IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 2562-2591 https://doi.org/10.1088/1361-6544/ab7724

Spectral stability and semiclassical
measures for renormalized KAM systems*

Victor Arnaiz

Instituto de Ciencias Matematicas (ICMAT-UAM-UC3M-UCM), C/ Nicolas
Cabrera, no 13-15 Campus de Cantoblanco, UAM, 28049 Madrid, Spain

E-mail: victor.arnaiz@icmat.es

Received 12 February 2019, revised 22 November 2019
Accepted for publication 17 February 2020

Published 3 April 2020
CrossMark

Abstract

An exact semiclassical version of the classical KAM theorem about small per-
turbations of vector fields on the torus is given. Moreover, a renormalization
theorem based on counterterms for some semiclassical systems that are close
to being completely integrable is obtained. We apply these results to charac-
terize the sets of semiclassical measures and quantum limits for sequences of
L*-eigenfunctions of these systems.
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1. Introduction

1.1. Motivation

Let (M, g) be a compact and boundaryless Riemannian manifold, we consider the semiclassical
Schrodinger equation

Hy Wy =X\ Wn, ([l 200 = 1, (H

where h € (0,1] is a small parameter, given by a selfadjoint operator Hp = Op;(H) on
L*>(M) obtained as the semiclassical Weyl quantization (see for instance [1, 2] among
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many references) of a Hamiltonian function H € C*(T*M;R) defined on the cotangent
bundle 7*M. A fundamental example to keep in mind is the semiclassical Schrodinger
operator!

Hp = -0, + V(v), 2

where A, denotes the Laplace—Beltrami operator and we assume that the potential V' is smooth
and real valued. This operator is the Weyl quantization of the classical Hamiltonian

H(x, &)= &l + V), 8 eTM, 3)

obtained as the sum of the kinetic and the potential energies.

We assume that the spectrum of H}, is pure-point and unbounded, meaning that there exist an
orthonormal basis of L?(M) consisting of eigenfunctions for Hy, and a sequence of eigenvalues
(An.n) satisfying

lim Ap, = 400, forallZ e (0,1]. 4)

n—-+00

For example, if Hy is given by (2) then its spectrum is indeed discrete, and given by a unique
sequence of eigenvalues (M) C R satisfying (4).

Therefore, for a given sequence (n;) C N, and a given E € H(T*M) C R, we can choose a
decreasing-to-zero sequence of parameters (2) C (0, 1] so that

MNoi=Niyn — E, ash—0T.

Modulo adding a constant E to H, we can assume that £ = 1.

We aim at understanding the accumulation points (in the weak-x topology for Radon mea-
sures) of those sequences of densities |¥p(x)|?dx as Ay — 1. These limits are probability
measures on M and are usually referred to as quantum limits. We will denote by N (Hp) the set
of quantum limits of Hy.

The problem of characterizing the set A/ (ﬁ r) 1s in general widely open, but it is well
known that the elements of A'(Hp,) depend strongly on the classical dynamics generated by
the Hamiltonian H. Recall that H generates a dynamical system on 7*M via the Hamilton
equations

X(0) = 0cH, £(1)=—0H, (x(0),£0))= (x0,&) € T"M.
We will denote by ¢ the Hamiltonian flow generated by H, that is,

o1 (x0, &) = (x(1), &(1)), tE€R.

Note that, for the free Schrodinger operator H n= —h*A ¢» the associated classical Hamiltonian
flow ¢/ is nothing but the geodesic flow on T*M.

Mostly three cases have been studied so far: the case when ¢! is ergodic with respect to
the Liouville measure, the case when H generates a completely integrable system, and the case
when ¢f lies in some mixed or KAM (Kolmogorov—Arnold-Moser) regime.

In this work we focus on systems that are close to completely integrable ones, for which
KAM techniques apply. For these kind of systems, the persistence of invariant tori by the

' We will not deal with this particular operator, but it is important to motivate our problem and connect it with several
related works.
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dynamics of the classic flow implies a weak dispersive behaviour of the Schrodinger flow
around these tori. As a consequence, one expects the existence of sequences of eigenfunctions
for Hy, concentrating on these tori. This concentration takes place on the phase space T°M,
meaning that the semiclassical measure of the sequence (see section 1.2 below, [3] among
many references) has positive mass on these tori.

In the completely integrable setting, if Hy = —W*A,and M = S, the sphere endowed with
its canonical metric, Jakobson and Zelditch [4] proved that:

N(Hp) = Conv{d, : visaclosed geodesic orbitin S¢}. (5)

Above, d., stands for the uniform probability measure on the closed curve +.? Property (5) also
holds in manifolds of constant positive curvature [5] or compact-rank-one symmetric spaces
[6]. A natural question in this setting is that of understanding whether or not the same holds on a
Zoll manifold (that is, a manifold all whose geodesics are closed [7], which is still a completely
integrable system). Macia and Riviere [8, 9] have shown the existence of Zoll surfaces such
that (5) fails. Precisely, an open set of geodesics is excluded to be the support of any quantum
limit; that is, the delta measure J., can not be a quantum limit for any geodesic +y in this open
set. Similar techniques as those of [8, 9] have been used in the study of spectral asymptotics
for small perturbations of harmonics oscillators, both in the selfadjoint case [10] and the non-
selfadjoint case [11].

On the flat torus T? :=R? /277, the behaviour of quantum limits is very different. Bour-
gain proved that N’ (Hp) € LY(T%); and in particular that quantum limits cannot concentrate
on closed curves, as was the case on the sphere (this result was reported in [12]). In that same
reference, Jakobson proved that for d = 2 the density of any quantum limit is a trigonomet-
ric polynomial, whose frequencies satisfy a certain Pell equation. In higher dimensions, one
can only prove certain regularity properties of the densities, involving decay of its Fourier
coefficients. These and related results were proven using only the dynamical properties of the
geodesic flow by Anantharaman and Macia [13-15]; it is also possible to obtain more precise
results on the regularity of the densities [16]. This strategy of proof can be extended to more
general completely integrable Hamiltonian flows [17], and also allows to deal with domains in
the Euclidean space as disks [18, 19].

The KAM regime has turned out to be more elusive so far. Most of the works dealing with
this case are based on the construction of quasimodes, or approximate eigenfunctions, studying
the asymptotic properties of oscillation and concentration of these quasimodes around the clas-
sical invariant tori, but do not conclude complete results for the quantum limits associated with
the true eigenfunctions of the system. The foundations of this study of quasimodes for KAM
systems can be found in Lazutkin [20]. Construction of quasimodes with exponentially small
error terms is given by Popov [21, 22]. In a very recent work, Gomes [23] applies this result
to discard quantum ergodicity for semiclassical KAM systems on compact Riemannian man-
ifolds. Moreover, in two dimensions, Gomes and Hassell [24] improve the previous result to
show that there exist sequences of eigenfunctions with semiclassical measure having positive
mass on the classical invariant tori.

