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Abstract. The electromagnetic processes of annihilation of (e+e_) pairs, into heavy flavor
lepton pairs are theoretically studied in the one-photon approximation, using the technique of
helicity amplitudes . For the process ete™ — ptu™, it is shown that in the case of the
unpolarized electron and positron  the final muons are also unpolarized but their spins are
strongly correlated; the structure of their triplet states is analyzed and explicit expressions for
the correlation tensor components are derived. On the other hand, the thearetical study of
spin structure for the processes of lepton pair production by photon pairs is also performed:
for the two-photon process vy — ete™, it is found that  quite similarly  in the case of
unpolarized photons the spins of final unpolarized particles prove to be strongly correlated, and
explicit expressions for the correlation tensor companents and relative fractions of singlet and

triplet states of the final system are obtained. It is established that in both these processes the

)

spin correlations of final leptons have the purely quantum character, since one of the Bell-type
incoherence inequalities for the correlation tensor components is always violated. Analogous
te” = 7777 and to the two-
7, becoming possible at cansiderably higher energies.

analysis can be wholly applied also to the annihilation pracess e

photon processes vy — u+u7, Yy = Tt

1. Helicity amplitudes for the annihilation process e¢te™ — ptu~ and structure of
the triplet states of the final (utp™) system

In the first non-vanishing approximation over the electromagnetic constant e2/Ac, the process
of conversion of the (eTe™) pair into the muon pair is described by the well-known one-photon
Feynman diagram [1]. Due to the electromagnetic current conservation, the virtual photon with
a time-like momentum transfers the total angular momentum J =1 and negative parity. Since
the internal parities of muons p* and pu~ are opposite, the (u*p™) pair is generated in the
triplet states (total spin .S = 1) with J =1 and the orbital angular momenta L = 0 and L = 2.

The respective helicity amplitudes have the following structure:

fxa(8:6) = Ran(E) dii) (8) exp(iAg). M
where 6, ¢ are the polar and azimuthal angles of the flight direction of the positive muon (u¥)
in the c.m. frame of the reaction with respect to the initial positron momentum; dgxl,)A(H) are
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the Wigner functions for J = 1; A is the difference of helicities of the positron and electron,
coinciding with the projections of total spin and total angular momentum of the (eTe™) pair
onto the direction of positron momentum in the c.m. frame; A’ is the difference of helicities
of the muons p+ and p~, coinciding with the projection of total angular momentum of the
(ut ™) pair onto the direction of momentum of p* in the c.m. frame ( see, e.g., [1,2] ).

In Eq. (1), Raa(F) = rf{f)(E) rff)(E) (A, A=+41,0,—1) — due to the factorizability of
W _ () _ () (e) (¢) (€)

the Born amplitude, and here riy = r2y =r"", ri{ = r ;] = r;’ — owing to the space parity
conservation in the electromagnetic interactions . Further, in accordance with the structure of
electromagnetic current for the pairs (eTe™) and (uTp ) in the c.m. frame [1], the following
relations are valid:

m a0 € Me (e
) = S = g ) = e, (2)

where m,, m. are the muon and electron masses and [, is the muon velocity in the c.m. frame.
Thus, since we always have > m, > m, for the given process, the contribution of (ete™)-
states with equal helicities can be neglected, i.e. Rag(F) ~ 0. Meantime, for rf) and r§“) the
one-photon diagram calculation gives ( here € is the electron charge ) :

€]

V2E

Taking into account Eqs. (1)—(3), it is clear that, in the cases of total polarization of both
the positron and electron along the positron momentum in the c.m. frame and in the direction
being antiparallel to the positron momentum, the (utp™) system is produced, respectively, in
the triplet states of the following form [3]:

P (E) = V() =

(3)

V2 1+ cosé sin 6 1 —cosf
)+ = (=l - im0+ 2220
2 — (32sin* 6 2 V2 2
(-1) _ V2 1 —cosé ~ 2sinH 1+ cosb B
) (=l i 20+ 20 )

1/2—ﬁﬁsin20

Here (3, is the velocity of each of the muons — just as in Eq. (2), and |+ 1),|—1),|0) are
the states with the projection of total spin of the (u™p™) pair onto the direction of momentum
of u* in the c.m. frame, equaling +1, —1 and 0, respectively.

