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Abstract

We present a method to compute dispersive shock wave solutions of the
Korteweg—de Vries equation that emerge from initial data with step-like
boundary conditions at infinity. We derive two different Riemann—Hilbert
problems associated with the inverse scattering transform for the classical
Schrodinger operator with possibly discontinuous, step-like potentials and
develop relevant theory to ensure unique solvability of these problems. We
then numerically implement the Deift—-Zhou method of nonlinear steepest
descent to compute the solution of the Cauchy problem for small times and in
two asymptotic regions. Our method applies to continuous and discontinuous
initial data.
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1. Introduction

Consider the Korteweg—de Vries (KdV) equation in the form
Uy + 6u, + ey =0, x€R,

(D

which is completely integrable [12] and admits soliton solutions that decay exponentially
fast as x — Z-oo. For initial initial data with sufficient smoothness and decay on a zero back-
ground, the solution of the Cauchy initial-value problem is given asymptotically by a sum of
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1-solitons in the (soliton) region x/t > C for some constant C > 0 as t — +o0 [15]. Presence

of non-zero boundary conditions at infinity, however, gives rise to a fundamentally different

long-time solution profile. Monotone initial data u(x,0) = g(x) with boundary conditions
lim g(x) =¢; and xEI—Poo q(x) = qr, )

X—r—00

gives rise to generation of a number of dispersive shock waves (DSWs) if q; > g, [16]. If
q1 < qr, however, the dynamics generate a rarefaction fan and the solution is asymptotically
given by (x — x0)/(6¢) for g|t < x —xg < grt as t — +00 [2]. An asymptotic description for
the solution is much more complicated in the former case, where DSWs emerge [9].

The generation of DSWs is also closely related to the regularization of shock waves
in Burgers’ equation u; 4 6uuy =0 using the small-dispersion KdV (sKdV) equa-
tion u; + Guuty + 2ty = 0, x € R, 0 < € < 1. The initial-value problem for the sKdV equa-
tion with so-called ‘single hump’ initial data was considered in the seminal work of Lax and
Levermore [22] and the subsequent series of papers [23-25] where inverse scattering trans-
form methods were used to obtain the limiting solution as € | 0 for fixed # > 0. The methodol-
ogy of Lax—Levermore was then extended by Venakides [41] to ‘single potential-well’ initial
data where the reflection coefficient plays a significant role as € | 0. Formation of DSWs, rel-
evant asymptotics and the relation to the boundary conditions (2) in this small dispersion limit
€ | 0 of the sKdV equation were studied numerically in the works of Grava and Klein [13, 14].
Recently, the generation of DSWs have been studied in various physical contexts, such as
viscous fluid conduits [26]. A pseudospectral numerical method was developed by Fornberg
and Whitham to study the solutions of (1) with initial step and well profiles in [11]. Long-time
asymptotic behavior of solutions for (1) with step-like initial data satisfying g; > gr (the case
where a DSW is generated) in a region near the wave front was investigated by Hruslov in
[18]. Recently, Rybkin presented an inverse scattering theory to solve the initial value problem
with bounded initial data that decays rapidly to 0 as x — +-oco but unrestricted otherwise [33].
For a review on DSWs, see [3] and the articles in this special issue (in particular, see [4, 10,
217, 34, 36]).

We consider solutions of (1) from computational special functions point of view. Owing
to the integrability of the KdV equation, solutions of (1) have representations in the form
of Riemann—Hilbert problems (from the associated inverse scattering transform) that can be
phrased as small-norm singular integral equations in various asymptotic regions for large
values of x or ¢ with the aid of the Deift—-Zhou method of nonlinear steepest descent. When
implemented numerically this framework leads to a robust numerical method for computing
solutions for all values of x and 7 [32]. This is in analogy with classical special functions, e.g.
the Airy function, where many software packages are available for robust computations with
arbitrarily large values of parameters. Solutions of the KdV equation should therefore be
computable with the same robustness that, Airy functions, for example, are computable. This
framework also allows one the freedom of performing nonlinear superpositions that are oth-
erwise beyond reach [37, 38]. Specifically, we consider the solution of the KdV equation with
Heaviside initial data, as displayed in figure 1, to be a special function. Taking a more ambi-
tious stance, we aim to compute solutions of (1) with (2) for all x and #. This paper is the first
step in that direction. We anticipate that this full development will allow the investigation and
classification of new and well-known phenomena within the KdV equation such as identifying
the spectral signature of a DSW.

Unlike classical time-stepping methods, the numerical inverse scattering approach requires
no spatial discretization, no integration in time and no domain approximation (i.e. approxi-
mating the solution on R with a solution on a large interval). The only two sources of error
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Figure 1. The spatial extent solution of the KAV equationats = 1 when u(x,0) = ¢%.x < 0
and u(x,0) =0, x > 0, ¢ = v/2. The initial data is discontinuous and the solution is
highly oscillatory for all # > 0. Note that this solution does not satisfy (3) but remark 1.1
gives the method for obtaining this solution directly from one that does.

are (1) error in computing the scattering data and (2) error in solving the inverse problem (i.e.
error in computing the solution of a Riemann—Hilbert problem). We point out that (1) is effec-
tively present in time-stepping routines when the initial data is approximated in some basis.
The error (2) can be seen to be the counterpart of integration error but unlike classical meth-
ods, the ‘integration’ error does not increase in time. This can be seen to be a consequence of
the ability to analyze the Riemann—Hilbert problem asymptotically [32].

More precisely, we consider solutions of the KdV equation (1) with step-like asymptotic
profile

u(x,1) = He(x)| = o(1),  [x] = oo, 3)
for all ¥ € Ry, where
2
—c© x>0,
H =
for ¢ € R+ . To specify the initial data for the KdV equation, we write
u(x,0) = uo(x) + He(x) )

and u is a real-valued function. Our theoretical developments require 1, which we refer to
as a perturbation, to be in a polynomially-weighted L' space while our computational results
require more: 1 should be at least piecewise smooth and in an exponentially-weighted L!
space. We develop the relevant Riemann—Hilbert (RH) theory for the inverse scattering trans-
form (IST) associated with the KdV equation (i.e. for the classical Schrodinger operator with
step-like potentials u(-, ¢)) and pose two different RH problems that are amenable to numerical
computations using the framework introduced in [39]. We then make use of this RH theory
to compute the solution of the Cauchy initial-value problem for the KdV equation with the
boundary conditions (3) for small # > 0. Figure 1 gives the solution of the KdV equation with
up(x) =0,c =2 atr=1.

Remark 1.1. Let i solve (1) with
i(x,0) = u(x,0) —a, (6)
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then

u(x,t) = ii(x — 6at, t) + a. (7)

This is the so-called Galilean boost symmetry of the KdV equation. Using this, any solution &
of (1) satisfying (2) with g; > gr can be obtained from a solution u satisfying (3) by

i(x, 1) = u(x —6qit,1) +q1, ¢ =q — qr. (8)

1.1. Outline of the paper

In section 2, we present the necessary scattering theory for Schrodinger operators with step-like
potentials in context of the direct scattering transform for the KdV equation (1). Some of this
material is based on the work of Kappeler and Cohen [6, 19], and also on the work of Deift and
Trubowitz [8]. As smoothness and decay properties of various spectral functions are important
in obtaining a robust numerical inverse scattering transform, we include the details on scattering
theory as they become necessary. In section 3, we define the right and left reflection coefficients
on R, derive their decay and smoothness properties as well as relations between left and right
scattering data. We then pose two RH problem formulations of the inverse scattering transform
for the KdV equation, one using the left scattering data and another using the right scattering
data. We note that one needs to use both of these problems to have an asymptotically accurate
computational method. This discussion unifies the work in [9] with that of Cohen and Kappeler.

In section 4, we give integrability conditions on the perturbation 1, necessary for the
deformations of the RH problems to be made in the subsequent sections and give details on
computation of the scattering data. In section 5 we introduce contour deformations (analytic
transformations) of RH problems 3 and 4 to apply the Deift—Zhou method of nonlinear steep-
est descent and compute the inverse scattering transform associated with the KdV equation for
all x € R att = 0. Having done that, we extend these deformations to small # > 0 in section 6
to compute the solution u(x, t) of the Cauchy problem for the KdV equation in two asymptotic
regions of the (x, ¢)-plane. In section 7 we present the computed solutions u(x, ¢) for various
step-like initial data and present comparison with solutions obtained via time-stepping.

The inclusion of solitons (if any) by incorporating residue conditions in these RH problems
and derivation of the time dependence for the scattering data is performed in appendix A. We
prove theorems on the unique solvability of these RH problems in appendix B. We apply the
dressing method [42] to establish a posteriori that the RH problems we pose produce solutions
of the KdV equation, see theorem 3.16. Establishing unique solvability of the RH problems,
without assuming existence of the solution of the KdV equation, is necessary to apply the
dressing method. Additionally, in the process, we show that a singular integral operator that
we encounter in the numerical solution of a RH problem is invertible. For these reasons we
expend considerable effort in appendix B.

Remark 1.2. We consider the setting g; > ¢g,. The case g; < g, can be treated by mapping
(x,1) — (—x, —1) as this leaves (1) invariant, noting that theorem 3.16 applies.

Notation. We use the following notational conventions:

e We denote the following weighted L” spaces on an oriented (rectifiable) contour I':

Lp(l",d‘u):{f:F—W:‘ /r[f(s)|pdy(s)<oo}. 9
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Also, LP(T) := LP(T, | ds|) where | ds| refers to arclength measure.
e We use 0 to denote the first Pauli matrix

0 1
m:[] 0}. (10)

e In the discussion of RH problems we use the following notation. For a function f defined
on a subset of C with a non-empty interior, we will use f(z) to refer to the values of . For
a function f defined on a contour I' C C we will use f(s) to refer to values of f.

e Given a point s on an oriented contour I' C C, £ (s) (resp. f~(s)) denote the non-tangential
boundary values of f(z) as z — s from left (resp. right) with respect to orientation of T

e We use bold typeface to denote matrices and vectors with the exception of ¢ defined in
(10).

2. The scattering problem and its solution

The spatial part of the Lax pair for the KAV equation is the spectral problem

Ly = Ey, LY =~y —u(x, 1), E =7, (11)

where u satisfies the KdV equation (1) and L is the Schrddinger operator. The temporal part
of the Lax pair is the evolution equation

P =Py, P := —4ipy — 3u(x, 1)1 — 6u(x, t)ipy. (12)

To compute scattering data associated with the given Cauchy initial data we proceed with the
construction of the Jost solutions of the spectral problem (11). We first solve the scattering

problem at # = 0. It is convenient to define the complementary functions u})/ (x) by

1,y Juo(x) x <0, vy Juo(x) x>0,
o (x) = {uo(x) -2 x>0, and  p(x) = {uo(x) +c x<0. (13)

Recall that we assume that the Cauchy initial data is

u(x,0) = ub(x). (14)

2.1. Asymptotic spectral problem as x — —oo
On the left-end of the spatial domain, formally, (11) is asymptotically

lpxx - _Z2¢’I (15)

which has a fundamental set of solutions given by { e™%*, e 7%}, Therefore, for z € R, (11)
has the following two independent solutions that are uniquely determined by their asymptotic
behavior as x — —oo:

PP (z:x) = (14 0(1)), x— —oo, (16)

P™(zx) = e ¥ (14+0(1)), x— —oo. (17)
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These functions can be defined through Volterra integral equations

Pla) = &+ o [ (D = FHEN) g g,

—00

(18)
. 1o :
P (zx) = e — 2iz /700 (elz(gfx) - elz(ké)) uy(§)9™ (z:¢) dg

which can be solved by Neumann series for z € R and ug € L'(R, (1 + |x|) dx). See [6,
chapter 1] and also [8, section 2] for a detailed construction.

X

2.2. Asymptotic spectral problem as x — +oo

Since u(x) — —c* as x — 400, we consider, formally, the problem (11) asymptotically:

Yo — PP = =Y, (19)

and the eigenvalues associated with this differential equation are doubly-branched. More pre-
cisely, we have the fundamental set of bounded solutions to (19) given by { el emiMx 1,
where A depends on z through the algebraic relation A2 = z> — ¢? (characteristic equation for
the eigenvalues iA of the constant coefficient equation (19)) which defines a Riemann surface
with genus 0. To be concrete, we define A(z) to be the function analytic for complex z with the

exception of a horizontal branch cut
Y= [—c, c] CR, (20)

between the branch points z = 4-¢, whose square coincides with 72 —¢? and satisfies
AMz) = z+ 0(z7") as z — oo. With these properties, A(z) is a scalar single-valued complex
function that is analytic in the region C \ X.

We now define two more independent solutions of the problem (11) that are determined, for
A(z) € R (ie. z € R\ Xo), by their asymptotic behavior as x — +00:

PP (z:x) = M1 40(1)), x— +oo Q1)
P (zix) = e M1 40(1)), x— oo (22)
The existence of such solutions is again established through Volterra integral equations
. . 1 [™ /. . R
Plry) = ol L iz(x—¢) _ oiz(é—x)\ ¢ P (-
lp (Z,.X) € + 21Z /x (e e ) M0(§>IIJ (Z’ g) dél
. : 1>, : .
me_. o\ _ i D iz(6—x) _ Liz(x—=&)\ ,r m .
P = e o= [ (e &) W ()9 () d

with pP/™(z;x) = §P/™(A(z); x). Again, the solutions P/™(z;x) are well-defined for
z € R, and hence ¥P/™(z;x) are well-defined for A(z) € R (ie. for z € R\ Z¢) and
up € L'((1 + |x|) dx). See again [6, chapter 1] and also [8, section 2] for details.

(23)

2.3. Left and right reflection coefficients

The left (resp. right) reflection coefficient R; (resp. Ry) are defined through the scattering rela-
tions for z € R\ Z¢

PP (z;x) = a(z)¢P (z:x) + b(2)9™ (z;x),

P () = B)YP (z:3) + AP (%), (4
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Remark 2.1. It is important to note that while (yP/™ and ¢pP/™ are each sets of two linearly
independent solutions of the same differential equation for all x € R, if x = 0, we can replace
1/ " with ug in the associated integral equations (18) and (23). Then the scattering theory is

mterpreted as the traditional scattering theory for the one-dimensional Schrodinger operator,
where one set of eigenfunctions is modified via the z — A(z) transformation.

