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Abstract

We provide two-sided pointwise estimates and uniform asymptotics of the
solutions to the subcritical quasi-geostrophic equation with initial data in
LY©=D(R?), o € (1,2). Furthermore, we give an upper bound of a similar type
for any derivative of the solutions. Initial data in LP(R?), p > 2 /(a— 1), are
also discussed.
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1. Introduction

In this paper we study the two-dimensional dissipative quasi-geostrophic equation
{9, + R0 -V + (-A)?0 =0,

1
0(0,x) = bo(x), W

in the subcritical case « € (1,2). Here, Rt = (—R,, R;), where R = (R|,R,) is the two-
dimensional Riesz transform given by R;0 = %(fA)’l/ 20, i € {1,2}. Throughout the paper
we assume « € (1,2) and 6 is a mild solution to the initial value problem (1), that is @ satisfies
the following equation

0(t,) = Pi6ox) + / / Vpalt — 5% — y) - R0(s, »)0(s, y)dy ds, 5
0 JR2
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where P, = e A" and DPa(t,x) are the semigroup and the heat kernel (the fundamental

solution), respectively, related to the operator —(—A)*/2,

Solutions to the two-dimensional dissipative quasi-geostrophic equation model several phe-
nomena (see [1, 2]) and have been intensively studied for more than the last two decades. In
1995, Resnick [3] proved existence of strong solutions for 8y € L*(R?) as well as the maximum
principle

16 )lp < 116oll» 3)

where ¢ > 0 and 1 < p < oo. This inequality has been improved in several directions by

deriving a precise decay rate of ||6(z, )|| p» see e.g. [4-10]. In [4] authors considered the ini-

tial condition 6y € LP(R?) with p > 2 —=; and obtained many interesting bounds for L7 norms,

where g > p, of mild solutions to (1). In particular, they showed that for 6y € La—T 1(Rz) and

any multi-index k = (k1. k2) € N? (with [k| := ki + k2) the derivatives V*0 = 9‘0‘ 0 admit
X .X2

the following limit 1

K| a—1
limye 4 (%7 4) V¥6(z, )|, = 0. )

1—00

Under additional assumption 6, € L' (R?), for every 3 € [0, é) there is C > 0 such that

K a1 1Y\ ¢
VR0, ) — V5P, < crn f (07

Although all of the aforementioned results provide precise bounds for L” norms of the solu-
tions, they do not say much about pointwise behaviour of these solutions. In particular, there
are no known results on the lower bounds. In fact, this is rather a common problem in the the-
ory of nonlinear differential equations. Nevertheless, in this paper, we solve it in the case the
dissipative quasi-geostrophic equation with nonnegative 6, € Lat by giving two-sided point-
wise estimates as well as some uniform asymptotics of mild solutions. The main results of the
paper are stated in the following theorems.

Theorem 1.1. Let6, € L& (R?) be nonnegative. There is a constant C = C(0y, ) > 1 such
that

éP,Ho(x) < 0(1,x) < CP0y(x), t>0,xecR%

If we remove the nonnegativity condition, the upper bound 6(z,x) < CP;|f| holds (see
theorem 1.3). Note that the semigroup P, and its kernel p,(z, x) are well known objects (see
section 2.2 for the details).

Theorem 1.2. For nonnegative 0y € L%(Rz), we have

o, -) 0, -)
l*)OC

0(t, x)
z% P,0y POy

P00 (x)

= lim sup
[x[—00 >0

— 1‘ =0. (5
Finally, we complete these results by estabhshmg upper bounds for derivatives of the
solutions:

Theorem 1.3. For 60, € L%(Rz) and any multi-index k €N XN, there is
C = C(0o, Kk, @) > 0 such that
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|V*0(t, )| < Ct M6 (x), >0, x€ R (©6)

Note that V*P,f, admits the same estimate [see (9)]. It turns out that the power

p= % in the initial condition 6y € L? is critical in some sense. One could observe this

phenomenon already in the paper [4]. Depending on whether p is greater or less than %,
different difficulties occur and different behaviour of solutions is expected. Similar situation
appears in the fractal Burgers equation, which has been studied by the authors in [11, 12]
in the case of (not only) critical power of the nonlinear drift term. The methods developed
there have been improved and adapted to the quasi-geostrophic equation. Nevertheless, some
ideas come from theory of linear perturbations of fractional Laplacian (see e.g. [13, 14]). In
fact, the upper bound in (3) is concluded from [15], where also linear equations have been
considered.

The paper is organised as follows. Section 2 begins with the introduction of notation used
in the paper. Then, we gather some properties of the semigroup kernel p, (¢, x) generated by
—(—A)*? as well as some basic facts and initial results for Riesz transform. Section 3 is
devoted to estimates and asymptotics of solutions to (1), while in section 4 we prove the bounds
for their derivatives.

