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Abstract
By using a characterization of the Morse index and the degeneracy in terms
of a singular one dimensional eigenvalue problem given in Amadori A L and
Gladiali F (2018 arXiv:1805.04321), we give alower bound for the Morse index
—Au=[x|"f(m) in Q,
u=20 on 0%,
Qis a bounded radially symmetric domain of RY (N > 2),a > O and f is areal
function. From this estimate we get that the Morse index of nodal radial solu-
tions to this problem goes to co as a« — co. Concerning the real Hénon problem,
f () = |u|"~'u, we prove radial nondegeneracy, we show that the radial Morse
index is equal to the number of nodal zones and we get that a least energy nodal
solution is not radial.
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Keywords: semilinear elliptic equations, nodal solutions, Morse index, radial
solutions, Hénon type problems

Mathematics Subject Classification numbers: 35J25, 35J61, 35P15, 35B05,
35B06, 35A24.

“This work was supported by Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).

3The second author is supported by Prin-2015KBOWPT and Fabbr.
#Author to whom any correspondence should be addressed.

1361-6544/20/062541+21$33.00 © 2020 IOP Publishing Ltd & London Mathematical Society ~Printed in the UK 2541


https://doi.org/10.1088/1361-6544/ab7639
mailto:annalisa.amadori@uniparthenope.it
mailto:fgladiali@uniss.it
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/ab7639&domain=pdf&date_stamp=2020-4-3

Nonlinearity 33 (2020) 2541 A L Amadori and F Gladiali

1. Introduction

In this paper we estimate the Morse index of radial solutions to
—Au=|x|"f(u) inQ,
) o
u=20 on 0%,

where €2 is a bounded radially symmetric domain of RN, with N > 2, a > Ois areal parameter
and f is a real function. We will consider weak and classical solutions. When o = 0 problem
(1.1) becomes autonomous
—Au = in 2,
u=Jw i (12)
u=20 on 012,

and we recover, from a different point of view, an already known estimate on the Morse index
of radial solutions to (1.2); see [2—4]. Equation (1.1) has important applications in physics. It
has been derived in the study of a cluster of stars with a huge collapsed object in the origin,
see [5], but it models also steady-state distributions in some diffusion processes, see [6] for
a more detailed explanation of these examples. In the particular case of f(s) = (1 —s)~2
in dimension N = 2 equation (1.1) arises in the study of a simple Micro-Electromedical-
Systems Mems device with a power-law permittivity profile, see [7] for a description of the
mathematical model.

Since this paper is based on the Morse index of a solution we recall its definition and its
relevance in the study of PDEs. Taken a weak solution u € Hé(Q) to (1.1) we introduce the
associated linearized operator

L) = — A — [x]* f' () (1.3)

and the associated quadratic form

Qu) = /Q (VP — el £/ Guy?) d. (14)

In order to give sense to L, and Q, we will consider weak solutions u € Hé(Q) to (1.1)
under the hypotheses

(H.1) f € Wip(R),

(H.2) f'(u) € L>®(D).

Assumptions (H.1) and (H.2) are needed to give a sense to f’(s) and to the weak formulation
to (1.1) and (1.3) and Q, (%)) and to recover compactness of the linear operator L,, so to use the
eigenvalue theory for compact operators. It is easily seen that if f € C'(R) and u is a classical
solution then both assumptions hold. Besides assumption (H.2) is satisfied by every radial weak
solution if f fullfills some stricter condition, like for instance

(H.I') f € WX(R) and |f(s)] < C (1 + |s|]?) when s is large, for some constant C and

loc

pe (1,%),orp>1if1v:2.

See remark 4.3. The hypothesis (H.1’) has been introduced by Ni [8], together with some
other ones, to prove existence of radial solutions to (1.1) and in particular to the real Hénon
problem. In some results we will also assume that f satisfies

(H.3) f'(s) > f(s)/s,s #0.
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Given a weak solution u the Morse index of u, that we denote by m(u), is the maximal dimen-
sion of a subspace of H}(2) in which the quadratic form Q,, is negative defined, or equivalently,
since L, is a linear compact operator, is the number of the negative eigenvalues of L, in H} (),
counted with multiplicity and when u is a radial solution the radial Morse index of u, called
Mma(u), 1s the number of the negative eigenvalues of L, in H&rad(Q) (the subspace of Hé(Q)
given by radial functions). The knowledge of the Morse index of a solution u has important
applications. Let us recall that a change in the Morse index, gives existence of other solutions
that can be obtained by bifurcation and can give rise to the so called symmetry breaking phe-
nomenon, that in the contest of the Hénon problem has been highlighted by [9] for a least energy
solution. In the variational setting, indeed, there is a direct link between the second derivative
of the functional associated to (1.1) and the quadratic form Q, related to its linearization, and
a change in the Morse index immediately produces a change in the critical groups, giving exis-
tence of bifurcating solutions; we refer to [10] for the definition of critical groups, and their
relation with the Morse index. But also when the problem does not have a variational struc-
ture, as for instance when f is supercritical, a change in the Morse index implies a bifurcation
result, via the Leray Schauder degree; see [11]. An application of this type can be found in
[12], dealing with positive solutions of the Hénon problem in the ball. The knowledge of the
Morse index also allows one to produce nonradial solutions by minimization, as done in [13],
dealing with the Lane—Emden problem in the disk and in [14, 15] in the case of the Hénon
problem.

The study of the Morse index of nodal radial solutions has been tackled for the first time by
Aftalion and Pacella, in [2], dealing with autonomous problem of the type (1.2) with f € C'.
They proved that the linearized operator L, has at least N negative eigenvalues whose corre-
sponding eigenfunctions are non radial and odd with respect to x;. Adding the first eigenvalue,
which is associated to a radial, positive eigenfunction, one gets m(u) > N + 1. Next denoting
by m the number of the nodal zones, namely the connected components of {x € Q: u(x) # 0},
it is proved in [3] that m(u) > (m — 1)(N + 1). In this case f is absolutely continuous, but a
restriction on its growth is imposed so that (1.2) has a variational structure. After [4] established
the following lower bound

Theorem (Theorem 2.1 in [4]). Let f € C'(R), and u be a classical radial solution to (1.2)
with m nodal zones. Then

Megg(u) 2 m — 1, m@u) = (m — 1)(1 + N).

