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Abstract
For contactless inductive flow tomography we require a compact magnetic field measurement
system with a dynamic range of 5 orders of magnitude in order to detect the amplitude and the
phase of an alternating magnetic field of 1 mT strength with a precision better than 5 nT and a
phase error no larger than 10−2 deg. In some applications a static magnetic field of about 300
mT is also present, resulting in a total dynamic range of 7 orders of magnitude.

We present theoretical and experimental analyses of absolute and first order gradiometric
induction coil sensors with sensitivities larger than 500 V/T ·Hz) and diameters of 28 mm. From
their equivalent circuits, we derive the associated complex-valued transfer functions and fit
these to calibration measurements, thereby determining the value of the equivalent circuit
components. This allows us to compensate their non-linear frequency-dependent amplitude and
phase behaviour. Furthermore, we demonstrate the optimization of coils based on Brooks’
design of equal squares in the adaptation by Murgatroyd, which maximizes the inductance (and
thereby most likely the sensitivity) of the coils. Finally, we design a new coil with a diameter of
74 mm and a sensitivity of 577 V/(T · Hz) with an analytically predicted equivalent magnetic
field noise of around 40 pT/

√
Hz in the 1 Hz frequency range, which is then confirmed by

measurements on the manufactured prototype.

Keywords: magnetic field measurement, induction coil, gradiometric coil, contactless inductive
flow tomography

(Some figures may appear in colour only in the online journal)

1. Introduction

For contactless inductive flow tomography (CIFT), which is
able to measure the three-dimensional flow field of liquid
metals [1, 2], a magnetic field measurement system with
a dynamic range of 5 orders of magnitude is needed to
measure the flow-induced magnetic field changes of an

Original Content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

applied magnetic field outside the melt. For this technique, an
alternating primary magnetic field of about 1 mT permeates
a flowing melt. The interaction between the primary field and
the melt creates an alternating secondary magnetic field with
a strength of 100 nT. The secondary magnetic field has to be
extracted from the superposition of the primary and the sec-
ondary field with a precision better than 5 nT. In some cases
an additional DC magnetic field with an amplitude of 300 mT
can be present as well [3, 4]. The resulting total dynamic range
of 7 orders of magnitude creates a huge challenge even for
modern magnetic field sensors.

Furthermore we found that in these experiments mag-
netic field sources with frequencies similar to our excitation
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frequency and varying phases are present [4]. The required
extraction of the flow-induced magnetic field therefore needs
to be executed with a phase error no larger than 10−2 deg.

1.1. Why induction coils?

Fluxgate sensors, even though they exhibit the necessary pre-
cision, are not usable here since their magnetic core satur-
ates at roughly 1 mT. SQUIDs are generally able to cover the
whole magnetic field range required here, but because their
working principle is based on superconductivity they must be
cooled to very low temperatures; the corresponding complex-
ity is not desirable in our case. GMRs are ruled out as well,
since their R-H-characteristic exhibit hysteresis effects and
non-linearities up to a few percent of their maximum range [5].
At this time these effects cannot be compensated with the pre-
cision necessary for our application [6, 7].

While more novel sensors like MEMS magnetic resonators
are increasing in popularity, they cannot be employed here,
since their operating principle is based on Lorentz forces that
arise from the interaction of an internal field source with the
external field [8, 9]. This causes them to detect both DC and
AC magnetic fields. Therefore, they would require to resolve
the full 7 orders of magnitude of dynamic range. To our know-
ledge, there exists no MEMS sensor that can reliably resolve
signals with such high dynamic range. For further information
about other magnetic sensing techniques, refer to [10, 11].

Since induction coil sensors do not pick up constant mag-
netic fields and thereby reduce the dynamic range of the mag-
netic input signal from 7 to only 5 orders of magnitude, these
are well-suited for this task.

1.2. Design considerations

In their most basic form, induction coils consist of a few
turns of an electrical conductor positioned in a magnetic field
B⃗ with the coil’s cross-section oriented perpendicularly to
the flux lines (see figure 1). At the terminals of the coil a
voltage U can be measured that is proportional to the time-
derivative of the enclosed magnetic flux. This simple design
comes with the advantage of perfect linearity regarding the
magnetic field amplitude and a non-existent upper range limit;
the lower resolution limit is determined by the noise in the coil.

