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Abstract
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We demonstrate a *’Rb—'*’Xe / 131Xe atom spin gyroscope, where two stage lock-in-amplifiers
are applied to measure the shift of the NMR frequency. The NMR frequency shifts and their
Allan deviation are analyzed during on- and off-resonance operation. The filter effects of the
lock-in-amplifiers are investigated in terms of the Allan deviation. Based on the dual species
operation, we achieve an angular random walk of 1.11 deg h™'/2 for the rotation rate. The slightly
off-resonance operation reveals that the NMR insensitive white noise of the '*'Xe signal limits

the angular random walk of our system.
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1. Introduction

Spin-polarized noble gas atoms are widely used in MRI [1-3],
magnetometers [4], rotation sensing [5-8], and even studies
of fundamental symmetries [9, 10]. They have paved the way
to precise measurements of a magnetic field and rotation,
based upon their long spin coherence time. Nowadays, atom
spin gyroscopes have attracted attention as potentially high
precision, low power, and compact gyroscopes [7, 11].
Recently, comagnetometer-based gyroscopes were reported
[6, 12]. The comagnetometer type requires the spin exchange
relaxation free condition, where a bias B-field is quite low,
below 10 nT and the temperature is over 150 °C, to increase
the spin-exchange rate [13]. Such gyroscopes would allow the
lowest angular random walk, below 0.002 deg h'/? by self-
cancellation of the magnetic field transient as well as magn-
etic field gradient [6]. The required conditions, however, are
somewhat strict. More practically, Northrop Grumman have
developed a dual species atom spin gyroscope with a 10cc
physical package, whose angular random walk is 0.005
deg h™'/2 [14]. In contrast to the comagnetometer type, the
effect of the magnetic field noise on the NMR frequency shift
can be subtracted by measuring the NMR frequency shifts of
two isotopes simultaneously. We also have developed an
atom spin gyroscope based on the dual species approach.
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Atom spin gyroscopes, referred to as NMR gyroscopes,
measure the shift in the NMR frequency of noble gas atoms by
converting nuclear spin precession to the corresponding voltage
through lock-in-amplifiers [15]. When the transverse AC
magnetic field is resonant on the NMR frequency, the nuclear
magnetic moment starts to precess at the NMR frequency,
proportional to the bias magnetic field in a non-rotating frame.
In a rotating frame, the obtained signal is very sensitive to the
rotation rate as well as the magnetic field. On the other hand, in
the off-resonance operation, it is insensitive to the magnetic
field so that the magnetic field noise-free angular random walk
limit of the system can be achieved. But the filter effects of
lock-in-amplifiers should be considered carefully.

In this paper, we analyze the measured NMR frequency
shifts obtained by two stage lock-in-amplifiers, theoretically
and experimentally. The Allan deviation of the rotation rate is
investigated by considering the filter effects of lock-in-
amplifiers, in the dual species mode to reduce the magnetic
field noise effect, and in the off-resonance mode to reveal the
magnetic field noise-free angular random walk limit.

2. Theory

In alkali-noble gas atomic spin gyroscopes, alkali atoms are
utilized to sense the nuclear magnetic field of the noble gas

© 2020 IOP Publishing Ltd  Printed in the UK
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atoms, as well as to polarize the noble gas atom spins, assisted
by spin-exchange collisions [16]. To diminish the effect of
any unwanted noise and to selectively sense the transverse
magnetic field B, or B,, the bias B, field is modulated at the
Rb Larmor frequency. This technique is called parametric
modulation [17, 18]. The magnetic moment of rubidium can
be expanded by the sum of harmonics whose frequencies are
integer multiples of the modulation angular frequency wyoq
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where be, MVRb, and MzRb are the Rb magnetic moments
along the x, y, and z directions, respectively. 7 is the lifetime
of Rb spin, gy is the gyromagnetic ratio of Rb atoms, and ¢ is
the ratio of the bias magnetic field modulation amplitude to
the modulation frequency, given by & = Wamp/Wmod- w?b is
the Larmor frequency of Rb and w,y,, is the amplitude of the
bias magnetic field modulation in angular frequency domain,
given by Wamp = Yrb Bmod Where Bpoq is the amplitude of the
bias magnetic field modulation. J,(§) represents the Bessel
function. The transverse B, + iB, field can be represented by
the sum of the external B, field, the noble gas induced B-field,
and the residual DC B-field:

Bx + iBy = Bxd COS Wyq t + waee_i(me(ﬁxe_%) + Br:w (2)

where w,, is the angular frequency of the transverse AC B,
field, B,, is the amplitude of the transverse AC B, field, and
B/, is the residual transverse DC magnetic field, given as
Bl = Bresx + iByes,y where By, and By, are the residual
DC magnetic field along the x and the y directions, respec-
tively. By, is the nuclear magnetic field from the noble gas
atom, given as By, = %no 1oKo. Ko is the enhancement factor
due to Fermi contact [19], g is the vacuum permeability, and
K, is the mean angular momentum of the noble gas atom
nuclear spin. In a steady state, the tip angle v is given by

Ve Bu a1 + (B Aw)?
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where 7y, is the gyromagnetic ratio of the noble gas atom.
The gyromagnetic ratios of the '**Xe atoms and of the '*'Xe
atoms are given as 79 = —27 X 11.86 Hz/uT and
Y31 = 27 x 3.52Hz/uT, respectively. Aw is the detuning
of the B, field with respect to the Larmor frequency of the
noble gas atom, i.e. Aw = wy — |y, Bo + §2| where {2 is the
rotation rate and By is the magnitude of the bias DC B-field.
The phase delay of the nuclear precession ¢y, is determined
by tangy, = AwT,. T; and T, are the longitudinal and
transverse lifetime of the nuclear precession. Here, we assume
that the response of the noble gas atom follows adiabatically
the bias magnetic field change and the rotation rate change,

P =

3

ie. ﬁdld?ol < e Bol and e < | Bol- Hence the
signal is linearly proportional to the magnetic field change
and the rotation rate change.

In order to measure the NMR frequency shift, two stage
lock-in-amplifiers can be used. The first lock-in-amplifier uses
the demodulation reference signal, Viy cos(Wmod? + Ppoa)
where V; is the amplitude of the reference signal, wy,0q 1S the
angular frequency of the parametric modulation, and ¢,,,q iS
its phase delay. The first lock-in-amplifier, in conjunction
with a parametric modulation with ¢4 =~ 0, enables it to
only sense the B, field on which precession of the noble gas
atoms is imprinted. With a help of Fourier and inverse Fourier
transforms, the lock-in-signal passing through the first lock-
in-amplifier, can be written as
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where H,; (v) is the transfer function of the band pass filter in
the first lock-in-amplifier. The bandpass filter passes signals
with the NMR frequency of the selected Xe isotope. Strictly,
the integral over ¢ from — o0 to 0o describes non-casual cases
because ¢ < t' contribution is included. We consider the
system in the steady state after a long time, i.e. t — oo.
Equation (4) where the integral over ¢ extends to infinity is,
therefore, able to describe casual cases, approximately. The
second stage lock-in-amplifier converts the sinusoidal signal
originating from the precession of the noble gas atoms into a
measurable voltage. For this, the transverse AC magnetic field
to drive precession of the noble gas atoms is used as the
demodulation reference, V5, cos(wygt + ¢,;) Where V5, is the
amplitude of the reference signal for the second stage lock-in-
amplifier, w,, is the drive frequency, and ¢,, is the phase
delay. In the same manner as the first lock-in-amplifier, a
signal from the second lock-in-amplifier can be written as

1 ‘
+ %
)= —f dvHy (v)e™
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< [ dryiaVaeostat + dge ()

where H,;(v) is the transfer function of the low pass filter in
the second lock-in-amplifier. The low pass filter extracts a DC
signal which contains the amplitude and phase information of
the NMR precession. Similar to equation (4), equation (5) can
describe approximately casual cases in the steady state. The
used symbols and their meaning are summarized in tables Al
and A2 in appendix.