If in addition f fulfills (H.3), then
mrad(”) = m, m(l/l) >m+ (m — 1)N

All the mentioned estimates are achieved using the directional derivatives of the solu-
tion u, namely %, to obtain information on the eigenfunctions and eigenvalues of L,, since
1

Ly, (g—x”) = 0 and cannot be adapted to deal with nonautonomous nonlinearities.

Concerning the Morse index of nodal least energy solutions we quote [16, 17], dealing with
variational problems. Coming to nonautonomous problems of Hénon type (1.1) we quote a
recent paper by dos Santos and Pacella [18] which proved that any nodal radial solution in a
radially symmetric planar domain satisfies m(u) > 3 for any o > 0 and m(u) > 3 + o when
« 18 an even integer. Under the additional assumption (H.3), also the paper [18] furnishes an
improved estimate claiming that m(x) > m + 2 for any o > 0 and m(u) > m + 2 4+ o when
« is an even integer. The proof relies on a suitable transformation which relates solutions to
(1.1) to solutions of an autonomous problem of type (1.2), to which ([4], theorem 2.1) can be
applied.
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Here we improve the results in [18] in two different directions: from one side we provide a
higher lower bound in the planar case, from the other we include the case of higher dimensions.
Letting [§] = max {nez n < 4} stand for the integer part of 4. and N; = W
for the multiplicity of the jth eigenvalue of the Laplace—Beltrami operator, our estimates state
as follows:

Theorem 1.1. Assume that o > 0 and f satisfies (H.1), and take u a radial weak solution to
(1.1) with m nodal zones satisfying (H.2). Then

mrad(”) Zm— 1, (15)

22 22

() > maa(u) + (m—1) Y N;>(m—1) ) N

j=1 j=0
(m—1)(1+N) fo<a<?2,or
m—=1[1+N+> Ny if a>2.
=1
If in addition f fulfills (H.3), then
Meaa(U) 2 m, (1.7)
3] [24]

mu) = Mg+ m—1) > Nizm+m—1)Y N

J=1 J=1

m-+ (m—1)N if0<a<?2, or
m+(m—1) | N+> Ny if a>2.
j=1

The proof of theorem 1.1 relies on a transformation of the radial variable which, like the one
in [18], brings radial solutions to problem (1.1) into solutions of a suitable autonomous ODE
[see ([1], section 4.1)]. The main difference in our approach is that we compute the Morse
index starting from a singular eigenvalue problem studied in the preceding paper [1]. In that
way the core of the proof stands in an estimate of the singular eigenvalues given in proposition
3.3. Such estimate, together with ([1], corollary 4.11), allows us to obtain information also on
the Morse index in symmetric spaces and has interesting implications on the multiplicity of
solutions, as discussed with more details at the end of section 4.

Let us remark by now an immediate but interesting consequence of estimate (1.6).

Corollary 1.2. Assume that o > 0 and f satisfies (H.1), and take u a radial weak solution
to (1.1) with m > 2 nodal zones satisfying (H.2). Then the Morse index of u goes to infinity as
o — +00.

This result holds only for sign-changing solutions and indeed cannot be true in the case of
positive ones, as shown in [12] where the positive solution has Morse index one for every value
of a > 0, for some particular choice of the function f.

After this paper was finished we came to know that corollary 1.2 was previously presented
in the paper [19] for p-homogeneous nonlinearities. Their result generalizes also to the case of

2544



Nonlinearity 33 (2020) 2541 A L Amadori and F Gladiali

systems. Following an idea of [17] they transform problem (1.1) into an equivalent one and they
perform a blow-up analysis as & — co0. A Liouville theorem for the limiting problem, included
in the paper, then implies the result. Let us observe that the strategy of [19] is complementary
to ours. Indeed our result does not relies on an asymptotic analysis and produces information
for every fixed value of a.

We conclude our paper by dealing with the particular case of power-type nonlinearity, i.e.
with the Hénon problem

—Au = |x|*ul’'u inQ,
(1.9)

u=~0 on Jf,

that has been introduced by Hénon in [5] to study stellar clusters. Attention to this problem has
been brought by the existence result in [8] and by the break of symmetry of the ground state
solution in [9]. After that the Hénon problem attracted the attention of many authors, and the
interested reader can see among others the following ones [12, 15, 17, 20-28]. We recall that a
solution u is called radially degenerate if the linearized equation L, (¢/) = 0 admits a nontrivial
radial solution in H}(Q). By investigating the singular radial eigenvalues related to (1.9), we
are able to show that

Theorem 1.3. Leta > 0, p > landu € HA\(Q) a radial solution to (1.9) with m nodal zones.
Then u has radial Morse index m and is radially non-degenerate.

Theorem 1.3 includes also the Lane—Emden problem (« = 0). For that problem both the
radial non-degeneracy and the value of the radial Morse index had already been obtained in [29]
with a completely different approach. Their proof adapts to deal with some non-autonomous
problems, but their assumptions do not include the Hénon problem and they only handle
variational problems (i.e. subcrictical exponents).

Beside for the Hénon problem an easy corollary follows from the Morse index estimate in
theorem 1.1

Corollary 1.4. Leta>0and1 < p< % if N >3, or1 < pindimension N = 2. A least

energy nodal solution to (1.9) is not radial.

This result follows easily by Morse index considerations and was previously known only
for small values of « in [30]. It generalizes previous results for autonomous problem in [2,
3] and can be proved for more general nonlinearities when problem (1.1) admits a variational
structure (see as an example assumptions f1, f2, f3, f4in [17]), by relying on theorem 1.1. On
the other hand the same symmetry breaking phenomenon was already proved for the ground
state solution to (1.9) in [9], by estimating the energy of the positive radial solution, but it holds
only for large values of a.

