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Abstract
We propose and discuss a new Littlest Seesaw model, realized in the tri-direct CP
approach, in which the couplings of the two right-handed neutrinos to the lepton
doublets are proportional to (0, −1, 1) and (1,5/2, −1/2) respectively with the
relative phase η=−π/2. This model can give an excellent description of lepton
flavour mixing, including an atmospheric neutrino mixing angle in the second
octant, in terms of only two input parameters. We show that the observed baryon
asymmetry can be generated for the lightest right-handed neutrino mass M1=
1.176×1011 GeV in SM andM1=3.992×10

10 GeV in MSSMwith b =tan 5.
We construct an explicit Littlest Seesaw model based on the flavour symmetry
S4×Z5×Z8 in which the desired alignments and the phase η=−π/2 are
achieved.

Keywords: CP violation, discrete symmetries, neutrino physics, model
building

(Some figures may appear in colour only in the online journal)

1. Introduction

The Standard Model (SM) has been well established by the discovery of the Higgs boson.
However, the discovery of neutrino oscillations implies that neutrinos have masses and there
is flavour mixing in the lepton sector. Non-zero neutrino masses open up a window to the new
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physics beyond SM. However, the origin of neutrino mass generation and the flavour mixings
in quark and lepton sectors are still unknown [1, 2]. In order to elegantly generate the tiny
neutrino mass, the most appealing theory seems to be a type I seesaw mechanism involving
heavy right-handed Majorana neutrinos [3–5].

The type I seesaw mechanism can qualitatively explain the smallness of neutrino masses
through the heavy right-handed neutrinos. However, if one doesn’t make other assumptions,
the seesaw model with three right-handed neutrinos (RHN) contains too many parameters to
make any particular predictions for neutrino mass and mixing. As we know, the idea of
sequential dominance (SD) [6, 7] of right-handed neutrinos is an effective method to produce
the mass hierarchy between the two mass squared differencesDm21

2 andDm31
2 [8], it requires

that the mass spectrum of heavy Majorana neutrinos is strongly hierarchical, i.e.
Matm=Msol=Mdec. It arises from the proposal that a dominant heavy right-handed (RH)
neutrino is mainly responsible for the atmospheric neutrino mass, a heavier subdominant RH
neutrino for the solar neutrino mass, and a possible third largely decoupled RH neutrino for
the lightest neutrino mass. It leads to an effective two right-handed neutrino (2RHN) model
[9, 10]. This simple idea leads to equally simple predictions which makes the scheme fal-
sifiable. Indeed, the litmus test of such SD is a very light (or massless) neutrino. These
predictions will be tested soon. In order to further increase predictive power of the minimal
seesaw mechanism, various proposals have been suggested, such as postulating one [11] or
two [10] texture zeros in the neutrino Yukawa coupling. The models with two texture zero are
excluded by the present data for normal ordering neutrino masses [12–14].

A very predictive minimal seesaw model with one texture zero is the so-called CSD(n)model
[15–24], where the parameter n was usually assumed to be a positive integer. The CSD(n) scheme
assumes that the two columns of the Dirac neutrino mass matrix are proportional to ( )-0, 1, 1
and (1, n, 2−n), respectively, in the RHN diagonal basis. As a consequence, the lepton mixing
matrix is predicted to be TM1 pattern, the neutrino masses are normal ordering and the lightest
neutrino is massless with m1=0. At present only the CSD(3) (also called Littlest Seesaw model)
[17–21] and CSD(4) models [22, 23] can give rise to phenomenologically viable predictions for
lepton mixing parameters and the two neutrino mass squared differences Dm21

2 and Dm31
2 .

It has been shown that CSD(n) can be enforced by a residual symmetry of S4 [19] in the
semi-direct approach where different residual flavour symmetries =G Zl

T
3 and =nG Z2

SU are
assumed in the charged lepton and neutrino sectors. However, it was not possible to identify any
residual CP symmetry for CSD(n) in the semi-direct approach. This means that the parameter n of
CSD(n), which is usually assumed to be integer valued, could in fact be a complex number in
general. In order to preserve the predictions of CSD(n), we would like to fix the parameter n to be
real (although not necessarily an integer). This suggests that we should seek to somehow use
residual CP symmetry, even though it is not possible within the semi-direct approach.

In the past years, discrete flavour symmetry has been combined with generalized CP
symmetry to provide a powerful framework to explain the lepton mixing angles and predict
leptonic CP violation phases [25–57]. Furthermore, a simultaneous description of quark and
lepton flavour mixing and CP violation can be achieved through spontaneous breaking of a
discrete family symmetry and CP symmetry [52–54]. Since the generalized CP symmetry
may play a critical role in understanding the flavour puzzle of SM, recently we extended the
widely studied direct model of discrete flavour symmetry [1] to propose a new predictive
neutrino mass model building scheme for the minimal seesaw model with two right-handed
neutrinos called the tri-direct CP approach [58, 59].

The basic idea of the tri-direct CP approach is that the Yukawa interactions associated
with each of the two right-handed neutrinos preserve different residual flavour and CP
symmetries, and the charged lepton sector also has a different residual flavour symmetry. As a
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consequence, the flavour and generalized CP symmetry G Hf CP is spontaneously broken
down to Gl, G Hatm CP

atm and G Hsol CP
sol in the charged lepton, ‘atmospheric’ and ‘solar’

right-handed neutrino sectors, respectively [58]. Here Gl is an Abelian subgroup of Gf and it
allows the distinction of three generations of charged leptons as usual direct model. The
residual subgroups G Hatm CP

atm and G Hsol CP
sol

fix the alignments associated with each
right-handed neutrino. We have performed a comprehensive analysis of lepton mixing pat-
terns which can be obtained from the flavour group S4 and CP symmetry in the tri-direct CP
approach in a model independent fashion [59]. The model construction along the tri-direct CP
approach was also illustrated [58, 59]. In the minimal seesaw model, a phenomenologically
viable pattern of lepton mixing and neutrino masses can also be obtained from the breaking of
A5 flavour symmetry into three different subgroups in the charged lepton, atmospheric neu-
trino and solar neutrino sectors [60].

It is remarkable that the original Littlest Seesaw model for CSD(3) can be reproduced
from the tri-direct CP approach [58, 59], if the S4 flavour symmetry and CP symmetry are
broken to the remnant symmetries Z T

3 , ´Z HU
2 CP

atm and ´Z HSU
2 CP

sol in the charged lepton
sector, the atmospheric sector and the solar neutrino sector, respectively, corresponding to the
1 case. In this case, one row of the neutrino Dirac mass matrix is proportional to (0, −1, 1)
and the other row is proportional to (1, 2−x, x), where x is enforced to be a real parameter by
the residual symmetry, thereby overcoming the previous problem where it could be complex
in general. Then the light neutrino mass matrix is determined to be5 [59]

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( ) ( )

( )
( )= -

-
+

-
- - -

-
n

hm m m
x x

x x x x

x x x x

0 0 0
0 1 1
0 1 1

e
1 2

2 2 2

2
, 1a s

i 2

2

where an overall phase has been neglected, ma, ms, η and x are four real free parameters. In a
concrete model, the parameters x and η could be fixed to certain values through the technique
of vacuum alignment [58, 59]. For example, CSD(3) corresponding to x=3 and η=2π /3,
can be achieved within the 1 case. Then all three mixing angles, two CP phases and three
neutrino masses only depend on two real parameters ma and ms which can be determined by
the mass squared differences D º -m m m21

2
2
2

1
2 and D º -m m m31

2
3
2

1
2 precisely measured

in neutrino oscillation experiments. Then one can extract the predictions for all other mixing
parameters. Obviously this kind of model is highly predictive.

In this paper, we shall focus on a particularly interesting example of the 1 case with
x=−1/2 and η=−π/2, henceforth referred to as the new Littlest Seesaw, which was one
of the best fit points found in [59] where the lepton mixing parameters and neutrino masses
are predicted to lie in rather narrow regions, with an atmospheric angle in the second octant as
preferred by the latest global fits. Motivated by the excellent agreement of this case with
experimental data, in this work we develop further this new Littlest Seesaw model in two
different ways: we discuss leptogenesis and we also construct a concrete model to demon-
strate how it could arise from a realistic theory. We emphasise that the model involves a
particularly simple and ‘maximal’ phase η=−π/2 which is the unique source of CP vio-
lation for both neutrino oscillations and leptogenesis. It is noteworthy that the observed value
of the baryon asymmetry YB of our Universe will be obtained through flavoured thermal
leptogenesis in both the SM and the minimal supersymmetric standard model (MSSM). We
will propose an explicit supersymmetric (SUSY) model in the framework of minimal seesaw

5 Note that the seesaw mechanism results in a light effective Majorana mass matrix was defined in the convention
n n= - +n m h.c.L

c
Leff

1

2
Also note that here the second entries of the vacuum alignments which enter the Dirac

mass matrix are multiplied by minus one as compared to the usual Littlest Seesaw convention.
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mechanism with 2RHN based on S H4 CP and show that the mass hierarchies of the charged
lepton and the light neutrino mass matrix in equation (1) with x=−1/2 and η=−π/2 may
be naturally derived in such a model.