The system (24) can be solved for a(z),b(z) and A(z),B(z) using Wronksians
W(f,g) =f¢ — gf’. Doing so, we define for z € Rand A(z) € R
ey o= M) WP, 7))
a(z)  W(yP(z-),¢™(z:))
R o B WO, 9 )
A(z) W™ (z:-), YP(z:-))
These are the so-called left (R;) and right (R;) reflection coefficients. We note that
W(¢P, ™) = —2iz and W(yP, ™) = —2iA(z). Other important formule are

)=
ey = WP (E)) | W) 9P (e)

(25)

(26)

W(gP(z:-), ™ (7)) 2iz '
b(o) = XOP(E)9P())  WPP(z ) yP(z-))

W(P(z:), 9™ (z:7) 2iz ' o
Alg) = YWPz), 9™(z0)  WPR(z ) $P(z-))

WP (z:-), g™ (z) 2iA(2) '
B(z) = WO (@), 9™(z0)  WHR(E ), 90 (z )

W(yP(z:-), y™(z0)) 2iA(2) ‘

Remark 2.2. Presence of the step-like boundary conditions rules out the existence of re-
flectionless solutions (e.g. pure solitons). Indeed, setting both reflection coefficients Rj(z)
and Ry(z)equal to 0 enforces A(z) = z, which holds if and only if ¢ = 0, resulting in a zero-
background (vanishing boundary conditions at infinity). Additionally, u(x,f) = H.(x) is not a
stationary solution of (1).

2.4. Regions of analyticity

To analyze regions of the complex plane where the functions $P/™ (z; x), ¢P/™ (z; x) are ana-
Iytic in the variable z, we consider the Jost functions

NP(z;x) := ¢P(z;x) e ¥, N™(z;x) *(Pm(z, x) &,
WP () o= P () €™, BIM(gix) o= ™ (i) 6, e8)
MP(z;x) := MP(A(z);x), M™(zx):= Mm(/\(z)§x)-

From (18) and (23) it immediately follows that the functions NP/™(z;x) and MP/™ (z; x) sat-
isfy the following Volterra integral equations for z € R

NP(z;x) = 14+ /X (1— eZiZ@*ﬂ) uy (E)NP (z: €) dE, (29)

2iz
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V) =1 o [ (1 @0 ) dhnm (e de, (30)
BP(zx) = 1+ zilz/oo (1 X9 u(@)1P (2:8) g, (31)
W) =1 o [T (1= SO ) @i @) de. (32)

For (29) and (30) x — ¢ > 0 and x — ¢ < O for (31) and (32). This immediately implies that
(29) and (32) can be analytically continued for Im z < 0 while (30) and (31) can be analytically
continued for Im z > 0. It also follows from the asymptotics of A(z) that (Im z) (Im A(z)) > 0
for z ¢ R. We note that these considerations immediately imply that a(z) and A(z) are ana-
lytic for Imz > 0.

We now consider the large z asymptotics of the above solutions, NP/™ and #P/™ assum-
ing z is in the appropriate region of analyticity.

Lemma 23. If uy € L'(R) then for fixed x € R, NP/™(z;x) =14+ 0(z"!) and
Mp/m(z;x) =1+0(z Yas z— oo

Proof. We concentrate on one function, N™, as the proof is the same for all. For |z| > 1
consider the Volterra integral equation

N@xﬁggfjo—&w{v%@WWZQ@:L (33)

which can be rewritten as (Z + K;)N™(z;-) = 1, where K; is the Volterra integral operator
given as

Kflen) =5 [ (1 @ 0) (@)1 ) de. G4

We proceed by showing that the Neumann series for the inverse operator (Z + K;)~! conv-
erges in the operator norm on C%((—oo, X]) for fixed X € R. Standard estimates yield

5¢ X
K21 co((~eo,x]) </7m/s / / H\uo 57)| dsy - -

1 52 Sn— l/
X n—/{
/ /v /\‘ /\' o ds 041 (/v g (s )|dS> ds,- Z+IH|"‘O si)| dsy_¢- -+ dsy
1 1 /S n—{ n—{+ n—{+1 =1 (35)
< ol + X, 0 € Zoo.

2
This implies that [[(Z +K2) ™ [[co((—eox)) < ellvollrz) X1 g0 |z| > 1. Then directly
estimating (33), we have that

ol 1) + *IX]

2
|Z| |'40HL1 yte ‘X‘, |Z| >1, (36)

INT(zx) = 1] <

proving the result for N™. Note that for X < 0, we can omit the c?IX| term from these
estimates. O
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Remark 2.4. The reason it is enough to assume uy € L' (R) to prove lemma 2.3 is because
z is away from zero. The additional decay assumption uy € L' (R, (1 + |x|) dx) in construc-
tion of the Jost solutions is required to handle the case when z = 0, i.e. in general, for z € R.

We now compute the coefficients of the terms that are proportional to z~! in the large-z
asymptotic series expansions of these functions.

Lemma 2.5. For fixed x, As |z| — o0, Imz > 0,

2e(N ) - 1) = [ h(@)d

o 37)
2ic(#1F (z2x) — 1) = [ up(@) ¢
For fixed x, As |z| — o0, Imz < 0,
2iz(NP(z3x) — 1) — — / b (&) dE,
e (38)

2™ (zsx) ~ 1) = — [ uh(@) de.

Proof. We only prove this for N™. The proofs for other functions are similar. Consider, as
|z| = 00,Imz >0,

2iz(N™ (z:x) — 1) /(1 08 (@) (14 0( 1)) dg
= [ (1= 9) @) de+ o)

[ d@d- [ 0@ dzt o).
—o0 —0 (39)

The claim follows if we show ff e2iz(x=8) L 0(€)d¢ = o(1) as |z| = oo, Imz > 0. Indeed,
this is the case since setting y := ¢ — x we have

0 .
/700 e 2yl (y+x)dy = 0, |z = o (40)

by the Riemann-Lebesgue lemma. O

It is important to note that from this lemma we obtain

. . 1) — . .z - o= [T
dim MR -1 = m 2 AP 1) = [ (@) de,
MHE%;Kﬁﬁ“Mm@”9*1>:‘ilw““@dé (1)

Lemma 2.6. Ifug € L'(R), forImz > 0, a(z) = 1 + O(z!) as 7 — co. Furthermore

lim  2iz(a(z) — 1) = /j:o up(¢)dg. (42)

z—00, Imz>0
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Proof. We use the representation of a(z) given in (27) in terms of a Wronskian

m( ..\ 1P(r.
a(z) = W(P™ (z; )/IIJ (z )), 43)
2iz
with
P (z;x) = e FNT(z;x),
%me(z;X) = e P NM(zx) —izeTFN™ (), (44)
PP (z3x) = eMPMP(z;x),
O 0 (zx) = ML MP (253) + 1A (2) @NOTMP (2:).
ox X
We find, by evaluating at x = 0,
(0) = 5t (#™(0)gP () — P () g™ (1)
a(z =% ¢ (zx al[J zx)— ¢ z,xacp X
_ (2HARY ymis. v (e
_< o )N (z;0)MP(z;0) (45)
b (Wm0 L MP (20) — MP(z:0) 2 N™ (2,0
2iz T ox ’ T ox ’ '
It then follows that £-N™(z;0) = O(z~") and 2MP(z;0) = O(z~') so that
lim 2iz(a(z) — 1) = / (&) dE. (46)
J2| o0 —o0
O

2.5. Differentiability with respect to z on R

We now consider the conditions on uo under which $P/™ and ¢P/™ and their first order
x- derivatives both evaluated at x = 0, are differentiable k times with respect to z for z € R.

Lemma 2.7. Let k be a non-negative integer and suppose that ug € L' (R, (1 + |x])*+! dx).
Then for each fixed x € R

P/ (), B (5 x), P/ (), P () € CH(R), (47)

Furthermore, for fixed x, the Lth derivative with respect to z, £ < k, is continuous as a function
ofug € L'(R, (1 4 |x|)*1 dx) and z € R.

Proof. We prove this only for ¢$™ (z; x) as the proofs for the others are similar. And to prove
this for ¢™(z;x), it suffices to prove this for the renormalized function N™(z;x). We begin
with rewriting the Volterra integral equation (30) as

N™(z;x) — /x K(zx = Qup(@N™z8)dE =1, K(zx) = 2%1 (e 1), (48)

—00

which has the form (Z 4 KC;)[N™(z; -)] = 1 with K, denoting the Volterra integral operator
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Kolf1 () o= = [ Kzx— 0ub(@)1(8) dc. “9)

—00

For h # 0, the difference function Nj*(z;x) := N™(z + h;x) — N™(z; x) satisfies the equa-
tion

M) — [ K- i@V @i = [ Ke+hx—g)

—00

—K(zx— )] up(§)N™(z+ h: &) dE. (50)

Because the operator (Z + K;) on the left-hand side is invertible on C((—o0, X]), for any
fixed X € R, uniform continuity of N™(z;x) in the spectral variable z follows if we show
that the right-hand side tends uniformly to zero as 7 — 0. We fix X € R. The modulus of the
expression on the right-hand side of (50) is bounded above by

I(x) := /X ’K(z+h;x—§) —K(Z;x—@)u})(é)Nm(Z-l-h;C)‘ dé, x€ (—,X), (51

—00

since z € R. Thus, we will show that /(x) — 0 as h — 0. We write K(z;x) =: x(zx)x, with

GZiS*
K(S) = { 2is ! s 6 R \ {0}1 (52)

1 s=0,

which is bounded and differentiable for s € R, with all of its derivatives being also bounded
for all s € R. Now, since for any fixed x, N™(z;x) is bounded uniformly in z € R (see the
proof of lemma 2.3) by, say, M > 0, we have

[x =2l
1+[¢]

(|1 +[2])dg,  x € (—e0,X].
(53)

<M/ ((z+h)(x— &) —k(z(x— )|

Now, let € > 0. Because « is a bounded function and ug € L'((1 + |x|) dx) there exists
¢ ={(e) < X such that

M [ Ie(e B )~ xlete - )]

x— |
1+|§|

up(§)[(1+[2]) dg < e
(54)

for all x < X. Therefore

X
I(x)<e +MA (24 h) (x— &) — x(2(x = &))||x — &llup(§)| A, x € (—o0,X] (55)
since z € R. On the other hand, by the fundamental theorem of calculus we have

z+h
K((z+h)(x—¢)) —x(z(x = &)) = (x—¢) /Z ' (s(x =) ds, (56)

which tends to zero, uniformly for & € [¢, x], for any x < X, as h — 0 because x’ is bounded
(x’'(s)] < 1forall s € R). Since € > 0 in (55) can be made arbitrarily small, this establishes
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uniform continuity of N™(z;x) with respect to z € R.

To generalize this to existence and continuity of the z-derivatives of N™(z; x) for z € R, we
first use boundedness of x and all of its derivatives on R and immediately obtain the estimate

|0/K (z;x)| < Cilx)PTY, j=0,1,2,.... (57)

We then use integral equation satisfied by the difference quotient N (z;x) := N (z;x) /h:

W)~ [ K- @M e ae = 7 KEREZE ZREXZ0 ) pvm; gy d.

(58)

If we can show that the right-hand side converges to

[ ak@-au@nm o) de (59)

in C%((—o0, X]), for fixed X € R, as & — 0 then we have shown that 9,N™(z; x) exists, and
is given by

IN™(z3x) = (Z+K;)! / 9K (z:x — §)ug(E)N™(2: &) dE. (60)
To establish this, we proceed as before. Fix X € R, x < X, and consider the difference
| ak(zr—ub@N" (@) de— [ ok (zx— Dub@N™ (8 d
(61)

whose modulus is bounded above by

L) = /j; <K(Z+h;x—§) —K(zx—©¢)

h
Using the bound

[K(z+mx—¢) — K(zx— )|
Al

—@K&m—éouM@Nﬁ&+hﬁ)d§ 62)

< Cilx—¢J%, (63)

for h # 0 and the fact that ug € L' ((1 + |x|)? dx), for any € > 0 there exists £ = £(€) < X
such that

/5 ‘(K(z—i—h;x—(,‘) —K(z;x—¢)

h

—o0

—@K@m—cﬂuM@Nﬁc+h£ﬂdé<e (64)

and hence

X
I](.X) <€+/€

(K(z+h;x—é) —K(zx—¢)

) —&K@m—cQuM@N$@+h£ﬂdé

(65)

Multiplying and dividing by the factor (1-+|¢|)? inside the integral, using
ug € L'((1 4+ |x|)? dx) and boundedness of N™(z; x) for x € R, it now remains to show that
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K(z+hx—¢) — K(zx —

lim sup !
h

h—0 /<g<x<x (L+1¢])?

&) _ 0:K(z;x — 6)’ =0.
(66)
To this end, we set s = x — ¢ > 0, and observe that

K(Z—l-h;s})l—K(Z;S) C0K(zs) = s (K((z+h);) — x(zs) —K’(zs)s>

_ % / (ts) —«'(zs))dT,  (67)

and since z < T < z + h, by the mean value theorem «’(Ts) = x'(zs) + " (7) (Ts — zs) for
some Ty € (zs, Ts). Then, since k"’ is bounded on R, say, by L € R, we have

52

" /:H(K’(TS) —«/(zs)) dt| =

\|3

$3

s [R@a-oa

L
<L+~ |T—z| dt = 5|s\3|h|.

(68)

Therefore 11 (x) — 0 as h — 0, and we have indeed shown that the right-hand side of (58)
converges in C%((—oo,X]), implying that 9,N™(z;x) exists and is given by (60). We also,
then note that for ﬁxed x, (60) is continuous as a function of ug € L' (R, (1 + |x|)? dx) and
z € R because K, as an operator on C%((—o0,X]), is continuous as a function of these
same variables, and (59), as an element of C%((—o0, X]) is then continuous as a function of
up € L'(R, (1 + |x|)?dx) and z € R.

We then can proceed as before, to show that d,N™(z;x) is (uniformly) continuous and
then show that 92N™(z; x) exists and is uniformly continuous if L' (R, (1 + |x|) dx). Higher
derivatives follow, inductively, in a similar manner because all derivatives of k¥ with respect to
s are bounded. O

3. Two Riemann-Hilbert problems

In this section we assume that a(z) # 0 for z € C* (hence there are no solitons in the solu-
tion of the Cauchy problem), and relax this assumption in the following sections. See the
notational remark at the end of section 3.6 for the notational conventions.

We continue with some basic definitions for Riemann—Hilbert problems. The following
sequence of definitions can essentially be found in [39].

Definition 3.1.