2. Preliminaries
2.1. Notation
Throughout the paper we consider o € (1,2). Let

a2 T (14 9)

_ —2—a 2
v(z) = AT (1= |z , z€R (7)

For (smooth and compactly supported) test functions ¢ € C(IR?), we define the fractional
Laplacian by

Ap(x) = = (=) %) = lim / [P +2) — eI v() dz, x € R2.
= {El>e)

In terms of the Fourier transform, A®/?p(¢) = — |€]%@(£). Denote by p,(t, x) the fundamental
solution to the equation d;u = A®/?y, that is p,(t, x) solves

Ou = Ay, >0, xeR>
u(0, x) = So(x), x € R%

By P, we denote the stable semigroup operator,
tAa/Z 2
P = (2 f) 0 = /zpa(t,x—y)f(y)dy, >0, xR
R
The name ‘stable’ comes from the a-stable process, which is generated by A®/? and the

semigroup P, describes its transition probabilities (see, e.g. [16, 17]).
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We write V = ( By Oy ) for the standard two-dimensional gradient operator. Furthermore,

for any multi-index k = (k, k») € N? we denote

Ik|

VEf(x) = f@, x=(x,x) € R

kla k2

where |k| = k; + k;.

By B(x, r) we denote the open ball with centre x € R? and radius r > 0. Also, we follow the
notation a A b:=min(a, b) and a V b :=max(a, b).

We write f~g (f <g respectively) for f,g >0 whenever there is a constant
¢ =c(a,6p) > 1 such that ¢! f < g < ¢f (f < cg respectively) on their common domain.
The constants ¢, C, ¢;, whose exact values are unimportant, may change in each statement and
proof.

Finally, we write B(a, b) for the classical beta function, i.e.

1
B(a,b):/ w1 —w’ 'du, a,b>0.
0

2.2. Stable semigroup

In this section we recall some results on the stable semigroup P, and derive some new properties
that are needed in the sequel. It is well known that the semigroup kernel p, (-, -) € C*((0, o0)
x R?) and it is radial in space, i.e. p,(t,x) = p,(t,y) for any ¢ > 0 and x,y € R? such that
|x| = |y|. It also enjoys the following scaling and semigroup properties

Pat,x) =12 po(1,17/%%), >0, xeR?,

Pa(t,x) = / Palt — $,X — 2)pals,2)dz, t>5>0, xR,
R2

as well as pointwise estimates

! ~ 2]

t
B —— . 1>0,xeR2. )
(tl/a+ |x|)2+ |x|2+a

Da(t, X) =

By scaling property and ([18], lemma 3.1) (see also [19, 20] for more general setting),

K
[V¥pa(t,x)| < ckf%pa(t,x), t>0,xeR 9)

From (9), we easily get the L”-estimates:

[K|

IV%patt, N, < ¢ 2075 (10)

Furthermore, for f € L7 (R?)and p € |25, 00|, the following estimate for stable semigroup
holds ([21]),

_la-bhy 2
I1Pfllp St T (F 2, - (11

In the lemma below, we note some additional decay properties.
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Lemma2.1. Forf € L%(Rz), we have

lim[|£°5 P, f | = O, (12)
—0
lim [|t“F P, f||xc = O, (13)
1—00
lim sup }t%P,f(x)‘ —o. (14)
[x[=00 >0

Proof. The limit (12) follows from [[4], (2.2)]. Next, for every £ > 0 there is R > 0 such
that || f 1go.r¢|l 2 <& By Young inequality and (9),

1-a
[1P:(f 0.0 ]|o0 < || Palt, ')Hﬁﬂfﬂmomvll% <cit e e

Hence,

a—1

1
Piflloe <t 7 (1PCfT800) o0 + IPCf TB0.05)]0)

a—

Ht a

a1 1l
<ar's (JIpatt el tsonll 2 £ 2, +1'5)
a-3
<o (t « 4+ 5) ,

which yields (13). Finally, for |x| >2R and |y| <R, by (8), we have p,(t,x—y)
< 7% |x — y[o3 < ¢'5* [x[*~3. Therefore, for |x| > 2R,

a-l a—1
sup |1 P, f00] < sup*" (1P 1) + 1P Dmono)1)
1>

t>0
S Tsowlh + e S WISl 2, +e
and (14) holds. ]

Finally, we show that if 7 is bounded and separated from zero, than P;| f|(x) admits the same
lower bound as p,(t, x).

Lemma 2.2, Let0 <1t <, <ooand f € L=T(R2). If |\f||%1 > 0, then there exists a

constant C = C(ty, tr, 0y) such that

C
Pt|f|(x)2 W’ t2>t>t1,xER2.