The rest of this paper is organized as follows. In section 2, we revisit the 1 case of tri-
direct CP models with the alignments ⟨ ⟩ ( )f µ -0,1, 1 T

atm , ⟨ ⟩ ( )f µ -x x1, , 2 T
sol which can

be derived from the S4 flavour symmetry in combination with CP symmetry, assuming the 1

residual symmetry. We show that the new Littlest Seesaw model, which corresponds to a
benchmark point in the 1 case with x=−1/2 and η=−π/2, provides an excellent fit to
the experimental data of lepton mixing angles and neutrino masses. We study the predictions
of the new Littlest Seesaw model for leptogenesis in the section 3, and show that the observed
baryon asymmetry of the Universe can be produced for certain values of the lightest right-
handed neutrino mass. In section 4, we construct a supersymmetric littlest tri-direct CP model
based on the flavour symmetry S4×Z5×Z8, the alignment parameter x=−1/2 and rela-
tive phase η=−π/2 are achieved. The predictions for the charged lepton flavour violation
radiative decays g lłi j are studied, and we show a UV completion of the model. In
section 5, we summarize our main results and draw the conclusions. We present the group
theory and the Clebsch–Gordan coefficients of the S4 group in the appendix.

2. The  1 case of tri-direct CP models revisited

The tri-direct CP approach is based on the minimal seesaw model with 2RHN. We denote the
two right-handed neutrinos as N c

atm (called ‘atmospheric’) and N c
sol (called ‘solar’). Then the

most general Lagrangian of the minimal seesaw model can be written as

( )

f f f x

x

=- - - -

- +

 y L E y L N y L N x N N

x N N

1

2
1

2
h.c ., 2

l l
c c c c c

c c

atm atm atm sol sol sol atm atm atm atm

sol sol sol sol

where two-component fermion notation for the fermion fields is adopted. The lepton doublets
L are assumed to transform as an irreducible triplet under S4 (L∼3), fatm and fsol can be
either Higgs fields or combinations of the electroweak Higgs doublet together with flavons,
and they are also S4 triplets (fatm∼3 and f ~ ¢3sol ). The two right-handed neutrinos are
singlets of S4 with ~N 1c

atm and ~ ¢N 1c
sol , the two flavons ξatm and ξsol are invariant under S4.

The combination of flavons fl and the right-handed charged leptons ( )m tºE e , ,c c c c T must
be embedded into the faithful three-dimensional representation 3 of S4. Moreover, all
coupling constants yatm, ysol, xatm and xsol are real because of the generalized CP symmetry.

We have performed an exhaustive analysis of all possible residual symmetries arising
from S H4 CP in the tri-direct CP approach and the resulting predictions for neutrino masses
and flavour mixing parameters in [59]. Many independent phenomenologically viable resi-
dual symmetry cases are found (eight cases for normal ordering and eighteen cases for
inverted ordering). In the present work, we shall consider the breaking pattern in which the
residual symmetries in the charged lepton, atmospheric neutrino and solar neutrino sectors are
Z T

3 , ´Z HU
2 CP

atm and ´Z HSU
2 CP

sol, respectively, the two residual CP symmetries are
{ }=H U1,CP

atm and { }=H SU1,CP
sol . This is exactly the case 1 of [59]. The residual sym-

metries in atmospheric neutrino and solar neutrino sectors require that the vacuum expectation
values (VEVs) of the flavons fatm and fsol should take the following form
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⟨ ⟩ ( ) ⟨ ⟩ ( ) ( )f f= - = -v v x x0,1, 1 , 1, , 2 , 3T T
atm atm sol sol

where the parameters vatm, vsol and x are real. Applying the well-known seesaw formula, the
light neutrino mass matrix mν is really given by equation (1).

In our working basis (see appendix), requiring that the subgroup Z T
3 is a symmetry of the

charged neutrino mass matrix ml entails that
†m ml l is diagonal and thus does not contribute to

the lepton mixing. The lepton mixing matrix is found to be of the following form [59]:

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )= - + -

- - +

q q

q q q q

q q q q

n

y

y y

y y

-

-

U P , 4PMNS

2
3

cos

3

e sin

3

1

6

cos

3

e sin

2

e sin

3

cos

2

1

6

cos

3

e sin

2

cos

2

e sin

3

i

i i

i i

where ( )( ) ( )=n
y r y s+ - +P diag 1, e , ei 2 i 2 is a diagonal phase matrix. We see that the first

column of the mixing matrix is in common with that of the tri-bimaximal mixing matrix, and
the so-called TM1 mixing matrix is obtained. The neutrino mass spectrum is normal ordering,
the lightest neutrino is massless (m1=0) since only two right-handed neutrinos are involved.
The other two non-zero light neutrino masses m2 and m3 are given by

( )

[ ( ) ] [ ( ) ]= + + - - = + + - +

5

m
m

r w r x B m
m

r w r x B
2

9 12 1 ,
2

9 12 1 ,a a
2
2

2
2 2 2 2

3
2

2
2 2 2 2

where

( ) ( )
( ) ( )

( ) ( ( ) ) ( )

/ h

h f f

= = + - + -

= - + -
= + + - = + - h

r m m w r x r x

B r w r x A

A r w rw r x

, 2 1 1 2 1 cos ,

9 24 1 ,

9 6 cos , arg 1 1 e . 6

s a

w w

2 4 2

2 2 2 2 2

2 2 2 i

The expressions for the angles and phases θ, ψ, ρ and σ in equation (4) are:

( ) ( )

( )
( )

( )
( )

q q y
h f

y
h f

r s
h f

=
-

=
-

= -
-

=
+ -

- =
-

w r

B

A r x

B

w

A

r w

A

rwm B

m m A

cos 2
9

, sin 2
2 6 1

, sin
sin

,

cos
3 cos

, sin
3 sin

. 7

w

w a w

2 2

2

2 3

From the lepton mixing matrix in equation (4), one can straightforwardly extract the
following results for the lepton mixing angles and CP invariants

⎛
⎝⎜

⎞
⎠⎟ ( )

( )[ ( )]

( ) ( )

( )
( ) ( )

( )

q
q

q
q
q

q

q
q y

q
h f

q y h f

q r s
h f

= = -
-

=
+

= -

= -
+

= -
- + -

+ -

= = -
- -

= - =
- -

w r

B

r x r w

B w r

J
wr x

B

I
r w x

m m B

sin
sin

3

1

6
1

9
, sin

2 cos

5 cos 2

1

3
1 2 tan ,

sin
1

2

6 sin 2 cos

5 cos 2

1

2

12 1 3 cos

5 9
,

sin 2 sin

6 6

1 sin

3
,

1

36
sin 2 sin

2 1 sin
,

8

w

w

w

2
13

2 2 2
2

12

2
2

13

2
23 2 2

CP

1
2

3 2

2 3

where JCP is the Jarlskog invariant [61] and I1 is the Majorana invariant [62] related to the
Majorana phase j. We find that all mixing parameters and mass ratio m2/m3 depend on the
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three input parameters x, η and r=ms/ma. However, the neutrino absolute masses m2 and m3

depend on all the four input parameters x, η, ma and r. We find that the agreement with data is
optimised by choosing

( )h p= = = - = -m r x23.133 meV, 0.135, 0.542 , 0.615, 9a

which give rise to the following values of observables

( )

q q q d p j p= = = = - =

= = = =m m m m

sin 0.02241, sin 0.318, sin 0.582, 0.382 , 0.333 ,

0 meV, 8.597 meV, 50.249 meV, 3.112 meV,

10
ee

2
13

2
12

2
23 CP

1 2 3

where mee refers to the effective Majorana mass in neutrinoless double beta decay, and j is
the Majorana phase. These predictions for lepton mixing angles agree with the experimental
data quite well, and the global minimum of the χ2 function is c = 0.384min

2 . Note that the χ2

function includes the contributions of three mixing angles and two squared mass differences
as usual. Because the indication of a preferred value of the Dirac phase δCP from global data
analyses is rather weak [8], we do not include any information on δCP in the χ2 function. We
emphasise that the values of the parameter x, η, r and ma are not fixed by the residual
symmetry, and can only be fixed by explicit model construction. This task is easier for the
simpler values of x and η where the solar vacuum alignment ⟨ ⟩fsol is easier to achieve,
therefore we are interested in the simplest values of these parameters.