Finally we mention that, starting from the Morse index formula in ([1], proposition 1.4),
theorem 1.3 and the estimates of the singular eigenvalues obtained in proposition 3.3, we are
able to compute the Morse index of radial solutions to (1.9) when the parameter p goes to the
end of the existence range, by means of a careful investigation of the asymptotic behaviour of
the solution as well of the singular radial eigenvalues and eigenfunctions; see [15, 20]. The
investigation of problem (1.9) gives some insight about the optimality of the estimate (1.8).
For positive solutions (m = 1) the bound is optimal because the Morse index is equal to 1
when the exponent p approaches the value 1; see [12]. For sign-changing solutions in dimen-
sion N > 3, in the case of Lane—Emden problem (« = 0) the estimate (1.8) is attained for

p near the critical exponent p* = %; see [4]. This is not the case anymore for the Hénon
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problem (v > 0), because the exact value obtained in [20], for p near the critical Hénon expo-
nent p, 1= %, overpasses the estimate from below presented here. But [20] also shows
that the estimates of the radial singular eigenvalues obtained here in proposition 3.3 are sharp:
actually the first m — 1 eigenvalues reach their upper bound for p near p,, giving the minimal
contribution to the Morse index. The contribution coming from the last eigenvalue is constant
for the Lane—Emden problem, but it varies for the Hénon problem, precisely it is maximal
when p is near p,, minimal when p is near 1. Dimension N = 2 is quite special: the Morse
index for large values of p is greater than the one for p near to 1 and the estimate (1.8) is not
optimal even for the Lane—Emden problem; see [13—15, 31]. Another estimate of the Morse

index in the plane has been recently provided in [32].

2. Preliminaries

In this section we give all the notation we need in the sequel, we introduce the singular eigen-
value problems that have been the subject of [1] and we recall their relation with the Morse
index of a solution # to (1.1) that we need to prove the main results. Since this paper is the sequel
of [1] we suggest to read the first part where some properties of the singular eigenvalues and
eigenfunctions are proved.

Henceforward 2 denotes a bounded radially symmetric domain of RY, while B = {x €
RY :|x| < 1} is the unit ball. In the end of this section we will focus on the case when
) = B since the case of the annulus is easier and can be deduced from this one. We shall
make use of the following functional spaces: CH(€2):= {v: Q) — R :v differentiable, Vv
continuous and the support of v is a compact subset of Q}; for any p > 1 we let LP(£2)
be the usual Lebesgue spaces; while H'(2) and H}(Q) are the Sobolev spaces, namely
H'(Q):= {ve*() :v has first order weak derivativedinL*(Q)fori=1,...,N};
Hy(Q):= {v e H'(Q) :v(x) = 0ifx € 00}; and HL(Q) and H{,4() are the subspaces
given by radial functions, namely H},((Q):={v € H'(Q) :visradial}; Hj () :=Hj() N
Ly ().

Following [1] we use some singular eigenvalues associated to the linearized operator L, to
characterize the Morse index of a solution u to (1.1). To define them we need some weighted
Lebesgue and Sobolev spaces that we denote by

L:= {1/): 2 — R : v measurable and s.t/ x| 2?dx < OO} )
Q

Hi=H')NL, Ho:=Hy(DNL, Hosma:=HNH4),

L is a Hilbert space with the scalar product [o|x|2npdx, so that

nly < /|x|*2ngodx:0 forn, ¢ € L. .1
Q

Next we introduce the singular eigenvalues that have been studied in ([1], section 3) and we
let

~ . o)
Ay := inf { TR 2P ¥ € Ho\{0}, } (2.2)

where Q, (1)) is as defined in (1.4). This first singular eigenvalue Kl is attained, when /A\l <
(NT’Z)Z at a function ¢ € H,. Iterating, when A; | < (Nsz)z and it is attained at a function

wi—1 € Ho, we can then define the subsequent eigenvalue
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JA\i ;= inf { Qu(¥)

_— O, wlo, ..., pii1 ¢, 2.3
T 292 (0dx ¥ € Ho\{0}, wles ® 1} (2.3)

where the orthogonality stands for the orthogonality in £. Again /A\i is attained as far as it

. ~ 2 . . . R .
satisfies A; < (NT’Z) . Every eigenfunction ¢; € H, associated with A; is a weak solution to
the singular eigenvalue problem

~

A .
—Ap; — |X|* f g = chi inQ,

wi=0 on 99,

2.4)

meaning that it satisfies

/ngﬁiV(b — |x|* f (u)pipdx = JA\,/S |x|72<p,'gz$dx
) )

for every ¢ € Hy. We need also the radial version of the singular eigenvalues and so we let

A el Q)
AV = inf { fQ|x|*21/12(x)dx' (RS ’Hoyrad\{O}} (2.5)

L . -~ o2 .
which is attained when Arf‘d < (%) at a function garf‘d € Horaa and, as before, whenever

~ 2 .. . .
A:fidl < (NT’Z) and it is attained at a function ga?idl € Horad, We can then define the subsequent
eigenvalue

A= inf { Mf;—ii)(x)dx: Y € Hora\{0}, 0 Lo, .., <p§ad1} : (2.6)
Q

The interest in the singular eigenvalues stands in the fact that, even for semilinear problems
more general than (1.1), the Morse index of any solution u can be computed by counting, with
multiplicity, the singular eigenvalues A, while the radial Morse index of a radial solution u is
the number of negative singular radial eigenvalue A™¢; see ([1], proposition 1.1). Further, when
u is radial, they have a good property, namely a decomposition along radial and angular part
holds. We collect here into one statement [adapted to the particular case (1.1)] the main results
in [1] about this topic recalling that \; are the eigenvalues of the Laplace Beltrami operator on
the sphere S¥ !, namely —Agv1Y; = \;Y; for

Aj=JWN =2+ )
and whose multiplicity is

_(N42j 2N+ j - 3)

Ny (N —2)!!

and Y; = Y;(#) are the eigenfunctions of —Agv-1 associated with A; and they are known as
Spherical Harmonics.