In the past decades, numerous improvements to the basic
principle became available, which result in four design choices
for the experimentalist. The first one concerns the order of
the sensor. The basic coil design from figure 1 represents an
absolute induction coil sensor, since the absolute value of the
time-derivative of the magnetic flux is measured. Addition-
ally, a differential measurement of the output voltage between
two or more coils (typically connected in opposing polarity)
is possible, which allows determining the spatial gradient of
the magnetic field. Consequently, such sensors are labeled
gradiometric induction coils [12]. A gradiometric sensor con-
sisting of two coils would be called a 1st order gradiometric
sensor, three coils constitute a 2nd order gradiometric sensor,
and so on.

Figure 1. A simple cylindrical induction coil permeated by an
orthogonal magnetic field.

Another possibility for optimization is the usage of fer-
romagnetic cores inside the windings [13] or flux concen-
trators in front or behind the windings [14]. Ferromagnetic
materials concentrate the surrounding magnetic flux within
the effective area of the sensor, thereby dramatically increas-
ing its sensitivity and lowering the equivalent magnetic noise,
which also allows for smaller sensor designs. Typically, high
permeability materials like Metglas or permalloy are used for
this [15], which exhibit values of μr > 90 000. Consequently,
such coils show performance parameters similar to those of
fluxgate sensors, which typically exhibit 100 pT resolution
and a linearity error better than 10 ppm [16]. Albeit, induction
coils with ferromagnetic components also inherit the fluxg-
ates’ disadvantage of a rather small upper range limit of about
1 mT caused by onsetting saturation effects in the ferromag-
netic material.

The third design choice to make is the operation mode of
the coil, which can be either voltage mode or current mode.
In voltage mode, the input resistance of the attached measure-
ment equipment has to be sufficiently large, which leads to a
linear and f -proportional amplitude response below the res-
onance frequency of the coil. In comparison, in current mode
the coil is operated with a shorted output, thereby circumvent-
ing the parasitic capacitance of the coil. This ultimately leads
to a flat amplitude response for frequencies f >R · (2πL)−1

[15, 17].
Finally, the sensor design needs some kind of readout cir-

cuit. This can range from simple multimeters over analog-
digital converters (ADC) to amplifiers, integrators [18],
current-to-voltage converters and flux-feedback circuits
[19, 20].

1.3. Design evaluation

In this paper, we will evaluate different sensor designs using
three basic electrical performance numbers. The first one is the
sensitivity of the coil, which is the ratio of output voltage per
input magnetic field strength, and can be as small as 1 mV/T or
as large as 1 GV/T [13, 21], especially when the size of the coil
is not limited by outside factors [22], and flux concentrators
and high-gain amplifiers are employed.

Secondly, the transfer function of the design plays
an important role, as it determines the amplitude and
phase response, both of which exhibit nonlinear frequency-
dependent characteristics. The transfer function can be used
advantageously, for example if the field to be measured has
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a constant known frequency, the resonance frequency can be
designed to match the excitation frequency, thereby increasing
the effective sensitivity of the sensor. The phase response of
induction coil sensor designs is often overlooked in the liter-
ature, with a few exceptions [23].

Finally, a good sensor design should minimize noise. The
total voltage or current noise of the coil and the attached cir-
cuit is typically converted to equivalent input magnetic field
noise, which facilitates comparing different designs. Besides
using low-noise readout electronics, a coil design with min-
imal inherent noise is of great importance. The usage of cool-
ing systems, e.g. with liquid nitrogen, can also greatly reduce
noise [15], although this is not practical for our purposes.

Based on these deliberations we chose to solve the meas-
urement task mentioned at the beginning of the introduction
with absolute and 1st order gradiometric coreless induction
coil sensors, operated in voltage mode with direct readout by a
high-precision ADC. In order to measure the described minus-
cule magnetic fields in compact experiments, the coils need a
very high turn count of about 100 000 of small-diameter wire
in the order of 20 to 100 μm, with overall dimensions in the
range of a few centimeters.

Such induction coils exhibit some disadvantages.
Their frequency-proportional sensitivity causes increased
susceptibility to high-frequency magnetic noise, which can
be found in most environments. If further requirements are to
be met, like increased temperature resistance, these coils can
be rather expensive with costs between 200 and 500 Euro per
piece. Additionally, the mass of the winding and the small
wire diameter make the coils susceptible to damage through
jerking motion. A broken wire inside the winding cannot be
repaired, so the coils must be handled with utmost care.