We report the results of χ2 analysis for some representative values of x and η in table 1.
Once the values of x and η are fixed, all the mixing parameters and neutrino masses only
depend on the input parameters ma and r whose values can be determined by the mass
squared differences Dm21

2 and Dm31
2 . Then the three lepton mixing angles, two CP violation

phases and the absolute neutrino mass scale are uniquely predicted by the theory. We notice
that the effective Majorana mass mee lies in the range of 1 to 4 meV, consequently it is
impossible to be measured in foreseeable future.

The original Littlest Seesaw model [18–21] corresponds to the cases of (x, η)=(3, 2π/3),
(−1,−2π/3), and the CSD(4) model [22, 23] can be exactly reproduced for (x, η)=
(4, 4π/5). From table 1, we see that the values (x, η)=(−1/2,±π/2), (−3/4,±3π/5) and
(−4/5,±3π/5) can give rise to a smaller cmin

2 than the original Littlest Seesaw model and CSD
(4) model [18–23]. We have shown cmin

2 as a function of η for x=3, 4,−1/2,−3/4,−3/5 in
figure 1. Moreover, we plot the contour regions for the 3σ intervals of mixing angles θ13 and θ23
and mass ratio m2/m3 in the plane r versus η/π in figure 2. The result for θ12 is not displayed here,
because it is related to the reactor angle θ13 by the TM1 mixing sum rule q q =cos cos 2 32

12
2

13

which leads to q 0.316 sin 0.3192
12 for the 3σ allowed range of θ13 [8].

From figures 1 and 2, we notice that the values of cmin
2 is quite sensitive to the phase η

and predictions for the mixing angles and neutrino masses can agree very well with the
experimental data for certain choices of η. Henceforth we shall focus on the new Littlest
Seesaw model defined by the simple values x=−1/2 and η=±π/2 which give a phe-
nomenologically successful and predictive description of lepton mixing parameters and
neutrino masses, as highlighted with cyan background in table 1. Moreover, the corresp-
onding vacuum alignment ⟨ ⟩ ( )f µ -1, 1 2, 5 2sol and the phase η=±π/2 should be easy
to realize in a concrete model. This new Littlest Seesaw model and the original Littlest
Seesaw model differ in their predictions for θ23 and δCP. The atmospheric mixing angle θ23
deviates from maximal mixing in the new Littlest Seesaw model while it is close to 45◦ in the
original Littlest Seesaw. Since deviation of θ23 from maximal mixing is preferred by the
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Table 1. Some benchmark values of the parameters x and η and the corresponding predictions for the lepton mixing angles, CP violation phases,
neutrino masses and the effective Majorana mass mee. These results are benchmark examples in the 1 class of tri-direct CP models [59]. Notice that
the lightest neutrino mass is vanishing m1=0.

⟨ ⟩f fvsol s x η ma(meV) r cmin
2 qsin2

13 qsin2
12 qsin2

23 δCP/π j/π m2(meV) m3(meV) mee(meV)

( )-1,3, 1 T 3  p2
3

26.850 0.0997 24.861 0.0221 0.318 0.488 m0.516 m0.403 8.579 50.272 2.677

( )-1, 1,3 T −1  p2
3

26.796 0.101 13.744 0.0225 0.318 0.513 ±0 .482 m0.401 8.632 50.210 2.696

( )-1,4, 2 T 4  p4
5

35.249 0.0564 14.358 0.0241 0.317 0.575 m0.398 m0.474 8.315 50.610 1.990

( )-1, ,
T7

2
3
2

7
2

 p3
4

31.123 0.0734 7.823 0.0231 0.318 0.541 m0.444 m0.447 8.459 50.429 2.284

 p4
5

33.016 0.0673 9.143 0.0209 0.319 0.589 m0.366 m0.544 8.802 50.014 2.222

( )-1, ,
T10

3
4
3

10
3

 p3
4

30.572 0.0777 5.183 0.0218 0.318 0.548 m0.432 m0.474 8.685 50.150 2.374

( )-1, ,
T1

2
5
2

- 1
2

 p
2

22.366 0.145 2.487 0.0220 0.318 0.599 ±0 .354 m0.317 8.670 50.167 3.241

( )-1, ,
T2

3
8
3

- 2
3

 p3
5

24.571 0.122 14.594 0.0212 0.319 0.545 ±0 .435 m0.383 8.889 49.911 3.009

( )-1, ,
T3

4
11
4

- 3
4

 p3
5

24.579 0.120 3.600 0.0222 0.318 0.551 ±0 .429 m0.367 8.670 50.167 2.949

( )-1, ,
T3

5
13
5

- 3
5

 p
2

22.220 0.142 11.666 0.0232 0.318 0.606 ±0 .347 m0.297 8.309 50.618 3.155

( )-1, ,
T4

5
14
5

- 4
5

 p3
5

24.585 0.118 3.249 0.0228 0.318 0.554 ±0 .425 m0.357 8.534 50.333 2.912

( )-1, ,
T5

6
17
6

- 5
6

 p3
5

24.590 0.117 5.588 0.0231 0.318 0.556 ±0 .422 m0.350 8.443 50.451 2.887
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present data [8], the new littlest tri-direct CP model provides a better fit to the data of θ23 than
the original Littlest Seesaw.

2.1. The new Littlest Seesaw: x=−1/2, η=−π/2

Before getting into too many technicalities of model construction, we analyse the predictions
for lepton mixing parameters and neutrino masses for x=−1/2, η=−π/2. In this case, the
light neutrino mass matrix in equation (1) becomes

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )= -

-
-

-
-

- -
nm m

m0 0 0
0 1 1
0 1 1

i

4

4 10 2
10 25 5

2 5 1
. 11a

s

We note that all lepton mixing parameters and mass ratio m2/m3 are determined by only a
single parameter r=ms/ma. The expressions for the three lepton mixing angles and the CP
invariants are given by

⎛
⎝⎜

⎞
⎠⎟

( )

q q

q

= -
+

= -
+ +

= +
+ +

= - = -

r

C

C

C r

r

C r
J

r

C
I

r

C

sin
1

6
1

45 16
, sin 1

4

5 45 16
,

sin
1

2

540

5 45 16
,

4
,

6
, 12

r

r

r

r r r

2
13

2
2

12 2

2
23

2

2 CP 1

2

with

∣ ( ) ( )= = + -h p=- =-C B r r4 225 16 2304 . 13r x 1 2, 2
2 2 2

Notice that θ23 is predicted to lie in the second octant, it is preferred by the present neutrino
oscillation data [8]. As both θ13 and θ23 depend on a single parameter r, a sum rule between
them can be obtained6

Figure 1. Variation of χ2 with respect to the phase η for the typical values of
= - - -x 3, 4, 1 2, 3 4, 3 5, for the 1 case of tri-direct CP models.

