SAR values, of the order of 600 

– 650 W/g, have been obtained for soft magnetic particles with effective anisotropy constants in the 

range K = 8×104 - 105  erg/cm3. However SAR decreases nearly twice when effective anisotropy constant 

increases from K = 8×104 erg/cm3 up to K = 5×105erg/cm3.  

The SAR of a dilute assembly of dense nanoparticle clusters decreases considerably with increasing 

the cluster filling factor η. However, the interval of optimal particle diameters does not depend 

considerably on the value of this parameter. 
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