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Abstract

Starting from an action principle adapted to the Newman—Penrose formalism,
we provide a self-contained derivation of BMS current algebra, which includes
the generalization of the Bondi mass loss formula to all BMS generators. In
the spirit of the Newman—Penrose approach, infinitesimal diffeomorphisms are
expressed in terms of four scalars rather than a vector field. In this framework,
the on-shell closed co-dimension two forms of the linearized theory associ-
ated with Killing vectors of the background are constructed from a standard
algorithm. The explicit expression for the breaking that occurs when using
residual gauge transformations instead of exact Killing vectors is worked out
and related to the presymplectic flux.

Keywords: BMS algebra, Newman—Penrose formalism, Bondi mass loss
formula

1. Introduction

The importance of the Bondi mass loss formula [1, 2] in the context of early research on gravi-
tational waves has recently been stressed (see e.g. [3—5]). Since the (retarded) time translation
generator is but one of the generators of the BMS group [6], a natural problem is to generalize
this formula for all generators (see e.g. [7-10]).

Starting from classification results [11-13] on conserved co-dimension 2 forms in gauge
field theories, a BMS charge algebra [14] has been constructed in the metric formulation in
terms of which the non-conservation of BMS charges can be understood as a particular case.
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A local formulation in terms of currents that satisfy a broken continuity equation then allows
one to accommodate both the global and the local version of the algebra, including superrota-
tions [15—17]. Even though expressions have been worked out in the metric formulation, they
have been translated to the Newman—Penrose (NP) formalism [18-20] (see e.g. [21-25] for
reviews) in [26, 27] because the structure of the results and the interpretation is particularly
transparent in this framework (see also [28—32] for recent related work.)

The purpose of the present paper is to give a self-contained derivation, rather than a trans-
lation, of BMS current algebra in the NP formalism by starting from a suitable first order
action principle. The variant we are using here is tensorial (rather than spinorial as in [33, 34]).
It is a first order action principle of Cartan type that uses as variables vielbeins, the Lorentz
connection in a non-holonomic frame, and a suitable set of auxiliary fields. In four dimensions,
it can be directly expressed in terms of the quantities of the NP formalism. The associated
Euler—Lagrange equations then impose vanishing of torsion, the definition of the Riemann
tensor in terms of vielbeins and connection components as well as the Einstein equations, and
thus encode all NP equations.

Related work on conserved quantities in first order formulations of general relativity
includes for instance [35-43].

The paper is organized as follows. We start by reviewing the construction of closed co-
dimension 2 forms of the linearized theory associated with reducibility parameters of the
background, including a discussion of the breaking that occurs when using residual gauge
transformations rather than exact reducibility parameters. Standard examples, for instance
in the simple case of electromagnetism and Yang—Mills theories, have already been dis-
cussed in [13]. Instead, in this paper, we work out all details in the case of a generic first
order gauge theory. In this case, a full understanding of the appropriate homotopy oper-
ators is not needed because the main statement on (non-)conservation of the constructed
co-dimension 2 forms will be checked by explicit computation. What makes the paper self-
contained is that Einstein gravity in the Cartan or the NP formulation are gauge theories of first
order.

We then turn to the action principle adapted to the NP formalism and to the construction of
the conserved co-dimension 2 forms in this context. As an application, we work out the BMS
current algebra for asymptotically flat spacetimes at null infinity. In particular, the results of
[27] are generalized to the case of an arbitrary time-dependent conformal factor.

2. Closed co-dimension 2 forms in gauge theories

2.1. Covariantized Hamiltonian formulations

Let us start by illustrating the general considerations in the case of a first order theory which
depends at most linearly on the derivatives of the fields,

L=ad}0,¢’ —h, 2.1

with a generating set of gauge transformations that depends at most on first order derivatives
of the gauge parameters,

0r¢' = RULF 1= Rof* + RO, 2

and where the derivatives of the fields occur at most linearily in the term that does not contain
derivatives of gauge parameters,

R, =R +RY 0,4 2.3)
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We thus assume that @f[x, ¢], Alx, ¢], RE[x, ¢1, R, [x, 6], R%[x, #] do not depend on deriva-
tives of the fields. Note that in most applications, and in particular the one of interest to
us here, these functions do not explicitly depend on x* either and formulas below simplify
accordingly.

As the notation indicates, this is a covariantized version of first order Hamiltonian actions,
where ¢’ contains both the canonical variables and the Lagrange multipliers, while / includes
both the canonical Hamiltonian and the constraints. For instance, for a first class Hamiltonian
system, we have

Lz, ul = ax(2)z* — H(2) — u"7a(2). (2.4)

Here z# are the phase-space variables and a4 (Z) are the components of the symplectic potential.
In the case of Darboux coordinates for instance, z* = (qi,pj) and ay = (p1,...pn,0...,0).
Furthermore, H is the Hamiltonian, v, are the first-class constraints and u“ are the associated
Lagrange multipliers. The symplectic 2-form o5 = Jprap — Opay is assumed to be invertible,

o oap = 6§ with associated Poisson bracket {F, G} = 250" 4G and

Yo w} = Cp@e: {H. 7} = Vo@D (2.5)
For such systems, a generating set of gauge symmetries is given by
5pzt = {2 v O Sput = - Coul fC— Vi fP, (2.6)

see e.g. [44] for more details.

More generally, by using suitable sets of auxiliary and generalized auxiliary fields,
the class of gauge theories described by (2.1) and (2.2) is relevant for gravity in the
standard Cartan formulation or the one adapted to the Newman—Penrose formalism dis-
cussed below. Indeed, the Cartan Lagrangian is at most linear and homogeneous in first
order derivatives, and so is the Lagrangian adapted to the Newman—Penrose formulation
in equation (3.17). Furthermore, the gauge transformations, both in the forms (3.34) and
(3.36) are of the required type. Other simpler examples include Chern—Simons theory,
which is directly of this type, while Yang—Mills theories are of this type when using the
curvatures as auxiliary fields (see e.g. [45] for the case of Maxwell’s theory). Finally, grav-
ity in the Palatini formulation is not of this type because the transformation of the con-
nection involves second order derivatives of the vector field characterizing infinitesimal

diffeomorphisms.
For a Lagrangian of the form (2.1), the Euler—Lagrange operator % = % — 6/,,#5@ is
explicitly given by
5L_ 1o J O:h H m— 0.a" — §.a" oot =
5¢i _Uij #¢ — oinh — Bx/'ai’ Jij— iaj — oja; =4 [inkJ —0, (27)

where 0; = -2, while 9, = % + 8/,,¢i% + ....Fora global symmetry p¢' = (', it follows

W )
that 0pL = Bubé and the usual integrations by parts argument to go to the form

. OL "
Q 5o e (2.8)
yields a canonical representative for the associated Noether current given by
oL .
it = - - l. 2'9
Jo Q 3@1 o 0 (2.9)
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When inserting the generating set of gauge symmetries given in (2.2) into (2.8), one obtains
on the one hand
i « oL .
R, Lf ]57& = Oufy- (2.10)
Doing integrations by parts on the expression on the left hand side so as to make the
undifferentiated gauge parameters appear, one obtains on the other hand

oL oL
“] R — — O,(R" St, aRir 2.11
f (5¢l f |: 5¢, a( (y6¢l:| aﬂf f ”6(]51 ( )
Subtracting these two equations gives
oL i OL o s
e [ "5 — R 7 ] = 9.y — ). (2.12)

Since this is an off-shell identity that has to hold for all f“[x], one concludes not only that the
Noether identities

; OL i OL
i o= il —
R(y 5¢’ 8/l (R(y 5¢’> 0’ (213)

hold, but also that
8#(j; — Sf;) =0. (2.14)

There are two ways of seeing this. Either one integrates equation (2.12) with gauge parameters
that vanish on the boundary. One then uses Stokes’ theorem and the fact that the parameters
are still arbitrary in the bulk to conclude that the Noether identities must hold, and then that
the right hand side must be zero as well. Alternatively, in a more algebraic approach, the fact
that the gauge parameters are arbitrary allows one to consider them as new fields with respect
to which one can take Euler—Lagrange derivatives. If Euler—Lagrange derivatives with respect
to the gauge parameters are applied to equation (2.12), the right hand side vanishes identically
because Euler—Lagrange derivatives annihilate total divergences. One then remains with the
Noether identities as the result of the application of Euler—Lagrange derivatives with respect
to the gauge parameters on the left hand side.

When using these Noether identities, it then also follows from (2.11) that

oL
0

This means that Siﬁ is a representative for the Noether current associated to gauge symmetries
that is trivial in the sense that it vanishes on-shell. This is Noether’s second theorem. Fur-
thermore, it also follows from the so-called algebraic Poincaré lemma (or in other words, the
local exactness of the horizontal part of the variational bicomplex in form degrees less than
the spacetime dimension, see e.g. [46, 47]) applied to (2.14) that every other representative jif-

RIS = 0.8 @19

differs from S’f’i at most by the divergence of an arbitrary superpotential 8V775,’-’”] (in the absence
of non-trivial topology).

Equation (2.15) provides a way to associate (lower-dimensional) conservation laws with
particular gauge symmetries: indeed, for reducibility parameters, i.e., gauge parameters f
that satisfy

RLLf"1=0, (2.16)
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the local exactness of the horizontal part of the variational bicomplex in form degree n — 1
then implies the existence of a superpotential k[;ﬁ'”] that is constructed out of the fields and a
finite number of their derivatives such that '

[pv] _ qp
&,k} —S]. 2.17)

Since the right hand side vanishes on all solutions of the field equations, this is a conserva-
tion law whose associated co-dimension 2-form should be integrated over co-dimension 2
surfaces.

The point is that equation (2.16) does not in general admit non-trivial solutions in truly
interacting gauge theories. Indeed, in the case of semi-simple Yang—Mills theories or general
relativity in metric formulation, this equation reads explicitly

D/:Ea = 0, »ng/u/ =0. (218)

Since this equation has to hold for all gauge potentials or metrics, it turns out however that
there are no non trivial solutions to these equations. In the latter case, this is because a generic
metric does not have Killing vectors.

This is where the linearized theory comes in. Consider the linearization around a particular
background solution ¢, with ¢/ = ¢’ + ' and where ' denotes the fluctuations.