(1) As a point of reference, we first define the classical Hardy spaces on the upper- and
lower-half planes. The Hardy spaces H? (Ci) consists of analytic functions f : C* — C
which satisfy the estimate

sup [[f (- £ir) 2w < co. (69)
r>0

(2) T C C is said to be an admissible contour if it is finite union of oriented, differenti-
able curves I' =T'y U - - - U T}y, called component contours, which intersect only at their
endpoints and tend to straight lines at infinity, the connected components of C\ T can
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be grouped into two classes C; and C_ such that for ();,(), € C4+ the arclength of
00 N9, is zero, and —TI' = {—s : s € I'} =T with a reversal of orientation.

(3) For a connected component () C C \ T, the class £2(Q) is defined to be the set of all ana-
lytic functions f in Q) such that there exists a sequence of curves (y,),>1 in Q) satisfying

| ds]
sup

n Tn |S_a|2

< oo, forsome acC\Q, (70)

that tend to dQ) in the sense that 7y, eventually surrounds every compact subset of () such
that

sup L 1£(s)[?] ds| < oo. (71)

(4) For an admissible contour I', define the Hardy space H. (T') to be the class of all analytic
functions f : C\ T — C such that f|q € £2(Q) for every connected component Q) of
C\ T. This is a generalization of (1). We also use the notation H_%E (T) if just modification
of the orientations of the component contours make I" admissible.

For f € L*(T), define the Cauchy integral

1 (s)
C =— | —=ds, I. 72
f@) =5~ s 2 (72)
We have the following standard facts.

(1) From standard theory (see, [39], for example) it follows that Cr : L2 (T) — H_%E (T).
(2) Furthermore, the Cauchy operator Cr maps L*(R) onto Hi (T), and therefore every func-
tion f € H3 (T) has two L?(I') boundary values on I', one taken from C and the other

taken from C_. We use Cl? () to denote these boundary values, and note the identity that
Cf(s) —Crf(s) =f(s) forae. s €T.
(3) The last fact we need is that CI?—L are bounded operators on L?(T) if T is admissible’.
Definition 3.2. An L? solution N to an RH problem on an admissible contour I’
Nt (s)=N"(s)J(s), s€T, N()=[1 1]+0("), (73)
is a solution N(-) — [1 1] € HL(T) such that N (s) = N~ (s)J(s) is satisfied for a.e.
sel.

Note that an L? solution does not necessarily satisfy the uniform O(z ') condition at infinity.

3.1. Left Riemann—Hilbert problem
We use the scattering relation, combined with another equation, for z € R and A(z) c R,
PP (z:x) = a(z)¢PP(z:x) + b(2)P™ (z;x)
P (@) = b(2)¢P (z:x) + a(2) ™ (z:x).

These two equations are used to formulate jump conditions for a sectionally analytic function.

(74)

3The necessary and sufficient condition is that I is a Carleson curve [5].
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Remark 3.3. To deduce properties of a, b, a, b we need only evaluate this relation at x = 0
and recall remark 2.1 and apply lemma 2.7 at x = 0, for example.

3.1.1 Jump relation for s? > ¢2. First, note that ™ (—z;x) = PP (z;x) since A(z) is
odd for z & (—c,c). Additionally, there is a conjugate symmetry because ug is real-val-
ued: ™ (z;x) = PP(z;x), and YP/™(z;x) enjoys the same symmetry. Thus, we find that
b(z) = b(—z) = b(z) and a(z) = a(—z) = a(z). We also know that ¢P and ™ are analytic
functions of z in the lower-half plane while the others, ¢™ and ¢P, are analytic in the upper-
half plane. Define the sectionally-analytic function

[ $P(zx) o™ (zx) ]

Imz >0,
Li(z) = Li(z:x) := (75)

Imz < 0.

[ ¢P(zx) p™(zx) |

Then assuming that a(z) # 0 for Imz > 0, we have for s> > ¢?

L (s) = [ll)p(s X) ¢ (s:x)]
s m m s a(s) 0
Hl — S o)+ 5— L) gy - Eersn] )
_ 0 1— \Rl s —Ri(—s)] [a(s) O (76)
= 1 0 1
We now define
SRE
Li(z) “E)Z) ] Imz >0
Ki(z) = (77
1 o0
L, (Z) 0 1 Imz <0
L” a(—2)
which is analytic on C \ R and satisfies
o [T RGP —Ri(=s)
o) — 1 1 2 S 2
K (s) = K (s) { Ri(s) | , sT=c. (78)
3.1.2. Jump relation for —¢ < 8§ < ¢. We find that for —c¢ < s < ¢
x) 1= lim yP ie:x) = lim ¢™ (s — ie:x).
P(s;x) ;ﬁ)up (s +1i€e;x) elfoup (s —ie;x) (79)
Then, again for —c < s < ¢ we define @(s) and b(s) by
P(s;x) = a(s)¢P(s;x) + E(s)4>m(S;x), (80)
because 1 is a solution of (11). From this, it follows that
0o -4
_ b
Ki() =K () | oy a(on] —e<s<e 81)
at(s) b(s)

2225



Nonlinearity 33 (2020) 2211 D Bilman and T Trogdon

But then we solve for b and & to find
B(S) — W(IP(S; 'z)i/j)p(S; )),
W(p™(s5-),p(s;-
a(s) = VO )9t )

Since both 1 and @P have analytic continuations for Im z < 0, it follows that 5(z) has an ana-
lytic continuation for Im z < 0. And then for Imz > 0

Bon - W) P s) | WEmE) e E)

2iz 2iz

(82)

(83)
This implies that a™ (s) = b~ (—s) = b(—s). It also follows that @(z) = a(z) for Imz > 0 so
thata™ (s) = a™ (s). So,

0 _ ‘1:(5)
K/ (s) =K (s)| , ) _e<s<e (84)
DR

To finish the setup of the RH problem we extend the definition of Rj as

% s2 > cz,
Rl(s) = at(—s) (85)
0 —c<s<eg
and define
Ni(z) = K;i(z) e ™53, z¢&R. (86)

Remark 3.4. This definition of Ry(s) for —c < s < ¢ can be justified by noting that if u
decays exponentially so that 1/AJP/ M and ¢>P/ ™M have analytic extensions to a strip containing the
real axis then, b(z) has an extension to a set (B \ [—c,c]) N CT where [—c, c] C B, B is open,

and Ry(s) = Zigg for —c < s < c.

Theorem 3.5 ([6, 8]). Forall x € R, componentwise, we have

Ni(-)—[1 1] € HL(R). (87)

Using the jump conditions (78) and (81) satisfied by K; and the extension of R; given in
(85) we have arrived at the following RH problem satisfied by Nj.

Riemann--Hilbert Problem 1. The function N : C\ R — C'*? is analytic on its do-
main and satisfies

L= Ri(s)? —Ri(s) ™

N (s) = Ny (s) , SER, Ni(g)=[1 1]+0("), z€C\R,

Rl(s) e 2isx 1
(88)
with the symmetry condition
Nl(—Z) = N](Z)(T], zE C\]R (89)

2226



Nonlinearity 33 (2020) 2211 D Bilman and T Trogdon

Remark 3.6. While setting up this RH problem one verifies that
lim  z(Nyj(z)—[1 1])= lm z(Ni@x—[1 1]), (90)

|z|] =00, Imz>0 |z] =00, Imz<0

using lemmas 2.5 and 2.6. This is a necessary condition for the solution of a singular integral
equation we pose below in (147) to have an integrable solution. We are purposefully vague

about in what sense the limits Nli exist as this is made precise below.

3.2. Right Riemann—Hilbert problem

We now use the other scattering relation, combined with yet another equation, for
zER A(z) €R,

¢" (zx) = B(2)YP(z:x) + A(9)p™ (z:%) o)
PP (z:x) = A(R)yP (z:x) + B(2) 9™ ().
(

We find that B(z) = B(—z) = B(z) and A(z) = A(—z) = A(z) and A(z) has an analytic

continuation into the upper-half plane. This is now used to determine the jump relations for

another sectionally analytic function.

3.2.1. Jump relation for s> > ¢2. Define the sectionally-analytic function

[ ¢™(z:x) ¢P(zix) | Imz >0,
Ly(z) = Ly(z;x) := ©2)
[ ¢™(zx) ¢P(zx) | Imz<oO.

Then assuming that A(z) # 0 for Imz > 0, we have for s? > ¢?
Ly (s) = [p™(s:x)  ¢P(s;)]
- B($)B(s) | pm (- B(s) pp (- PP(sx) _ Bls) ym .
= [[A6) = 52 v+ Her s G - A )]

1 0 | — Bl)BGs)  _B(s) A(s) 0
— Ly (s) { 1} AGAC) A0 { } _ 93)
0 5 e 1 0 1
In a similar way as above define
5 0|
L Alz Imz >0,
2(z2) 0 mz
K>(z) = 94
o0
Ly(z) 0 L Imz<0
L™ Al

so that for s? > ¢? we have the jump relation

L= [Re(s)? —Re(=s)

Ri(s) ! ©3)

K3 (s) = K; (s)

2227



Nonlinearity 33 (2020) 2211 D Bilman and T Trogdon

3.2.2. Jump relation for —¢ < s < €. For —c < s < c, the second entry of L2+ (s) is equal to
the first entry of L, (). From (80) it follows that

m 1 at(s
¢ (ax)==a+(_s)¢(xx)a+(§2)¢PCxx) (96)
For —c¢ < s < c this gives the relations
i ]
L) =15 09) | o) @)
- 0
at(—s)
which implies
Kisucll
K;(S) = K2_ (S) _a+(sA)A+(;s) 0 ’ (98)
L at(=s)AT(s)
and then
1 1
K (s5) = K; (s) a*(—?/“@ ol (99)

The definition of Ry (s) for —c < s < ¢ is much more complicated that for R (s). We first
establish an identity involving R;(s), a*(s), and A" (s) under the assumption that uo(x)
decays exponentially as x — d-oo implying that there exists neighborhoods of V., V_,. of
¢ and —c, respectively, such that R (s) has an analytic extension to V4. \ [—c,c]. For € > 0
sufficiently small, and for —c¢ < s < —c + € we claim

: : . : 1
lelﬁ')er(S—f—le) —lel\lg)er(—(S_le)) = m (100)
The left-hand side is equal to
B (s)A" (=) =B (=s)A" (s)
R (s) —Rf(—s) =
r (S) r ( S) A+(—S)A+(S> (101)
We then use a™ (s) = A%@A* (s) to write
AT (s) BT (s)AT (—s) — BT (—s)A™(s)
RS (s) — R (—s) = — )
F(s) =R (=) p a (—s)AT (s) (102)
From the Wronskian representations we obtain AT (—s) = —A%(s)lfr (s) from which it fol-
lows that
BT (s)b™ (s) + BT (—s)b™ (—s
R (s) — R (—s) = ()67 (s) ()67 (=s), (103)

at(=s)A*(s)
Then working with Wronskians for functions f, g, i, k we find by brute force
W(f, )W (g k) = W(g, )W(f, k) = W(f,&)W(h, k). (104)

Then using that the boundary values from above of ¥P/™ are even in s and ¢P(—s;x) =
¢™ (s5;x), we find that B* (s)b™ (s) + Bt (—s)b™ (—s) = 1and the claim (100) follows. Then,
compute
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I =RI(=9)][0 ][ 1 0] _ |&Fooaw !
{o 1 Hl o] [R;ws) J‘[ o (105)

Note that R (—s) can be extended to an open set in the lower-half plane, R/ (s) can be
extended to an open set in the upper-half plane. The same factorization holds near ¢ on
[c —¢€,c]

Removing the assumption of exponential decay of u, but keeping the condition
ug € L'(R, (1 + |x|)? dx), we extend the definition of R; to [—c, c] so that it has an approxi-
mate analytic extension. This extension is given by

B(s) 2 2
m S 2 c,
1 £(s)
= §+s CZ,SZ
RS) = opgiy —etes<s<e-e (100
Bt
A+8 s€(—c,—c+e)U(c—eg0),

where £(s) is an even function of s on (—c, ¢). The intent of this definition is for it to make
sense even when € = 0, and the third case never applies. Furthermore, we have

Ri(s) — Ry(—s) = m, s € (—¢,c). (107)

Now choose ¢ to match the behavior of Ry at —c in the following way. Set
0(s) = as® + BV 2 — 52, (108)
and assume
v
at(=s)A*(s)

as s — —c, § > —c. Such an expansion is valid by lemma 2.7. We find

:K1\/s+c—|—1c2(s+c)+0(|s+c|3/2) (109)

l+ L(s) \[
2 _ 44 K 14
2 sV BVE (—1 b fxz—c) Vste+0(s+c), s——c s> —c

at(—s)At(s) V2 2 ¢ V2
(110)
We choose « so that x; “\g = 1 and choose f so that K—zl — Klg — Kg“\—\g = —iy where 7 is
determined by
Re(s)=—14+7V—s—c+O0(ls+¢|), s— —¢c s<—c (111)

This process succeeds because k1 7 0. This implies that*
Re(s) = —1+7g(s)+O0(s+¢|), s— —c s<—¢
Ly 4 (112)
2 s/
m——l+'yg+(s)+0(|s+c|), s— —¢, § > —¢C,
where g(z) = v/—z — ¢ has an analytic extension to the upper-half plane, using the principal
branch of the square root.

4The fact that lim,—s—¢, s<—c Re(s) = —1is established in theorem 3.13 below directly from a ratio of Wronskians.
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Then, as a consequence of R;(—s) = R;(s), s> > ¢2, and the fact that a* (—s)A™ (s)is an
odd function of s, we have

Ri(s)=—14+9Vs—c+O(ls—c¢|), s—¢ s>¢

= —x1Ve—s+ —K(c—s5)+0(s—c*?), s—e¢ s<c
(113)

o
at(—s)A*(s)

and therefore

1 £s)
3+
27T 22 w4/ K1 B ay/c
% - _ B P Y — _ -
at(—s)AT(s) — N2 ( 2 e "Zﬁ> e=s+0le=sl), s=as<e

=—1+4+(-iy—x1)Ve—s+0(lc—s|), s—c s<c

(114)
=—14+iyve—s+0(lc—s]), s—¢ s<g

because the following lemma holds.

Lemma 3.7 Ifup € L'(R,(1+ |x])?dx), —iy — x| = iY.

Proof. If the initial condition has compact support, we have local analytic continuations of

R, to the upper-half plane in the neighborhood of +¢ and therefore using that R, (—z) = Ry(z)
Ri(s)=—1—iyVs+c+O0(s+c|), s— —c s> —c

115
Rf(s)=—1+iyVe—s5+0(s—c|), s—c s<c (11>

The identity

R (s) =R (—s) = S — (116)

establishes the claim for initial data with compact support. For general data, we approximate
itin L'(R, (1 + |x|)? dx) with data having compact support and then lemma 2.7 implies the
claim in the limit because « and x; are continuous as functions on L! (R, (1 + |x|)>dx). [

Remark 3.8. The definition of R, on [—c+¢€,¢c—¢€] can be modified, assuming
ug € L' (R, (1 + |x|)**! dx), so that more terms in its series expansion at +¢ match from the
left and right.