Proof. Since f € LT, then f € L},.. Hence, there is R > 0 such that C < [gor|f()|dy
< oo for some ¢ > 0. Consequently, using (8), we get
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t
Pl Z a\ls - d Z d
|f1(x) /B(O,R)p (tx—=[f|dy > ¢ TR |x|)2+a/8(m|f(y)l y

t
cCy a !
26,)" + 2R + |x])>+e
C
P —
(1 + |x]*te

2.3. Riesz transform

Let R = (R;, Ry) be the two-dimensional Riesz transform, i.e.

Vi
||

R,~f(x):cP.V./2 S —y)dy, x = (x,x) € R?,
R

where ¢ is some constant and P.V. denotes the principal value of the integral. Next, we denote
Rt = (=R, R)). It is clear that |[R* f| = |Rf]. It is well known that the Riesz transform is
continuous on L? for p € (1, 0), i.e. for f € LP we have [see e.g. ([22], corollary 4.8)]

IRfNlp < cpll £1lp- (15)

In particular, taking AVAS DPa(t,-) as f, (10) gives us

[k|

_2 (1Y _ Ik
IRV pa(t, ), < cpict (,(1 p) T, 1< p<oo, t>0. (16)

The next proposition not only shows that the above bound holds for p = oo, but also improves
it by providing a pointwise estimate with some dependence on the space argument.

Proposition 2.3. For any multi-index k € N x N there is a constant C > 0 such that

1

RVEpa(tx)| < Cro
- @/ + [x])?

>0, xeR% (17)

Proof. It is easy to see that both sides of (17) admit the scaling property f(z,x)
= ¢~ @FD/a £(1, 1~ 1/2x). Hence, it is enough to consider = 1. First, let us write

IR V*p.(1,%)] = ¢

P.V./ Vi Vkpa(l,xy)dy‘
R2

P
i 1
ch.V./ ySV"pa(l,x—wdy‘w/ =5 [VEpa(l,x = )] dy.
i<t Yl i1

It follows from (9) that
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sup |V (V¥pa(lx +w)| < o= M/ p,(2,x).

Jw|<1

Hence, since

P.V./ 2V pa(1,0)dy = 0
[yI<1 |y|

the mean value theorem gives us

}P.v./ y’;vkpaa,xy)dyHP.v [ Letnas-n- v"paa,x))dy‘
i<t Y] lyl<1 |)’|

‘/ Ly ( "pa(l,x+wy)dy‘
|y\<1|)’|

</ i sup |V (V*pa(l,x +w) | dy
ly|<1 |)’| lw|<1

<pl0 S 5

Next,

1 1
VEpa(l,x = y)dy </ ——sPa(lLx = dy < —— 0,
/|y>|x\/1 y[? | | i>1vie 1+ [x[? 1+ [x[?

which gives (17) for x| < 1. Finally, for 1 < |y| < |x|, we have "ML < o[yjr < 2Jx"
22+|x\ 2o

Pa(1.y)
, which y1e1ds EH < PNCRSIEUREIE Thus,

1 (1, V) pa(1,x — 1
/1<|y<|x Iv[? [VEpallx =0 dy] 5 /Rz 1+ |)C|217 ( y;:(;,x)x My = L x>
0

Proposition 2.4. For every k € N? there is a constant Cy > 0 such that for all t > 0,
IV*R* Peplloe < Gt~ 7 ¢ € L7T(RY). (1)

Furthermore

hrnHt a RLP,QOHO0 = hmHt a RLP,@HOC = \lllm sup |t © R: Pip(x)| = 0.

=00 >0

Proof. First, (16) gives us fori € {1,2}
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|VER:Pp(x)| = ‘V" /R 2pa(t,x — Y)Rip(y)dy

< /ZIV"pa(t,x — YRip(y)| dy
R

< [V4patt ) 2 IRspll 2, S 4B/

a—1I

which implies the inequality (18). Let us fix € > 0. There are M. > 0 and R. such that
lloTgjpsmyll 2 < eand ngﬂB(O,RE)cH% < e. Hence, by (16), we get

—1

«

a—1
2\ _ool
[ Ryl < ol ([ leoirar) T <)
=M. 5 \ g,

a—1
2 R _a-l
/l . [Ripa(t,x = )|y S [|palt: )| 2 </| . w(y)aldy> <et o (20)
y|>R. y|>Re

Next, using (19) and (16), we obtain
|RiPrp(x)| = ’ / Ripa(t,x — y)s@(y)dy‘
R

<M. IRipa(t,x — )|/ |p(»)|dy + / |Ripa(t,x — y)p(y)|dy

[pl<Me | >Me

_a-1
S VM| Ripat )l s_llll 2 +erw

5-a

a—1 a
5 VM.t~ et a

and consequently Hz‘Q%RLP,ngOC < VM5 + ¢, which proves the first limit from the

assertion.
Next, combining (10), (17), (19) and (20), we get

|RiPip| = ‘ / 2Ripa(t,x y)sa(y)dy‘
R

<M. [ |Ripa(t,x — y)|dy + |Ripa (1, x — y)p(y)|dy
(i il
VISKe -

+/ [Ripa(t, x — y)p(y)|dy
|.‘">R6

SMR Y per T,

a—1

which lets us conclude lim, ., [|#"& RTP,|» = 0. By virtue of the previous two limits, it is
enough to prove that forany 0 < t; < 1, < 00

lim sup |[R"Pp(x)| = 0.