3. Experimental setup

The experimental setup for measuring the NMR frequency
shifts is shown in figure 1(a). The Pyrex cubic cell is filled
with 3’Rb vapor, 50 Torr of natural Xe, 250 Torr of N,, and 5
Torr of H,. Its dimension is 15 x 15 x 15 mm?. We chose the
partial pressures with reference to [10]. The order of 100 Torr
of the N, gas suppresses radiative decay of Rb by quenching
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Figure 1. (a) Schematic diagram of the experimental setup. DBR:
distributed Bragg reflector laser, PBS: polarization beam splitter,
HWP: half wave plate, QWP: quarter wave plate, PD: photodiode,
BPF: band pass filter for the precession signal of the selected Xe
isotope, LPF: low pass filter. > and H* denote the band pass
filters in the first lock-in-amplifiers for '**Xe and for '*'Xe,
respectively. H,; indicates the low pass filter in the second lock-in-
amplifier. The black arrows indicate the signal flow. The gray arrows
degpict the reference signals. (b) Measured dispersion curves of
129%e. (c) Measured dispersion curves of 13lxe.

the excited state of Rb [1]. The H, gas makes RbH coatings
on the inner surface of the cell to increase the transverse
relaxation time 75 of '*'Xe [20]. The atomic cell is supported
by a non-magnetic cell mount made from Polyether ether
ketone (PEEK). The 2-layer AC heater, where currents
flowing in opposite directions in the same wire pattern on
both layers cancel the unwanted magnetic field generation, is
mounted on the cell mount [21]. The temperature of the
atomic cell reaches around 100 °C for frequent Rb—Xe spin-
exchange collisions. 4 layer cylindrical magnetic shields (MS-
1, Twinleaf) are used to reduce penetration of the unwanted
external B-field. The built-in x, y, z bias coil and the gradient
coil are installed on the inner surface of the innermost
magnetic shield. The free induction decays were measured to
verify characteristics of the atomic cell such as 7, and Bie.
For the '**Xe atoms (or '*'Xe), we obtained 7§'*® = 20s (or
78D = 9 5), and B{* = 100 nT (or BL*Y = 9 nT). The
upper limit of the 7, time is determined by the longitudinal
relaxation time 7). The inversion recovery method was used
to measure the 7 times [22]: T1(129) =27s for the '*Xe
atoms and 713" = 12 s for the *'Xe atoms, respectively.

In order to apply the parametric modulation, a bias
magnetic field is modulated at the Rb Larmor frequency,
given as B, = By + Biod COS Wmod? Where By is the DC bias
magnetic field, 9.95 uT, wpoq = 27 X 69.63 kHz, and B,0q
is the AC bias magnetic field amplitude, 10 uT. For the spin-
exchange optical pumping, the ®’Rb atoms are optically
pumped by a 120mW DBL laser (PH795DBR120TS-L,
Photodigm) whose frequency is tuned to the Rb D, line. The
circular polarization of the pump laser populates Rb atoms
into the selected Zeeman sublevel, m, = 1/2 of the 25 /2
state, so that the Rb atoms are spin-polarized. The pressure
broadening makes the hyperfine structure of Rb unresolved
[1]. For atom spin gyroscope operation, a continuous weak
B, is applied, By(t) = 3;3129) cos wg:d”)t + B)gfl)cos wgclfl)t
where B(? =05 nT, B’ =10 nT, ¥ =27 x
118.15Hz, and w3 = 27 x 35.022 5Hz. The two fre-
quency components drive the '*Xe and '*'Xe Larmor pre-
cession, respectively.

Optical Faraday detection is utilized to detect the pre-
cession of the Xe atoms. In our setup, the probe
laser (PH795DBR120TS-L, Photodigm) propagates along the
x-direction so that the Faraday rotation angle depends on
MR®, the magnetic moment of the rubidium atoms along the
x-direction on which the Xe atom precession is imprinted.
The Faraday rotation is measured by a combination of a
halfwave plate, a polarization beam splitter, and a balanced
photo-detector. It is converted into a voltage signal by using
the two stage lock-in-amplifiers, which are implemented by
Labview FPGA (USB-7855R, NI). The sampling rate of the
FPGA are 200 kHz, referred to its own clock. Because the
Larmor frequencies of 129Xe, 131Xc:z, and ¥Rb are smaller
than half the sampling rate of the FPGA, the FPGA lock-in-
amplifiers are able to process the time-continuous Larmor
precession signal in our system.

