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Abstract

In this article we calculate the Hausdorff dimension of the set
~ap1(x)ay(x) > ®(n) for infinitely many n € Nand

F(@) = {x €10, 1): ap+1(x) < ®(n) for all sufficiently large n € N}

where @ :N — (1,00) is any function with lim,_,.,®(n) = co. This in turn

contributes to the metrical theory of continued fractions as well as gives

insights about the set of Dirichlet non-improvable numbers.

Keywords: uniform Diophantine approximation, Hausdorff dimension,
Dirichlet’s theorem, metric theory of continued fractions

Mathematics Subject Classification numbers: 11K50, 11J70, 11J83, 28A78,
28A80.

1. Introduction
Metric Diophantine approximation is concerned with the quantitative analysis of the density

of rationals in the reals. We commence with the famous uniform Diophantine approximation
result, Dirichlet’s theorem, which is a simple consequence of the pigeon-hole principle.

Theorem 1.1 (Dirichlet 1842). Given x € R andt > 1, there exists integers p, q such that

lgx — p| < and 1<qg<t. (1.1)
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The above result is uniform in the sense that it ensures non-trivial integer solution for all
t. It can be easily seen that the rate of approximation given in (1.1) improves the trivial rate
of 1/2. A natural question that arises here is, what happens if the right-hand side of (1.1) is
replaced with a faster decreasing function depending upon #? To this end, let ¢ : [fy, 00) — R
be any monotonically decreasing function, where 7y > 1 is fixed. Denote by D(%)) the set all
those real numbers x for which the system

lgx — p| < (1) and |g| <t

guarantees a nontrivial integer solution for all large enough 7. A real number x € D()) (resp.
x € D(v)°) will be referred to as an v-Dirichlet improvable (resp. 1-Dirichlet non-improvable)
number.

Davenport—Schmidt [1] proved that the set D(k/t) has a Lebesgue measure zero for any
k <1 by showing that D(k/r) is a subset of the union of the set of rationals Q and the
set of badly approximable numbers. The set D(v)) is connected with the continued fractions
as observed by Kleinbock—Wadleigh [2, lemma 2.2] proving that an irrational number is
1-Dirichlet improvable if and only if the product of consecutive partial quotients of the con-
tinued fraction expansion of that number do not grow fast. To state their result as well as our
main result, first we introduce some necessary definitions and notations.

Every irrational x € [0, 1) can be uniquely expressed as a simple infinite continued fraction
expansion of the form:

x = [a1(x),a(x),...,],

where a,,(x) € N, n > 1 are known as the partial quotients of x. This expansion can be induced
by the Gauss map 7': [0, 1) — [0, 1) defined as

T(0):=0, T(x):= %(modl), forx € (0, 1), (1.2)

with a;(x) = [)—ICJ, where |.] represents the floor function and a,(x) = a;(T"'(x)) for n > 2.
Further, we denote ¢, = ¢,(x) to be the denominator of the nth convergent to x. That is
Pa()
[a1(0), ax(x), . .., @u()] =
gn(x)

The metrical theory of continued fractions which focuses on investigating the properties of
partial quotients for almost all x € [0, 1) is one of the important areas of research in the study
of continued fractions and is closely connected with the Diophantine approximation. The main
connection is that the convergents of a real number x are good rational approximates for x. In
fact, for any 7 > 0 the famous Jarnik—Besicovitch set

p

{xE[O,l): x— -l <
q

— forinfinitely many (p, q) € Z x N } ,
qT

can be written in the following form,
{x€[0,1):a,(x) > g;(x) forinfinitely manyn € N}, (1.3)

by using Legendre’s theorem 2.2 and property (P3) of the proposition 2.1, stated below which
essentially rely on elementary properties of continued fractions. For further details about this
connection we refer to [3]. Thus a real number x is 7-approximable if the partial quotients
in its continued fraction expansion are growing fast. Therefore the growth rate of the partial
quotients reveals how well a real number can be approximated by rationals.
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A starting point in the metrical theory of continued fractions is the well-known
Borel-Bernstein theorem [4, 5] which gives an analogue of Borel-Cantelli ‘0—1" law with
respect to Lebesgue measure for the set of real numbers with large partial quotients. A lot of
work has been done in the direction of improving Borel-Bernstein’s theorem, for example, esti-
mation of Hausdorff dimension of sets when partial quotients a,(x) obeys different conditions
has been studied in [3, 6, 7].

Throughout this paper, let ®:N —(1,00) be an arbitrary function such that
hmnﬁooq)(n) )

E(®):={x€[0,1):a,(x) > ®(n) forinfinitelymanyn € N}.

Theorem 1.2 ([5, Borel-Bernstein]). The Lebesgue measure of E\(®) is either zero or full
according as the series Y, | 1/®(n) converges or diverges respectively.

The Borel-Bernstein’s theorem is a remarkably simple dichotomy result but it fails to dis-
tinguish between Lebesgue null sets, that is, it gives Lebesgue measure zero for sets £;(P)
for rapidly increasing functions ®. To distinguish between Lebesgue null sets the notion of
Hausdorff measure and dimension are the appropriate tools and has gained much importance
in the metrical theory of continued fractions. Keeping this in view Wang—Wu [8] completely
determined the Hausdorff dimension of the set £ (®).

Theorem 1.3 ([8, Wang—Wu]). Let ® : N — R be an arbitrary positive function. Suppose

log ¢ log log ®
log B = tim inf €2 g log b — lim inf 2& 108 (V)

n—00 n n—00 n

(a) When B = 1, dimyg £(®) = 1.
(b) When B = oo, dimy £(®) = 1/(1 + b).
(¢) When 1 < B < oo, dimy £(P) = sp:= inf{s > 0: P(T, —s(log B + log |T"])) < 0},

where T is the Gauss map related to the continued fraction expansion, T' denotes the
derivative of T and P represents the pressure function defined in section 3.

The following result illustrates the continuity of dimensional number sp and shows that its
limit exist.

Proposition 1.4 ([8, Wang—Wu)). The parameter sg is continuous with respect to B, and
;glllsB: 1, BIE?CSB: 1/2.

The set £(P) is connected with the Jarnik-Besicovitch set (1.3) in the sense that in (1.3)
the approximating function depends on the nth convergent of x ‘g, (x)” whereas in £;(®) the
approximating function @ is a function of index ‘n’. Recall that £;(®) consist of real numbers
such that one partial quotient grows very fast but as we move towards the product of two
consecutive partial quotients, the corresponding set of real numbers is linked with the set of
Dirichlet non-improvable numbers (as observed by Kleinbock—Wadleigh [2]) in the following
sense.