1.4. Aims and structure

This paper is organized as follows: To achieve the goal of
minimizing amplitude and phase uncertainty, section 2 will
introduce in the theory of induction coils as used for CIFT
and devise their complex-valued transfer function. In section 3
the model equations will then be fitted to calibration measure-
ments for a few frequencies. The model can then be used to
calculate and correct the phase and amplitude response for any
frequency.

The second goal is to design a new absolute induction coil
with optimum sensitivity-to-noise ratio, which will be covered
in section 4. Finally, we will focus on analytical predictions
of sensor noise and confirming measurements in section 5.
From this analysis, we will obtain the equivalent bandwidth-
normalized input magnetic field noise, which can be used to
estimate the sensors measurement uncertainty, which is the
third goal of this paper.

Note that the measurement task for which all coils in this
paper were designed is rather special. We are unaware of liter-
ature from other researchers where coils with similar size, turn
count, sensitivity and usable frequency range are described.
Therefore no comparison to similar works will be carried out
in this article.

2. Theoretical background

Coreless induction coil sensors rely on Faraday’s principle
of induction, stating that a time-varying magnetic field cre-
ates an electric field in electric conductors. Let Uind = Uind(t)
be the induced voltage in a coil with number of turns n and
a cross-section of area A which is permeated by a magnetic
field with flux density B varying over time t. Let furthermore
the magnetic field and the cross-section be orthogonal to one
another (figure 1). The basic relationship between these quant-
ities is then

Uind(t) =−nA∂B
∂t

. (1)

In this paper we will focus on cylindrical coils with thick lay-
ers, leading to significant differences between the outer dia-
meter do and the inner diameter di of the windings. In this case,
the mean effective area is

A=
1

do− di

do∫
di

π

4
y2dy=

π

12
d3
o− d3

i

do− di
. (2)

If we furthermore assume B to be time-harmonic

B(t) =−B̂ · sin(2πf · t+φ0) (3)

with amplitude B̂, frequency f and zero-phase φ0, we find

Uind(t) = nA · 2π︸ ︷︷ ︸
=S

·f · B̂ · cos(2πf · t+φ0). (4)

The product S will be labeled the sensitivity of the coil with
units of [S]=V/(T · Hz), and is fully determined by the geo-
metric properties of the coil.

The equivalent circuit of an absolute induction coil sensor
with attached ADC is shown in figure 2(a). The coil itself com-
prises the equivalent source voltage Uind(t), the series resist-
ance Rs, the series inductance Ls and the parasitic capacitance
Cp. The coil is connected to an ADC with terminal resistor
Rt and terminal capacitance Ct. The voltage Ut(t) is measured
across the parallel circuit of Cp, Rt and Ct. Instead of a time-
harmonic analysis of this circuit, we analyze it in the com-
plex domain. Therefore, the time-dependent voltages are now
denoted as the complex-valued Uind and Ut.

The relationship between the measuredUt and inducedUind
is given by

Ut(jω) = aabs(jω)Uind(jω), (5)

where aabs(jω) is the complex-valued transfer function of the
voltage divider:

aabs(jω) =
Rt
∥∥ 1

jω(Cp+Ct)

Rs+ jωLs+
(
Rt
∥∥ 1

jω(Cp+Ct)

) . (6)

In these equations ω= 2πf is the angular frequency and j =√
−1 the imaginary unit. The ∥ operator denotes a parallel

circuit

x1 ∥ x2 =
x1x2

x1 + x2
. (7)
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Figure 2. Equivalent circuit diagram of both coil types.

For a 1st order gradiometric coil, the equivalent circuit is
shown in figure 2(b). It comprises two absolute coils with their
individual resistance, inductance and capacitance. The readout
is realized in form of the differential input of the ADC, with
the right branch connected to the positive input and the left
branch connected to the negative input. Both the left and right
ends of the circuit are also coupled to one another by an addi-
tional parasitic capacitance not shown here since it does not
have a significant effect on the transfer function in our case, as
can be seen after fitting the data in the following section. Omit-
ting the capacitance greatly facilitates the calculations for this
network.

