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Abstract
Starting from an action principle adapted to the Newman–Penrose formalism,
we provide a self-contained derivation of BMS current algebra, which includes
the generalization of the Bondi mass loss formula to all BMS generators. In
the spirit of the Newman–Penrose approach, infinitesimal diffeomorphisms are
expressed in terms of four scalars rather than a vector field. In this framework,
the on-shell closed co-dimension two forms of the linearized theory associ-
ated with Killing vectors of the background are constructed from a standard
algorithm. The explicit expression for the breaking that occurs when using
residual gauge transformations instead of exact Killing vectors is worked out
and related to the presymplectic flux.

Keywords: BMS algebra, Newman–Penrose formalism, Bondi mass loss
formula

1. Introduction

The importance of the Bondi mass loss formula [1, 2] in the context of early research on gravi-
tational waves has recently been stressed (see e.g. [3–5]). Since the (retarded) time translation
generator is but one of the generators of the BMS group [6], a natural problem is to generalize
this formula for all generators (see e.g. [7–10]).

Starting from classification results [11–13] on conserved co-dimension 2 forms in gauge
field theories, a BMS charge algebra [14] has been constructed in the metric formulation in
terms of which the non-conservation of BMS charges can be understood as a particular case.
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A local formulation in terms of currents that satisfy a broken continuity equation then allows
one to accommodate both the global and the local version of the algebra, including superrota-
tions [15–17]. Even though expressions have been worked out in the metric formulation, they
have been translated to the Newman–Penrose (NP) formalism [18–20] (see e.g. [21–25] for
reviews) in [26, 27] because the structure of the results and the interpretation is particularly
transparent in this framework (see also [28–32] for recent related work.)

The purpose of the present paper is to give a self-contained derivation, rather than a trans-
lation, of BMS current algebra in the NP formalism by starting from a suitable first order
action principle. The variant we are using here is tensorial (rather than spinorial as in [33, 34]).
It is a first order action principle of Cartan type that uses as variables vielbeins, the Lorentz
connection in a non-holonomic frame, and a suitable set of auxiliary fields. In four dimensions,
it can be directly expressed in terms of the quantities of the NP formalism. The associated
Euler–Lagrange equations then impose vanishing of torsion, the definition of the Riemann
tensor in terms of vielbeins and connection components as well as the Einstein equations, and
thus encode all NP equations.

Related work on conserved quantities in first order formulations of general relativity
includes for instance [35–43].

The paper is organized as follows. We start by reviewing the construction of closed co-
dimension 2 forms of the linearized theory associated with reducibility parameters of the
background, including a discussion of the breaking that occurs when using residual gauge
transformations rather than exact reducibility parameters. Standard examples, for instance
in the simple case of electromagnetism and Yang–Mills theories, have already been dis-
cussed in [13]. Instead, in this paper, we work out all details in the case of a generic first
order gauge theory. In this case, a full understanding of the appropriate homotopy oper-
ators is not needed because the main statement on (non-)conservation of the constructed
co-dimension 2 forms will be checked by explicit computation. What makes the paper self-
contained is that Einstein gravity in the Cartan or the NP formulation are gauge theories of first
order.

We then turn to the action principle adapted to the NP formalism and to the construction of
the conserved co-dimension 2 forms in this context. As an application, we work out the BMS
current algebra for asymptotically flat spacetimes at null infinity. In particular, the results of
[27] are generalized to the case of an arbitrary time-dependent conformal factor.

2. Closed co-dimension 2 forms in gauge theories

2.1. Covariantized Hamiltonian formulations

Let us start by illustrating the general considerations in the case of a first order theory which
depends at most linearly on the derivatives of the fields,

L = aμ
j∂μφ

j − h, (2.1)

with a generating set of gauge transformations that depends at most on first order derivatives
of the gauge parameters,

δ f φ
i = Ri

α[ f α] = Ri
α f α + Riμ

α ∂μ f α, (2.2)

and where the derivatives of the fields occur at most linearily in the term that does not contain
derivatives of gauge parameters,

Ri
α = Ri0

α + Riν
jα∂νφ

j. (2.3)
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We thus assume that aμ
j [x,φ], h[x,φ], Ri0

α [x,φ], Riν
jα[x,φ], Riμ

α [x,φ] do not depend on deriva-
tives of the fields. Note that in most applications, and in particular the one of interest to
us here, these functions do not explicitly depend on xμ either and formulas below simplify
accordingly.

As the notation indicates, this is a covariantized version of first order Hamiltonian actions,
where φi contains both the canonical variables and the Lagrange multipliers, while h includes
both the canonical Hamiltonian and the constraints. For instance, for a first class Hamiltonian
system, we have

L[z, u] = aA(z)żA − H(z) − uaγa(z). (2.4)

Here zA are the phase-space variables and aA(Z) are the components of the symplectic potential.
In the case of Darboux coordinates for instance, zA = (qi, pj) and aA = (p1, . . . pn, 0 . . . , 0).
Furthermore, H is the Hamiltonian, γa are the first-class constraints and ua are the associated
Lagrange multipliers. The symplectic 2-form σAB = ∂AaB − ∂BaA is assumed to be invertible,
σCAσAB = δC

B with associated Poisson bracket {F, G} = ∂F
∂zA σ

AB ∂G
∂zB and

{γa, γb} = Cc
ab(z)γc, {H, γa} = Vb

a (z)γb. (2.5)

For such systems, a generating set of gauge symmetries is given by

δ f zA = {zA, γa} f a, δ f ua = ḟ a − Ca
bcu

b f c − Va
b f b, (2.6)

see e.g. [44] for more details.
More generally, by using suitable sets of auxiliary and generalized auxiliary fields,

the class of gauge theories described by (2.1) and (2.2) is relevant for gravity in the
standard Cartan formulation or the one adapted to the Newman–Penrose formalism dis-
cussed below. Indeed, the Cartan Lagrangian is at most linear and homogeneous in first
order derivatives, and so is the Lagrangian adapted to the Newman–Penrose formulation
in equation (3.17). Furthermore, the gauge transformations, both in the forms (3.34) and
(3.36) are of the required type. Other simpler examples include Chern–Simons theory,
which is directly of this type, while Yang–Mills theories are of this type when using the
curvatures as auxiliary fields (see e.g. [45] for the case of Maxwell’s theory). Finally, grav-
ity in the Palatini formulation is not of this type because the transformation of the con-
nection involves second order derivatives of the vector field characterizing infinitesimal
diffeomorphisms.

For a Lagrangian of the form (2.1), the Euler–Lagrange operator δL
δφi =

∂L
∂φi − ∂μ

∂L
∂∂μφi is

explicitly given by

δL
δφi

= σμ
i j∂μφ

j − ∂ih − ∂

∂xμ
aμ

i , σμ
i j = ∂ia

μ
j − ∂ ja

μ
i =⇒ ∂[i σ

μ
jk] = 0, (2.7)

where ∂i =
∂
∂φi , while ∂μ = ∂

∂xμ + ∂μφ
i ∂
∂φi + . . . . For a global symmetry δQφ

i = Qi, it follows

that δQL = ∂μbμ
Q and the usual integrations by parts argument to go to the form

Qi δL
δφi

= ∂μ jμQ, (2.8)

yields a canonical representative for the associated Noether current given by

jμQ = bμ
Q − ∂L

∂∂μφi
Qi. (2.9)
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When inserting the generating set of gauge symmetries given in (2.2) into (2.8), one obtains
on the one hand

Ri
α [ f α]

δL
δφi

= ∂μ jμf . (2.10)

Doing integrations by parts on the expression on the left hand side so as to make the
undifferentiated gauge parameters appear, one obtains on the other hand

Ri
α [ f α]

δL
δφi

= f α
[

Ri
α

δL
δφi

− ∂μ(Riμ
α

δL
δφi

)

]
+ ∂μSμ

f , Sμ
f = f αRiμ

α

δL
δφi

. (2.11)

Subtracting these two equations gives

f α
[

Ri
α

δL
δφi

− ∂μ(Riμ
α

δL
δφi

)

]
= ∂μ( jμf − Sμ

f ). (2.12)

Since this is an off-shell identity that has to hold for all fα[x], one concludes not only that the
Noether identities

Ri
α

δL
δφi

− ∂μ

(
Riμ
α

δL
δφi

)
= 0, (2.13)

hold, but also that

∂μ( jμf − Sμ
f ) = 0. (2.14)

There are two ways of seeing this. Either one integrates equation (2.12) with gauge parameters
that vanish on the boundary. One then uses Stokes’ theorem and the fact that the parameters
are still arbitrary in the bulk to conclude that the Noether identities must hold, and then that
the right hand side must be zero as well. Alternatively, in a more algebraic approach, the fact
that the gauge parameters are arbitrary allows one to consider them as new fields with respect
to which one can take Euler–Lagrange derivatives. If Euler–Lagrange derivatives with respect
to the gauge parameters are applied to equation (2.12), the right hand side vanishes identically
because Euler–Lagrange derivatives annihilate total divergences. One then remains with the
Noether identities as the result of the application of Euler–Lagrange derivatives with respect
to the gauge parameters on the left hand side.
When using these Noether identities, it then also follows from (2.11) that

Ri
α[ f α]

δL
δφi

= ∂μSμ
f . (2.15)

This means that Sμ
f is a representative for the Noether current associated to gauge symmetries

that is trivial in the sense that it vanishes on-shell. This is Noether’s second theorem. Fur-
thermore, it also follows from the so-called algebraic Poincaré lemma (or in other words, the
local exactness of the horizontal part of the variational bicomplex in form degrees less than
the spacetime dimension, see e.g. [46, 47]) applied to (2.14) that every other representative jμf
differs from Sμ

f at most by the divergence of an arbitrary superpotential ∂νη
[μν]
f (in the absence

of non-trivial topology).
Equation (2.15) provides a way to associate (lower-dimensional) conservation laws with

particular gauge symmetries: indeed, for reducibility parameters, i.e., gauge parameters f̄ α

that satisfy

Ri
α[ f̄ α] = 0, (2.16)
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the local exactness of the horizontal part of the variational bicomplex in form degree n − 1
then implies the existence of a superpotential k[μν]

f̄
that is constructed out of the fields and a

finite number of their derivatives such that

∂νk[μν]
f̄

= Sμ

f̄
. (2.17)

Since the right hand side vanishes on all solutions of the field equations, this is a conserva-
tion law whose associated co-dimension 2-form should be integrated over co-dimension 2
surfaces.

The point is that equation (2.16) does not in general admit non-trivial solutions in truly
interacting gauge theories. Indeed, in the case of semi-simple Yang–Mills theories or general
relativity in metric formulation, this equation reads explicitly

Dμε̄
a = 0, Lξ̄gμν = 0. (2.18)

Since this equation has to hold for all gauge potentials or metrics, it turns out however that
there are no non trivial solutions to these equations. In the latter case, this is because a generic
metric does not have Killing vectors.

This is where the linearized theory comes in. Consider the linearization around a particular
background solution φ̄i, with φi = φ̄i + ϕi and where ϕi denotes the fluctuations.

Two facts about linearized gauge theories around a solution are important. The first is that
the linearized equations of motion are variational and derive from the quadratic part L(2)[φ̄,ϕ]
of the Lagrangian in the fluctuations. The second is that gauge symmetries of this linearized
gauge theory are obtained by evaluation of the gauge transformations of the full theory in the
background, δ f ϕ

i = Ri
α[ f α]|φ=φ̄. This follows by expanding equation (2.15) to first order in

the fluctuations. Furthermore, by expanding this equation to second order and using reducbility
parameters, it follows that the transformations δ f̄ ϕ

i = R(1)i
α ( f̄ α) define global symmetries of

the linearized theory.
In the case of general relativity in the metric formulation, this is the statement that the gauge

symmetries of the quadratic Lagrangian for fluctuations around a fixed background are given
by δξhμν = Lξ ḡμν . This then means that there are as many conserved co-dimension 2 forms
as there are Killing vectors of the background solution. In the simplest case of linearization
around flat space, one recovers in this way the gauge symmetries δξhμν = ∂μξν + ∂νξμ of the
Pauli–Fierz Lagrangian. The reducibility parameters are the Killing vectors of the background,
and thus given ξ̄μ = aμ + ω[μν]xν in the case of Pauli–Fierz theory for instance. In this case,
the associated global symmetries δξ̄hμν = Lξ̄hμν describe the invariance of Pauli–Fierz theory
under Poincaré transformations.

The remaing problem is then to explicitly construct k[μν]
f̄

of the linearized theory out of the

weakly vanishing Noether current Sμ
f̄

of the full theory. This is done with a suitable homotopy
operator of the variational bicomplex. The point is that this operator is quite complicated in
case Sμ

f̄
contains derivatives of the fields of higher order than one because it involves higher

order Euler–Lagrange derivatives.
In a first order gauge theory however, Sμ

f̄
depends at most linearily on first order derivatives

by assumption. In this case, the homotopy operator becomes quite simple and the expression
of the superpotential simplifies to

k[μν]
f̄ =

1
2
ϕ j ∂

∂∂νφ j
Sμ

f̄ − (μ ←→ ν). (2.19)
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When using the explicit expression for Sμ
f in (2.11) and for the left hand sides of the field

equations in (2.7), this gives

k[μν]
f = Ri[μ

α σ ν]
i j ϕ

j f α. (2.20)

In this case, one can avoid a detailed discussion of the homotopy operator and its properties
and limit oneself to simply verify that this superpotential is indeed conserved on all solutions
of the linearized field equations around a background solution of the full theory, when using
reducibility parameters. Furthermore, one may explicitly work out the breaking of this con-
servation law in case one does not use such reducibility parameters. For this purpose, one
introduces the presymplectic current,

Wμ
δL/δφ[ϕ1,ϕ2] = −σμ

i jϕ
i
1ϕ

j
2. (2.21)

By using the detailed form of the Noether identities, one may then check by a direct
computation that

∂νk[μν]
f = −Wμ

δL/δφ[ϕ, Rα[ f α]] when
δL
δφi

= 0 =
δL(2)[ϕ,φ]

δϕi
. (2.22)

All details are provided in appendix A. This means that these superpotentials are indeed
conserved on all solutions of the linearized equations of motion around a given background
solution φ when using reducibility parameters f̄ α satisfying (2.16). It also means that non-
conservation in case one uses more general gauge parameters is controlled by the symplectic
flux Wμ

δL/δφ[ϕ, Rα[ f α]].

In terms of 1-forms dxμ, dVφ
i, ∂μdVφ

i, . . . generating the variational bicomplex (see e.g.
[46, 47]), one may write

�k f = Riμ
α σ

ν
i jϕ

j f α
1
2
� ( dxμ dxν), (2.23)

where

d(�k f ) = −WδL/δφ[ϕ, R f ] when
δL
δφi

= 0 =
δL(2)[ϕ,φ]

δϕi
, (2.24)

with

WδL/δφ = −1
2
σμ

i jdVφ
idVφ

j � (dxμ), (2.25)

d = dxμ∂μ = dxμ( ∂
∂xμ + ∂μφ

i ∂
∂φi + ∂μdVφ

i ∂
∂dVφi . . . ), where the vertical exterior derivative

dVφ
i can be considered as the dual 1-form to an infinitesimal field variation that commutes

with the total derivative, and we have used the conventions for the Hodge dual of appendix B,
with ∗ea = δa

μ dxμ.
Defining the presymplectic 1 form potential through

a = aμ
i dVφ

i � (dxμ), (2.26)

we have

ΩL = dVa = −WδL/δφ (2.27)
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and equation (2.23) can be expressed in terms of a as

�k f =
1
2

(
ϕ j ∂

∂dVφ j

)(
f αRiμ

α

∂

∂dVφi

)
∂

∂ dxμ
dVa. (2.28)

For instance, in the standard Cartan formulation, the variables are the vielbein and the
Lorentz connnection, φi = (ea

μ,Γab
μ), with

δξ,ωea
λ= ξρ∂ρea

λ − ∂ρξ
λea

ρ + ωa
beb

λ,

δξ,ωΓ
ab

μ =− Dμω
ab + ξρ∂ρΓ

ab
μ + ∂μξ

ρΓab
ρ.