There exists w > 1 such that for every x ¢ Q, w" < g,(x) for all n > 2. There also exits
W > w such that for almost every x, g,(x) < W” for all large enough n (see [9, section 14]).

This leads to the following criteria for Dirichlet improvability.
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Lemma 1.5 ([2, Kleinbock—Wadleigh]). Let x € [0, D\Q, and let 1) : [ty, 00) — RT be non-

increasing function with 1)(t) < 1 for all t > ty and ®(t) = 1:(&;) Then

(@) x € D(W) if ap+1(x)a,(x) < D(w™)/4 for all sufficiently large n.
(b) x € DW)° if ap4(x)ay(x) > ©(W") for infinitely many n.

Thus this lemma characterises a real number x to be ¢/-Dirichlet non-improvable in terms
of the growth of product of consecutive partial quotients. Further, Kleinbock—Wadleigh also
proved a zero-one law for the Lebesgue measure of D(¢)). With a change of notation, we
consider the set

E(@):= {x € [0,1):a,(x)a,+1(x) = ®(n) forinfinitely manyn € N},

where ® : N — (1, o0) is any function with lim,,_,,o®(n) = oco.

Theorem 1.6 ([2, Kleinbock—Wadleigh)). The Lebesgue measure of E,(®) is either zero or

full according as the series - lo“fb%”) converges or diverges respectively.

Note that the £;(®) is properly contained in £,(P). Since the inclusion is proper, this raises
a natural question of the size of the set £,(®)\&1(P). In other words, a natural question is to
estimate the size of the set
L _ _ apr1(0)a,(x) = ®(n) forinfinitely manyn € Nand
F(@)=E(D)\E(®) = {x €. 1: api1(x) < ®(n) forall sufficientlylargen € N [’

in terms of Hausdorff dimension. Note that the set F(®) arises by excluding the set of well
approximable points (cf Jarnik-Besicovitch set (1.3)) from the set £ (®) of Dirichlet non-
improvable points expressed in terms of their continued fraction entries. The main result of
the paper is the Hausdorff dimension of the set ().

Theorem 1.7. Let & :N — (1, 00) be any function with lim ®(n) = oc. Suppose
n—o0

log ¢ log log ®
log B = lim inf log &) g log b = lim inf log log ®(n)
n—0o0 n n—0o00 n
Then
tp:=inf{s > 0:P (T, —s* log B—slog (|T']) <0} ifl <B < oc;
dimyg F(P) = 1

it B — oo,
1+b ne=ee

where P represents the pressure function defined in section 3.

Note that if we take B =1 then from the definition of F(®) we have a,(x) <1
which is a contradiction to the assumption that a,(x) > 1. Therefore, B is strictly greater
than 1.

When @ is a function of the nth convergents (g,(x)) then the Hausdorff dimension of the
set F(P) has been established by the authors in [10], and the Hausdorff measure theoretic
results for the set £ (P) have been established by Hussain—Kleinbock—Wadleigh—Wang in
[11]. The Hausdorff dimension of level sets within this setup are investigated very recently by
Huang—Wu [12].
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2. Preliminaries
In this section we aim to gather some fundamental properties of continued fractions, pressure
function and a few auxiliary results that will be helpful for obtaining the Hausdorff dimension

of F(®).

2.1. Continued fractions and Diophantine approximation

For any vector (ay, ..., a,) € N" with any n € N, we call
[Pn’ Pn T Prct 1 Pz ) ifniseven;
I . — qn 4qn qn—1 21
n(al,ab > an) pﬂ + pnfl & ( )

s if nisodd,
qn+qn-1 qn

a ‘basic cylinder’ of order n, where p,, g, are generated by the following recursive relation

p1=1, po =0, Dnt1 = Ant1Pn + Pu—1> 2.2)
q-1=0, q0 =1, Gn+1 = Gny1qn + Gn—1.
In fact the basic cylinder of order n represents the set of those real numbers in [0, 1) that
have continued fraction expansion starting from ay, . . ., a,, that is
I =1L(a,...,a,):=4{x€[0,D):a;(x) =aj,..., a,(x) = a,}. (2.3)

From [9] it is well known that the length of 7, is

1 1

—— < —, (2.4)
Qn(Qn + anl) CI%

1
_2 g |In(al, DR} an)| =
qn

since p,_1qn — Pnqn—1 = (—1)", foralln > 1.
For any n > 1 and irrational x € [0, 1), let p,(x) = p, and g,(x) = g, be given by (2.2),
define 222 ‘the nth convergent of x’ by

qn(x)
(%)
DY) a0, @] (= 1),
gn(x)
From (2.2) note that for any n > 1, g, is determined by aj, . . ., a,. Therefore, we can write
qn = qu(ai, .. .,ay). Just to avoid confusion we can use a, and g, in place of a,(x) and g,(x),

respectively.

Proposition 2.1 ([9, Khintchine]). Letk > 1,n > 1 anday, . . ., a, be positive integers. Then
we have
(P1) gu = 27"V and for any 1 <k < n,

1 e
ai + < gn(a; an) <artl.
2 gn(an, ..., k-1, Axt1 - -, An)
(P2)
anrk(al’ sy Ay, anJrl ey anJrk) 2 Qn(ala DY an)qk(an+l7 ey anJrk)’ (25)
anrk(al’ sy Ay, anJrl ey anJrk) g ZQn(ala ey an)qk(anJrl, D) anJrk)' (26)
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(P3)

DPn ‘ B 1 o !
Qn(QnJrl + TnJrlan) anJrlq% ’

and for any n > 1 the derivative of T" is given by

(="

() = ————.
( ) (X) (Xanl - pnfl)2

2.7

The next theorem known as Legendre’s theorem, connects 1-dimensional Diophantine
approximation with continued fractions.

Theorem 2.2 (Legendre). Let g be a rational number. Then

< — = = forsomen > 1.

24 q g’

’ p‘ 1 P )
X

According to Legendre’s theorem if an irrational x is well approximated by a rational i})’ then
this rational must be a convergent of x. Thus in order to find good rational approximates to an
irrational number we only need to focus on its convergents. Note that, from (P3) of proposition
2.1, a real number x is well approximated by its convergent % if its (n + 1)th partial quotient
(an+) is sufficiently large.

The next result is due to Luczak [7].

Lemma 2.3 ([7, Luczak)). For any a,b > 1, the sets

{x € [0, 1):au(x) = a”", for infinitely manyn € N }
and

{x €0, :a,(x) > abn, for all sufficiently largen € N }

. . 1
are of the same Hausdorff dimension 1.

3. Pressure function and Hausdorff dimension

We collect some basic details about the so-called ‘pressure function’ and its connection with
infinite systems generated by continued fractions.