Two facts about linearized gauge theories around a solution are important. The first is that
the linearized equations of motion are variational and derive from the quadratic part L® [, (]
of the Lagrangian in the fluctuations. The second is that gauge symmetries of this linearized
gauge theory are obtained by evaluation of the gauge transformations of the full theory in the
background, d7¢' = R,,[ /]| ;—3. This follows by expanding equation (2.15) to first order in
the fluctuations. Furthermore, by expanding this equation to second order and using reducbility
parameters, it follows that the transformations 67¢" = R{VI(f) define global symmetries of
the linearized theory.

In the case of general relativity in the metric formulation, this is the statement that the gauge
symmetries of the quadratic Lagrangian for fluctuations around a fixed background are given
by d¢hy = L¢g,- This then means that there are as many conserved co-dimension 2 forms
as there are Killing vectors of the background solution. In the simplest case of linearization
around flat space, one recovers in this way the gauge symmetries d¢h,,, = 0,§, + 0., of the
Pauli—Fierz Lagrangian. The reducibility parameters are the Killing vectors of the background,
and thus given &, = a,, + wy,,x” in the case of Pauli-Fierz theory for instance. In this case,
the associated global symmetries dghy,, = Lzh,,, describe the invariance of Pauli~Fierz theory
under Poincaré transformations.

The remaing problem is then to explicitly construct kg{'”] of the linearized theory out of the
weakly vanishing Noether current S% of the full theory. This is done with a suitable homotopy
operator of the variational bicomplex. The point is that this operator is quite complicated in
case S; contains derivatives of the fields of higher order than one because it involves higher
order Euler—Lagrange derivatives.

In a first order gauge theory however, S; depends at most linearily on first order derivatives
by assumption. In this case, the homotopy operator becomes quite simple and the expression
of the superpotential simplifies to

v j 8
kl;% 1= E‘pjaayqsfsj‘f‘ — (V). (2.19)

5
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When using the explicit expression for Siﬁ in (2.11) and for the left hand sides of the field
equations in (2.7), this gives

K = RV o) fe. (2.20)
In this case, one can avoid a detailed discussion of the homotopy operator and its properties
and limit oneself to simply verify that this superpotential is indeed conserved on all solutions
of the linearized field equations around a background solution of the full theory, when using
reducibility parameters. Furthermore, one may explicitly work out the breaking of this con-
servation law in case one does not use such reducibility parameters. For this purpose, one
introduces the presymplectic current,

Wiy 5ol 2] = =0l oh. 2.21)

By using the detailed form of the Noether identities, one may then check by a direct
computation that

(2)
kP = —Wh [ Ral 1] when (% 0= L lpdl 5? )
All details are provided in appendix A. This means that these superpotentials are indeed
conserved on all solutions of the linearized equations of motion around a given background
solution ¢ when using reducibility parameters f satisfying (2.16). It also means that non-
conservation in case one uses more general gauge parameters is controlled by the symplectic
flux Wiz 5500, Ralf 1.

In terms of 1-forms dx”,dvgi)i, Bltdvqﬁi, ... generating the variational bicomplex (see e.g.
[46, 47]), one may write

(2.22)

. . 1

*kp = Riﬁ‘a;’jgpjfai * (dxp dxv), (2.23)
where

d(xks) = —W, [©,Rs] when ﬁ—o—w (2.24)

r) = SL)5pLPs I f 50 - Y= Sl ’ ’
with
1 . .
Wi /5o = —Eaf‘jdv(b’dvqﬁf * (dxp), (2.25)

d= dx"0, = dx*( fz,‘ + 8/,,¢i% + 8,,dv¢i8diw ...), where the vertical exterior derivative
dy¢' can be considered as the dual 1-form to an infinitesimal field variation that commutes
with the total derivative, and we have used the conventions for the Hodge dual of appendix B,
with xe? = ¢y dx'".

Defining the presymplectic 1 form potential through

a=ad'dyd x(dxp), (2.26)
we have

Q[: = dva = —W5£/5¢ (227)
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and equation (2.23) can be expressed in terms of a as

1 .0 0 0
= — J P _
*ky 2 (SO de¢f> ( Ra BquZ)i) O dx+ dva. (2.28)

For instance, in the standard Cartan formulation, the variables are the vielbein and the
Lorentz connnection, ¢' = (e,", re 1), with

A A A b A
5£,wea :gpapea - apg e +wyep”,

(2.29)
e = — D™ + €°9,1, + 0,1,
From
Lc = e(R”, e 'e,” — 2A9), (2.30)
it then follows that
a=2ee, e, dyl'™ ) % (dxp). (2.31)

Applying equation (2.28) for the construction of xk; then yields quickly equation (3.49) of
[48] when using that (d"’zx)#,, = % * (dxp dxv).

We now turn to a more systematic discussion of the construction of these superpotentials,
with no assumptions on the number of derivatives except for locality, i.e., the requirement that
all functions contain a finite number of derivatives. This discussion may be skipped if one is
merely interested in the application to the NP formalism.

2.2. General construction

We continue to use the collective notation ¢' for all fields and f*[x, ¢] for the gauge parameters
of the theory. The latter may depend on the fields and (a finite number of) their derivatives.
Infinitesimal gauge transformations are written as 6 ;¢ = R(,[ /] = R;[¢], where the second
notation is used when we want to emphasize the dependence on the fields. More explicitly,
they involve field dependent operators acting on the gauge parameters,

RLLf°1 = Ri[¢] = RL[x, 1 + RV[x, 10, f + ... (2.32)

which may now depend on the fields and a finite number of their derivatives. Furthermore,
there may be terms with higher order derivatives on the gauge parameters.

In the case of general relativity (or higher derivative gravitational theories) in metric for-
mulation for instance, the fields ¢’ correspond to the metric components guv» wWhile the gauge
parameters are vector fields £"[x, g], with 0¢g,, = — L&

Isolating the undifferentiated gauge parameters in the contraction of the gauge transforma-
tions with the Euler—Lagrange derivatives of the Lagrangian and keeping the total derivative
terms gives rise to

0L i 0L
or¢ 7 = R} (6(;5’) +d=*Sy, (2.33)
where £ = %L is the Lagrangian n-form and
(5L oL 0L 0 0L
R ) =R = — R —— ., XSy = fOR" . (234
o <5¢,> aa¢, a#( aa¢,>+ *O f f aadx/,5¢,+ ( )

7
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Because the f a re arbitrary, one deduces on the one hand the Noether identities

(0L
+i —
R} (W) =0, (2.35)

and on the other hand that the 1 form Sy encodes the on-shell vanishing Noether current
associated to gauge symmetries,

Sy ~0. (2.36)

Closed co-dimension 2 forms are then constructed as follows. Consider an infinitesimal
field variation

.0 .0

8 = i AR 2.37

<,08¢l+au@ 86/,¢’+ ( )
Acting on (2.33) (with (2.35) taken into account) gives

5C Y ,

— - —_—) = ). 2.
5¢,+5f¢5 (&b’) d[o” (xSy)] (2.38)
Let £L?[¢, ] denote the quadratic terms in an expansion of £[¢ + ¢] in ¢’ and their deriva-

tives. The equations of motion of the linearized theory are the Euler—Lagrange equations for
L® since

V(659"

5L 6L®
V= 2.39
56 g (2.39)
If the expansion is done around any solution ¢’ of the full theory associated to L[¢],
oL
|- =0, 2.40
551 (240)

it follows in particular that, when evaluated on solutions of the full theory, § VSf vanishes on all
solutions to the linearized equations of motion,

(6VS7) | 52in 0. (2.41)
If furthermore the parameters f© are ‘reducibility parameters’ of this solution,
570" ~un 0, (2.42)

the left hand side of (2.38) vanishes. When using that closed co-dimension 1 forms are exact
in this context (see appendix C), one finds

8" (xS5) lag =d (%Ky) |57, *K;[o. 0] = I (xSp), (2.43)

with I;" given in (C.4) and (C.5). This equation means that *k;—[[gf), q@] are local co-dimension

2 forms that are closed if (i) ¢ is a solution to the full theory, (ii) f are reducibility parameters
of this solution, and (iii) ¢ are solutions of the linearized theory around ¢,

d (*k}-m é]) =0. (2.44)
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Finally, note that these co-dimension 2 forms may be computed as if the gauge parameters
were field independent,

whp =1 S poll o= (2.45)
because, as shown in appendix C,
*k7 [, ] = *k%[é, ) (2.46)

for all solutions ¢'.

Applying (2.45) together with the homotopy formula in the form of (C.5) with xe® = 47 dx*
to the weakly vanishing current (2.11) of a covariantized first order Hamiltionian theory then
yields the simple expression (2.23).

2.3. Application in different contexts

2.3.1. Linearized gauge theories. Different cases can be considered. The first is to fix a
background solution ¢ with its reducibility parameters f, for instance maximally symmet-
ric backgrounds in general relativity with its Killing vectors. The second is to fix a priori a set
of reducibility parameters and to restrict to classes of solutions ¢ that admit these reducibil-
ity parameters (stationnary and/or axisymmetric backgrounds in general relativity). In both
cases kz[y, ¢] are co-dimension 2 forms that are closed for all solutions ¢ of the linearized
theory,

d(xk;z[p, §))~iin 0. (2.47)

Equivalent closed co-dimension 2 forms have been derived by a variety of methods (in the
case of diffeomorphism invariant theories, see e.g. [49-52]) and used to provide a derivation
of the first law of black hole mechanics [53] valid for arbitrary perturbations.

An advantage of the approach of [11] (see also [12] and [13, 48, 54—56] for further devel-
opments) is that it can be used for any gauge theory and that there is complete control on the
number of solutions and on the ambiguities of the construction: under suitable regularity condi-
tions, the k[, $] associated to distinct equivalence classes of possibly field dependent f*’s
satisfying (2.42), with two sets of reducibility parameters considered equivalent if their differ-
ence are reducibility parameters that vanish on-shell, ¢ = 0, exhaust the local co-dimension
2 forms that are closed on all solutions to the linearized equations, up to trivial ones. The lat-
ter correspond to local co-dimension 2 forms that are d exact or vanish on all solutions of the
linearized theory. Furthermore, the equivalence classes do not depend on the formulation, in
the sense that they are invariant under elimination or introduction of (generalized) auxiliary
fields, which allows one to directly connect results in the Cartan and metric formulations for
instance.