(2.29)

From

LC = e (Rab
μνea

μeb
ν − 2ΛC), (2.30)

it then follows that

a = 2e ea
μeb

ρdVΓ
ab

ρ � (dxμ). (2.31)

Applying equation (2.28) for the construction of �kf then yields quickly equation (3.49) of
[48] when using that (dn−2x)μν = 1

2 � (dxμ dxν).
We now turn to a more systematic discussion of the construction of these superpotentials,

with no assumptions on the number of derivatives except for locality, i.e., the requirement that
all functions contain a finite number of derivatives. This discussion may be skipped if one is
merely interested in the application to the NP formalism.

2.2. General construction

We continue to use the collective notation φi for all fields and fα[x,φ] for the gauge parameters
of the theory. The latter may depend on the fields and (a finite number of) their derivatives.
Infinitesimal gauge transformations are written as δ f φ

i = Ri
α[ f α] ≡ Ri

f [φ], where the second
notation is used when we want to emphasize the dependence on the fields. More explicitly,
they involve field dependent operators acting on the gauge parameters,

Ri
α[ f α] ≡ Ri

f [φ] = Ri
α[x,φ] f α + Riμ

α [x,φ]∂μ f α + . . . , (2.32)

which may now depend on the fields and a finite number of their derivatives. Furthermore,
there may be terms with higher order derivatives on the gauge parameters.

In the case of general relativity (or higher derivative gravitational theories) in metric for-
mulation for instance, the fields φi correspond to the metric components gμν , while the gauge
parameters are vector fields ξμ[x, g], with δξgμν = −Lξgμν .

Isolating the undifferentiated gauge parameters in the contraction of the gauge transforma-
tions with the Euler–Lagrange derivatives of the Lagrangian and keeping the total derivative
terms gives rise to

δ f φ
i δL
δφi

= f αR+i
α

(
δL
δφi

)
+ d � S f , (2.33)

where L = �L is the Lagrangian n-form and

R+i
α

(
δL
δφi

)
= Ri

α

δL
δφi

− ∂μ

(
Riμ
α

δL
δφi

)
+ . . . , �S f = f αRiμ

α

∂

∂dxμ
δL
δφi

+ . . . . (2.34)
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Because the fα a re arbitrary, one deduces on the one hand the Noether identities

R+i
α

(
δL
δφi

)
= 0, (2.35)

and on the other hand that the 1 form Sf encodes the on-shell vanishing Noether current
associated to gauge symmetries,

S f ≈ 0. (2.36)

Closed co-dimension 2 forms are then constructed as follows. Consider an infinitesimal
field variation

δV = ϕi ∂

∂φi
+ ∂μϕ

i ∂

∂∂μφi
+ . . . . (2.37)

Acting on (2.33) (with (2.35) taken into account) gives

δV (δ f φ
i)
δL
δφi

+ δ f φ
iδV (

δL
δφi

) = d[δV(�S f )]. (2.38)

Let L(2)[φ,ϕ] denote the quadratic terms in an expansion of L[φ+ ϕ] in ϕi and their deriva-
tives. The equations of motion of the linearized theory are the Euler–Lagrange equations for
L(2) since

δV δL
δφi

=
δL(2)

δϕi
. (2.39)

If the expansion is done around any solution φ̄i of the full theory associated to L[φ],

δL
δφi

|φ̄ = 0, (2.40)

it follows in particular that, when evaluated on solutions of the full theory, δVSf vanishes on all
solutions to the linearized equations of motion,

(
δV S f

)
|φ̄≈lin 0. (2.41)

If furthermore the parameters f̄ α are ‘reducibility parameters’ of this solution,

δ f̄ φ
i≈full 0, (2.42)

the left hand side of (2.38) vanishes. When using that closed co-dimension 1 forms are exact
in this context (see appendix C), one finds

δV
(
�S f

)
|φ̄, f̄ = d

(
�k′f

)
|φ̄, f̄ , �k′f [ϕ,φ] = In−1

ϕ (�S f ), (2.43)

with In−1
ϕ given in (C.4) and (C.5). This equation means that �k′f̄ [ϕ̄, φ̄] are local co-dimension

2 forms that are closed if (i) φ̄ is a solution to the full theory, (ii) f̄ are reducibility parameters
of this solution, and (iii) ϕ̄ are solutions of the linearized theory around φ̄,

d
(
�k′f̄ [ϕ̄, φ̄]

)
= 0. (2.44)

8
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Finally, note that these co-dimension 2 forms may be computed as if the gauge parameters
were field independent,

�k f = In−1
ϕ [�S f (x)]| f (x)= f , (2.45)

because, as shown in appendix C,

�k f̄ [φ̄,ϕ] = �k′f̄ [φ̄,ϕ] (2.46)

for all solutions φ̄i.
Applying (2.45) together with the homotopy formula in the form of (C.5) with ∗ea = δa

μ dxμ

to the weakly vanishing current (2.11) of a covariantized first order Hamiltionian theory then
yields the simple expression (2.23).

2.3. Application in different contexts

2.3.1. Linearized gauge theories. Different cases can be considered. The first is to fix a
background solution φ̄ with its reducibility parameters f̄ , for instance maximally symmet-
ric backgrounds in general relativity with its Killing vectors. The second is to fix a priori a set
of reducibility parameters and to restrict to classes of solutions φ̄ that admit these reducibil-
ity parameters (stationnary and/or axisymmetric backgrounds in general relativity). In both
cases k f̄ [ϕ, φ̄] are co-dimension 2 forms that are closed for all solutions ϕ of the linearized
theory,

d(�k f̄ [ϕ, φ̄])≈lin 0. (2.47)

Equivalent closed co-dimension 2 forms have been derived by a variety of methods (in the
case of diffeomorphism invariant theories, see e.g. [49–52]) and used to provide a derivation
of the first law of black hole mechanics [53] valid for arbitrary perturbations.

An advantage of the approach of [11] (see also [12] and [13, 48, 54–56] for further devel-
opments) is that it can be used for any gauge theory and that there is complete control on the
number of solutions and on the ambiguities of the construction: under suitable regularity condi-
tions, the �k f̄ [ϕ, φ̄] associated to distinct equivalence classes of possibly field dependent f̄ α’s
satisfying (2.42), with two sets of reducibility parameters considered equivalent if their differ-
ence are reducibility parameters that vanish on-shell, f̄ α ≈ 0, exhaust the local co-dimension
2 forms that are closed on all solutions to the linearized equations, up to trivial ones. The lat-
ter correspond to local co-dimension 2 forms that are d exact or vanish on all solutions of the
linearized theory. Furthermore, the equivalence classes do not depend on the formulation, in
the sense that they are invariant under elimination or introduction of (generalized) auxiliary
fields, which allows one to directly connect results in the Cartan and metric formulations for
instance.

In the linearized theory, reducibility parameters give rise in addition to global symmetries
with standard Noether currents, i.e., closed forms of co-dimension 1. The gauge algebra of the
full theory then induces Lie algebra structures on reducibility parameters and on the closed
co-dimension 1 and 2 forms (see e.g. section 7.4 of [13] or proposition 4 and corollary 5 of
[56]).

The method can usually not be directly used to construct closed co-dimension 2 forms for
generic background solutions in interacting theories, such as semi-simple Yang–Mills theories
or general relativity in spacetime dimension greater than 3 because the equation determining
the reducibility parameters f̄ α in (2.42) admits no non-trivial solutions, not even when allowing
the gauge parameters to be field dependent. This is where asymptotic considerations come in.
We will not discuss this here, but take a slightly different viewpoint below.

9



Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

2.3.2. Residual gauge transformations and breaking. Another important case, that is the
one that is relevant for us here, is to fix from the outset a sub-class of solutions φ̂. This
can be done not only through gauge fixing conditions, like asking for certain components
of the metric or the vielbein/spin-connection to vanish, but also through fall-off conditions.
The role of these conditions is then to restrict the arbitrary functions that appear in the gen-
eral solution to the equations of motion. These conditions may be imposed anywhere, and
are not limited to conditions imposed at ‘infinity’. We assume that these conditions are such
that one may find the general solution to the equations of motion in terms of functions
aA(x) (which could reduce to constants), φ̂ = φ̂[x, a]. The functions aA(x) thus parametrize
this solution space, and infinitesimal variations of these functions lead to tangent vectors of
this solution space, i.e., to perturbations φ̂ that are solutions of the linearized equations of
motion.

One is then interested in (infinitesimal) gauge transformations that preserve this class of
solutions. They are determined by asking that the gauge transformations preserve the con-
ditions fixing the solution space. We assume that this constrains the parameters to depend
on arbitrary functions bM(x), f̂ = f̂ [x, b; a]. The associated infinitesimal gauge transfor-
mations, loosely referred to as residual gauge transformations below, no longer satisfy
δ f̂ φ

i|φ̂ = Ri
f̂
[φ̂] = 0. Instead they describe particular tangent vectors to the subspace of solu-

tions and correspond to particular variations δbaA. This action of residual gauge transforma-
tions on solution space is thus determined through

Ri
f̂
[φ̂] = −δbφ̂

i[x, a]. (2.48)

As a consequence, the co-dimension 2 forms are no longer closed. There is however precise
control on the breaking, i.e., on non-conservation: it is proportional to R f̂ [φ̂], and furthermore,
it follows from (2.38) and (C.7) that

d(�k f̂ [ϕ̂, φ̂]) = �b[ϕ̂, R f̂ , φ̂], �b[ϕ, R f ;φ] = −In
ϕ(Ri

f δ
V δL
δφi

), (2.49)

with In
ϕ defined in (C.2). This allows one for instance to control both non-conservation in

(retarded-)time or the radial dependence of charges by using
∫
∂N n−1

�k f̂ [ϕ̂, φ̂] =
∫
N n−1

�b[ϕ̂, R f̂ ; φ̂]. (2.50)

More concretely for instance, in terms of coordinates u, r, y A, with y A parametrizing an n − 2
dimensional sphere, the time-dependence of the charges

(δ/Q f̂ )[ϕ̂, φ̂] =
∫

dn−2Ω k0r
f̂

[ϕ̂, φ̂] (2.51)

is controlled by

∂0kr0
f̂

[ϕ̂, φ̂] + ∂AkrA
f̂

[ϕ̂, φ̂] = br[ϕ̂, R f̂ ; φ̂] (2.52)

while the radial dependence is controlled by

∂rk
0r
f̂

[ϕ̂, φ̂] + ∂Ak0A
f̂

[ϕ̂, φ̂] = b0[ϕ̂, R f̂ ; φ̂], (2.53)

where the second terms on the left hand side vanish when integrating over the sphere.
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Let us recall some properties of �b[Rf,ϕ;φ]. A non trivial property, which follows because
the contracting homotopy is applied to an Euler–Lagrange derivative, is skew-symmetry in the
exchange of the infinitesimal gauge transformation and the field variation,

�b[ϕ, R f ;φ] = − � b[R f ,ϕ;φ]. (2.54)

For first order theories, this has been shown in [38], while for general theories, the proof follows
from that of proposition 13, and more precisely from equation (A59), of [56].

The link to covariant phase space methods is as follows. If we consider anti-commuting
infinitesimal field variations, δVφi, and the associated vertical differential dV = dVφ

i ∂
∂φi

+ ∂μdVφ
i ∂
∂∂μφi + . . . (see e.g. [46, 47] for more details), one may define two (n − 1, 2) forms.

The first is the standard presysmplectic one of variational calculus,

ΩL = dVIn
dVφ

L, dVΩL = 0, dΩL = dVφ
idV

δL
δφi

, (2.55)

with all wedge products omitted. When using the main property of the homotopy operators (cf
equation (A30) of [56]), it follows that for L′ = L+ dθn−1,

ΩL′ = ΩL + d(dVIn−1
dVφ

θn−1). (2.56)

Note that the ambiguity does not affect the presymplectic form in the restricted class of first
order Lagrangians, where θn−1 may depend on undifferentiated fields only, so that the last term
in the previous equation vanishes.

The second ‘invariant’ presymplectic (n − 1, 2) form [38, 56] is defined through,

WδL/δφ = −1
2

In
dVφ

(
dVφ

i δL
δφi

)
. (2.57)

It depends only on the Euler–Lagrange derivatives of the Lagrangian and is thus free of the
ambiguity related to adding a total derivative to the Lagrangian.

By using proposition 13 of appendix A5 of [56], it follows that the breaking is determined
by the invariant presymplectic form according to

�b[R f ,ϕ;φ] = WδL/δφ[ϕ, R f ]. (2.58)

Up to a sign, both (n − 1, 2) forms differ by the exterior derivative of an (n − 2, 2)-form,

−WδL/δφ = ΩL + dEL, EL =
1
2

In−1
dVφ

In
dVφ

L. (2.59)

In the particular case of first order theories where L depends at most linearly on the first order
derivatives, the explicit expression in terms of homotopy operators shows that

EL = 0. (2.60)

It may happen that WδL/δφ[ϕ̂, R f̂ ]|φ̂ vanishes. Examples include for instance asymptotically
flat or anti-de Sitter spacetimes in three dimensions in Fefferman–Graham or BMS gauge with
fixed conformal factor. In this case, the co-dimension 2 forms are closed for all residual gauge
transformations, they are conserved and r-independent (see for instance [57, 58]), so that they
may be computed at any finite r. It also follows from (2.53) and (2.58) that subleading charges
recently considered for instance in [31, 59, 60] are controlled by W0

δL/δφ[ϕ̂, R f̂ ]|φ̂.

11
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2.4. Integrability and algebra

When EL vanishes, it has been shown in [56] that integrability of charges

(δ/Q f̂ )[ϕ̂, φ̂] = δQ f̂ [φ̂], (2.61)

implies that there is well-defined algebra of charges obtained by acting with residual gauge
transformations,−δ f̂ 2

Q f̂ 1
. In the non-integrable case, this action has to be modified by suitably

taking the non-integrable part of the charges into account. Even though it would be desirably
to have a derivation from first principles of this modified charge or current algebra, this is not
the objective of this paper. At this stage, we just refer to the discussion in section 3.2 of [14]
or in sections 4.2 and 4.3 of [27] and concentrate on a self-contained derivation of �kf and of
the breaking in the context of the NP formalism.

3. Cartan formalism in non-holonomic frame

3.1. Connection, torsion and curvature

Besides the non-holonomic frame and the peudo-Riemmanian metric discussed in appendix
B, we now furthermore assume that there exists an affine connection whose components in the
non-holonomic basis are

Daeb = Γc
baec ⇐⇒ Γa

bc = ea
μDceb

μ = −eb
μDcea

μ. (3.1)

It follows that torsion and curvature components are given by (see appendix B for notations
and conventions)

Ta
bc = 2Γa

[cb] + Da
cb = 2(Γa

[cb] + da
[cb]),

Ra
bcd = ∂cΓ

a
bd − ∂dΓ

a
bc + Γa

fcΓ
f

bd − Γa
fdΓ

f
bc − Γa

b f D f
cd ,

(3.2)

and

[Da, Db]vc = −Rd
cabvd − Td

abDdvc. (3.3)

The reason torsion has to be included in the discussion is that it will vanish only for solutions
of the field equations. In off-shell considerations based on the action principle proposed below,
non-vanishing torsion terms have to be taken into account.