Walters [13] explains the concept of topological pressure and the pressure function in gen-
eral. For our purposes, we seek to utilise key concepts that are specialised to the continued
fraction setting. Guiding the reader through the references, the end game is to produce a func-
tion, from which we can produce a lower bound for the Hausdorff dimension of our set of
interest.

Let T:X — X be a continuous transformation of a compact metric space (X,d). Let
C (X, R) denote the Banach algebra of real-valued continuous functions of X equipped with
the supremum norm. The topological pressure of T will be a map P(T): C(X,R) = R U {o0}.

In the case of many linear maps, which includes self similar sets, the dimension can be
found implicitly in terms of an expression involving only the rates of contraction. A theorem
of Moran [14] can then be used to calculate the Hausdorff dimension of self-similar sets (see
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theorem 2.2.1 of [15]). In the non-linear case, however, the corresponding generalisation of
Moran, involves the so called pressure function.

Definition 3.1. Given any continuous function f : X — R we define its pressure P (f) (with
respect to T) as

P(f) := limsup 1 log Z e O+ F T+ f (T )
n—oo N -
X=X

xeX

Sum over periodic points

As is seen in [15], the limit actually exists and so the ‘limsup’ can actually be replaced by a
‘lim’. In practice, we shall mainly be interested in a family of functions f; (x) = —¢ log |T" ()|,
x € X and 0 < r < d, so that the above function reduces to

1 1
[0,d] —» R, t— P(f)) = limsup — log —
Y e Tg;x (T ()

xeX

The following standard result is essentially due to Bowen and Ruelle. Bowen showed
the result in the context of quasi-circles and Bowen—Ruelle developed the method for the
case of hyperbolic Julia sets. The proof of the following theorem can be found in [15,
theorem 2.3.2].

Theorem 3.2 (Bowen—Ruelle). Let T:X — X be a C'* conformal expanding map, for
some o > 0. There is a unique solution 0 < s < d to

P (—slog|T'|) =0,

which occurs precisely at s = dimgX.

Before we proceed further, let us recall some standard properties of expanding maps. We
call a finite collection of closed subsets P = {P;}*_, a Markov partition if it satisfies the
following:

e Their union is X (i.e. U_, P; = X);
e The sets are proper (i.e. each P; is the closure of their interiors, relative to X);

e Each image TP;, for i = 1,...,k, is the union of finitely many elements from P and
T :P; — TP; is a local homeomorphism.

The set X is partitioned into pieces Py, . .., Py each of which is mapped under 7 onto X.
Finally, we observe that the function ¢t — P (f;) has the following interesting properties:

(a) P(0) = log k;
(b) t — P (f,) is strictly monotone decreasing; and
(¢) t+— P (f;)is analytic on [0, d].
Property (a) is immediate from the definition. For the proofs of properties (b) and (c) see
page 32 of [15].
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The above ideas are sufficient background to explain the reason for the use of pressure
functions in Hausdorff dimension calculations for fractal sets of continued fractions.

3.1. The continued fraction setting

For more thorough results on pressure function in infinite conformal iterated function systems,
we refer to [16—18]. After defining the limit set, they prove an analogue of the Moran—Bowen
formula, identifying its Hausdorff dimension as the zero of the pressure function P (7).
Mauldin—Urbanski [17] presented a form of pressure function in conformal iterated function
systems with applications to the geometry of continued fractions.

From these papers, a pressure function with a continuous potential can be approximated by
the pressure function restricted to the subsystems in continued fraction.

Let us consider a finite or infinite subset .4 of N and define

Yao={xe€[0,1): foralln > 1,a,(x) € A}.

Then (Y4, T) is a subsystem of ([0, 1), ) where T is a Gauss map as defined in equation (1.2).
Given any real function ¢ : [0, 1) — R, the pressure function restricted to the system (Y 4, T) is
defined as

1
PA(T, ) := lim — log E sup eSnPtarantal) 3.1
n—oo N xey
aj,...an€A A

where S,,0(x) denotes the ergodic sum ((x) + - - - + (7" 'x). Denote Px(T, @) by P(T, ) for
A = N. Also note that if ¢ satisfy the continuity property than we can remove the supremum
from equation (3.1).

For each n > 1 we represent the nth variation of ¢ by

Var, (¢) := sup {|ox) — )| : L(x) = L)}

The existence of the limit in equation (3.1) is due to the following result.

Proposition 3.3 ([19, proposition 2.4]). Let ¢ : [0, 1) — R be a real function with Var,(y) <
oo and Var,(p) — 0 as n — oco. Then the limit defining P A(T, ) exists and the value of
PA(T, p) remains the same even without taking supremum over x € Y 4 in (3.1).

The next result by Hanus er al [20] shows that when the system ([0, 1), 7) is approximated
by its subsystems (Y 4, T') then the pressure function has a continuity property in the system of
continued fractions (for an elementary proof see [20] or [19]).

Proposition 3.4 ([20, proposition 2]). Let ¢:[0,1)—=R be a real function with
Var;(y) < oo and Var,(p) — 0 as n — co. We have

Pn(T, p) = sup{P (T, ¢) : Ais afinite subset of N}.
From now onwards we consider the specific potential
©1(x) = —s(s log B + log |T'(x)|)

where 1 < B < 00,s > 0and T is the derivative of Gauss map 7. By applying proposition 3.4
to ¢y, it is clear that ¢ satisfies the variation condition.
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By using equation (2.7) of proposition 2.1, it is easy to check that
S,(—s(s log B + log|T'(x)|)) = —ns* log B — s log ¢.

Therefore, the pressure function (3.1) with potential ¢; becomes

ay,..an€A
1 s
- nligi ; log Z (anq2>
aj,...an€A

Define

twp(A) =inf{s>0:g,(s) < 1},

t3(A) = inf{s > 0: P4(T, —s(s log B + log|T’|)) < 0},
tp(N) = inf{s > 0:P(T, —s(s log B + log|T’|)) < 0}.

If we take A to be a finite subset of N, then it is easy to check that both g, (s) and
P A(T, —s(s log B+ log|T’|)) are monotonically decreasing and continuous with respect to
s (for details see [8]). Therefore, 1, 5 (A) and 75(A) are respectively the unique solutions to
gn(s) = 1 and P 4(T, —s(s log B + log |T"|)) = 0.

For any M € N, take Ay = {1,2,..., M}. For simplicity, write t, (M) for 1,5 (Ay),
tg (M) for tg (Au), t, s for t, 5 (N) and t for 75 (N).

From proposition 3.4 and the definition of #, (M) we have the following result.