In the linearized theory, reducibility parameters give rise in addition to global symmetries
with standard Noether currents, i.e., closed forms of co-dimension 1. The gauge algebra of the
full theory then induces Lie algebra structures on reducibility parameters and on the closed
co-dimension 1 and 2 forms (see e.g. section 7.4 of [13] or proposition 4 and corollary 5 of
[56D).

The method can usually not be directly used to construct closed co-dimension 2 forms for
generic background solutions in interacting theories, such as semi-simple Yang—Mills theories
or general relativity in spacetime dimension greater than 3 because the equation determining
the reducibility parameters £ in (2.42) admits no non-trivial solutions, not even when allowing
the gauge parameters to be field dependent. This is where asymptotic considerations come in.
We will not discuss this here, but take a slightly different viewpoint below.

9
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2.3.2. Residual gauge transformations and breaking. Another important case, that is the
one that is relevant for us here, is to fix from the outset a sub-class of solutions qAS This
can be done not only through gauge fixing conditions, like asking for certain components
of the metric or the vielbein/spin-connection to vanish, but also through fall-off conditions.
The role of these conditions is then to restrict the arbitrary functions that appear in the gen-
eral solution to the equations of motion. These conditions may be imposed anywhere, and
are not limited to conditions imposed at ‘infinity’. We assume that these conditions are such
that one may find the general solution to the equations of motion in terms of functions
a”(x) (which could reduce to constants), qAS = qAS[x, a). The functions a”*(x) thus parametrize
this solution space, and infinitesimal variations of these functions lead to tangent vectors of
this solution space, i.e., to perturbations qZ; that are solutions of the linearized equations of
motion.

One is then interested in (infinitesimal) gauge transformations that preserve this class of
solutions. They are determined by asking that the gauge transformations preserve the con-
ditions fixing the solution space. We assume that this constrains the parameters to depend
on arbitrary functions M), f = f[x,b;a]. The associated infinitesimal gauge transfor-
mations, loosely referred to as residual gauge transformations below, no longer satisfy
6 7 &' 3= R’}.[q@] = 0. Instead they describe particular tangent vectors to the subspace of solu-

tions and correspond to particular variations ,a”. This action of residual gauge transforma-
tions on solution space is thus determined through

R[$] = —6p¢'Ix, al. (2.48)

As a consequence, the co-dimension 2 forms are no longer closed. There is however precise
control on the breaking, i.e., on non-conservation: it is proportional to R); [#], and furthermore,
it follows from (2.38) and (C.7) that '

oL
575,-),

with Z; defined in (C.2). This allows one for instance to control both non-conservation in
(retarded-)time or the radial dependence of charges by using

d(xk; (@, §1) = *b[¢, R}, ), *ble,Rys ¢ = —T(RY8” (2.49)

/ *ki [, 41 = / *b[$, Ry 1. (2.50)
ONn—1 Nn—l1 !

More concretely for instance, in terms of coordinates u, r, yA, with yA parametrizing an n — 2
dimensional sphere, the time-dependence of the charges

G0)I0.d1 = [ k5.0 @51)
is controlled by

Dok 1p, &1 + 047 [0, 8 = V(4. R} 6] (2.52)
while the radial dependence is controlled by

Ok 1. 0] + 04K (9. 0 = B2, Ry 9], (2.53)

where the second terms on the left hand side vanish when integrating over the sphere.

10
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Let us recall some properties of xb[Ry, ¢; ¢]. A non trivial property, which follows because
the contracting homotopy is applied to an Euler—Lagrange derivative, is skew-symmetry in the
exchange of the infinitesimal gauge transformation and the field variation,

*xblo,Ry; @] = — x bRy, p; ¢]. (2.54)

For first order theories, this has been shown in [38], while for general theories, the proof follows
from that of proposition 13, and more precisely from equation (A59), of [56].

The link to covariant phase space methods is as follows. If we consider anti-commuting
infinitesimal field variations, §"¢’, and the associated vertical differential dy = dvqﬁi%
+ 8,,dv¢i% + ... (seee.g. [46, 47] for more details), one may define two (n — 1,2) forms.
The first is the standard presysmplectic one of variational calculus,

. ;. oL
Qe =dvly,,L, dyQ=0, dQ=dy¢ de, (2.55)
with all wedge products omitted. When using the main property of the homotopy operators (cf
equation (A30) of [56]), it follows that for £ = £ + d6" !,

Qpr = Qp + d(dvl, 0" ). (2.56)

Note that the ambiguity does not affect the presymplectic form in the restricted class of first
order Lagrangians, where "' may depend on undifferentiated fields only, so that the last term
in the previous equation vanishes.

The second ‘invariant’ presymplectic (n — 1,2) form [38, 56] is defined through,

1, ;0L
Wiz s = _EldV¢ (dv¢ 5—(;5,) . (2.57)
It depends only on the Euler—Lagrange derivatives of the Lagrangian and is thus free of the
ambiguity related to adding a total derivative to the Lagrangian.

By using proposition 13 of appendix A5 of [56], it follows that the breaking is determined
by the invariant presymplectic form according to

*b[Ry, 0; 01 = Wsr 5ol Ry]. (2.58)

Up to a sign, both (n — 1, 2) forms differ by the exterior derivative of an (n — 2, 2)-form,

1.
~Wszsso = Qe +dE;, Ep = glﬁvilﬁmﬁ- (2.59)
In the particular case of first order theories where £ depends at most linearly on the first order
derivatives, the explicit expression in terms of homotopy operators shows that

E;=0. (2.60)

It may happen that W, /s54[9, R 7] | 3 vanishes. Examples include for instance asymptotically
flat or anti-de Sitter spacetimes in three dimensions in Fefferman—Graham or BMS gauge with
fixed conformal factor. In this case, the co-dimension 2 forms are closed for all residual gauge
transformations, they are conserved and r-independent (see for instance [57, 58]), so that they
may be computed at any finite r. It also follows from (2.53) and (2.58) that subleading charges
recently considered for instance in [31, 59, 60] are controlled by Wfs)z: /s ¢[g2), R J;.] | 3

1
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2.4. Integrability and algebra

When E vanishes, it has been shown in [56] that integrability of charges

FONIP, 31 = 60514, 2.61)

implies that there is well-defined algebra of charges obtained by acting with residual gauge
transformations, —9 I3 (0] 7,-In the non-integrable case, this action has to be modified by suitably
taking the non-integrable part of the charges into account. Even though it would be desirably
to have a derivation from first principles of this modified charge or current algebra, this is not
the objective of this paper. At this stage, we just refer to the discussion in section 3.2 of [14]
or in sections 4.2 and 4.3 of [27] and concentrate on a self-contained derivation of xks and of
the breaking in the context of the NP formalism.

3. Cartan formalism in non-holonomic frame

3.1. Connection, torsion and curvature

Besides the non-holonomic frame and the peudo-Riemmanian metric discussed in appendix
B, we now furthermore assume that there exists an affine connection whose components in the
non-holonomic basis are

Dye, =Tpe. < T = e"/,,DL.e;,“’ = —e;,"DL.e“,,. (3.1)

It follows that torsion and curvature components are given by (see appendix B for notations
and conventions)

T = 21 ) + D%p = 2(01cp) + d[ep))s 3.2)
Rpeg = 0T g — 04T e + T Ty — T T o — T DY 4, '

and
[Dy, Dplve = =R capva — T D v, (3.3)

The reason torsion has to be included in the discussion is that it will vanish only for solutions
of the field equations. In off-shell considerations based on the action principle proposed below,
non-vanishing torsion terms have to be taken into account.

The Bianchi identities are

Rea) = Dy T cay + T 4o Tty Do RY lbled] = —R i T" cas (34)

where a bar encloses indices that are not involved in the (anti)-symmetrization. The Ricci ten-
sor is defined by R,, = R ., While S,;, = R°.4. Various contraction of the Bianchi identities
give

Rap — Rpa = Sap — DcTcab - 2D[a Tﬂb]c - chchaba (35)
2D R i) + DaR%bca = RoaT" ca = 2Ry T 1, (3.6)
D[a Sbcj = _Sd[a Td bc]- (37)

12
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The connection is assumed to be a Lorentz connection, i.e., metricity holds,

Detjap = 0, (3.8)
so that I' . = nadFdhc = —I'pu and

Lape = Kabe + Tabes (3.9)
where

Kape = %(Thac + Teab — Tape) = —Kbpae (3.10)
is the contorsion tensor, and

Fabe = %(Dbac + Deab — Dabe) = —Tbac (3.11)
the torsion-free Levi-Civita connection. Furthermore,

Ravea = —Rpacas  Sap =0 (3.12)
and

3 X
Ruvea — Reaab = 3 (D[h T\yea) + Tasio T’ ca) — D T pica] = Th1a T/

= DT \ap) = Tesia T/ 4y + Dy T\4jap) + Taie T/ abJ) . (3.13)
The curvature scalar is defined by R = 1“’R,;, the Einstein tensor by
1
Gap = Ry — EnabR (3.14)

Contracting (3.6) with %/ gives the contracted Bianchi identities

1 1
DG’ = ERbcdaTdbc + RO Ty — EDb(DCT“ab + 2D T b + T4 T ).

(3.15)

3.2. Variational principle for Einstein gravity

The inclusion of torsion in the previous considerations allows one to formulate a convenient
action principle with Euler—Lagrange equations that impose vanishing of torsion together with
all NP equations. The action is first order and of Cartan type. It involves as dynamical variables
¢' the vielbein components e,”, the Lorentz connection components in the non-holonomic

frame Ty, together with a suitable set of auxiliary fields Rupeq = Ryapjpeas, A0 = Aleblied],
S[Fab{.‘, eau; Rabcd, )\ade] = k / [-"a (3.16)
with k! = —167G, where the minus sign is required for the (+ — ——) convention adopted
here and
L=x%L, L=Ruean"* = X") + XP“Rypeq + 2A, (3.17)

13
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where R, pcqa = NaeR peq 1S €xplicitly given in (3.2) as a function of the variables e,*, [' ;5. and
their first order derivatives, and A€ denotes the cosmological constant. For simplicity, we put
k =1 for the remainder of this section.