Since both individual coils are magnetically coupled, they
represent a transformer. In this circuit, M is the mutual induct-
ance between both coils with

M= kc
√
Ls,1Ls,2 for |kc| ≤ 1. (8)

The factor kc is the coupling coefficient, which would be
close to 1 for a transformer, but in our case has a smaller
value because of the coreless design and the distance between
the two windings. Furthermore, it is negative, since both coils
are connected with opposing signs. The effective inductance
of each individual coil is the so-called ‘stray inductance’:

Lσ = Ls−M. (9)

The resulting electric network is evaluated by utilizing the
superposition principle and calculating equivalent two-port
networks. At first, we assume the two branches of the network
to be symmetric:

Rt,1 = Rt,2 = Rt,

Rs,1 = Rs,2 = Rs,

Ls,1 = Ls,2 = Ls,

Ct,1 = Ct,2 = Ct,

Cp,1 = Cp,2 = Cp.

Afterwards the circuit can be simplified into the following
impedances:

Zt = Rt

∥∥∥∥∥ 1
jωCt

∥∥∥∥∥ 1
jωCp

, (10)

Zs = Zt+Rs+ jω(Ls−M), (11)

Zc = Zs ∥ jωM, (12)

Z= Zs+Zc. (13)

From this, the transfer functions of both branches can be
written as

agrad,1(jω) =
Zt

Zs+Zc
, (14)

agrad,2(jω) =
Zc ·Zt
Z ·Zs

. (15)

Finally, both terminal voltages can be calculated from the
induced voltage in either individual coil. This allows the cal-
culation of the differential voltage Ut = Ut(jω) using

Ut,1 = agrad,1 ·Uind,1 + agrad,2 ·Uind,2, (16)

Ut,2 = agrad,1 ·Uind,2 + agrad,2 ·Uind,1, (17)

Ut = Ut,1 −Ut,2. (18)
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Figure 3. Sketch of the (a) 340k absolute and (b) 2x160k
gradiometric induction coil sensor design as used for CIFT
(all dimensions in mm, wire diameter not to scale)

3. Sensor calibration

The calibration of sensor coils serves the purpose of empir-
ically determining their sensitivity, amplitude response and
phase response. We employed the calibration specifically to
fit our models to the measured amplitude and phase responses
for certain frequencies. The quantities Ls and Cp were selected
as parameters for the fit. Using the fitted model, we can cor-
rect the amplitude factor and phase shift of the coils for any
frequency.

For the first calibration measurements, we used available
cylindrical induction coil sensors of both the absolute and 1st
order gradiometric type, as can be seen in figure 3. The abso-
lute sensor type with 340 000 turns of a 25 μm wire is labeled
‘340k coil’, and the gradiometric sensor type with 2 times
160 000 turns of the same wire is designated ‘2x160k coil’.
Since the signal analysis for CIFT exclusively takes place in
the digital domain, we minimize the amount of analog circuitry
and feed the output voltage of the coils directly into a high-
precision analog-to-digital converter, in particular the model
LTT24 from Labortechnik Tasler.

For the purpose of calibration we positioned one of the
available absolute coils in the center of a sufficiently large
Helmholtz coil pair with radius R= 142 mm. We then meas-
ured the amplitude and phase response of the coil in relation
to the excitation current driving the magnetic Helmholtz field.
When this is conducted for a sufficient numbers of frequen-
cies (40 in our case), the models from section 2 can be fit-
ted to the measured data, thereby obtaining the inductance and

Figure 4. Measurement and fitted model for the 340k absolute
sensor. For the sake of clarity, not all measurement points below
100 Hz are shown.

capacitance of the coil. The resistance can easily be measured
with any multimeter.

Since gradiometric coils generate no output voltage for
homogeneous magnetic fields, for these the Helmholtz coils
are employed as Maxwell coils instead, which generate a
magnetic field with nearly constant gradient in the center of
both coils. For gradiometric coils, the coupling coefficient kc
must also be considered in the calibration. Before the calibra-
tion, we calculated kc=−0.549 via a numerical simulation in
Opera2D, which was set as a fixed parameter in our model.