Proposition 2.1. Assume that o > 0 and f satisfies (H.1) and take u a radial weak solution
1o (1.1) satisfying (H.2). Then its radial Morse index my,q is the number of negative eigenvalues
A according to (2.6), and its Morse index is given by
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Mg [Ji—1]

m(u) :Z Z N; where

i=1 j=0

2
Ji = N-2 _Kltad_N__z
2 2

and [f] = min{k € Z:k > t} stands for the ceiling function. In addition the negative singular

2.7

eigenvalues are A = A + \; and the related eigenfunctions are, in spherical coordinates
Y0 = GRANYAO), 2.8)

where ¢ is an eigenfunction related to A7,

In the radial setting problem (1.1) is related to an autonomous one by means of the
transformation

t=r 2,  wl)=u@), (2.9)

which maps any radial solution u of (1.1) into a solution w of

2

(M1, N\ i M—1
(1M —<2+a)t fw), 0<t<1, (2.10)
where
M=M©N.a)= 2D oy @2.11)
2+«

with some boundary conditions that depends on the case when () is a ball and when 2
is an annulus. The transformation (2.9) has been introduced in [33] in the study of the
Brezis—Nirenberg problem for quasilinear elliptic equations with weight and, subsequently, it
has been used in [7] dealing with minimal solutions to (1.1) when f(u) = A(1 — u?)~'. Next,
in [34] it has been applied to the Hénon critical problem in RY, N > 3. As explained in [1] the
Morse index of # can be computed in terms of some singular eigenvalues associated with the
linearization to (2.10) at w, if u and w are related by (2.9). Since the topic is slightly different
when (2 is a ball or an annulus, we focus here on the case when €2 is the unit ball since the case
of the annulus can be easily deduced from this one.
In this case the function w satisfies the boundary conditions

W (0)=0, w(l)=0 (2.12)

and to deal with the singular eigenvalues for any M > 2, we define

1
L,z‘,, i= {v :(0,H)—R :vmeasurableands.t./ M 1y2dr < +oo} ,
0

H,, : = {v € Lj;: vhasafirst order weak derivative v’ in L, },
Hyy = {v € Hyv(l)=0}.
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The Lebesgue space L3, is a Hilbert space endowed with the scalar product (v,w)y
= fol M=lywdt, which yields the orthogonality condition

1
UJ_Mw<:>/ M ywdr = 0.
0

The spaces H,; and H|,,, can be seen as generalizations of the spaces of radial functions H,,(B)
and H|q(B) because when M is an integer then Hj, is actually equal to H\,(B) by ([35],
theorem 2.2). Next we say that w € H&M is a weak solution to (2.10) and (2.12) if

1 2 1
/tle'goldt:<2ia) / M1 (w)pdr (2.13)
0 0

for every ¢ € Hj ;.

In the spaces H&M we generalize the classical radial eigenvalues of L, considering the
Sturm—Liouville eigenvalue problem associated with the linearization of (2.10), namely, if
w is a solution to (2.10) we consider

2

M—1_,n\' M—1
7(t 1/%) ! <2+a
Yi0) =0, (1) =0.

2
! e M-1 aly.
> [y =t"""vpp fort € (0,1) 2.14)

By weak solution to (2.14) we mean a v; € H&M such that

1 2 1
/ M <w£<p’ - (—2 ) f’(w)wiso> dr = Vi/ M Ypipdr. 2.15)
0 2 +« 0

forevery ¢ € H&M. Under assumptions (H.1) and (H.2) letting

! , 2\,
QuiHyy =R,  Qu) = /0 M1 (lw - (H—a) f(w)zﬁ) dr (2.16)

these eigenvalues v; can be defined using their min—max characterization,

_ Qu(¥)
vpi= min —p————————,
vetdy, [o M1 (ndr

»#0

and fori > 2

V= min IQ*W = min maxlg#w). (2.17)
veryy [y MN2(0de wen), veW [FME1y2(n), dt
$#0 dimw=; Y70
YLy {dr... i}
where 1) ; is an eigenfunction corresponding to v; for j =1,...,i — 1.

Finally, for any M > 2 we define the weighted Lebesgue and Sobolev spaces

1
Ly:= {v :(0,H)—R :vmeasurableands.t/ M3wdr < oo},
0

Hy = HI{/I N Ly, Hom = Hé,M N Ly.
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Ly is an Hilbert space with the scalar product fol M=3n¢dt, so that

1
nLyp <:>/ tM3npdr =0 forn, ¢ € L. (2.18)
0

Using these spaces we generalize the radial singular eigenvalues /A\lr-ad looking at the singular
Sturm—Liouville problem

2
(erw’)’rW(zia) f'wyp =10y fort € (0,1)
w (S Ho,M

(2.19)

with 7; € R. A weak solution to (2.19) is ¢ € Hg s such that

. 2 1
/ M1 <1/1,{<P/ - (2 ) f/(w)l/fi%?) dr = 31’/ M pdt (2.20)
0 2+« 0

for any ¢ € Ho . We say that 7; is a singular eigenvalue if there exists ¢; € Ho\{0} that
satisfies (2.20). Such v; will be called singular eigenfunction. If M is an integer then H u
= Hopa and v; = /A\?d are the radial singular eigenvalues according to the previous definition.
The eigenvalues 7; can be defined as follows. Set

_— Qu(¥)
b heHopm h#0 fol tM*31/)2dt-

. . . . - 2 . L
This first eigenvalue v; is attained when v/} < (MT’Z) at a function ¢, € Ho which is a weak
. . ~ o\2 . . .

solution to (2.19). Iterating, when 7;_; < (%52)” and it is attained at a function t;_; € Hou
we can define

D= inf @) 2.21)

veHom v#0 5 M=3u2dr
YLy {15 i1}

where the orthogonality stands for the orthogonality in £),. Again 7; is attained as far as 7; <
(%)2 The definitions, the properties of the eigenfunctions ¢); their behaviour at = 0 and
many other facts that we need hereafter have been tackled in [1]. Here we report only some
properties of particular interest. The first one is called property 5 in [1] and we recall it in a

form that can be adapted both to the singular and the classical eigenvalues.

Property 5. FEach singular eigenvalue v; (each eigenvalue v;) is simple and any ith
eigenfunction has exactly i nodal domains.

Proposition 2.2 (Proposition 3.11 in [1]). The number of negative eigenvalues v; defined
in (2.17) coincides with the number of negative eigenvalues U; defined in (2.21).

Eventually we go back to problem (1.1): if u is a radial solution and w is defined as in (2.9),
we can compute the Morse index of u in terms of the singular eigenvalues 7; of (2.19) with M
given by (2.11).