6 The sum rule for θ12 is q q =cos cos 2 32
12

2
13 which holds true for all TM1 models.
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( )
( )q

q q q
q

=
+ + + -

sin
1 4 sin 1 28 sin 1 3 sin

4 cos
. 142

23

2
13

2
13

2
13

2
13

The two non-zero neutrino masses can be read off from equation (5) as

( ) ( ) ( )= + - = + +m m r C m m r C
1

8
16 225 ,

1

8
16 225 . 15a r a r2

2 2 2
3
2 2 2

It is easy to see that the mass ratio m2/m3 only depends on the parameter r. Consequently we
can express the mass ratio m m2

2
3
2 in terms of θ13 as

( ) ( )
( )

( )
q q q q

q q
=

- + + - -
- +

m

m

10 sin 3 sin 1 1 28 sin 1 3 sin 1

2 sin 15 sin 8 2
. 162

2

3
2

2
13

2
13

2
13

2
13

2
13

2
13

We plot the dependence of all lepton mixing parameters and mass ratio m2/m3 on the
parameter r in figure 3. Eliminating the input parameter r, we can relate all above physical
observables to the reactor mixing angle θ13. We see from figure 3 that the three lepton mixing
angles and neutrino mass ratio are within their 1σ ranges at the best fit point r=0.145. The
best fitting values of Dirac CP phase and Majorana CP phase are δCP;−0.354π and
j;0.316π, respectively. We numerically scan over the parameter space of ma and r, and

Figure 2. Contour plots of qsin2
13, qsin2

23 and m2/m3 in the η/π−r plane for x=3, 4,
−1/2 and −3/5, for the 1 case of tri-direct CP models. The red, green and blue areas
denote the 3σ contour regions of qsin2

23, qsin2
13 and the mass ratio m m2

2
3
2,

respectively. The dashed lines denote the best fit values from NuFIT 4.0.
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find the viable range of r is rä[0.139,0.153] to be compatible with the present neutrino
oscillation data at 3σ level [8]. Furthermore, we find the neutrino masses and mixing
parameters are predicted to lie in the following rather narrow regions

( )

q q q
d p j p- -

     
     
    17

m

m m

0.3167 sin 0.3194, 0.02044 sin 0.02437, 0.593 sin 0.609,
0.358 0.348, 0.308 0.322, 3.084 meV 3.388 meV,

8.319 meV 8.950 meV, 49.305 meV 51.206 meV.
ee

2
12

2
13

2
23

CP

2 3

Therefore this new Littlest Seesaw model is very predictive and it should be easily excluded
by precise measurement of θ12, θ23 and δCP in forthcoming neutrino facilities.

2.2. The new Littlest Seesaw as a limiting case of three right-handed neutrinos

We shall extend the idea of Littlest seesaw to the 3RHN model in the following. We denote
the 3RHN as N c

atm, N c
sol and N c

dec. Then for the seesaw Lagrangian in equation (2), the two
additional terms related to the third right-handed neutrino N c

dec can be written as

f xD = - - + y L N x N N
1

2
h.c.c c c

dec dec dec dec dec dec dec

Here the flavon fdec is assigned to transform as S4 triplet 3, both ξdec and N c
dec are invariant

under the actions of S4. As an example, we consider the case that the residual symmetry in the
decoupled neutrino sector is ´Z HT ST

2 CP
dec2

with { }=H SU TST U,CP
dec 2 . Then the most general

VEV of fdec which preserves the above residual symmetry is

⟨ ⟩ ( ) ( )f w wµ 1, , . 18T
dec

2

Figure 3. The predictions of the new Littlest Seesaw model with x=−1/2, η=−π/2
for the mixing parameters and mass ratio m2/m3. The shaded regions represent the 1σ
and 3σ ranges of each mixing parameter and mass ratio [8]. On the left panel, the
values of mixing parameters and mass ratio are predicted with respect to r and the black
vertical line denotes the best fit value rbf=0.145. On the right panel, we show the
predictions for mixing parameters and mass ratio as functions of qsin 13.
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Then the neutrino mass matrix in equation (11) becomes

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )

w w
w w
w w

= -
-

-
-
-

- -
+ ¢ ¢

n
hm m m r m r

0 0 0
0 1 1
0 1 1

i

4

4 10 2
10 25 5

2 5 1
e

1
1

1

, 19a a a
i

2

2

2

where ma, r, r′, η and η′ are real. The first two terms coincide with those of the new Littlest
Seesaw in equation (11), and the last term arises from the third decoupled right-handed
neutrinos. An particularly interesting example is the case of η′=0, it predicts the best fit
values of the mixing parameters as follows

( )

h p h c

q q q d p a p

a p

= = ¢ = = - ¢ = =

= = = = - =

= = = = =

20

m r r

m m m m

22.663 meV, 0.141, 0.00834, 2, 0, 1.157,

sin 0.0224, sin 0.318, sin 0.595, 0.363 , 0.394 ,

0.0716 , 0.285 meV, 8.577 meV, 50.283, 3.197 meV.

a

ee

min
2

2
13

2
12

2
23 CP 21

31 1 2 3

We see r′=r=1 such that the condition of constrained sequence dominance is well
satisfied. Therefore our new Littlest Seesaw with 2RHN can be regarded as a decoupling limit
of the 3RHN model in the case of Mdec?Matm,Msol. Comparing the best fit values of 3RHN
model in equation (20) with those of 2RHN model with x=−1/2 and η=−π/2 in table 1,
we find that the 2RHN model is a good approximation of the 3RHN model.

3. Predictions for leptogenesis in the new Littlest Seesaw model

It is well-known fact that there is a predominance of matter over antimatter present in the
observable Universe. The value of baryon asymmetry of the Universe normalised to the
entropy density is [63]

( ) ( ) ( )=  ´ -Y 0.870300 0.011288 10 95%CL . 21B
10

Apart from elegantly explaining the tiny neutrino masses, the seesaw mechanism provides a
simple and attractive mechanism for understanding the matter-antimatter asymmetry of the
Universe via leptogenesis [64]. The out-of-equilibrium decays of right-handed neutrinos in
the early Universe generates a lepton asymmetry because of the CP violating Yukawa
couplings. The lepton asymmetry is subsequently converted into a baryon asymmetry via
sphaleron processes in the SM.

In our concerned model, the phase η is the unique source of CP violation, and it controls
CP violation in both neutrino oscillations and leptogenesis. Therefore the measurable CP
violation in future neutrino oscillation experiments are closely related to the baryon asym-
metry of the Universe. In the present work, we shall focus on the simplest version of the
leptogenesis in which the lepton asymmetry is dominantly generated by the interactions and
decay of the lightest right-handed neutrino. The phase η is fixed to η=−π/2 in the new
Littlest Seesaw model, and it yields a Dirac CP violation phase δCP;1.646π. In this section,
we shall study the prediction for leptogenesis within the framework of SM and MSSM. The
condition of successful baryogenesis will allow us to determine the mass of the lightest right-
handed neutrino in the new Littlest Seesaw model.
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3.1. Leptogenesis for the new Littlest Seesaw model in the SM

In the SM, the final baryon asymmetry is given by [65]

( )å=
a

DaY Y
12

37
, 22B

where the asymmetries DaY (α=e, μ, τ) are defined as º -Da aY Y Y3B L and they are
conserved by the sphaleron processes [66]. aYL refers to the lepton number densities of the
flavour α. Note that YB, DaY and aYL is normalised to the entropy density.

In the present work, we shall discuss the flavoured thermal leptogenesis scenario in
2RHN model with hierarchical Majorana masses (M1=M2), where the two right-handed
neutrino masses ⟨ ⟩x=M x1 atm atm and ⟨ ⟩x=M x2 sol sol are the masses of the right-handed
neutrinos Natm and Nsol, respectively. The flavoured thermal leptogenesis has been studied in
detail [65–67]. It was shown that the Boltzmann equations describing the asymmetries in
flavour space are given by [68]

( )
( ) ( )

( )
( )= -

Y

z
K Y Y

zf z K z

K z

d

d
, 23N

N N
eq 1 1

2

atm

atm atm

( )
( ) ( )

( )
( ) ( )

( )
( )e= - +

å
a a

g agD Da gY

z
K Y Y

zf z K z

K z
K Y

zf z K z

K z

A Y

Y

d

d
. 24N N N

ℓ
1
SM eq 1 1

2

eq 2 1

2

SM

eqatm atm atm

There is no sum over α in the last term of equation (24), z=M1/T with T being the
temperature, K1(z) and K2(z) are the modified Bessel functions of the second kind, and YNatm

denotes the density of the lightest right-handed neutrino Natm
7. YN

eq
atm

and Yℓ
eq stand for the

corresponding equilibrium number densities and they take the following form

( ) ( ) 
p p

Y
g

Y
z K z

g

45
,

45

2
, 25ℓ N

eq
4 SM

eq
2

2
4 SMatm

* *
with =g 106.75SM

*
. In order to obtain phenomenologically viable baryon asymmetry, the

lighter right-handed neutrino mass M1 is assumed in the interval of 109 GeV�
M1�1012 GeV. In this scenario, the τ Yukawa interaction is in equilibrium, the e and μ

flavours are indistinguishable, and the lepton number densities and DaY in the e and μ flavour
can be combined to º m+Y Ye2 and ºD D +DmY Y

e2 [65–67]. In this temperature range, the
matrix ASM in the Boltzmann equation (24) is given by [66]