The present work addresses the problem of characterizing the sets of quantum limits and
semiclassical measures for some perturbed integrable systems, coming from KAM theory, that
can be renormalized; that is, they can be conjugated to the unperturbed system after adding
integrable counterterms to the principal part of the perturbed Hamiltonian. Our techniques

2y = 7(o) is the projection onto S¢ of a periodic geodesic o C T*S%, i.e. o is a minimal invariant torus by o of
dimension one.
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differ from those of [23, 24]. Precisely, we do not work from any quasimode construction.
Alternatively, we show convergence of the quantum normal form via an iterative algorithm
which is shown to converge in the presence of counterterms.

1.2. Quantum limits and semiclassical measures for KAM families of vector fields on the
torus

From now on we fix M = T, the flat torus endowed with the flat metric. Our first and
particularly simple example of KAM system will be the one generated by the Schrodinger
operator

~ ~ ih
Hp=Popi=w-hDy + v(x;w) - D, — %Div (5 W),

where w € R?, v € C®(T? x R%; R?) is a vector field depending on the parameter w, and we
use the notation

Dx:(Dxl,---and), Dx

A

0.

This operator generates the transport along the vector field X, (w) :=w + v(-; w), meaning that
the solution to the Schrodinger equation

(110 + P ) unt,0 = 0; (0, = ufx) € LT

is given by
up(t,x) = uf) (61 (x)) /| detd ),
where gbf"(w) is the flow on T¢ generated by the vector field X, (w), and the operator Isw,h is

selfadjoint thanks to the component —i/i Divv /2. Note that the unperturbed operator

~

Lyp:=w-hD, (6)

on L(T¢) is not elliptic and hence its point-spectrum, given by
SPfape (Lun) = {hw - k:k e 27,

is highly unstable under perturbations, in the sense that it could be transformed into continuous
spectrum by the perturbation. However, we will use classical KAM theory to show that under
certain conditions on the perturbation v, the spectrum of Isw,h is stable for a Cantor set of
frequencies w, modulo renormalization of the vector w. As was shown by Wenyi and Chi in
[25], this KAM stability is equivalent to the hypoellipticity of the operator f’wﬁ.

On the other hand, the operator IA’wﬁ = Op;(P,,) is the semiclassical Weyl quantization of
the linear Hamiltonian

P (x, 5) = Ew(g) + v(xw) - 6?

where
L&) :=w-&.
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In [26], Moser introduced a new approach to the study of quasiperiodic motions by consider-
ing the frequencies of the Kronecker tori as independent parameters. We refer to the work of
Poschel [27] for a brief introduction to the subject. If Q C R is a compact Cantor set of fre-
quencies satisfying some Diophantine condition [see condition (8) below] and the perturbation
v is sufficiently small in some suitable norm, then there exists a close-to-the-identity change
of frequencies

0:Q—R?

so that the related set of Hamiltonians P, can be canonically conjugated (frequency by fre-
quency) into the constant linear Hamiltonian on 7*T¢ with frequency w. More precisely, for
every w € ) there exists a canonical transformation ©,, : T*T¢ — T*T? so that

O Py (x, &) = Lu(©).

In particular, the Hamiltonian P, is completely integrable for every w € €.

We focus on the study of the high-energy structure of the eigenfunctions of ﬁwﬁ. Precisely,
we will study the set of quantum limits of the system, that is, the weak-x accumulation points
of sequences of L?-densities of eigenfunctions.

Furthermore, it is very convenient to extend our analysis to the phase-space, studying not
only the asymptotic distribution of L>-densities of the sequence (V) on T, but the related
sequence of Wigner distributions (W, ) on T*T°.

We recall that the Wigner distribution W of a function ¢ € L*(T?) is defined by
the map

W CX(T*TY) 3 a v (1, Opu (@) 12pay- (7

Since Opy,(a) is bounded on L*(T%) uniformly in & € (0, 1] in terms of the L>°-norms of a finite
number of derivatives of a, for any sequence (1) C L*(T¢) with |[¢4]|;2 = 1, there exist a
subsequence (W;}h) of Wigner distributions, and a distribution p € D'(T*T¢) such that
: h _ 00 frrxrd
%1301 Wy, (@) = @), Va e CX(TTY).

Furthermore, the distribution y is certainly a positive Radon measure on 7*T¢ [3]. The measure
1 is called the semiclassical measure associated to the (sub)sequence (1y;).

If 1 is the semiclassical measure associated with a sequence of eigenfunctions (V) with

Ar — 1, then p is in fact a positive Radon measure on the level-set P, '(1) ¢ T*T?. If moreover
the measure p turns out to be a probability measure, then its projection onto the position space

V() = / | e, do)
Pl

is the quantum limit of the sequence. We emphasize that, since P_'(1) is in general not com-
pact, there can exist some sequences of eigenfunctions with the zero measure as semiclassical
measure. We will denote by M(f’wﬁ) the set of semiclassical measures associated to sequences
of eigenfunctions for Igwﬁ with A\, — 1.

From now on, we consider Isw,h with frequencies w lying in a small neighbourhood of a
compact Cantor set of Diophantine vectors  C R? satisfying:

k- w| > k € Z\{0}, (8)

S
Cia
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for some constants ¢ > 0 and v > d. For any p > 0, let 2, be the complex neighbourhood of
Q) given by

Q,:={z¢ C?: dist(z, Q) < p},
and, given s > 0, we consider also the complex neighbourhood of the d-torus
Dy:={z € T +iR": |Jz| < s}.

We assume that the perturbation V(x, £; w) :=v(x; w) - £ belong to the following family of
linear symbols on the cotangent bundle 7 T¢:

Definition 1. A function V € C*(T*T? x () is in the space of linear symbols %, , if

VinGw) =& vsw) = Y &bk wex(), ©)

kezd

for some analytic vector field v € C¥(Dy x 1; C%), where t(k;w) € C? is the kth-Fourier
coefficient of v:

ik-x
v(k; w) == <U('§ w), ek>L2(’H‘d)’ er(x) = W’ ke Zd,
and
Vls,:= sup Y [0k w)|e/ < oo, (10)

we2, rezd

The space (Z,, | - |s,) is a Banach space. We denote by Z; C .Z} , the subspace of symbols
that do not depend on w € €, and by | - |, its norm in this space.

Our first result reads:

Theorem 1. Lets,p > 0and Ve Z;, be real valued and assume
Vs <e, (11)

where € is a small positive constant depending only on s, p, 7y and s. Then there exists a real
change of frequencies ¢ : Q) — Q, such that the point-spectrum of P p is

o~

SpiZ(Td) (P<p(w),h) = {hw-k:ke 2},

and, for every w € ), there exists a diffeomorphism 0, : T¢ — T of the torus homotopic to the
identity so that, denoting by

Ou(x, &) = (0,(x), [(0:0.,(x)"1'€)

2567



Nonlinearity 33 (2020) 2562 V Arnaiz

the symplectic lift of 0,, into T*T?,
M (i\)¢(w),h) = U {(Gw)*h'ﬂ‘dx{f}} U {0}7
geLs'

where Yopa, ¢y denotes the Haar measure on the invariant torus T x {&} and (©,,). stands for
the pushforward of ©,,; and

= 1
N(PW(W)»FL) = {W(ew)* dx} .

