OPEN ACCESS

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 2707-2722 https://doi.org/10.1088/1361-6544/ab7636

Some remarks on the dynamics of the
almost Mathieu equation at critical
coupling®

Kristian Bjerklév

Department of Mathematics, KTH Royal Institute of Technology, 100 44 Stockholm,
Sweden

E-mail: bjerklov@kth.se

Received 23 April 2019, revised 26 November 2019
Accepted for publication 13 February 2020 @
Published 14 April 2020

CrossMark
Abstract
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tial is of parabolic type, with a unique invariant section, at all gap edges where
the Lyapunov exponent vanishes. This applies, in particular, to the almost Math-
ieu equation with critical coupling. It also provides examples of real-analytic
cocycles having a unique invariant section which is not smooth.

Keywords: quasi-periodic cocycle, almost Mathieu operator, discrete
Schrddinger operator

Mathematics Subject Classification numbers: 37C60, 37C70, 37E10, 47B36.

(Some figures may appear in colour only in the online journal)
1. Introduction

In this note we consider the Schrédinger cocycle on T x R? given by

Fe:(x,y) — (x +w,Ap(x)y)

“Dedicated to the memory of Russel A Johnson.
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where w € R\Q,

0 1
a=(_] L p) estem

and v : T — R is a continuous function. In projective coordinates (i) we can write Fg as
Ge:(x,r) = (x+w,v(x)—E—1/r).

Since P'(R?) = T we can view G as a map of T?.
We let

Ax+(n— Dw) - - -A(x) ifn>1;
Ak(x) =<1, ifn=0;
Ax+nw)y A —w) i<~

and define the (maximal) Lyapunov exponent by
1
L(E) = lim © / log [|A"(x)dx (> 0).
n—oo n T

Note that A%(x) is the fundamental solution to the Schrodinger equation
—(ny1 + up—1) +0(x + (n — Dwu, = Euy. (1.1)

We say that the cocycle Fg (for some fixed parameter E) is uniformly hyperbolic if
there exists a continuous splitting W;f (x) & Wg(x) = R? and constants C,~ > 0 such that the
following holds for all x € T and all n > 1:

|AE()y] < Ce™™"

y| forally € Wg(x);
A"y < Ce™"|y| for all y € W (x).

In particular we have L(E) > 0 when F is uniformly hyperbolic.

We let 0 = o(v,w) be the (closed) set of E for which Fp fails to be uniformly hyperbolic.
It is well-known [1] that this set coincides with the spectrum of the associated Schrodinger
operator (Hyut), = —(tty41 + 1) + v(x + nw)u, acting on £2(Z) (since v is continuous and
w irrational, the spectrum of H,, as a set, is independent of x). This operator is bounded, and
() # o C [minv — 2, max v + 2]. We shall denote

E, = min o. (1.2)

Thus, by definition, Fg is uniformly hyperbolic for all £ < E;. Note that E; depends on
v and w. E| is often called the ground state energy.

If E ¢ o, it follows from [2] that the subspaces Wf are as smooth, as functions of x, as
v; and they vary smoothly with E (recall that R\ o is open). Moreover, the splitting must be
invariant under Fp, i.e.,

Ar)Wig(x) = Wi(x+w) forall x € T.

In projective coordinates this implies that there are two continuous functions ¢z : T — P'(R?)
such that Gg(x, cpf(x)) =(x+w, goIEt(x + w)) for all x € T. It is also clear, due to uniform
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hyperbolicity, that the graphs of these two functions are the only Gg-invariant curves. Fur-
thermore, the Lebesgue measure on T, lifted to the graphs of (7 are the only ergodic and
invariant Borel probability measures (see [3, proposition 6.2] for details).

If L(E) = 0 for some E (and thus E must be in o) it follows from the classification in
[4] that the cocycle Fg is measurably conjugated to a cocycle By which is either elliptic,
weakly hyperbolic or parabolic (see [4] for the details). The latter case, which is the one rel-
evant for the present article, means that there is a measurable function C: T — SL(2,R) and
Bg: T — SL(2,R) of the form

A VATE I
BE(’“)( w(x) v(x))

where fT log |y(x)|dx = 0, such that C(x + w) 'Ag(x)C(x) = B(x) for a.e. x € T.

By far the most studied Schrédinger operator (and cocycle) is the so-called almost Mathieu
operator, which is the one obtained by letting v(x) = A cos(2mx), where ) is a constant. In this
case we have a very good description of much of the spectral and dynamical properties (see,
e.g., [5], and references therein). A very useful tool in this case is the so-called Aubry duality
(see, for example, [6]); we will also make use of this duality in the present paper. We shall
mainly be interested in the ‘critical” case, i.e., the case when A\ = 2. In this case the Lebesgue
measure of the spectrum o is zero; it can even be of zero Hausdorff dimension [7] (see also
[8] for uniform upper bounds of the dimension). Plotting the spectrum ¢ as a function of the
frequency w gives rise to the famous Hofstadter’s butterfly. Not much seems to be known about
the behaviour of the solutions of the almost Mathieu equation

—(Upt1 + Up—1) + 2 cos(x + nw)u,, = Eu,

for E € 0. However, there can be no solutions in I'(Z) [9]; and typically no [*(Z)
solutions [10].