( ) ( )= -
-

A
1

589
417 120
30 390

, 26SM

which arises from the washout term. The functions f1(z) and f2(z) in equations (23) and (24)
account for the presence of ΔL=1 scatterings and scatterings in the washout term of the
asymmetry, respectively [69, 70]. In the strong washout regime, f1(z) and f2(z) can be
approximated as [69, 70]

⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥( ) ( ) ( )

( )
( )= = + +f z f z

K

zK

z

t

t

z

K z

K z
2 ln 1 , 27s

1 2
2

1

7 We find that the observed excess of matter over antimatter cannot be generated in the new Littlest Seesaw model if
Nsol is the lightest right-handed neutrino.
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with

( )
( )

p
= =t

K

K M M

K

Kln
,

9

8
. 28

s h

s

1
2

where Mh=125 GeV is the mass of the Higgs boson. The flavoured CP asymmetries in the
decays of the lightest RHN Natm into Higgs and leptons of different flavours are of the form
[70–73]

⎧⎨⎩
⎫⎬⎭( )

[( ) ] ( ) [( ) ] ( )†
† †I Ie

p ll
ll l l ll l l= +

-a a a a ag y
y

1

8

1

1
, 291

SM

11
12 1 2

SM
21 1 2* *

where =y M M2
2

1
2, λ is the neutrino Yukawa coupling matrix and it is a 2×3 matrix with

the following form

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )l =

-
-- - -p p p

a a

b b b

0

e e e
, 305

2
1
2

i
4

i
4

i
4

where ∣ ∣=a y v vatm atm , ∣ ∣=b y v vsol sol and =v 246 2 GeV is the VEV of the Higgs field.
The loop function gSM(y) in equation (29) can be written as

⎡
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ySM 1

Since hierarchical RHN masses M M1 2 (y?1) are assumed, we can get the following
approximation formula for the decay asymmetry

[( ) ]
( )

( )
†

†
I

e
p

ll l l
ll

= -a
a a M
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. 321

SM 12 1 2
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For the breaking pattern discussed in section 2, the flavour dependent decay asymmetries are:

( )( ) ( )

( )

e e
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h e
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h= = - - = -m t
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M
x x b0,
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16
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1
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2

In the new Littlest Seesaw model with x=−1/2, η=−π/2, e a1
SM (α=e, μ, τ) read as

( )e e
p

e
p

= = - = -m t
M

M
b

M

M
b0,

45

64
,

9

64
. 34e1

SM
1
SM 1

2

2
1
SM 1

2

2

Note that b2/M2∝ms which is defined in equation (1), once the value of ms is fixed through
the masses squared differences Dm21

2 and Dm31
2 , e m1

SM and e t1
SM only depend on the lightest

right-handed neutrino mass M1. In addition to the decay asymmetry, the washout parameter
Kα, which appears in the washout term of the Boltzmann equation, is given by

( )å= =
~

a
a

a
aK

m

m
K K, , 351

SM*

where  ´ -m 1.08 10SM
3* eV and the washout mass ~

am1 parameterizes the decay rate of
Natm into the leptons of flavour α with

∣ ∣ ( )l
º~

a
am

v

M
. 361

1
2 2

1
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From the Yukawa coupling matrix λ given in equation (30), we find Kα is given by

( )= = =m tK K K
m

m
0, . 37e

a

SM*

where ma=a2v2/M1 is defined in equation (1). For the new Littlest Seesaw model, the best
fitting value of ma is ma=22.366 meV8 as shown in table 1. Then we can obtain the washout
parameters Kα as follows

( ) + = =m tK K K20.709 1, 20.709 1. 38e

Hence all flavours are in the strong washout region. Numerically solving the Boltzmann
equations in equations (23, 24), we find that the observed baryon asymmetry
YB=8.7×10−11

fix the lightest right-handed neutrino mass in the new Littlest Seesaw
model:

( )= ´M 1.176 10 GeV. 391
11

We plot the baryon asymmetry YB with respect to the Dirac CP phase δCP in figure 4. The
width of the line comes from varying ma and r over their allowed ranges, where all three
mixing angles and two neutrino mass squared differences are required to lie in the
experimentally preferred 3σ ranges [8].

Figure 4. The correlation between YB and δCP for the new Littlest Seesaw model in SM
whereM1=1.176×1011GeV. The Planck result for the baryon asymmetry YB at 95%
CL is represented by the horizontal band [63]. The red star denotes the best fitting point
at which the χ2 function reaches a global minimum.

8 The parameter ma should be in the range 21.707 meV�ma�23.019 meV in order to be compatible with present
neutrino oscillation data.
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3.2. Leptogenesis for the new Littlest Seesaw model in the MSSM

In the MSSM, the final baryon asymmetry can be computed from the following formula [74]

ˆ ( )å=
a

DaY Y
10

31
. 40B

In the MSSM, the contributions of
~
N1 and aL should be considered, which are the

supersymmetric partners of the lightest right-handed neutrino N1 and the lepton doublet Lα,
respectively. In other words, the densities ~YN1

and aY should be included in the Boltzmann
equations. Then the Boltzmann equations in MSSM are given by [68]
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where the total (particle and sparticle) B/3−Lα asymmetries denoted as D̂aY and
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* *
with =g 228.75MSSM

*
. The matrix AMSSM in equation (41) depends on which MSSM

interactions are in thermal equilibrium at the temperatures where leptogenesis takes place.
Here we shall consider the case that the lightest right-handed neutrino mass M1 is between
( )b+ ´1 tan 102 9 GeV and ( )b+ ´1 tan 102 12 GeV, where only the τ Yukawa couplings
are in thermal equilibrium. Then the relevant flavour-dependent asymmetries are
ˆ ˆºD D +DmY Y

e2 and D̂tY , and AMSSM is given by

( ) ( )= -
-

A
1

761
541 152
46 494

. 43MSSM

In the MSSM, the decay asymmetries are all equal ( ˜ ˜ e e e e= = =a a a a1
MSSM

1
MSSM

1
MSSM

1
MSSM)

[71]. As a consequence, we will only show the results of e a1
MSSM in the following. Under the

assumption of M1=M2, the CP asymmetry e a1
MSSM (α=e, μ, τ) in the MSSM is given by
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where the function gMSSM(y) is of the following form
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Inserting the expression of function ( )g M MMSSM
2
2

1
2 into e a1

MSSM in equation (44) we find
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2

for the most general case. In the new Littlest Seesaw model with x=−1/2, η=−π/2, the
flavour dependent decay asymmetries are determined to be
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The washout parameters Kα and K in equation (41) are defined as
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( )b b= ´ ´ -v v msin , sin 1.58 10 eV. 49u MSSM
2 3*

The expressions of the washout parameters for the new Littlest Seesaw model are

( )= = =m tK K K
m

m
0, , 50e

a

MSSM*

with =m a v Ma u
2 2

1. At the best fitting of our model, the values of the washout parameters are

( ) + = =m tK K K14.722 1, 14.722 1, 51e

which implies all flavours are in the strong washout region. For illustration, we take b =tan 5
and we find the experimentally observed values of the baryon asymmetry can be obtained if
the lightest right-handed neutrino mass in the new Littlest Seesaw model is

( )= ´M 3.992 10 GeV. 521
10

The correlation between YB and δCP in the new Littlest Seesaw model is displayed in figure 5.

4. Explicit model for the new Littlest Seesaw

As we have shown in previous sections, the new Littlest Seesaw model can describe the
experiment data of lepton mixing angles, neutrino masses and matter-antimatter asymmetry of
the Universe very well. In this section, we shall construct an explicit model based on the
model independent analysis of section 2. The vacuum alignments ⟨ ⟩ ( )f µ -0, 1, 1atm ,
⟨ ⟩ ( )f µ -1, 1 2, 5 2sol and the phase parameter η=−π/2 will be naturally realized in our
model. We impose the S4 flavour symmetry as well as CP symmetry. The standard super-
symmetric driving field mechanism [75] which we adopt in our model requires a U(1)R
symmetry related to the usual R-parity. Furthermore, we also introduce the shaping symmetry
Z5×Z8 which allows us to forbid unwanted terms and achieve the desired vacuum align-
ment. The auxiliary symmetry Z8 is helpful to generate the phase η=−π/2. The shaping
symmetry Z5 requires the electron, muon and tauon mass terms couple with different powers
of flavon fields. Hence Z5 helps to reproduce the observed charged lepton mass hierarchies.
Here we choose the right-handed charged leptons as S4 singlets, where e

c and τ c transform as
1 while μ c transforms as 1′. The three generations of left-handed lepton doublets L are unified
to an S4 triplet 3. The two right-handed neutrinos nc

atm and nc
sol are assigned to 1 and 1′ of S4,

respectively. The field content and their classification under the flavour symmetry
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S4×Z5×Z8 are listed in table 2. The driving fields are indicated with the superscript ‘0’ and
they carry two units of R charge, both flavon fields and Higgs are uncharged under U(1)R, and
the R-charge of the matter fields is equal to one. Since both flavon fields and driving fields are
Standard Model singlets, our model is anomaly free under the Standard Model gauge
transformation. As regards possible discrete anomalies, in principle they may be cancelled by
adding extra states under the discrete group, but this is beyond the scope of this paper. In the
following, we first discuss the vacuum alignment of the model, then specify the structure of
the model.