We finally define
Nj(2) = Ky (z) e (117)
and arrive at the following problem satisfied by N».

Riemann--Hilbert Problem 2. The function N, : C\ R — C'*? is analytic on its do-
main and satisfies
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N3 (s) = N (s)

= ROP R @00]
Rr(s) eZi/\(:)x 1 4 4

1 —Rr(—x) e72i/\’ (s)x
0 1

1 0
4] [Rr(s) QA (5)x 1] , —¢c<s<g

eZi/\+(.v)x
NE () = N3 (5) [()A() ‘] N5 () {
1 0
No(z) =[1 1]+0("), zeC\R,

with the symmetry condition

Nz(—Z) =N2(Z)(71, ZEC\]R. (118)

3.3. Decay properties of R, on R

Definition 3.9. Define D,, n > 2 to be the class of functions f on R such that
f € LY(R, (1 + |x|) dx) has n — 1 absolutely continuous derivatives in L!(R), /" is piece-
wise absolutely continuous® and in L' (R), and f("+1) € LI(R).

Ifn = 1 define D, to be the class of functions fon R suchthat f € L'(R, (1 4 |x|) dx), fisab-
solutely continuous and /" is piecewise absolutely continuous and in L! (R),and f?) € L'(R).

If n = 0 define D, to be the class of functions f on R such that f € L(R, (1 + |x]) dx), f
is piecewise absolutely continuous and f(1) € L!(R).

Lemma 3.10 ([19]). Forn > 0, suppose that uy € D,. Then
Ri(s) = O(|s|7*™"), ass— +oo. (119)

Remark 3.11. In [19] the author imposes moment conditions on derivatives of uq in the
proof of a more general version of lemma 3.10 that gives decay rates of the derivatives of the
reflection coefficients. Since we only focus on the decay rate of the function itself in the pre-
sent work, these conditions are unnecessary.

3.4. Relations between left and right scattering data

In some of the calculations that follow, it is convenient to have specific equalities that relate
A, B, a and b. First, consider the system (74) for z € R, A(z) € R, combined with its deriva-
tive with respect to x

YP(z;x) Y™ (z;x)]
PP (zx) P (zx)

a [(Pf (zx) PN (zx) (120)

e el o)

3 A function f is piecewise absolutely continuous on R if there exists a partition —00 = xp < x| < ... < Xy = +00
such that f| [nrns ] CAI be made absolutely continuous by modifying the values of f(x,) and f(x,+1).
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This gives
_ WYP(z), 9™ (=) A
(TR T e T s

A(2)A(—z) — B(z)B(~2) = ﬁz)

From this, one finds,
_ Az) 1 B 1

1= R@)R(=2) = z a(—2)a(z) A(z)a(—z) (122)

Next, we claim that for z € R, A(z) € R
_ b(=2)A(=2) _ z
B(z) = A=) —b(—Z)@- (123)

This follows because PP (—z;-) = p™(z;-), pP(—z;-) = ¢™(z;-), and A(z) = a(z)ﬁ.

3.5. Smoothness properties of Ry, on R

Definition 3.12. The initial perturbation ug(x) = u(x,0) — H,(x) is said to be generic if
W(¢™(c;-), ¥P(c;)) #0 and W(P™(0;-),¢P(0;-)) # 0. (124)

The term genericity is used because this is expected to hold on a open, dense subset of ini-
tial data [8]. We note that this fact was not established in [19]. We do not establish this here
because we can verify it numerically in all cases we consider. It will be considered in a future
work.

Genericity implies, by evaluating at x = 0,

W(p™(c;-), 9P(0;-)) #0, (125)

giving

0# W(gm(cs-), $P(0:-)) = W(PP(c:-), ™ (0:-)) = W(P™ (—c:-), §P(0: 1)),
(126)
Next, by again evaluating at x = 0,

07 W(p™(0;-), 9P (0:-)) = W(EH™ (e ), 9P (05 ). (127)
Here )™ and ¢P are solutions of the same Schrodinger equation with decaying potential uo(x).
We find that (127) with uy(x) replaced with uo(—x) is the same condition as (126).

Theorem 3.13. Suppose that k is a non-negative integer and uy € L' (R, (1 + |x|)*+1dx)
and assume uy is generic. Then Ry(s) satisfies®
k
Ri(s) =) ¢j(vV—s—c) +o(ls+cf?), s— —¢, s< —¢,
) (128)
Ri(s) =) &(V—s— c)iL +o(ls+cf?), s— —c, s> —¢,
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and ¢j =& for j =0,1,..., k. Furthermore, Ry are C* functions on R\ {c, —c} satisfying
Ri(xc) = —1, R(0) = —1. (129)

Proof. Recall that from (25) and (85)

% Is| > ¢,
Rl(s) =Y at () (130)
a(5) ls| <e

Consider the truncation ug r,(x) = uo(x)X{|x/<r} (*¥); L > 0, which has compact support so
that

ZC]L —s—c’—|—0(|s+c|k/2), s— —c, s < —¢,
(131)

2 e k/2 _ _

&(v/—s—c) +0(|s+c| ), s— —c¢, 5s>—c

and ¢jp = ¢ for j=0,1,...,k Next, we show that these expressions remain valid as
L — oo, implying (128). Indeed this follows by lemma 2.7 as the limit can be applied term-
by-term in the Taylor expansion. A similar argument holds at 4+c. The argument for R; is
simpler as once we know the Taylor expansions exist, (106) gives the result.

Now,

(5 = W 0P0) 1)

so that for s 7 0 we have

at(s) _ Wm(s-)9P(s-)
at(=s) W™ (=s-),¢P(=s:-))
Then, under the condition that W (™ (0;-), ¢P(0;-)) # 0 we find that R;(0) = —1. Then to

establish the required equalities at +¢ we consider for s> > ¢2, assuming the corresponding
denominators do not vanish

(133)

c W(p™ (£c; ), m(o, ))
Ri(+c) = W(¢p™ (tc;-), PP(0;-)) (134)
But then l/:?P(O; )= EEm(O; -)so that Ry(+c) = 1.
o) = - WP(0:), 9P (cs )
Ri(+£c) W(tﬁP(O; ')"Pm(:l:c;-))' (135)D

3.6. The final Riemann—Hilbert problems

To finalize the setup of the RH problems, we must introduce time-dependence and residue
conditions from the existence of solitons in the solution whenever a(z) has a simple zero. This
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process is detailed in appendix A. Specifically, it follows from the decay assumptions on ug
that a(z) = a(z;0) does not vanish on R and has a finite number of simple poles {z1,...,2n}
in the open upper-half plane, all lying on the imaginary axis [6]. Then define 2y,...2%, to
be disjoint circular contours in the open upper-half plane of radius § > 0 with zy,...,z,
as their centers and clockwise orientation. Additionally, give —%; := {—z: z € ¥;} counter-
clockwise orientation.

Riemann—Hilbert Problem 3. The function Ny : C\ R — C'*2,N{(z) = N;(z; x,1) is
analytic on its domain and satisfies

- . -3
N NGy | TTR@E Rt
1 1 _Rl(s) e721sx781s t 1
N o 1 0
Ny (s) = N; (s) _c(g) e—2izjx—8izj3t 1 s € Zj, (136)
L 55
[ clg) —2igx—8izt
N =Ny (9| T T T, se-y,
10 1
Ni(z)=[1 1]+0(z"), zeC\R,
with the symmetry condition
Ni(—z) =Ni(z)o;, z€C\T, F:RUU(ZjU—Zj). (137)

J

Theorem 3.14. There exists a unique L* solution of RH problem 3 provided Ry is any
function on R that is continuous and square-integrable, decays at infinity, and satisfies

Ri(=s) = Ri(s).
For the proof of theorem 3.14, see appendix B.1.

Riemann—Hilbert Problem 4. The function N, : C\ R — C'*2,N,(z) = Na(z; x,1) is
analytic on its domain and satisfies

1= R(s)? “Ry(—s) e~ HAG)Sig(s)r
N;r (s) =N, (s) Re(s) Q2IA(s)x+8ip(s)1 |

:| , s2 > c2,
_1 —Rr(—s) efzi/\‘(s)x78izp‘(s)t
1

1 0
N; (5) =Ny () | et QA (3))x+8ig(3))t 1} ;o SEL,

1 0

+ _ —
N; (s) = N5 (s) a1 [Rr(s) Q20A T (s)x+8ip* ()1 1] ; TCSSSC

=]

(1 _C) J2iA(z)x+8ig(z)t
NP =Ny | T } , se-x,
- (138)
§ls) = A5 + 3PA(),
with the symmetry condition
Ny (—z) = Na(z)o1, z€C\R. (139)
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Theorem 3.15. Assume

(1) a,b,A,B: R\ [—c,c] — Care 1/2-Hilder continuous functions such that a(s) and b(s),
can be extended to 1/2-Holder continuous functions on R\ (—c, ¢).

(2) The symmetries (122) and (123) hold for s* > ¢?.

(3) For s* > ¢2,a(s) = a(—s) and b(s) = b(—s)

(4) a*,AT : (—c,c) — C are 1/2-Holder functions such that sa™t(s), A1 (s)A™ (s) can be
extended to 1/2-Holder continuous functions on [—c,c] and a*(£c) = a(+c).

(5) a, b satisfy

=, +ay V—s—c+O(s+ec|), s— —c >
=—a;_ +Bo V—s—cH+O(s+c|]), s—=—c, >

Q

a(s) =wy s +aoVs—c+O0(s—c|), s—c s> (140)
b(s) = —aj+ +By Vs—c+O0(s—c|), s—ec s>
for some ; +, Bj+ € C.
(6) a” satisfies
at(s)=0,-+0 - Vs+c+0(s+c|]), s——c s>-—c an)

at(s) = —C1,-+0O+Ve—s+0(s—c|), s—¢ s<g
for some ¢y _and {4+ € C.
(7) At (s) = a*(s)ﬁ(s)fors € (—¢c)
(8) Neither a(s) nor sa™(s) vanish within their domains of definition.
(9) Ry(s) is given by (85).
(10) Ry (s) is given by (106), and (112) and (114) hold.
(11) R /1 (s) = O(s™1) as|s| — oo.

Then there exists a unique L? solution of RH problem 4.

For the proof of theorem 3.15, see appendix B.2 of the appendix. We can now prove our
theorem about the existence of solutions of the KdV equation via RH problems.

Theorem 3.16. Suppose uy is generic. Then the following hold:

(1) Ifug € L' (R, (1 + |x|) dx) then RH problem 3 has a unique solution.

(2) Ifug € L'(R, (1 + |x|)3 dx) then RH problem 4 has a unique solution.

(3) If either u(-,0) € D3 oruy € L' (R, el dx) for some 6 > 0O then by the dressing method
these solutions produce the solution of the KdV equation for t > 0:

lim 2iz(Ny(z) — [1 1])

Z— 00

lim 2iz(Na(z) — [1 1])

Z—»00

[ [luld ) dd [ u(, 1) dr'],

[— fxoo [u(x, 1) + C2] dx’/ fxoo [u(xX, 1) + C2] dx/] .
(142)

Proof. Parts (1) and (2) follow from lemma 2.7 and theorems 3.14 and 3.15. Part (3) is the
application of the dressing method and the conditions imposed are sufficient for the solu-
tion of the RH problem to be differentiable both in x and ¢ the required number of times. For

u(+,0) € Ds see lemma 3.10 and for uy € L' (R, e’ dx), see the deformations in section 6
which induces exponential decay of the jump matrix. O
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Rez

Figure 2. The domain S} for analyticity for ¢P/™(-;x) when ug € L' (e?’Il dx) with
varying values of v and ¢ = 1. Specifically, this plot gives the level curves of [Im A(z)].

Remark 3.17. It is important to note that if one solves RH problem 3 for large values of x,
the recovery formula (142) produces a quantity that grows as x increases. This indicates that
the operator one is inverting is not well-conditioned in this limit. Thus there is a reason based
on numerical stability for including both RH problems 3 and 4.

4. Contour deformations and numerical inverse scattering

Throughout this section we assume uy € Ll(ez‘/|"| dx) for some v > 0. This immediately
implies that, in addition to other analyticity properties, gbp/ ™ and 1/3P/ ™ and their x-derivatives
have analytic extensions as functions of z within the open strip Sy := {z € C: [Imz| < v}
and continuous in the closure. Define

s} ={zeC:[ImA(z)|] <v}. (143)

See figure 2 for a plot. It is clear that R \ [—c¢, c] C Sf) for any choice of A. Then, for example,
it follows that (P (z; x) is an analytic function of z within the region

Syti=Crus)\ ¢, (144)
while ™ (z;x) is an analytic function of z within the region
Sy = CTUSH\ [—¢,c]. (145)

It then follows that Rl(sg has a meromorphic extension to Sy’ while Ry(s) has a meromor-
phic extension to only e Sf,\’_. These regions of analyticity are sufficient to make all the
deformations outlined below.

4.1. Computing R,

We note that the computation of the reflection coefficients is no different than that in the case
of decaying data [40]. Indeed, we compute the scattering data by evaluating at x = 0, see
remark 2.1.
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4.2. Computing {z;}, C(z;) and c(z))

The authors in [40] used Hill’s method [7] to compute the (negative) eigenvalues of the opera-
tor (11) at # = 0 and therefore find the zeros a(z) in the upper-half plane. This required initial
data with decay, so that one can approximate the eigenvalues with those from a operator on a
space of periodic functions. Here, we choose L > 0 so that |ug(x)| < € for|x| > L and € is on
the order of machine precision. Then (11) can be approximated by

_DIZV,L — diag u(fN,L, 0) (146)

where Dy is the first-order Chebyshev differentiation matrix [35] for Xy 1, the vector of Nth-
order Chebyshev points scaled to the interval [—L, L]. For sufficiently large L, N, the eigenval-
ues of (146) near the negative real axis approximate the eigenvalues of (11).