The equations of motion for the auxiliary fields follow from equating to zero the
Euler—Lagrange derivatives of the n-forms

oL : 1 ac ad,_bc
- — % )\ade__(n ,r}bd_,r}d,r}b) ,
5Rabcd 2
(3.18)

oL

W =—x [Rabcd - Rabcd] .
They thus fix the auxiliary A fields in terms of the Minkowski metric,
i 1 . . i

)\ade —_ _(nacnhd _ 77adnhc) = )\f]de’ (319)

2

and impose the definition of the Riemann tensor in terms of vielbein and connection com-
ponents as on-shell relations, R p.q = Raupea, Which is desirable from the viewpoint of the NP
formalism. They can be eliminated by solving inside the action. The resulting reduced action
coincides with the standard action associated to the Cartan formalism, up to an invertible
change of variables. More explicitly, Lc[e ", Tp] = (Rabw,ecued"n“nbd + 2A%). If we denote
by a prime a function on which we perfom the invertible change of variables I'qp, = g€,
the reduced action is S[e,”, Tape] = [ L with

¢ =*Le,  Le = Rapean“n™ + 2A°). (3.20)

The next equations of motion follow from the vanishing of

oL 1
= 2% |Dp NPT 4 NPT 65+ ST (3.21)
5Fabc 2
When putting \abed on-shell, they are equivalent to vanishing of torsion, 7%,. = 0. It follows

that I'gpe = rape, or equivalently that 'Y, = e%,e.*V e,”, where V,, denotes the Christof-
fel connection. In other words, the connection components are also auxiliary fields that can
be expressed in terms of vielbein components and eliminated by their own equations of
motion.

The last equations of motion follow from the vanishing of

oL

: oL
_ b cdfa a C bedf
W =€, 2% ()\ Rcdfb) — 5F—mrcdb:| —€, |:*(R +2A )+ A oNbedr | - (3.22)
On-shell for the auxiliary fields, we have
oL
567#|aux on—shell = 2% eb/l,(Gah - AC(SZ), (323)

which imply the standard Einstein equations.
Finally, let us also note that the equations of motion in the Cartan formalism with spin
coefficients I' . as variables are determined by

14
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0L, : : i
5T ¢ _ _ * (ThahnbL _ Thhhnou _ Tmb),
abc
s s (3.24)
Sen =S {2 Ry 5 rcdh] — €% % (R+2A9),

and that they are explicitly related to the standard ones through

5L sLe\ oL SLe\ J 5Le Y
— e , = — T S0 —=1. B.25
5Fabc ¢ g <5Fab/l,> 5911“ <5ea“> bed® ue 5icu ( )

3.3. Relation to Newman-Penrose formalism in 3 dimensions

The vacuum Einstein equations G, — A7, &~ 0 imply that

2d 2
R~ —EAC, Rap) ~ _EACW,. (3.26)

In three dimensions, in the absence of torsion (where in particular R, = R.p), one may
show that

1
Ravea = NacRpa — NaaRpe — MpeRaa + MpaRac — E(nacnbd — NadMbe)R, (3.27)
so that, (3.26) implies

Rabcd ~ _Ac(nacnbd - nadnbc)~ (328)

In applications, we choose

0 1
mw= |10 01, (3.29)
00 —

as in a version of the Newman—Penrose formalism adapted to three dimension [61, 62].

3.4. Relation to Newman-Penrose formalism in 4 dimensions

In four spacetime dimensions, the tetrads e; = [, e, = n, e3 = m, e4 = m in the NP formalism
are choosen as null vectors, e, - e, = 1, With

01 O 0
w10 0 o0
0 0 -1 0

15
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The components of the Lorentz connection are traded for the spin coefficients,
k=151, m= Ty, €= E(FZII — L'4z1),

1
T=131, v=-T4n, v= E(qu —T432),
(3.31)

1
=153, p=—T4s3 B= E(Fzm — L433),

1
p=131u, A=—Tup4 a= E(Fzm — D434).

The other half of the spin coefficients are denoted with a bar on the symbols of the left hand
sides and obtained by exchanging the index 3 and 4 on the right hand sides. The Weyl tensor
Cpeq 18 encoded in terms of

Vo= —Ci313, U1 = —Ci213, Y32 = —Ci392, V3 = —Ci42, ¥4 = —Cr304,

(3.32)
with the same rule as above for U;, i = 0, . . ., 4, while the Ricci tensor is organized as
Boo= —SRi. B = —S(RufRw).  Bn= iR
00 = = 5K, n=-z0n 34), 2= —5R2,
1 1 1
Do = —§R33, Og; = —§R13, Oy = —§R23,
{ 1 ] (3.33)
B9 = —=Rus, P19 = —=R $21 = —3R
20 Fhaa, Qo 4 21 24
1

1
A R = —(R12 — R3y).
12( 12 34)

T 24

There is no torsion in the NP approach, 7¢,. = 0. In this case, the vacuum Einstein equations
in flat space are equivalent to the vanishing of the ®’s. The equations governing the NP quan-
tities can then be interpreted as follows. (i) The metric equations express commutators of
tetrads in terms of spin coefficients. This is the first of (B.2) when taking into account that
D, = 21 in the absence of torsion. (ii) The spin coefficient equations express directional
derivatives of spin coefficients in terms of spin coefficients and the Weyl and Ricci tensors.
In the torsion-free case, they are equivalent to the definition of R, in the second of (3.2).
(ii1) The Bianchi identities express directional derivatives of the W’s and ®’s in terms of spin
coefficents and ¥’s and ®’s. They are equivalent to the second of (3.4) in the absence of
torsion'.

3.5. Improved gauge transformations and Noether identities

Diffeomorphisms and local Lorentz transformations are extended in a natural way to the aux-
iliary fields. If £, w'", = —w;," denote parameters for the infinitesimal transformations, they

I The parametrization of class III rotations after equation (6.9) of [62] should be corrected to /' = e®®l,n’ = e rn.
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act on the fields as

Spwed =€ Dpel — 0, el +w, ey,
¢t Tape = €70, Tape — D' ap + Wédrahd,
¢ Ravea = € 0, Rapea + w/fR fbed + w"}:Ra fed + w'f Rupra + uJ",); Roper,
55/ | \abed _ 5’"3 \abed + w/a \Jbed + w/b \afed + w“ )\abfd + w/d Aabef
(3.34)

In terms of the redefined gauge parameters, which are now spacetime scalars, and thus in
agreement with the general strategy of the NP approach,

¢=e 8", W =w" 4+ T e, (3.35)
these gauge transformations become
Gewed = (€T ac — Dak” + widey',
Selave = =& Rapea + (€' Ty — D€” + T aps — Dewapns 336)
SewRabea = &' D R yupeq + WIR ppog + W}{Rafcd + W/ Ruppa + w,J;Rabcf, '
Bea NPt = €1 D Nbed y (a \oed y (b \afed | p¢ abfd . paber

We refer to the latter as ‘improved gauge transformations’ since they involve the derivatives of
the objects that are being transformed only in the form of tensors.

Isolating the undifferentiated gauge parameters by dropping the exterior derivative of an
n — 1 form, the invariance of action (3.16) under these transformations leads to the Noether
identities. Since the change of gauge parameters is invertible, the identities associated to both
sets are equivalent. We can thus concentrate on this second set. For later use, note that

Sewlave — (Ocvec Ve, Taps = —E'Rupea — Detap- (3.37)

When using (B.26), the Noether identities associated to the Lorentz parameters w,;, become

2 6£ Rb]cdf 4 2 6£ Rcd f 4 = 5£ fla AthCd + = 6£ f[a)\\cd\b]h

Ci "7 C
R gjcar| SR afaly| S \fhed Sacdfn'l
6L 4 5L b ., 6L
r.,” D, + T¢. =0. (3.38
+ 6e[a /l,e + 6ch[a d -+ * ( + f) * 5Fabc ( )

while the Noether identities for the vector fields & read

5L 5Ly OLC
5Rade DfRabcd + 6AahLdD )\ b d 45611“ Tbgfeb 5Fa . cf]-—‘abd - Rabcf)
oL oL
+* [(D.+T", r‘( e+ —T, )] =0.
|:( h) 5 1 er (5].—‘abc bf

(3.39)

It follows from general results on auxiliary fields that these Noether identities are equiv-
alent to those of the standard Cartan formulation, which have been investigated and related

17
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to the Bianchi identities in [48]. More explicitly, we have L = L'c + A with A = [(Rupeq
— Rapea)(nP? — X%?)] Identity (3.38) for L replaced by A is equivalent to (3.5). This then
implies that (3.38) reduces to

SLL oL
" D.+T/. I_=¢ )| =o, 3.40
5ela H 5ch[a < |:( - f) <* 5Fab£‘ ) :| ( )

which in turn is also equivalent to (3.5).
Identity (3.39) for L replaced by A is equivalent to the second of (3.4). This then implies
that (3.39) reduces to

oL, oL,
Se iThafeb“’ + 5T Z (T ;L apa — Rapes)
oL, oL,
+ * |:(Dc + T ) (66 ‘S/ef# + (T;Fabf>:| =0, (3.41)

which in turn is equivalent to (3.15).

3.6. Closed co-dimension 2 forms

Presymplectic 1 form potential. The presymplectic 1 form potential associated to the action
(3.17) is given by
a = 2e et dyT e’ get x (dxp), (3.42)

where dvl“abl,e"d = dvrabd — Fabfefl,dved".