The Bianchi identities are

Ra
[bcd] = D[b Ta

cd] + Ta
f [b T f

cd], D[a R f
|b|cd] = −R f

bh[a Th
cd], (3.4)

where a bar encloses indices that are not involved in the (anti)-symmetrization. The Ricci ten-
sor is defined by Rab = Rc

acb, while Sab = Rc
cab. Various contraction of the Bianchi identities

give

Rab − Rba = Sab − DcT
c

ab − 2D[a Tc
b]c − Tc

fcT
f

ab, (3.5)

2D[a R |b|c] + DdRd
bca = RbdTd

ca − 2Rd
b[a| f | T

f
c]d, (3.6)

D[a S bc] = −Sd[a Td
bc]. (3.7)

12
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The connection is assumed to be a Lorentz connection, i.e., metricity holds,

Dcηab = 0, (3.8)

so that Γabc = ηadΓ
d

bc = −Γbac and

Γabc = Kabc + rabc, (3.9)

where

Kabc =
1
2

(Tbac + Tcab − Tabc) = −Kbac (3.10)

is the contorsion tensor, and

rabc =
1
2

(Dbac + Dcab − Dabc) = −rbac (3.11)

the torsion-free Levi-Civita connection. Furthermore,

Rabcd = −Rbacd, Sab = 0 (3.12)

and

Rabcd − Rcdab =
3
2

(
D[b T |a|cd] + Ta f [b T f

cd] − D[a T |b|cd] − Tb f [a T f
cd]

− D[d T |c|ab] − Tc f [d T f
ab] + D[c T |d|ab] + Td f [c T f

ab]

)
. (3.13)

The curvature scalar is defined by R = ηabRab, the Einstein tensor by

Gab = R(ab) −
1
2
ηabR. (3.14)

Contracting (3.6) with ηbf gives the contracted Bianchi identities

DbGb
a =

1
2

Rbc
daTd

bc + Rb
cTc

ab −
1
2

Db(DcT
c

ab + 2D[a Tc
b]c + Tc

dcT
d

ab).

(3.15)

3.2. Variational principle for Einstein gravity

The inclusion of torsion in the previous considerations allows one to formulate a convenient
action principle with Euler–Lagrange equations that impose vanishing of torsion together with
all NP equations. The action is first order and of Cartan type. It involves as dynamical variables
φi the vielbein components ea

μ, the Lorentz connection components in the non-holonomic
frame Γabc, together with a suitable set of auxiliary fields Rabcd = R[ab][cd],λ

abcd = λ[ab][cd],

S[Γabc, ea
μ, Rabcd,λabcd] = k

∫
L, (3.16)

with k−1 = −16πG, where the minus sign is required for the (+−−−) convention adopted
here and

L = �L, L = Rabcd(ηacηbd − λabcd) + λabcdRabcd + 2ΛC, (3.17)

13
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where Rabcd = ηaeRe
bcd is explicitly given in (3.2) as a function of the variables ea

μ,Γabc and
their first order derivatives, and ΛC denotes the cosmological constant. For simplicity, we put
k = 1 for the remainder of this section.

The equations of motion for the auxiliary fields follow from equating to zero the
Euler–Lagrange derivatives of the n-forms

δL
δRabcd

= − �

[
λabcd − 1

2
(ηacηbd − ηadηbc)

]
,

δL
δλabcd

= − � [Rabcd − Rabcd] .

(3.18)

They thus fix the auxiliary λ fields in terms of the Minkowski metric,

λabcd =
1
2

(ηacηbd − ηadηbc) ≡ λabcd
η , (3.19)

and impose the definition of the Riemann tensor in terms of vielbein and connection com-
ponents as on-shell relations, Rabcd = Rabcd, which is desirable from the viewpoint of the NP
formalism. They can be eliminated by solving inside the action. The resulting reduced action
coincides with the standard action associated to the Cartan formalism, up to an invertible
change of variables. More explicitly, LC[ea

μ,Γabν] = (Rabμνec
μed

νηacηbd + 2ΛC). If we denote
by a prime a function on which we perfom the invertible change of variables Γabμ = Γabcec

μ,
the reduced action is S̄[ea

μ,Γabc] =
∫
L′

C with

L′
C = �L′

C, L′
C = (Rabcdη

acηbd + 2ΛC). (3.20)

The next equations of motion follow from the vanishing of

δL
δΓabc

= 2 �

[
D f λ

abc f + λabd f (Th
fhδ

c
d +

1
2

Tc
d f )

]
. (3.21)

When putting λabcd on-shell, they are equivalent to vanishing of torsion, Ta
bc = 0. It follows

that Γabc = rabc, or equivalently that Γa
bc = ea

νec
μ∇μeb

ν , where ∇μ denotes the Christof-
fel connection. In other words, the connection components are also auxiliary fields that can
be expressed in terms of vielbein components and eliminated by their own equations of
motion.

The last equations of motion follow from the vanishing of

δL
δea

μ
= eb

μ

[
2 � (λcd faRcd fb) − δL

δΓcda
Γcdb

]
− ea

μ

[
�(R + 2ΛC) + λbcd f δL

δλbcd f

]
. (3.22)

On-shell for the auxiliary fields, we have

δL
δea

μ
|aux on−shell = 2 � eb

μ(Ga
b − ΛCδa

b), (3.23)

which imply the standard Einstein equations.
Finally, let us also note that the equations of motion in the Cartan formalism with spin

coefficients Γabc as variables are determined by

14
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δL′
C

δΓabc
= − � (Tha

hη
bc − Thb

hη
ac − Tcab),

δL′
C

δea
μ
= eb

μ

[
2 � Ra

b −
δL′

C

δΓcda
Γcdb

]
− ea

μ � (R + 2ΛC),

(3.24)

and that they are explicitly related to the standard ones through

δL′
C

δΓabc
= ec

μ

(
δLC

δΓabμ

)′
,

δL′
C

δea
μ
=

(
δLC

δea
μ

)′
− Γbcded

μea
ν

(
δLC

δΓbcν

)′
. (3.25)

3.3. Relation to Newman–Penrose formalism in 3 dimensions

The vacuum Einstein equations Gab − ΛCηab ≈ 0 imply that

R ≈ − 2d
d − 2

ΛC, R(ab) ≈ − 2
d − 2

ΛCηab. (3.26)

In three dimensions, in the absence of torsion (where in particular R(ab) = Rab), one may
show that

Rabcd = ηacRbd − ηadRbc − ηbcRad + ηbdRac −
1
2

(ηacηbd − ηadηbc)R, (3.27)

so that, (3.26) implies

Rabcd ≈ −ΛC(ηacηbd − ηadηbc). (3.28)

In applications, we choose

ηab =

⎛
⎜⎝

0 1 0
1 0 0

0 0 −1
2

⎞
⎟⎠ , (3.29)

as in a version of the Newman–Penrose formalism adapted to three dimension [61, 62].

3.4. Relation to Newman–Penrose formalism in 4 dimensions

In four spacetime dimensions, the tetrads e1 = l, e2 = n, e3 = m, e4 = m̄ in the NP formalism
are choosen as null vectors, ea · eb = ηab with

ηab = ηab =

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

⎞
⎟⎟⎠ . (3.30)
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The components of the Lorentz connection are traded for the spin coefficients,

κ = Γ311, π = −Γ421, ε =
1
2

(Γ211 − Γ431),

τ = Γ312, ν = −Γ422, γ =
1
2

(Γ212 − Γ432),

σ = Γ313, μ = −Γ423, β =
1
2

(Γ213 − Γ433),

ρ = Γ314, λ = −Γ424, α =
1
2

(Γ214 − Γ434).

(3.31)

The other half of the spin coefficients are denoted with a bar on the symbols of the left hand
sides and obtained by exchanging the index 3 and 4 on the right hand sides. The Weyl tensor
Cabcd is encoded in terms of

Ψ0 = −C1313, Ψ1 = −C1213, Ψ2 = −C1342, Ψ3 = −C1242, Ψ4 = −C2324,

(3.32)

with the same rule as above for Ψ̄i, i = 0, . . . , 4, while the Ricci tensor is organized as

Φ00 = −1
2

R11, Φ11 = −1
4

(R12 + R34), Φ22 = −1
2

R22,

Φ02 = −1
2

R33, Φ01 = −1
2

R13, Φ12 = −1
2

R23,

Φ20 = −1
2

R44, Φ10 = −1
2

R14, Φ21 = −1
2

R24,

Λ =
1

24
R =

1
12

(R12 − R34).

(3.33)

There is no torsion in the NP approach, Ta
bc = 0. In this case, the vacuum Einstein equations

in flat space are equivalent to the vanishing of the Φ’s. The equations governing the NP quan-
tities can then be interpreted as follows. (i) The metric equations express commutators of
tetrads in terms of spin coefficients. This is the first of (B.2) when taking into account that
Da

bc = 2Γa
[cb] in the absence of torsion. (ii) The spin coefficient equations express directional

derivatives of spin coefficients in terms of spin coefficients and the Weyl and Ricci tensors.
In the torsion-free case, they are equivalent to the definition of Rabcd in the second of (3.2).
(iii) The Bianchi identities express directional derivatives of the Ψ’s and Φ’s in terms of spin
coefficents and Ψ’s and Φ’s. They are equivalent to the second of (3.4) in the absence of
torsion1.

3.5. Improved gauge transformations and Noether identities

Diffeomorphisms and local Lorentz transformations are extended in a natural way to the aux-
iliary fields. If ξ′μ,ω′a

b = −ω′
b

a
denote parameters for the infinitesimal transformations, they

1 The parametrization of class III rotations after equation (6.9) of [62] should be corrected to l′ = eER l, n′ = e−ER n.
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act on the fields as

δξ′,ω′ea
μ = ξ′

ν
∂νea

μ − ∂νξ
′μea

ν + ω′
a

b
eb

μ,

δξ′,ω′Γabc = ξ′
ν
∂νΓabc − Dcω

′
ab + ω′

c
d
Γabd,

δξ′,ω′Rabcd = ξ′
ν
∂νRabcd + ω′ f

a R fbcd + ω′ f
b Ra fcd + ω′ f

c Rab fd + ω′ f
d Rabc f ,

δξ′,ω′λabcd = ξ′
ν
∂νλ

abcd + ω′a
f λ

fbcd + ω′b
f λ

a fcd + ω′c
f λ

ab fd + ω′d
f λ

abc f .

(3.34)

In terms of the redefined gauge parameters, which are now spacetime scalars, and thus in
agreement with the general strategy of the NP approach,

ξa = ea
μξ

′μ, ωb
a = ω′

a
b
+ ξ′

μ
Γb

acec
μ, (3.35)

these gauge transformations become

δξ,ωea
μ = (ξcTb

ac − Daξ
b + ωb

a)eb
μ,

δξ,ωΓabc = −ξdRabcd + (ξ f Td
c f − Dcξ

d + ωd
c )Γabd − Dcωab,

δξ,ωRabcd = ξ f D f Rabcd + ω f
a R fbcd + ω f

b Ra fcd + ω f
c Rab fd + ω f

d Rabc f ,

δξ,ωλ
abcd = ξ f D f λ

abcd + ωa
f λ

fbcd + ωb
f λ

a fcd + ωc
f λ

ab fd + ωd
f λ

abc f .

(3.36)

We refer to the latter as ‘improved gauge transformations’ since they involve the derivatives of
the objects that are being transformed only in the form of tensors.

Isolating the undifferentiated gauge parameters by dropping the exterior derivative of an
n − 1 form, the invariance of action (3.16) under these transformations leads to the Noether
identities. Since the change of gauge parameters is invertible, the identities associated to both
sets are equivalent. We can thus concentrate on this second set. For later use, note that

δξ,ωΓabc − (δξ,ωec
μ)ed

μΓabd = −ξdRabcd − Dcωab. (3.37)

When using (B.26), the Noether identities associated to the Lorentz parameters ωab become

2
δL

δR[a|cd f |
R b]

cd f + 2
δL

δRcd[a| f |
Rcd

b]
f + 2

δL
δλ fhcd

η f [a λ b]hcd + 2
δL

δλcd fh
η f [a λ |cd|b]h

+
δL
δe[a

μ
e b]μ +

δL
δΓcd[a

Γcd
b] + �

[
(Dc + Tc

c f )

(
�−1 δL

δΓabc

)]
= 0. (3.38)

while the Noether identities for the vector fields ξf read

δL
δRabcd

D f Rabcd +
δL

δλabcd
D f λ

abcd +
δL
δea

μ
Tb

a f eb
μ +

δL
δΓabc

(Td
c f Γabd − Rabc f )

+ �

[
(Dc + Th

ch)�−1

(
δL
δec

μ
e f

μ +
δL
δΓabc

Γab f

)]
= 0.

(3.39)

It follows from general results on auxiliary fields that these Noether identities are equiv-
alent to those of the standard Cartan formulation, which have been investigated and related
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to the Bianchi identities in [48]. More explicitly, we have L = L′
C + A with A = [(Rabcd

− Rabcd)(ηacηbd − λabcd)]. Identity (3.38) for L replaced by A is equivalent to (3.5). This then
implies that (3.38) reduces to

δL′
C

δe[a
μ

e b]μ +
δL′

C

δΓcd[a
Γcd

b] + �

[
(Dc + T f

c f )

(
�−1 δL′

C

δΓabc

)]
= 0, (3.40)

which in turn is also equivalent to (3.5).
Identity (3.39) for L replaced by A is equivalent to the second of (3.4). This then implies

that (3.39) reduces to

δL′
C

δea
μ

Tb
a f eb

μ +
δL′

C

δΓabc
(Td

fcΓabd − Rabc f )

+ �

[
(Dc + Th

ch)�−1

(
δL′

C

δec
μ

e f
μ +

δL′
C

δΓabc
Γab f

)]
= 0, (3.41)

which in turn is equivalent to (3.15).

3.6. Closed co-dimension 2 forms

Presymplectic 1 form potential. The presymplectic 1 form potential associated to the action
(3.17) is given by

a = 2eλabcdec
μdVΓabνeν dec

μ � (dxμ), (3.42)

where dVΓabνeνd = dVΓabd − Γab f e f
νdVed

ν .

Weakly vanishing Noether current. In the non-holonomic version of the Cartan formulation
with auxiliary fields, we haveφi = (Rabcd,λabcd ,Γabc, ea

μ) and fα = (ωab, ξa), while the weakly
vanishing Noether currents are encoded in the 1-form

Sω,ξ = −�−1

[
δL
δΓabc

(ωab + Γab f ξ
f ) +

δL
δec

μ
e f

μξ f

]∗
ec

= 4δRKω + SR
ξ ,

(3.43)

where

Kω = −1
4
ωabλ

abcd∗ec∗ed ,

SR
ξ = −2

[
λabcd(Rabc f δ

h
d −

1
2

Rabcdδ
h
f ) + ΛCδh

f

+
1
2

(λabcd − λabcd
η )Rabcdδ

h
f

]
ξ f ∗eh.

(3.44)

Co-dimension 2 form. Using (B.17) and (C.1) in form degree n − 2 gives

In−1
ϕ [�(δRKω(x))] = δV (�Kω(x)) − d

(
In−2
ϕ [(�Kω(x))]

)
, (3.45)

where In−2
ϕ [(�Kω(x))] = 0 since Kω(X) involves no derivatives. When using (C.5), we also have

In−1
ϕ [�SR

ξ(x)] = �
[
(δΓabμ)ec

μ
(
λab

d f ξ
c(x)∗ed∗e f + 2λabc

dξ f (x)∗ed∗e f
)]

, (3.46)
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with the understanding that

δΓabμec
μ = δΓabc − Γabded

μδeμc , (3.47)

in terms of the fundamental variables Γabc, ed
μ used here.