Each lock-in-amplifier consists of a mixer and a bandpass
or low pass filter. The mixer is simply implemented by
multiplying the two digitized values of the reference and the
signal. The references for the lock-in-amplifiers are generated
by the function generators (DG1022, Rigol for Rb, 33250A,
Agilent for 129% e, and AFG3101C, Tektronix for 131Xe) and
they are synchronized by a 10 MHz clock signal from a low
noise reference oscillator. The references are also used to
modulate the bias B-field and the transverse B, field. The
main part of the FPGA lock-in-amplifiers is the numerical RC
filter modeling. The FPGA calculates the recursion relation of
a simple analog RC filter: y,,(t,) = (127 AHf,.) Yoult,_1) +
21 Atf, vy (t,_1) for a RC low pass filter and y,,(t,) =
(1_27T AUCC) youf(tnfl) + (yin(tn) - yin(tnfl)) for a RC hlgh
pass filter, where y;, and y,,, are the input signal and the
output signal. f,. is the cut-off frequency of the RC filter. Az is
the consumed time of a 1 cycle of the FPGA lock-in-ampli-
fier, given by 5 us in our experimental setup. n denotes the
sample number.

In the first stage lock-in-amplifier for the '**Xe signal,
the 3 low pass filters with a cut-off frequency of 125 Hz and
the 3 high pass filters with a cut-off frequency of 100 Hz are
applied to extract the sinusoidal precession signal of '**Xe:
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l/gle’lg{fw = 125 Hz and V}fzfgh = 100 Hz. The transfer function
of the filters is given by H* () =[1/(1 + iv/v{") )P
[(11//1/&223%)/(1 + 11//1/(12223 h)]3 On the other hand, in the
first stage lock-in-amplifier for the '*'Xe signal, the 8 low
pass filters with a cut-off frequency of 45Hz and the
2 high-pass filters with a cut-off frequency of 25Hz are
used to extract the sinusoidal precession signal of '*'Xe:
UL oy = 45 Hz and v{}%)) , = 25 Hz. The transfer function

of the filters is given by HI(LBI)(V) = 1/(1 + lu/ygf}o)w)
(zy/yglL%}lggh)/(l + w/z/gm))]2 In the second stage lock-in-
amplifiers for '**Xe and '*'Xe, the low pass filters which have
the same cut-off frequency are applied to extract a DC signal
which is a function of amplitude and phase of the sinusoidal
precession signal. Their frequency responses can be described
by the transfer function Ho; (v) = [1/(1 + iv/vy)]P where
1y, is the cut-off frequency of the low pass filter, 1 Hz in our
case. The final values after passing through the second stage
lock-in-amplifiers are recorded by a computer at a repetition rate
of 2Hz. We note that the FPGA, the references, and the
computer operate asynchronously.

4. Data analysis
The NMR frequency shift can be described by using

equation (4). We approximate the first stage lock-in-amplifier
signal associated with M, by neglecting fast oscillating terms:

O~ [l e [T v A@e ™, )

where A(t) = Ay + A e’ + A_e ™ut - §A(t). The coef-
ficients Ag, A, and A_ are given as
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where U = /() (L(§) + Jo(£), W= J1(O(U2(E) — Jo(©) ).
and 0 = (w?b — Wmod)T. Because § — 0 and ¢, — O are
satisfied, we can take the terms up to the first order 6 and
Omod- Here OA(f) describes the white noise, so that its
ensemble averaging is 0, (6A(¢)) = 0. The useful relation,
(6A(t + T)6A(t)) = 046(T), helps calculate the power
spectral density of y,; (t). The averaged signal after the
second stage lock-in-amplifier can be written as

(Vo () = TlHiL (W) [VaL Vi
X (Ape iGuton) 1 A_e!(Put o), (8)

AO _(W¢mod + UQ)Bres,x + UBres,y]

Ay = —(Wop0qa + UO)Bry

where the bracket (...) denotes the ensemble averaging and
¢, is the phase of the transfer function Hy;(v), i.e

Hy;(v) = |Hyp (v)|e . For the dispersive mode where the
linear response on the frequency change Aw appears, we
carefully choose the demodulation phase ¢,, to fulfill
QL+ Oy = g + ¢’ and ¢’ < 1. The measured signals as a
function of drive frequencies are shown in figures 1(b) and
(c). This dispersion curve is essential for measuring the NMR
frequency shift.