1.1. Notations

In the formulations of our results below, we use the following notations: let 7; and 7, denote
the projections 7 (x, r) = x and m,(x, r) = r. Moreover, we denote by wg(x, r) and ag(x, r) the
w-limit set and the a-limit set, respectively, of the point (x, r) under iterations of Gg.

In some of the results we will need to assume that the frequency w satisfies a kind of (strong)

Diophantine condition. Given an irrational number w, let p, /¢, denote the nth order continued

/

fraction expansion of w. We let P C T denote the set of w € T for which lim qi " exists and
n—00

is finite. This set has full Lebesgue measure. See [11] for details.

Before stating our results, we mention that in all cases, except the ones which are
specifically for the almost Mathieu equation, we could have assumed that v:T? — R and
w= (Wi, ..., wy) € R (d > 1) is such that 1, wy, . . ., wy are rationally independent.

1.2. Dynamics at the lowest energy E,

Since the proofs of the results are more elementary and transparent at the lowest (or highest)
energy in o, we begin by considering this case. The first result of this paper is:

Theorem 1. Assume that v:T — R is continuous and w € R\Q. Assume also that
L(E)) = 0. Then there exists an upper semi-continuous function v :T — (0, 00) which is
(at least) almost everywhere continuous, fT log ¥ (x)dx = 0, and whose graph I" is Gg,-
invariant, that is, we have Gg, (x, ¢} (x)) = (x + w, Y(x + w)) for all x € T. Moreover, we have
wg, (x, 1), ag,(x,r) C I forall (x,r) € T x PY(R?).
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Remark 1.

(a) Note that m(m, '(x) N T') = {t(x)} at each point x € T where 1 is continuous (that s, for
almost every x € T). We do not know if 1) is continuous everywhere.

(b) Since all points are attracted to the closure of the graph of the almost everywhere contin-
uous function 1), it easily follows that the Lebesgue measure on T, lifted to the graph of
1, is the only Gg,-invariant and ergodic Borel probability measure (see [3] for details).
(Note that the projection onto the x-coordinate of any Gg-invariant Borel measure must
be the Lebesgue measure, due to the unique ergodicity of the shift x — x + w on T.)

Before stating a corollary of this result we note the following. Assume that ¢ : T — (0, c0)
satisfies Ge(x, ¥(x)) = (x + w, P(x + w)). Let g(x) = logy(x) and let a,(x) = > ;_, glx +
kw) for n > 0, ap(x) =0, and a,(x) = —a_,(x + nw) for n < 0. Then it is easy to verify
that

Un(x) = exp(an(x)) (1.3)
is a formal solution to the Schrodinger equation (1.1).

Corollary 1. Assume that v:T — R is continuous and w € R\Q. Assume also that
L(E\) =0. Let ¢: T — R be as in theorem 1, and let g,a, and u, be as above. Moreover,
let X C T denote the sets of continuity points of 1. Then:

(a) we have lim,,,.||A, (0)|| = oo forall x € T.

(b) the cocycle F, is of parabolic type.

(¢) liminf, ,4o |u,(x) — 1| =0 fora.e. x € T.

(d) sup,cz |AE, (X)y| = oo forall x € T\X and ally € R*\{0}. Moreover, if there is a constant

¢>landxy €T, yo € R*\{0} such that 1/c < |A% (xo)yo| < ¢ forall n € Z, then there
is a constant ¢’ > 1 such that 1 /¢’ < |u,(x)| < ¢ foralln € Z and all x € X.

Remark 2.

Px — w) 1 .
Yx— W) — 1 woo) satisfies

). Thus, Ag, is of parabolic

(a) A direct computation shows that C(x) :<

O _ P! 0
Clrt W) An (€0 = <w(x — W —2 )
type.

(b) Note that (c) follows directly from Atkinson’s lemma (see, e.g., [12]), which states that
liminf, 1 |a,(x)| = 0 fora.e. x € T since [ g(x)dx = 0.

(c) Itis well-known that the equation —(w,+1 + w,—1) + v(x + (n — Dw)w, = E w, (since
E, € 0) has a (non-trivial) bounded solution for some phase xp € T (see, e.g., [[1],
theorem 1.7]). We shall see (in section 3) that we must have w, = Cu,(xy) for some con-
stant C # 0. Thus, if this solution is bounded away from zero, it would follow from (c)
that u,(x) is bounded for a.e. x € T.

(d) Note that (d) can be viewed as a version of the classical Gottschalk—Hedlund theorem
(see, e.g., [13, theorem 2.9.4]).

(e) In connection to this, we also recall a related result (which does not apply in our situa-
tion): if (|[A%(x0)|])n>0 is bounded for some E and some xy € T, then the cocycle Fg is
continuously conjugated to a cocycle map taking values in SO(2, R) [14].

The remaining parts of corollary 1 will be proved in section 3 below.

2710



Nonlinearity 33 (2020) 2707 K Bjerklov

! 1 ! ! ! ! ! 1 !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. A numerical plot of the graphs of apf (which are very close to each other)
for v(x) = 2 cos(27x), w = (V5 — 1)/2 and E = —2.597 515 1854. This gives an idea
of what the graph of the function ¢ in theorem 2 might look like.