When putting everything together, we get

�kω,ξ = −ωabδ
V(

1
(n − 2)!

λabcdεcdb3...bn
∗eb3 . . .∗ebn)

+
1

(n − 2)!
(λabcdξ f + 2λab f [c ξd])δΓabμe f

μεcdb3...bn

∗eb3 . . .∗ebn . (3.48)

Inserting the first equation of motion (3.19) gives

�kω,ξ =
1

(n − 2)!
(−ωabδV + δΓab

μe f
μξ f + 2δΓ f [a

μe f
μξb])εabc3...cn

∗ec3 . . .∗ecn . (3.49)

When taking into account the redefinitions in (3.35), together with (3.47), one finds the same
expression as the one obtained in the standard Cartan formalism in (3.49) of [48]. An equivalent
form is

� kξ,ω = −δKK
ω + KK

δω + KK
δΓρξρ

− (ξb ∂

∂∗eb
)Θ,

Θ = �(2δΓac
ρec

ρ∗ea), KK
t = �(tab

∗ea∗eb),

(3.50)

with

KK
δω + KK

δΓμξμ
− (ξb ∂

∂∗eb
)Θ = �

[
(δωab + δΓabρξ

ρ − 2δΓ[a|cμ ec
μξ|b])

∗ea∗eb
]
.

(3.51)

Breaking. Using (C.9), the breaking is explicitly given by

bξ,ω = 2
{[
δξ,ωλ

abcd + (2λab f [d ec]
μ + λabdce f

μ)δξ,ωe f
μ
]
δΓabνec

ν

−(δξ,ω ←→ δ)}∗ed. (3.52)

On-shell, δξ,ωλ
abcd
η = 0 = δλabcd

η , so that the breaking reduces to

bξ,ω = 2
[
δξ,ωeb

μδΓab
νea

νec
μ + δξ,ωea

μδΓac
μ − δξ,ω ln e δΓcb

νeb
ν

− (δξ,ω ←→ δ)
]∗

ec. (3.53)

Note that the RHS of (3.49) and (3.53) need to be multiplied by k = −(16πG)−1.
Exact reducibility parameters. General considerations on (generalized) auxiliary fields imply
that, on-shell, reducibility parameters should be given by Killing vectors ξ̄a of the metric. Let
us see how this comes about here.

Merely the first of (3.36) encodes gauge transformations of fields that are not auxiliary. The
associated equation δω̄,ξ̄ea

μ ≈ 0 is equivalent to

D(a ξ̄b) − ξ̄cT(ba)c ≈ 0, ω̄ab ≈ D[a ξ̄b] − ξ̄cT[ba]c. (3.54)
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On-shell when torsion vanishes, the first indeed requires ξ̄a to be a Killing vector, while the
second uniquely fixes the Lorentz parameters in terms of it. In particular,

ω̄ab ≈ Daξ̄b ≈ −Dbξ̄a. (3.55)

The other equations impose no additional constraints. Indeed, δω̄,ξ̄λ
abcd ≈ 0 is satisfied iden-

tically on account of the skew-symmetry of ω̄ab. Instead of δξ̄,ω̄Γabc ≈ 0 we can consider the
combination (3.37). Requiring this to vanish on-shell amounts to

Dcωab ≈ −ξ̄dRabcd, (3.56)

which holds as a consequence of the second equation in (3.54), when using that

DaDbξ̄c ≈ Rd
abcξ̄d, (3.57)

which can be shown as in [63] appendix C3, and when using also (3.13). Finally, δξ̄,ω̄Rabcd ≈ 0,
reduces on-shell to

ξ̄ f D f Rabcd + ω̄a
f R fbcd + ω̄b

f Ra fcd + ω̄c
f Rab fd + ω̄d

f Rabc f ≈ 0. (3.58)

This equation holds because one can show that, on-shell, the left hand side is equal to its
opposite when using the previous relations (3.55), (3.57) together with the Bianchi identities
(3.4) and the on-shell symmetries of the Riemann tensor.

4. Application to asymptotically flat 4d gravity

4.1. Solution space

Four-dimensional asymptotically flat spacetimes at null infinity in the NP formalism have been
studied in [18–20] (see [62] for a summary and conventions appropiate to the current context).
One uses standard coordinates xμ = (u, r, xA), xA = (ζ, ζ̄), where u labels null hypersurfaces, r
is an affine parameter along the generating null geodesics and xA are stereographic coordinates
in the simplest case when future null infinity is a sphere. In the notations of section 3.4, the
Newman–Unti solution space is entirely determined by the conditions

κ = ε = π = 0, ρ = ρ̄, τ = ᾱ+ β,

l =
∂

∂r
, n =

∂

∂u
+ U

∂

∂r
+ xA ∂

∂xA
, m = ω

∂

∂r
+ LA ∂

∂xA
,

(4.1)

where U, xA, ω and LA are arbitrary functions of the coordinates, together with the fall-off
conditions

xA = O(r−1), Ψ0 = Ψ0
0r−5 +O(r−6), ρ = −1

r
+O(r−3), τ = O(r−2),

gAB dxA dxB = −2r2 dζdζ̄
PP̄

+O(r).

(4.2)

Here Ψ0
0 and P are arbitrary complex functions of (u, ζ, ζ̄). Below we will also use the real

function ϕ(u, ζ, ζ̄) defined by PP̄ = 2e−2ϕ. The associated asymptotic expansion of the solu-
tion space in terms of Ψ0(u0, r, ζ, ζ̄), (Ψ0

2 + Ψ̄0
2)(u0, ζ, ζ̄), Ψ0

1(u0, ζ, ζ̄) at fixed u0 and of the
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Table 1. Spin and conformal weights.

ð ∂u γ0 ν0 μ0 σ0 λ0 Ψ0
4 Ψ0

3 Ψ0
2 Ψ0

1 Ψ0
0 Y

s 1 0 0 −1 0 2 −2 −2 −1 0 1 2 −1
w −1 −1 −1 −2 −2 −1 −2 −3 −3 −3 −3 −3 1

asymptotic shear σ0(u, ζ, ζ̄) and the conformal factor P(u, ζ, ζ̄) is summarized in appendix D.
This data characterizing solution space is collectively denoted by χ.

On a space-like cut of I+, we use coordinates ζ, ζ̄, and the (rescaled) induced metric

ds̄2 = −γ̄AB dxA dxB = −2(PP̄)−1dζdζ̄ , (4.3)

with P̄P > 0. For the unit sphere, we have ζ = cot θ
2 eiφ in terms of standard spherical

coordinates and

PS(ζ, ζ̄) =
1√
2

(1 + ζζ̄). (4.4)

The covariant derivative on the 2 surface is encoded in the operators

ðηs = PP̄−s∂̄(P̄sηs) = P∂̄ηs + sP∂̄ ln P̄ηs = P∂̄ηs + 2sᾱ0ηs,

ð̄ηs = P̄Ps∂(P−sηs) = P̄∂ηs − sP̄∂ ln Pηs = P̄∂ηs − 2sα0ηs,
(4.5)

where s is the spin weight of the field η and ∂ = ∂ζ , ∂̄ = ∂ζ̄ . The spin and conformal weights
of relevant fields (see appendix D and section 4.4) are listed in table 1. Complex conjugation
transforms the spin weight into its opposite and leaves the conformal weight unchanged. The
operators ð, ð raise respectively lower the spin weight by one unit. The Laplacian is Δ̄ =
4e−2ϕ∂∂̄ = 2ð̄ð. Note that P is of spin weight 1 and ‘holomorphic’, ð̄P = 0 and that

[ð̄, ð]ηs =
s
2

Rηs, (4.6)

with R = −4μ0 = Δ̄ ln(PP̄), RS = 2. We also have

[∂u, ð]ηs = −2(γ̄0
ð+ sðγ0)ηs, [∂u, ð̄]ηs = −2(γ0

ð̄− sð̄γ̄0)ηs. (4.7)

The components of the inverse metric associated to the tetrad given in (4.1) is

g0μ = δμ1 , grr = 2(U − ωω), grA = xA − (ωLA + ωLA), gAB = −(LALB + LBLA).

Note furthermore that if LA = gABLB with gAB the two dimensional metric inverse to gAB, then
LALA = −1, LALA = 0 = LALA. The co-tetrad is given by

∗e1 = −[U + xA(ωLA + ωLA)]du + dr + (ωLA + ωLA) dxA,

∗e2 = du, ∗e3 = xALA du − LA dxA, ∗e4 = xALA du − LA dxA.
(4.8)
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4.2. Residual gauge transformations

The parameters of residual gauge transformations that preserve the solution space are entirely
determined by asking that conditions (4.1) and (4.2) be preserved on-shell. This is worked out
in detail in appendix E where it is shown that these parameters are given by

f (u, ζ, ζ̄), Yζ = Y(ζ), Y ζ̄ = Ȳ(ζ̄), ω′34
0 (u, ζ, ζ̄). (4.9)

The associated residual gauge transformations are explicitly determined by the gauge param-
eters,

ξ′u = f (u, ζ, ζ̄), ξ′A = YA(xA) − ∂B f
∫ +∞

r
dr[LAL̄B + L̄ALB],

ξ′r = −∂u fr +
1
2
Δ̄ f − ∂A f

∫ +∞

r
dr[ωL̄A + ω̄LA + xA],

(4.10)

and

ω′12 = ∂u f + xA∂A f , ω′23 = L̄A∂A f , ω′24 = LA∂A f ,

ω′13 = (γ0 + γ̄0)P̄∂ f − P̄∂u∂ f + ∂A f
∫ +∞

r
dr[λLA + μL̄A],

ω′14 = (γ0 + γ̄0)P∂̄ f − P∂u∂̄ f + ∂A f
∫ +∞

r
dr[λ̄L̄A + μ̄LA],

ω′34 = ω′34
0 (u, ζ, ζ̄) − ∂A f

∫ +∞

r
dr[(ᾱ− β)L̄A + (β̄ − α)LA].

(4.11)

For the computations below, the leading orders of their asymptotic on-shell expansions are also
useful. When the solutions discussed in appendix D are inserted, one obtains

ξ′u = f , ξ′ζ = Y − P̄ð f
r

+
σ0P̄ð̄ f

r2
+ O(r−3), ξ′ζ̄ = ξ′ζ ,

ξ′r = −r∂u f +
1
2
Δ̄ f − ð̄σ0ð̄ f + ðσ̄0ð f

r
+ O(r−2),

(4.12)

and

ω′12 = ∂u f + O(r−3), ω′23 =
ð̄ f
r

− σ̄0ð f
r2

+
σ0σ̄0ð̄ f

r3
+ O(r−4),

ω′13 = (γ0 + γ̄0)ð̄ f − ð̄∂u f +
λ0ð f + μ0ð̄ f

r

− σ̄0μ0ð f + σ0λ0ð̄ f
r2

− Ψ0
2ð̄ f
2r2

+ O(r−3),

ω′34 = ω′34
0 +

P̄∂ ln Pð f − P∂̄ ln P̄ð f
r

+
P∂̄lnP̄σ̄0ð f − P̄∂lnPσ0ð f

r2
+ O(r−3),

(4.13)

with ω′24 = ω′23, ω′14 = ω′13, ω′34 = −ω′34.
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4.3. Residual symmetry algebra

A direct application of the procedure outlined in section 2.3.2 then gives the variation of the
free data parametrizing solution space under residual gauge transformation in terms of the
parametrization provided by (4.9). In particular, one finds

−δ f ,Y,ω′
0
P = P∂u f + f ∂uP + Y∂P + Ȳ ∂̄P − P∂̄Ȳ + Pω′34

0 , (4.14)

together with the variation of the rest of the free data and derived quantities that is given in
appendix F.

In order to make these variations more transparent, it is useful to re-parametrize residual
gauge symmetries through field dependent redefinitions. In a first step, one trades the real
function ∂u f (u, ζ, ζ̄) and the imaginary ω′34

0 (u, ζ, ζ̄) for a complex Ω(u, ζ, ζ̄) according to

∂u f =
1
2

[∂̄Ȳ − Ȳ ∂̄ln(PP̄) + ∂Y − Y∂ln(PP̄)] + f (γ0 + γ̄0) +
1
2

(Ω+ Ω̄),

ω′34
0 =

1
2

[∂̄Ȳ − Ȳ ∂̄ln P + Ȳ ∂̄ln P̄ − ∂Y + Y∂ln P̄ − Y∂ lnP]

+ f (γ̄0 − γ0) +
1
2

(Ω− Ω̄).

(4.15)

It then follows that the first of (4.15) can be solved for f in terms of an integration function
TR(ζ, ζ̄), (called T̃ in [14, 16, 64])

f (u, ζ, ζ̄) =
1√
PP̄

[
TR(ζ, ζ̄) +

ũ
2

(∂Y + ∂̄Ȳ) − Y∂ũ − Ȳ∂̄ũ +
1
2

(Ω̃ + ¯̃Ω)

]
,

(4.16)

where

ũ =

∫ u

u0

du′
√

PP̄, Ω̃ =

∫ u

u0

du′
√

PP̄Ω. (4.17)

This redefinition of parameters is such that

−δY,TR,ΩP = ΩP, (4.18)

together with the complex conjugate relation −δY,TR,ΩP̄ = Ω̄P̄.
Denoting byφα the fields (ea

μ,Γabc) (together with the auxiliary fields Rabcd,λabcd if useful),
it follows from (3.34) that

[δξ′1,ω′
1
, δξ′2,ω′

2
]φα = −δξ̂′ ,ω̂′φ

α,

ξ̂′μ = [ξ′1, ξ′2]μ, (ω̂′)a
b
= ξ′1

ρ
∂ρω

′
2a

b
+ ω′

1a
c
ω′

2c
b − (1 ↔ 2),

(4.19)

when the gauge parameters ξ′,ω′ are field-independent. In case gauge parameters do depend
on the fields, one finds instead

[δξ′1,ω′
1
, δξ′2,ω′

2
]φα = −δξ̂′M ,ω̂′

M
φα,

ξ̂′μM = [ξ′1, ξ′2]μ − δξ′1,ω′
1
ξ′

μ
2 + δξ′2,ω′

2
ξ′

μ
1 ,

(ω̂′
M)a

b
= ξ′1

ρ
∂ρω

′
2a

b
+ ω′

1a
c
ω′

2c
b − δξ′1,ω′

1
ω′

2a
b − (1 ↔ 2).

(4.20)
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We now have the following result:
The gauge parameters (ξ′[Y, TR,Ω],ω′[Y, TR,Ω]) equipped with the modified commutator

for field dependent gauge transformations realize the direct sum of the abelian ideal of complex
Weyl rescalings with the (extended) bms4 algebra everywhere in the bulk spacetime,

ξ̂′M = ξ′[Ŷ, T̂R, Ω̂], ω̂′
M = ω′[Ŷ , T̂R, Ω̂],

ŶA = YB
1 ∂BYA

2 − YB
2 ∂BYA

1 ,

T̂R = YA
1 ∂ATR2 +

1
2

TR1∂AYA
2 − (1 ↔ 2),

Ω̂ = 0.

(4.21)

The proof follows by adapting the ones provided in [16, 64, 65] to the current set-up.