The NMR frequency shift can be estimated in the on-
resonance operation. In the on-resonance case that Aw < 1/75,

. : Ve Bra T2
we obtain the equations: 1) = 2 xe d 7
q V=1 1+ (4 BV’ TiTy Ore

Aw T»,. The signal after the second stage lock-in- amplifier can
be written as

TYROM. X
. |H (WS Vi Var 1y Bye

[U(=¢" + AwD) + (Wpeq + UDL.  (9)

(Vor. (1) =

Here, we neglect the terms up to the first order. w{*® denotes the
Larmor frequency of the noble gas atoms. The frequency to
signal conversion slope derived from the dispersion curve con-
verts the measured voltage signal to the corresponding NMR
frequency, given as

d <y2L,x>

= dAw

Aw=0

TYrRo MR
= TR | ) W Vi U B T

(10)
In our experiment, a change of 7 below 2% was observed during
a day under a +1°C room temperature fluctuation. We can
easily obtain the frequency shift after dividing the measured
(¥51..) signal by the frequency to signal conversion slope:

w
_d)/ + 0+ U¢mod
5 .

() = Aw + (11)

The second term in equation (11) shows the existence of the
frequency offset, due to the phase of the reference signal used in
lock-in-amplifiers. The long 75 time reduces such a frequency
offset.

In order to calculate the Allan deviation of the mea-
sured NMR frequency shift, we recorded the measured
NMR frequency shifts of two Xe isotopes at a repetition rate
of 2Hz. The Allan variance of the second stage lock-in-
signal, y,; (f), can be written by using its transfer function
[23, 24]

(7rf7)
yﬂ (= 2f fsm

) Sy, 7).

12)

where S, (27f) is the power spectral density of y,; () and
can be described by

1 0 )
Sy, (V) = - f ar (Yo (t + T)yy (D) e, (13)
i —00
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Figure 2. (a) Allan deviation of the '**Xe signal. (b) Allan deviation of the '*'Xe signal. (c) Power spectral density in dB scale as a function of
frequency and the frequency to signal conversion slope of the '*'Xe atoms. The frequency to signal conversion slope of the '**Xe atoms is fixed at
Miao. (d) Power spectral density in dB scale as a function of frequency and the frequency to signal conversion slope of the '*Xe atoms. The

frequency to signal conversion slope of the '*'Xe atoms is fixed at 77;3;. (¢) Power spectral density as a function of (n;31 — M31) / 713 at 30 mHz

indicated by the black arrow in (c). (f) Power spectral density as a function of (77{29 = Miag) / 7129 at 30 mHz indicated by the black arrow in (d).

where we assume that (y,; .(t + 7)y,; (t)) only depends on  spectral density of y,,  (¢) is given as

the time difference, 7. The bracket (...) represents an ensemble

averaging. The Allan deviation of the 'Xe and '*'Xe )
signals mainly depends on the bias magnetic field noise in Sy, W) = TV Vi |H 1 (wya) P Ho (v) |2[\/; oA
the on-resonance condition. For convenience of calculation, we

) 2 2

decompose A(f) as A(t) = Ay + [A1 o + Ay gBo(t)]e™x! + T (AL + 240040 — AZ ) SB(V)]

[A_’O. + A_,dBO.(t)] e Wl 1 §A(t) where the autocorrelatior} of = V& V3 |Hy (V) PN 273 |y (wia) Poy

the bias magnetic field, (Bo(r + 7)By(¢)), depends on the time u )

difference, 7. Under the assumption that the cut-off frequency of %Uzﬁe SB(V)], (14)
Hy;(v) is much smaller than w,y, i.e. fo; < wyy/(27), the power |H(wp )]
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by the lines. (c) Angular random walk as a function of the drive
frequencies of '*'Xe, w*. The red solid line indicates the
calculation considering the filter effects, H,;(v).