[x|—=00 te(ty,tp)

By (15), (17), (20) and Holder inequality, we get for |x| > R. and ¢ € (11, 12),
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|RiPo(x)| = ‘ /R 2Ripa‘(t,x - y)w(y)dy‘

. / [Ripa(t,x = y)p()|dy + / e POy
[yI>Re [¥|<R- (tl + |.X _y|)

3—a
_a—1 1 2
<et, 4 Tipyjepd ,
~E T T Ry (/R (blsrr® ) el

which is arbitrarily small for large |x|. This proves the last assertion. 0

3. Asymptotics and estimates of solutions

First, we recall some results from [4] concerning L” estimates of the solutions to (1). We assume
below that 6,y € L%. For p € [ﬁ, oo] , we have [see ([4], proposition 3.2)]

a—l+k| 2

(o Tk € (0, 00), LP(R?)), 2D

where C,,((0, 00), LP(R?)) denotes the space of bounded and continuous functions from the
half-line (0, o0) into the space LP(R?). In particular, for p € [-25,00],

10|, <" e, 1> 0. 22)
Combining this with (15), for p € [-2;, 00), we get
IR0, ||, <t "5 Far, 1> 0. (23)

The following technical lemma will be needed in the sequel.

Lemma 3.1. Let p > % and q = p—fl. Assume that f(s,-) € LY(R?) and g(s,-) € LP(R?)
satisfy

£,y < crs v, [|gs, ] < cas™ T .

Then there is a constant C such that for p > ﬁ

Sl

(12 a—
/2|f(f—s,x—y||g(s,y)ldy§C(t—s) () et , O<s<txeR: (24
R

Furthermore, fort > 0, x € R? and p > a%, we have

d — — — a—
/ / £t —s,x — )| gls, )]s T dyds < CB (p(o‘ D=2 p2 O‘)+2+p) R
0 JR?

po ap
(25)
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Proof. By Holder inequality,

_a—1 2

_1_2 2
/2|f(t —5,x = Ylgls Ny < [[f¢ =5z, g€, )y < crea(t — ) =750 tan,
R

which gives (24). Furthermore, this implies

! a—1 ! 1 2 2a-2 2
t—s85,x— s, Vs @ dyds <c¢ t—s) @ pag @ Tards
y)| 8(s,y y
0 JR? 0
1
n— 1 2 20—-2 2
=T (I —u)y oy a5 du

0
— B (p(a— 1)—2’(2—a)p—|—2) sy
pe pe

The following corollary is an immediate consequence of lemma 3.1. O

Corollary 3.2. Let 6 be a solution to (1) with 0y € L%(Rz). For every t > 0, we have

—1

t
/ /2|RVpa(t —5,x— V)| |R0(s, y)| s~ T dyds < Cr = (26)
0 JR

Proof. Both of the bounds follow from (10), (15), (21) and (23) applied to (25). ]

In the subsequent proposition we show that the range of p in estimate (23) may be extended
to (1, oo].

Proposition 3.3. Assume 0, € L& (R?). There is a constant C > 0 such that

a—1

|R-6(t, )| < Ct & . 27

Proof. Fori= 1,2 we rewrite R;0(t, x) using (2) as
t
Rif(t,x) = R;P,0o(x) + / / RiVpa(t — 5,x — y) - R™0(s,y)0(s, y)dy ds.
o Jr2

By proposition 2.4, we have ||R;P0|~ < et~ and the assertion follows from (22)

and (26). ]

Now, we pass to the proof of pointwise upper bounds for solutions to (1). First, let us intro-
duce several function spaces that will appear in the proof of the next theorem. By L (R?) we
denote the Morrey space, i.e.

IR = {f € LP(R): || f |y :=sup sup r / @I dz < oo} -
B(x,r)N2

>0 xcR2

The Morrey space is a Banach space with the norm || f||, ... For any Banach space X equipped
with the norm || ||x we denote by LP*((0, 00); X) the space of functions f: (0, o0) — X such
that
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1
t P
Hf”u’»*((o,oo);x):zo sup ((t—s)*/ ||f(r)|§dr) < 00.