Moreover,

Sug |‘P(w) | C1|V|sp: sup |9 (x) _xl C2|V|S/J*
we

xeTd
where Cy and C, are positive constants depending only on s, p, v and .

Remark 1. The assumption V € .Z; , allows us to use an analytic version of the classical
KAM theorem (theorem 5 below) about perturbations of constant vector fields on the torus
[26, 28]. This theorem remains valid for less regular symbols V, see for instance [26, 29, 30],
as well as for more general Diophantine conditions than (8), see [27, 28]. We prefer not to state
our result with the greatest possible generality for the sake of clarity.

1.3. Renormalization of semiclassical KAM operators

If the perturbation V does not depend on the vector of frequencies and we consider an isolated
vector w € 2, then theorem 1 provides the following direct corollary:

Corollary 1. Letw € Q and let V € £, such that
|V|s e

where ¢ is a small positive constant depending only on s, y and <. Then there exist a real vector
A = \X(V) € R? such that the point-spectrum 0fPW+,\ 5 s

SP s (ﬁwﬂ,h) = {hw - k:k € 24},

and a diffeomorphism 0 : T¢ — T¢ of the torus homotopic to the identity so that

M (ﬁer)\,h) = U {@*hwx{f}} U{0},  NPuoirn) = {(2 )do dx}

geLs' ()

where © is the symplectic lift of 6 into T*T¢.

The vector A € R? can be understood as a counterterm that renormalizes the perturbed
operator Pw 1 to make it completely integrable and unitarily equivalent to Lw B

In the classical framework, the renormalization problem [31, 32] asks if, given a small
analytic perturbation V of the linear Hamiltonian £,, with V = V(x,&;¢) defined on
T? x R? x [0, o] for some &y > 0 sufficiently small, there exists a counterterm R = R(&;€)
on R? x [0, 0], such that the renormalized Hamiltonian

0(x.&e) = L(©) + V(x, & 6) — R(&: ©)
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is integrable and canonically conjugate to the unperturbed Hamiltonian. This was conjectured
by Gallavotti in [31] and first proven by Eliasson in [33]. This result can be regarded as a
control theory theorem. Despite the fact that small perturbations of £, could generate even
ergodic behaviour (see Katok [34]), this shows that modifying in a suitable way the completely
integrable part of the Hamiltonian, the system remains stable. Renormalization techniques have
been studied by several authors in the context of quantum field theory, as well as its connection
with KAM theory [31, 35-39].

Our goal is to prove a semiclassical version of the renormalization problem. We consider
again the semiclassical Weyl quantization of £,,:

Ly = Opy(Ly) = w - hD;. (12)
Let ()5 be a semiclassical scaling such that
en <, (13)

and let V € C(T*T¢; R) be a bounded real function. The precise assumptions on the regularity
of V will be stated below. Our aim is to construct an integrable counterterm R = R (V) €
C(RY), that only depends on the action variable £ and is uniformly bounded in A € (0, 1], so
that the quantum Hamiltonian

éh ::Zw,h + shOph(V — Rp) (14)

is unitarily equivalent to the unperturbed operator Zwﬁ. This will show that the spectrum of
the operator Zm + €,0p; (V) can be stabilized by adding the counterterm 5 Opr(R5) to the
system. Moreover, we will show that the sets of quantum limits and semiclassical measures
of sequences of eigenfunctions for the operator Oy coincide with those of the unperturbed
operator Zw,h.

In a related work, Graffi and Paul [40] showed that the perturbed operator

ﬁh = th + Oph(vw)

can be conjugated to a convergent quantum normal form for a specific class of bounded analytic
perturbations of the form

Vo, &) = Vix,w- &), (x,& € TT, (15)

(see Gallavotti [31] for a discussion of this condition). As a consequence, it is most likely
that the set of semiclassical measures is stable under perturbations of this type, without
necessity of renormalization. The main difference in our approach is the substitution of
the particular dependence on w - £ of V, which is stable under the conjugacies employed
by Graffi and Paul to construct the normal form, by the addition of the renormalization
function Ry,

We emphasize that, compared to [32, 33, 41], our work is not based on the study of the
convergence of Lindstedt series. Alternatively, we will use an algorithm similar to that of
Govin et al [42] to construct a normal form, obtaining the counterterm Rj step by step.
We expect that condition (13) is not sharp. One should be able to deal with perturba-
tions of order O(1). The main difficulty arises when managing the loss of analyticity in the
variable &.
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We will consider semiclassical perturbations Opp(V) whose symbol V enjoys some regu-
larity properties. We first consider the following spaces of analytic functions:

Definition 2. Let s >0, we define the Banach space A;(RY) of analytic functions
f € C°(R4;R) such that

1 7 s
I 1] ayrey := W/R‘ilf(n)le‘"‘ dn < oo,

where ? denotes the Fourier transform of f. Let p > 0, we also define the space A, ,(T*T¢) of
analytic functions g € C¥(T*T“; R) such that

1 ~
lglls:= WZ 120k, )| 4,y €1 < 00,
kezd

where
-~ _ 1 —ixk d
8k, &)= (27T)d/2/wg(x’ Oe ™ dx, keZ’.

Finally, we define the space Ap(Td) of functions v € C*(T¢; R) such that
olLaycmn = 5 O [0IE? <
v A/)(Td) = (27‘()‘1/2 v (& 0.
kezd

By the Calderén—Vaillancourt theorem (see lemma A.2 below), the semiclassical Weyl
quantization Opy(a) of a symbol a € A, ,(T*T?) satisfies

10Pr(@ ]l a2y < Capllalls,s VR € (0,1].
We next proceed to state our second result:

Theorem 2. Let w € R? be a Diophantine vector satisfying (8), and let V be a real valued
function that belongs to Ay ,(T*T?) for some fixed s, p > 0. Assume that e, = h and

Vs <e, (16)
where € > 0is a small constant that depends only on s, p, v and <. Then, there exists a sequence

of integrable counterterms® Ry, = Rp(V) € A (R?) with ||Rp| 4 ,may S |Vlspr uniformly in
h € (0,1], and

SPlacrsy (On) = SPacpay (L) = {heo - kik € 27}, (17)

Moreover, denoting by M (Qh) the set semiclassical measures of sequences of normalized

eigenfunctions of the Hamiltonian @h with eigenvalues verifying \, — 1 as h — 0,

M(00) = M (Lun) = U {brosi fuiol, as)

geLs ()