Weakly vanishing Noether current. In the non-holonomic version of the Cartan formulation
with auxiliary fields, we have ¢ = (Rupea, A%, Tape, €,) and f* = (wap, £9), while the weakly
vanishing Noether currents are encoded in the 1-form

oL : oL 1"
Sue = —* ' —=——(Wa + Tapré) + —es"¢ | e
€7 |G, e F R ) p e | (3.43)
= 468K, + S¥,
where
1 ab , px cx . d
K, = ——wpXPcd eTe?,
4
) 1
S§ = =2 | XP“URpes Ol — ERahach?) + A} (3.44)
1 ° abc *
+ E(th‘d — XD Rapead | € e
Co-dimension 2 form. Using (B.17) and (C.1) in form degree n — 2 gives
I %0 Ko)] = 6" (5Kosiy) — d (12 [(x:Kosi)]) (3.45)

where I;‘z[(*Kw(x))] = 0 since K,,(x) involves no derivatives. When using (C.5), we also have

IS8 o] = %[0T e (APapé @) e el + 207 € p(0) e e’ )], (3.46)
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with the understanding that
5Fab/l,ec‘/l/ = 6L upe — Fabdedy(seg, (3.47)

in terms of the fundamental variables I' ., e,/ used here.
When putting everything together, we get

b d * b % b,
ke = —wapd’ (———= €cdb3.by € -+ €M)

(n —2)'
+ m()\abmf‘f + 22X ENST e ecans, , "€ TP (3.48)

Inserting the first equation of motion (3.19) gives

rhpe = (—wPSY 4+ 0T e "¢l 4+ 26T Lo ' Nepey oy €3 . TN (3.49)

1
(n—2)!
When taking into account the redefinitions in (3.35), together with (3.47), one finds the same

expression as the one obtained in the standard Cartan formalism in (3.49) of [48]. An equivalent
form is

* ke = —0KX + KE + - gb
3 & 51‘ 2EP Oe ,, (3.50)

O = %261 je"e,), KK = x(ty e e?),

with

K 61‘”5# — fb )@ = % ((5wab + 5].—‘abp£p 2(5].—‘[“‘0 ecﬂfy,])* a* b .

O eb
(3.51)
Breaking. Using (C.9), the breaking is explicitly given by
bew = 2{ [0 X + @APTM N 4+ XPUel NS¢ e ] ST apmec”
~(bew +— 0)} e (3.52)
On-shell, d¢ , X%/ = 0 = §A2*, so that the breaking reduces to
bey =2 [0ewer 0T e, e + O¢ed ST, — Oe Ine ST e”
— (6w < 0)] e (3.53)

Note that the RHS of (3.49) and (3.53) need to be multiplied by k = —(167G)~".
Exact reducibility parameters. General considerations on (generalized) auxiliary fields imply
that, on-shell, reducibility parameters should be given by Killing vectors £ of the metric. Let
us see how this comes about here.

Merely the first of (3.36) encodes gauge transformations of fields that are not auxiliary. The
associated equation dg ze," ~ 0 is equivalent to

D(a gb) - gCT(ba)c ~ O, (Dab ~ D[a gb] - ECT[ba]v (354)
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On-shell when torsion vanishes, the first indeed requires 5“ to be a Killing vector, while the
second uniquely fixes the Lorentz parameters in terms of it. In particular,

Wap =2 Dagb ~ _Dbgw (355)

The other equations impose no additional constraints. Indeed, d, ZA*** & 0 is satisfied iden-
tically on account of the skew-symmetry of w®. Instead of ¢ 5L abe = 0 we can consider the
combination (3.37). Requiring this to vanish on-shell amounts to

Dcwab ~ _ngabcda (356)
which holds as a consequence of the second equation in (3.54), when using that
DuDy&e ~ R upela, (3.57)

which can be shown as in [63] appendix C3, and when using also (3.13). Finally, 6 ; Rupea = 0,
reduces on-shell to

ngfRabcd + a)afbecd + a)beafcd + (Dchabfd + a)deabcf ~ 0. (358)

This equation holds because one can show that, on-shell, the left hand side is equal to its
opposite when using the previous relations (3.55), (3.57) together with the Bianchi identities
(3.4) and the on-shell symmetries of the Riemann tensor.

4. Application to asymptotically flat 4d gravity

4.1. Solution space

Four-dimensional asymptotically flat spacetimes at null infinity in the NP formalism have been
studied in [18-20] (see [62] for a summary and conventions appropiate to the current context).
One uses standard coordinates x* = (u, r, x4), x4 = ((, E ), where u labels null hypersurfaces, r
is an affine parameter along the generating null geodesics and x* are stereographic coordinates
in the simplest case when future null infinity is a sphere. In the notations of section 3.4, the
Newman—Unti solution space is entirely determined by the conditions

k=e=m=0, p=p T=a+p,
) 9 0 40 ) ) @D

where U, x*, w and L are arbitrary functions of the coordinates, together with the fall-off
conditions

1
=00, V=T +00, p= -+ o), =00,

d¢d¢
8AB dx?dxf = —ZrZ% + O(r).

4.2)

Here \118 and P are arbitrary complex functions of (u, (, E). Below we will also use the real
function ¢(u, ¢, ) defined by PP = 2e7%%. The associated asymptotic expansion of the solu-
tion space in terms of Wo(uo, 7, ¢, C), (U5 + ) (uo, ¢, €), ¥\ (uo, ¢, ) at fixed up and of the
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Table 1. Spin and conformal weights.

R P L S A S S N O S 7 SN

S 1 0 0 -1 0 2 -2 -2 -1 0 1 2 -1
w -1 -1 -1 -2 -2 —1 -2 -3 -3 -3 -3 -3

asymptotic shear o (u, ¢, f) and the conformal factor P(u, (, Z) is summarized in appendix D.
This data characterizing solution space is collectively denoted by .
On a space-like cut of I, we use coordinates ¢, ¢, and the (rescaled) induced metric

ds® = —4pdx* dx® = —2(PP)~'d¢dC, (4.3)

with PP > 0. For the unit sphere, we have ( = cot%e in terms of standard spherical
coordinates and

1
V2

The covariant derivative on the 2 surface is encoded in the operators

Ps(¢, Q) = —=(1 +¢0). (4.4)

on' = PP°O(P*n°) = POn* 4 sPO In Py’ = POn* + 25a°1’,
_ - - - - 4.5)
on* = PPO(P°n’) = POn* — sPO In Pr’ = PO’ — 250’1,

where s is the spin weight of the field 7 and 0 = 0, 9 = 0¢. The spin and conformal weights
of relevant fields (see appendix D and section 4.4) are listed in table 1. Complex conjugation
transforms the spin weight into its opposite and leaves the conformal weight unchanged. The

operators 0, 5 raise respectively lower the spin weight by one unit. The Laplacian is A =
4e=2900 = 200. Note that P is of spin weight 1 and ‘holomorphic’, 9P = 0 and that

18,91 = %Rn‘, (4.6)

with R = —44° = A In(PP), Rg = 2. We also have
[0, 010" = =2(3"0 + 507°)1", [0, 010" = —2(+°0 — 507°)". “.7)
The components of the inverse metric associated to the tetrad given in (4.1) is
g =01, g7 =2U — ww), g* = x* — (@WL* + wlM), g*f = —(L'L° + L°TH).

Note furthermore that if L4, = gABLB with g4p the two dimensional metric inverse to gAB , then
ALy = —1,1*Ly = 0 = L*L,. The co-tetrad is given by

*e! = —[U + x"(wLy + wLy)du + dr + (wLs + @Ly) dx?4,
_ B (4.8)
2 =du, e =x"Tidu—Tidx", *e*=x"Wyidu—L,dx*.
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4.2. Residual gauge transformations

The parameters of residual gauge transformations that preserve the solution space are entirely
determined by asking that conditions (4.1) and (4.2) be preserved on-shell. This is worked out
in detail in appendix E where it is shown that these parameters are given by

f@, G0, Y=Y, Y =Y, wi*wcO). (4.9)

The associated residual gauge transformations are explicitly determined by the gauge param-
eters,

+oo
€= f GO, €= YA — Opf / ArIALE + IALP),

(4.10)
&= -0, fr+ Af BAf/ driwIl? + oL* + x4,
and
— auf +anAfa w/23 — iAaAf, w/24 _ LAaAf,
= (0 +3OPOf — PODS + Ouf / AL + ],
4.11)

4= (" +30Pdf — POOSf + Ouf / dr[ALA + L,

+:>o
W = wtu, ¢, 0) — O f / rl(& — B)LA + (B — a)L*].

For the computations below, the leading orders of their asymptotic on-shell expansions are also
useful. When the solutions discussed in appendix D are inserted, one obtains

POf  o°PO { _ 71
eno g gioy POL f+0< ), =¢,
ri . y (4.12)
€ = —ro,f + LAS - w + 00,
and
_ 0 595
o roe, W= T TR o),
r r r
L 209 %9
13:(,}/04_,70)6](‘_88”](‘_'_#
0,0 0,05 )
g'u’df +0°N0f W0 f 4007, (4.13)

r2 2r2

w,34 _w,34+ PalnPﬁf —Pglnpﬁf
- %0

p
N POInP5d f — POInPc0 f

> + 00,

with w2 = w23, W4 = W13, W3 = — W34,
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4.3. Residual symmetry algebra

A direct application of the procedure outlined in section 2.3.2 then gives the variation of the
free data parametrizing solution space under residual gauge transformation in terms of the
parametrization provided by (4.9). In particular, one finds

~0syuyP = POf + fO.P + YOP + YOP — POY + Pug", (4.14)

together with the variation of the rest of the free data and derived quantities that is given in
appendix F.

In order to make these variations more transparent, it is useful to re-parametrize residual
gauge symmetries through field dependent redefinitions. In a first step, one trades the real
function 9, f (u, ¢, {) and the imaginary wi**(u, ¢, ¢) for a complex Q(u, ¢, ¢) according to

ouf = %[5? — YOIn(PP) 4+ dY — YOIn(PP)] + f(° + %) + E(Q +0),
wt = ;[BY YOInP + YOInP — Y + YOIn P — YO InP) (4.15)

1 _
+ G ="+ 32 - Q).