<s<t<oo

It is also a Banach space with the norm || f || . .00)x)- AS @ space X we will be considering
the Campanato space £ (R?) defined by

LA (R?) =< fel] (R?):

loc

f) -

p 1/p
f(dz dy> <00y,

I emgyi=sun (|
x€R? B(x,r)

>0

|BOe )|

as well as the space

x€R2

L}, (R?) 1= {f € L'®: [Iflly, = sup / f@]dz < oo}-
u loc B(x,1)
Finally, we define

LX.((0,00); L}, (R?)) := { f €L, ((0,00) x R?) : sup / | f(2)|dz < oo forall R > 0} .
B(O,R)

te(0,R)

Lemma 3.4. Let 0y € Lﬁ(Rz). There is a constant C > 0 such that for all t > 0 and
x € R?, we have

6(t,x) < CP,[6o](x). (28)
Proof. Letv = R'# and consider the linear equation
Ou = A"u+v - Vu. (29)

By ([15], corollary 1.4), the fundamental solution p(t, x, y) of (29) is bounded by p,(t,x — y),
that is

i)(t7-x7y) S Cpa(t,xf)’), r> 07 X,y S Rz' (30)

Indeed, taking A = @ and g = oo in ([15], corollary 1.4), we only need to show that all
required assumptions are satisfied, i.e. Vv = 0 and

v € L¥a73((0, 00); Lo (R?)), 31)
v € L350, 00); L, (R?)), (32)
v e LM ((0,00); L), (R2)). (33)

Since A = @ < 2 for o > 1, the Campanato space E%”\(Rz) reduces to the Morrey space

L \(R2), see, e.g. [23]. Clearly, we have Vv = 0. Furthermore, by (15), (22) and Holder
inequality,
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22-0a) g
HRJ'H(M, N 4200 < sup (r E / |RO(, z)|%dz)
Lo B(x,r)

xeR2 >0

2—a 2Aa-DH\ T
22—a) @ 2 @
< sup |(r @ ( / dz) ( / |R9(t,z)|a—1dz)
x€R2,>0 B(x,r) R2

< el .

Hence,

t 2
10 (g8 25y =S50 50 (=907 [ IR0, 1)< el 2,

2 >0 0<s<t

which gives (31). Next, (32) is an immediate consequence of (27). Finally, also by (27), we
have

IR0y w2y = Sup/ RO, )|y S RG]l S 00700,
u loc eR2 JB(x,1)

Consequently,

t
sup sup ((t S)fl/a/ IR0, ')”LL{,M(RZ)d”)

>0 0<s<t

1—s
< sup sup ((t — s)’l/a/ u(al)/“du) < a,
0

>0 0<s<t

which yields (33). Now consider (29) with initial condition uy = 6. Clearly,

e(tv-x):/ i)(t7-x7y)90(y)dy
R2

is a solution to this problem and (30) gives us

0, x)| < /Qf?(t,X,y)|9o(y)| dy < C/2Pa(t,xf)’)|9o(y)| dy = ¢ P;|0|(x).
R R
The proof is complete. U

Proposition 3.5. Assume 0, € L& (R?). We have

lim [|¢°7 ROz, )| = lim [|£°F RO, ][ = lim sup t%Re(t,x)‘ —0. (34)
—0 t—00 |x|

i
X|—00 >0

Proof. We will use the integral form of the solution from (2). The required results
for the term R;P,0p(x) have been provided in proposition 2.4, so what has left
is to deal with the integral term. Formulas (28) and (12) ensure that for every
§ > 0 there are t5, T5 > 0 such that || 6(s, -) ||oc < 65~/ fors < t5ors > T5. We fix some
p> 5.
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Consequently, by (26),

t
/ / RV p,(t —s,x—Y) ~RL9‘Y(y)9(s, y)dyds| < 5ct70771, xeR? 1<t (35)
0 JR2

which gives the first limit in (34). Now, let r > 27T;. By (26), we get

a—1
<dct o, xeR%:t>2T;.

t
| [ Rpute = sx ) R0, )y s
Ts R2
Next, by (24) (with f = R;Vpand g = R 0) and (22),

Ts
12 2=, 2
—1l_2 2D, 2
5/ (t_s) aapg o ap ds
0

Ts
1y pe=a)42
/ s T ds
0

_a-l_ pR-a)+2
=ct @ ap

Ts
/ / RV pa(t — s,x —y) - RY0(s,)0(s, y)dy ds
0o JRr2

S

1
<

This proves the second limit in (34). Finally, we deal with lim,_,,, sup,.

t“T’lRo(t,x)‘ —o.