4.4. Action of symmetries on solutions

A further field-dependent redefinition consists in defining

Y = P̄Ȳ , Ȳ = PY , (4.22)

where the spin weights of Ȳ and Y are given in table 1. These quantities are more conve-
nient when using the operators ð and ð̄. The action of asymptotic symmetries on solutions is
given in the original parametrization in appendix F. In terms of the redefined parameters, the
transformations (F.1) then become

− δsσ
0 =

[
Yð+ Ȳ ð̄+

3
2
ðY − 1

2
ð̄Ȳ +

3
2
Ω− 1

2
Ω̄

]
σ0 + f λ̄0 − ð

2 f ,

− δsΨ
0
0 =

[
Yð+ Ȳ ð̄+

5
2
ðY +

1
2
ð̄Ȳ +

5
2
Ω +

1
2
Ω̄

]
Ψ0

0 + f ðΨ0
1 + 3 f σ0Ψ0

2 + 4Ψ0
1ð f ,

− δsΨ
0
1 = [Yð+ Ȳ ð̄+ 2ðY + ð̄Ȳ + 2Ω+ Ω̄]Ψ0

1 + f ðΨ0
2 + 2 f σ0Ψ0

3 + 3Ψ0
2ð f ,

− δs

(
Ψ0

2 + Ψ̄0
2

2

)
=

[
Yð+ Ȳ ð̄+

3
2
ðY +

3
2
ð̄Ȳ +

3
2
Ω +

3
2
Ω̄

](
Ψ0

2 + Ψ̄0
2

2

)

+
1
2

( f ðΨ0
3 + f σ0Ψ0

4 + 2Ψ0
3ð f + (c.c.)),

(4.23)

while (F.2)–(F.4) read as

−δsΨ
1
0 =

[
Yð+ Ȳð̄+ 3ðY + ð̄Ȳ + 3Ω+ Ω̄

]
Ψ1

0

− ð
[
5ð f Ψ0

0 + f ðΨ0
0 + 4 f Ψ0

1σ
0
]

, (4.24)

−δsΨ
2
0 =

[
Yð+ Ȳð̄+

7
2
ðY +

3
2
ð̄Ȳ +

7
2
Ω+

3
2
Ω̄

]
Ψ2

0

+

[
−3Δ̄ f − ð̄ f ð− 3ð f ð− 1

2
f ðð− 5

4
fR

]
Ψ1

0
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+

[
−5 f Ψ0

2 −
5
2

f Ψ̄0
2 +

5
2

f σ0
ð

2 + 5 f ðσ0
ð+ 3 f ðσ̄0

ð+
1
2

f σ̄0
ð

2 +
5
2

f ð2σ̄0

+
5
2

f σ0λ0 + 5ðσ0
ð f + 15ðσ̄0

ð f + 5σ0
ð f ð+ 3σ̄0

ð f ð

]
Ψ0

0

+

[
5 f Ψ0

1 + 12σ0σ̄0
ð f + 12 f σ0

ðσ̄0 + 2 f ðσ0σ̄0 +
9
2

f σ0σ̄0
ð

]
Ψ0

1

+
15
2

f (σ0)2σ̄0Ψ0
2 (4.25)

and, by induction,

−δsΨ
n
0 =

[
Yð+ Ȳð̄+

5 + n
2

ðY +
1 + n

2
ð̄Ȳ +

5 + n
2

Ω+
1 + n

2
Ω̄

]
Ψn

0

+ (inhomogeneous terms). (4.26)

Finally, the variations (F.5) are given by

−δsλ
0 = [Yð+ Ȳ ð̄+ 2ð̄Ȳ + 2Ω̄]λ0 − f Ψ0

4 −
1
2
ð̄

2(ðY + ð̄Ȳ),

−δsΨ
0
2 =

[
Yð+ Ȳð̄+

3
2
ðY +

3
2
ð̄Ȳ +

3
2
Ω+

3
2
Ω̄

]
Ψ0

2

+ f ðΨ0
3 + f σ0Ψ0

4 + 2Ψ0
3ð f ,

−δsΨ
0
3 = [Yð+ Ȳ ð̄+ ðY + 2ð̄Ȳ +Ω+ 2Ω̄]Ψ0

3 + f ðΨ0
4 +Ψ0

4ð f ,

−δsΨ
0
4 =

[
Yð+ Ȳð̄+

1
2
ðY +

5
2
ð̄Ȳ +

1
2
Ω+

5
2
Ω̄

]
Ψ0

4

+ f ∂uΨ
0
4 + 2(2γ0 + γ̄0)Ψ0

4.

(4.27)

4.5. Reduction of solution space

Besides conditions (4.1) and (4.2), additional constraints may be imposed on solution space. A
standard choice is to fix the conformal factor P to be equal to PS given in (4.4). We will also fix
P here, without committing to a specific value. In other words, we consider P to be part of the
background structure. As a consequence, infinitesimal complex Weyl rescalings (whose finite
counterparts have been discussed in [62]) are frozen and Ω = 0 in the formulas above, while
in the formulas below, s stands for (Y , Ȳ , TR, 0). The main reason why we do not perform the
analysis below while keeping P(u, ζ, ζ̄) arbitrary is computational simplicity. We will return
elsewhere to a detailed discussion of the current algebra and its interpretation when complex
Weyl rescalings are allowed.

4.6. Breaking and co-dimension 2 form

Under this additional constraint on solution space, the breaking (and thus also the invariant
presymplectic (3, 2) form) can be computed using equation (3.53),

�bs = −br
s(0) dudζdζ̄ +O(r−1), (4.28)
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where

br
s(0) =

1
8πGPP̄

(
δσ0δsλ

0 + δσ̄0δsλ̄
0 − δλ0δsσ

0 − δλ̄0δsσ̄
0
)
. (4.29)

Since the breaking contains the information about the non-conservation of the currents, it
should not come as a surprise that it depends on the news functions encoded in λ0 and λ̄0.
Furthermore, the co-dimension 2 form (3.50) takes the form

�ks = kur
s(0)dζdζ̄ − kζr

s(0) dudζ̄ + kζ̄r
s(0) dudζ +O(r−1) (4.30)

where

kur
s(0) = − 1

PP̄8πG

(
δ

[
f (Ψ0

2 + σ0λ0) + Y(σ0
ðσ̄0 +

1
2
ð(σ0σ̄0) +Ψ0

1)

− 1
2
ð(Yσ0σ̄0) − rð(Ȳσ̄0)

]
− f λ0δσ0 + c.c.

)
, (4.31)

kζr
s(0) = − 1

P8πG

(
δ

[
Ȳ(λ̄0σ̄0 − Ψ̄0

2) − f Ψ̄0
3 +

1
2
ð̄σ0(ðY − ð̄Ȳ) +

1
2
σ0

ð̄(ð̄Ȳ − ðY)

− λ̄0
ð̄ f + rY(λ̄0 + σ0(γ0 + σ̄0))

]
− Ȳ(λ̄0δσ̄0 + λ0δσ0)

)
, (4.32)

and kζ̄r
s(0) given by the complex conjugate. By construction

∂ukur
s(0) + ∂ζkζr

s(0) + ∂ζ̄k
ζ̄r
s(0) = −br

s(0), (4.33)

which may also be checked by direct computation. Note that kur
s(0), kζr

s(0), kζ̄r
s(0) contain, besides a

finite contribution, also linearly divergent terms when r →∞. Following [27], the latter can
be removed through an exact 2-form ∂ρη

μνρ
s . Defining

P̄η[urζ̄]
s = N u

s = −rȲσ̄0 − 1
2
Yσ0σ̄0, η[ζrζ̄]

s = N ζ
s = 0, (4.34)

and splitting into an integrable part

J u
s = − 1

8πG

[
f (Ψ0

2 + σ0λ0) + Y[σ0
ðσ̄0 +Ψ0

1 +
1
2
ð(σ0σ̄0)] + c.c.

]
, (4.35)

J ζ
s =

1
8πG

[
ȲΨ̄0

2 + f Ψ̄0
3 +

1
2
Ȳ(λ0σ0 − λ̄0σ̄0) +

1
2
ð̄σ0(ð̄Ȳ − ðY)

− 1
2
σ0
ð̄(ð̄Ȳ − ðY) + λ̄0

ð̄ f

]
, (4.36)

and a non-integrable one
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Θu
s (δχ) =

1
8πG

( f λ0δσ0 + c.c.), Θζ
s (δχ) =

1
8πG

Ȳ(λ0δσ0 + λ̄0δσ̄0), (4.37)

one finally arrives at

δJ u
s = PP̄[kur

s(0) − ∂̄η[urζ̄]
s − ∂η[urζ]

s ] −Θu
s ,

δJ ζ
s = P[kζr

s(0) + ∂uη
[urζ]
s + ∂̄η[ζ̄rζ]

s ] −Θζ
s ,

(4.38)

where J ζ̄
s ,Θζ̄

s are the complex conjugates of J ζ
s ,Θζ

s . Expressions (4.35), (4.36) and (4.37)
are the final results for the BMS currents. Notice that the split between integrable and non-
integrable part is ambiguous and, as shown in the next subsection, it is crucial to keep track of
both parts. The results of [27] are recovered when taking P to be u-independent, which implies
γ0 = γ̄0 = 0 and λ0 = ˙̄σ0. Note that the associated forms are given by

Js = (PP̄)−1J u
s dζdζ̄ − P−1J ζ

s dudζ̄ + P̄−1J ζ̄
s dudζ,

θs = (PP̄)−1Θu
s dζdζ̄ − P−1Θζ

s dudζ̄ + P̄−1Θζ̄
s dudζ.

(4.39)

4.7. . Current algebra

Even if the co-dimension 2 form derived in the previous subsection leads to non-integrable
expressions, one can still define a consistent current algebra whose general structure does not
depend on the particular split between integrable and non-integrable pieces [14, 27]. As briefly
recalled in section 5, this algebra contains important information on physical properties of the
system. Using the relations of appendix G, the first independent component of the current
algebra can be written as

−δs2J u
s1
+Θu

s2
(−δs1χ) ≈ J u

[s1,s2] +Ku
s1,s2

+ ðLs1,s2 + ð̄ ¯Ls1,s2 , (4.40)

where

Ku
s1,s2

=
1

8πG

[(
1
2
σ̄0

[
f1ð

2(ðY2 + ð̄Y2)
]
− f1ð f2ð̄μ

0 − (1 ↔ 2)

)
+ c.c.

]
,

(4.41)

and

Ls1,s2 = Y2J u
s1
− f2J ζ̄

s1
− 1

8πG

[(
1
2

(ðY1 + ð̄Ȳ1)ð f2 −
1
2
Y1ð

2 f 2 − Ȳ1ðð̄ f2

)
σ̄0

− 1
2
Y1ð̄

2 f 2σ0 − Y1ð f2ðσ̄
0 + Ȳ1ð̄ f2ðσ̄

0 − f1ð f2λ
0

]
. (4.42)

The second independent component of the current algebra is

−δs2J ζ̄
s1
+Θζ̄

s2
(−δs1χ) ≈ J ζ̄

[s1,s2] +Kζ̄
s1,s2

− ∂uLs1,s2 − 2γ0Ls1,s2 + ðMs1,s2, (4.43)
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where

Kζ̄
s1,s2

= − 1
8πG

[
f2ð f1ð̄ν

0 +
1
2
ð f1ð̄

3Ȳ2 + Y1ð̄ f2ðμ
0 + f1Y2(σ0

ð̄ν0 + σ̄0
ðν̄0)

+
1
2
Y2ð̄

2(ðY1 + ð̄Ȳ1)σ0 +
1
2
Y2ð

2(ðY1 + ð̄Ȳ1)σ̄0 − (1 ↔ 2)

]
, (4.44)

and

Ms1,s2 = Ȳ2J ζ̄
s1
− 1

8πG

[
1
2
ð̄(ðY1 − ðY1)ð f2 +

1
2
ðY1ðð̄ f2

]
− c.c.. (4.45)

4.8. Cocycle condition

The components of Ks1,s2 satisfy the 2-cocycle conditions

Ku
[s1,s2],s3

− δs3Ku
s1,s2

+ cyclic(1, 2, 3) = ðNs1,s2,s3 + ðN s1,s2,s3 , (4.46)

where

Ns1,s2,s3 = − f3Kζ̄
s1,s2

+ cyclic(1, 2, 3), (4.47)

and

Kζ̄
[s1,s2],s3

− δs3Kζ̄
s1,s2

+ cyclic(1, 2, 3) = −∂uNs1,s2,s3 − 2γ0Ns1,s2,s3 + ðOs1,s2,s3 ,

(4.48)

where

Os1,s2,s3 = − 1
8πG

Ȳ3

[
( f1Y2 − f2Y1)σ0

ð̄ν0 +
1
2
σ0(Y2ð̄

3Ȳ1 − Y1ð̄
3Ȳ2)

+
1
2

(ð f1ð̄
3Ȳ2 − ð f2ð̄

3Ȳ1) + ( f2ð f1 − f1ð f2)ð̄ν0

]
− c.c. + cyclic(1, 2, 3). (4.49)

A situation where this 2-cocycle is relevant is discussed in [66].

5. Discussion

Let us briefly recall the discussion in [14, 27] on the physical interpretation of BMS charge
and current algebras.

When one restricts to globally well-defined quantities on the sphere, with P = PS = 1√
2
(1 +

ζζ̄), there are no superrotations and Ku
s1,s2

= 0 = Kζ̄
s1,s2

. In this case, BMS charges are defined
by integrating the forms (4.39) at fixed retarded time over the celestial sphere,

Qs =

∫
u=cte

Js =

∫
u=cte

(PSP̄S)−1J u
s dζdζ̄. (5.1)

If one also defines

Θs =

∫
u=cte

θs =

∫
u=cte

(PSP̄S)−1Θu
s dζdζ̄, (5.2)

28



Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

and the bracket

{Qs1 , Qs2}∗ = −δs2Qs1 +Θs2 [−δs1χ], (5.3)

the integrated version of equation (4.40), becomes

{Qs1 , Qs2}∗ = Q[s1,s2], (5.4)

This charge algebra contains for instance the information on non-conservation of BMS charges.
Indeed, let us take for s2 = ∂u by which we mean that TR =

√
PSP̄S, Y = 0 = Ȳ, so that

f = 1,Y = 0 = Ȳ . In this case, equation (5.4) together with the definition of the left hand
side in (5.3) becomes

−δ∂uQs +Θ∂u[−δsχ] = Q[s,∂u]. (5.5)

When using that

d
du

Qs = −δ∂uQs +
∂

∂u
Qs, (5.6)

and ∂
∂u Qs = Q∂s/∂u = −Q[s,∂u], it follows that

d
du

Qs = Θ∂u[δs1χ]. (5.7)

If one now chooses s = ∂u, one recovers the Bondi mass loss formula.
More generally, equation (4.40) is the local version of (5.4) where superrotations and

arbitary fixed P(u, ζ, ζ̄) are allowed. When choosing s2 = ∂u in that equation, it encodes the
non-conservation of BMS currents (cf equation (4.22) of [27]). For particular choices of s1, it
controls the time evolution of the Bondi mass and angular momentum aspects.

Even though we concentrated here on the case of standard Einstein gravity, all the kinemat-
ics is in place to generalize the constructions to gravitational theories with higher derivatives
and/or dynamical torsion.