One can also consider the inverse problem, i.e., specify the invariant curve v and w and use
them to define v (as we did in [15]). More precisely let 15: T — (0, co) be a continuous function
such that fT log @(x)dx = 0, and define v(x) = exp(z/?(x + w)) + exp(—z/?(x)). Then it is easy
to verify that £y = 0 and L(E,) = 0, and ¢ = 7,/; Furthermore, if 1/; is chosen so that log 1/;
is not a coboundary, i.e., the equation h(x 4+ w) — h(x) = log 7,/;(x) has no continuous solution
h, then the Gottschalk—Hedlund theorem implies that sup,>¢|a,(x)| = oo for all x € T (see,
e.g., [16] and the references therein for more information on this topic). Thus, in this case it
follows from corollary 1(d) that for all x € T and all y € R*\ {0} we have inf 7 [A}, (x)y| = 0
or Sup,,.7 |A%, (X)y| = 0.

The above argument shows, in particular, that any cylinder transformation (see, e.g., [16])
T(x,t) = (x + w,t + g(x)) can be imbedded into a Schrédinger cocycle.

Next we consider the special case when v(x) = 2 cos(27x). In this case it is well-known that
L(E) =0forall E € o (see, e.g., [17, corollary 2]). In particular we have L(E|) = 0. Thus the
previous theorem applies for this v. In figure 1 we have numerically plotted an approximation
of the function v; from these numerical investigations it looks as if ) is continuous; but we do
not know if this really is the case. However, we have (recall the definition of the full-measure
set P in subsection 1.1):

Theorem 2. Assume that v(x) = 2cos(2nx) and w € P. Then 1 ¢ C'T(T) for any
a > 1/2, where 1 is the function in theorem 1.
Remark 3.

(a) Since 2 cos(2mx) obviously is real-analytic, it follows immediately from [2], as we men-
tioned above, that for all E < E; the map Gy has two real-analytic invariant curves which
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control all the dynamics. But, as we saw above, Gg, is uniquely ergodic, and the measure
is supported on the graph of .

(b) If v(x) = Acos(2mx) where A > 0 is sufficiently small (provided that w is Diophantine),
then it follows from [18] (see also [19]) that G has real-analytic invariant curves for all
E < E;.

(c) If v(x) = A cos(2mx) where A > 2 we have a totally different behaviour at E = E| (since
L(Ey) > 0). In this case Gg, has two ‘fractal’ invariant graphs. See, [20]. (See also [21]
for results for more general v.)

(d) We recall the phenomenon with ‘the last’ invariant curve in certain Hamiltonian systems.
See, e.g., [22] and references therein.

(e) If w would satisfy a weaker Diophantine condition, the function v could be of higher,
but still finite, regularity. The arithmetic condition on w is needed when we solve the
homological equation (4.2). However, we do not elaborate on this.

We will prove theorems 1 and 2 by combining previous results by Delyon [9], Herman [23]
and Johnson [24]. In fact, the statements in theorem 1 follow immediately from the proposition
below. This propositions will be proved in section 2.

Proposition 1.1. Assume that v:T — R is continuous and w € R\Q. Then there exist a
constant ¢ > 0 and two functions 1= : T — [1/c, c], where ™ is upper semi-continuous and
Y~ is lower semi-continuous, whose graphs are Gg, -invariant. Moreover, if L(E) = 0, then
W (x) = = (x) for almost all x € T, and 1* are continuous almost everywhere. Furthermore,
for all (x, r) we have

ax,r), w,r) CM:={x,r:xeT, ¥ @ <r<yT@l

Remark 4.

(a) These statements are close in spirit of [23, 24]. Moreover, the first part of the proposition is
essentially a special case of [25, theorem 5.3] (which is based on [24, lemma 3.4]). How-
ever, we will provide an elementary proof of the statements in section 2 (the arguments
become easier because we consider the lowest energy, E;, in the spectrum).

(b) Note that, by the semi-continuity of wi, the set M is closed.

We will prove corollary 1 and theorem 2 in sections 3 and 4, respectively.

1.3. Dynamics at other gap edges

We now consider the more general problem of describing the dynamics of F (and its projective
action Gg) at other gap edges of R\ o where the Lyapunov exponent vanishes.

By symmetry it is easy to check that the analogous picture to the one above holds for
E, = max o, i.e., for the highest energy in the spectrum. In particular, if v(x) = A cos 27x then
E, = —Ej; andif ¢ solves ¥(x + w) = v(x) — E; — 1/9(x), then ¢ (x) = —1p(x + 1/2) solves
Yi(x+w) = v(x) + Ep — 1/9(x).

The following theorem is a generalisation of theorems 1 and 2 to other gap edges.

Theorem 3. Assume that v: T — R is continuous and w € R\Q. Assume further that E* is
a gap edge of a non-collapsed gap in R\o, and that L(E*) = 0. Then

(a) there exists an upper semi-continuous function 1 :T — P'(R?) which is (at least)
almost everywhere continuous and whose graph I is Gg--invariant. Moreover, we have
wes(x, 1), ap(x,r) C T forall (x,r) € T x P/(R?).
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(b) im0 ||A% ()| = 00 for all x € T; and the cocycle Fg- is of parabolic type.
(c) for almost every x € T there exists a unit vector U(x) € R? such that

liminf, 4 A% (OU@)| — 1| = 0.