2. Correlation tensor of the (uTu~) pair and violation of “classical” incoherence
inequalities

If the positron and electron are not polarized, then, since r((f) ~ 0, the final state of the (uTpu™)
pair represents an incoherent mixture of spin states \\Tl>(+1) (4) and |\Tl>(*1) (5), each of them
being realized with the relative probability of 1/2.

The components of the correlation tensor for two particles with spin 1/2 are defined as:
T = <fr§1) ® ﬁ£2)> (i, k = {1,2,3} = {x,y,z}; the symbol (...) denotes the averaging over
the quantum ensemble ). For the final (uTu~) pair under consideration, the axis z is directed
along the momentum of u* in the c.m. frame of the reaction ete™ — puTu~, and the axis y
along the normal to the reaction plane.
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It is easy to see that, in the case of unpolarized primary positron and electron, the produced
muons pt and p~ are also unpolarized but their spins are correlated, and, in particular, the
diagonal components of the correlation tensor have the following form [3] :

7t ) (2 - ﬁi) sin? 6 (et ) ﬁz sin® 6 et o) 2cos? 0 4 ﬁi sin? @ ©)
o 2 - (2sin? = W 2 - F2sin?0" 7 2 — f32sin* @

Just as it should hold for triplet states, the “trace” of the correlation tensor is equal to unity:
- o e +
Tete) = gl ) el =y,

vy

Regarding the components (6) of the correlation tensor, we observe here the violation of
the “classical” incoherence inequalities ( for incoherent mixtures of factorizable states of two
particles with spin 1/2, the modulus of sum of any two ( and three ) diagonal components of
the correlation tensor cannot exceed unity [4.5] ) . Indeed, according to Eqgs. (6), one of the

incoherence inequalities is always violated at 6 # 0 [3] :

+ - + - + - 2
nggu)+Tz(5u):17Ty(5ﬂ):72_ﬁﬁsin20>1. (7)

Thus, we see that the spin correlations of muons in the process ete™ — ptu~ have the
strongly pronounced quantum character.

Certainly, the above consideration can be wholly applied also to the process eTe™ — 77~
— with the replacements m, — m., 8, — (.. At very high energies E > m, (m,), when
B, Br — 1, the diagonal components (6) of the correlation tensor for the final lepton pair take
the following values:

sin? @ sin? 6
= T, = ————, Tzz - 17 8
1+ cos?28’ vy 1+ cos2é’ (8)

rx

and we see that one of the incoherence inequalities is still violated : T, + T.. > 1.

Finally, it should be noted that at very high energies the annihilation processes ete™ —
uTp~, 7777 are conditioned not only by the electromagnetic interaction through the virtual
photon, but also by the weak interaction of neutral currents through the virtual Z° boson [6]
( see our paper [3] for the most detailed analysis, and also [7.8] ). Here we just remark that
the structure of the correlation tensor of the final leptons involving the weak interaction is, on
the whole, similar to that for purely electromagnetic annihilation at very high energies ( see
Eqs. (8)): the diagonal components of the correlation tensor are: T,, = 1 and 1}, = =T}, ( but,
of course, the expression for T,, changes [3] ), and again one of the incoherence inequalities for
the correlation tensor components is violated: T,, 4+ T,, > 1 [3] .

3. Spin structure of the two-photon process vy — e¢t¢~ and correlation tensor of
the (eTe™) pair
Now let us consider another electromagnetic process — the electron-positron pair production by
two photons : vy — ete.

The spin state of the electron-positron system is described, in the general case, by the two-
particle spin density matrix :

,5(87 ety _

3 3
f(€7)®f(€+)_|_f(€7)®(&(e+)P(E+))+(&(57)P(F~7))®i(“~+)_|__|_ Z Z T ﬁ£€7)®f7£€+) ,

=1 k=1
(9)

=



XVIII Workshop on High Energy Spin Physics "DSPIN-2019" IOP Publishing
Journal of Physics: Conference Series 1435(2020) 012020  doi:10.1088/1742-6596/1435/1/012020

where [ is the two-row unit matrix, P¢7) and P(*) are the polarization vectors of the electron

- +
and positron, respectively, T;r — components of the correlation tensor ( T = <&£6 ) ® &,(f )>,

i,k ={1,2,3}={z,y,z} ) . In the absence of correlations, we have: Tj;, = PZ»(6 )P,£6+) .