For most part of the paper, the standard discussion has been extended so as to include an
arbitrary u-dependent conformal factor P. This has been done so as to manifestly include the
Robinson–Trautman solution [67, 68] in solution space. The application of the current set-up
to these solutions requires the inclusion of a dynamical conformal factor in the derivation of
the current algebra. We plan to address this question elsewhere.
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Appendix A. (Non)-conservation of codimension 2 forms in first order gauge
theories

In order to prove equation (2.22), we need in a first step to work out all consequences of the
Noether identities (2.13) for first order gauge theories.
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In the context of variational calculus, off-shell identities between the fields and their deriva-
tives have to hold for all possible values of these variables. In other words, the fields and
their derivatives are considered as independent coordinates on a suitable space, the so-called
jet-space. It thus follows that the Noether identities give rise to separate identities when con-
sidering terms involving ∂μ∂νφ

j, ∂μφ
k∂νφ

j, ∂μφ
j or no derivatives. The Noether identities are

thus equivalent to

Ri(μ
α σν)

i j = 0,

∂k(Riμ
α σ

ν
i j) + ∂ j(R

iν
α σ

μ
ik) + Riμ

kασ
ν
i j + Riν

jασ
μ
ik = 0,

Ri0
ασ

μ
i j + ∂ j[Riμ

α (∂ih +
∂

∂xν
aν

i )] − Rkμ
jα(∂kh +

∂

∂xν
aν

k ) − ∂

∂xν
(Riν

α σ
μ
i j) = 0,

Ri0
α (∂ih +

∂

∂xν
aν

i ) − ∂

∂xμ
[Riμ

α (∂ih +
∂

∂xν
aν

i )] = 0. (A.1)

As discussed above, the linearized equations of motion derive from the action

L(2)[ϕ,φ] = ∂ia
μ
jϕ

i∂μϕ
j +

1
2
∂i∂ ja

μ
kϕ

iϕ j∂μφ
k − 1

2
∂i∂ jhϕ

iϕ j, (A.2)

so that the left hand sides of the linearized equations of motion are given by

δL(2)[ϕ,φ]
δϕi

= [σμ
i j∂μ + ∂ jσ

μ
ik∂μφ

k − ∂ j(∂ih +
∂

∂xν
aν

i )]ϕ j. (A.3)

Let us then explicitly work out ∂νk[μν]
f with k[μν]

f given in (2.20) by controlling the deriva-
tives of the fields and the gauge parameters that appear. By using the first of (A.1), it follows
that

∂νk[μν]
f = Riμ

α σ
ν
i j∂νϕ

j f α − Riν
α σ

μ
i jϕ

j∂ν f α + ∂ν(Riμ
α σ

ν
i j)ϕ

j f α. (A.4)

In the first term, we eliminate σν
i j∂νϕ

j in terms of undifferentiated ϕ j by using the linearized
equations of motion. In the second term, we write −Riν

α ∂ν f α as −Ri
α[ f α] + Ri

α f α. In the last
term, we have ∂ν (Riμ

α σ
ν
i j) =

∂
∂xν (Riμ

α σ
ν
i j) + ∂k(Riμ

α σ
ν
i j)∂νφ

k, and we then use the second of (A.1)
to re-write the last term of this expression. We then have

∂νk[μν]
f + Wμ

δL/δφ[ϕ, Rα[ f α]] =

(
Riμ
α [−∂ jσ

ν
ik∂νφ

k + ∂ j(∂ih +
∂

∂xν
aν

i )] + Ri
ασ

μ
i j

+
∂

∂xν
(Riμ

α σ
ν
i j) − [∂ j(Riν

α σ
μ
ik) + Riμ

kασ
ν
i j + Riν

jασ
μ
ik]∂νφk

)
ϕ j f α.

(A.5)

In the 2nd term on the last line, we may write−∂ j(Riν
α σ

μ
ik)∂νφk = ∂ jRiμ

α σ
ν
ik∂νφ

k + Riμ
α ∂ jσ

ν
ik∂νφ

k

by using again the first of (A.1). The last of these terms then vanishes with the first one on the
right hand side of (A.5), whereas for the first of these terms, we may use the full equations of
motion (2.7) to eliminate σν

ik∂νφ
k. When using in addition (2.3) to simplify the last term of the

first line and the last term of the last line of (A.5), the right hand side of (A.5) reduces to

[Riμ
α ∂ j(∂ih +

∂

∂xν
aν

i ) + Ri0
ασ

μ
i j +

∂

∂xν
(Riμ

α σ
ν
i j) + ∂ jR

iμ
α (∂ih +

∂ai

∂xν
) − Riμ

kασ
ν
i j∂νφ

k]ϕ j f α

30



Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

When using the first of (A.1) for the term ∂
∂xν (Riμ

α σ
ν
i j) and the full equations of motion to elim-

inate σν
i j∂νφ

k in the last term, this expression reduces to the left hand side of the third of (A.1)
and thus vanishes identically.

Appendix B. Frames and forms

B.1. Frames and directional derivatives

Consider an n-dimensional spacetime with a moving frame ea
μea

ν = δμν , ea
μeb

μ = δb
a . Let

ea = ea
μ∂μ, ∗ea = ea

μ dxμ, (B.1)

and ∂a f = ea
μ∂μ f . The structure functions are defined by

[ea, eb] = Dc
abec ⇐⇒ d∗ea = −1

2
Da

bc
∗eb∗ec. (B.2)

If one defines

da
bc = ea

μ∂bec
μ, (B.3)

then

dμ
νλ = −ed

μ∂νed
λ, Da

bc = 2da
[bc], (B.4)

where it is understood that tangent space indices a, b, . . .and world-indices μ, ν, . . . .are trans-
formed into each other by using the vielbeins and their inverse. For later use, note that if
e = det ea

μ, then

∂μ(e eμa) = e Db
ba. (B.5)

B.2. Horizontal complex

The differential forms ω =
∑n

k=0
1
k!ωa1...ak

∗ea1 . . .∗eak that are useful for our purpose are ‘local
forms’. They can be considered as polynomials in the independent, anticommuting variables
∗ea (i.e., the wedge product is omitted), with coefficients that depend on xμ, and the fields φi

(that include ea
μ together with the other relevant fields), and a finite number of their derivatives,

considered as independent variables. In this context, ∂μ = ∂
∂xμ + φi

,μ
∂
∂φi + . . . is the horizontal

derivative of the variational bicomplex (see e.g. [46, 47, 69] for reviews). We will use the odd
operator

∂

∂∗ea
, (B.6)

satisfying

[
∂

∂∗ea
,

∂

∂∗ea
] = 0 = [∗ea, ∗eb], [

∂

∂∗ea
, ∗eb] = δb

a , (B.7)

where [·, ·] denotes the graded commutator, and thus for the odd variables above the anti-
commutator. In these terms, the differential d acts from the left as

d = ∗ea∂a −
1
2

Dc
ab

∗ea∗eb ∂

∂∗ec
, (B.8)
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or

d : ωa1...ak �→ (k + 1)∂[a0
ωa1...ak] −

k(k + 1)
2

Dc
[a0a1

ω|c|a2...ak]. (B.9)

B.3. Hodge dual and co-differential

We also assume that there is a pseudo-Riemannian metric,

gμν = ea
μηabeb

ν , (B.10)

where ηab is constant. As usual, tangent space indices a, b, . . . .and world indices μ, ν, . . . .are
lowered and raised with ηab, gμν , and their inverses ηab, gμν .

We take εa1...an = ε[a1...an] completely antisymmetric with ε1...n = 1. The Hodge dual can
then be defined as the operator acting from the right,

� =

n∑
k=0

1
k!(n − k)!

∂R

∂∗eak
. . .

∂R

∂∗ea1
εa1...ak

bk+1...bn
∗ebk+1 . . .∗ebn , (B.11)

where ∂R

∂∗ea is a derivative from the right. In components, or in an abstract index notation, this
gives

� : ωa1...ak �→
1
k!
ωb1...bkεb1...bkak+1...an . (B.12)

It follows that

�(�ωk) = (−)t+k(n−k)ωk,
∂

∂∗ea
(�ω) = �(ω∗ea), (B.13)

where (−)t is the sign of detηab, and, for a variation,

δV � ω = �(δVω) + (δV∗ea) � (ω∗ea). (B.14)

The operator acting from the right

δR =
∂R

∂∗ea
∂a − 1

2
∗eaDa

bc ∂R

∂∗ec

∂R

∂∗eb
, (B.15)

or

δR : ωa1...ak �→ ∂akωa1...ak−1ak − ωa1...ak−1ak Db
akb − k − 1

2
ω[a1a2...ak−2 |bc|Dak−1]

bc,

(B.16)

satisfies

d(�ω) = �(δRω). (B.17)

It is related to the standard co-differential δL acting from the left through δRωk = (−)kδLωk,
with
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δL = −
[

∂

∂∗ea
∂a − 1

2
Da

bc ∂

∂∗eb

∂

∂∗ec
∗ea

]

= −
[

∂

∂∗ea
∂a − 1

2
Da

bc∗ea ∂

∂∗eb

∂

∂∗ec
− Dc

bc ∂

∂∗eb

]
. (B.18)

B.4. Covariant expressions for (co-)differential

When there exists an affine Lorentz connection, with curvature and torsion defined as in
section 3.1, one may write

d = ∗eaDa +
1
2

Tc
ab

∗ea∗eb ∂

∂∗ec
, (B.19)

or

d : ωa1...ak �→ (k + 1)D[a0
ωa1...ak] +

k(k + 1)
2

Tc
[a0a1

ω|c|a2...ak], (B.20)

and also

δR =
∂R

∂∗ea
Da +

1
2
∗eaTa

bc ∂R

∂∗ec

∂R

∂∗eb
, (B.21)

or

δR : ωa1...ak �→ Dakωa1...ak−1ak + ωa1...ak−1ak Tb
akb +

k − 1
2

ω[a1a2...ak−2 |bc|Tak−1]
bc.

(B.22)

Finally,

δL = −
[

∂

∂∗ea
Da + Tc

bc ∂

∂∗eb
+

1
2

Ta
bc∗ea ∂

∂∗eb

∂

∂∗ec

]
. (B.23)

In components, δ is given by (B.22), with an additional overall sign of (−)k.
In particular, for our purpose, it is convenient to write n, n − 1 and n − 2-forms in terms of

duals of 0, 1 and 2-forms, ωn = �f = efdx0 . . . dxn−1, with e = det ea
μ,

ωn−1 = �( ja
∗ea) =⇒ dωn−1 = �(Da ja + Tb

ab ja), (B.24)

ωn−2 = �(
1
2

kab
∗eaeb) =⇒ dωn−2 = �

[
(Dbka

b + ka
bTc

bc +
1
2

kbcTa
bc)∗ea

]
,

(B.25)

and to use covariant ‘integration by parts’ inside n-forms,

�(vab1...bm Dawb1...bm ) = d[�(vab1...bmwb1 ...bm
∗ea)]

− �[(Da + Tc
ac)v

ab1...bmwb1...bm]. (B.26)
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Appendix C. Homotopy operators for the Euler–Lagrange complex

On account of the (global) exactness of the horizontal part of the variational bicomplex in
vertical degree 1, the variation of any local form can be decomposed in terms of local forms as

δV(�ω0) = ϕi δ[δV(�ω0)]
δϕi

+ d(In
ϕ[δV(�ω0)]),

δV (�ωk) = d(In−k
ϕ [δV(�ωk)]) + In−k+1

ϕ (d[δV(�ωk)]), for k > 0,

(C.1)

for suitably defined ‘homotopy’ operators of the variational bi-complex,

In−k
ϕ [δV(�ωk)] =

∑
l=0

l + 1
k + l + 1

∂λ1 ...λl

(
ϕi δ

δ(∂λ1 . . . ∂λl∂ρϕ
i)

ea
ρ
∂[δV(�ωk)]

∂∗ea

)
,

(C.2)

where δ
δ(∂λ1

...∂λl
∂ρϕi) are higher order Euler–Lagrange derivatives, see e.g. [46, 47, 69] for more

details.
In order to simplify computations, note that

δ[δV(�ω0)]
δϕi

=
δ(�ω0)
δφi

, In−k
ϕ [δV(�ωk)] = In−k

ϕ (�ωk), (C.3)

with

In−k
ϕ (�ωk) =

∑
l=0

l + 1
k + l + 1

∂λ1...λl

(
ϕi δ

δ(∂λ1 . . . ∂λl∂ρφ
i)

ea
ρ
∂[(�ωk)]
∂∗ea

)
. (C.4)

Note also that, if ωk
1 is of first order in derivatives, this simplifies to

In−k
ϕ (�ωk

1) = �

[
1

k + 1
ϕi ∂ωk

1

∂∂aφi
∗ ea

]
. (C.5)

In order to prove equation (2.46), note that In−1
ϕ (�SδV f ) produces on-shell vanishing terms

for the full theory,

In−1
ϕ (�SδV f ) ≈ 0. (C.6)

It follows that

δV (�S f ) − �SδV f = d(�k f ) + In
ϕ(d[δV(�S f ) − �SδV f ]), (C.7)

with

�k f = In−1
ϕ [δV(�S f ) − �SδV f ] = In−1

ϕ [�S f (x)]| f (x)= f . (C.8)

Finally, for first order equations of motion, the breaking defined in (2.49) reduces to

b f [ϕ,φ] = −δ f φ
iϕ j ∂

∂∂aφ j

δL
δφi

∗ea. (C.9)
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Appendix D. Newman–Unti solution space

When conditions (4.1) supplemented by the fall-off conditions (4.2) are imposed, the asymp-
totic expansion of on-shell spin coefficients, tetrads and the associated components of the Weyl
tensor can be determined. All the coefficients in the expansions are functions of the three coor-
dinates u, ζ, ζ̄. In this approach to the characteristic initial value problem, freely specifiable
initial data at fixed u0 is given by Ψ0(u0, r, ζ, ζ̄) in the bulk with the fall-offs given below and
by (Ψ0

2 + Ψ̄0
2)(u0, ζ, ζ̄), Ψ0

1(u0, ζ, ζ̄) at I+. The asymptotic shear σ0(u, ζ, ζ̄) and the conformal
factor P(u, ζ, ζ̄) are free data at I+ for all u.