4.3. The numerical solution of Riemann—Hilbert problems

The numerical solution of an L?> RH problem is based around the representation of HL(T)
functions as the Cauchy integral of L?(T) functions and consequently, the equivalency
between solving the RH problem for N and solving the singular integral equation

u—-Cru-(G-1)=G-1, N=Cru+L (147)

This integral equation is discretized (see [31, 39]) using mapped Chebyshev polynomials.
Suppose

S
r=yr, (148)
(=1

where I'y = My([—1,1]) and My(x) = ayx + by is an affine function. Then we construct a

basis of L?(T';) denoted (4)1-(@

0\ (s) =TroM; (), j=0,1,2...,mn),..., (149)

)j>0 and defined by

where Tj(cos ) = cos 6 is the jth Chebyshev polynomial of the first kind. The integer my(n)
allows one to use a different number of basis functions on each I'y. It is simple to check that

LA g L[ S0

2mi Jr, s —z T2 l"zx*Mg_l(Z)

Define the finite-dimensional space

14 4
X, = {f €LXT):fr, € span{qb(() )""’(Pr(ng)(n)}}'
Provided that one can compute

CoinTi(z), z¢ [-1,1] and cE

[71,1]Tj(x)r x€(=11),

one can compute Crequ(z) and Ci gbj(g) away from the endpoints of I'y. We then define a sub-
space X of X, wh i iti
pace X, ’ of X,, where we impose the condition

fext? ifand only if f € X, and sup |Crf(z)| < co.
z¢T
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This imposes a condition on function values at all endpoints or self-intersection points of T’
called the zero-sum condition, see [39, definition 2.47]. Then, with this condition one can
show that Cl-i f,f € X,(,O) is well defined for every point in I'. There then exists an interpolatory
projection P, derived via the discrete cosine transform, that maps

{fe*D) : flm,((=1,1)) is continuous and extends continuously to 'y, £ = 1,2,..., S}

onto X,. All these considerations extend trivially to vector- or matrix-valued functions. In
order to compute an approximate solution of an RH problem (G, T'), one then looks for a solu-
tion u, of

Pa(ty —Cruy- (G—1) =Po(G—T), u,ex. (150)

Careful study of this system would lead one to think it is overdetermined but if G satisfies the
product condition [39, definition 2.55] this is not true [39, lemma 6.11]. An implementation of
this methodology for finding u, can be found in RHPackage [30].

The convergence rate is closely tied to the smoothness of solutions [32] and invertibil-
ity of the associated operator on high-order Sobolev spaces is required [39]. Fortunately,
this is immediate following theorems 3.14 and 3.15, and the fact that the jump matrix G we
encounter, after deformation, will satisfy the kth-order product condition [39, definition 2.55]
for every k. If the solution is known to be analytic then the convergence rate as n — o0 is expo-
nential, provided that the condition number of the linear system constructed in the solution of
(150) grows at an (at most) polynomial rate [39, Assumption 7.4.1].

The deformation of a RH problem is an explicit transformation (G,T) — (G, T) such
the solutions of the two problems are in correspondence. The goal is for the operator
u—u-— CIZ u- (G —1) to be better conditioned than the original operator (147), i.e. have
a smaller condition number. To have any analytic expressions for the solution, one needs the
condition number to tend to one in an asymptotic limit, while numerically, one just aims to
have a bounded quantity.

4.4. Recovery of u(x, t)

Once the solution of (147) has been computed, one then seeks d,u = u,, see (142). To do this,
we solve the equation satisfied by uy:

u,—Cru,- (G—1I) = (Cfu+I)G;, N, =Cru,. (151)
And then, formally,
. 1
ZIEEOZNX(Z) =~ /rux(s) ds. (152)
Assuming the operator in (147) is invertible, these formal manipulations are justified provided
G, e L'NL®(T)and Cfu+1 € L®(R).
5. Numerical inverse scattering att =0

We divide this computation into two cases, x < 0 and x > 0. We first ignore the jumps on the
contours X;, —2;.
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20( o o

Figure 3. The initial deformation of RH problem 3 for # = 0, x < 0. The jumps on the
contours ; and —2; surrounding the poles z; and —z; are unchanged at this stage. The

matrices M and Pfl are the resulting jump matrices supported on the indicated arcs.

Figure 4. The initial deformation of RH problem 4 for = 0, x > 0. The jumps on the
contours % and —Z2; surrounding the poles z; and —z; are unchanged at this stage. The
matrices Ja, M;‘l, and P2il are the resulting jump matrices supported on the indicated
arcs.

51 x<0

Under our assumptions, Rj has a meromorphic extension to v > Imz > 0, decaying at infin-
ity within this strip. And because R) has a finite number of poles in this strip, we can use the
factorization

1 —Ri(s)Ri(—s) Ri(—s)e 2%] o1 Ry(—s)et 1 0
_Rll(s) elzm | 1 ] = MiG)PIG) = {0 1 1 } |:_R1(S) el 1} '
o (153)

noting that Rj(s) = Rj(—s), to deform RH problem 3 within a possibly smaller strip a < ¢.
One does this by the so-called lensing process: given N define

- {Nl(z)Pl(z) 0<Imz<ua,

Nie) = Ni(z)M;(z) —a<Imz<O0, (154)

and then N (z) satisfies the RH problem depicted in figure 3. The jumps matrices decay expo-
nentially to the identity matrix as x — —oo.
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M, ]ZZMZL O}le M,

o

Figure 5. The second deformation of RH problem 4 for ¢t = 0, x > 0. The jumps on the
contours %,; and —2; surrounding the poles z; and —z; are unchanged at this stage.The
matrices Jo, MZjEl and P;l are the resulting jump matrices supported on the indicated
arcs. This transformation removes the jumps on the arcs connecting 4-¢ to the boundary
of the lens shaped regions—see the jump-free regions B.

52. x>0

The situation for x > 0 is more complicated because the jump condition in RH problem 4
is discontinuous. Furthermore, we can only lens the jump matrix within as subregion of S,},‘.
See figure 4 for a depiction of the jump contours and jump matrices after lensing. But this
RH problem, even though it is uniquely solvable in an L? sense, has a jump matrix that is not
smooth, in the sense of the product condition [39, definition 2.55] at 4+¢. A local deformation
is required, using (B.37) below with jump matrices and jump contours depicted in figure 4.
Then define two neighborhoods B of +c, by first defining B, shown in figure 5 and setting
B_. = {—z:z € B.}. Now, define a new unknown

A ~ WFl(z) z€ By,
N2(z) = Na(2) {1 otherwise

where W is defined in (B.37). We point out that this definition is made to both solve the jump
on the small intervals near ¢ and to preserve the symmetry condition: if a function satisfies
N(—z) = N(z)o; and we want a new function N(z) = N(z)C(z) to satisfy the same condi-
tion, then:

(155)

N(-z) = N(-z)C(—z) = N(2)o1C(—2), (156)
and one concludes that 0; C(—z) = C(z)o is a sufficient condition. In the case of W, we see
that g W1 (—=z)o1 = W(z).

5.3. Jump matrices on ¥;

Consider a RH problem with jump conditions the form

(157)
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Define
%y 0
+z;
Q(Z) = |7 z+z | 7
0 = (158)
M(z) = N(2)T(z; 2, &, B),
and
Q(z) zoutside ¥; and — %,
[ =3y 1
7+ a(z+z) ] z inside Zj,
—ua(z+z 0
T(zz,0,p) =4 - (2 +3) (159)
[0 Bz —z)
1 2tz ’ zinside — ;.
B(z—z) =z
Then the jump conditions satisfied by M(z) are given by
-1 Lo z% ﬁ . 1
Q (S) xfizj 1 :| |: —N(X-‘FZJ') 0 Sez‘jr |: (1) A’(x;z,-) :| = Zj/
MT(s) =M™ (s) =M (s)
5+7, 1 0
s—zj- _‘B(S - Z') 1 % |: :| c Y.
[ ﬁ(f':z,) 0 } {0 v }Q(S) sE~Hi e L] T
(160)

When « and j are both large, this transformation allows us to convert the jump to one that is
near-identity. We will only need to apply this transformation in the case « = f, in which case
we use the notation T(z; zj, &) = T(z;zj, &, B).

To see how to employ this in the context of the KdV equation define two index sets, depend-
ing on x and ¢

Si(o 1) = {j: le(g) e 55| > 1}, Sa(ur) = {j: |Clg) e 2@ 8@ > 13, (161)
and two matrix functions defined on C \ (U;(Z; U —%)))

Q)= [] Tz —clz)e %), Q)= ] T(zz—Cly)e 2 @) Sok),
JES (x,0) JES2 (x,1)
(162)
Our final step before solving the RH problem for N; will be to instead consider the RH prob-
lem for N;Q;. This includes our calculations for t > 0 below. We do not present the final RH
problem, after this modification, as the preceding calculations allow one to directly derive the
new jumps.
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M,

M,

Figure 6. A zoomed view of the second deformation of RH problem 4 for s = 0, x > 0.
All contours intersecting the real axis make the same angle with the real axis. The angle
7t/3 is chosen so that et @) decays exponentially, for large z, in the appropriate
quadrants.

6. Numerical inverse scattering for two asymptotic regions

We now discuss simple deformations that lead to asymptotically accurate computations in two
regions. The full deformation of the RH problem to compute asymptotic solutions in the entire
(x, )-plane will be presented in a forthcoming work.

6.1 x > —2c%t

We begin with a simple but important calculation. For s € (—c,¢) and { € R consider

h(s) = 2iAT (s)7 + 8ipT(s) = — V2 — 52 {2@ +12¢% — 8(c* — sz)]
(163)
This function, evidently, has a local minimum at s = 0 where 2(0) = —|c|(27 + 4¢?). This
remains non-positive provided that { > —2¢2. Thus the jump in RH problem 4 on (—c, ¢) has
its (1, 1) entry less than unity, in absolute value, provided that x > —2¢%¢. For this regime, we
can use the deformation depicted in figures 5 and 6, using RH problem 4.
Before the deformed RH problem is solved numerically, the deformation detailed in sec-
tion 5.3 is performed.

62 \/Z>c+é

In this region we use RH problem 3 exclusively. Recalling that R;(s) = Rj(—s) we consider,
formally,

1= Ri(s)Ri(—s) Ry(—s)e 28] o 1 Ry e ziwesisr 1 0
{—Rl(s) o2isx8is’ | =M, (s)P{'(s) = 0 | Ry(s) 2
- 1 O 17(s) 0 1 Ril=s) o—2ixs—sis™
= L(S)D(S)U l(s) = [_1;(;) e2ixs+8is3t 1:| |: 0 ]/T(s):| |:O T(s) | , (164)
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U! U-!
D D
L L

Figure 7. The jump contours and jump matrices for the unknown N defined in (167).
The contours are deformed within a strip of width 2a. The matrices Uil, D, L, Mitl,
and Pfl are the jump matrices supported on the indicated arcs.

with

T(s) =1~ |Ri(s)]* = 1 = Ri(s)Ri(=s)- (165)
The first factorization is valid for s € R. The second factorization fails when |R(s)| = 1
which occurs for s € [—c, c].

As is customary, we use the stationary phase points z* = :I:\/T(IZI) to guide the

deformation. Given a > 0 define six polygonal regions in C:

O ={z:0<Imz<a, Imz<Rez—7*},

D) ={z:0<Imz<a Imz< —Rez+z*, Imz < Rez+7z*},

M ={z:0<Imz<a, Imz< —Rez—7"},

Oy ={z:—a<Imz<0, Imz> —Rez+7"},

Qs ={z:—a<Imz<0, Imz>Rez—z*, Imz> —Rez—7*},

Qg ={z:—a <Imz<0, Imz>Rez—7"}.

(166)

There exists « > 0, sufficiently small, so that L has an analytic extension to ()4 U Q)¢ and U
has an analytic extension to (2; U (3. Similarly, P; and M have analytic extensions to ()
and (s, respectively. So, define

U(Z) zZ€E Ql U 03/

Pi(z) z€,

L(Z) z € Oy UQ,

M; (Z) 7€ Os.

The jump contours and jump matrices for the N are depicted in figure 7.

We aim to have jumps that are localized at +z* and need to remove the jump on
(—o0, —7*) U (z*, 00). Consider the RH problem

N (2) = Ni (2) (167)

AT (s) = A (s)D(s), s€ (—00,—Z")U(z",0), Als)=1+0(s"!) s— oo (168)
This is easily solved via the Cauchy integral
— g ~1 _ b / log 7'(s)
A(z) = diag (A(z),A™ (z)), logA(z) = 271 ooy 5=z ds.
(169)
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AU-'A~ 'AP; 1A AU-IA-1

o o

—C C
ALA™! —z* AM;A! z* ALA!

o

Figure 8. The jump contours and jump matrices for the unknown N defined in (171).
The contours are deformed within a strip of width 2«.

1 0
e AS]-Afl Sj(Z) = [_c(z;) e72iz]-x78iz]3t 1]
Z*Z]'

AUAT! AP 'A! AP 'A! AU AT

ALA™! AM;A ! AM;A ! ALA™!

-T -1
a AS;T(—)A

Figure 9. A zoomed view of the jump contours and matrices for N .
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Now, fix 0 < r < J, and define

A7'(2) 2 (—o0,—2") U (2%, ), [zt > r,
I 2+ <r, T <arg(z+7) <7,
D(z) e+ <r, —m<arg(z+z") < —-31/4,
L(z)D(z) 2+t <r, —F <arg(z+7) < -%,
P(z)U'(z) |z+2|<r, —F <arg(z+2z") <%,

() = U l(2) lz+z"| <r, X <arg(z+27*) < 37, (170)
I lz—z"| <r, 0 <arg(z—z*) < &,
D(z) lz—zf|<r, —F <arg(z—z*) <0,
L(z)D(z) lz—zf|<r, —F <arg(z—z7) < -F,
P(z)U '(z) |z—2|<r, —m<arg(z—z*) < —3F,
P(2)U ' (z) |z—2|<r, 3 <arg(z—2") <7,
U 1(2) lz—zf| <r Z <arg(z—z") < .

From this we define
Ni(z) = Ni(2)E(2). (171)

The jump contours and jump matrices for N (z) are displayed in figure 8 with a zoomed
view given in figure 9. Before this RH problem is discretized and solved, the transformation
discussed in section 5.3 is performed.

This deformation, following the arguments in [39], give accurate computations for all (x, £)
such that z* > ¢ + 6, even as t — c0. As t increases, one has to vary r and r ~ =12 is seen
to be an acceptable choice [40].

Remark 6.1. For a solution without solitons it follows directly from our deformation of
RH problem 4 that as x increases for x > —2c¢t, Ny — [1 1] exponentially. Furthermore,
if \/ 13
equation applies [15]. This implies that neither of these regions contain a dispersive shock
wave and the so-called dispersive shock wave region must be contained within

> ¢+ 6 as t — oo the standard asymptotic analysis for the dispersive tail of the KdV

—12¢% < x < =27

If we instead consider initial data g(x) with lim,_, s g(x) = ¢* and lim,_, 100 g(x) = 0 we
apply the Galilean boost to find the region
—61c? <x< 4c%t.