4.1. Vacuum alignment

We employ the now-standard F-term alignment mechanism to arrange the vacuum [75] in our
model. It requires that all terms in the superpotential must carry two units of R charge.
Therefore each term in the superpotential contains either two matter superfields or only one
driving field. The minimum of the scalar potential is determined by vanishing F-terms of the
driving fields. The leading order (LO) driving superpotential wd in which each term contains
one driving field invariant under ´ ´S Z Z4 5 8 can be written as

( ( ) ) ( ) ( ) ( ) ( )

( ( ) ) ( ) ( ( ) )

( ) ( ( ) ) ( ) ( ( ) )

( ( ) ) ( ) ( )

h c c x f f z f c x c f h h

h f f z f f f h c s s x

s s h h j f j z j f f f f

f j f x x x f f

= + + + +

+ + + + +

+ + + + +

+ + +

¢ ¢

¢ ¢ ¢

¢

h

s

s

x

w f f f f M

f f f M f

M f f f f

f M f , 53

d l l l l l l l l l a l a a a

a a a a a a a a l a

a a s a s s s s s l a

s s s s s s s s

2 1 1 1 1 1

2 1 1 3 1

1 3 1 1 3 1

3 1 1

1
0

2
0

3
0

4
0 0

5
0

6
0

7
0 2

1
0

8 1
0 2

2
2
0

9 2
0

10
0

11
0

12
0

13
0 0

14
0

1

2

where (K)r stands for a contraction into the S4 irreducible representation r. Because we
impose CP as symmetry on the model, all the couplings fi (i=1, L,14) and mass parameters
Mη, Mξ, Mσ1, sM 2 are constrained to be real. The VEVs of the flavon χl can be obtained from

Figure 5. The correlation between YB and δCP for the new Littlest Seesaw model in the
MSSM where we take M1=3.992×1010 GeV. The Planck result for the baryon
asymmetry YB at 95% CL is represented by the horizontal band [63]. The red star
denotes the best fitting point at which the χ2 function reaches a global minimum.
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Table 2. The matter field, flavon fields, driving fields and their transformation properties under the flavour symmetry S4×Z5×Z8 in model, where
ω5=e2πi/5 and w = pe8

i 4.

L e c μ c τ c nc
atm nc

sol Hu, d χl fl ξa ζa ηa fa ξs js fs η0l x l
0 z l

0 xa
0 ha

0 fa
0 x s

0 js
0 z s

0 fs
0 s1,2

0

S4 3 1 ¢1 1 1 ¢1 1 3 3 1 1′ 2 3 1 3 3′ 2 1 1 1 2 3′ 1 3′ 1′ 3′ 1
Z5 1 w5

2 w5
3 w5

4 1 1 1 w5
4 ω5 1 w5

4 1 1 1 ω5 1 w5
2 w5

3 1 ω5 1 ω5 1 w5
4 w5

4 w5
4 1

Z8 1 w8
3 i ω8 −i w8

5 1 i w8
7 −1 −1 −1 i −i −i w8

3 −1 i w8
7 −1 −1 i i 1 w8

7 w8
7 1
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the vanishing of the derivatives of wd with respect to each component of the driving fields hl
0,

i.e.

( )

( ) ( )

h
c c c

h
c c c

¶
¶

= + =

¶
¶

= + =

w
f

w
f

2 0,

2 0. 54

d

l
l l l

d

l
l l l

0 1
2

0 1
2

1

1 2 3

2

1 3 2

One solution to these equations is

⟨ ⟩ ( ) ( )c = cv 1,0,0 , 55l
T

l

where cv l
is undetermined. In the charged lepton sector, the F-term conditions of the driving

fields x l
0 and z l

0 give the vacuum alignment of fl,

( )

( ) ( )

x
f f f

z
c f c f c f

¶
¶

= + =

¶
¶

= + + =

w
f

w
f

2 0,

0. 56

d

l
l l l

d

l
l l l l l l

0 2
2

0 3

1 2 3

1 1 2 3 3 2

Given the vacuum of χl in equation (55), we find the alignment of fl is

⟨ ⟩ ( ) ( )f = fv 0,1,0 , 57l
T

l

with fv
l
undetermined. In the atmospheric neutrino sector, the F-term conditions associated

with the driving fields xa
0, ha

0 and fa
0 read

( )

( )

( )

( )

( )

( ) ( )

x
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h
h f f f

h
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w
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2 0,

2 0,

0,
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0. 58

d

a
l a l a l a

d

a
a a a a

d

a
a a a a

d

a
a a a l a l

d

a
a a a l a l

d

a
a a a l a l

0 4

0 5
2

0 5
2

0 6 7

0 6 7

0 6 7

1 1 2 3 3 2

1

2 1 2 3

2

1 1 3 2

1

1 1 2 2 3

2

3 1 1 2 2

3

2 1 3 2 1

A straightforward calculation shows that the vacuum expectation values of ξa, ηa and fa are

⟨ ⟩ ⟨ ⟩ ( ) ⟨ ⟩ ( ) ( )z h f= = = -z h fv v v, 1,1 , 0,1, 1 , 59a a
T

a
T

a a a

with

( )= - = -f
h

h z
f c

h
v

M

f
v v

f f v v

f M
, . 602

5

5 7

6
a a a

a l

It is easy to check that the vacuum alignments of flavons ηa and fa preserve the subgroup Z U
2 .

Now we consider the phases of fv
a
and xv

a
which is the VEV of ξa. They are related by the
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F-flatness of s1,2
0 :

( )

s
x

s
h h

¶
¶

= + =

¶
¶

= + =

s

s

w
M f

w
M f

0,

2 0. 61
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d
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1
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2
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2
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2
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2 1 2

From equations (60) and (61), we find

⎛
⎝⎜

⎞
⎠⎟ ( )=

x

f

s

s h

v

v

f M

M M

f

f

2
. 62

2
5 9

8

1 2
a

a

1

2

As all parameters in the right-hand side of above equation are real, consequently the phase of
x

f

v

v
a

a
2 is 0, π or ±π/2 for the product f8f9>0 or f8f9<0, respectively. The auxiliary symmetry

Z8 has played a critical role in generating the discrete possible values 0, π, ±π/2 for the phase
of x fv v 2

a a
. Subsequently we turn to discuss the vacuum alignment of the solar neutrino sector.

The F-flatness condition of the driving field js
0 gives

( )

( )

( ) ( )

j
j f j f j f

j
j f j f j f

j
j f j f j f
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¶
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w
f
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f
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f
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d
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d
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d
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1

1 1 2 3 3 2

2

2 2 1 3 3 1

3

3 3 1 2 2 1

which lead to the vacuum

⟨ ⟩ ( ) ( )j = - -jv 2, 1, 1 . 64s
T

s

The equations giving the vacuum structure for the flavon field fs are:
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( ) ( )
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0 11

0 12 13
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1
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which uniquely determine the solar alignment

⟨ ⟩ ( ) ( )f = - =f f
f f

j
v v

f v v

f v
1, 1 2,5 2 , with

3
. 66s

T 12

13
s s

l a

s

We find the vacuum configurations of js and fs are invariant under the action of the subgroup
Z SU

2 . Finally the F−term condition of x s
0 is
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which leads to the following relations
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The phase parameter η is exactly the phase of the ratio f x

f x

v v

v v
s a

a s

2

2 in our model. Form

equations (60) and (68), it is easy to obtain
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All couplings and mass parameters in above equation are real due to CP symmetry, then we

see the phase of the ratio f x

f x

v v

v v
s a

a s

2

2 is ( )= ¼
p

ie 0, 1, ,3
ki
2 . In the present work we shall take the

following solution
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⎠
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f x

f x

v v

v v
arg

2
, 70

2

2
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a s

which would happen for f8f9<0. Thus the desired vacuum alignment ⟨ ⟩ ( )f µ -0,1, 1a
T ,

⟨ ⟩ ( )f µ -1, 1 2,5 2s
T and the phase η=−π/2 have been dynamically realized. In the

following section we will find that the observed hierarchy among the charged lepton masses
can be produced for

( )l
L

~
fv

, 71C
2l

where Λ is the cut-off scale of the theory and λC is the Cabibbo angle with λC;0.23. As
usual, we expect that all the VEVs of flavons are of the same order of magnitude, i.e.