Explicitly,

Ψ0 =
Ψ0

0

r5
+

Ψ1
0

r6
+

Ψ2
0

r7
+O(r−8),

Ψ1 =
Ψ0

1

r4
− ð̄Ψ0

0

r5
+

2σ0σ̄0Ψ0
1 +

5
2ðσ̄

0Ψ0
0 +

1
2 σ̄

0ðΨ0
0 − 1

2 ð̄Ψ
1
0

r6
+O(r−7),

Ψ2 =
Ψ0

2

r3
− ð̄Ψ0

1

r4
+

2ðσ̄0 + 1
2λ

0Ψ0
0 +

3
2σ

0σ̄0Ψ0
2 +

1
2 σ̄

0ðΨ9
1 +

1
2 ð̄

2Ψ0
0

r5
+O(r−6),

Ψ3 =
Ψ0

3

r2
− ð̄Ψ0

2

r3
+O(r−4), Ψ4 =

Ψ0
4

r
− ð̄Ψ0

3

r2
+O(r−3),

ρ = −1
r
− σ0σ̄0

r3 +O(r−5), σ =
σ0

r2 +
σ̄0σ0σ0 − 1

2Ψ
0
0

r4 +O(r−5),

τ = −Ψ0
1

2r3 +
1
2σ

0Ψ̄0
1 + ð̄Ψ0

0

3r4 +O(r−5), α =
α0

r
+

σ̄0ᾱ0

r2 +
σ0σ̄0α0

r3 +O(r−4),

β = − ᾱ0

r
− σ0α0

r2 − σ0σ̄0ᾱ0 + 1
2Ψ

0
1

r3 +O(r−4), γ = γ0 − Ψ0
2

2r2 +
2ð̄Ψ0

1 + α0Ψ0
1 − ᾱ0Ψ̄0

1

6r3 +O(r−4),

μ =
μ0

r
− σ0λ0 +Ψ0

2

r2 +
σ0σ̄0μ0 + 1

2 ð̄Ψ
0
1

r3 +O(r−4), ν = ν0 − Ψ0
3

r
+

ð̄Ψ0
2

2r2 +O(r−3),

λ =
λ0

r
− σ̄0μ0

r2 +
σ0σ̄0λ0 + 1

2 σ̄
0Ψ0

2

r3 +O(r−4),

Xζ = Xζ =
P̄Ψ0

1

6r3
+O(r−4), ω =

ð̄σ0

r
− σ0ðσ̄0 + 1

2Ψ
0
1

r2
+O(r−3),

U = −r(γ0 + γ̄0) + μ0 − Ψ0
2 + Ψ̄0

2

2r
+

ð̄Ψ0
1 + ðΨ̄0

1

6r2
+O(r−3),

Lζ = Lζ = −σ0P̄
r2

+O(r−4), Lζ̄ = Lζ =
P
r
+

σ0σ̄0P
r3

+O(r−4),

where

α0 =
1
2

P̄∂ ln P, γ0 = −1
2
∂u ln P̄, ν0 = ð̄(γ0 + γ̄0),

μ0 = −1
2

PP̄∂∂̄ ln PP̄ = −1
2
ð̄ð ln PP̄ = −R

4
, λ0 = ˙̄0σ + σ̄0(3γ0 − γ̄0),

Ψ0
2 − Ψ̄0

2 = ð̄
2σ0 − ð

2σ̄0 + σ̄0λ̄0 − σ0λ0

Ψ0
3 = −ðλ0 + ð̄μ0,

Ψ0
4 = ð̄ν0 − (∂u + 4γ0)λ0,
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and

∂uΨ
0
0 + (γ0 + 5γ̄0)Ψ0

0 = ðΨ0
1 + 3σ0Ψ0

2,

∂uΨ
0
1 + 2(γ0 + 2γ̄0)Ψ0

1 = ðΨ0
2 + 2σ0Ψ0

3,

∂uΨ
0
2 + 3(γ0 + γ̄0)Ψ0

2 = ðΨ0
3 + σ0Ψ0

4,

∂uΨ
0
3 + 2(2γ0 + γ̄0)Ψ0

3 = ðΨ0
4,

∂uμ
0 = −2(γ0 + γ̄0)μ0 + ð̄ð(γ0 + γ̄0),

∂uα
0 = −2γ0α0 − ð̄γ̄0,

∂uΨ
1
0 + (2γ0 + 6γ̄0)Ψ1

0 = −ð̄(ðΨ0
0 + 4σ0Ψ0

1),

∂uΨ
2
0 + (3γ0 + 7γ̄0)Ψ2

0 = −1
2
ð̄ðΨ1

0 + 3μ0Ψ1
0 + 5

(
Ψ0

1Ψ
0
1 −Ψ0

0Ψ
0
2 −

1
2
Ψ0

0Ψ̄
0
2

)

+5ð̄σ0
ð̄Ψ0

0 + 3ðσ̄0
ðΨ0

0 +
5
2
σ0

ð̄
2Ψ0

0 +
5
2
ð

2σ̄0Ψ0
0 +

1
2
σ̄0

ð
2Ψ0

0 +
9
2
σ0σ̄0

ðΨ0
1

+12σ0
ðσ̄0Ψ0

1 + 2σ̄0
ðσ0Ψ0

1 +
15
2
σ̄0(σ0)2Ψ0

2 +
5
2
σ0λ0Ψ0

0.

Appendix E. Parameters of residual gauge transformations

For computational purposes, it turns out to be more convenient to determine the parameters of
residual gauge transformations by using the generating set given in (3.34) rather than the one
in (3.36).

Asking that conditions (4.1) be preserved on-shell yields

• 0 = δξ′,ω′ eu
1 = −∂rξ

′u =⇒ ξ′u = f (u, ζ, ζ̄).
• 0 = δξ′,ω′ eu

2 = −eα2∂α f + ω′12 =⇒ ω′12 = ∂u f + xA∂A f .
• 0 = δξ′,ω′ eu

3 = −eα3∂α f + ω′42 =⇒ ω′24 = LA∂A f .
• 0 = δξ′,ω′ eu

4 = −eα4∂α f + ω′32 =⇒ ω′23 = L̄A∂A f .
• 0 = δξ′,ω′ er

1 = −eα1∂αξ
′r + ω′2aer

a =⇒ ξ′r = −∂u fr + Z(u, ζ, ζ̄) − ∂A f
∫ +∞

r dr[ωL̄A +
ω̄LA + xA].

• 0 = δξ′,ω′ eA
1 = −eα1∂αξ

′A + ω′2aeA
a =⇒ ξ′A = YA(u, ζ, ζ̄) − ∂B f

∫ +∞
r dr[LAL̄B + L̄ALB].

• δξ′,ω′ π̄ = 0 ⇐⇒ 0 = δξ′,ω′ Γ321 = lμ∂μω′41 + Γ32aω
′2a =⇒ ω′14 = ω′14

0 (u, ζ, ζ̄) +
∂A f

∫ +∞
r dr[λ̄L̄A + μ̄LA].

• δξ′,ω′ π = 0 ⇐⇒ 0 = δξ′,ω′ Γ421 = lμ∂μω′31 + Γ42aω
′2a =⇒ ω′13 = ω′13

0 (u, ζ, ζ̄) +
∂A f

∫ +∞
r dr[λLA + μL̄A].

• δξ′,ω′ (ε− ε̄) = 0 ⇐⇒ 0 = δξ′,ω′ Γ431 = lμ∂μω′43 + Γ43aω
′2a =⇒ ω′34 = ω′34

0 (u, ζ, ζ̄) −
∂A f

∫ +∞
r dr[(ᾱ− β)L̄A + (β̄ − α)LA].

• ε + ε̄ = 0 = κ = κ̄ is equivalent to Γ211 = Γ311 = Γ411 = 0, ρ− ρ̄ = 0 is equivalent to
Γ314 − Γ413 = 0 while τ − ᾱ− β = 0 is equivalent to Γ213 − Γ312 = 0. On-shell, i.e., in
the absence of torsion, these conditions on spin coefficients hold as a consequence of the
tetrad conditions imposed in (4.1). It follows that requiring these conditions to be preserved
on-shell by gauge transformations does not give rise to new conditions on the parameters.
This can also be checked by direct computation.
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Asking that the fall-off conditions (4.2) be preserved on-shell yields

• δξ′,ω′ eA
2 = O(r−1) =⇒ ∂uYA = 0.

• δξ′,ω′ gζζ = O(r−1) =⇒ ∂̄Yζ = 0 ⇐⇒ Yζ = Y(ζ).
• δξ′,ω′ gζ̄ζ̄ = O(r−1) =⇒ ∂Y ζ̄ = 0 ⇐⇒ Y ζ̄ = Ȳ(ζ̄).
• δξ′,ω′ Γ314 = O(r−3) =⇒ Z = 1

2Δ̄ f .
• δξ′,ω′ Γ312 = O(r−2) =⇒ ω′14

0 = (γ0 + γ̄0)P∂̄ f − P∂u∂̄ f .
• δξ′,ω′ Γ412 = O(r−2) =⇒ ω′13

0 = (γ0 + γ̄0)P̄∂ f − P̄∂u∂ f .
• δξ′,ω′ Ψ0 = O(r−5) does not impose further constraints.

Appendix F. Action on solution space: original parametrization

Besides (4.14), if so = (Y, Ȳ, f,ω′
0), one finds

−δsoσ
0 = [Y∂ + Ȳ ∂̄ + f ∂u + ∂u f + 2ω′34

0 ]σ0 − ð
2 f ,

−δsoΨ
0
0 = [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f + 2ω′34

0 ]Ψ0
0 + 4Ψ0

1ð f ,

−δsoΨ
0
1 = [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f + ω′34

0 ]Ψ0
1 + 3Ψ0

2ð f ,

−δso

(
Ψ0

2 + Ψ̄0
2

2

)
= [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f ]

(
Ψ0

2 + Ψ̄0
2

2

)

+Ψ0
3ð f + Ψ̄0

3ð f .

(F.1)

When Ψ0 can be expanded in powers of 1/r, Ψ0 =
∑∞

n=0
Ψn

0
rn+5 , one also has

−δsoΨ
1
0 = [Y∂ + Ȳ ∂̄ + f ∂u + 4∂u f + 2ω′34

0 ]Ψ1
0

+

[
−5

2
Δ̄ f − 5ð f ð− ð f ð

]
Ψ0

0 − 4σ0
ð f Ψ0

1, (F.2)

−δsoΨ
2
0 = [Y∂ + Ȳ ∂̄ + f ∂u + 5∂u f + 2ω′34

0 ]Ψ2
0 + [−3Δ̄ f − 3ð f ð− ð f ð]Ψ1

0

+ [5ðσ0
ð f + 15ðσ0

ð f + 5σ0
ð f ð+ 3σ̄0

ð f ð]Ψ0
0 + 12σ0σ̄0

ð f Ψ0
1. (F.3)

By induction, we deduce

−δsoΨ
n
0 = [Y∂ + Ȳ ∂̄ + f ∂u + (n + 3)∂u f + 2ω′34

0 ]Ψn
0

+ (inhomogeneous terms). (F.4)

For later purposes, we also give the variations of composite quantities in terms of free data,

− δsoλ
0 = [Y∂ + Ȳ∂̄ + f ∂u + 2∂u f − 2ω′34

0 ]λ0 − ∂uð̄
2 f + (γ̄0 − 3γ0)ð̄2 f ,

− δsoΨ
0
2 = [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f ]Ψ0

2 + 2Ψ0
3ð f ,

− δsoΨ
0
3 = [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f − ω′34

0 ]Ψ0
3 +Ψ0

4ð f ,

− δsoΨ
0
4 = [Y∂ + Ȳ ∂̄ + f ∂u + 3∂u f − 2ω′34

0 ]Ψ0
4.

(F.5)
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Appendix G. Useful relations

Some useful relations for the computation of the current algebra are summarized here.

∂u f =
1
2

(ðY + ðY) + f (γ0 + γ̄0),

f̂ =
1
2

f1(ðY2 + ðYȲ2) + Y1ð f2 + Ȳ1ð̄ f2 − (1 ↔ 2),

Ŷ = Y1ð
2Y2 − Y2ð

2Y1, ˆ̄Y = Ȳ1ð̄
2Ȳ2 − Ȳ2ð̄

2Ȳ1,

ð
2Ŷ = ðY1ð

2Y2 + Y1ð
3Y2 − (1 ↔ 2), ððŶ = Ȳ1ðð̄

2Ȳ2 − (1 ↔ 2),

ð
3Ŷ = 2ðY1ð

3Y2 + Y1ð
4Y2 − (1 ↔ 2), ð

2
ðŶ = Ȳ1ð

2
ð̄

2Ȳ2 − (1 ↔ 2),

ð̄ð
3Y = 2Yð2μ0 + 4ðμ0

ðY , ð̄
2
ð

2Y = 2ð̄ðμ0Y + 2ð̄μ0
ðY + 4(μ0)2Y ,

ð f̂ =
1
2

f1ð(ðY2 + ðY2) + Y1ð
2 f2 + Ȳ1ðð̄ f2 +

1
2

(ðY1 − ð̄Ȳ1)ð f2 − (1 ↔ 2),

ððȲ = 2μ0Ȳ , ð̄ðY = 2μ0Y , ∂uðY = 2ν̄0Y ,

∂uð f =
1
2
ð(ðY + ðY) + ð f (γ0 − γ̄0) + f ν̄0,

∂uð
2Y = 2ðν̄0Y + 2ν̄0

ðY − 2γ̄0
ð

2Y ,

∂uððY = 2ðν0Ȳ − 2γ̄0
ððY ,

∂uð
2 f =

1
2
ð

2(ðY + ðY) + ð
2 f (γ0 − 3γ̄0) + f ðν̄0,

∂uðð̄ f =
1
2
ðð̄(ðY + ðY) − ðð̄ f (γ0 + γ̄0) + ð̄ f ν̄0 + ð f ν0 + f ðν0,

∂uðσ̄
0 = ðλ0 + ν̄0σ̄0 − (γ̄0 + 3γ0)ðσ̄0,

∂uðμ
0 = ð̄ν̄0 − 2μ0ν̄0 − 2(γ0 + 2γ̄0)ðμ0,

ð̄ðν̄0 = ð
2ν0 − 2μ0ν̄0.

In case one wants to compute the current algebra from the expressions derived in the standard
Cartan formalism [48], one needs to transform the spin coefficients into a Lorentz connection
with a space-time index in NU gauge. Using the notations of section 3.4, together with the
gauge choice for the tetrads (4.1) (and thus also (4.8)), we have

Γ12u = −(γ + γ̄) − τXAL̄A − τ̄XALA, Γ12A = τ L̄A + τ̄LA,

Γ13u = −τ − σXAL̄A − ρXALA, Γ13A = σL̄A + ρLA,

Γ14u = −τ̄ − σ̄XALA − ρXAL̄A, Γ14A = ρL̄A + σ̄LA,

Γ23u = ν̄ + λ̄XAL̄A + μ̄XALA, Γ23A = −λ̄L̄A − μ̄LA,

Γ24u = ν + μXAL̄A + λXALA, Γ24A = −μL̄A − λLA,

Γ34u = (γ − γ̄) + (β − ᾱ)XAL̄A + (α− β̄)XALA, Γ34A = (ᾱ− β)L̄A + (β̄ − α)LA,

Γabr = 0.

38



Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

ORCID iDs

Glenn Barnich https://orcid.org/0000-0002-2526-8594
Pujian Mao https://orcid.org/0000-0002-5880-1535
Romain Ruzziconi https://orcid.org/0000-0002-4359-7586

References

[1] Bondi H, van der Burg M G and Metzner A W 1962 Gravitational waves in general relativity: 7.
Waves from axi-symmetric isolated systems Proc. R. Soc. A 269 21

[2] Sachs R K 1962 Gravitational waves in general relativity: 8. Waves in asymptotically flat space-time
Proc. R. Soc. A 270 103

[3] Mädler T and Winicour J 2016 Bondi-Sachs Formalism Scholarpedia 11 33528
[4] Robinson D 2017 Gravity at King’s - a brief history Modern Developments in General Relativity

and Their Historical Roots (London: King’s College London) http://grkcl.org/slides/2_3.pdf
[5] Kennefick D 2017 King’s College and the story of how gravitational waves became real Modern

Developments in General Relativity and Their Historical Roots (London: King’s College London)
http://grkcl.org/slides/4_2.pdf

[6] Sachs R K 1962 Asymptotic symmetries in gravitational theory Phys. Rev. 128 2851–64
[7] Tamburino L A and Winicour J H 1966 Gravitational fields in finite and conformal Bondi frames

Phys. Rev. 150 1039
[8] Geroch R and Winicour J Linkages in general relativity J. Math. Phys. 22 803–12
[9] Ashtekar A and Streubel M 1981 Symplectic geometry of radiative modes and conserved quantities

at null infinity Proc. R. Soc. A 376 585–607
[10] Wald R M and Zoupas A 2000 A general definition of conserved quantities in general relativity and

other theories of gravity Phys. Rev. D 61 084027
[11] Barnich G, Brandt F and Henneaux M 1995 Local BRST cohomology in the antifield formalism. I.