We can recover the results of [16] for the leading and trailing edges of the shock wave region
by setting ¢> = 1/6 (i.e. —t < x < %t).

Remark 6.2. We can also examine soliton amplitudes and velocities using our formulation.
A soliton of amplitude #7 > 0 on a background of height 2 € R has velocity v = 25 + 6h. The
soliton speed for x < 0 corresponding to a zero z; = ia can be determined from the exponent
in the residue conditions for N| (RH problem 3):

—2igjx — 8zt = —2i(ia)x — 8i(ia)*t = 20 (x — 4a’r).

And the velocity is 4a% on a zero background—the amplitude is 2«2. Then for x > 0 we
examine the exponent in the residue conditions for N, (RH Problem 4):
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2iA(z)x + 8ig(z)r = 2iA(ia) (x — 4a’t + 2¢%1).

The velocity is 442 — 2¢2 on a background of height —c>—the amplitude is 2a? + 2¢2. There-
fore the amplitude of a soliton that passes through a dispersive shock wave of offset height ¢?
is increased by 2c2.

Remark 6.3. Another important consequence is that all solitons to the right of a dispersive
shock wave move with a velocity that greater than —2¢? (the velocity of the dispersive shock
wave itself). This indicates that if one chooses g(x) & ¢? + H,(x) + Asech?(v/A/2(x — x9))
for xp > land 0 < A < 2¢2, where the dispersive shock wave moves with velocity 4¢%, no
soliton is produced by the evolution. This sech 2 profile evolves in a similar fashion to a soli-
tary wave for intermediate time scales at a speed that is less than the shock wave and is even-
tually absorbed. Numerical experiments indicate that this manifests itself as a region where
the reflection coefficient is large due to a(z) being small but non-vanishing for z € (—c, c).
Recall that a(z) may not vanish on the real axis (see section 3.6). This scenario is in agreement
with so-called ‘pseudo-embedded eigenvalues’ observed for ‘trapped solitons’ in the case of
rarefaction in [1].

7. Numerical examples

Combining the two deformations discussed in the previous section, numerical computations
will be accurate asymptotically’ for

x< —12(c+06)? and -2 < (172)

This leaves a rather large sector of the (x, 7) plane unaccounted for. A future work will focus
on properly filling this gap.

Nevertheless, we can compute the entire solution profile for a restricted interval of ¢ values,
provided that c is not too large. To accomplish this, we made an ad hoc modification of z*:

7y, = max{z",c + 4}, (173)

where, in practice we set 6 = 1/10. And then we use the deformation and RH problem dis-
played in figure 8 for x < —2c?t with z* replaced with z, and the deformation and RH prob-
lem displayed in figure 5 for x > —2c°t.

The initial data u(x, 0) in our examples satisfies

u(x,0) = ¢*, x— —co and u(x,0) =0, x— +oco. (174)
It is simple to use the Galilean boost to map such a solution to one satisfying (5), see remark

1.1

Remark 7.1. Evaluating u(x, r) for small ¢ can be difficult if R|(z) and Ry(z) do not decay
quickly as z — =-oo. This issue is analogous to computing the Fourier transform of a func-
tion that decays slowly at infinity — one cannot truncate the domain of integration enough to
allow for the capturing of oscillation. But for 7 > 0, the deformations outlined in the previous
section induce exponential decay, alleviating this issue to an extent. Indeed, as ¢ |, O the ad-

7 This means that computations will be accurate for all x and ¢ in these regions including both large and small
values.
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Figure 10. The solution of the KdV equation at =1 when u(x,0) = H.(x) + ¢?,
c=1(top),c = V/2 (middle) and ¢ = v/3 (bottom). The gray curve indicates the initial
condition.

ditional decay is reduced.

For infinitely smooth initial data u(x,O), from lemma 3.10, this is not an issue even as ¢
approaches zero. So, we are able to evaluate the solution profile for all x and ¢ € [0, 7]. In our
computations 7' ~ 1.

For discontinous initial data u(x, O), t J 0is a singular limit and the deformations described
only allow for the computation for all x but ¢ € [, T}, € > 0, see figure 10.

71 Up =0

When uy = 0, the functions A, B, a and b can be determined explicitly
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Figure 11. The right and left reflection coefficients for the smooth soliton-free initial
data (176) u(x,0) = — % (14 erf(x))% (a) The real (solid) and imaginary (dashed)
parts of Rj(z) when u(x, 0) is given in (176). (b) The real (solid) and imaginary (dashed)
parts of Ry(z) when u(x,0) is given in (176).

A(z)=;<1+A§Z)>, B(z)=;(1—A(ZZ)>,

a(z) = M b(z) = m

2z 2z

(175)

We display the solution of (1) with u(x,0) = H,(x) + ¢* for various values of c, all evaluated
atr=1.

72. Smooth soliton-free data
An example of smooth data that fits into the described framework is
1
u(x,0) = — 3 (1+ erf(x))?, (176)

where erf(x) is the error function [29]. In this case, computing R} and Ry is non-trivial. We
display these functions in figures 11(a) and (b), noting that the decay of uy makes A, B, a and
b analytic functions of z for all z off the cut [—c, ¢]. The corresponding solution is given in
figure 12.

73. Smooth data with a soliton

An example of smooth data that fits into the described framework but produces a soliton is
1
u(x,0) = =3 (1 +erf(x))? +2e /2 (177)

The reflection coefficients are given in figures 13(a) and (b). The data associated to the pole
in the RH problem is given by
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Figure 12. The solution of the KdV equation at ¢r=1,2,3 when
u(x,0) = —1(1 +erf(x))? the smooth soliton-free initial data in (176). The gray
curve indicates the initial condition.

71 =~ 0.950 6811,
c(z1) =~ 3.481 194, (178)
C(z1) =~ 3.90351i.
The corresponding solution is displayed in figure 14.

Remark 7.2 (Soliton speed). The speed of the soliton can be easily read off from the RH
problem. For example, the jump on %; in RH problem 3 is determined by

e—Zizjx—Siz;t _ 872izj(x+4zj2t) ) (179)

This indicates a velocity of 4z for x < 0, in the case of data decaying to 0 at —eo and tend-
ing to —c? at +oo. In the current setting, this gives a velocity of 4z + 6¢2. Similarly, for
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Figure 13. The right and left reflection coefficients for the smooth initial data (177) that
gives rise to a soliton: u(x,0) = — 1 (1 + erf(x))% + 2e~/2. (a) The real (solid) and
imaginary (dashed) parts of R|(z) when u(x,0) is given in (177). (b) The real (solid) and
imaginary (dashed) parts of Ry(z) when u(x,0) is given in (177).

x > 0 we consider the exponential in the jump on X; in RH problem 4

o2iA (z)x+8IA% (3)1+12ic* A (5)r _ e2i/\(zj)(x+6czt+4(zjg7c'2)t)' (180)

This indicates a velocity of —4zjz — 2¢2, in the case of data decaying to 0 at —eo and tend-
ing to —c? at +oo. For the current setting of (177), the velocity is 74z12 +4¢?, a decrease in
velocity of 2¢2.

74. Validation and comparison with time-stepping routines

In this section we first demonstrate that the numerical IST has accuracy advantages over tradi-
tional time-stepping routines. We then demonstrate that our approach converges exponentially
with respect to the number of collocation points used.

74.1. Periodic approximation and time-stepping. We descibe a well-known numerical
method for the KdV equation and use it to confirm the accuracy of our numerical inverse scat-
tering transform. Consider the initial-value problem for L > 0

Pt +6ppx + prx = 0,
p(x0;L) = q()yr(x), x€[-LL), (181)
p(x,t;L) = p(x+2L,t;L).

Recall that ¢ is the initial data for the initial-value problem (1). Here i, is a C* function with
support in (—L,L) and ¢ (x) =1 for x € [-L+J,L — 5], § > 0. As L — oo, we expect
p(x, ;L) — u(x, t). To examine this, we solve (181) using an exponential integrator which we
now derive. General references for this are [17, 20, 21]. Let F denote the Fourier transform

1 /L 5
a=Fu, well(-LL), @=5 /_L e~ /Ly (x) dx.
Define

a(r) = Fu(-,1).
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Figure 14. The solution of the KdV equation at t = 1,2, 3 when u(x, 0) is the smooth
initial data (177) that gives rise to a soliton: u(x,0) = — (1 +erf(x))? + 2e/2,
The gray curve indicates the initial condition.

We define two operators Sy and D by

]

L3 i
(STa)j = el(T) Taj, (Da)j =i <%) a;.
Then set 4(t) = S—;a(r)

. We look for the equation satisfied by a(7):
d,, . d 3
aa(t) = 871‘ (aa(l‘) +D a(t))

—6S_,F ((;f-lpa)(f-la))
— —35_DF ((7—13,5)2) = F(a(t),1).

This gives a bi-infinite system of non-autonomous nonlinear ordinary differential equa-
tions (ODEs). If we replace F with the discrete (or fast) Fourier transform (FFT), the system
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[u(x,2) = p(x,2; L)

Figure 15. The numerically computed difference |u(x,7) — p(x,t;L)| when the
initial condition is given by g(x) =1 — (1 +erf(x))? for L = 100,200,300, 400.
The periodic approximation improves as L increases. Additionally, this validates the
accuracy of the numerical computation of the inverse scattering transform. The figure is
given on a log scale and from this one can see that the error decreases approximately
exponentially with respect to L. From the asymptotic formula for the solution (see [9],
for example) one can predict that the errors, for fixed L, should increase exponentially
in ¢. In the lower panel, one sees the significant increase in errors as ¢ increases.

becomes simply a finite system of non-autonomous ODEs and we use the fourth-order
Runge—Kutta scheme to integrate this system. We use a time step of At = 0.00005 to force the
local truncation error to be on the order of machine precision. We use n = 2'? coefficients in
the FFT which ensures that the highest-order coefficients decay to be on the order of machine
precision in all computations. Lastly, we use

g(0) = § (1 +tanh(x +£/2)) (1 ~ tanh(x ~ L/2)) .

While this function does not have its support within (—L, L), it differs from one that does by
less than numerical underflow if, for example, L > 100.

In figure 15 we display the numerically computed difference |u(x, ) — p(x,#; L)| when
g(x) = 1 — 1(1 +erf(x))? for L= 100,200,300,400. The figure indicates that the errors
decay exponentially as L increases. This is indicative of the fact that the errors in the numer-
ical computation of both u(x,) and p(x,#;L) is much smaller than the actual difference
|u(x, ) — p(x,£;L)|. But, one also sees that there is significant grown in errors from 7 = 1
to ¢ = 2. The high velocity of the dispersive tail for x < 0 prevents p(x,t; L) being a good
approximation of u(x, t) as f increases.

75. Convergence rate of the numerical approximation of the IST

To demonstrate the convergence of the approximation of the solution of the KdV equation we
perform the following experiment. In considering the assumption (148) we divide the contours
{T'¢} into two categories. If T'y is in the first category, we set my(n) = n in (149). If T’y is in
the second category, we set my(n) = 3n. This allows us to use more collocation points on
contours where we expect the solution of the singular integral equation to have larger deriva-
tives. Recall that the convergence of the method is tied to the size of the derivatives of the
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Figure 16. A demonstration that the convergence rate of the proposed numerical
method of the KdV equation is almost exponential by examining the Cauchy error
plotted on a log scale. Left panel: the convergence to the solution at (x,7) = (—16,1)
with N = 24. This is the evaluation of the solution using the deformation depicted in
figure 8. Right panel: the convergence to the solution at (x,7) = (4,1) with N = 40.
This is the evaluation of the solution using the deformation depicted in figure 5.
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Figure 17. A demonstration that the error of the proposed numerical method for the
KdV equation remains small along certain rays in the (x,t)-plane. Left panel: the
difference of the approximate solution with N = 20 along the ray (— 147, ) as t increases
beyond 10* This is the evaluation of the solution using the deformation depicted in
figure 8. Right panel: the Cauchy error with N = 20 along the ray (7, 7) as t increases

beyond 10* This is the evaluation of the solution using the deformation depicted in
figure 5.

solution. Then we fix N > 2 and compute the solution of the KdV equation by solving® (150)
forn =2,3,...,N and compare it to the solution computed with n = 2N. We call this the
Cauchy error. We do this with u(x,0) = —} (1 + erf(x)) 2 for two different values of (x,)
and give the errors in figure 16 on a log scale. The (approximately) constant slope in these
plots indicates (approximately) exponential convergence with respect to 7.

As an additional check on the behavior of the errors of our numerical method, we look
beyond the region where time-stepping methods are applicable, again using the notion of
Cauchy error. We choose two rays in the (x, ¢) plane: (x, 1) = (—14,1) (were the deformation
depicted in figure 8 is applicable) and (x,¢) = (¢,¢) (where the deformation depicted in fig-
ure 5 is applicable). We choose to look along rays because that allows the same deformation
to be used for all > 0. The Cauchy error remains small, see figure 17. Note that the solution

8 Note that the linear system (150) is of dimension Z?: L my(n).
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tends exponentially to —c? along this the ray (x,) = (¢,¢) and the solution method captures
this, giving good relative accuracy.
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Appendix A. Solitons and time-dependence

We derive time dependence of the scattering data under the assumption that
uo(-, 1) = u(-,t) — He(-) and its x derivative decay rapidly at infinity for all 7. After the time
dependence is determined, one can appeal to the so-called dressing method to show that if the
solution of the RH problem exists and is unique, then it produces a solution of the KdV equa-
tion (see [39, proposition 12.1], for example).

We have defined the (partial) scattering map Sug = (R}, Ry). Define Ry(z;t) and Ry(z;?)
by the mapping

S(u(-, 1) = He) = (Ri(:31), Re (1)) (A1)

where u(x, 1) is the solution of the KdV equation with initial data uy + H.. The map gives only
the partial scattering data because we have not yet incorporated discrete spectrum, i.e. soli-
tons. Define a(z; 1), b(z;t), A(z; t) and B(z; t) to be the functions corresponding to u(-, 1) — He.

Extend the solutions ¢pP™(z;x) and pP™(z;x) to functions $pP™(z;x,¢) and YpP™ (z;x, 1)
by replacing uo(x) with u(x, ). These functions satisfy the following scattering and evolution
equations (scalar Lax pair):

— e — u(x, 1)p = 2°¢,
¢ = (427 = 2u(x, 1)) P + (uc(x, 1) + 1)¢p.