Corollary 3.5. For any integer M € N,
lim tn’B(M) = tg(M), lim (M) = tp.
n—00 M—00

Since the function of B belongs to (1, 00), therefore the dimensional number tg is continuous
with respect to B and

limtp =1, lim#p=1/2.
B—1 B—00
Proof. This can be proved by following similar steps as for sz in [8]. 0

Also note that from equation (2.4) and definition of ¢, (M), we have 0 < t5(M) < 1.
4. Proof of theorem 1.7

Proof. The proof of theorem 1.7 consist of two cases:

(a) When 1 < B < o0;
(b) When B = oc. ]
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4.1. Case 1.When 1 < B < oo

By the choice of B in the statement of theorem 1.7 one can easily note that
dimy F(®) = dimy F(P:n— B") whenl < B < .

Therefore, we can simply take the approximating function ®(n):=B" and rewrite the set
F(P) as

S g e
FB) = {x € 10.1): an(x)an+1(x) > B"  forinfinitely many n € Nand } -

apy1(x) < B"  forall sufficiently largen € N

The aim is to show dimy F(B) = tg. The details of the proof of theorem 1.7 is divided into
two further subsections. That is finding the upper bound

dimy F(B) < 13,
and the lower bound
dimy F(B) > tp
separately. Taken together, this will conclude our proof for case 1.
4.1.1. The upper bound for F(B). For the upper bound of dimy F(B), we consider two sets:
Fi(B) = {x €[0,1):a,(x) > B" forinfinitelymany n € N} and

1 < ay(x) < B", ay41(x) = B" /a,(x) forinfinitely many n € Nand
FrB)=<x€[0,1): )

apt+1(x) < B" for all sufficiently largen € N
From the definition of Hausdorff dimension it follows that
dimyg F(B) < max{dimy F;(B), dimyg F>(B)}.

The Hausdorff dimension of F;(B) follows from theorem 1.3. So it remains to obtain the
upper bound for the Hausdorff dimension of F,(B). Recall that the pressure function P(7) is
monotonic with respect to the potential which implies then sp < f5. So, once we can show
dimy F,(B) < tg, the upper bound for the dimy F(B) follows.

Fix € > 0 and let s = 13 + 2¢. We will show that dimy JF>(B) < s.

By the definition of 75, one has for any n large,

LI R IR L 4.1
Z anq371 = Z B”(ZB+€)q371 ' = ’ “.D

ap,...ap_1€N ay,....ap—1€N
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Recall that

1 < ay(x) < B",a,41(x) > B"/ay(x) forin finitely many n € Nand }

FB) =qx€0,1):
ap+1(x) < B" forall sufficiently largen € N

C{xe[0,1):1< ayx) < B",(B"/a,(x)) < a,+1(x) < B" forinfinitely many n € N}

o0

= U {xel0,1):1 <a,x) < B, (B"/a,(0) < a1 () < B}
N=1n>=N

o0

=N UFAUF 4.2)

N=1n>=N

where
Fr={x€[0,1):1 < a,(x) < ", (B"/a,(x)) < ap41(x) < B"}
Fu={x€[0,1):a" < a,(x) <B",(B"/ay(x)) < ay11(x) < B"}

and o > 1. Here we have assumed that for a real number o > 1 we have " > 1 for large
enoughn € N.

Next we will separately find suitable covering for set F; and J; whereas the union of the
coverings for both these sets will serve as an appropriate covering for F»(B).

The set F; can be covered by collections of fundamental cylinders J,, of order n:

Frc{xel0,D:1 < ayx < ", (B"/au(x) < ant1(x)}

= U {elnam=al<k<n—1,1<a,() <", (B"/a,(x) < ayp1(0)}

ap,...ap—1 €N

— U U U In+1(a1,...,an+1)

ay,...ap—1 €N 1<an<a a1 >B" /a,

= U Ju(ay, ..., ap).
ap,...ap—1€N,
1<a, <a”

Note that since

Jn(al""7 an): U InJrl(al""’ aﬂ+1)’
an+l>Bn/an

therefore we have

1

|Jn(a1,. ey an)| = W
nn—1

Cover the set F; by the collection of fundamental cylinders J;,_, of order n — 1:

2625



Nonlinearity 33 (2020) 2615 A Bakhtawar et al

Fu C {X €0, :a,(x) > an}

= U {xel0,D):iaqx) =ar, 1<k<n—1,a,x >a"}

ap,...ap—1 €N

= U U h@.....a)

a1ty €N ay>a”

= U Ja@.....a0).

ap,...a,—1 €N

Since

J:lfl(ala"" anfl) - U In(a17"'7 an)7

ayza
therefore we have

1

|.]/ l(al . an,1)| = —F.
- 2
n b b anqn71

Now we consider the s-volume of the cover of F; | F:

o2 mar) 2 ()

ap,...,ap—1EN 1<a, <at ap,...,ap_1EN n—1
1 N 1 N
- n(l—s) o . .
= E « <B”q2 ) + E ( g ) (integratingon a,,)
ay,edy_1 EN n—1 ap,...ap—1 €N n—1

1\ I :
Y )« ()| oo
n—1€EN n- n-

1 )S
n—1 .

)
g
—
3
QI\)

F® c () U @n...ad ) U J@s.. ey 43)
N=1n=N a,..., a,-1 €N aj,...ap—1 EN
I<a, <a

Thus from equations (4.3) and (4.1), we obtain s-dimensional Hausdorff measure of F,(B)
as

s - | I N |
H(fz(B))ghﬂionfz Z (B'”21> ghﬂolonf Wfo.

n2>N ay,...a,1 €N In- n>N
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This gives dimy F>(B) < s = 15 + 2¢. Since € > 0 is arbitrary, we have dimy F»(B) < f3.
Consequently,

dimy F(B) < 1. 4.4)

4.1.2. The lower bound for F(B). In this subsection we will determine the lower bound for
dimy F(B). Here the pressure function material will be utilised.

To prove dimy F(B) > tp it is sufficient to show that dimy F(B) > t, 5(M) for all large
enough M and L (corollary 3.5). For this we will construct a subset F;(B) C F(B) and use the
lower bound for Hausdorff dimension of Fj;(B) to approximate that of F(B).

Fix s < t; p(M). Let « = B®* where oo < B and " > 1 for all large enough n. Choose a
rapidly increasing sequence of integers {1 },>1 and, for convenience, we let ny = 0.