Proposition 2.3 (Proposition 1.4 in [1]). Assume that o > 0 and f satisfies (H.1) and take
u a radial weak solution to (1.1) satisfying (H.2). Then its radial Morse index my,q is the number
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of negative eigenvalues of (2.19), and its Morse index is given by

Mg [Ji—1]

m(u) :Z Z N;, where

i=1 j=0

(2.22)

2+« <M2>2 . M-2
Ji = =) -

2 2 2

. . . N 2~ .
Furthermore the negative singular eigenvalues are A = (HT“) Vi 4+ Aj and the related eigen-
functions are, in spherical coordinates,

(x) = ¢; (rﬁf) Y(0), (2.23)

where ¢; is an eigenfunction for (2.21) related to v;.

To characterize degeneracy, and in particular radial degeneracy, also the classical eigenval-
ues v; of (2.19), again with M given by (2.11), are needed.

Proposition 2.4 (Proposition 1.5 in [1]). Assume that o > 0 and f satisfies (H.1) and take
u a radial weak solution to (1.1) satisfying (H.2). When N > 3 then u is radially degenerate if
and only if Uy, = v, = 0 for some k > 1, and degenerate if and only if, in addition,

’ \2
Uy = _<—> JIN =2+ j) forsomek,j>1. (2.24)
24+«

Otherwise, if N = 2, then u is radially degenerate if and only if v = 0 for some k > 1, and
degenerate if and only if, in addition, (2.24) holds. Furthermore, in any dimension N > 2, any
nonradial function in the kernel of L, has the form (2.23).

3. Morse index of radial solutions

In this section we address the Morse index of radial solutions to the semilinear problem (1.1)
when 2 is the unit ball, namely

{Au|x| f(u) inB, G

u=~0 on OB,

where o > 0 is a real parameter and f satisfies (H.1). The case of a = 0 gives back the
autonomous problem (1.2) in B and will be treated together with the general case.

As recalled in section 2 any radial solution u to (3.1) is linked by the transformation (2.9)
to a solution w to (2.10) and (2.12) with M > 2 given by (2.11).

To prove theorem 1.1 we need some qualitative properties of solutions to the semilinear
ODE (2.10). Letus denote by 0 < #; < - - - < t,, = 1 the zeros of w in [0, 1], so that w(t;) = 0
and, assuming w(0) > 0 we let

Mo =sup{w(®): 0<t<t},

M; = max{|w@®)|:t; <r <ty }s
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fori =1,...,m — 1. Then we have:

Lemma 3.1. Assume that o > 0 and f satisfies (H.1) and let w be a weak solution to (2.10)
with m nodal zones which is positive in the first one (starting from 0) satisfying (H.2). If in
addition f satisfies f(s)/s > 0 for s # 0, then w is strictly decreasing in its first nodal zone so
that

10(0) = /V10.
Moreover, it has a unique critical point s; in the nodal set (t;,t;+1) fori = 1,...m — 1 with

Mo > My > ...

M > Mz > . ...

In particular 0 is the global maximum point and s, is the global minimum point. If, in addition,

f is odd, then

Mo > My > - M.

Proof. Under assumptions (H.1) and (H.2) a weak solution to (2.10) and (2.12) is classical
by ([1], corollary 4.8). Then integrating (2.10) and recalling that w > 0 in (0, ;) gives

2 t
w'() =— <L> tlfM/ sMﬁleds <0
24+« 0 w

forany ¢ € (0, t,). Then w is strictly decreasing in the first nodal zone, so that My = w(0). We
2

multiply —w” — ¥=w/ = (ZJ%Q) f(w) by w' and integrate to compute

Do)+ ar— 1 l(w/(s))zdf 2 2F 0)) — F(w(t)) (3.2
E(w()) + M — )/OSS<2+a> (F(w(0)) — F(w(1))) (3.2)

where F(s) = f Yf(t)dt is a primitive of f. Since the lhs is strictly positive, it follows that
F(w(0)) > F(w(r)) forany ¢ € (0, 1], meaning that w(0) # w(¢) for any ¢ € (0, 1]. This implies
that My = w(0) > w(t) for any t € (0, 1] so that O is the global maximum point of w. The
very same computation (integrating between s; and ) shows that |w| is strictly increasing
in any nodal region until it reaches a critical point s;, and then it is strictly decreasing.
At any critical point s;, we have w(s;) # 0 by the unique continuation principle and w”(s;)

2
= — (Hia) Sf(w(s;)) # 0 has the reverse sign of w(s;) because f(s)/s > 0, so that w can have

only one strict maximum point (resp. minimum) in each nodal set where it is positive (resp.
negative). Further, the previous argument also shows that My > M, > ... and that M| >
M; > ... If, in addition, f is odd, then F is even and (3.2) shows that F(w(0)) > F(|w(z)|)
for any 7 € (0, 1] from which it follows that My > M| > ... M,,_;. O

Next we show an estimate on u’ and w’ that will be useful hereafter.

Lemma 3.2. Assume that o > 0 and f satisfies (H.1), take u a radial weak solution to (3.1)
satisfying (H.2) and w as in (2.9). Then v’ € Hy and w' € Hy,.

Proof. We prove that ' € Hy. The fact that w’ € H,, then follows by lemma 4.4 and (4.21)
in [1]. By ([1], lemma 4.6) it is known that any weak solution u € C?[0, 1] and solves (2.10)
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in classical sense. In particular u” € C[0, 1] so that fol M =1u" 2 dr < co. Moreover, for every
v < 1 4+ o de L’Hopital theorem gives

() NNy = f(u(r)
lim = lim ———— = lim ———— —
=0 Y =0 pN=14+y =0 N—1+4v
which shows that [ 7V ~3[u’|? dr < oo and concludes the proof. a

The transformation (2.9) is useful also in computing the Morse index of radial solutions u
to (3.1) via proposition 2.3. In that case we look at the singular eigenvalues 7; defined in (2.19)
in section 2. Next Proposition establishes some bounds for these singular eigenvalues 7; which
are essential to prove theorem 1.1.