3 That is, Ry, is a function only of the action variable £ € R?.
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and the set of quantum limits of@h is precisely

~ 1

In the case ¢, < h, condition (16) can be removed. Moreover, in this case we can relax
the regularity hypothesis on V in the ¢ variable. Essentially, we just need that £ — V(x, &) is
bounded together with all its derivatives to ensure that Op;(V) is bounded on L>(T*T%). In [43,
44], Sjostrand introduced a Wiener algebra of L?-pseudodifferential operators with symbols
containing the class S°(R??) (the class of symbols a € C>(R??) that are bounded together with
all its derivatives) that is stable under composition. From these works, we define the following
spaces:

Definition 3. Let ej,...,e; be a basis of R?, we say that I' = ®&¢Ze; is a lattice. Let
Xo € AR>) have the property that 1 =" jcrx;, where x;(§) = xo(x — j). We say that
f € Sw(RY) if

U(n) :=sup |x;f ()] € L'(RY).
jer
The space Sy is a Banach space with the norm

£ llw == Cd||$uE|Xjf|||L1(Rd)’ (20)
je

where C; is a fixed and large constant depending only on d. Let p > 0, we say that
g € C*(R*;R) belong to Ay ,(R*) if

1 ~
llgllw,p:= WZ 8k, )|lw el < oo,

kezd

Remark 2. The definition of Sy(RY) does not depend on the choice of T', xo, see ([43],
lemma 1.1).

Remark 3. Observe that, for every s,p > 0, A, (T*T?) C Ay (T*T9) and A,(R?) C
Sw(R?). Notice also that Aw,p(T*’]I‘d) is contained in the space of bounded continuous functions
on T*T¢.

Theorem 3. Let w € RY be a strongly non-resonant frequency satisfying (8), and let
V € Aw (T*T? for some fixed p > 0. Let (g;) be a sequence of positive real numbers

satisfying
en < h. 21)

Then, there exists a sequence of integrable counterterms Ry, = Rp(V) € Sw(RY) such that
IRsllw < |Vl w.p uniformly in b € (0, 11, so that (17)—(19) hold.

2. Proof of theorem 1

To prove theorem 1, we will use a classical KAM result due to Moser [26] about small per-
turbations of constant vector fields on the torus. Precisely, we will recall a work of Poschel
[28] that simplifies the KAM iteration argument. On the other hand, we will use Egorov’s
theorem to establish the classic-quantum correspondence to obtain our result in terms of the
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quantum system. Our approach is similar to that of Bambusi et al in [45], in which they obtain
reducibility for a class of perturbations of the quantum harmonic oscillator.

The proof of theorem 1 is divided in two parts. First, we prove that the family f’w(w)ﬁ is
unitarily equivalent to Zw,h. This shows the stability of the spectrum along this family. The
following holds:

Theorem 4. Lets,p > 0and V € Z;, be real analytic verifying (11). Then, there exist a
real change of frequencies ¢ : () — ), satisfying

sup |90(w) - w| g C1|V|s,p,

we
and a family of unitary operators Q > w — U, on L*(T%) such that

U Porn U = Lo (22)
Remark 4. In particular, if V = 0 then ¢ = Id and U, = 1d.

In the second part, we will compare the semiclassical measures and quantum limits of Igw(w)ﬁ
with those of L, ;.

2.1. A classical KAM theorem

We first recall the result of Poschel [28]. We will use the Diophantine property (8) for the sake
of simplicity, but the more general Riissmann condition considered in [28] would be valid as
well.

Theorem 5 ([28]). Let Q C RY be a compact set of strongly nonresonant frequencies, that
is, w € Q satisfies (8). Let s, p > 0 and V € £, , such that

p S
Vip=e< 2 < 23
Vi =< 15 < 323 @3)

where the constants < and vy are defined in (8), and \ is so large that

1+1log A
ri=8y (%) < % (24)

Then there exists a real map ¢ : Q0 — §Q, and, for every w € €, a real analytic diffeomorphism
0., of the d-torus such that, denoting

Ou(x,&) = (0,(), [(0:0.,(x)'17'€),

the following holds:
(Lowr + Vi p@)) 0O, = L. 25)
Moreover,
sup |p(w) —w| <&, sup sup |0,(x) — x| <r¢”Ne. (26)
we WEQ yeTd

This means that, for every w’ in the Cantor set ((€2), the Hamiltonian P, is canonically
conjugate to the unperturbed one L,,, where w = ¢~ !(w'), and hence the energy level P,;,l(l)
is foliated by invariant tori with frequency w.
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Using this result, the proof of theorem 4 is straightforward in terms of Egorov’s theorem:

Proof of theorem 4. We define the unitary operator I, : L>(T%) — L*(T¢) by
Ustp(x) = /] detdB, 0] ¥ (6, (x)) @7
By Egorov’s theorem, which is exact in this case, we conclude that

Uy Popn Uy = 0Py, (L) + V- () 0 0,) = Opy(Ley) = L.

2.2. Quantum limits and semiclassical measures

We next complete the proof of theorem 1.

Proposition 1. Letw € RY be linearly independent over the rationals*. Then

~ ~ 1
M(Lw,h) = U {h'ﬂ‘dx{g}} U {0}, N(Lw’h) = {(zﬂ)ddx} .

ceL,t

Proof. We recall that the point-spectrum of Zm is given by

SPya ), (Zm) ={\n = hw-k:ke '},
Each eigenvalue has multiplicity equal to one due to the nonresonant condition on w. Moreover,
the set of eigenfunctions is just given by

ik-x

d
W’ ke Z°.

er(x) =

By a direct calculation using identity (7) for the Wigner distribution on the torus, for every test
function a € C(T*T%):

W (a) = / da(x, hk) dx, ke Z°%.
T

1
(2m)d
Equivalently, WZZ = Bpa, gy~ Given a sequence

)‘kjﬁj = hjw 'kj—> 1, as hj—>0, (28)

if hjk; — & € RY then clearly £ € £,(1). In other words, Bra.iey € M(L, ). Reciprocally,
any point £ € £'(1) can be obtained as the limit of a sequence (hjk;) satisfying (28), and
hence any measure fpa, ) is the semiclassical measure associated to some sequence of eigen-

functions. Finally, since £_'(1) is not compact, there are also sequences (A ik ) satisfying (28)
such that

Jlim [Ayk;| = oo.
For those sequences, we have i = 0. Thus 0 € M(Zm).

4That is, if k € Z9 satisfies w - k = 0 then k = 0.
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The second assertion is trivial since

lex (0> = ke 7

@m’
We are now in position to conclude the proof of theorem 1. Since
Zw,h =U, ﬁp(w),h Uj,

where U,, is unitary on L*(T%), the spectrum of f’w(w)ﬁ is the same as the spectrum of Zwﬁ, and
the eigenfunctions are precisely

U, =U'e, keZd
Thus, applying Egorov’s theorem,
Wi (@) = W) (a0 ©,) + 0h), acCX(TT,

and similarly, using (27),

/ b(x)| Wi (x)* dx = / bof,(x)|ex)|*dx, b e C®(TY). (29)
Td Td

Then the proof of theorem 1 reduces to the proof of proposition 1.