It then follows tllat the first of (4.15) can be solved for f in terms of an integration function
Tr(C, Q), (called T in [14, 16, 64])

_ 1 o _ o 1 - =
0= [TR(C, O+ g(awr OY) — Yo - YO+ S+ 0|

(4.16)
where
i :/ d'vVPP, Q :/ du'VPPA. (4.17)
ug ug
This redefinition of parameters is such that
—SyreaP = QP, (4.18)
together with the complex conjugate relation —dy 7, oP = QP.
Denoting by ¢° the fields (e,”, T'ase) (together with the auxiliary fields Rypeq, A2 if useful),
it follows from (3.34) that
[0t s Oy oy 10" = =041 9%,
(4.19)

c

Fu L b
5// = [é-llagé]/ s (w,)a - gipapo‘)Za wlla wéc - (1 <~ 2)3

when the gauge parameters &', w’ are field-independent. In case gauge parameters do depend
on the fields, one finds instead

[55/ 55/ /]45 :_55‘3/[@5‘/145&,

i = €161 — 8¢t 1 €5 + 8¢y €1, (4.20)
(OJ M)a - lf’a wZa + wllacwgcb 55/1“/1 wéah - (1 Ans 2)
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We now have the following result:

The gauge parameters (£'[Y, Tg, 2], W'[Y, Tk, 2]) equipped with the modified commutator
for field dependent gauge transformations realize the direct sum of the abelian ideal of complex
Weyl rescalings with the (extended) bms, algebra everywhere in the bulk spacetime,

S =1V, Tr, Q) @y = W[V, Tr, U,
YA = YBoYs — Y2017,

A 1 (4.21)
Tr = Y{OsTro + ETRlaAYQA —(1+2),
Q=o.
The proof follows by adapting the ones provided in [16, 64, 65] to the current set-up.
4.4. Action of symmetries on solutions
A further field-dependent redefinition consists in defining
Y=PY, Y=P), (4.22)

where the spin weights of )) and ) are given in table 1. These quantities are more conve-
nient when using the operators d and 9. The action of asymptotic symmetries on solutions is
given in the original parametrization in appendix F. In terms of the redefined parameters, the
transformations (F.1) then become

— 30" = [ya + Y3+ Zay— %6% %Q - ;Q] o'+ fA = 0°F,
0 )X 5 RN 5 1 0 0 01,0 0

— 0,00 = [V3 + VB +20Y + 0Y +2Q + QU + foU) + 2f0"VY + 3055,

— 4, (M) = {y6+y5+ %EDML %537+ %Q + %Q} (M)
+ %( FOUY + foOUY + 205D f + (c.c.)),
(4.23)
while (F.2)—(F.4) read as
—6,0g = [VO + V0 + 30 +0Y + 30+ Q] ¥,
— 0 [50fV) + fOU)+4fTU)0"], (4.24)

602 = 54 Loy ooy e Las Sol v
5,05 = {y6+y8+25y+26y+29+29 N
- - - 1. .- 5 .
+ —3Af—5f6—36f5—5f55—1ﬂe U,
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+ [—5 fU9— % fU9+ % fo'd* +5f00°8 4 3f05°0 + % fa'o* + % fo*a°
+ % foO\ +586°0 f + 1506°0 f + 50°0 £ + 35°0 fES] )
+ {5 FU9 +126°%5°8 f 4 12f6°95° + 2f965°5° + g faoa"a] 0

15
+= f(o)?*a T (4.25)

and, by induction,

__ 5 1 —= 5 1 ~
o= |yo+ 5+ 2 Moy + L ey 2T T gl un
2 2 2 2
+ (inhomogeneous terms). (4.26)

Finally, the variations (F.5) are given by
—6, 20 = [VO + Y3 +20Y 4+ 2Q1\° — fIY — %62(631 +0Y),
sl = [ya Lo+ 2oy ey Jaq 39} 0
2 2 27 2
+ fOUY + foOU) + 2055 f,
—6,09 = [YO + YO+ 0Y +20Y + Q +2Q1¥] + foU) + Ui f,

4.27)

oW — {ya FIO LYY+l 39} w0

+ £0,09 4+ 2(2¢° 4+ 70w,

4.5. Reduction of solution space

Besides conditions (4.1) and (4.2), additional constraints may be imposed on solution space. A
standard choice is to fix the conformal factor P to be equal to Pg given in (4.4). We will also fix
P here, without committing to a specific value. In other words, we consider P to be part of the
background structure. As a consequence, infinitesimal complex Weyl rescalings (whose finite
counterparts have been discussed in [62]) are frozen and €2 = 0 in the formulas above, while
in the formulas below, s stands for (), Y, Tg, 0). The main reason why we do not perform the
analysis below while keeping P(u, ¢, () arbitrary is computational simplicity. We will return
elsewhere to a detailed discussion of the current algebra and its interpretation when complex
Weyl rescalings are allowed.

4.6. Breaking and co-dimension 2 form

Under this additional constraint on solution space, the breaking (and thus also the invariant
presymplectic (3, 2) form) can be computed using equation (3.53),

*by = —bjg, dudCd¢ + O, (4.28)
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where

bl = SWG% (66°8,° + 65°6,X° — 6A°6,0° — 6X%6,5°) . (4.29)

Since the breaking contains the information about the non-conservation of the currents, it
should not come as a surprise that it depends on the news functions encoded in A’ and \°.
Furthermore, the co-dimension 2 form (3.50) takes the form

wky = kit dCdC — kS, dudC + K, dud¢ + OG- (4.30)
where
1 1
k0 =~ ppsrc (6 [f(\PS + 0\ + V(005" + S0(0°5") + ¥))
— %6(320050) — rﬁ(yao)} — %00 + c.c.) , 4.31)

) 1 . . . 1 - 1 4= ==
ro 050 _ 3% _ £00 £ 5,0 _ 10 _
Ko =~ ac (6 [m 0° = W) — U + 180°@Y — BY) + 5030V ~ V)
= A0f + rYA +0°(° + 6] — Y(A°%65° + X°60)) (4.32)
and ki’(,) given by the complex conjugate. By construction
DK, + Dk, + Dksly) = —blyg), (4.33)

which may also be checked by direct computation. Note that k{j, kg('b), k§(’o) contain, besides a
finite contribution, also linearly divergent terms when r — oo. Following [27], the latter can
be removed through an exact 2-form 9,14"”. Defining

_ 1 -
Pyl = N = — Y50 — Eya%", ol = NE =0, (4.34)

and splitting into an integrable part

T = “3G [ FOUY + 00\ + Y[e%85° + ¥0 + 6(0000)] +cc.|, (4.35)
J¢ = ! {yqf‘w FO9 + y(AO 0_N\%% + 1600(637—832)

871G 2

— %006(65) — oY)+ \or], (4.36)

and a non-integrable one
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0'(dx) = L( %0 +cc), O500y) = LJ’J(A%UO +X%65%), (4.37)
8TG 881G

one finally arrives at

8T = PPk, — Onlvr<) — apleel) — o,
o (4.38)
0T = Plkiy + ™ + 0nl")] — 65,

where J¢, S are the complex conjugates of 7¢, ©%. Expressions (4.35), (4.36) and (4.37)
are the final results for the BMS currents. Notice that the split between integrable and non-
integrable part is ambiguous and, as shown in the next subsection, it is crucial to keep track of
both parts. The results of [27] are recovered when taking P to be u-independent, which implies
v = 4% = 0 and A’ = 5°. Note that the associated forms are given by

J, = (PP)" ' 7d¢dC — P 7 dudl + P 7 dudc,
_ o (4.39)
6, = (PP)"'©"d¢d¢ — P'0% dud{ + P~'OS dudc.

4.7, . Current algebra

Even if the co-dimension 2 form derived in the previous subsection leads to non-integrable
expressions, one can still define a consistent current algebra whose general structure does not
depend on the particular split between integrable and non-integrable pieces [14, 27]. As briefly
recalled in section 5, this algebra contains important information on physical properties of the
system. Using the relations of appendix G, the first independent component of the current
algebra can be written as

=0, Tt + O (=05, X) = Tis, o) + K, + 0L, + 0L, (4.40)
where
u 1 1_ - _
K= 5o Kza" [/i02@Y +0Y2)] — ADLIE — (1 4 2)) + c.c} ,
(4.41)
and
u ¢ 1 1 =y 150 5 = -0
Ly s, =0T — LI — 337G 5(5371 +0Y)ofr — 53’15 f2—=X,00f | c
_ l 52 0 _ =0 V. A ~0 _ 0
23/15 f20 V,0f,06° + Y10 f,00 [0 . (4.42)
The second independent component of the current algebra is
8, TS+ 0% (06,00 = T,y T K, — 0Ly — 27 Ly sy + M, (4.43)
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where

1 = 1 o _ _
Ko = —g-g | 200100 + J0AT V2 + WD /204 + f132(0"00" + 5°00°)

+ %%62(6321 LV + %yzc’az(mﬂl LY — (1 6 2)} , (4.44)

and

P N | P 1 .
My = 02T — 5 | 30091 — 03/ + 50,00 fz] —cc.  (445)

4.8. Cocycle condition

The components of K, ,, satisfy the 2-cocycle conditions

s — 0K o)+ eyclic(1,2,3) = 0N, .55 + 0N 5y.500 (4.46)
where
'/V;IJZ»‘G = _f3lC§1 o T cyclic(l, 2, 3), (4.47)
and
Icfsl,sz],_g - 553IC§1 82 + CyCIiC(l’ 2’ 3) = _a“Mlvs%SS - 27()-/\/;1,_?2,53 + %SLSZ»B’
(4.48)
where

1 - _ 1 o o
Oy, 053 = —8—373 (fids — LY + 0’3 Y — 1157 Y>)
TG 2

+ %(6 F10°Y, —0/0°Y1) + (L0f1 — fi9f2)00° | — c.c. + cyclic(1,2,3). (4.49)

A situation where this 2-cocycle is relevant is discussed in [66].

5. Discussion

Let us briefly recall the discussion in [14, 27] on the physical interpretation of BMS charge
and current algebras.
When one restricts to globally well-defined quantities on the sphere, with P = Pg = %(1 +

¢ E ), there are no superrotations and ¥ , = 0= K¢ . 1Inthis case, BMS charges are defined

51,5 51,52°
by integrating the forms (4.39) at fixed retarded time over the celestial sphere,

0, = / J= / (PsPs)~! THdCAC. 5.1)
u=cte u=cte
If one also defines

o, = / 6, = / (PsPs) ' ©4dCdC, (5.2)
u=cte u=cte
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and the bracket

{Qslanz}* = _552Qs1 + ®s2[_5x1X]a (53)
the integrated version of equation (4.40), becomes
{QSI 5 Qsz}* = Q[XIJZJ’ (54)

This charge algebra contains for instance the information on non-conservation of BMS charges.
Indeed, let us take for s, = 9, by which we mean that Tz = \/PsPs,Y =0 =Y, so that
f=1LYy=0= V. In this case, equation (5.4) together with the definition of the left hand
side in (5.3) becomes

—09,0s + O9,[—0:x] = Ops.0,1- (5.5)

When using that

d d
EQ“' = —09,0s + %Qs, (5.6)

and 20, = Qpsj0u = —Qjs.9,), it follows that

L0, = 04,18, (57
du
If one now chooses s = 0,,, one recovers the Bondi mass loss formula.