Proposition 3.3. Assume that « > 0 and f satisfies (H.1) and take u a radial weak solution
to (3.1) with m nodal zones satisfying (H.2). Then

vi<—-M-—1) fori=1,...m—1. (3.3)
If, in addition, f(s)/s > 0 when s # 0 and the radial Morse index of u is my,q(u) > m then
0>0;>—M—1) fori=m, ... mye(u). (3.4)

Proof. Letw beasin (2.9) and ¢ = w' € C'[0, 1] N Hy by lemma 3.2. Since w € C?[0, 1]
and satisfies (2.10) pointwise, a trivial computation shows that

1 S| 1
/rMIC'ga'dr< 2 >/rM1f’(w)§<pdr(M1)/ rM73§<pdr

0 2+« 0 0
(3.5)

forany ¢ € C}(0, 1). Moreover, the computationsin ([ 1], lemma 2.4) can be repeated obtaining
that

(P (wi¢ — i) = (M =1+ D)rM 3y forr € (0,1), (3.6)

whenever v); is an eigenfunction for (2.19) related to 7; < (%)2

It is clear that ¢ has at least m zeros in [0, 1], indeed since u has m nodal domains the same
is true for w so that ¢ has at least one zero in each nodal domain of w. Let 0 <19 < t;--- <
tn—1 < 1 be such that {(#;) = 0. Because w is a nontrivial solution to (2.10) and (2.12) we can
take 7o = 0, and certainly #,,_; < 1 by the unique continuation principle. Fork = 1,...m — 1,
let (4 be the function that coincides with ¢ on [#;_j, #x] and is null elsewhere. Certainly (; €
Hon C H&N, and can be used as test function in (3.5) giving

1 / 2 \*, e
/0 ! <(<k>2— (Ha) f(wxf) dr = —(M — 1)/0 7GR <0,

(3.7)
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Recalling that (; have contiguous supports and so they are orthogonal in L3, (see section 2
for the definition of the space), (3.7) implies in the first instance that the quadratic form Q,, in
(2.16) is negative defined in the m — 1-dimensional space spanned by (1, . . ., (,,—1 showing, by
(2.17), that the eigenvalue problem (2.14) has at least m — 1 negative eigenvalues vy, . .., Vp_i.
Proposition 2.2 then implies that also the singular eigenvalue problem (2.19) has at least
m — 1 negative eigenvalues 7y, ..., U,,_;. Let us check that actually ; < —(M — 1). First
Vi # —(M — 1), otherwise (3.6) should imply that ¢); and ¢ are proportional, which is not pos-
sible as t;(1) = 0 # ((1). Next, taking advantage from the identity (3.6), we can repeat the
same arguments used to prove the last part of property 5 in subsection 3.1 in [1] to show that,
if U; > —(M — 1), then v; must have at least one zero between any two consecutive zeros of
& meaning that v); must have at least m — 1 internal zeros, contradicting property 5 recalled in
section 2. This concludes the proof of (3.3).

Further, when f(s)/s > 0 for s # 0, then w has only one critical point in any nodal region
by lemma 3.1. This means that the function ¢ has exactly m zeros, and only m — 1 internal
zeros. Besides, since we are assuming mq(u) > m, also 7,, < 0 thanks to proposition 2.3 and
the related eigenfunction ¢, has m nodal zones by the property 5 recalled in section 2. The
inequality (3.4) is obtained by comparing ¢ and 1),,. As before, certainly v,, = —(M — 1), and
if U, < —(M — 1) then ¢ must have at least m internal zeros, obtaining a contradiction. O

The previous inequalities will play a role in the proof of some asymptotic results on the
Morse index of radial solutions to (3.1) in [15, 20]. Now the statement of theorem 1.1 follows
by combining the estimate (3.3) with the general formula (2.22).

Proof of theorem 1.1. By (3.3), via proposition 2.3, it is clear that the radial Morse index
of u is at least m — 1, i.e. (1.5) holds. Next putting the estimate (3.3) inside (2.22) gives (1.6).
Moreover, under assumption (H.3) it is easy to see that the radial Morse index of u is at least
equal to the number of nodal zones. First we show that, letting w as in (2.9), the eigenvalue
problem (2.14) has at least m negative eigenvalues i.e., by the variational characterization
(2.17), that the quadratic form Q,, in (2.16) is negative defined in an m-dimensional subspace
ofHé,M. LetO0 <t <t <---t, = 1bethe zerosof win [0, 1], 1, = (0,1,), I; = (t;_1, ;) for
i =2,...,mits nodal domains, and z; be the function that coincides with w in /; and is zero
elsewhere. Using z; as a test function in (2.13) gives

1 2 2
[ (st (25) rems = (25) e (B2 - )

by (H.3). So this part of the proof is concluded, because z; € H&M are linearly independent, hav-
ing contiguous supports. Proposition 2.2 then implies that also the singular eigenvalue problem
(2.19) has at least m negative eigenvalues and proposition 2.3 yields that the radial Morse index
of u is at least m, i.e. (1.7) holds. Eventually (1.8) follows inserting (1.7) into (1.6). O

Theorem 1.1 extends some previous results on the autonomous case, namely (3.1) fora = 0,
to the case of positive values of «. The proof above is nevertheless a new proof also for the
autonomous case, based upon the singular eigenvalue problem associated with the linearized
operator L. Indeed when o = 0 the eigenvalues 7; coincide with the radial singular eigenvalues
A?d defined in (2.6) and (3.3) and (3.4) become

A < (N = 1) fori=1,...m—1 (3.8)
0>AM>_—(N—1) fori=m, ... muau) (3.9
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Some comments on estimates (3.8) and (3.9), which are important in providing the bound (1.6)
on the Morse index of u in the case of @ = 0. Indeed they imply that the parameters J; appearing
in (2.7) satisfy & >1fori=1,....m—1and J; <1 fori=m,...,mye(u). It means that
the eigenvalues A™ for i = m, . .., mpa(u) give only the radial contribution (corresponding to
Jj = 0) to the Morse index of «, while the eigenvalues K?d fori =1,...,m— 1givealways also
the contribution corresponding to j = 1. In the general case o > 0 the estimate (3.3) implies
thatJ; > “T”‘ fori = 1,...,m — 1, highlighting the role of a and proving that the Morse index
of any nodal radial solution goes to +00 as o — 0.