By (28) and (14), for every € € (0, 1) there exists r. such that sup,. |s% 0(s,y)| < e for [y| >
r.. Then, by (26),

_a—l
<ect o .

t
/ / RiVp,(t—s,x—y)- R6(s, ¥)0(s, y)dyds
0 JBO.r)

Furthermore, by (17),
IRV po(t — s,x — y)| < c(t — s)’é x —y| 2 <err?(t — s)’é

fory € B(0, r.) and |x| sufficiently large. Hence, by (22) and (27), we get

t
/ / RVp,(t—s,x—y)- R0(s, V)9(s, y)dy ds
0 JBO.r)

t
1 202
< srgz/ (t—s) as” o dyds
0 JBO-)

<cet o,
which ends the proof. 0

Proof of Theorem 1.2. First, observe that by (28) and semigroup property of p,(z, x),

1
/ / vpa(t — 85X — )’) : RLQ(SL)])Q(S’ }’)dy ds
0 JR2

t
S [ -9 RO [ e sk - PO
0 R

— POy) / (t — ) ¥ [ROGs, )] ds. (36)
0
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By virtue of proposition 3.5, for every £ > 0 there are 7. > 0 and 7. such that ||[R*6(z, )|
<er @ V/afort <t ort > T..Hence, by (36), for < 1., we have

t t
/ Vpalt — s,x —y) - RT0(s, y)0(s, y)dy ds| < 5P,90(x)/ (t— s)%s’%ds
0 Jr2 0

=eP (0B (1, 1).

«

Thus, (2) gives us

‘ 0(t,x) ‘ <.
P0o(x) ~

which proves the first limit in (5). Similarly, we get for t > 27,

12
/ / vpa(t -85 X— )’) . Rev()’)e(& }’)dy dS
0 JR2
T 1 e ! 1 et
< PbOyx) | c (t—s)y as ads+ef (t—s) as o ds
0 T:

1 -1 1
< Pibo(x) (Ct(llTsa +eB (a —)) ,
«

a
which is less than 2eB (%=1, 1) P,6y(x) for 1 large enough. Hence, we obtain the second limit
in (5). In particular, it allows us to prove the last limit, i.e. lim, ., sup,. P“’:(g’;(‘i) — 1‘ =0, by

showing that

o(t, x)

lim su —
P0y(x)

[xl=00 0<t<T

1‘0

«

holds for any 7 > 0. By (34), for every € > 0 there is M > 0 such that |z = R0(, x)| < e for
|x| > M. Hence, by (9) and (28), we obtain

t
/ Vpalt —5,x —y) - RO(s, y)0(s, y)dy ds
0 Jiyl>M

t
55/"a—sr%f%?/lnxr—&x—wPﬁawm@sz58(%%§)Pﬁam.
0 R

Next, by (9), for |x| > 2M and r < T, we get

12
/ / Vpa(t —8X— )’) : Re(s7y)9(s’ Y)dyds
0 Jlyl<Mm

1
alw

< TPZHO(X)-
X| @

S

t
1
/‘MAW/, - Palt = 5,x — Y)PBo(y)dy ds
0 bi<u |x|a

This ends the proof. 0
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Proof of Theorem 1.1. The upper bound follows from lemma 3.4. To prove the lower one,
note that theorem 1.2 implies that (¢, x) = P;6y(x) whenever ¢ € (0, ) U (T, 00) or |x| > R
for some #p, T, R > 0. Since both: 6(t, x) and P,0y(x) are continuous, they are comparable on
[to, T1 x B(0, R) as well. ]

In the last part of this section, we consider the case 0y € L” with p > —=;. As a result, we

obtain the local in time analogue of theorem 1.1. Note that by remark 3. 3 in [4] for p > =
we have

19

2(1_1
10, <261, p<g <o

Proposition 3.6. For nonnegative 0y € LP(R?), p > ﬁ and T > 0O there are constants C;
and C, (depending on T and 60y) such that

CiP,0y(x) < 0(1,x) < CoPOy(x), xeR*0<t<T.

Proof. LetT > 0. Let us consider the equation

Ot =A%y +b- Vu,
u(0,x) = 6p(x),

where b = b(t,x) = (R*0)(t, x). Of course u(t, x) = 6(t, x) is a solution to the above equation.
Furthermore, the continuity of the Riesz transform (15) gives us

16, ), < €l ), < cllfoll,, 1< p< o0,

By Holder inequality, we get
Dot —
/Az )W|WMMM/T%WMWSWHWWM

;(n_—l,l _2_1 -2t
<c 7(u—s)“ » du=c (ufs) v ady =ci(t—s)
s (M _S)l/a K

In the same way, one may obtain

// Palt — u)l/a |b(u D)|dzdu < ¢1(t — )"
R2

Note that 2J;” < 1, and consequently c(f — ) o < n+ B(t — s) for arbitrary small 1 and
some 3 > 0. Hence, we may apply ([14], theorems 2 and 3) and conclude that the fundamental
solution of the equation d,u = A®/?u + b - Vu is locally in time comparable with p,(z, x) and
we get the assertion of the proposition. 0

4. Gradient estimates

In this section we derive the pointwise estimates for V¥f. Recall that for a multi-index
k = (ki,k2) € N? we put |k| = k; + ky. Note that
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VEfD = D cmaV™f V7, 37

m+n=k

where the sum is taken over all multi-indices m, n € N? such that m + n = k.
As a first step, we provide initial estimates with bound depending only on the time variable.