where Sp(v) is the power spectral density of the bias magnetic
field. We omit the delta function which does not contribute to the
Allan deviation. Figures 2(a) and (b) shows the measured Allan
deviation of the measured NMR frequency shift of the '**Xe and
131Xe. The white noise characteristic is not shown in the '*Xe
atom case (figure 2(a)) due to the magnetic field noise, while
only the weak symptom of the white noise arises in the '*'Xe
atom case, since the '*’Xe atoms are more sensitive to the
magnetic field than the 31Xe atoms [25].

To distinguish the magnetic field and the rotation rate, the
NMR frequency shifts of dual species are combined [5]. The
estimator of the rotation rate can be written as

Q) = 7131)’2%2,?)(0/77129 + 7129)’21‘31)(1‘)/77131
Y129 — Y131 ’

15)

where the superscripts and the subscripts 129 and 131 indi-
cate '*’Xe and '*'Xe isotopes. 7/,, and 22131 are the l%}ven
frequency to signal conversion slopes for " Xe and for '~ Xe,
respectively. In order to extract the rotation rate precisely the
used frequency to signal conversion slope for calculation, 77;29

(or 77131), has to be same as the real frequency to signal
conversion slope, 7129 (0Or 7731). After some calculation, the

power spectral density of 2(7) is written as

V1317129
Y129 — Y131

129), (129
Mo [H? (W)

29 29
77129 |H{ P (@S]

2
) |Hor (V) P [Sp(v)

131, (1315 )2

77131 |H1 )( ( ))|
131 131

77131 IHD (WD)

2
U(AI 29) ]

So(v) ~ (

77129’7/129

+ N2V Vi H P ( “29))|2(

131)

2
+ N2V VAIHED( “3“)|2(—“A ) :
M3 N31 (16)

where w{!?” and w{!3" are the Larmor frequencies of '**Xe and
of 3'Xe, respectively. For the on-resonance operation, the drive
frequencies w17 and WV are fixed at W{!*” and (",
respectively. Equation (15) separates the rotation rate from the
measured NMR frequency shift. Figures 2(c) and (d) shows the
power spectral density in dB scale as a function of the frequency
to signal conversion slopes and frequencies. The power spectral
density Sq(v) can be calculated by fast Fourier transform of the
autocorrelation of {2(f). Several peaks, originating from the long-
term magnetic noise, arise in the two-dimensional graph. For
example, around a frequency of 30 mHz, indicated by the black
arrows in figures 2(c) and (d), the power spectral density as a
function of (175, = M31) /31 (OF (29 = Miz9) /M) i shown
in figure 2(e) (or in figure 2(f)). From equation (16), we can
derive the fitting formula, y = py (11129 /1129 — Ti31/M3)* + Yo
where p, and y, are constants. The experimental results are well
fitted with the derived formula. The noise spectrum is maximally
reduced when 1)},y = 1,59 and 17,5, = 7,5 At this condition, the
term including Sp() becomes zero so that the Allan variance can
be written as

2
V1317129 ) 4
Y129 — M31) \ TyRe MU

oo (1) ~ \/8773(

(129) 2 (131) 2
+ A
129) 1(129) /(129 131) ~(131),, (131
BTy 50 BTy By,

[T D iy

2
(7fT) an

Only the white noise terms survive. In the off-resonance opera-
tion, the Allan variance is governed by the white noise term
because A, ; and A_ ;4 are zero. Particularly, in the slightly off-
resonance operation that |H}* (W) ~ [H{}*(w{*”)| and
|H1(L131)(w§1d31))| = |H1(L131)(w(1}31))|, the Allan variance can be
also described by equation (17). Figure 3(a) shows the Allan
deviations of the measured rotation rate in the on- and the 1 Hz
off-resonance case (slightly off-resonance). The Allan deviation
of the on-resonance case is well overlapped with that of the off-
resonance case, implying that the subtraction of the magnetic
field noise is well operated.
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Figure 4. (a) Frequency to signal conversion slope as a function of B,,. The solid line depicts the fitting of ¥, = x/(1 + pxz). (b) Angular
random walk as a function of B,, in the 1 Hz detuned case (yellow circles) and in the on-resonance case (red squares). The green solid line
results from the 1/1, = (1 4 px*)/x fitting. The inset shows the noise as a function of B,,. The noise remains constant.