3. Proof of theorems 2 and 3
The main ingredient in the proof of theorem 2 is the following quantum version of the
renormalization problem:

Theorem 6. Let w € R be a strongly non resonant frequency satisfying (8), and let
Ve Ax,p(T*']Td)for some fixed s, p > 0. Assume that €, = h, and

< \/ﬁ 2(y=1)
Vil < 4 (2(7—1)) : (30)

Then there exist a sequence of unitary operators Uy, : L*(T¢) — L*(T?), and a sequence of
counterterms Ry, € Ay(R?) such that

Un (Lo +2n0py(V = Ri)) Uy = L. 31)

Moreover,

Rl 4ty < 2[IVIlspr VR € (O, 1].

In the case €5, < h, we can remove condition (30); we will prove theorem 3 applying the
following version of theorem 6 with less regularity:

Theorem 7. Let w € RY be a strongly non resonant frequency satisfying (8), and let
Ve Aw,p(T*Td) Sfor some fixed p > 0. Assume that €, < h. Then there exist a sequence of
unitary operators Uy, : LX(TY) — LX(T%), and a sequence of counterterms Ry, € Sw(R?) such
that (31) holds. Moreover,

[Rullw < 2[[VlIw,» VA€ (0,1].
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3.1 KAM iterative algorithm

To find Ry;, we start from the full renormalized operator @h with Ry as unknown and then we
will construct Uy, and Ry by an iterative averaging method. We will find the renormalization
function Ry as an infinite sum of the form

Ieh::ZEE:‘RLh’
Jj=1

where each R ; will be determined at each step of the iteration and the sum will be proven to
converge.
We initially set V| :=V, and consider

Q1= 0n = Lo+ | Opp(Vi) = > Op,(R;) | - (32)

=1

The goal at the first step of the iteration is to choose a good first term R| j,, then average the term
V1 by the flow generated by £,,, and finally estimate the remainder terms. Givena € C*(T*T%)
we define its average (a) along the flow

G () = (1 + 1w, 6),
by the following limit in the C>-topology of T*T¢:

1

Gy 40

LT o 1
<a>(§)3:Tlgglc ?/0 ao ¢ (x, &) dt = W/Tda(x’ §dx =
(33)
where recall that we have used the convention for the Fourier coefficients of a,

N 1 Cikex
ak, &) :={(a, ek>L2(1rd) = W/Tda(x, Oe *rdx, kezd

If a is bounded together with all its derivatives, Egorov’s theorem allows us to define the
quantum average of Opy(a) by

1 r it T it
(Opp(a)) == Jim 7 / enten Op,(a)e mhen dt, (34)
o0 0

and, since £, is a polynomial of degree one, we have that the limit exists in the strong-operator
norm, and

(Opp(a)) = Opy({(a)).

We set R ;, := (V) and consider a unitary operator of the form

ite il 1 it i .
Umaye$0%m>§:ﬂ(ﬁf>omama te[0,1],
=0 "

where Opp(F) will be the solution of the cohomological equation

%mwwwm=mmm«m<m=0 (39)
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We show in lemma 1 below how to solve this cohomological equation. Moreover, the Diophan-
tine condition (8) on w will allow us to bound the solution F'; with a bit of loss of analyticity
in the variable x. Denoting now U, ; = U, ;(1) and Qz ni=Un Q1 A U1 1» and using Taylor’s
theorem, we get

th Wh+ —[Oph(Fl) wi] +€r0pL (Vi — Ry)
n (lgh) / (1 — DU 5(D[Op,,(F). [Opy(F1)s L s 1NUy a(1)" dt

122 1

ie
+fh Uy 5(O[Op,(F1), Opy(Vi — RDIU ()" dt
0

_Ehz U1.xOpy(R;n) U7 -
J=2

With this and the cohomological equation (35), we obtain
02 = Lup +en | Opp(Var) — Z UinOpy(Ri)Uiy, | »
j=2

where

Op,(Von) = h/ tU1 x(D[Op,(F1), Op(Vi — RDIU, 5 (1)" dt. (36)
0

Now we proceed to explain the induction step. Assume we have constructed unitary
operators Uy, . .., U,_1 1, and counterterms R, , . .., R, 1, so that

[o.¢]
Onn = Ut Ut Qi Us -+ Up_y = Lug + en <Oph(Vn,h) - ZEn,j,h> . 37
j=n
where, for every j > n
Evjn = OPp(Enjn):=Un-1p - - UrnOPuRiUi g, -+ Uy e
We will choose R, 1, to be the unique solution of the operator equation

(Eva) = (Unrs - UrnOppR) Uiy -+ Up_y 1) = (Opp(Var)),  (38)

given by lemma 2 below. We next consider the unitary operator

x| /it ! j .
Upn():=e 7 OPntFun) = 3 j,(lf_f> Opy(FunY, 1€ 10,11,
=0

where Opp(F,, 1) solves the cohomological equation (see lemma 1):

I ~
E[Lw,h» Oph(Fnh)] = Oph(Vn,h - En,n,h): <Fn,h> =0. (39)
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As in the first step, we denote U, := U, (1). Defining @nﬂ,hf: Uin @n,h U;;ﬁ, we use
Taylor’s theorem to expand

—~ —~ ie ~
Ouiin=Lon+ %[Oph(nﬁ), Lo+ €60p (Vi — Ennr)

N2
+ (%) / (1 = U n(O[OP(Fu i), [OP(Fup)s Lo n 11U n(1) dt
0

iEZ 1 *
+f U n(DIOP,(F ) Opp(Vius — Enpi)1U, n(5)" dt
0

—en Y UnnOpy(Enjin)Up .
j=n+1

and using the cohomological equation (39), we obtain

Ontin = L +n | Opy(Vasin) — Z Opn(En+1in) | »
Jj=n+1

where

ieh

Op;,(Viy1,n) = W

1
/ tUn,h(t)[Oph(Fn), Oph(vn,h - En,n,h)] Un,h(t)*dta (40)
0

and, for every j > n+ 1,

~

Eni1jn = Opp(Ent1,jn) := UpnOpy(Enjn) Uy -

This iteration procedure will converge provided that V is sufficiently small. Precisely, we
will obtain a unitary operator U, as the limit, in the strong operator £(L*)-norm,

Uh:: lim Unﬁ s Ulﬁ.
n—00

3.2. Cohomological equations

In this section we explain how to solve the cohomological equations appearing in our averaging
method. This is a standard technique when dealing with small divisors problems.