Furthermore, estimate (3.3), together with ([1], corollary 4.11), gives information also on the
Morse index of any radial solution in symmetric spaces. If G is any subgroup of the orthogonal
group O(N) we say that a function v(x) is G-invariant if

P(g) =) VxeQ Vgegd.

We denote by Hé‘g the subset of H}(B) made up by G-symmetric functions and by m(u) the
Morse index of a solution # when computed in the space Hé,g.

Corollary 3.4. Tuke o > 0 and [ satisfying (H.1), and let u be a radial solution to (1.1)
with m nodal zones such that (H.2) holds. Then

2]
miw) > (m—1)+m—1) ) Ny

J=1
If also assumption (H.3) holds true, then
5]

méu) = m+(m—1) Y NY.

J=1

Here N]g stands for the multiplicity of jth eigenvalue of the Laplace—Beltrami operator in
Hjg.

4. Power type nonlinearity: the standard Hénon equation

We focus here on the particular case f(u) = |u|P~'u where p > 1 is a real parameter. For o > 0
we have the Hénon problem

“.1)

—Au = |x|*ul’'u inB,
u=0 on 0B,

but all the subsequent discussion applies also to the case o = 0, i.e. to the Lane—Emden
problem

—Au= |ul"'u inB,
4.2)

u=~0 on OB.
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To begin with we see that problem (4.1) admits classical solutions with any given number
of nodal zones under assumption (H.1’), namely when the exponent p satisfies

p € (1,400) when N = 2,
N+2+2a 4.3)

VS (Lpa,N) with p, vy = W when N > 2.

More precisely we show the following

Proposition 4.1.  Assume that o > 0 and p satisfies (4.3). Any weak radial solution to (4.1)
is classical. For any m > 1 problem (4.1) admits a unique radial solution u which is positive
in the origin and has m nodal regions. Further u is strictly decreasing in its first nodal zone
and it has a unique critical point o; in any nodal zone (r;i_1, r;). Moreover

u(0) > [u(or)| > -+ [u(om-1)|
and 0 is the global maximum point.

Proof of proposition 4.1. The regularity part follows from propositions 5.1 and 5.2 in [35]
when N > 3. The existence and uniqueness is proved in [36] for the same dimensions. When
the dimension N = 2 the regularity and the existence can be obtained in a standard way while
the uniqueness is a consequence of [37]. The monotonicity properties of the solution u follows
by lemma 3.1. 0

As in the previous section the proof relies on the transformation (2.9) that we adapt here
to the case of the power nonlinearity so to adsorb the constant. Then a minor variation on the
previous discussion shows that

Corollary 4.2. Assume that o > 0. u is a (weak or classical) radial solution to (4.1) if and
only if

2 p=1 a
u(t) = (M) wr), t=r? (4.4)
solves (in weak or classical sense)

{—(tMlv’)' =My, 0<r<,

4.5)
v'(0) = 0, v(1) = 0,

where M = % € [2,N]asin (2.11).

Remark 4.3. A bootstrap argument applied to any weak solution to (4.5) shows that (H.2)
holds for any weak radial solution to (1.1), when the nonlinearity f satisfies the hypothesis
(H.1”) mentioned in the introduction.

The Morse index and the degeneracy of a solution u to (4.1) can be regarded considering
the eigenvalues and singular eigenvalues v; and 7; as in (2.14) and (2.19) which in terms of v
are given by

(M1 M- p—1, _ M—1
{(r @) = Ml = M for 1€ (0,1) “6)

Y'(0)=0, (1)=0
and
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(M1 M1 p=l _ M-3
{(r @) — M T plofPle = M 3Dg for 1 € (0,1) @

¢ S 7{0J4.

2
Indeed, in the particular case of power nonlinearity we have p|v|?~! = (2_%@) S/ (w), recalling

(2.9) and (4.4). In addition the radial solutions produced in proposition 4.1 satisfy in particular
the assumption (H.2), so that propositions 2.3 and 2.4 apply. Eventually we end up with

Corollary 4.4. Assume that « > 0 and p satisfies (4.3). The radial singular eigenvalues for
the linearized operator L, are

~ 2+a)’ N -2\
rad __ 7.
A,.<2)u,<<2> .8)

where U; < (%)2 are the eigenvalues of (4.7), and the Morse index formula (2.22) holds

corresponding to these V;. 1; € Hoy is an eigenfunction related to K}'ad if and only if 1(r)
= ¢i(t), where ¢; € Hoy is an eigenfunction for problem (4.7) related to U;. Forany N > 2,u
is degenerate (but not radially degenerate) if and only if

24+« 2
’ﬁk< > >j(N2+j) forsome j, k > 1. (4.9)

u is radially degenerate instead if and only if V = 0 is an eigenvalue for (4.7) when N = 3 or
v = 0 is an eigenvalue for (4.6) when N = 2. All the corresponding eigenfunctions are as in
(2.23).

Before proving theorem 1.3, we point out some useful properties of the auxiliary function

z=r'+ v, (4.10)

p—1
which has already been used, for instance, in [38].

Lemmad4.5. Letvbeaweak solution to (4.5) with m nodal zones Then the function z defined
in (4.10) has exactly m zeros in (0, 1).

Proof. By lemma 3.2 and ([1], corollary 4.8) the function z belongs to Hj ,, N C'[0, 1], and
it is easily seen that solves

(M) + p 'z =0 @.11)

in the sense of distributions. Next, since pr -1 |U|"’lz is at least continuous on [0, 1], the same
reasoning of ([1], proposition 4.6) proves that z solves (4.11) pointwise. Observe that z(0)
=2(0) >0, z(t;) = 1,v'(#;) <0 and similarly (—1)z(t;) = (= 1)t;v'(t;) > 0. Actually the
unique continuation principle guarantees that (—1)'z(¢;) = (—1)'t;0'(t;) > 0, i.e. z has alternat-
ing sign at the zeros of v and therefore it has at least one zero in any nodal zone of v. Note that
if it has more than one zero, then it has at least three. We conclude the proof by checking that
z can not have three or more zeros in any nodal zone.