General theorems Commun. Math. Phys. 174 57–92
[12] Anderson I M and Torre C G 1996 Asymptotic conservation laws in field theory Phys. Rev. Lett. 77

4109–13
[13] Barnich G and Brandt F 2002 Covariant theory of asymptotic symmetries, conservation laws and

central charges Nucl. Phys. B 633 3–82
[14] Barnich G and Troessaert C 2011 BMS charge algebra J. High Energy Phys. JHEP12(2011)105
[15] Barnich G and Troessaert C 2010 Symmetries of asymptotically flat 4 dimensional spacetimes at

null infinity revisited Phys. Rev. Lett. 105 111103
[16] Barnich G and Troessaert C 2010 Aspects of the BMS/CFT correspondence J. High Energy Phys.

JHEP05(2010)062
[17] Barnich G and Troessaert C 2010 Supertranslations call for superrotations PoS CNCFG2010 010

arXiv:1102.4632 [gr-qc]
[18] Newman E and Penrose R 1962 An approach to gravitational radiation by a method of spin

coefficients J. Math. Phys. 3 566–78
[19] Newman E T and Unti T W J 1962 Behavior of asymptotically flat empty spaces J. Math. Phys. 3

891
[20] Exton A, Newman E and Penrose R 1969 Conserved quantities in the Einstein-Maxwell theory J.

Math. Phys. 10 1566–70
[21] Newman E P and Tod K P 1980 Asymptotically flat space-times General Relativity and Gravitation.

100 Years after the Birth of Albert Einstein (New York: Plenum Press) vol 2 pp 1–36
[22] Penrose R and Rindler W 1984 Spinors and Space-Time (Two-Spinor Calculus and Relativistic

Fields vol 1) (Cambridge: Cambridge University Press)
[23] Chandrasekhar S 1998 The Mathematical Theory of Black Holes (Oxford: Oxford University Press)
[24] Stewart J 1991 Advanced General Relativity (Cambridge: Cambridge University Press)
[25] Newman E and Penrose R 2009 Spin-coefficient formalism Scholarpedia 4 7445
[26] Barnich G and Lambert P-H 2012 A note on the Newman-Unti group and the BMS charge algebra

in terms of Newman-Penrose coefficients Adv. Math. Phys. 16 197385
[27] Barnich G and Troessaert C 2013 Comments on holographic current algebras and asymptotically

flat four dimensional spacetimes at null infinity J. High Energy Phys. JHEP11(2013)003

39

https://orcid.org/0000-0002-2526-8594
https://orcid.org/0000-0002-2526-8594
https://orcid.org/0000-0002-5880-1535
https://orcid.org/0000-0002-5880-1535
https://orcid.org/0000-0002-4359-7586
https://orcid.org/0000-0002-4359-7586
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.4249/scholarpedia.33528
https://doi.org/10.4249/scholarpedia.33528
http://grkcl.org/slides/2_3.pdf
http://grkcl.org/slides/4_2.pdf
https://doi.org/10.1103/physrev.128.2851
https://doi.org/10.1103/physrev.128.2851
https://doi.org/10.1103/physrev.150.1039
https://doi.org/10.1103/physrev.150.1039
https://doi.org/10.1063/1.524987
https://doi.org/10.1063/1.524987
https://doi.org/10.1098/rspa.1981.0109
https://doi.org/10.1098/rspa.1981.0109
https://doi.org/10.1103/physrevd.61.084027
https://doi.org/10.1103/physrevd.61.084027
https://doi.org/10.1007/bf02099464
https://doi.org/10.1007/bf02099464
https://doi.org/10.1103/physrevlett.77.4109
https://doi.org/10.1103/physrevlett.77.4109
https://doi.org/10.1016/s0550-3213(02)00251-1
https://doi.org/10.1016/s0550-3213(02)00251-1
https://doi.org/10.1007/JHEP12(2011)105
https://doi.org/10.1103/physrevlett.105.111103
https://doi.org/10.1103/physrevlett.105.111103
https://doi.org/10.1007/JHEP05(2010)062
https://arxiv.org/abs/1102.4632
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724303
https://doi.org/10.1063/1.1724303
https://doi.org/10.1063/1.1665006
https://doi.org/10.1063/1.1665006
https://doi.org/10.4249/scholarpedia.7445
https://doi.org/10.4249/scholarpedia.7445
https://doi.org/10.1155/2012/197385
https://doi.org/10.1155/2012/197385
https://doi.org/10.1007/JHEP11(2013)003


Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

[28] He T, Lysov V, Mitra P and Strominger A 2015 BMS supertranslations and Weinberg’s soft graviton
theorem J. High Energy Phys. JHEP05(2015)151

[29] He T, Kapec D, Raclariu A-M and Strominger A 2017 Loop-corrected Virasoro symmetry of 4D
quantum gravity J. High Energy Phys. JHEP08(2017)050

[30] Strominger A 2017 Lectures on the infrared structure of gravity and gauge theory (arXiv:1703.05448
[hep-th])

[31] Godazgar H, Godazgar M and Pope C N 2019 Subleading BMS charges and fake news near null
infinity J. High Energy Phys. JHEP01(2019)143

[32] Alessio F and Arzano M 2019 Note on the symplectic structure of asymptotically flat gravity and
BMS symmetries Phys. Rev. D 100 044028

[33] Robinson D 1996 Spinor-valued forms and a variational principle for Einstein’s vacuum equations
Class. Quantum Grav. 13 307

[34] Robinson D C 1998 Chiral actions and Einstein’s vacuum equations Int. J. Theor. Phys. 37 2067–78
[35] Hehl F W, McCrea J D, Mielke E W and Neeman Y 1995 Metric affine gauge theory of gravity:

Field equations, noether identities, world spinors, and breaking of dilation invariance Phys. Rept.
258 1–171

[36] Julia B and Silva S 1998 Currents and superpotentials in classical gauge invariant theories. 1. Local
results with applications to perfect fluids and general relativity Class.Quant.Grav. 15 2173–215

[37] Julia B and Silva S 2000 Currents and superpotentials in classical gauge theories. II: Global aspects
and the example of affine gravity Class. Quant. Grav. 17 4733–44

[38] Julia B and Silva S 2002 On covariant phase space methods (arXiv:hep-th/0205072)
[39] Ashtekar A, Engle J and Sloan D 2008 Asymptotics and Hamiltonians in a first order formalism

Class. Quant. Grav. 25 095020
[40] Jacobson T and Mohd A 2015 Black hole entropy and Lorentz-diffeomorphism Noether charge Phys.

Rev. D 92 124010
[41] Corichi A, Rubalcava I and Vukasinac T 2014 Hamiltonian and Noether charges in first order gravity

Gen. Rel. Grav. 46 1813
[42] Lehner L, Myers R C, Poisson E and Sorkin R D 2016 Gravitational action with null boundaries

Phys. Rev. D 94 084046
[43] De Paoli E and Speziale S 2018 A gauge-invariant symplectic potential for tetrad general relativity

J. High Energy Phys. JHEP07(2018)040
[44] Henneaux M and Teitelboim C 1992 Quantization of Gauge Systems (Princeton, NJ: Princeton

University Press)
[45] Arnowitt R, Deser S and Misner C 1962 Gravitation, an introduction to current research The

Dynamics of General Relativity ch 7 (New York: Wiley) pp 227–65
[46] Anderson I 1989 The Variational Bicomplex Tech. rep., Formal Geometry and Mathematical Physics

(Utah: Utah State University)
[47] Olver P 1986 Applications of Lie Groups to Differential Equations 1st edn (New York: Springer)
[48] Barnich G, Mao P and Ruzziconi R 2016 Conserved currents in the Cartan formulation of general

relativity About Various Kinds of Interactions: Workshop in Honour of Professor Philippe Spindel
arXiv:1611.01777 [gr-qc]

[49] Wald R M 1990 On identically closed forms locally constructed from a field J. Math. Phys. 31
2378–84

[50] Lee J and Wald R M 1990 Local symmetries and constraints J. Math. Phys. 31 725–43
[51] Iyer V and Wald R M 1994 Some properties of Noether charge and a proposal for dynamical black

hole entropy Phys. Rev. D 50 846–64
[52] Iyer V and Wald R M 1995 A comparison of Noether charge and Euclidean methods for computing

the entropy of stationary black holes Phys. Rev. D 52 4430–39
[53] Bardeen J M, Carter B and Hawking S W 1973 The four laws of black hole mechanics Commun.

Math. Phys. 31 161–70
[54] Barnich G, Brandt F and Henneaux M 2000 Local BRST cohomology in gauge theories Phys. Rept.

338 439–569
[55] Barnich G 2003 ‘Boundary charges in gauge theories: using Stokes theorem in the bulk’ Class.

Quant. Grav. 20 3685–98
[56] Barnich G and Compère G 2008 Surface charge algebra in gauge theories and thermodynamic

integrability J. Math. Phys. 49 042901
[57] Compère G, Donnay L, Lambert P-H and Schulgin W 2015 Liouville theory beyond the cosmolog-

ical horizon J. High Energy Phys. JHEP03(2015)158

40

https://doi.org/10.1007/JHEP05(2015)151
https://doi.org/10.1007/JHEP08(2017)050
https://doi.org/10.2307/j.ctvc777qv
https://arxiv.org/abs/1703.05448
https://doi.org/10.1007/JHEP01(2019)143
https://doi.org/10.1103/PhysRevD.100.044028
https://doi.org/10.1103/PhysRevD.100.044028
https://doi.org/10.1088/0264-9381/13/2/019
https://doi.org/10.1088/0264-9381/13/2/019
https://doi.org/10.1023/a:1026681700956
https://doi.org/10.1023/a:1026681700956
https://doi.org/10.1016/0370-1573(94)00111-f
https://doi.org/10.1016/0370-1573(94)00111-f
https://doi.org/10.1088/0264-9381/15/8/006
https://doi.org/10.1088/0264-9381/15/8/006
https://doi.org/10.1088/0264-9381/17/22/312
https://doi.org/10.1088/0264-9381/17/22/312
https://arxiv.org/abs/hep-th/0205072
https://doi.org/10.1088/0264-9381/25/9/095020
https://doi.org/10.1088/0264-9381/25/9/095020
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1007/s10714-014-1813-0
https://doi.org/10.1007/s10714-014-1813-0
https://doi.org/10.1103/PhysRevD.94.084046
https://doi.org/10.1103/PhysRevD.94.084046
https://doi.org/10.1007/JHEP07(2018)040
https://arxiv.org/abs/1611.01777
https://doi.org/10.1063/1.528839
https://doi.org/10.1063/1.528839
https://doi.org/10.1063/1.528801
https://doi.org/10.1063/1.528801
https://doi.org/10.1103/physrevd.50.846
https://doi.org/10.1103/physrevd.50.846
https://doi.org/10.1103/physrevd.52.4430
https://doi.org/10.1103/physrevd.52.4430
https://doi.org/10.1007/bf01645742
https://doi.org/10.1007/bf01645742
https://doi.org/10.1016/s0370-1573(00)00049-1
https://doi.org/10.1016/s0370-1573(00)00049-1
https://doi.org/10.1088/0264-9381/20/16/310
https://doi.org/10.1088/0264-9381/20/16/310
https://doi.org/10.1063/1.2889721
https://doi.org/10.1063/1.2889721
https://doi.org/10.1007/JHEP03(2015)158


Class. Quantum Grav. 37 (2020) 095010 G Barnich et al

[58] Compère G, Mao P, Seraj A and Sheikh-Jabbari M M 2016 Symplectic and killing symmetries of
AdS3 gravity: holographic vs boundary gravitons J. High Energy Phys. JHEP01(2016)080

[59] Conde E and Mao P 2017 Remarks on asymptotic symmetries and the subleading soft photon
theorem Phys. Rev. D 95 021701

[60] Conde E and Mao P 2017 BMS supertranslations and not so soft gravitons J. High Energy Phys.
JHEP05(2017)060

[61] Milson R and Wylleman L 2013 Three-dimensional spacetimes of maximal order Class. Quant.
Grav. 30 095004

[62] Barnich G and Troessaert C 2016 Finite BMS transformations J. High Energy Phys.
JHEP03(2016)167

[63] Wald R 1984 General Relativity (Chicago, IL: The University of Chicago Press)
[64] Barnich G and Lambert P-H 2013 A note on the Newman-Unti group and the BMS charge algebra

in terms of Newman-Penrose coefficients J. Phys. Conf. Ser. 410 012142
[65] Barnich G and Lambert P-H 2013 Einstein-Yang-Mills theory: asymptotic symmetries Phys. Rev. D

88 103006
[66] Barnich G 2017 Centrally extended BMS4 Lie algebroid J. High Energy Phys. JHEP06(2017)007
[67] Robinson I and Trautman A 1960 Spherical Gravitational Waves Phys. Rev. Lett. 4 431–2
[68] Robinson I and Trautman A 1962 Some spherical gravitational waves in general relativity Proc. R.

Soc. A 265 463–73
[69] Anderson I 1992 Introduction to the variational bicomplex Mathematical Aspects of Classical Field

Theory (Contemporary Mathematics vol 132) M Gotay, J Marsden and V Moncrief (Washington,
DC: American Chemical Society) pp 51–73

41

https://doi.org/10.1007/JHEP01(2016)080
https://doi.org/10.1103/PhysRevD.95.021701
https://doi.org/10.1103/PhysRevD.95.021701
https://doi.org/10.1007/JHEP05(2017)060
https://doi.org/10.1088/0264-9381/30/9/095004
https://doi.org/10.1088/0264-9381/30/9/095004
https://doi.org/10.1007/JHEP03(2016)167
https://doi.org/10.1088/1742-6596/410/1/012142
https://doi.org/10.1088/1742-6596/410/1/012142
https://doi.org/10.1103/PhysRevD.88.103006
https://doi.org/10.1103/PhysRevD.88.103006
https://doi.org/10.1007/JHEP06(2017)007
https://doi.org/10.1103/physrevlett.4.431
https://doi.org/10.1103/physrevlett.4.431
https://doi.org/10.1098/rspa.1962.0036
https://doi.org/10.1098/rspa.1962.0036

	BMS current algebra in the context of the Newman–Penrose formalism
	1.  Introduction
	2.  Closed co-dimension 2 forms in gauge theories
	2.1.  Covariantized Hamiltonian formulations
	2.2.  General construction
	2.3.  Application in different contexts
	2.3.1.Linearized gauge theories.
	2.3.2.Residual gauge transformations and breaking.

	2.4.  Integrability and algebra

	3.  Cartan formalism in non-holonomic frame
	3.1.  Connection, torsion and curvature
	3.2.  Variational principle for Einstein gravity
	3.3.  Relation to Newman–Penrose formalism in 3 dimensions
	3.4.  Relation to Newman–Penrose formalism in 4 dimensions

	4.  Application to asymptotically flat 4d gravity
	4.1.  Solution space
	4.2.  Residual gauge transformations
	4.3.  Residual symmetry algebra
	4.4.  Action of symmetries on solutions
	4.5.  Reduction of solution space
	4.6.  Breaking and co-dimension 2 form
	4.7.  . Current algebra
	4.8.  Cocycle condition

	5.  Discussion
	Acknowledgments
	Appendix A.  (Non)-conservation of codimension 2 forms in first order gauge theories
	Appendix B.  Frames and forms
	B.1.  Frames and directional derivatives
	B.2.  Horizontal complex
	B.3.  Hodge dual and co-differential
	B.4.  Covariant expressions for (co-)differential

	Appendix C.  Homotopy operators for the Euler–Lagrange complex
	Appendix D.  Newman–Unti solution space
	ORCID iDs
	References