(d) sup,c; |A%l (x)y| =00 for all x € T where @ fails to be continuous and all y €
R?\{0}. Moreover, if there is a constant ¢ > 1 and xo € T,y € R*\{0} such that
1/c < |A% (x0)yo| < cforalln € Z, then all x € T where 1) is continuous there is a vector
y(x) € R*\{0} such that 1/c < |A%.(x)y(x)| < ¢ foralln € Z.

(e) if v(x) = 2 cos(2mx) and w € P, then the function 1) cannot be of class C'** for any
a>1/2

Remark 5. That 1) is semi-continuous means that, by viewing P!(R?) as the circle T, there
exists a lift ¢) : R — R of ¢) which is semi-continuous.

This theorem is proved in section 5 below. In the proof we also apply results from
Thieullen [4].

1.4. Open questions

We do not know if the function v in theorem 3 must be continuous. We also have the following
related question:

Question 1. Does there exist a real-analytic (or smooth) B: T — SL(2, R) and irrational w
such that the cocycle (x, y) — (x + w, B(x)y) has a measurable invariant section ¢ : T — P!(R?)
which is discontinuous almost everywhere and which attracts (in the projective action) all (or
almost all) forward and backward iterations!?

More generally, does there exists a smooth family of circle diffeomorphisms f, : T — T and
irrational w such that the map 7': T? — T? given by T(x,y) = (x + w, f,(y)) has an invariant
graph y = 1 (x) which is discontinuous almost everywhere and which attract all (or almost all)
forward and backward iterations?

Remark 6. In [26] numerical investigations of the dynamics of Gy (i.e., for E = 0), for
v(x) = 2 cos(2mx), are presented. It should be noted that 0 € o, but E = 0 cannot be the end-
point of any spectral gap (see [26] for more details). The authors conjecture that Fy is of
parabolic type. If this is true the invariant section (for Gy) must be discontinuous (by a topo-
logical argument, due to the fact that the so-called fibred rotation number is rational). We have
made numerical computations on this model which seem to indicate(?) that ‘for typical x* we
have liminf, . ||[A}_o(x)|| = ||Id|| (recall [4, lemma 1.3]). This would imply that points in
the same fibre, in projective coordinates, are not contracted to each other. Thus, if it indeed is
true that the cocycle Fy is of parabolic type, it is possible that an invariant section (in projec-
tive space) is not an attractor for Gy (at least not in the sense as T is an attractor for Gg- in
theorem 3).

1 Of course there are plenty of examples of real-analytic cocycles with two ‘highly’ discontinuous invariant sections
(Oseledets’ directions); one attracting the forward iterations and the other one attracting the backward iterations. See,
e.g., [20] and references therein.
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2. Monotonicity—proof of proposition 1.1

In this section we assume that v: T — R is a continuous function and w € R\Q. Recall the
definition of £ in (1.2). We shall use projective coordinates ( ) r e RU{oo}.

In [23, section 4.14] it is shown that for each E < E|, the two continuous functions gp z (the
projectivization of W) satisty ¢z : T — (0, oc). We recall that their graphs are Gg-invariant,
ie.,

V(x4 w)=vx) — E forallx € T. (2.1

1
03 (x)
We shall denote the graphs by F:Et, ie, g ={(x,n:xeT, r= oy 0.
Itis clear that the two graphs cannot intersect. Moreover, they are connected to the Lyapunov
exponent L(E) via

/ log o™ (x)dx = £L(E)
T

(see [23, section 4.15]). Since L(E) > 0 for all E < E; we clearly have ¢ (x) < ¢p () for all
xeT.

Since Fg is uniformly hyperbolic when E < E; it follows that for each E < E; we
have wg(x,r) = '} for all (x,r) ¢ I'y, and ag(x,r) =Ty for all (x, r) ¢ I'). Moreover,
it is easy to check that the iterates are oriented as follows: if <,0E S (x) < r < oo, then

(x+ kw) < 71'2(G (x,r)) < oo for all k> 1; if ¢p(x) <r < g T(x) then wp (x + kw)
< wz(GE(x r) < ¢p T+ kw) forall k > 1; if r < @ (x), then there exists a k > 1 such that

(x + kw) < m(Gh(x, 1)) < oo. The analogous result holds for backward iteration.

Remark 7. If v(x) = v(—x) for all x, then we have the relation ¢z (x) = 1/} (W — x).
Indeed, if we let f(x) = 1/} (w — x), then

1 1
f@tw = ——— =v(-x) —E— pf (~x+w) =vx) — E — ——.
P (—x) : W
The following monotonicity result is essentially a special case of [24, lemma 3.4] (where
the time-continuous Hill’s equation is considered). For completeness we include an elementary
proof in our setting.

Proposition 2.1. Forall E < E' < E| we have

(@) ¢ (x) < i (x) forall x € T.
(b) ¢ (x) > pp(x) forallx € T.

Proof. (1) We fix E' < E;. If E < —2max|v(x)| + 10 it is easy to verify that the band T x
[—E/2,—2E] is Gg-invariant. Thus the graph of ¢ must lie in this band. Since —E/2 — oo
as E — —oo we conclude that for all E < E' we have ¢ T > O T (x) forall x € T.