Lemmal. LetV € A, (T*T%. Then, the cohomological equation
i ~
7 L. Op(F)] = Oppp(V — V), (F)=0, 4D
has a unique solution F € A ,_,(T*T?), for every 0 < o < p, such that
-1
Ly —1Y
1Fllepo < < <w) VIl (42)

Similarly, if V € AW,,,(RM), then there exists a unique F € Aw,p,g(T*'H‘d) solving (41), and
(42) holds replacing ||-||s.- by |||l w--
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Proof. Using the properties of the symbolic calculus for the Weyl quantization, which in
this case is exact since £, is a polynomial of degree one, equation (41) at symbol level
is just

{L,,Fy =V —(V), (F)=0. (43)

Recall also that, by (33), the average of V is given by

(V)(©) =

1 1 -
(zﬂ)d/TdV(x, 5) dx = WV(O, g)

On the other hand, since

{L0 FY,©) = ) iw - kF(k, Oex(),

kezd

we obtain the following formal series for the solution of (43):

Vi(k,
F(x,8) = E l.c(u—i)ek(X)- (44)
kez4\ {0}

Finally, by Diophantine condition (8) and estimate (A.2), we conclude that

y—1
afv—1
L G @)

Since the loss of analyticity of F' with respect to V occurs only in the variable x, one
can substitute the norms ||-||. by ||-|w.. in (45) to obtain also the second assertion of the
statement. O

3.3. Convergence

We next show that the algorithm sketched in section 3.1 converges under appropriate
hypothesis.

Proof of theorem 6. We start by fixing the following universal constants:

1 1 8
= = =el-ve — 1. 4
=, Bi=qe A=e (46)
Now set
pi=p o= o, @7)
2e(y— 1)

By lemma 1, (47) and hypothesis (30),

-1
-1y B
IFilln-n <5 (220) Wil < 5

€0
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Then, using (36) and the conventions of appendix A,

- 1

ie

fh/ R ([FL V) — Ry
0

Vo =
where [-, -] and \Iff ;, are defined in (A.7) and (A.8), estimate (A.9), and lemma A.4, we obtain
Vallspr-or < BA+ BIVillspy < llVills,,-
Moreover, by definition of R; and of our analytic spaces (definition 2):
1R[] aymay = [{VD)]agray < NVillsor-
This shows the starting step of the induction. We next define sequences

1
Opy1 = 0,0?0°D, Pnli=pn —Op, n =1,

and assume the following induction hypothesis: foreveryn > 2 and 1 < j < n — 1, there exist
F;p and R, so that

O .
ﬂoz/T a1
1Finlls < 250 IRl < T Vil (48)
and, for V,, , obtained in (37),
Varllspn < @ HIVillsp,- (49)

To prove the induction step, we first recall that, for every j > n, En,_,-ﬁ = Opy(E,.,jn), where
— Rt enF1
En,jﬁ = \Ijl,h o---0 \Ill,h Rjﬁ.

Our choice of R, is the unique solution of equation (38). At symbol level, equation (38)
reads

(Enpp) = (U3 0 0 WHIR, 1) = (V). (50)
The solution exists and is unique in view of the following: 0

Lemma 2. Assume that e, < h. Let (V) € AJ(RY) and let F; € Ax,pj(T*']Td) for 1 <j<
n — 1 and some positive numbers py = - - - = p,—1 > 0 such that

i1
ZHFJ'HJ,P,'*UJ' Spa?,
where o, 3 > 0 satisfy
8
Ai=elve —1 < 1.
Then, there exists R € AyR?) so that

<\1/§f§"—1 0.0 WHIR) = (V),
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and
1 enFo_ F 14+ A\
IRl < T IV ey WG 00 UG R, < 3= V) Layuay-
Proof. Define the map T : A (RY) — A,(R9) by
T(R):= (U} o o U7 IR).
By lemma A.4, we have
IT(R) — R|| 4,(ra)
n—1 i 5
< TT (1 80%) = 1 IRLages < (€77 = 1) IRLagas) = IRl
=1

Then, there exists an inverse map 7' AyRY) — A (R?) defined by Neumann series, and

17" o, < s
S S 1 _ A
Finally, applying lemma A.4 one more time, we obtain:

F_ F 1+ A
IR o 0 W Rl < T V) g

This concludes the proof of the lemma. 0

Applying this lemma to (50), we obtain

1 anfl
[Rnills.on < 7= MVaillspw < 7= 1Vills
1—A 1—A
1+ 1+,
1Eunlln, < 75 1Vl < 750" Vil

Note that, with our choice of constants (46):

ﬁ(l—l—ﬁ)(l—l—i—’—;) <a

We next observe that, by lemma 1 and hypothesis (30), there exists F,j solving (39) such
that:

41

-1y

L e B[
n

—1\"! T+A\ o
<<1<7 > <1+m>a71lVllls,m

€eoq
fa’s
5

<
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Then, recalling (40), which at symbol level reads

ieh enFn
VnJrl,h - ? t\IJ FLF ([Fn, Vn,h - En,n,h]h) dt7
0

we can apply estimate (A.9) and lemmas A.4 and 2 to obtain:

1+ A
Wastallopn—on < A1+ B) (1 n ) Wl

< af|[Vanllsp, < @ ||V1Hs,m-

This finishes the induction step. Note that our choice of constants also ensures that

J
o P ! p p
n — < g -
ZU GIZ< ) = 2e(y — 1)10g2r 1 2elog2 2

Moreover,

o0 [o.¢]

1 .
HRHHAS(]R")gZHRjﬁHAS(]Rd)g ﬁza] IVills,y < 2||Villsp-

j=1 j=0
It remains to show that there exists a unitary operator U, so that
Z/lh:: lim Un,h e Ul,h-
n—00

For every 1 < n, we set the unitary operator U, , by

U :=Unp -+ Upp.
We have, for every p > 1:

uner,h - un,h = un,h %h(n, 17),
where

ep g ep g =~

%h(fl,l’) c=e h ‘ntlLh ... "R "ntph _ I’ F]'ﬁ ::Oph(}?jﬁ)_

By Taylor’s theorem, we can write

itep; A

. . 1
lep & ~ ~ 1€ ~
enfin =14+ Bjn, Bjn= #Fjﬁ/ ew-Fin dr.
0

Moreover, lemma A.2 and (48) allow us to bound the £(?) norm of B . by:

j—1
Cd‘pﬁa/T

HB_iﬁHL(L2) < D)
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Thus

P

10 P cary < 1+ TT (14 1Bussnllzan ) < —1+exp

=1

Cd,pﬁa%
20 —al2y|”

Finally, taking the limit n — oo, we obtain that the sequence {U,, 1, },>1 is a Cauchy sequence
in the operator norm, and then the result holds. 0