Define the subset Fj;(B) of F(B) as follows

B’ B
J— — — i
Fu®B) =dxec[0.1): 2am < dp1(x) < ank,ank(x) 2a forallk > 1 . @45)
and 1 < a;(x) < M, for all j # ny, ni + 1
4.1.3. Structure of Fy(B). For any n > 1, define the set of strings
B B
= — T
Dn _ (01, o an) c N - 2o g ankJrl(-x) g K ,ank(x) 20 .
and 1 < a;j(x) <M, j#m,m+1
Recall that for any n > 1 and (ay, . .., a,) € D,, we call I, (ay, . . ., a,) a basic cylinder of
order n and
Jo=d(ay,. .., a,) = U In+1(a17 ceey Ay, anJrl) (4.6)

ap4-1

a fundamental cylinder of order n, where the union in (4.6) is taken over all a,; such that
(al’ <o Ay, anJrl) S DnJrl-

Note that in (4.5) according to the limitations on the partial quotients we have three distinct
cases for J,,. For (ai, ..., ay, ant1) € Dyyr:

M1 +1<n < —2, Jy = U Livi(a, ..., ap, apyr), 4.7)
I<an41<M
n=m—1, L= U b ... apan ), (4.8)
an+1:2a"
n = ng, -]n == U InJrl(al, ceey Ay, anJrl)-

4.9)

Then,

FuB® =) U Jula.....a.

n=1(ay,....an)€Dy
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4.14. Lengths of fundamental cylinders. In the following subsection we will estimate the
lengths of the fundamental cylinders defined in subsection 4.1.3.
L If ny—; + 1 < n < ng — 2 then from equation (4.7) and using equation (2.4) we have

Z ’In-l‘l (al,..., a,,,an_H)’

I<ap <M

|Jn(a1» SR an)'

1
- P I 4.10
1<QHZH<M qn+1 (Qn+1 + qn) ( )

M

-y (L)
qn \ 9n+1 g1+ qn

ap41=1

1 M < 1 1 )
qna 41=1 An+19n + qn—1 (an+1 —+ 1) qn + Gn—1

1 1 1

G (qn+qn1 M+ l)qn+qn1>
B M

(M A1) Gy 4 gu1) (Gn + Gu-1)’

Also, from equation (4.10) we have

1 1
o < M@ all < s @.11)
In particular for n = n; + 1,
71 < |J( )| < 71 (4.12)
<\ u(ay, ..., ay)l < . )
24Bq? ! 4B,

II. If n = ny — 1 then from equation (4.8) and following the same steps as for case I we have

1

@ ) = G @ D+ )

and
el < (@.13)
2am+1g? 2am g

IIL. If n = n; then from equation (4.9) and following the similar steps as for I we obtain

[u(at, ..., a)| = 75 27 Jnrl
(Z5qn+ 1) (5 +1) gn+ gu)
and
Gz < Miare )] < ;iqz
Further,
! < lay, ..., ap)| < ! (4.14)

3204”B”q271 20¢”B”qﬁ71 '

2628



Nonlinearity 33 (2020) 2615 A Bakhtawar et al

4.1.5. Supporting measure on Fy(B). To construct a suitable measure supported on Fy;(B)
first recall that #; g(M) is the solution to

1 s
S

For o« = B® this sum becomes

1 N
> (a2) -t
aolqy
Let myL = ny — ng—; — 1 for any k > 1. Note that m;L = n; — 1 since we have assumed

no = 0 and define

1

2
» (anL(ankl+l+l, o

5
. ank1+(z+l)L))

where O < r < my — 1.
Step I. Let 1 < m < m;. We first define a positive measure for the fundamental cylinder
JmL(al, sy amL) as

m—1

1
wTmr(ay, ..., apr)) = H -~ <

t=0

1 s
algi(ansi,. . ., a(z+1)L)> ’

and then we distribute this measure uniformly over its next offspring.
Step II. When n = m;L = n; — 1 then define a measure

mlfl

€ =11 1 ( 1
mL(A1s ...y Ay = —
PAImyLlan 1L 11w anz(azLH’ B

s
. a(z+1)L)) .

Step IIL. When n = m L + 1 = n, then for J,,, (ay, . .., a,,), define a measure
1
/’L(Jnl(al7 R anl)) = ﬁu(‘]nlfl(al’ s anlfl))

In other words, the measure of J,,, _; is uniformly distributed on its next offspring J,,, .
Step IV. Whenn = n; + 1.

2aM
/’L(Jnl-‘rl(al» K] an1+1)) = Eﬂ(lm(al’ L) anl))

The measure of other fundamental cylinders of level less than n; — 1 is given by the
consistency of a measure. To be more precise, for any n < n; — 1, suppose

pUN@ar, - a)) = Y i),

JmlLCJn

So for any m < m;, the measure of fundamental cylinder J,,;, is given by

m—1

1 1
Ui trr -~y b)) = L) = —(
P Ay 14 ng—1+(+DL JmlLZCJmLM ™ gw Oqui(azLﬂ,--

2629
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The measure of fundamental cylinders for other levels can be defined inductively.
For k > 2 define,

//L(Jnkfl(alv R} ankfl)) =M (Jﬂk_l-‘rl(al: RN ank_l-‘rl))

my—1

I . ( ; )
w \ &g (an 1L 41s - A +a+100) )

t=0

1
/’L(Jnk(alv ) ank)) = MIU/ (Jnk_l(al? s a”k—l)) >

and

20/

TR (Jn(ar, ..., an)) -

/’L(JnkJrl(al? R ankJrl)) =

4.1.6. The Hdlder exponent of the measure p. Estimation of u(J,(ay,...,a,)). In this sub-
section we will estimate the measure y of the fundamental cylinders defined above. For this
we split the process into several cases. Recall that o > 1 for large enough n which implies
ar > 1. For sufficiently large ko choose €y > ";—;1 + i such that

=Ll >1—¢, forallk> k. (4.15)

Case 1. When n = mL for some 1 < m < m;.

m—1

) - 1 )
-5 Aa+1)L) o \gr(@wi1, s agyne)

1 s
Pmelar, .. ame)) < (4'"1)(2) (by (2.6))
q]nL(al7 B amL)

- )* byp
B qlan(al? R amL) ( y 1)

<6niar ... am)| T (by (4.11)).

m—1
1

(Jm(ay'-'vam))< (
HAImE . g OéLqZ(atLJrl,--

Case 2. Whenn =mL=n; — 1.

mp—1

1 s
U@y« -y A1) < < >
my m L)) X g an%(atL_H, cees A1)

=i

§—

(@) (o)
=\l qfnlL(al, ooy QL)

1 s 1
<(—— by (4.15
<CY1‘O> (qgnlL(al""’amlL)> (y( ))
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1 S*%*Go
<y (4.16)
Oz”lqn171

2
g 12|Jm1L(a17 Tt am1L)|X727(O (by (413))

Case 3. Whenn = myL + 1 = n;.