We need to show that ¢} Tx) > O T (x) for all x € T and for all E < E'. We recall that ng
are continuous in E (for E < E;). Let E” = min{E < E’: <pE,,(p) <pE,(p) forsome p € T}.
Thus we have <p2f,, (p) = gp;f,(p) for some point p € T and <p2f,,(x) > <p2f, (x) for all x. Assume
that E” < E'. Since the graphs of ¢, and ¢}, are invariant under G» and Gp, respectively,
we would get

v(p—w)—E" =1/ (p—w) = pl(p) = ¢h(p) = v(ip—w) — E' — 1/p}(p — w),
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ie,E —E"=1/¢}(p—w)—1/¢)(p— w). By the fact that ¢}/, (x) > ¢}, (x) > 0 for all x,
we see that the right-hand side is < 0; but the left-hand side is > 0. This contradiction shows
the statement.

The proof of (2) is similar. In the case when v(x) = v(—x) the statement follows immediately
from (1) combined with remark 7. ]

By this monotonicity we have
p(x) < @i (x) forallx € T and allE, E' € (—o0, Ey).
It also follows that
+ : +
=1
™ (x) A P (%)

exists for all x € T, and ¢z (x) < ¢~ (x) < YT (x) < gog(x) for all x € T and all £ < E; (in
particular there is a constant ¢ > 1 such that 1*(x) € [1/c, c] for all x € T). Moreover, since
(2.1) holds for all E < E|, the graphs of wi are G, -invariant, i.e.,

(x4 w) = v(x) — E; — for allx € T. (2.2)

1
YH(x)
Furthermore, again by monotonicity, the function ¥* is upper semi-continuous, and )~ is

lower semi-continuous.
We summarise these observations in

Proposition 2.2. There exist a constant ¢ > 0 and two functions 1* : T — [1/c, c], where
YT is upper semi-continuous and 1)~ lower semi-continuous, such that 1~ (x) < 1+ (x) for all
x € T, and whose graphs are Gg, -invariant (i.e., both satisfies equation (2.2)).

From these facts it thus follows that the closed sets
Mg:={(x,r):x €T, @) <r<ef®}

satisfy M D Mg forall E' < E < Ey; and

M:={xn:xeT, ¥ @<r<ygt}= ﬂ M.

E<E;

Note that the set M is G, -invariant.
We now show that the iterates of any point (x, r) under Gg accumulate on M.

Proposition 2.3. We have wg, (x,r), ag,(x,r) C M for all (x,r) € T x RU {oo}.

Proof. Recall the discussion on iterations of Gg for E < E; in the beginning of this section.

Fix x € T. Since the set M is Gg -invariant we need only consider the cases
—o0o <r <1 (x)and T (x) < r < oo.

We first assume that 17 (x) < r < oo. Let 1, = 7r2(G’f51 (x,r)). Note that oo > r; = v(x)
—E; —1/r>vx) —E; — 1/¢F(x) = ¢T(x +w). Inductively we thus get ™ (x+ kw)
< rp < oo for all k > 1. Moreover, given any E < Ey, let s (E) = wz(G,’g(x, r)). It is easy to
inductively verify that ry < si(E) for all k > 1 and all E < E;. Indeed, we have s,(E) — r)
=FE —E>0; and if sk(E) — 1 >0 then Sk41(E) — 11 = By — E+ (sk(E)
— 1)/ (risk(E)) > 0. Here we use that r;, > ¢t (x + kw) > 0.
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Next, note that we have wg(x,r) = 1"2 C My for all E < E;. Since ¥ (x + kw) < 1 <
sp(E) for all k > 1 and all E < E{, it thus follows that wg, (x,7) C ﬂE<E1ME =M.

We now assume that —oo < r < 1)~ (x). We claim that there exists ko > 0 such that ¢ (x +
kow) < r, < co. Since 1) (x) > 0 it follows from (2.2) that if r < 0 we have " (x + w) <
ri =v(x) —E; — 1/r < oo. Assume that 0 < r < ¢~ (x). Define r; and s;(E) as above. Note
that r < ¢ (x) for all E sufficiently close to E; (since ¢z (x) ¢~ (x)as E  E,). Fix such an
E' < E;.If we would have r; > 0 for all k¥ > 0 it would follow, as above, that O (x + kw) >
sk(E') > ry > 0 for all k > 0; but we know that s;(E’) > <,01sz, for some j > 0. Therefore this is
impossible. We conclude that ¥ (x + kow) < rr, < oo for some k.

That g, (x,7) C M is proved similarly. 0

Corollary 2.4. For all x € T we have ||A%, (x)|| — 00 as n — +oc.

Proof. If there were an x € T, a constant C > 0 and a subsequence ny (either going to co
or —oo) such that [|Az (x)|| < C for all k it would be impossible that all orbits under Gg,
accumulate on the set M (as the statement in the previous proposition yields). 0

Proposition 2.5. Assume that L(E\) = 0. Then ¥ (x) = ¥~ (x) for a.e. x € T. Moreover,
W are continuous at each point where ¥ (x) = 1~ (x). Furthermore, the set of continuity
points is invariant under translation x — x + w.

Proof. Since L(E;) = 0 we must have
/ log ¥*(x)dx = 0.
T

By using the fact that ¢ > ¢ (x) > (x) > 1/c > 0 for all x, we conclude that ¥ (x)
=9~ (x) for a.e. x € T. We recall that 1™ is upper semi-continuous and v~ is lower
semi-continuous. Thus, for all x € T we have 9 (x) <lime,, ¢ (&) < lime (&)
<lme, ¢H (O < Ut and P () < lime s (©) < imes & (6) < limey & (€)
< 4T (x). At the points x € T where 1)~ (x) = 1) (x) we thus have equality everywhere in the
two expressions. Thus, the two functions 1= are continuous whenever 1" (x) = ¥~ (x).