Proof of theorem 7. The proof of theorem 7 follows the same lines of the proof of theorem
6, after replacing respectively the spaces A; ,(T*T¢) and A (R?) by Ay ,(T*T?) and Sw(R).
Notice that condition (30) is not required since, by the hypothesis €, < £, it is satisfied for
L1|V||w,, instead of || V|, if 72 is sufficiently small. Observe also that lemma A.4 remains valid
in view of corollary A.5; estimate (A.9) can be replaced by (A.10), and one can use estimate
(A.6) instead of lemma A.2. ]
3.4. Semiclassical measures and quantum limits

We next complete the proof of theorem 2. We will require the following two lemmas:

Lemma 3. Lets,p > 0. Assume that e, = h and V € A ,(T*T?) satisfies (30). Then, for
everya € As,p(T*Td),

[UnOp (@) Uy, — Opy(@)| 12y = O(en), (5D
and similarly, for every b € A,(T?),
[UnOpy (b)Y Uy, — Opy(B)| £12) = O(en). (52)

Proof. Forevery n > 1, we define:

n—1
(1 —mind PS5
5n.<2) 01, 51.fm1n{10,10}.

Note that
00 ' p s
HEZI min 275

By (48), we have

HFnﬁHS»/Jn <G 62’
where the constant C,, depends only on p. Hence, defining the sequence u, := min{s, p, }, one
has that, for every n > 1 and / > 0 sufficiently small:

2|lenFunllu,

1
6’% <Cp5n5h<§»
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where the norm ||-|,, is defined by (A.11). Using lemma A.7, for every a € A, ,(T*T9), we
have

Fy
¥t =], < Cotucnllr ©

Finally, recalling thatU, = lim, o U, 1, - - - U} 5, thatevery operator U,, 1, is unitary on L*(T9),
and using lemma A.2 and (53), we obtain:

UrOpy, (@) Uy, — Oph(a)HL(LZ)
Fy
<O I @) — ally-s, < Cpenllallsy D 6 < Cyenllall
n=1 n=1

This shows (51). The proof of (52) is completely analogous but, in this case, using lemma A.7
to show that

enly
H\Ijlrﬁ‘z h(b) _ bH S <G, On EthHA,;(Td)’
Up—0p

instead of (53). O

Lemma 4. Lets,p > 0. Assume that e, = h and V € As,p(T*Td) satisfies (30). Then, for
every a € C(T*T?),

[UOp (@) Uy, — Opy(a@)|l 2y = (1), ash— ot. (54)

Proof. Let £ >0 and a € C(T*T¢Y). Assume that, for every s,p >0, there exists
at € A, ,(T*T) such that

lla — aTHL‘x(T*’JTd) SeE. (55)
Then, by lemma 3, the triangular inequality and ([2], theorem 13.13):

U5, Opy(a) Up — OPh(a)HL(LZ)
< |[UnOp,(a — a') Unll a2y + [UrOp,(a’) Uy, — Oph(aT)HE(LZ) + [|Opy(a — aT)HE(LZ)
< Galla— aT”Lw(T*’]I‘d) + 0:(h),

and hence

lim sup [|[UnOpj(a) Uy, — Op,(a@)|| 12y < Cae.
h—0t

Since the choice of € > 0 was arbitrarily, we conclude that
lim [[UOp,,(a) Uy, — OPh(a)HL(L2) =0.
-0+
It remains to show (55). Using the notation (A.3) of the appendix A, we write
1 ~ iz-w serd
a(z) = —— | a(w)e“k(dw), z=(x§&) € T"T"
2m)? Jza
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For R > 1, we define ag € A, ,(T*T¢) by

[w]

ar(w) = a(w)e” : )

It satisfies

llar — al| poo(remay < @/zd |a(w)| e’¢ — 1| k(dw) =0, asR— occ.
Then it is sufficient to take a' = ag for R sufficiently large. 0
Proof of theorem 2. By proposition 1,
ML= U {brg f U0} N = {(z%dx} : (56)
)

ceLs'm

On the other hand, theorem 6 implies that the set of normalized eigenfunctions of @h is
precisely the orthonormal basis of L>(T¢) given by

{\Ifk,h = Z/l;;ek ke Zd}
Using lemma 4, we obtain that, for every a € CC”(T*’]T‘Z),
h _ wh d
W\I,kﬁ(a) = Wek(a) +o(l), keZ°".

Finally, by (52) and since .A,(T?) is dense in C(T?), we obtain that, for every b € C(T%),

/b(x)|\11k,h(x)|2dx:/ b(x)|ex(x)|* dx + o(1).
Td Td

Therefore, the proof of the theorem follows from (56). O

Finally, we complete the proof of theorem 3. It follows essentially the same arguments as
before, but substituting lemmas 3 and 4 by the following one:

Lemma5. Letp>0.LetV < Aw,p(T*']Td), and assume that e, << h. Then, for every a €
C>(T*TY),

[Ur Opr(@ Uy, — Opy(@)|| 2y = o(1), ash— 0%, (57)
and similarly, for every b € C(T?),

Uy Opy (D) Uy, — Opp (D) || p2) = o(1), ash— 0F. (58)

Proof. Recall that, in the case V € Ay ,(T* T9), the first estimate of (48) remains valid and
can be rewriten as

Ba'T
«
I1Fjnllw,; < T
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Thus, by corollary A.S5, for every a € AW,,,(T*’IF") andn > 1:

Fn €h n—1
19557 @ = allw, <0 (5F) &' lallw,y (59)
Finally, recalling again that Uy = lim,, .U, - - - U} s, that every operator U, ;; is unitary on

L?*(T9), and using (A.6) and (59), we obtain:
|UrOp (@) Uy, — Opnfod)||£(L2) N
Fy, €h n—1 o Eh
<G @~ dllw, <0, () > o' al, = 0 ()

Therefore, (57) follows by density of C*(T*T) N Ay ,(T*T¢) in C2*(T*T); and, since
A, (T%) C A (T*T?), (58) follows by density of A,(T¢) in C(T?). O

Proof of theorem 3. Applying lemma 5, the proof of theorem 3 reduces to the proof of
theorem 2. 0
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Appendix A. Pseudodifferential calculus on the torus

We include some basic lemmas about the quantization of the spaces A;,,;(T*Td), A (RY),
A,,(']Td), .AW,,,(T*’]T‘Z) and Sy (RY). We fix s, p > 0 all along this appendix.

Definition A.1. Leta: T*T¢ — C be a symbol. The semiclassical Weyl quantization Opy(a)
acting on ¢ € ATY) is defined by

(. Rkt
Opy(@)h() = Za<k—]» (; )

k.jezd

) Plkyel*,

where da(k — j,-) denotes the (k — j)th-Fourier coefficient in the variable x.