Lemmad4.1. For6 e La_zf(Rz), we have

 |k[+a-1

IVEROG, oo St @, i=1,2. (38)

Proof. Let us rewrite (2) as follows,
t/2
0(t,x) = / paltix — Moo(y)dy + / / vaa(t — 5,X—y) - RM0(s,y)0(s, y)dy ds
R o Jr

12
+/ / Vpa(ti‘g?y) 'RLH(Sax*Y)G(SaX*Y)dde- (39)
t/2 JR?
Since the Riesz transform commutes with derivatives, by (39) and (37), we get

VER At ) — / RV*pax 0D
R
t/2
+ / / Ri (V*Vpalt — 5.3 — ) - R“0(s.»)0(s. y)dy ds
0 R2

Y // [ RTpat = s R (996653 )
t/2 JIR

K| +ky, =k

x V*20(s, x — y)dyds, (40)

where ki, k, € N2. Hence, by Holder inequality, (22), (10), (15) and (21), for p > %, we
obtain

IR0 S IV Pt ) 2 100l 2,

2
+/ s alekVPQ(t_s7 )H% ||9(S’ )Hilds
O — a—

t
+ > Ckl»kz//znvl’a(fs,~)|ﬁH(RLVkl@(S,'Hp||Vk29(S7')||oodS
1

ki +ky=k

< _ k[4a-1 1/2 _a-1 _ |k[+lta
N t o _|_ s o f 2 ds
0

! 12 Ml a1y 2 [kgltacl
+ g Ciy ks (t—s)y @ ot o o Tayg a s
Kk, +ky =k 12
k|4+a—1
< ti‘ ‘ (1(Y
~ )
as required. 0
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Next, we present a series of auxiliary lemmas that are used in the proof of theorem 1.3.

Lemmad4.2. Let, € Lﬁ(RZ). Let 0 < t; < tp < <. There exists a constant C depending
on ty, ty, R and 0 such that for x € R2, we have

/ / (t — )" Vpa(t — s,x — y)s~ @V TRA(s, y)|dy ds < Cr*/2P,|6y| (x),
D;J B(O.R)

where D, = (11, 1) N (t/2,1).

Proof. Let us observe that D, = () for 1 ¢ (¢1,21,), hence, it suffices to consider only
1 <t <2t.By(21),

/ / (t— s)fépa(t —5,X — y)sf(afl)/“|vk9(s, y)|dyds
D, J BO.R)

a—l_a—1_|

K
< C/ / (f*S)fépa(f*S,X*y)Sf a " a Tadyds
D, J BO.R)

_ 2(a—D L

<ct, © (%) T/D(t—s)*%P,,SﬂB(O,R)(x)ds =: f(t,x).

Note that p. (s, y) > il > 0 for (s, y) € (11, 1,) x B(0,R). Thus,

Prction(® < er [ ot =55 = pu (6.5 = 1,60 € i
Consequently, by lemma 2.2,
Fx0) < C3t§/t et 4 < e P60 ).
" (1 + x>+
This ends the proof. 0

Lemma4.3. Let 3 > 0 be fixed. For any v € (0, 1), we have
1
/ r A — Ve — vy Vdr v (1 — v) e

with comparability constants depending only on o and f3.

Proof. Denote the above integral by I(v). Since a” — b" ~ (a — b)a’' fora > b > 0 and
~ > 0 (see e.g. lemma 4 in [24]), we have 1 — r* ~ 1 — rand r* — v® =~ (r — v)r*~'. Hence,

1
I(v) ~ / rl/aflfﬁ(l _ r)fl/a(r . U)il/adr.

For v > 1/4, we estimate r'/*~'~# ~ 1 and substitute r = 1 — u(1 — v), which gives us
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1
I(v) ~ (1 — U)I—Z/a/ u*l/a(l - u)il/adu =c(l — U)172/a_
0

In the case v < 1/4, we split the integral into fvl/ 24 fll/z and obtain

1/2 1
I(U)z/ P —yedr 4+ [ (=) odr

1/2
1/2v) (a—1)/a
/ / a2
= viﬁ/ u/ P — nVedy +
1 a—1
~v P rlro?,
which is equivalent to the required formula under current assumptions. 0

Since o > 1, we immediately obtain the following
Corollary 4.4. Let 3 > 0 be fixed. There is a constant Cg such that for v € (0, 1), we have

1
/ I =T — o) odr < Cpu (1 =)

v

Lemma 4.5. Fix v € (0, é) For any measurable function f:R x R? — R, define the
operator

T, f(t.x) =1 / ST (= )0 Py | f](s, %) ds. (41)