The last statement follows from equation (2.2). ]

Remark 8. If L(E) =0 it thus follows that the set M above satisfies M N ' ({x})
= {4y (x)} at each point where )™ is continuous.

3. Proof of corollary 1

Assume that v:T — R is continuous and w € R\Q. Assume also that L(E;) = 0. From
corollary 2.4 we know that [|A}, (x)|| — oo as n — £oo for all x € T. Thus, recalling remark
7, it remains to prove statement (d) in corollary 1.

Let ¢ = ¢ be as in proposition 1.1, and let a,(x), u,(x) be as in (1.3). Let X C T be the set
of points where 1) is continuous.

By combining proposition 2.3 and lemma A.2 we see that for all x € T we have
lim,, o |[A"(x)y| = oo for all y # 0 which do not correspond to the direction ¢~ (x); and
lim,,_,_o|A"(x)y| = oo for all y # 0 which do not correspond to the direction ¢ (x). From
this we conclude that |A"(x)y| cannot be bounded for any y #0 and x € T such that

P # Y.
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Assume that that there is a constant ¢ > 1 and xo € T, yo € R*\{0} such that 1/c <
|A™(x0)yo| < ¢ forall n € Z. From the above observation we note that we must have ¢ (xq) =

17 (xp), 1.e., xo € X (by proposition 2.5). Moreover, we must have yg = s ( ) for some con-

w(io)
stant s # 0. Thus we have sup,,.;, |a,(xo)| < ¢’ for some constant ¢’. Since the set X is invariant
under the translation x — x + w it now follows from lemma A.1 that sup,,;, |a,(x)| < 2¢’ for
all x € X. Since u,(x) = exp(a,(x)) this finishes the proof.

4. Proof of theorem 2

Here we assume that v(x) = 2 cos(2mx). We know that L(E) = 0 for all E € o (see, e.g., [17,
corollary 2]). In particular we have L(E;) = 0. Let ¢/ denote the function %)™ in proposition
2.5. Recall that ¢ : T — [1/c, ¢] for some constant ¢ > 1. Thus log ) has the same regularity
as 1. We have

/ log 1(x)dx = 0. “.1)
T

Fix w € P (recall the definition in subsection 1.1). We claim that ¢» ¢ C'**(T) for any
« > 1/2.To show this, we shall argue by contradiction. We therefore assume that 1) € C'*%(T)
for some @ > 1/2. Hence log v € C'T%(T). The strategy we shall use is essentially the one in
[27, remark 1.6].

Since log ¥ € C'**(T) and w € P it follows from [11, theorem 1.2] that the homomolog-
ical equation

8(x +w) — g(x) = log ¥(x) (4.2)

has a solution g : T — R which is o/-Holder forany o < a. Fix 1/2 < o/ < ..
Let h(x) = exp(g(x + w)). Then we can write, by using (4.2), h(x + w) = 1 (x + w)h(x) and
h(x — w) = h(x)/¥(x). Since 1 satisfies (2.2) we get

—(h(x + w) + h(x — w)) + vEOh(x) = Eih(x) for all x € T. 4.3)

Let a, denote the Fourier coefficients of /. Since g (and hence h) is o’-Holder, and o/ > 1/2, it
follows from a theorem by Bernstein (see [28, 1.6.3]) that the Fourier series of % is absolutely
convergent, i.e, (a,) € ¢'(Z). However, since v(x) = 2 cos 2mrx = e>™ 4 e¢~2™*, and since (4.3)
holds, it is easy to check that the Fourier coefficients a,, must satisfy

—2 cos(2mnw)a, + (ay+1 + ay,—1) = Ejay,

(this is essentially the Aubry duality). From [9] (see also [10]) it therefore follows that we must
have (a,) ¢ ¢'(Z). This contradiction finishes the proof.

5. Dynamics at other gap edges—proof of theorem 3

Here it will be convenient to use the following coordinates on P! (R?) = T: the point ( 1 ) ,reR,
is associated with = arctan(r)/7 + 1/2 € (0, 1); and ((1)) is associated with § = 0.
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By d we shall denote the distance on the circle T; and an interval (a, b) C T means a counter-
clockwise oriented interval. We will slightly abuse the notation and write G both for the map
on T x P!'(IR?) as well as the map on T x T.

Proof of Theorem 3. Assume that v:T — R is continuous and w € R\Q. We further
assume that J := (E~, E™) is a non-collapsed gap in R\ o (and thus the cocycle Fg is uniformly
hyperbolic for all E € J) and that L(E*) = 0.

For E € J we have the continuous Gg-invariant sections o3 : T — P!(R?) (the projectiviza-
tions of the subspaces Wgt); we recall that they move continuously with E (within J). Moreover,
we recall that for all E € J we have: for each x € T and each 0 # ¢~ (x)

d(m(G(x, 0)), o (x + nw)) — 0 as n — oc; (5.1
and for each x € T and each 6 # ¢ ™ (x)
d(m(GE(x, 0)), o (x + nw)) — 0 as n — —oo.

