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Abstract. Corrections to the chiral vortical effect due to the finite volume and the presence
of mass are discussed. The possibility to describe the chiral vortical effect(CVE) by an effective
gauge field is considered. The new chiral effect arising in the presence of torsion is described.

1. Introduction
Chiral vortical effect is the appearance of axial current in fermionic system in the presence of
rotation. This effect was predicted for the first time by A. Vilenkin [1]. He found the following
expression for the axial current of massless Dirac particles (In the limit of high temperatures):

~j5 = −1

6
~ΩT 2 (1)

In the presence of chemical potential µ the additional term arises in the expression for the
axial current:

~j5 = (
T 2

6
+

µ2

2π2
)~Ω + ... (2)

There was a hope, that the value of the coefficient in front of the vorticity does not depend
on the interactions and can be fixed by the consideration of the axial anomaly. It was shown,
however [3, 4], that the higher orders of perturbation theory are able to correct, at least, the
coefficient in front of T 2 in Eq. (2).

The CVE belongs to the family of the so - called anomalous transport phenomena. Such
phenomena have also their incarnations in the solid state physics [5]. This occurs, in particular,
because the electronic system of the discovered recently Weyl and Dirac semimetals simulates
relativistic physics and the corresponding excitations at the low energies are described by Dirac
equation [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. The other representatives of this family are,
for example, the so - called anomalous quantum Hall effect [17], the chiral magnetic effect
[18], the scale magnetic effect [19], the rotational Hall effect [20], and Chiral Torsional effect
[21]. Recently the presence of the anomalous quantum Hall effect was predicted in the three –
dimensional systems: the Weyl semimetals [14, 15] and the topological insulators [22]. At the

1 On leave of absence from Institute for Theoretical and Experimental Physics,NRC ”Kurchatov Institute”, B.
Cheremushkinskaya 25, Moscow, 117259, Russia



XVIII Workshop on High Energy Spin Physics "DSPIN-2019"

Journal of Physics: Conference Series 1435 (2020) 012009

IOP Publishing

doi:10.1088/1742-6596/1435/1/012009

2

same time the absence of the equilibrium version of the chiral magnetic effect was proved in [23].
It is expected, that both the chiral separation effect and the chiral vortical effect as well as the
proposed recently rotational Hall effect [20] are to be observed in the heavy ion collisions [24].

As for the CVE, the correct description of the uniform rotation implies consideration of
boundary conditions (for example, in order to keep the causality). Therefore, the influence of
the boundary conditions on the CVE has to be investigated.

2. Axial current in rotating system with MIT boundary conditions
We consider rotating fermions in the impenetrable infinite cylinder of radius R. MIT boundary
conditions imply the restriction:

jµnµ = 0 (3)

Even in the case of non-interacting fermions the calculation of axial current is a difficult problem.
First this is necessary to solve the Dirac equation and then to chose the appropriate solutions
using boundary conditions. After that it is possible to calculate the current, which is given by
expression:

〈j5
z (r)〉β =

∑
k,q,sign (w),jz

n(w, jz)ψ̄k,q,sign (w),jzγ5γ3ψk,q,sign (w),jz (4)

n(w, jz) =
sign (w)

eβ(w−µ−Ωjz)sign (w) + 1
(5)

Here the sum is over all quantum numbers w, which enumerate the eigenstates of energy. By
ψk,q,sign (w),jz we denote the corresponding eigenfunction, which is the 4 - component complex -

valued spinor, n(w, jz) is Fermi distribution. Correspondingly, ψ̄ = (ψ∗)Tγ0 is the conjugated 4
- component spinor. Detailed description of the calculations may be found in [25].

The main conclusions are as follows: the finite volume affects essentially the axial current.
In particular, at low enough temperatures the oscillations appear in the dependence of the axial
current density on the chemical potential. At any values of temperature the axial current density
varies fast when the distance to the rotation axis is changed. The previous results obtained in
the infinite volume limit are reproduced in our calculations only in the small vicinity of the
rotation axis.

One can also compare the two distinct approaches to the definition of rotation. Rotation
may be taken into account via consideration of the system in the rotating referece frame or it
may be introduced to the hamiltonian using effective gauge field. At small enough values of
temperature (much smaller than |µ−M |) those two approaches give the same value of the axial
current density in the infinite volume limit. At the same time the first definition of rotation
clearly differs from the second one in case of vanishing chemical potential (i.e. at µ� T ).

The results obtained using the introduction of rotation via an effective gauge field ensure
that the coefficient at the term ∼ µ2 in Eq. (2) is topologically protected[2, 26] at vanishing
temperature. That means that it is not changed when we modify smoothly the system. The
introduction of interactions being such a smooth change cannot renormalize, therefore, this
coefficient. There is no such a correspondence between the two mentioned approaches at large
enough temperatures, which is in accordance with the conclusions of [3, 4] that the corresponding
term in Eq. (2) may be modified due to interactions.

The contribution of the term in the axial current that is proportional to the third power
of angular velocity at ΩR < 1 is smaller than errors of calculation, but it clearly arises if the
causality condition is violated for ΩR ≥ 1 (see Figure).
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Figure 1. Axial current along rotation axis in case ΩR > 1.

3. Chiral torsional effect.
As it was mentioned above, in some sense the rotation may be treated as an external gauge
field. The same situation holds for torsion and one can calculate the response of the axial
current j5µ(x) = ψ̄(x)γµγ5ψ(x) to torsion in terms of the Wigner transformation of the Green
function. We consider the case of vanishing spin connection and the nontrivial torsion encoded
in the vielbein eaµ(x) = δaµ + δeaµ(x). The inverse vielbein is denoted here by Eµa = δµa + δEµa ,

it obeys equation eaµ(x)Eµb (x) = δab , which gives δeab (x) ≈ −δEab . Momentum operator is to be

substituted by pa → (δba + δEba(x))pb ≈ (pa − δeba(x)pb). And finally one can obtain:

j5k =
i

2
T aij

∫
dωd3p

(2π)4
paTrG∂piG

−1∂pjGγ
5∂pkG

−1 (6)

T aij = ∂ie
a
j − ∂jeai , T 0

ij = ε0fijS
f (7)

~j5 =
T 2

12
~S (8)

This is the chiral torsional effect (CTE), which, in principle, could be observed in Weyl and
Dirac semimetals, and also in some other condensed matter systems. It is worth mentioning
that from the point of view of pure mathematics CVE and CTE have the same origin. Actually,
the CVE may be considered as a particular case of the CTE (for the details see [21].

4. Conclusion
To conclude, we considered the chiral vortical effect (CVE) and the chiral torsional effect (CTE).
In both cases the axial currents appear. In the case of the CVE the axial current is caused by
rotation. In the case of CTE the axial current is caused by the space - time torsion. The CTE
may be thought, to some extent, as the generalization of the CVE. For the case of the CVE
we investigated the dependence of the axial current on the finite volume. It appears, that the
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conventional expression for the CVE appears close to the rotation axis only while far from the
axis the finite volume corrections are dramatically large.
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