Observe that w(x) :=v(|x|) as |x| < #; is the unique positive radial solution to (4.1) settled
in the ball Q = {x € RV : |x| < #;} and therefore
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(M1 M1 p=ly _ M-l
{(r @) — M plofle = Mg for 1€ (0,1) 12

¢'(0) = ¢(1)) =0

has exactly one negative eigenvalue v/;.

Similarly for i = 1,...m — lw;i(x) :=(—1)v(|x|) as t; < r < t;4 is the unique positive
radial solution to (4.1) settled in the annulus Q = {x € R":#; < |x| < #;1}. Again it follows
that

(Mg ML=l M- fort € (4,1
{( &) plulP1e ve fort € (ti,1iy1) (4.13)

o(t) = ¢(tiy1) =0

has exactly one negative eigenvalue v/;.

Now, let us assume by contradiction that z has three or more zeros between #; and #,, and
let ¢,, v, respectively the second eigenfunction and eigenvalue of (4.12) or (4.13) settled in
(i, ti+1). We have seen that v, > 0, moreover ¢, has exactly one zero in (#;, t;4). If z has three
or more zeros between #; and f;, then we can reason exactly as in the proof of property 5 of
subsection 3.1 of [1] and we prove that ¢, has at least two zeros in the same interval obtaining
a contradiction. To see this we suppose z(r) > 0 on (s, s2) with z(s;) = z(s2) = 0, which also
implies Z'(s;) > 0 and 7'(s) < 0. If ¢, does not vanish inside (sy, s2) we may assume without
loss of generality that ¢(r) > 0 in (sy, s2) and @2 (s1), @2(s2) > 0. Repeating the computations
in lemma 2.4 in [1] we get that

(PN (Zn — 2¢5)) = oV zdn ast; <1 < 4. (4.14)

Integrating (4.14) on (sy, s2) gives

52
sy 12 (s2)a(s2) — s\ 2i(s)da(sr) = Vz/ M zgndr.,
st
But this is not possible because the lhs is less or equal than zero by the just made considera-
tions, while the rhs is greater or equal than zero as v, > 0. The only possibility is that v, = 0
and ¢,(s1) = ¢a(s2) = 0, but again this is not possible since it implies, by uniqueness of an
eigenfunction, that ¢, and z are multiples and this does not agree with ¢,(¢;,) = 0 # z(z;). O

We are now in the position to prove theorem 1.3: u has radial Morse index m and it is radially
non-degenerate

Proof of theorem 1.3. First (1.7) assures that m,q(v) > m which implies, in turn, that
v; <0 fori=1,...m by propositions 2.3 and 2.2. The proof is completed if we show that
Vma1 > 0.Indeed in this case proposition 2.2 forbids 7,1 | < 0, thus implying that m,q(«) = m
via proposition 2.3, while proposition 2.4 ensures that « is not radially degenerate. We therefore
assume by contradiction that v,,; < 0 and denote by ,,+ the corresponding eigenfunction,
which, by property 5 in section 2 admits m zeros inside the interval (0, 1) and then m 4 1 nodal
zones. Then we want to prove that the function z introduced in (4.10) has at least one zero in
any nodal interval of 1,,4. This fact contradicts lemma 4.5, since z has m zeros in (0, 1) and
concludes the proof. Let (s, sx+1) be a nodal zone for ¢, and suppose by contradiction that
z has one sign in this interval. Without loss of generality we can assume 1,11 > 01in (g, Sg1),
which also implies 9/, (sx) > 0 and v, | (sg4-1) < 0. If z does not vanishes inside (s, Si41)
we may assume without loss of generality that z(r) > 01in (s, Sg+1) and z(sx), Z(Sx+1) = 0. The
arguments in the proof of lemma 2.4 in [1] yield

(M (12 = Ynni?)) = =vpr gz, (4.15)
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and integrating on (g, Sg+1) gives

k1
M—1_,1 M—1_,1 M—1
Sir1 U1 Grr)20x1) — 8¢ Uy 1 (50)2(s5K) = — Vg1 / T zdre
Sk

Observe that the rhs is strictly positive if v,,4; < 0 and equal to zero if v,,; = 0, while the
lhs is less or equal than zero by the assumptions on z and 1,,4+1. The only possibility is that
VU1 = 0and z(sg) = z(sg4-1) = 0. So (4.15) implies that 1, ; and z are multiples and it is not
possible since 1,,11(1) = 0 # z(1). O

Remark 4.6. Inspecting all the arguments used in this subsection one can easily see that
they apply also to the case o = 0, i.e. to the Lane—Emden problem. In that particular case the
transformation (4.4) is the identity, and the presented proof of theorem 1.3 is an alternative
proof of ([29], proposition 2.9).

We end this section recalling that when we are in a variational setting, namely when

I<p< %—Jj;, solutions to (3.1) (radial and nonradial) can be found minimizing the functional

5(u)::/ (1Vuf? = x| ful?*1) dx
B

(which is defined in H{}(B)) under suitable constraints. In particular minimizing it on the Nehari
manifold produces a least energy solution which is positive and not radial when « is sufficiently
large (depending on p) by the result in [9]. Next, following [39] one can minimize £(u) on the
nodal Nehari manifold to produce a nodal least energy solution which has two nodal domains
and Morse index 2, and considerations based on the Morse index imply that such solution is
not radial for o = 0, see [2, 3]. Estimate (1.6) then extends this matter also to the case o > 0,
proving corollary 1.4.

Moreover, if G is any subgroup of O(N), for 1 < p < %, the minimization technique
on the nodal Nehari set can be performed also in Hé‘g, ending with a nodal solution u
which belongs to Hé‘g and has m9%(u) = 2. In that way corollary 3.4 ensures that the mini-
mal energy nodal and G-symmetric solution is not radial whenever ng # 0, for every a > 0.
As « increases, the condition under which the minimal energy nodal and G-symmetric solu-
tion can be radial become more stringent, and it is expected that the multiplicity of nonradial
solutions increases. This considerations are exploited in [13], dealing with the Lane—Emden
problem in the disk, and in [14, 15], dealing with and the Hénon problem.
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