Since P'(R?) = T, each ¢y (for E € J) has a lift 5 : R — R, and we can choose the lifts
so that (x, E) — @jE[(x) are continuous on R x J.

We focus on the dynamics at E7; the analysis of E~ is symmetric. By Johnson’s mono-
tonicity lemma [24, lemma 3.4] (see [25, theorem 5.3] for exactly our setting) it follows
that gpg(x) moves in the clockwise direction as E increases; and ¢ (x) moves in the counter
clockwise direction. This means that @Zf, ) < {E;f (x) and @, (x) > P (x) forall x € R and all

E- < E < E' < ET. Thus we have
(¢ (), 7 () D [ (), o (x)]  for allx € T andallE < E'inJ. (5.2)

From this it follows that 1)*(x) = limg et <p§ (x) exists for all x € T. By monotonicity the lifts
of 1T are upper semi-continuous; and the lifts of 1)~ are lower semi-continuous. It also follows
that ¢= : T — P!(R?) are G+ -invariant sections. We note that

(g (x), gozf(x)) O [ (x),yT(x)] for allx € Tand allE € J. (5.3)
Let Mg be the closed strips
Mg ={(x,0):x € T,0 € [pg(x), gpg(x)]}.

Then we have Mgy D My forall E < E' in J, and

My :={(x,0):x €T, 6 €[ @), W1} = ()M

EcJ

We shall now show that wy+(x,r) C Mg+ for all (x,0) ¢ Mg+ (clearly this holds for all
(x,0) € Mp+). Fix xo € T and assume 6y ¢ [1)~(x), 9T (x)]. Then there exists E' < E such
that

0 ¢ [p;(x), of (x)] forallE € [E,E"). (5.4)

Let 0 = m(Gg+(x0,60)) and sp(E) = m2(GEg(xo,0p)). Since (5.4) holds it follows that
|[g0;f(x0 + kw), si(E)]| — 0 as k — oo for all E € [E', ET). Moreover, by using the fact that
Op(m2(GE(x, 0))) < 0, combined with the fact that the graph of ¢ is Gy -invariant, it is
easy to verify that [{)T(x* + kw), 0] C [ (x + kw), si(E)] for all E € [E/,E™). From this
we conclude that for all E € [E', ET) there is a K = K(E) > 0 such that (x, 6;) € [¢7(x +
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kw), gog(x + kw)] for all k > K(E). By recalling (5.2) and (5.3) we conclude that wy+ (x, ) C
M+ . Analogously, by considering backward iterations, one shows that ag+ (x, §) C Mg+ for
all (x,0) ¢ Mg+ .

Since ag+ (x, 0), wgt (x, 7) C Mg forall (x,0) € T?, and since clearly My # T2, we must
have [|A}, (x)|| = 0o as n — oo for all x € T. Since L(E™) = 0, and since the graphs of
h* are G -invariant, it therefore follows from [4, proposition 1.6(ii)] that ¥* (x) = 1~ (x)
for almost every x € T. By semi-continuity we thus have that ¢ is continuous a.e.; and
o ({x}) N M = {¢F(x)} forae. x € T.

Next, from the fact that the graph of ¢ : T — P!(R?) is invariant under G+ it follows
that there is a function Z:2T — R?, |Z(x)] = 1 for all x, and which is as smooth as 1™,
satisfying

Z(x 4+ w) = c(x)Ag+ (x)Z(x)

where ¢: T — R is positive (clearly the vector Z(x) corresponds to the direction (x)). Since
L(ET) = 0 we have f 7 log c(x)dx = 0. Moreover, Z(x) is 1-periodic if the degree of v is even;
and Z(x) is 2-periodic and such that Z(x + 1) = —Z(x) for all x if the degree of ¥ is odd.

We write Z(x) = (Z;g;) A direct computation shows that C(x) = (Zg; Zg;)
c(x) 0

satisfies C(x + w) A+ (x)C(x) = <q(x) 1/c(x)>’ where ¢g(x) = —v(x)(z1(X)z2(x + w)

+ 220(x)z1(x + w)). Thus the cocycle F+ is parabolic.

To prove statements (c) and (d) in theorem 3 we proceed as follows. Let g(x) =
—log c(x) and let a,(x) = > ;_, g(x + kw) forn > 0, ap(x) = 0, and a,(x) = —a_,(x + nw) for
n < 0. Then Uy (x) = Z(x + nw) exp(a,(x)) satisfies U,(x) = A} (x)Uo(x) for all n € Z. Since
liminf, ,+|a,(x)| =0 for a.e. x € T (by Atkinson’s theorem; see, e.g., [12]) we have
liminf, y+o0 || Un(x)] — 1| = 0forae.x € T.

Since ag+(x, 0), we+(x,7) C Mg+ for all (x,0) € T2, and since lemma A.2 holds, it fol-
lows that for all x € T we have lim,_,~|A"(x)y| = oo for all y # 0 which do not correspond
to the direction ¢~ (x); and lim,,, . |A"(x)y| = oo for all y # 0 which do not correspond to
the direction 1) (x). Assume that there is a constant ¢ > 1 and xy € T, yo € R?\{0} such that
/e < |AZ+ (x0)yo| < cforalln € Z. Then we must have yo = sU(xo) for some constant s # 0;
and we must have 1 (xy) = ¥~ (xp), i.e., ¥ (and thus ¢) is continuous at xy. Thus we have
Sup,.cz |an(xo)| < oo; and since the continuity points of ¢ are invariant under translation it fol-
lows from lemma A.1 that sup,,.; |a,(x)| < oo for a.e. x € T. Hence sup,,., |U,(x)| < oo for
ae.xeT.