More generally, equation (4.40) is the local version of (5.4) where superrotations and
arbitary fixed P(u, (, {“) are allowed. When choosing s, = J, in that equation, it encodes the
non-conservation of BMS currents (cf equation (4.22) of [27]). For particular choices of sy, it
controls the time evolution of the Bondi mass and angular momentum aspects.

Even though we concentrated here on the case of standard Einstein gravity, all the kinemat-
ics is in place to generalize the constructions to gravitational theories with higher derivatives
and/or dynamical torsion.

For most part of the paper, the standard discussion has been extended so as to include an
arbitrary u-dependent conformal factor P. This has been done so as to manifestly include the
Robinson—Trautman solution [67, 68] in solution space. The application of the current set-up
to these solutions requires the inclusion of a dynamical conformal factor in the derivation of
the current algebra. We plan to address this question elsewhere.
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Appendix A. (Non)-conservation of codimension 2 forms in first order gauge
theories

In order to prove equation (2.22), we need in a first step to work out all consequences of the
Noether identities (2.13) for first order gauge theories.
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In the context of variational calculus, off-shell identities between the fields and their deriva-
tives have to hold for all possible values of these variables. In other words, the fields and
their derivatives are considered as independent coordinates on a suitable space, the so-called
jet-space. It thus follows that the Noether identities give rise to separate identities when con-
sidering terms involving 0,0, ¢/, 8,,¢*0,¢/, 0,,¢’ or no derivatives. The Noether identities are
thus equivalent to

R o) =0,

D(RY o} + O[R o)) + Rloot; + Ry of = 0,

R:905+8[R’#<ah+aia”)] a a (R =

RY(0ih /) — —[R¥(O;h v Al
( +ayl) 8,,[ ( +8,,,)] (A.D)

As discussed above, the linearized equations of motion derive from the action
L0 1 i J
LP[p, ¢] = ’3/, J 4+ 33161;(@ @’8,,(;5" — E@thcp @, (A.2)

so that the left hand sides of the linearized equations of motion are given by

SL[p, ¢]

5o = [0/0,, + 0j04,0,¢" — 0D +

0
A3

Rl (A3)
Let us then explicitly work out 8Vk5i”'] with kgi”'] given in (2.20) by controlling the deriva-
tives of the fields and the gauge parameters that appear. By using the first of (A.1), it follows
that

O,k = RIal0,07 f* — R alig 0, f* + O, (RU o) . (A4)
In the first term, we eliminate o7; ¢/ in terms of undifferentiated o/ by using the linearized
equations of motion. In the second term, we write —R” 3, f* as —R' [ f*] + R f“. In the last
term, we have 8V(R§§‘U§’j) = %(R’”a") + Bk(R’“af’J)B,,qSk and we then use the second of (A.1)

a 7ij

to re-write the last term of this expression. We then have

&,kgﬁlfj + M/(;QJ[QO,R [N = (R’/’[ 0; U,kayqﬁ + 0j(0h + a)] +Ra i

81/’

in57) — [O}RYo's) + K.Y, + R0 ,’,L]a,as") s
(A.5)

In the 2nd term on the last line, we may write —9;(R" 0,)9,¢* = O;R"c40,¢* + R¥9,04.0,¢"
by using again the first of (A.1). The last of these terms then vanishes with the first one on the
right hand side of (A.5), whereas for the first of these terms, we may use the full equations of
motion (2.7) to eliminate ¢}, 3, ¢*. When using in addition (2.3) to simplify the last term of the
first line and the last term of the last line of (A.5), the right hand side of (A.5) reduces to

Oa;
8 v

0 (R¥ o) + O;R"™(Dh +

[(yj 81/ [

a l/ ! «
o) T Rl + o)~ R0 10’ f
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When using the first of (A.1) for the term 82,, (Rfi‘al’;) and the full equations of motion to elim-

inate Ul‘/j , ¢ in the last term, this expression reduces to the left hand side of the third of (A.1)
and thus vanishes identically.

Appendix B. Frames and forms

B.1. Frames and directional derivatives
Consider an n-dimensional spacetime with a moving frame e,/'e?, = d/, e, el § = 52 . Let
eq =e,'0,, e’ =e, dx", (B.1)

and 0, f = e, f. The structure functions are defined by

[eas ep] = DS gpe. == d'e’ = —%D“bc*eb*ec. (B.2)
If one defines

dpe = €, 0pe.”, (B.3)
then

d" = —e'0e’s, D% =2d", (B.4)
where it is understood that tangent space indices a, b, . . .and world-indices p, v, . . . .are trans-

formed into each other by using the vielbeins and their inverse. For later use, note that if
e = det e, then

a/t(e e“a) = eDbbw (B.5)

B.2. Horizontal complex

The differential forms w = ZZ:O %wal ., €. . "e% that are useful for our purpose are ‘local
forms’. They can be considered as polynomials in the independent, anticommuting variables
*e? (i.e., the wedge product is omitted), with coefficients that depend on x*, and the fields ¢'
(thatinclude e,* together with the other relevant fields), and a finite number of their derivatives,
considered as independent variables. In this context, 9, = a% + ¢f,, % + ... is the horizontal
derivative of the variational bicomplex (see e.g. [46, 47, 69] for reviews). We will use the odd
operator

0
Jrea’ (B.6)
satisfying
8 8 - _ rx.a x.b * by __ b
[a*ea’ a*ea] - 0 - [ € > € ]a [a*eaa € ] - 6ga (B7)

where [-, -] denotes the graded commutator, and thus for the odd variables above the anti-
commutator. In these terms, the differential d acts from the left as

1
d="e‘9, — ED‘ab*e‘”eh (B.8)

Orec’
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or
k(k + 1)
d: Way..a (k + l)a[ao wal...ak] - D) Dc[aoal w\c\ag...ak] . (B.9)
B.3. Hodge dual and co-differential
We also assume that there is a pseudo-Riemannian metric,
8w = ea//r}abebm (BIO)
where 7, is constant. As usual, tangent space indices a, b, . . . .and world indices y, v, . . . .are

lowered and raised with 74, g,.,, and their inverses 77“” , 8.
We take €4,..a, = €[a,..a,) cOmpletely antisymmetric with €; , = 1. The Hodge dual can
then be defined as the operator acting from the right,

n

*x = Z 1 aR aR €91k *ebk_H *eb" (B 11)
Py k'(n — k)l a*eak T a*eal biy1.--by e R .

where (ﬂeu is a derivative from the right. In components, or in an abstract index notation, this
gives

1
* ! wal...ak — ywhlmhkeblmbk{lk+14ua,,' (B‘lz)
It follows that
k +k(n—k), k 9 *.a
*(*xw") = (—) w", %(*w) = x(we”), (B.13)

where (—)" is the sign of det7),;, and, for a variation,
8V xw = *(0"w) + (6" ") x (Wre,). (B.14)

The operator acting from the right

oR 1 R oR
51{ _ 9t — ¥l abc , B.15
O*e? 2 Orec O*eb ( )
or
5R . H% agb k—1 bc
. wal ..ay — walmak,lak - wal ...ak,lath - Tw[“laZ'"“k—2 ‘};C‘Dak,lj s
(B.16)
satisfies
d(xw) = *(§*w). (B.17)

It is related to the standard co-differential 6* acting from the left through 6%w* = (—)¥6%w*,
with
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0 1 o 0
L _ a 1y be * .d
= {B*e"a 2P g e © }
_ 9 a 1 bex ja 9 i _ be 9
B {3*6“8 2P s e P B*e”] (B.18)

B.4. Covariant expressions for (co-)differential

When there exists an affine Lorentz connection, with curvature and torsion defined as in
section 3.1, one may write

1 0
d="* aDa *Tca * a* b , B.19
+ Sl arere Jrec ( )
or
k(k+1), .
d: Way..a (k+ l)D[ao wal...ak] + ) T [aga; Wicla...al» (B.20)
and also
of 1 ok OR
of = DY 4 T, , B.21
Ore? - 2 ¢ Orec O*eb ( )
or
5R . A akb k - be
‘Way..ap D Way.ar_ar T wal---ak—laka + Tw[maz...ak,z \bc\Tak,l]
(B.22)
Finally,
0 0 1 g 0
5L — D* chc - abc* a Y B.23
O*ed + o0*eb + 2 ¢ e e ( )

In components, § is given by (B.22), with an additional overall sign of (—)~.
In particular, for our purpose, it is convenient to write n, n — 1 and n — 2-forms in terms of
duals of 0, 1 and 2-forms, w" = xf = efdx”...dx""!, with e = det e,

W =% fe") = dw" ! = x(Dyj" + TP ), (B.24)

1 1
W2 = kayee”) == " = | (Dpk” 4 kT e + ST e |

(B.25)
and to use covariant ‘integration by parts’ inside n-forms,
* (VP Dwy, ) = d*OP Py, tey)]
— A (D + T 0™ w0y, . (B.26)
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Appendix C. Homotopy operators for the Euler—Lagrange complex

On account of the (global) exactness of the horizontal part of the variational bicomplex in
vertical degree 1, the variation of any local form can be decomposed in terms of local forms as

Vi, 0
@iw + d(I;[5V(*w0)]),
o (C.1)

8" 3wy = d(ZF 8" (x)]) + T8 ([  (xF))),  for k>0,

8V (xw?) =

for suitably defined ‘homotopy’ operators of the variational bi-complex,

M6V )] =

I+1 ,. 5 (o 018" Get)]
o k+l+l )\1...)\/ SO 5(8)\1 ...a)\[apsoi) P a*ea s

(C2)

where are higher order Euler—Lagrange derivatives, see e.g. [46, 47, 69] for more

Y N
(;((7)\1 ...i)/\/i)/)pl)
details.