Table 1. 1 Hz off-resonance signal noises and the corresponding
angular random walks.

Species Noise(mV Hz™ 1/2)  Slope(VHz') ARW(degh™'/?)
129% e 1.3 782.5 0.036
Blxe 0.923 —14.32 1.39

5. Discussions

The NMR frequency shift measurement is affected by the
filters in lock-in-amplifiers [14]. In our calculation, the effect
of the low pass filter in the second stage lock-in-amplifier,
described by |H; (v)|, is included in equation (17). In
figure 3(b) we compare the two cases of the different cut-off
frequencies, f>;, = 1Hz and f,; = 0.1 Hz. The calculations
considering only the white noise term are well overlapped
with the experimental data. In particular, a peak arises at an
averaging time of 1/f>; because the low pass filter of the
second stage lock-in-amplifier reduces the noise of fre-
quencies above f>;.

We also investigated the effect of the filters in the first
stage lock-in-amplifier by changing the detuning of the
transverse AC drive field. Figure 3(a) shows a comparison
between the Allan deviations of the 1 Hz detuning and of the
10Hz detuning. The angular random walk of the 10Hz
detuning case is 2 times smaller than that of the 1 Hz detuning
due to the effect of the filters in the first stage lock-in-
amplifier. The angular random walk of the rotation rate is
mainly determined by that of the NMR frequency for the
small gyromagnetic ratio species [14]. Moreover, the ratio of
the frequency to signal conversion slopes is given as
77129 / 77131 = 54.6 in our experiment so that it is enough to
consider only the 05413” term in equation (16), the white noise
of the '*'Xe signal. As a result, the angular random walk of
the rotation rate is proportional to |H1(L131)(w9d31))|. We obtain
the amplitude ratio of the transfer function, |H*" (w{*D +
2w x 1 H)|/|HPPV (WY + 27 x 10 Hz)| = 1.99. It is

consistent with the angular random walk ratio of the two
detuning cases, given as 2. More generally, figure 3(c) shows
the angular random walk of the NMR frequency shift of '*'Xe
as a function of the drive frequencies. The experimental data
is well fitted by |H](L13 D(w)]. The careful selection of the drive
frequency, or a post correction considering the transfer
function of the band pass filter, is therefore required to reveal
the magnetic field noise-free limit of the angular random walk
for the rotation rate. We used a 1 Hz detuning to verify the
angular random walk limit in our experiment. Although 1 Hz
detuning seems insufficient, the long transverse relaxation
time 7, of several tens of second makes the system insensitive
to the magnetic field noise because Al s 1.

In our experiment, the white noise mainly contributes to
the angular random walk for the rotation rate. To decrease the
angular random walk in this regime, a large frequency to
signal conversion slope is required. The frequency to signal
conversion slope is determined by various parameters such as
T,, Bye, ¥,, and U. Among them, we optimized v, by chan-
ging B,,. Figure 4(a) shows the frequency to signal conver-
sion slope as a function of B, It increases with B,; and
decreases after passing the maximum point due to the T}
decay. The measured frequency to signal conversion slope is
well fitted by ¥, = x/(1 + px®) where x = ~,.Byg. Also, the
angular random walk is investigated as a function of B, in
figure 4(b). It is well overlapped with the inverse of ,,
(1 + px?) /x. Such a v, optimization works well in a regime
where the noise remains constant against changing B,,. The
inset of figure 4(b) shows that the noise is independent of B,,.