Lemma A.2 (Analytic Calderon—Vaillancourt theorem). For every a € A ,(T*T9), the
following holds:

10Ps( @ cazeray < Capllalls,, € (0,1]. (A.D)

Proof. By the usual Calderén—Vaillancourt theorem, see for instance ([40], proposition 3.5),
the following estimate holds:

10pL(@)]| 2y < Ca Z 07 al| po(gepay, B € (0, 1].

|| <Ng
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Now, using the elementary estimate

supMe™" = (m) , m>0, (A.2)
>0 ep
we obtain
. ! . o\
0% all pooremay < WZ k[ [|atk, )| oo ey < llallsp = Caypllalls,-

e
kezd P

0

Leta,b:T*T* — C, the operator given by the composition Opy(a)Opy(b) is another Weyl

pseudodifferential operator with symbol ¢ given by the Moyal product ¢ = afi;b, see for

instance ([1], chapter 7). To write ¢ conveniently, we consider the product space Z¢ := Z? x R?
and the measure x on Z¢ defined by

R(w) = Kpa(k) @ Lga(m), w = (k) € 27,

where Lrq denotes the Lebesgue measure on R4, and

Kpak):=Y ok - j), ke

jezd
Using this measure, we can write any function a € Ax,p(T*’]Td) as

1
@2m)?

a(z) = / Fa(w)e“" k(dw), (A.3)
Zd

where z = (x, £) € T*T¢, and .% denotes the Fourier transform in 7 T¢:

1 —iw-z
Fa(w) = W/T*Tda(z)e dz.

With these conventions, the Moyal product ¢ = aff;b can be written by the following integral
formula:

atnb(z) = 1 (Fa) (W) (Fb) (w — w)e =0V k(oY (dw), (A.4)
(27T)2d zdx zd

where {-, -} stands for the standard symplectic product in Z¢ x Z¢:
{wwh=kn—K-n w=kn, w=E7).
Alternatively, we can deduce from (A.4) the following formula:
1 . Wk —K)\ ~ '\
b, ) = —— K&+ ————)blk—FK 6—— )", (AS
agnb(x, €) (2”)dkkzzda< €+ — E= 5 )" (AS)
ke

which also holds for symbols a,b € Ay ,(T*T¢). 0
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Lemma A.3. Letp > 0anda,b € Ay (T*T9). Then atnb € Aw (T*T¢) and

llagnbllw.,, < llallwplbllw.p,

provided that the constant Cy in (20) is sufficiently large.

The proof of lemma A.3 can be obtained following the same ideas of ([44], theorem 2.1).
We omit the details for the sake of shortness. Moreover, one can show L?> boundness
for pseudodifferential operators with symbols in .AW,,,(T*’JT" ). Precisely, the following
Calder6én—Vailancourt-type result holds [see ([44], section 3)]: for every a € Aw,p(T*’]I“d):

10Pr(@ ]l a2y < Capllaliw,s  h e (O] (A.6)

Coming back to the symbolic calculus for Weyl pseudodifferential operators, we will
employ the notation

la, blp := afirb — bina, (A7)
for the Moyal commutator. Hence [Opy(a), Opr(b)] = Opr([a, b]1). Moreover, given two sym-
bols a, F € Aw,,(T*T9), we have the following formula for the conjugation of Opp(a) by
ei%Oph(F):

e i OPO0p, (a)e 17" = Op,, (Wfy(@), 1€ 0,1],

where the symbol \I/ﬁF n(a) is given by

Ul@)=> % (%) Ad™(@), 1el0,1], (A.8)
j=0 "

and, as usual in the terminology of Lie algebras,
Ad (@) = [F,AdP @, AdP (@) = a.
Lemma A.4. Assume thata,F € A;,,;(T*']I‘d). Let e, < h such that
B =2|Flls, < 1/2,
then
19347 @ = allsy < Bllallsps 1t < 1.

Proof. Using the expression

iw-z

[a,blp(z) = Zi/zuﬂa(w')ﬂb(w —w')sin <z{w’, w — w'}> (;Tﬁm(dw’) Kr(dw),

for the Moyal commutator, we obtain that
IE, alnllsp < 2[IF(lspllallsp- (A.9)
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Applying this succesively, we conclude that

h !

SRS =, 2|F ] alls
133 @~ aly < 3 5 () IAdhd@ll, < 325 79 < lal,

=1 =1
O
Corollary A.5. The same holds replacing the space A ,(T*T%) by Aw, ,(T*T%).
Proof. Note that, by lemma A.3,
ILF, alsllw, < 2[|Fllw.pllallw.,- (A.10)
O

Finally, we will improve the above estimates for our analytic spaces, allowing some loss of
analyticity. Let 0 < u < min{s, p}, we denote

1

[wu _
- o [ | Fawle @) = ol < a1

llallu

Lemma A.6. Leta,b € A, (T*T?). Then, for0 < oy + 0, < u:=min{s, p}:

2h
1b < NN u b U—os- A.12
s L (12
Moreover, if ¢ € A,,(Td), then:
h
e, clnlly-gy -0, < 20,(0; +U_2)||a||uHC||A,)_(,2(’J1‘d)' (A.13)

Proof. By (A.4), we have

iw-z

[a,blp(z) = Zi/zuﬁa(w/)ﬁb(w — w')sin (2{10’, w — w'}> (;Tﬁn(dw/) k(dw).

Then, using that
Hw',w—w'}| < 2w'||w — '], (A.14)
we obtain:

H [a, b]hHufalfog

< ZFL/ | Fa(w")||w'|| Fb(w — w")||w — w'[e® 71~ D 1 do' Y r(dw)
z2d

<2h (sup re‘”’) <sup re("lJr”z)r) lallul|bl|u-o,
r=0 r=0

2h
< 5—————lallullbllu-0,-
e~o1(o1 + 02)

To prove (A.13), observe that, in view of (A.4) and (A.5),
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[a, c]h(z)—ZzZ/ Fa(w'etk — k) sm( (k—Kk)- ) ittt -9 (A0

= (27‘r)3d/2

Then (A.13) follows by the the same argument as before but with the estimate
(k=K -] < |w'|[k = K],
instead of (A.14). ]

Lemma A.7. Assume a,F € A, (T*T%) and b € A,(T?. Let 0 < o < u:=min{s, p}.
Assume that

2||F u
g

Then

1950 — allico < Blalle  [95®) ~ bllco < BlblLayes 1] < 1. (ALS)
Proof. By estimate (A.12), for every j > 1,

A (@) ]|u—o = || [F, AdZ T @150

271] 1
< g2 1Fllu A @) o1y
4ﬁ2 3 fhaj2
X WHFH HAdFL (a)Hu a(j=2)/j
2h
<<lgs |mwm

Using Stirling’s formula: j//e/~!jI < 1 for j > 1, we conclude that

HaHu
105 (a) — allu—o < Zﬂ’ Bllalla.

The proof of the second inequality in (A.15) follows by the same argument, but using (A.13)
instead of (A.12) to obtain

hj*
IEF, DMl < 5 IF NullBlLa,croy
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