1
/’L(Jnl(al7 R anl)) = ﬁu(‘]nlfl(al’ s anlfl))

1 1 e
< — by (4.16
2am <o¢n1qﬁll> (by ( )
S*%*Go
1 1
2B5m <a”1qﬁll>

1 1 i
R
2 B"la’llanl

<16, (ar, ... a0 (by (4.14)).

Case 4. Whenn = n; + 1.

ny

«
(T p1(ag, ..., Ay 1)) = Wﬂ(-’nl)

2am 1 i
<
28" \ Biamg,

_ 1 57%760
X anlanlq%,1

_2_,
< 24|Jn1+1(a1, e, a,,l_H)|‘Y L7 (by(4.12)).

Here for the second inequality, we use B/« > (B/«a)® which is always true for « < Band s < 1.

For a general fundamental cylinder, we only give the estimation on the measure of
Juy—1(ai, ..., ay,—1). The estimation for other fundamental cylinders can be carried out
similarly. Recall that

1@, ame—1)) = o (D 410ar, .., @y 41))

my—1

T . ( : )
w \ &G (@ny L4105 - s A +a+100) )

t=0

This further implies,
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s

T
L

mj—1

1 1
(-1 (@1, -y an—1)) < B =
j=1 =0 \¥qL (an_,»,1+zL+1, S an_,,1+(z+1)L)
my—1 1 s
' H L2 )
—0 (04 qr (ank,1+zL+1, cees ank,1+(z+1)L)
s
k—1 mj—1
j 1
S B L
j=1 =0 \ O7Gp \ nj_j+iL+15- -5 Anj_y+(+1)L

my—1

( 1 )S
' L2 :
—0 arqy (ank,lJrlLJrl’ R ank71+(l+l)L)

By similar arguments as used in (case 4) for the first product and (case 2) for the second
product, we obtain

k=1 s—7—€
1
H(Jnkfl(al""7 ankfl)) < 2n;: 2
g B n"lmjL(an,;1+tL+1: cees Gng 4 1L)

—€0

i

o
1
anquznkL(ank_l-i-tL-i—l: ooy Op 4+ DL)

57%760 S*%*EO*%
< 4% ; < ;
= Ny 2 = Ny 2
o anfl o anfl

6
< 12| —1(ar, .., a2 (by(4.13)).

Consequently,

1
/’L(Jnk(ala s ank)) == m,u’ (-]nk,l(al, ey ank,l))

1 P\ it
<
2(B%)"« < Q% qﬁk—l )

2 4

1 1 B
S5\ Bramaer
2\ Bolrgy,

<16, (a1, ... an)| L0 (by (4.14)).

In summary, we have shown that

4

L@, @) < |y (ar,. .., a) | T,
foranyn > 1 and (ay,...,a,) € D,.

4.1.7. Estimation of u(B(x,r)). First we estimate the gaps between the adjoint fundamental
cylinders (defined in (4.6)) of same order which will be useful for estimating p(B(x, r)).
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Let us start by assuming 7 is even (similar steps can be followed when # is odd). Then for
(aj,ay,...,a,) € D,, given a fundamental cylinder J, (a;,as, . . ., a,), represent the distance
between J,, (a;,ay, . . ., a,) and its left (respectively right) adjoint fundamental cylinder say

J=J\ai,...,a,1,a, — 1) (ifexists)

(respectively, J” = J/(ay, ..., ay_1,a, + 1)) of order n by glai,...,a,) (respectively,
g'(ay,....ay)). Let

: !
Gn(a19a29-' i) an) = mln{gr(al,a29-- i) an)»g (Cll»az,- ces an)} .

Again we will consider three different cases according to the range of n as in (4.7) and
(4.8) for Fu(B) in order to estimate the lengths of gaps on both sides of fundamental cylinders
Ju(ay,ay, ..., a,).

GapL. Whenn, 1+ 1 <n<n—2,forallk > 1.

There exists a basic cylinder of order n contained in [I,_;(a;,as,..., a,—;) which
lies on the left of I,(aj,as,..., a,), also there exists a basic cylinder of order n con-
tained in I,—; (ay,as, ..., a,—1) which lies on the right of I, (a;,a, ..., a,). In this case,
(ai,as,...,a,—1)€D,, (a,ay,...,a,+ 1) € D,, whereas g'(aj,a, ..., a,) is just the
distance between the right endpoint of J/ (aj,as,..., a, — 1) and the left endpoint of
Ju(lay,a, ..., a).

The right endpoint of J, (ai,as,..., a, — 1) is the same as the left endpoint of
I, (ay,a, ..., a,). Since n is even, from equation (2.1) this has formula %.

Note that the left endpoint of J,, (a1, as, . . ., a,) lies on the extreme left of all the constituent
cylinders

{Liyi (ar,a2, ..., an-r,anangr) 11 < anpy <M}
This tells us that a,,+; = M. Since n + 1 is odd, again from equation (2.1) this has formula

(Mpn + pnfl) + Pn _ (M + 1)1711 + Pn—1
(MQn+q;171)+pn (M + 1)Qn+qn71-

Therefore, we have

M+Dpyntpt Dn
M+ 1) gn+ g1 gn
_ Pn—19n — 4n—1Pn
(M A D Gn+ Gu1) Gn
B 1

M+ D Gnt gu)

)
g (ay,an,...,a,) =

Whereas in this case g (a;,as, ..., a,) is just the distance between the right endpoint of
Ju(ay,a, . .., a,) and the left endpoint of J (ay, az, . . ., a, + 1).

The right endpoint of J,(aj,as,...,a,) is the same as the right endpoint of
I, (ay,a, ..., a,). Since n is even, again using equation (2.1) this has formula
Pn + DPn—1
qn + qn—1
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Also, the left endpointof J)! (a1, aa, . . ., a, + 1) lies on the extreme left of all the constituent
cylinders {In+1 (al,az, e, Oy, Gy + 1,an+1) 1 <app < M}. This tells us that a,, | = M.
Since n + 1 is odd, from (P5) this is given by

(M+ 1)[(61,, + 1)pn71 +pn72] +pn71 _ (M+ 1)(pn +pn71) +pn71
WM+ D(an+ 1D g1+ gnal +gn (M +1)(gn + gn—1) + gn—1 -

Therefore,
¢ (ai,an,. .., ay) = MA+D (ot -+t Pt P
M+ 1)(Gn+Gn-1) + -1 Gn+ gn1
= 1
(M A+ D (Gn+ Gu1) + Gu1) G+ 1)
Hence

1
M+ 1) (Gt Gue1) F Gu-1) (@n F Gur)

Also, by comparing G,(ay, . . ., a,) with J,(ay, . . ., a,) we notice that

(4.17)

Gn (017027 crt an)

1
Gulay, ..., an) 2 ﬁ“n(al, s an)l.

Gap II. When n = n; — 1, we have

In this case the left gap g ay,a, ..., a,) is larger than the distance between the left
endpoint of 7, (aj, ay, ..., a,_1,a,) and the left endpoint of J, (a;, az, . .., a,—1,a,) whereas
the right gap g"(a;,ay, ..., a,) is larger than the distance between the right endpoint of
I, (ai,ay, ..., a,—1,a,) and the right endpoint of J,, (a;, az, . . ., a,—1, ay).