0

Suppose T, f(t,x) < oo and [ satisfies the inequality
ft,x) < CPO(x) + 0T, f(t,x), t>0,x€R?, (42)

for some constants C,n > 0. If 1) is sufficiently small, then there exists a constant M > 0 such
that

f(t,x) < MP;|6o|(x), t>0,x¢eR%
Proof. Applying estimate (42) of f to (41), we get

t
T, f(t,x) <1 / A () W / Palt=5,x=)
0 R

X (CP5|90|(y) +1n / u Do — VP Flu,y) du) dyds
0

a—1 1
1= > P;|6o|(x)

«

CB<17

+1'n / / x 577 (su) " V(1 — s)(s — w)] VP, | f| (. x) duds
0 0

a—1 1
1= > Pi|0p(x)]

«

CB<17

t t
+ / w VP f (%) / sV = s)(s = w)] T dsdu,  (43)
0 u
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where B is the beta function. Using corollary 4.4 with 3 = ya and v = (u/1)'/*, we estimate
the last inner integral in (43) as follows

P ’ 1 ’ u\1-1/a
/ OV )5 — )]V ds = Ve / sl - (5= 4)] M as
u ujt

1 —1/a
- fwfl/a/ re {(1 —r%) (r”‘ — Z)} ds
(u/l)l/“ t

<cyu (1t — u)fl/“.

This yields T, f(t,x) < CB (1 — v — <1, 1 — 1) P|0y(x)| + ne, T, £ (2, x). Now, for n < g,
we get ‘
CB(l—y—211-1
T’)f(t’-x) S ( 1 e (!) Pt|00|(-x)’
—ncy
which ends the proof. 0

Proof of Theorem 1.3. We will use induction with respect to |k|. For |k| = 0 the asser-
tion is true due to lemma 3.4. Assume now that (6) holds for all multi-indices k' such that
|K'| < |k| — 1 for some multi-index k, |k| > 1. We use (39) and, analogously as in (40), we
obtain

/2
V¥6(1,x) = VEPbo(x) + / / (VEV palt = s,x — y)) - R 0(s,y)0(s, y)dy ds
o Jr

t
+ Y gk / / Q(Vpa(r—s,x—y))-RL (V¥16(s,y)) VE20(s, y)dy ds.
t/2 JR

k;+ky=k

As mentioned in Introduction, (9) implies
Ly
VPow] < [ [t oy S 1 Pl
R

Next, by (9), proposition 3.3, lemma 3.4 and semigroup property, we get

/2
/ / (Vkvpa(t - 8X = )’)) : RLQ(SL)])Q(S’ }’)dy ds
0 R2

/2
S (KD / s /e / Palt — 5, — Y)Py|00|(y)dy ds
0 R2
K
= ct” @ P;|0p|(x).

Hence, using the induction assumption for |k,| < |[k| — I together with (9), (28), (38) and
semigroup property of p,(z, x), we conclude
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L - a—1)/«a ' —1/a
V¥t 0| S P00+ D aquet FTe [ — 57V

ki +ko=k 1/2
ko [<[k|-1

X /Zpa(t — 85X — Y)Ps|90|()’)dy ds
R

t
+ / ’Vpa(t — 5,x —y) - RH0(s,y) V*0(s, y)‘ dyds
/2 JR2

I ! 1
St @ Pl (x) + // (t— s)’<11 /2pa(t — 5, x — Y)|R0(s, )| V*0(s, y)|dy ds.
12 R
(44)

Let € >0 be a constant to be fixed later. By (34), there are #,#;,R > 0 such that
|s@=D/eRLG(s, )| < & for (s,y) ¢ D = (t;,1,) x B(0,R). Thus

t
|VXO(t, x)| < er M/eP,|6o|(x) + s/ (t— s)*l/“/ Pa(t — 5,x — y)s~ @D/ TRG(s, y)|dy ds
t/2 R2

At
+ / / (r— s)fl/”‘pa(t — 85X — y)sf(afl)/“|vk9(s, y)|dyds.
1 B(O.R)

Vt/2

By lemma 4.2, the last integral is bounded by 7~ ¥/ P,#(x). This gives us
|VXO(t, x)| < crM/2P,|6,|(x) + E//lz (t— s)fl/”‘/Rzpa(t — 5, x — y)s~ @7/ vkg(s, y)|dy ds.
t
Now, denote fy(t,x) = t*I/*|V¥0(t, x)|. Then, for any v € (0,1/c),
fult.x) < cPi|6o|(x) + // 2 (t—s)'e /R Palt —s,x = y)s @ DTG, y) dy ds
t

< cPy|fo|(x) + 2K/ // ; (t — ) Vos~@Dlep,_ | fi(s,x)ds
1
< cPy|0o|(x) + 20T, fil(t, %),
where T, is defined in lemma 4.5. Since € may be arbitrary small, by lemma 4.5,
VR0t )| < Mr /2P|, (x).

The proof is complete. 0
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