Table 1 shows the noises and the corresponding angular
random walks after the ), optimization in the slightly off-
resonance operation. It shows that the angular random walk of
our gyroscope is limited by the noise of the '*'Xe signal. The
rotation extraction gives the composite angular random walk,
1.072 deg h™'/2 which is very close to the on-resonance
angular random walk, 1.113 deg hl/2, Despite having a lower
noise than the '*’Xe signal, the slow frequency-signal con-
version slope for '*'Xe leads the noise of 64.45 ﬂHZl/ 2. The
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converted angular random walk is 1.39 deg h™'/2. The slow

slope of the '*'Xe signal is caused by the short 7> time and
the small magnetic field from the '*'Xe atoms, already
reported in [26]. To overcome the current angular random
walk, an atomic cell filled with high pressure '*'Xe gas is
required to increase By from the '*'Xe atoms. Additionally,
identifying the origins of the white noise and decreasing their
contribution to o, will help to reach a low angular random
walk. Ultimately, an angular random walk is limited by
atomic projection noise and laser shot noise [27].

6. Conclusion
We analyzed the NMR frequency shift measurements realized

by two stage lock-in-amplifiers. The Allan deviations of the
NMR frequency shifts and of the rotation rate were

investigated during on- and off-resonance operation, theore-
tically and experimentally. The filter effects of the lock-in-
amplifier were revealed in our analysis. The angular random
walk of our experimental setup, 1.11 deg h'/2, was mainly
limited by the white noise of the '*'Xe signal which was
verified by the slightly off-resonance operation.
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Appendix

Table A1. Summary of symbols related to ®’Rb.

Symbols Description Typical value Notes
TRb Gyromagnetic ratio 2w x 6998 Hz/uT
of ¥’Rb
T Lifetime Order of 10 ms
of 8’Rb spins
By DC bias B-field 9.95 uT
Biod Amplitude of 10 uT
the AC bias B-field
MZRb Magnetic moment of —
87Rb
whe Larmor frequency of 21 x 69.63 kHz Wi = VroBo
87Rb
Wamp Amplitude of the bias 2w x 70 kHz Wamp = YRbBmod
B-field modulation
Wmod Angular frequency of 2w X 69.63 kHz Wmod = w?b,
the bias B-field modulation B, sensing mode
Pmod Phase of the bias B-field modulation ~0 rad B, sensing mode
13 Ratio of the amplitude of the bias B-field modulation to the modulation frequency ~1 € = Wamp/ Wmod

Table A2. Summary of symbols related to Xe. The indices 129 and 131 indicate the Xe isotopes, '**Xe and '*'Xe.

Symbols  Description Symbols for Xe isotopes Notes
and typical value
Vxe Gyromagnetic ratio Y129 = 27 x 11.86 Hz/uT

of Xe
W Larmor frequency

of Xe
Wra Angular frequency

of the transverse AC B, field
B, Amplitude

of the transverse AC B, field
Brd Phase delay

of the transverse AC B, field
Dxe Phase delay

of the Xe induced magnetic field
n Frequency to signal

conversion slope

Y31 = 27 X 3.52 Hz/uT
W12 = 27 x 118.15 Hz
Wi = 271 x 35.0225 Hz
W2 = 27 x 118.15 Hz
w3 = 271 x 35.0225 Hz
B* = 0.5 nT
BU? =10 nT
¢129) ~ 280°
3D ~ 320°
o
oL
29
T31

Wi =~ Bo

— yxe)
Wyd = Wp

resonance condition

PiL + ea = /2
dispersion mode
tan(¢,,) = Awlh
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Table A2. (Continued.)

Symbols  Description Symbols for Xe isotopes Notes
and typical value

7' Given frequency to signal 77;29 R Mg Precise rotation

P conversion slope 77{31 R M extraction condition

oA Power spectral density 0'54129)
of white noise o130

Bye Nuclear magnetic field B{* =100 nT
from Xe B =9 T

T, Longitudinal spin T2 = 27 s ~100 °C
relaxation time Tl(m) =125

T, Transverse spin T8 =20 ~100 °C
relaxation time T2(131) =9s

. : (129) _ Ve Bra T2

Ur Tip angle v = 1+ (e Bua) i T3
of the Xe nuclear magnetic moment P3h

H;(v) Transfer function Hl(Lm)(u)
of the first lock-in-amplifier HI(IP D)

Hy (v) Transfer function H® () H3P ) = HP¥Y )
of the first lock-in-amplifier H2(13 D) = H,; (V)
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