Thus proceeding in the similar way as in gap I, we obtain
(zan + 1)1711 + Pn—1 Pn
an) 2 -
(zan + 1) qn + qn—1 qn
B 1
((Zan + 1)%1 + anl) qn .

1
g (ar,ay,...,

and the left gap is

Pot Pt Q"+ 1)pu+pa
o+ qu1 Qo+ 1) gy + gn
1
(Qa™ + 1) pu+ po-1) (G + Gn-1)

g (a,as, ..., a,) 2

Therefore,
2a"

(2" + 1) gn + g1 (@n + gn-1)

g (a,an, ..., a,) 2

Thus
1

. 4.18
(2a" +1)gn + gu1)(gn + gn-1) (4:18)

Gn(al7az7" * an) 2
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Further, in this case we have
1
Gn(alv cees an) 2 §|Jn(a1» ceey an)'-

Gap III. When n = n;. Following the similar arguments as in gap II we conclude

)
g (a,ar,...,a,) 2

(G )t an) @t )

Thus we have,

1
Gn(alvaZ»---»an)> ((B" (419)

o + 1) 4n + anl) (Qn + anl),

and
1
Gular....an) > flular..... ).

4.1.8. The measure 1 on general ball B(x,r). Now we are in a position to estimate the measure
1 on general ball B(x, r). Fix x € Fj;(B) and let B(x, r) be a ball centred at x with radius » small
enough. There exists a unique sequence ay,as, ..., a, such that x € J,(ay,...,a,) for each
n>1and

Gn+1(a17 DR} an-l—l) < r< Gn(aly DR} an)-

It is clear, by the definition of G, that B(x, r) can intersect only one fundamental cylinder of
orderni.e J,(ay,...,a,).

Case L. n = ny. Since in this case

| ( ) 1 1 e

1, +1ag, ..., Ap+1)| = > > .

i i an+1(5]nk+1 + an) - 6a;21k+1 q%k - 6B2”k q’%k

the number of fundamental cylinders of order n; + 1 contained in J,, (ay, . . ., a,,) that the ball

B(x, r) intersects is at most
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6 Ban Ban

2 2
2r 2 I +2< 24r%an.

Therefore,

ank

H(B(x, 7)) < min {uunk), 24raz,1kqﬁkuunk+1)}

Bk
< pu(J,,) min {1,48r qﬁk}
(0%

Mk

6. B
/A 0m1n{1,48rank qik}

6

STL¢ s—0 ¢
2 B, \ Lo
<c <Bnkq£k ) (48rOanan)

—€p

oy

.
< cor

Here we use min{a, b} < a'~b* forany a,b > 0and 0 < s < 1.

Case II. n = n; — 1. In this case, since

1 1 1
I, (ai,...,a,) = > > ,
| " " | an(an + anfl) - 6a%kqik—l - 24a2nkqik71
the number of fundamental intervals of order n; contained in J,,, _1(ai, . .., ay 1) that the ball

B(x, r) intersects is at most
48ra™™ql | +2 < 96ra’ql .
Therefore,
J(B(x, ) < min { (1), 96ra>" g2, i)}
< py—) min {1,48ra" g}

< 12|y |S*%*‘0 min {1,48ra""qik,1}

1 e 6
- Ny 2 S—T1—€)
s 12<2ankqﬁkl> (48ra qﬂrl) r

6
S—T —€
g’ IT9,

Case IIL n;_; + 1 < n < m — 2. Since in this case 1 < a,(x) < M and |J,| < 1/¢> thus we
have

1(BGx, 7)) < i) < el L0
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< COAMA|J |20
_6_

< cA8MPG, L

< cASM3PEe,

Conclusion for the lower bound: thus combining all the above cases and applying the
mass distribution principle we have shown that dimyg Fy(B) > s — % — €. Now letting L —
00, M — 00, by the choice of ¢, for all large enough k and since s < f3 is arbitrary, we have
s — % — €y — Ip.

Thus we have,

dimy F(B) > dimy Fy(B) > t5. (4.20)

Taken together results (4.4) and (4.20), completes the proof of the desired theorem for the case
1 <B< .

Next we prove theorem 1.7 for the case when B = oc.

4.2. Case 2. When B = oo

One can easily note that

(a1 (X) > B(n) = a,(x) > DI or  a,i(x) > d(n)?.

Thus

F(P) C &E(P) C Gi(P) U G2(P), (4.21)
where

Gi(D) = {x €[0,1):a,(x) > ®(n)"/?> forinfinitely many n € N}
and

Go (D) 1= {x €0, 1): app1(x) = ®(n)'/?  forinfinitely manyn € N} .

(a) If b = 1. Then for any § > 0, M < log(1 + ) that is ®(n) < e " for infinitely
many n € N. Since

{xel0,D:a,x) > e forall sufficiently large n € N} C F(®).

Therefore, by using lemma (2.3)

1
. T B
dimgg F(®) > lim 1=———5 =5

Note that as B = oo, therefore for any C > 1, ®(n) > C" for all sufficiently large n € N.
Thus by (4.21)

F(@) C &E(P) C {x€[0,1):a,(x) > C" forinfinitely manyn € N} .
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By proposition (1.4), theorem (1.3)
. . 1
dimg F(P) < Clgglo Sc = 7

(b) If 1 < b < co. Forany § > 0, M < log(b + §) that is ®(n) < e®T?" for infinitely
many n € N, whereas ®(n) > ¢~9" for all sufficiently large n € N. Since

{x €10,1):a,(x) = e forall sufficiently large n € N} C F(D).

Therefore, by using lemma (2.3)

1
di P) > i = .
My F(®) > T~ T4
Further note that from the definition of the set G;(P) it is clear that
F(®) C E(P) C {x €10, 1): an(x) = 5" forinfinitely many n € N} .
By lemma 2.3

1 1
. o _ |
dimg F(®) < lim==—% = 173

(c) If b = oo. Then by using the same argument as for showing the upper bound in case (b)
we have for any C > 1, ®(n) > e for all sufficiently large n € N. Thus by (4.21)

F(®) C &(P) C {x € [0, 1):a,(x) > forinfinitely manyn € N} .