For either coil type, the amplitude and phase response was
calculated from the time-series of the measured output voltage
using the quadrature demodulation technique [24]. Regard-
ing the measurement frequencies, we chose a distribution with
many frequencies in the range below f < 50 Hz and around the
resonance frequency for either coil. Figure 4 exhibits the cal-
ibration results for the absolute coil, and figure 5 shows the
corresponding data for the gradiometric coil. A striking overall
agreement between our models and the measured data is vis-
ible. From our measurements, we obtained the values shown
in table 1. The standard error of the fitted model for Cp and Ls
is 0.2 %.

4. Optimized design

For a new, much larger experimental setup with CIFT we
needed to design larger induction coil sensors. Naturally, we
wanted our sensor to have the largest sensitivity-to-noise ratio
possible. In a literature review we could not find an analytical
solution for this optimization. Yet, since the inductance and
the sensitivity of a coil are related, we can instead maximize
the inductance of our sensor design. While the inductance
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Figure 5. Measurement and fitted model for the 2 × 160k
gradiometric sensor.

Table 1. Results of the calibration of both coils.

Property 340k coil 2 × 160k coil

Wire diameter 25 μm 25 μm
Turns 340 000 2 × 160 000
S / V/(T · Hz) 531.3 260.3
Rs / kΩ 592.0 274.9
Ls / H 463.4 71.69
Cp / pF 412.4 505.5
kc n./a. −0.549
|a| (3 Hz)− 1 5.70 × 10−5 1.62 × 10−5

arga (3 Hz)/deg −2.70 × 10−1 −1.50 × 10−1

represents a measure for the amount of energy a coil with a
driving electrical current can accumulate in its magnetic field,
the sensitivity connects an orthogonal magnetic field with the
output voltage of the coil. Both quantities have in common
that they are only dependent on geometrical parameters, like
diameter and number of turns.

A popular empirical approximation for a coil with optimum
inductance is the ‘four squares design’ of Brooks and
Turner [25], which is shown in figure 6(a). This design divides
the cross section (A-A) of the coil into four connected squares
with edge length c. The inner two squares represent the cyl-
indrical core, and the outer two contain the turns of wire. The
dimensions of the sensor are therefore determined by the edge
length c of one of the squares. We could not find designs which
yield significantly better inductance for similar compact and
easily to manufacture coil shapes.

From this design, Murgatroyd [26, 27] derived two
alternatives, which is the three squares design and the five
squares design, see figures 6(b) and (c). Both alternatives
achieve an inductance about 2 % smaller than that of Brooks’

Figure 6. Construction of induction coil sensors using Brooks’
method of squares for constant outer diameter.

design for the same length of wire, which is acceptable for our
application.

The coils additionally have to satisfy three following con-
straints. (A) The maximum allowed coil diameter is 74 mm.
This follows from the geometry of the mentioned new experi-
ment, in which the flow structure to be measured extends over
700 mm. In this available space we would like to place up
to nine coils, stacked next to each other in the direction of
the coils’ diameter. If a minimum distance of 3 mm between
two adjacent coils is to be kept, the stated coil diameter of
74 mm follows. (B) The coil should be rather flat, which res-
ults in choosing the five squares design with c= 14.8 mm.
The required flatness follows from the magnetic field topo-
logy in CIFT experiments. In a very rough approximation, the
CIFT secondary magnetic field can be thought of as coming
from a single magnetic dipole within the experiment, and then
declining outside of the experiment with r−2. It then becomes
clear that any magnetic field measurement must be conduc-
ted as close to the experiment as possible and that a thick
coil (with a long cylinder) has the disadvantage that the turns
furthest away from the experiment only contribute little to
the total output voltage, while still contributing equally to the
noise of the sensor. (C) The sensitivity should be larger than
S≥ 530 V/(T · Hz), which is the same sensitivity the 340k coil
exhibits. Since previous CIFT measurements with the 340k
coil were successful, we decided the new design should have
equal or slightly larger sensitivity.

In order to calculate the performance values for five squares
coil design with c= 14.8 mm, at first we need equations (2)
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Figure 7. New 30k induction coil sensor. The bottom end of the coil
would be positioned towards the experiment. The frame is made of
PEEK, and the winding is protected with a red rubber coating.

Figure 8. Measurement and fitted model for the 30k coil.

for the effective area and (4) for the sensitivity, where di= 3c
and do= 5c. For the noise calculations presented in the fol-
lowing sections, we furthermore must calculate the resist-
ance R, which can be done in the following manner. First, let
us determine the number of turns

n= kf · c2 4
πd2

c
, (19)

where kf = kf(dc) is the filling factor of the wire, which
describes the ratio between the conducting area and the total

Table 2. Properties of the new 30k coil.