The process vy — ete™ is described by two well-known Feynman diagrams [1] . Within the
Born approximation, in the case of unpolarized primary photons the final electron and positron
prove to be also unpolarized, but their spins are correlated, i.e. in the formula for ,6(6+6_) (9)
we have: P(¢7) = P(<") = : meantime, the components of the correlation tensor of the (ete™)
pair, generated by unpolarized v quanta, may be calculated by applying the results of the paper

[9]. Finally we obtain the following expressions :

2(1- 5[5 (1 +sin?6) + 1]
14252sin20 — B4 — B4 sin*@’

(10)

zz

1+232sin%0 — g4 — gtsin* " 14282520 g — sinte
(11)

Here the axis z is aligned along the positron momentum in the c.m. frame, the axis z lies

(1 - 32 [32(14sin?8) — 1]+ 3%sin? 0 T (182 [82(14sin?6) — 1] — B%sin* 0

in the reaction plane and the axis y is directed along the normal to the reaction plane; 3 = %,
me c2 . . . . .
1-p5%2= [ where v is the positron velocity and FE, is the positron ( or electron ) energy

in the c.m. frame ; @ is the angle between the positron momentum and the momentum of one
of the photons in the c.m. frame .

The “trace” of the correlation tensor of the final (eTe™) pair is determined by the formula :

4(1-p?%)
1425%sin?6 — 54— g4 sin?6’

T=T,+Ty+1..=1 (12)

and, respectively, the relative fractions of the triplet and singlet states ( Wy = (T4 3)/4, W, =
(1-T)/4 [5] ) are as follows :

1_ﬁ2 wo— 1_ﬁ2
1+2p62sin?6 — 64— B4 sin 6’ T 14232sin%60 — B4 — 54 sin? 6’

W, =1 (13)

At B << 1 we have: W; & 0, Wy~ 1,i.e. the (eTe™) pair is generated in the singlet state
only. Meantime, if 3 ~ 1 and 2sin?8 —sin?§ > 1 — 3?2, we obtain, on the contrary : W; ~ 1,
W, a0 — almost pure triplet state of the pair.

4. Violation of “classical” incoherence inequalities for correlation tensor
components in the processes vy — e+e’, ,u+,u’, rHr-
et us consider now the particular cases # = 0 and 6 = = . According to the general expressions
(10), (11) for the correlation tensor components, at # =0 and § =7 we have :
2(1 (1 - p? 1 — 32
T, —1- (1+5%)( 5):7]: TWZTW:,i_ (14)
1 — 54 : L 1 + 52
In doing so, the “trace” of the correlation tensor (12) and the relative fractions of the triplet
and singlet states Wy, W (13) take the values:
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4 3 — 32 T+3 2 1-T 1
T=1- = - ﬁ, W; = + = G ., We= = . (15)
14 32 14 32 4 14 52 4 14 32

At nonrelativistic velocities Wy &~ 0, W, &~ 1, in accordance with the general case ; meantime,

in the ultrarelativistic limit ( 3 — 1) we have: W, = W, = % .

Tt should be stressed that in the process ¥y — eTe~ we observe again — just as in the
above-considered reaction etTe™ — uTp~  the violation of the “incoherence” inequalities for
diagonal components of the correlation tensor, established previously at the classical level [5]
(see Sec. 2). Indeed, for the cases # =0 and # = 7 we obtain, in particular (since g < 1) :

2

1. (16)

Thus, the spin correlations of the final electron and positron in the considered two-photon
process also have the strongly pronounced quantum character ( see also [10,11]) quite similarly
to the spin correlations of the final leptons in the processes eTe™ — utpu=, 7H7~

Finally, one should remark that analogous results hold also for the processes of generation of
a muon pair and a tau-lepton pair by two photons : vy — utu~, vy — 7777, which become
possible at considerably higher energies .
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