By proposition (1.4), theorem (1.3)
dimyg F(®) < lim —— =0
C—o0

This completes the proof of theorem 1.7. 0

Finally, we remark that it is possible to generalise the set (®) to the more general set of
the form, for any m > 2

H dpsk_1(x) = ®(n) forinfinitely many n € Nand
Fu(@) =<xe[0,1): =

H aptp—1(x) < @(n) forall sufficiently largen € N

k=1

By following the same method as we have used for the proof of theorem 1.7, we can show
that:

Theorem 4.1. Let &:N — (1,00) be any function with 1im ®(n) = co. Define B,b as in
n—o0
theorem 1.7. Then
(@) dimy F,,(®) = inf{s > 0:P(T, —g,, log B — s log |T’|) < 0} when 1 < B < oo, where
g1 :s,g,,,:%form>2;
(b) dimy F,,(®) = 1/(1 + b) when B = <.

2638



Nonlinearity 33 (2020) 2615 A Bakhtawar et al

Acknowledgments

We would like to thank the anonymous referees for useful comments which has improved the
clarity and presentation of the article.

References

[1] Davenport H and Schmidt W M 1970 Dirichlet’s theorem on Diophantine approximation Symposia
Mathematica (INDAM, Rome 1968/69) (London: Academic) pp 113-32
[2] Kleinbock D and Wadleigh N 2018 A zero-one law for improvements to Dirichlet’s theorem Proc.
Am. Math. Soc. 146 1833-44
[3] Good IJ 1941 The fractional dimensional theory of continued fractions Math. Proc. Camb. Phil.
Soc. 37 199-228
[4] Bernstein F 1911 Uber eine Anwendung der Mengenlehre auf ein aus der theorie der sidkularen
storungen herriihrendes problem Math. Ann. 71 417-39
[5] Borel E 1912 Sur un probléme de probabilités relatif aux fractions continues Math. Ann. 72 578—84
[6] Feng D J, WuJ, Liang J-C and Tseng S 1997 Appendix to the paper by T. Luczak—a simple proof
of the lower bound: on the fractional dimension of sets of continued fractions Mathematika 44
54-5
[7] Luczak T 1997 On the fractional dimension of sets of continued fractions Mathematika 44 50-3
[8] Wang B-W and Wu J 2008 Hausdorff dimension of certain sets arising in continued fraction
expansions Adv. Math. 218 1319-39
[9] Khinchin A'Y 1964 Continued Fractions (Chicago, IL: University of Chicago Press)
[10] Bakhtawar A, Bos P and Hussain M 2019 The sets of Dirichlet non-improvable numbers vs well-
approximable numbers Ergod. Theor. Dyn. Syst. 1-19
[11] Hussain M, Kleinbock D, Wadleigh N and Wang B-W 2018 Hausdorff measure of sets of Dirichlet
non-improvable numbers Mathematika 64 502—18
[12] Huang L and Wu J 2019 Uniformly non-improvable Dirichlet set via continued fractions Proc. Am.
Math. Soc. 147 4617-24
[13] Walters P 1982 An Introduction to Ergodic Theory of Graduate Texts in Mathematics vol 79 (Berlin:
Springer)
[14] Moran P A P 1946 Additive functions of intervals and Hausdorff measure Math. Proc. Camb. Phil.
Soc. 42 15-23
[15] Pollicott M 2005 Lectures on fractals and dimension theory https://homepages.warwick.ac.uk/
~masdbl/dimension-total.pdf
[16] Mauldin R D and Urbanski M 1996 Dimensions and measures in infinite iterated function systems
Proc. Lond. Math. Soc. 73 105-54
[17] Mauldin R D and Urbanski M 1999 Conformal iterated function systems with applications to the
geometry of continued fractions Trans. Am. Math. Soc. 351 4995-5025
[18] Mauldin R D and Urbanski M 2003 Graph Directed Markov Systems: Geometry and Dynamics of
Limit Sets (Cambridge: Cambridge University Press)
[19] Li B, Wang B-W, Wu J and Xu J 2014 The shrinking target problem in the dynamical system of
continued fractions Proc. Lond. Math. Soc. 108 159-86
[20] Hanus P, Mauldin R D and Urbariski M 2002 Thermodynamic formalism and multifractal analysis
of conformal infinite iterated function systems Acta Math. Hung. 96 27-8

2639


https://doi.org/10.1090/proc/13685
https://doi.org/10.1090/proc/13685
https://doi.org/10.1017/s030500410002171x
https://doi.org/10.1017/s030500410002171x
https://doi.org/10.1007/bf01456856
https://doi.org/10.1007/bf01456856
https://doi.org/10.1007/bf01456677
https://doi.org/10.1007/bf01456677
https://doi.org/10.1112/s0025579300011967
https://doi.org/10.1112/s0025579300011967
https://doi.org/10.1112/s0025579300011955
https://doi.org/10.1112/s0025579300011955
https://doi.org/10.1016/j.aim.2008.03.006
https://doi.org/10.1016/j.aim.2008.03.006
https://doi.org/10.1017/etds.2019.41
https://doi.org/10.1112/s0025579318000074
https://doi.org/10.1112/s0025579318000074
https://doi.org/10.1090/proc/14587
https://doi.org/10.1090/proc/14587
https://doi.org/10.1017/s0305004100022684
https://doi.org/10.1017/s0305004100022684
https://homepages.warwick.ac.uk/~masdbl/dimension-total.pdf
https://doi.org/10.1112/plms/s3-73.1.105
https://doi.org/10.1112/plms/s3-73.1.105
https://doi.org/10.1090/s0002-9947-99-02268-0
https://doi.org/10.1090/s0002-9947-99-02268-0
https://doi.org/10.1112/plms/pdt017
https://doi.org/10.1112/plms/pdt017
https://doi.org/10.1023/a:1015613628175
https://doi.org/10.1023/a:1015613628175

	Hausdorff dimension of an exceptional set in the theory of continued fractionstnqx2a;
	1.  Introduction
	2.  Preliminaries
	2.1.  Continued fractions and Diophantine approximation

	3.  Pressure function and Hausdorff dimension
	3.1.  The continued fraction setting

	4.  Proof of theorem 1.7
	4.1.  Case 1. When 1 < B < 
	4.1.1.  The upper bound for 
	4.1.2.  The lower bound for 
	4.1.3.  Structure of 
	4.1.4. Lengths of fundamental cylinders.
	4.1.5.  Supporting measure on 
	4.1.6.  The Hölder exponent of the measure tnqx3bc;
	4.1.7.  Estimation of 
	4.1.8.  The measure on general ball 

	4.2.  Case 2. When 

	Acknowledgments
	References