The compatibility condition ¢ = ¢ With the condition z; = 0 gives the KdV equation (1).
Consider, now with time dependence, for z € R,

YP(zx, 1) = a(z1)PP (zsx, 1) + bz 1) ™ (23 x, 1),
™ (zx, 1) = B(z )P (zsx, 1) + Az )™ (25 x, 7).
So, for r and 72 > ¢? fixed, we have
al(z )PP + a(z )@P + bi(z )™ + b(z; )™
= (42 = 2u(x,1))a(z 0)¢F + (427 = 2u(x, 1))b(z )T + (w(x, 1) + 1) (a(z )¢ + b(z1)¢™)

(A2)

(A3)

(A4)
Then as x — —o0,

O (zx,1) = izgP (mx, ) (1 +0(1)),  ¢™(z3x,1) = —iz¢g™(z;x, 1) (1 + 0(1)).
(A.5)

Using that u(x, 1), uy(x, ) — 0 as x — —oo, we find

(ar(z;1) — 4i23a(z; )PP + (bi(z; 1) —|—4iz3b(z; 0))p™ =o(1), x— —oo.
(A.6)

2254



Nonlinearity 33 (2020) 2211 D Bilman and T Trogdon

This implies that

a(z;t) = a(z;0) ¥t b(z;t) = b(z;0) e 4 (A7)
and therefore

Ri(z:1) = Ry(z;0) e 8. (A.8)
This also holds for —¢ < z < ¢. Now, consider

By(z:t)¢P + B(z:)yF + A(z:t
= (422 = 2u(x,1))B(z: ) yf +

YR+ AP

422 — 2u(x, A PR + (s, 1) + V(B 0)YP + Az )9™)
(A9)

)
(
and then as x — o0,

WY (zx, 1) = iAD)PP(zx, 1) (14 0(1)), ™ (zx,1) = —iA(2)P™ (mx, ) (1 +0(1)),  (A.10)

and u(x, 1) — —c?, ux(x, 1) — 0. Therefore as x — 400

(Bi(z:1) —iA(2) (427 +2¢7)B(z: 1)) 9P + (Ai(z:1) +iA(2) (42 +27)A( 1) )™ = o(1). (A.11)
Therefore,
B(z;t) = B(z;0) eV QrH6CAQ) A2 1) = A(z;0) e 4N (@—i6A )
(A.12)
This then gives for s> > ¢2
RI(S; [) — RI(S; O) eSi/\3 (S)l+i602/\(s)t, (A13)

and Ry(s;1) = R(s;0) BN ()H6CAL () for o <5 < e

Next, assume a(z) = a(z;0) (and hence A(z)) has a simple zero at 7/ € CT. We then must
incorporate a residue condition because N and N, will no longer be analytic for z ¢ R. So,
consider

1
RESZZZ/ N1 (Z) = ReSZ:z' Ll (Z) [a(z)

0 . - . /. o
0 1:| e X — [Reszzzl lngif)') e i O] = [‘P;Ez,’g’;) i 4t O]
(A.14)

because the second entry is analytic at z = z’. Then the fact that a(z'x,7) = 0 implies that
there exists b, (t) € C such that

13
YP(x,0) = by ()™ (Zsx,1), by(t) = by(0)e 4 (A.15)
and therefore
YP(xt) | —izv—dizdt _ m(./. b, (0) —igx—8i73t = 1li 0 0
770 € O] = [‘P (z ,x,t)me ' 0] = .m Ni(2) b,‘(/go())) o2 x—8i% (|
a (Z'}
(A.16)
Similarly, at z = —7/
Res._ o Nj(z) = Res._sNj(—z)oy = lim (z+2)Ni(=2)o1 = lim(—z+2)Ni ()
——Z =7
) 0 0 ) 0 0
=T INIG) | 0 e o] 1 NI | 00 i |
(A.17)
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Completing the analogous calculation for N;(z), we find

1 0 . m,. .
Res,_, Na(z) = Res,_. Ly(z) || et = [ReSZ:ZI ¢ AE;’;“)”) el @) 0}
A(zx1) ’
_ [¢:/((zz’;;())c§t) M) THHA(L ) r+6icPA ()t 0]
. 0 0
= g;ﬂ} Na(z) . /(O).;’(z"()) QA HBIA )+ 12iA ) (A.18)
and
. 0 0
Res.__/N(z) = ;Ln; N2 (z)o _m Q2A () +8IA( )+ 122A () | T1- (A.19)

For such a value of 7/, define

A bz’(O)
c(d) = 7 (2:0)

c() = (A.20)

A.1. From residues to jumps

It will be inconvenient in what follows for us to treat residue conditions directly. So, we
deform them to jump conditions on small circles. Assume N(z) is a vector-valued analytic
function in a open neighborhood U of 7’ that satisfies

. 0 O
Res,_ N(z) = lim N(z) [ ] , aeC. (A21)
z—7 —a 0
Choose € > 0 small enough so that {|z — Z'| = €} C U and define
1 0
N — 7| <,
M(z) = { N [ =2 ] il (A22)
N(z) otherwise.

Then it follows that M is analytic in U \ {|z — 2’| = €} and if {|z — 2’| = €} is given a clock-
wise orientation, then

MO =M ()| 4

§—Z

}, ls—7| =e. (A23)

In such a way, residue conditions are equivalent to rational jump conditions.

Appendix B. Unique solvability of the Riemann—Hilbert problems

B.1. Unique solvability of RH problem 3

Before proving theorem 3.14 we establish some elementary facts.

Lemma B.1. Assume T is an admissible contour that satisfies T = —T, with a reversal of
orientation. Then F(z) = [F\(z) F2(z)], where Fy, F, € H? (T) satisfies
F(—z) =F(zg)o;, z€C\T (B.1)
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if and only if F(z) = Crf(z) for some f € L?(T') (componentwise) satisfying
—f(—s) =£(s)oy, seT. (B.2)

Proof. Assume f € L*(T) satisfies (B.2). And consider, for z ¢ T,

F(z) = L/r f(s) ds = L/ﬁ Mds— i/1_@0'1C1S=F(_Z)OT

T 2miJrs—z 0 2miJor s+z T 2miJrs+z
(B.3)

Conversely, we have that F = Crf for some f € L?(T) and if F satisfies (B.1) then for all
ze€C\T

1 ds
- /r (£(s) + E(=5)or) . (B.4)
Because C{ f(s) — Cp £(s) = f(s) fora.e. s € T, we find that (B.2) holds. O

Definition B.2. IfT is admissible, define
2(r) =12,0) = {= [ p], fih € AT), £(s) = ~f(~s)on },
12,0y ={f=[h 5] fih € AT, £(s) = {(=s)on } .

(B.5)
Lemma B.3. [fT is admissible then
LA(T) = LX) @ L2 (T). (B.6)
Proof. Foru € L?(T) define
1
Pu(s) = E(u(s) —u(—s)oy). (B.7)

Then P is a projection onto L2(T). It also follows that Z — P maps L?*(T) onto L% (T). [

Lemma B.4. Suppose T is admissible.
o Ifue 3,(T)then

Cru(—s)oy = £Cfu(s), (B.8)

and therefore
Clu(=s)oy = £Cru(s). (B.9)
e fM,P:T — C>**2 M, P c L®(T) satisfy

M(s) = o1 P(—s)0oq (B.10)

then the operator

u—Cfu-P-Ciu-M=u—-Cru-(P-M) (B.11)
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maps L% (T) to itself.
Proof. The calculation above implies the first part. Let u € L3 (T'). Then the second part
follows from
Clu(—=s)P(=s)oy — Cru(—s)M(—s)oy = Cu(—s)oyM(s) — Cr u(—s)oyP(s)

=+ (Cru(s)M(s) — Cfu(s)P(s)) = F (CHu(s)P(s) — Cru(s)M(s)) . O
(B.12)

Theorem B.5. Suppose T is admissible and M, P : T — C?*2, M, P € L®(T) satisfy
(B.10). Further, suppose the operator

u—Cu:=u—-Cru-(P-M) (B.13)
is invertible on L*(T). Then Cla(r is invertible on L2(T).

Proof. It suffices to show that if Cu = f where f € L2(T) then u € L2(T'). Suppose
u=vy +v_ where v € L3 (T), and v_ # 0. Then Cv_ € L* (T), and Cv_ # 0. But
this contradicts that f € L2(T). O

So, we find that any L? solution N| of RH problem 3 must satisfy N; = Cru for some
u € L2(T) and

a(9) = Cru(s)- (&) =1 = [1 1] () =1,

1— IR 2 R e2isx+8153t
| 1.(S)| g 1(s) SER,

R](S) e—21sx—81s t 1

[ 1 0 (B.14)
Jl(s) = 7@ e—Ziij—SiZJ:«;t 1 ] N E Z]/

L 5%

[ c(zj) —2izix—8iz3t

! _ﬁjzj e ! s E —2.

10 1

We note that the operator u — u — Cyu - (J; — I) does not map L2(T) to itself. So, we need
to decompose J; first. Write

]1(5) _ M](S)P?l(s) _ 1 _Rl(_S) eZisx-+8is t:| |:Rl(s) 1 0:|  SeR

0 1 872isx78is3t 1 s
(B.15)
Ji(s) =Py '(s), Mi(s) =1, sex,
Ji(s) =My (s), Pi(s) =1, se€ —X;
Lemma B.6. The operator
u»—>u~P1—C1?u-(M1—P1) (B.16)
is bounded on L%(T) to itself and if R; € L*(R) then
[T 1]- (M () = Pi() € L(T). (B.17)
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Proof. It follows that

oMy (—s)oy = Py(s). (B.18)
Then from lemma B.4 the lemma follows. O

Lemma B.7. The operator

u|—>u~P1—CEu-(M1—P1) (B.19)
is Fredholm on Lg(l") with index zero provided that Ry is continuous and decays at infinity.

Proof. The fact that this operator is Fredholm on L?(T) follows from standard arguments
[39]. This implies that the operator is Fredholm on the invariant subspace L? (T). Then replace
Ry with aR) for 0 < a < 1. For « sufficiently small, the operator is invertible and is therefore
index zero. It must therefore be index zero for all «. O

Proof of theorem 3.14. The unique solvability of RH problem 3 is implied by the invert-
ibility of (B.19). And to this end, because the Fredholm index of the operator is zero, it suffices
to show that the kernel is trivial. Assume u € L2(T') is an element of the kernel and define
N(z) = Cru € H%(T). It follows that N solves the L* RH problem

NT(s) =N"()Ji(s), s€T, N(z)=N(-z)o;, z€C\T. (B.20)

We use another symmetry of the contour I'. If U is a connected component of C \ T then so is

U:={z:z€ U}. Thusfor f € E2(U), f(*) € E*(U) andiif f € £*(U)and g € £*(T) then

/an(s)g(S) ds = 0. (B.21)

We select U to be the connected component in the upper-half plane that contains the real axis
in its boundary. The positively oriented boundary for U is then the real axis, and U;X; with
reversed orientation. Therefore

=Tl —(ONF
0= /]R N*(s)N—(s) ds—jZ /Z ,.N (s)NT(5) ds, (B.22)
o:/IRN*(s)Nﬂs) ds—;/zj N"(s)N=(5) ds. (B.23)

Here the second line arises from similar considerations for U. Taking orientation into account

and using the symmetry of N

/ N~ (s)NT(3) ds= — / N~ (—s)N*(—35) ds = — / NY(ON-() ds.  (B.24)
% -3 -5

Thus, adding (B.22) and (B.23), we have

0=Re /]R N*(s)N—(s) ds. (B.25)

2259



Nonlinearity 33 (2020) 2211 D Bilman and T Trogdon

We use this to show that N(z) =0 for z € R which implies that u = 0. If we set
N(z) = [Ni(z) Na(z)]. we find

/RN+(S)N—(S)Tds = /IR [V @ 11 = R P+ V5 ()
+ N5 (INF (5)Ri(—s) XH55° L NF (N (—5)Ri(s) e 2575 dis.

(B.26)
Taking the real part of this expression, we find

0= [ |INF()P 11— [R(s) ] + [N () 7] ds (B.27)
R

implying that N™ (s) = 0 and therefore N(z) = 0, because |Rj(s)| < 1 for a.e. s € R [19].
L]

B.2. Unique solvability for RH problem 4

The jump matrix for RH problem 4 is discontinuous and the Fredholm theory no longer
applies. We have to perform a lengthy regularization process and then we use the fact that RH
problem 3 has a unique solution to show that RH problem 4 has a unique solution. We peform
deformations under the assumptions of theorem 3.15. In this section when we refer to assump-
tion (j), we are referring the jth assumption in theorem 3.15. For simplicity we assume n = 0,
i.e. no solitons. Because all deformations are performed in a neighborhood of the real axis the
result immediately applies to the case of n > 0.
The remainder of this section constitutes the proof of theorem 3.15

Proof of theorem 3.15. From assumptions (1, 4-6, 8, 10), Rr(s) is continuous for s € R
and satisfies

Ri(s) =L_c(s)+E_c(s), E_c(s)=0(s+¢|), s— —c, (B.28)
and L_, has an analytic extension to a neighborhood {|z+ c| < €,Imz > 0}. Note that
Ri(s) = Ry(—s) follows from assumptions (2, 3, 7, 9). Then

_ e A (s)x—8ip(s)t
NJ (5) = N; (s)Ma(s); ' (s) = N; (5) {1 Ri(=s)e™? 8ig ] [ 1 0

0 1 Rr(S) e2i/\(x)x+8izp(s)t 1
(B.29)
‘We factor
1 —L.(— —2iA(s)x—8ig(s)r] 1 —E.(— —2iA(s)x—8ig(s)r
M, (s) = [o (—s)e ) ] {0 (—s)e ) } = My, (5)Ma(s),
1 0 1 0
PZ(S) = [—Lc(s) e2iA(s)x+8ig(s)t 1:| |:—EC(S) 21A(s)x+8ig(s)r 1:| = Pz,n(S)PZ,e(S).
(B.30)
Then, consider the jump matrix near s = —c, s > —c:
_ 0 1| _._
N3 () = N5 (s)Ma(s) [1 0] P, ' (s). (B.31)
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Fix € > 0, and for z ¢ RU{z: |z+ ¢| = €} define

I lz4c| > ¢,
Ny,1(z) = Na(z) { Mao(z) Imz<Oand|z+c| <e, (B.32)
Py,(z) Imz>0and|z+¢| <e.