( )l
L

~
L

~
L

~
L

~
L

~
L

~
L

~
L

~
x f x f h z j cv v v v v v v v

. 72C
2a a s s a a s l

Successful leptogenesis fixes the atmospheric neutrino mass to be 3.992×1010 GeV (see
equation (52)) which is of the same order as the flavon VEVs. Thus the cut-off scale Λ is
expected to be of order 1012 GeV. The next-to-leading-order (NLO) corrections to the flavon
superpotential wd involve three flavon fields. When the NLO corrections are included, the
original symmetry S H4 CP is broken completely in the charged lepton, atmospheric neutrino
and solar neutrino sectors. The NLO corrections to VEVs of all flavons are found to be
suppressed by lF L ~ C

2 with respect to the LO contributions and therefore can be
negligible, where Φ denotes any flavour fields.
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4.2. The structure of the model

The most relevant operators for charged lepton masses are given by

( ) ( ( ) ) ( ) ( )
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( )

f t f f m f f f

f f f f f f f f f

=
L

+
L

+
L

+
L

+
L

+
L

¢ ¢

¢ ¢

t m
w

y
L H

y
L H

y
L e H

y
L e H

y
L e H

y
L e H ,

73

l l
c

d l l
c

d
e

l l l
c

d

e
l l l

c
d

e
l l l

c
d

e
l l l

c
d

1 3 1 1 1

2 2 1 3 3 1 3 3 1

2 3

3 3
4
3

1

2 3

where all the couplings are real because of the CP symmetry. After the electroweak and S4
flavour symmetry breaking by the VEV shown in equation (57), one can obtain that the
charged lepton mass matrix is diagonal with the masses

( ) ( )= -
L

=
L

=
L

f
m m

f
t t

f
m y y

v
v m y

v
v m y

v
v2 , 2 , , 74e e e d d d

3

3

2

2
l l l

2 4 1

where ⟨ ⟩=v Hd d is the VEV of the electroweak Higgs field Hd. Since the charged lepton mass
matrix is diagonal, the Hermitian combination †m ml l is invariant under the action of the
subgroup Z T

3 , i.e. ( ) ( )† † †r r =T m m T m ml l l l3 3 . With the assignment in table 2, the tau, muon
and electron masses arise at the one-flavon, two-flavons and three-flavons level, respectively,
in our model. Consequently the charged lepton mass hierarchies are naturally reproduced

( ) l lm tm m m: : : : 1. 75e C C
4 2

We find that the subleading order corrections to the charged lepton mass matrix will break the
residual symmetry Z T

3 but they are suppressed by lC
2 with respect to LO results, thus can be

safely neglected.
In the neutrino sector, the lowest dimensional operators responsible for neutrino masses are

( ) ( ) ( )f n f n n n x n n x=
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L H
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2 2
, 76a
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c s

s u
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a
s c c

s1 1atm sol atm atm sol sol

where the coupling constants ya, ys, xa and xs are restricted to be real by the imposed CP
symmetry. Inserting the vacuum alignments in equations (59, 66), we can read out the
neutrino Dirac and Majorana mass matrices as follow

⎛
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with ⟨ ⟩=v Hu u . Applying the seesaw formula, we obtain the light neutrino mass matrix nm in
equation (11) with
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x
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y v
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v
, . 78a
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u
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u
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2
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2
a
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s

Note that we have used the result shown in equation (70) under the assumption of >x x 0a s .
In the case of <x x 0a s , in order to obtain the desired value η=−π/2, the phase of the ratio
f x

f x

v v

v v
s a

a s

2

2 should be π/2, i.e. we could choose the right side of equation (70) as π/2. In short, the

neutrino mass matrix of the new Littlest Seesaw model is realized exactly, hence the
phenomenological predictions in section 2.1 follows immediately. The NLO contributions to
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the neutrino mass matrices in equation (77) are found to be suppressed by lC
2 and

consequently we will not discuss them.
Similar to other discrete flavour symmetry models, the solution of the vacuum alignment

problem requires complicated constructions in our model and some new superfields which are
SM singlets are introduced, as shown above. Recently it was suggested that the complexity of
the vacuum alignment problem can be reduced if modular invariance plays the role of flavour
symmetry [76]. In particular, we find that CSD(n) model with = +n 1 6 can be naturally
obtained if the VEV of the complex modulus τ is at certain fixed point [77]. We expect that
the desired alignment corresponding to x=−1/2 can also be reproduced from some modular
group, such that our model could be simplified considerably.

4.3. Charged lepton flavour violating radiative decays

In the following, we shall present the predictions for charged lepton flavour violating (LFV)
radiative decays. It is usually assumed that the SUSY breaking mechanism is flavour blind at
some high energy scale. In the minimal supergravity scenario, the slepton mass matrices are
diagonal and universal in flavour and the trilinear couplings are proportional to the Yukawa
couplings at the GUT scale. Non-vanishing off-diagonal elements are generated in both the
slepton mass matrices and the trilinear couplings because of the renormalization group run-
ning effect at low energy, leading to charged lepton flavour violation processes induced in
SUSY models. In the mass insertion and leading log approximations, the branching ratio of
the charged lepton LFV radiative decay is given to good approximation by [78, 79]

( ) ( ¯ )∣( ) ∣ ( )˜g
a

n n b Br l l
G m

Br l l m tan , 79i j
F s

i j j i L ij

3

2 8
2 2 2

where GF is the Fermi coupling constant and ms is the characteristic mass scale of the SUSY
particle in the loop with

( ) ( ) +m m M m M0.5 0.6 . 80s
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0
2

1 2
2
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2
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2 2

The slepton doublet mass squared ˜mL
2 arises from the renormalization group evolution. To an

excellent approximation, the renormalization group result has the form

( ) ( )( ) ( )˜
†

p
l l- +¹m m A L
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8
3 , 81

L i j ij
2

2 0
2

0
2

where λ is the neutrino Yukawa coupling matrix given in equation (30) and the factor L is
defined as

⎛
⎝⎜

⎞
⎠⎟ ( )=L

M

M

M

M
diag log , log , 82G G

1 2

with the GUT scale MG;2×1016 GeV. For our model, we find the expressions of ( )˜ ¹mL i j
2

are as follows,
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As shown in equation (52), the right-handed neutrino mass M1 is fixed to be
3.992×1010 GeV by leptogenesis. The best fit value of ºr m ms a is 0.145 in our model,
consequently it is natural to take M2;3×1011 GeV. The measured values of the lepton
mixing angles and neutrino masses fix ∣ ∣= =m b v M 3.243s u

2 2
2 meV which leads to

b;5.783×10−3. For typical values of the soft SUSY breaking parameters m0=140 GeV,
M1/2=600 GeV, A0=0 and tanβ=5, we find the branching ratios of the charged lepton
flavour violating radiative decays to be

( )
( ) ( ) ( )  m g t g t mg ´  ´  ´- - -

84
Br e Br e Br1.745 10 , 1.244 10 , 2.647 10 ,16 18 17

which are safely below the present experimental upper limits [80].

4.4. UV completion

In our model, we see that all interactions are renormalizable except the charged lepton
Yukawa couplings in equation (73) and the neutrino Yukawa couplings in equation (76). In
the following, we shall give a UV completion which gives rise to these non-renormalizable
operators upon integrating the heavy messengers fields. In order to generate the high
dimensional operators relevant for charged lepton masses in equation (73), we introduce three
pairs of messenger fields Σi and Si

c with i=1, 2, 3 which transform under the flavour
symmetry S4×Z5×Z8 as follows
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The chiral superfields Σi and Si
c are singlets under the standard model gauge group and they

carry hypercharges Y=−1 and Y=1, respectively, and their U(1)R charges are all +1. The
renormalizable terms containing these messenger fields read as
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where all the couplings g1,2,3,4,5,6 and masses SM 1,2,3 are fixed to be real by the CP symmetry.
Integrating out the heavy messenger fields, we obtain the desired higher-dimensional
operators in the effective theory,
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¢ ¢ 87w
g g

M
L H

g g g

M M
L H

g g g g

M M M
L e H ,l l

c
d l l

c
d l l l

c
d

eff 1 2
1

1 3 4
3 1

1 3 5 6
3 3 1

1 1 2 1 2 3

which leads to a diagonal and hierarchical charged lepton mass matrix for the alignment of fl
in equation (57). The non-renormalizable neutrino Dirac couplings in equation (76) can be
generated with the help of the following heavy fields
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( ) ( )

( ) ( ) ( )w w

S ~ - S ~

S ~ ¢ S ~ ¢

n n

n n

i i1, 1, , 1, 1, ,

1 , 1, , 1 , 1, , 88

c

c
8
3

8
5

1 1

2 2

which are all standard model doublets with hypercharge = Y 1

2
(− for Sni

and + for Sn
c

i
).