In order to simplify computations, note that

66V (xw”] 6w

5 N CHCR R AR CE (C3)
with
- rl - J L))
n—k ky o= i a
7w = 2 ks i+ 16)\1M)\l <90 5(0n, -~-3A,3/)¢i)e P Grea > . (C4)

Note also that, if w’l‘ is of first order in derivatives, this simplifies to

1 Owl
I k) = % [k v aaj;sf * ea] : (C.5)

In order to prove equation (2.46), note that I;‘l(*S(gv 1) produces on-shell vanishing terms
for the full theory,

I (+Syv ) = 0. (C.6)
It follows that

8" (kSp) — xSyvp = d(xky) + T7(d[6" (xS 7) — *Ssv 1)), (C.7)
with

why =T [6Y (6Sp) = #Spv i) = I %Syl feo=r - (C.8)

Finally, for first order equations of motion, the breaking defined in (2.49) reduces to

o oL,
00,01 561

brlp,pl = —6;¢' (C.9)
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Appendix D. Newman-Unti solution space

When conditions (4.1) supplemented by the fall-off conditions (4.2) are imposed, the asymp-
totic expansion of on-shell spin coefficients, tetrads and the associated components of the Weyl
tensor can be determined. All the coefficients in the expansions are functions of the three coor-
dinates u, ¢, C. In this approach to the characteristic initial value problem, freely specifiable
initial data at fixed uy is glven by Wo(uo, 7, ¢, ¢) in the bulk with the fall-offs given below and

by (\IJ )(uo,( A% 1o, €, ¢)at I*. The asymptotic shear o°(u, ¢, ¢) and the conformal
factor P(u, ¢, ¢) are free data at I for all u.
Explicitly,
V7O
Up=—=+ 2+ =+ 007,
r r r
0 Hg0 0=000 1 35=000 1 1=0=3q0 _ Lag!
O 8_{’0 4200+ 300 ‘I’o6+ 20 0% —39% | 7).
r r r
v, Y2 WY 2057+ JXWG 4 300500 + 16°00] + 3070 00
2 = 3 }’4 + 5 + (r )’
r r
vy ovY - vy ov -
Us= = =200, Wy=—F- 24007,
1 0-0 0 ~0 0.0 l\I/O
p= _; o Jr‘; + (9(rf5)7 o= i—_z + % + O(’fS)
\I/O 1 O\TJO 8\110 ’0 707’0 0 0,0
T:_z_rlz"'%jo'i‘o(fs),a: 07+0r<21 n fopde! L O,
O_é() O.()a() 0'05'00_[0 + 1\110 \I’O 26\1’0 + Oéo\I’O _O\I/O
B=—" =g~ o 1+O(r’4),7:7°—27§+ 1 631 L+0o0™),
0 0)\0 \IJO 0=0,,0 6 \I/O 6\1/0
M:%_J r:— 2+00/Lr;|— +O(’4)V— ‘)——+2—2+O(r’3),
0 =0,,0 0 0 l \IJO
5\ AT B aréL L7 A a +30 2 L 00,
— P 00  0%95° + 1\110
X =xC= "L yor, w=""2_-TTTIT L 00,
6r r r?
)+ 09 6\110 + 009
= —r("+) - 2 6z HO0™),
¢ — O'OP 4 ¢ = P OP _4
where

1 1 _ _
ZEPB IIIP, 70:_5814 lnP, 1/0:6(’}/04—’70),

u = —%PP@@InPP = —%651@? = —g, X = 8 +5°34° — 7°),
T — ) = 0%0° — 3%6° + 500 — oON\°
W) = -0\ +0,.°,

= 3 — (D + 470N,
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and

0,90 + (17 + 57°) ¥y = 00 + 30° 03,
2,09 4+ 2(7° 4+ 27900 = 585 + 26°09,
8,99 +3(7° + 7)Y = 90y + 5w,
909 +2(29° + 790§ = oV,

A’ = =2(7" + 7))’ 4 09(y° + 7%,
9,0 = —274%a° — 37°,

0,V + (27" + 67T = (0T + 40°TY),

1. 1o
V5 + (37° + 77°)¥5 = —555\1/3 + 300 +5 (fo?\Iz? — ) — 2@3@2)
9

o 5 o= 5 1
+580°0W) + 305°00) + ~o'0* W) + 977 V) + ~ 507 T) + 5

2 2 2
15 5
+120°95°0Y 4 25°95°0Y + 750(00)2\113 + anAomg.

05050

Appendix E. Parameters of residual gauge transformations

For computational purposes, it turns out to be more convenient to determine the parameters of
residual gauge transformations by using the generating set given in (3.34) rather than the one
in (3.36).

Asking that conditions (4.1) be preserved on-shell yields

0=/dguwel=—-08" =" = fu,¢Q).
0=10p. ey =—e50,f +w'"? = W' =0,f +x2uf.
0=0guef=—e§0.f + W = W =10, f.
0=0uef=—e{0nf 4+ w? = > =L[*0sf.
0= 0g e = —e80,6" +wel, = " = =0, fr + Z(u, (, ) — BAffrJroo drlwI? +
WL + x4].
0= Gprpy &) = €006 +we = €4 = Y (u,(,O) — Bpf [ dr{L P + [ALP).
(55/’“,/ T=0<«<= 0= (55/’“,/ '3 = l/”B,,w"“ + F32aw’2” — W' = w[,”(u, ¢, 6) +
Onf [T drALA + L.
° (55/#‘/ T=0<«= 0= (55/#‘/ Ty = lf‘auwm + F42aw'2“ = W' = w{,n(u, ¢, E) +
Onf [ drALA + L.
° (55/’“/ (e—6)=0<«= 0= (55/’“/ Ty = l”’B,,w’“ + F43aw’2" = W = w634(u, ¢, 6) —
Oaf [, dri(a — LA + (B — a)LA].
e e+ e=0=k=FKisequivalent to I'y;; =135y =T4;; =0, p— p =0 is equivalent to
I'514 — 413 =0while 7 — & — ﬂ =0is equivalent to I'y13 — I'3120 = 0. On-shell, i.e., in
the absence of torsion, these conditions on spin coefficients hold as a consequence of the
tetrad conditions imposed in (4.1). It follows that requiring these conditions to be preserved
on-shell by gauge transformations does not give rise to new conditions on the parameters.
This can also be checked by direct computation.
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Asking that the fall-off conditions (4.2) be preserved on-shell yields

o 0 = o= 9,YA =0.

0(55/ /g((—O(V 1):>8Y<—0<:>YC Y(C)

® 0. 8 = O h — Y =0 < Y= Y(0).

o o3y =00 = Z= 1Af

e 5o T30 = O(r %) = wii* = (1° +3°)POf — PO,Of .
® ¢ Lan = O(r2) :>w”3 " +3MPOf — PO,Of.
o 0 Vg = O(r~) does not impose further constraints.

Appendix F. Action on solution space: original parametrization

Besides (4.14), if s, = (¥, Y,f, w'p), one finds
—35,0° = [YO+ YO + fO, + Ouf +2wg"0® — O°f,
—05, W) = [YO + YO+ fO, + 30uf + 2wi V) + 4000 f,
—0, U = [YO + YO + fO, + 30, f +wit ¥V + 30951,

0 0
—ds, (qj JZF\II ) =[YO+ YO+ fO,+30,f] (‘I’ JZF\I’ )

(F.1)

+Wiaf + 3o f.

When ¥, can be expanded in powers of 1/r, Uy = > r,,\ll—fs, one also has

—0, Vo = [YO+ YO + O, + 40, f + 2w 1V

—%Af —50f0—0f0| ¥) — 400U, (F2)

—05, Vg = [YO + YO + fO, + 50,f + 2wi 105 + [-3Af — 300 — 001,
+[506°3f + 1505 0 f + 50°9 3 + 350 £y + 120°5°0 £ 1. (F.3)

By induction, we deduce
—0, U =[YO+ YO+ fO, + (n+3)0uf + 2wi* 108

+ (inhomogeneous terms). (F4)

For later purposes, we also give the variations of composite quantities in terms of free data,
— 0 N = [YO+ YD+ [0, +20,f — 2w\’ — 0,0°f + (3° — 3~7°)8°f,
— 0, U = [YO + YO+ O, + 30,105 + 2035 f,
— 0, U8 = [YO + YO+ fO, + 30uf — w103 + WI0 f,
— 3, U9 = [YO + YO+ fO, + 30, f — 2wi WY,

(F5)
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Appendix G. Useful relations
Some useful relations for the computation of the current algebra are summarized here.
Ouf = %(832 +0V) + (" + 70,
f= %fl(f?;yz +0YY2) + V10fo + Vi0fa — (1 ¢ 2),
V=00V~ V0V, Y = ViV, - 0,
Y = VTV + VTV — (1 6 2), 00Y = V100V, — (1 & 2),
BY = 2000V + N0 — (1 52), 00Y = Y10°0°Y, — (1  2),
00’y = 200710 + 40,°0Y,  5°0%Y = 200u°Y + 2040V + 4(u°)*Y,
of = %flé(m}z +0Y2) + V10 fo + V100> + %(5371 -0V — (1 2),
00y =24y, 80y =24°Y, 9,0y =20,
2,01 = FOOY + TV + 060~ 3 + 17,
0,0°Y = 200°Y + 20°0Y — 27°9%Y,
9,00) = 201"y — 25°09,

0 f = POV +TV) + 50~ 34 + fO0°,

0,00f = %56(53/ +0Y) —00f(° +3°) + 07" + of° + for°,
9,05° = 9\ + °5° — (5° + 379)d5°,

0, 0u° = 08° — 21°7° — 2(7° + 27%)0°,

00" = %" — 2u°0°.

In case one wants to compute the current algebra from the expressions derived in the standard
Cartan formalism [48], one needs to transform the spin coefficients into a Lorentz connection
with a space-time index in NU gauge. Using the notations of section 3.4, together with the
gauge choice for the tetrads (4.1) (and thus also (4.8)), we have

Tiow = —(y+79) — 7X Ly — 7X Ly, Ciop = 7Ly + 7Ly,
Dy = —7 — 0X*Ly — pX"La, TCi3a = oLla + pLa,
Digo = =7 — 6X Ly — pX"La, [isa = pLa + GLa,
Doy = U+ AXALy + iX*La, Toss = — Mg — fila,
Dogy = v+ pX L + AX Ly, Doss = —pLa — ALy,

gy = (v =) + (B — XLy + (o — B)X Ly, Daaa = (@ — B)La + (B — @)La,
1_‘abr = 0.
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