It remains to show part (e) of theorem 3. We therefore assume that v(x) = 2 cos(2mx) and
that w € P. The proof is essentially the same as that of theorem 2, and uses, as also mentioned
above, the strategy in [27, remark 1.6]. Figure 2 gives an idea of what the graph of 1) might
look like in this case.

We shall argue by contradiction and thus assume that ¢* is C'T* for some o > 1/2.
The functions ¢ (and hence logc) and Z above have the same smoothness. Let 2: T — R
be a solution of A(x + w) — h(x) = —logc(x). Since logc(x) is C'*® (by assumption) and
w € P, it follows [11] that & is o’-Hélder for any o < . Fix o' such that 1/2 < o/ < «.
Let O(x) = exp(h(x))Z(x); note that Q is o/-Holder. Then Q satisfies Q(x + w) = Ap+ (X)Q(x).
Writing Q(x) = (Z;EX) we see that g,(x) solves

—(qp(x + W) + g2(x — w)) + (2 cos(2mx) — E+)q2(x) =0. (5.5)
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Figure 2. A numerical plot of the graphs of apf (which are very close to each other)

for v(x) = 2 cos(2mx), w = (v/5 — 1)/2 and E = 1.874219. In this case the degree of
i .
g is —1.

If Z(x) has period 1, it follows that g,(x) also is of period 1. Letting ", a,e*™" be the
Fourier series of ¢, the relation (5.5) gives us —(a,+1 + a,_1) + (2 cosQmnw) + E)a, = 0.

If Z(x) has period 2, and thus satisfies Z(x + 1) = —Z(x), the same also holds for
q» (.e., g2(x + 1) = —g>(x)). This implies that the Fourier series of g, can be written
€™y 7 ane*™™. The equation (5.5) implies that the Fourier coefficients satisfy —(a,11 +
ay—1) + 2 cosmnw + mw) + EN)a, = 0.

In both of these situations it follows from [9] that (a,) ¢ ¢'(Z). But since q is o/-Hélder it
follows (as in section 4) that the Fourier series of g is absolutely convergent, and thus (a,) €
¢!(Z). This contradiction finishes the proof. ]
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Appendix A. Misc

The following lemma is essentially a part of the proof of the classical Gottschalk—Hedlund
theorem (see, e.g., [13, theorem 2.9.4]). We include a proof for completeness.
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Lemma A.1. Assume that w € R\Q. Assume that f: T — R is such that the set X := {x €
T: fiscontinuousatx} is invariant under the translation x — x+w (e, X =X + w).
If sup,-q ‘ZZ:O f(xo —l—kw)‘ <M for some xy €T and some constant M > 0, then
Sup,~o | > peo f(x + kw)| < 2M forall x € X.

Proof. Take x € X. We argue by contradiction. Assume that ’Zg:o fx+ kw)‘ > 2M for
some N > 0. Since the set X is invariant under the translation we know that f is contin-
uous at the points x + jw (0 < j < N). Therefore we have ‘ZkN:O fo+ kw)‘ > 2M for all
y sufficiently close to x. Since w is irrational it thus follows that there is 7> O such that
SN F(o + Tw) + kw)‘ > 2M. Writing

N+T T N+T

—1
D fo+kw) =D fro+kw) =D flxo + kw)
k=0 k=0 k=T

we get that the absolute value of the left-hand side is < 2M; and the absolute value of the
right-hand side is > 2M. This contradiction finishes the proof. 0

The next lemma contains simple results from linear algebra. It gives information about the
growth of vectors under assumptions on the associated projective action.

We assume that A, € SL(2,R) (n > 1) and let A, : P'(R?) — P!(R?) denote the induced
projective action. Given 6 € P!(R?) we denote by W(f) C R? the subspace of vectors corre-
sponding to 6.

Lemma A.2. Assume that there is a direction 6_ € PY(R?) such that |En([a, b)|— 0 as
n — oo for each arc [a, b] not containing 6_. Then |A,w| — oo as n — oo for every vector

04w e R\W®O.).

Proof. Assume, to derive a contradiction, that there exists a unit vector v ¢ W(f_) and a con-
stant C > O such that |A,, v| < Cforall k > 1. To get easier notation we assume that [A,v| < C
for all n > 1. Take a unit vector w ¢ W(#_) such that o« = Z(v,w) > 0. Since each A, €
SL(2,R) we get sina = |A,v || Ayw|sinc,, where o, = Z(A,v,A,w). Since v, w ¢ W(H_) it
follows by assumption that sina,, — 0 as n — oo. Since |A,v| is bounded we conclude that
|A,w| — o0 as n — .

Let uy, |u,| = 1, be a vector which is contracted the most by A,. We note that |A,u,| — 0 as
n — oo. Let 8, = Z(v,uy). Then sin 8, = |A,u, || Ayv] sin(£(A,v, Ayu,)) — 0 as n — oo. But
this means that there is an arc [a, b], which contains the projectivization of v in its interior, but
not containing 6_, such that |E;([a, b])| 4 0asn— oco. O
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