The relevant terms in the UV completion are given by

( ) ( )
( )

f n f n= S + S + S + S

+ S S + S S
n n n n n

n n n n

¢

S Sn n

w k L k H k L k H

M M , 89
a

c c
u s

c c
u

c c
1 1

UV
1 2 atm 3 4 sol1 1 2 2

1 1 1 2 2 2

where CP invariance requires the parameters k1,2,3,4 and SnM
1,2

are real. Integrating out Sn1,2

and Sn
c

1,2
, we reproduce the desired terms

( ) ( ) ( )f n f n= - - ¢n
S Sn n

w
k k

M
L H

k k

M
L H . 90a u

c
s u

c
1 1

eff 1 2
atm

3 4
sol

1 2

5. Conclusion

In this paper we have proposed and discussed a new Littlest Seesaw model, realized in the tri-
direct CP approach, in which the couplings of the two right-handed neutrinos to the lepton
doublets are proportional to (0, −1, 1) and (1,5/2, −1/2), respectively, with the relative
phase η=−π/2. We have shown that this model can give an excellent description of lepton
flavour mixing, including an atmospheric neutrino mixing angle in the second octant, in terms
of only two input parameters. We also showed that the observed baryon asymmetry can be
generated for the lightest right-handed neutrino mass M1=1.176×1011 GeV in SM and
M1=3.992×1010 GeV in MSSM with b =tan 5. The model is based on the flavour
symmetry S4×Z5×Z8 in which the desired alignments and the phase η=−π/2 are
achieved.

We emphasise that the model independent tri-direct CP approach is quite a predictive
scheme for constructing neutrino mass models based on discrete flavour symmetry and CP
symmetry, even without specialising to a particular choice of the two real input parameters η
and x. Here we have focused on the 1 case where the flavour symmetry S4 and CP are
broken to Z T

3 in the charged lepton sector, ´Z HU
2 CP

atm in the atmospheric sector and
´Z HSU

2 CP
sol in the solar neutrino sector with { }=H U1,CP

atm and { }=H SU1,CP
sol , the vacuum

alignment of fatm and fsol would be fixed to ⟨ ⟩ ( )f µ -0,1, 1 T
atm and ⟨ ⟩ ( )f µ -x x1, , 2 T

sol ,
where importantly x is real due to the residual CP symmetry. As a consequence, the lepton
mixing matrix is determined to be the TM1 pattern, and the experimental data on neutrino
mixing can be described very well. Thus the structure is enforced by residual symmetry in tri-
direct CP approach, with S4 flavour symmetry yielding good agreement with the present data
for many examples, which include both the original Littlest Seesaw model and the new
Littlest Seesaw model [58, 59].

It is interesting to compare the new Littlest Seesaw with (x, η)=(−1/2,−π/2) to the
original Littlest Seesaw model with (x, η)=(3, 2π/3), (−1,−2π/3) [18, 20, 22], which
also provides a good fit to the data, as summarized in table 1. However we find that the new
Littlest Seesaw with arguably simpler values x=−1/2, η=−π/2, can provide a better
description to the experimental data than the original Littlest Seesaw. The mixing parameters
are predicted to lie in quite narrow regions, and they are all within the reach of future neutrino
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experiments. The denominator of the phase η=−π/2 is the smallest one among the different
benchmark values in table 1, consequently the case of x=−1/2, η=−π/2 might be
expected to be easier to realize in a concrete model than the original Littlest Seesaw and other
cases listed in table 1.

We emphasise that the choice x=−1/2 and η=−π/2 of the new Littlest Seesaw
model, is both simpler and more successful than the original Littlest Seesaw model. As usual,
all three lepton mixing angles, leptonic CP violation phases and three neutrino masses
(m1=0) only depend on two input parameters ma and r=ms/ma whose values can be
determined by the precisely measured neutrino mass squared differences Dm21

2 and Dm31
2 .

The comprehensive numerical analysis shows that all lepton mixing parameters and neutrino
masses are restricted in rather narrow regions, as shown in equation (17). The new Littlest
Seesaw differs most markedly in its predictions for θ23 and δCP. While the atmospheric
mixing angle θ23 is predicted to be close to maximal in the original Littlest Seesaw model, it is
predicted to be in the second octant and close to the current central value [8] in the new
Littlest Seesaw model. Furthermore, we have extended the new Littlest Seesaw to 3RHN
models in the section 2.2. In the 3RHN model, we obtain a smaller cmin

2 than the new Littlest
Seesaw, and we find that the 2RHN model is a good approximation of the 3RHN model.
Therefore our new Littlest Seesaw with 2RHN can be regarded as a decoupling limit of the
3RHN model.

The ‘maximal’ phase η=−π/2 is the unique source of CP violation in the new Littlest
Seesaw model, as usual controlling both low energy CP violation and the CP asymmetry in
leptogenesis. Hence the CP violation which may be observed in neutrino oscillations is
related to the baryon asymmetry of the Universe. We have studied the generation of the
baryon asymmetry of the Universe through leptogenesis in the new Littlest Seesaw model.
We have numerically solved the flavoured Boltzmann equations for the lepton asymmetries,
and found that the observed excess of matter over antimatter can be produced for the lightest
right-handed neutrino mass M1=1.176×1011 GeV in SM and M1=3.992×1010 GeV in
MSSM with b =tan 5. We conclude that the new Littlest Seesaw model can give an excellent
fit to the neutrino oscillation data and leptogenesis simultaneously.

Finally we have constructed a fully working explicit model based on the flavour group S4
and CP symmetry which fixes the values of x=−1/2 and η=−π/2 in the new Littlest
Seesaw model. The charged lepton mass hierarchy is naturally realized in our model, and the
required vacua ⟨ ⟩ ( )f µ -0,1, 1a

T , ⟨ ⟩ ( )f µ -1, 1 2,5 2s
T and the relative phase η=−π/2 are

readily generated through the supersymmetric F-term alignment mechanism. Furthermore, we
have studied the predictions for the charged lepton radiative decays m g e , t g e and
t mg , and have found that the resulting branch ratios are below the current experimental upper
bounds. We have also presented a UV completion which gives rise to the non-renormalizable
operators upon integrating out the heavy messenger fields.

It would be interesting to extend this predictive new Littlest Seesaw model to the quark
sector to give a unified description of quark and lepton flavour mixing, for instance in the
framework of a supersymmetric grand unified theory. We expect that the quark mass matrices
would be related to the construction of the new Littlest Seesaw model in the lepton sector.
This is left for future work.
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Appendix. Group theory of S4

In the present work, we adopt the same convention for the S4 flavour symmetry group as
[27, 29]. The S4 group is generated by three generators S, T and U which obey the relations

( ) ( ) ( ) ( ) ( )= = = = = = =S T U ST SU TU STU 1. A.12 3 2 3 2 2 4

The group S4 has 24 elements and five irreducible representations: 1, 1′, 2, 3 and 3′. The
representation matrices of the three generators in different irreducible representations are
chosen to be the following form

Table 3. The Kronecker products and Clebsch–Gordan coefficients of S4 group
[27, 29]. We use ai to indicate the elements of the first representation of the product and
bi to indicate those of the second representation.
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with ω=e2πi/3. As has been shown in [27, 29], the generalized CP transformation
compatible with the S4 flavour symmetry is of the same form as the flavour symmetry
transformation in our working basis,

( ) ( )r= ÎX g g S, , A.3r r 4

where g can be any of the 24 group elements of S4. The S4 Clebsch–Gordan coefficients are
frequently used when building a model based on S4 flavour symmetry. We summarise the
Kronecker products and Clebsch–Gordan coefficients in our basis in table 3.
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