Property Value

Wire diameter 71 μm
Turns 32800
S/V/(T · Hz) 577.2
Rs/kΩ 25.03
Ls/H 38.52
Cp/pF 377.6
|a| (3 Hz)− 1 5.81 × 10−6

arga (3 Hz)/deg −4.68 × 10−2

area in the square c2 when filled with a wire of core diameter
dc. Then we can determine

R= nρ
√

4πA, (20)

with ρ= ρ(dc) being the resistance of the wire per unit
length. From the supplier Elektrisola, we selected a wire with
dw= 71 μm, kf = 0.575 and ρ= 4.318 Ω/m, resulting in the
design parameters n= 31812, R= 25.81 kΩ and S= 561 V/(T
· Hz). The new sensor was then manufactured by Michael
Müller Spulenwickeltechnik.

The new induction coil sensor, labeled ‘30k coil’, is shown
in figure 7. It was calibrated in the same manner as the smaller
absolute coil; the results can be seen in figure 8 and table 2.
The designed parameters differ only slightly from the actual
values of the manufactured sensor.

While the overall agreement of the measured phase and the
calculated phase is striking, the model does not agree exactly
with the measurement for very low frequencies. We aimed for
a phase error of no larger than 1 × 10−2 deg, but on average our
deviation is 4.4 × 10−2 deg. The most probable reason for this
is found in small mechanical inaccuracies of our calibration
setup. Also, the current sensor we used to measure the excita-
tion current during the calibration might exhibit a small phase
shift itself. This will have to be investigated in future work.

5. Noise analysis

In the last step, our goal is to quantify the magnetic field noise
of our measurement system for all three presented sensors
from an analytical approach that is validated by measurements.
Knowing the noise spectrum of our sensors enables us to state
a maximum measurement uncertainty, and additionally allows
us to verify that our optimization was valid.

For the induction coil sensors system, generally three rel-
evant noise sources can be identified [28]. The first one is the
thermal noise voltage ur in a resistor R:

ur =
√

4kbTR∆f. (21)

Here, kb is the Boltzmann constant and T the absolute tem-
perature of the resistor. The variable ∆f describes the analog
bandwidth of the measurement. Since this noise source is inde-
pendent of f, it is called white noise.

7



Meas. Sci. Technol. 31 (2020) 065902 M Ratajczak and T Wondrak

Furthermore, we need to consider two current noise
sources, which generally create noise voltages by flowing
through resistors. The first current noise is the flicker noise if ,
which is caused by the non-perfect contact between two con-
ductors while a DC current is flowing through both of them,
thereby creating fluctuations in the conductivity:

if =

√
KnIm∆f
fn

. (22)

Kn is the flicker noise coefficient, I the DC current, m the
flicker noise exponent and n≃ 1. The 1/

√
fn term makes if

a pink noise. Lastly, shot noise is created by ‘random emis-
sion of electrons and by the random passage of charge carriers
across potential barriers’ [28].

ish =
√

2qI∆f (23)

The quantity q refers to the elementary electric charge.
For all practical matters, we only consider the thermal noise

of the sensor itself and the noise of the ADC, since only these
two contribute significantly to the total noise, as can be seen in
the measurement results at the end of this section. The noise of
the ADC is given from its datasheet as SNR = 118 dB when
using the U= 5 V input. This creates a noise voltage of

uADC = U · 10− SNR
20 = 6.3 µV. (24)

The noise from the ADC and the coil must be added quadrat-
ically to obtain the total noise un, since they both refer to noise
powers:

un =
√
u2
r + u2

ADC. (25)

It is typically advisable to normalize the measured noise
voltage to the bandwidth ∆f of the measurement. Also, it is
often desirable to state the equivalent magnetic field noise bn
rather than the measured noise voltage un to facilitate com-
paring different sensor designs. From these considerations,
we can determine the bandwidth-normalized equivalent input
noise for our sensors:

bn√
∆f

=
un√
∆f

· 1
S · f · |a(f)|

. (26)

Using these equations and the determined values of the equi-
valent circuit components of the coils, we can analytically cal-
culate bn/

√
∆f for the coils themselves as well as for the coils

with attached ADC, see figure 9.
The shape of the graphs is mainly determined by the amp-

litude transfer function of the corresponding coils according to
equation (26). Consequently the input noise becomes minimal
at the resonance frequency. Since the ADC noise was impli-
citly assumed to be frequency-independent, adding it to the
noise of the coil shifts the graphs uniformly towards larger
magnetic field noise.