Then the sectionally analytic function N ; has the following jumps when we give the circle
{s: |s + ¢| = €} a clockwise orientation:

M, (s)P5 ! (s) s<—c—eands >,
Mz,e(s)P;,el (s) —c—e<s< —¢

N7, (s) = N3, () M, (s)o1 Py} (s) —c<s<—c+e, (B.33)
M, ,(s) Ims <0, [s+¢c|=¢,
P, ,(s) Ims >0, [s+c| =€

The jump on the real axis, inside the circle, is nearly of the form:

o s> —c,

Wt (s) =W (s) {1 (B.34)

s < —c.
To find such a solution W we first perform an eigen decomposition
o 11 1][-1 o] 1 -1
T2t o1 lo oo e (B-35)
Then we solve a matrix problem (keeping an identity condition at infinity)

Vi) =V (2) [_1 0], v(z)—l\/g 0}. (B.36)

0 1 0 1

‘We find the solution

11
W(z) =
@=3 1
: (B.37)
1 de [1 _1}_1 aa o N YA
5 .

T2 +e +e +c
N 1— /e Jeke 4

We note that W(—z) is also a solution. Then, perform the transformation, for
€ RU{|z+c| =€},

N =

I lz4¢c| > ¢,

N2,2(Z)=N2,1(Z){w_1(z) 4 <e. (B.38)

For —c — € < z < —c+ €, z # 0, the resulting jump for the function N> (z) is given by

G_c(s) = W_ ()M, (s)W ! ()W ()P, (s) W (s). (B.39)
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We want this to be continuous and equal to the identity jump at s = 0. Note that for

k(z) = \/ifig

H(s) = wa(s) | /O

1 —1 1
0 1]Wi(s)*1

11 2—1(s)  fls)rx(s)] [1 -1
=1 1 [—f(s)xE(s) 24f(s) | [0 1 ]°
(B.40)
So, if f(s) = O(|s+c¢|)as s — —c, H(s) = I+ O(|s + ¢|'/?) as s — —c. While the jump
condition for N 5 (z) behaves nicely near z = —c, we do not know that the solution itself does.

Let @ : R — R be infinitely differentiable, non-negative, ®(s) = 1 for |s| < €/4 and
®(s) = 0 for |s| > €/2. Then consider the L?> RH problem

Riemann--Hilbert Problem 5.

LT(s) =L (s) I+ P(s—¢)(G_c(s) = 1)], —c—e<s<c+e L(-)—I€H.(R).
(B.41)

For e sufficiently small, it follows that this problem is uniquely solvable because the as-
sociated singular integral operator is a near-identity operator. And because the jump matrix is
1/2-Holder continuous by assumptions (1, 4), so is the solution, giving 1/2-Holder continuous
boundary values [28]. Furthermore, det L(z) # 0. Then set
I lz4c| > ¢,

WL (o) [z—c| <e (B.42)

N3;3(z) = N2 (2) {

It follows that N »(z) has an identity jump in a neighborhood of z = —c.

Lemma B.8. Let T be a differentiable curve parameterized by <y :[—1,1] =T,
(1) =t +1il(z), £(0) = 0 and define T¢ = y((—1+¢€,1 —€)). Assume g is analytic in an
the open set o< |, <g(T2e + ir) and satisfies

sup [ Jg(s+ir) Pl ds| < oo, B.43)
—R<2r<R, r#0/Te

for some R >0 and 0 < € < 1/2. Then, assume the branch of z — z~'/% is chosen so that
h(z) = z’”zg(z) has an isolated singularity at z = 0. Then h is analytic at 7 = 0.

Proof. First consider f(z) = z'’g(z). This has an isolated singularity at z = 0 and it satisfies

sup [f(s + ir) |2| ds| < 00, (B.44)
0<|r|<r /Te

It then follows that f € £2(Cy) where C+ = U< <g/2(Te £ir). For sufficiently small
€e>0

dz = d d
/BB(O,E)f(Z) ¢ /BB(O,E)OC+f(Z) Z+/8B(O,e)ﬁc_f(Z) ¢

(B.45)
—+ /l"eﬂB(o,e)f(Z) dz — /l"eﬁB(O,e)f(Z) dz =0.
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The same is true for z*f(z) for all integers k > 0. Thus f is analytic at z = 0. We now claim that
f(0) = 0. Assume

f(z)=c+0(1), z—0, c#0. (B.46)

There exists § > O, so that for |z| < &,|f(z)| > |c|/2. Then |h(z)| > |c||z| /% /2 for|z| < 6.
Then consider for 0 < r < R

2
h(z+ir)|?| d >7|c| / ir| | dz]. B.4
/remB(o,(s)‘ (z+ir)|"| dz] 4 Jr.osos) |z +1ir| 7| dz] (B.47)

Then using the parameterization

| dz| & dr

/ |z 4ir| 7! dz| = / 2/ , <0< 1.
TNB(0,5) renB(0) |2l +7 7 S 2+ 02(1) +r (B.4S)
Then because £(t) is differentiable and and satisfies £(0) =0, we have [£(7)| < Clt|,

f1 <t < tp and we are left estimating

A/ 2
! (1 + Hf”) . (B49)

5]
> lo
/t1 \/t2+€2 n+r /\/1+C2|t\+r V14 C? 8

This right-hand side tends to co as r — 0, contradicting (B.43). Thus f(0) = 0. Then it fol-
lows that faB(o o) zkh(z) dz = 0 for all positive integers k and & must be analytic at z = 0. []

Applying this lemma to N 3(z) near z = —c we find that it is indeed analytic in a neighbor-
hood of z = —c. Specifically, each component of N 3, inside the circle |z + ¢| < € will be of
the form

hi(2)¢1(z) + I,Q\(/ZZ)LE(CZ)

where ¢; are bounded analytic functions for Imz # 0 and h; satisfy the estimate

(B.50)

SUPy.,<r fis |hj(s £ ir)|>ds < oo for some § > 0, R > 0. So we apply the lemma to
8(z) = Vz+chi(2)¢1(z) + ha(2)Pa(2). (B.51)
We are led to the following > RH problem for Ny

Riemann--Hilbert Problem 6. Giving the circle {|s + ¢| = €} a clockwise orientation

M, (s)P5 ! (s) s<-—c—eands > c,
L,(s)G (LT (s) —c—e<s< —c+e,

NEy(s) = Nosha(s) = Nas(s) { Ma)or By (s)  —cte<s<e  (B.s2)
M, (s)WI(s)L7!(s) Ims<O0, [s+c|=F¢,

0
Poo(s)WI(s)L7!(s) Ims>0, [s+c|=¢

with No3(-) =T € HX(RU {|s +c| = €}).
To complete the proof of theorem 3.15 we perform the following steps:

(1) We perform a similar deformation of RH problem 4 near z = ¢ using symmetry consid-
erations.
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(2) Then we show the resulting singular integral operator is Fredholm, and show that it is
index zero using a homotopy argument.

(3) Then to show the kernel is trivial, we show that every distinct element of the kernel results
in a distinct vanishing solution of RH problem 3.

Step (1) is given as a RH problem. We separate (2)—(4) into three lemmas. The fact that
1My (—s)o1 = Pa(s) (B.53)
implies
~1
M, (—2)P;  (—2)o1 = o Ma(—2)o101 Py (—2)on = Pa()M5 ! (2) = (Ma(2)P ' (2))
(B.54)

This similarly holds for
-1
M, (=5)a1P; ! (=s)o1 = (Ma(s)or B3 ' (5)) (B.55)

0 1

This is a necessary condition for N,(—z) [1 0

] = Nj(z) when Nj is a solution of RH

problem 4.
Orient the circle {|s — c| = €} with a clockwise orientation and define an L?> RH problem
that is regular at +c.

Riemann--Hilbert Problem 7. The function Ny 4(-) — [1 1] € HL(T)

N7 (s) = N3, (9)24(s), s€T, (B.56)
where
I'=RU{|s+c| =€} U{]s—c| =€}, (B.57)
and
_ ]2,3 (S) Res é 0,
Jo4(s) = {aljlg(—s)al Res > 0. (B.58)
Furthermore, N 4 satisfies the symmetry condition
0 1
No4(—2) [1 0} =Nj4(z), z€C\T. (B.59)
Lemma B.9. The operator
u(s) —Cru(s s)—1 seTl, Res <O,
wos [0~ Cru) 0 -1 e
u(s)Jy,(s) = Cru(s)(I—J,,4(s)) s€T, Res >0,

is Fredholm on LX(T) where T is given in (B.57). Furthermore, the Fredholm index is zero.
Proof. This RH problem satisfies the zeroth-order product condition [39, definition 2.55]

with continuous jump matrices. Furthermore, R, in addition to being continuous, decays at
infinity by assumption (11), thus the operator
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u—u—Cru-(Joq —1) (B.61)

is Fredholm on L?(T). This implies that the operator (B.60) is also Fredholm on L?(T). Be-
cause of the enforced symmetry of J, 4, this operator also maps L2(T) to itself (see lemma
B.4), and is therefore Fredholm on L%(l" ) Now, to show that the index is zero, we replace Ry
with aR; for 0 < & < 1. It follows that J, 4 (5) — Jeo(s), uniformly for s € T', as & — 0 where
Joo(s) for Res < 0 is given by

]()* (o] —c+e<s<0, B.62
=AW () fshe|=e (B.62)
and
Joo(s) = 1) ' (—s)oi, Res > 0. (B.63)
We construct the inverse operator to
u—u—Cru-(Jo—1I)=Clu—Cru-Js,
' (B.64)
I'=[-c+ec—€e|lU{|s+c|=€etU{|s—c| =€},
explicitly, and use this to show that the index of (B.60) is zero.
Consider the operator
u— Ch(u-WIHW, —Ch(u-WIHW_, (B.65)

and its composition with (B.64) by considering
C;C((C;Cu —Cpu-Jo) -W;l)WJr = C;Cu — C;C(Cr_,u W hw, = C;Cu,

Co((Chu—Cpu-Jo) - W HW_ =Cpru.
(B.66)

This shows that (B.65) is the left inverse of (B.64). Similar considerations show it is also the
right inverse. Now, this implies an inverse for (B.60) on L2(F’ )when s = 0:

" _ " " Wil(z) Rez<0

Ga- W)W, —Cr(u- W)W, W(z) =4 '~ N

u— C(u- W)W, —Cp (u-W) () {W_l(z) Rez > 0.
(B.67)

It is then enough to show that this operator maps L2(T") to itself’. This follows from theorem
B.S. O

Lemma B.10. The kernel of the operator (B.60) is trivial, and therefore RH problem 7 has
a unique L? solution for any € > O sufficiently small.

Proof. The following transformation essentially maps the function Nj to Ny, with the ex-
ception of the exponentials,

% Note that (B.60) is the identity operator on T\ T’ for s = 0.
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1
Ny() e (G ip()0)ey [AE)Z) ; } o { @ ? } Imz > 0,

TNa(z) := (B.68)

N 10 10
N, () e~ (AGQ)x Hip()r)or [ } s < 0.
2(2)6 0 A(—Z) 0 0 a(]_z) mz <

This should be equal to N (z) elie+4ix?’)es §o et u be an element of the kernel of (B.60).
Define for z ¢ T, (T is given in (B.57))

Y(2) = {Cru(z) lz4c| <€ |z—c| <e B.69)

TCru(z), otherwise.

Of particular interest are the jumps on |s & ¢| = €. On this circle for Ims > 0

s 0
Y (s) = Y (s)oy [A0) Py, (s)W ! (2)L71(z) := Y (s)R(s).
0 a(s)
(B.70)
We must compute the inverse of this jump matrix
) . A 0
R ¢ (z) = L(2)W(2)Pp,(z) e~ I H8igl)r)es [ (()Z) 1] o (B.71)
a(z)
and we focus on the product, with the notation f(z) = —L_.(z) 2 (&)x+8ig()r
N I T U N ==Y S T I S B
WP, =52 o 1l 1] lve 1
S/ o [l—l—f(z) —1}
IS U R T R R (G .72
) fatreny/E -2
2 _—1 1_ | 1 —f(Z) 1

We know that A(z) blows up as a square root at z = —c by assumptions (2, 7), so for (B.71) to
be bounded for |z + ¢| < €, Imz > 0, f(—c) = 1 is required, and because R; is 1/2-Holder
continuous, we have L_.(z) = —1 + O(|z + ¢|'/?). This shows that (B.71) is a bounded ana-
Iytic function. Similarly,

w@Mq@_l'll"V?iﬂ[lqr )

201 1| g 4|t t]lo 1

Cirr [y ol —f(-2) -1
I e S Y B 1] L 1—f(—z)} (B.73)
_Ipe o [yE ) )

2 -1 1) 1—f(—2) ’
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shows that
. . 1 0
R, (2) = L&) W()M,  (¢) e~ BHxHsio@es el ) o1,
’ 0 A(—z)

(B.74)
is a bounded analytic function for {|z+c¢| <€}, Imz <0 because L_.(—z) = —1+
O(|z + ¢|'/?). If we define for Rez < 0

Cru(z)R_;+(z) |z+¢] <eImz>0,
Z(z) =< Cru(z)R_,—(z) |z+¢| <e€Imz<0, (B.75)

TCru(z), otherwise

and Z(z) = Z(—z)oy for Rez > 0, we obtain a function with L?(R) boundary values and no
jumps on |s + ¢| = €. Then it follows that

Z(2) e(Zizx+8iz3t)a3, (B.76)

is a solution of RH problem 3, by (122) and (123), with Z € H_%E (R), and therefore Z = 0.
This implies u = 0. O

The last step is to establish the following injection.

Lemma B.11. Every L? solution of RH problem 7 corresponds to one and only one solution
of RH problem 4.

Proof. The careful derivation of RH problem 7 implies that each solution of RH problem 4
can be deformed to a solution of RH problem 7 for any € sufficiently small. Because the func-
tions L(z)W(z)P2,,(z) and L(z)W(z)M_,,(z) are bounded analytic functions in the domains
{lz+¢| < €,Imz > 0} and {|z+ ¢| < €,Imz < 0}, respectively. This allows the inversion
of the deformations, so that each L? solution of RH problem 7 gives an L? solution of RH
problem 4. O

Given two distinct solutions Ngl) and N§2> of RH problem 4, they must differ at some
point z*, Nél)(z*) # Ngz) (z*), ¥ € R. Then min{|z* —c|, |z* 4+ ¢|} > & for some & > 0.
We perform the deformation to RH problem 7 for 0 < € < ¢ for each solution, and lemma

B.10 gives a contradiction, and establishes uniqueness. The existence is also guaranteed by
lemmas B.10 and B.11.
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