As can be clearly seen, the contribution of the ADC to
the total noise is much larger than the contribution of the
sensors, especially for the new 30k sensor design. Under no

Figure 9. Analytical bandwidth-normalized equivalent magnetic
field noise of all three induction coils, with and without the ADC.

circumstance does the sensor noise exceed 200 pT/
√

Hz, and
the total noise level is always below 1000 pT/

√
Hz. The new

30k sensor outperforms the smaller two by more than a factor
of 5 for a similar sensitivity and exhibits a total noise of no
more than 40 pT/

√
Hz.

The total noise never exceeds 1000 pT/
√

Hz. If a measure-
ment at a center frequency of 1 Hz and a bandwidth of 1 Hz
is assumed, we find that with a probability of 99.7 % (corres-
ponding to 3σ) the total precision is better than 5 nT as was
stated in the introduction.

The data also reveals that the new optimized 30k sensor
does perform about as well as the 340k sensor if the noise of
the ADC is included in the calculations. While the optimiza-
tion of the sensor lead to a significant decrease in its inherent
noise, the overall improvement is negligible in the 5 V range.
The ADC also features a 250 mV input range with an SNR of
only 105 dB, which would decrease the overall noise. The cor-
responding graphs are not shown because this would exceed
the scope of this paper.

In order to validate our theoretical noise analysis, we meas-
ured the voltage noise un of our magnetic field sensor sys-
tem for each coil type in the following manner. We placed
the sensor into a permalloy box with the inner dimensions
of (90 × 90 × 40) mm3 and a wall thickness of 1.5 mm. The
permalloy box shields the outer magnetic field, so that mostly
the sensor noise is measured. With this setup we recorded 100 s
of data at a sampling rate of 5 kHz using the default input
voltage range of the ADC of 5 V, see figure 10. The recor-
ded time-series was then converted to the frequency domain
by means of FFT and scaled with (26) for comparison with
the analytical solution. Figure 11 illustrates the procedure.

Figure 12 shows the excellent agreement between the cal-
culations and the measurements. This confirms our theoret-
ical approach and underlines that the dominating performance
numbers of induction coils can be specified in the design phase
with sufficient accuracy. The peaks in the measured spectra
suggest that the permalloy shielding box is too thin for total
suppression of the external field, or that the environmental
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Figure 10. Experimental setup for the noise measurement with the
lid removed from the mu metal box

Figure 11. Diagram of the noise measurement setup.

magnetic field may enter the box through gaps or the hole for
the sensor cable.

For frequencies close to the Nyquist frequency of 2.5 kHz
the peaks appear more often because of the logarithmic f -axis.
Still the lowest part of the measurement graph follows the ana-
lytical calculation with good agreement. The sharp decline of
the measurement data above 2 kHz as well as the mismatch of
the measurement and model around the resonance frequency
cannot be explained at the moment.

6. Conclusions

In this paper, we demonstrated how absolute and 1st order
gradiometric induction coil sensors can be analyzed analytic-
ally and by practical experiments. Using their complex-valued
transfer functions, the nonlinear amplitude and phase response
of these sensor types can be compensated, if the values of their
equivalent circuit elements are known. One way to achieve this
is by means of a calibration measurement inside a Helmholtz
oder Maxwell coil pair.

Furthermore, we designed a new absolute induction coil
using the design of five equal squares. This sensor, which will
be applied for CIFT measurements, has a total noise of less
than 40 pT/

√
Hz. In addition, we pointed out how the most

important performance numbers of induction coils—such as
sensitivity and noise level—can be specified in the design
phase by a set of rather simple equations and reliable data
sheets.

Future efforts could concern, for example, higher order
gradiometric coil sensors and different arrangements of the

Figure 12. Measured equivalent magnetic field noise of all three
sensors.

individual windings. Also, compensating the thermal drift of
the coils would be of high interest.
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