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Abstract
Recent experimental results for the gravitational constant G from Cavendish-
type experiments were analysed in the framework of modified Newtonian
dynamics (MOND). MOND corrections were applied to the equation of motion
of a pendulum, under the assumption that the magnitude of the horizontal
time dependent gravitational acceleration determines the amount of MOND
corrections. The large vertical component of the local gravitational field of
the earth is fully compensated by the alignment of the torsion pendulum in
accordance with Newton’s third law and therefore not considered for MOND
corrections. From the analysis of the MOND corrected equation of motion
of a realistic torsion pendulum with mixed gravitational and electromagnetic
restoring torque simple rules for meaningful MOND corrections of measured
G values determined by different operational modes of Cavendish type G
experiments were derived. Based on this analysis the reported discrepancies
for G determined by ‘static deflection’ and ‘electrostatic servo’ methods
of the ‘BIPM’ experiment by Quinn et al and between time-of-swing and
angular acceleration feedback (AAF) methods for the ‘HUST’ experiment
by Li et al could be fully resolved by MOND corrections using one common
MOND interpolation function, determined by a one parameter fit. The MOND
corrected ‘BIPM’ and ‘HUST’ results, along with other ‘single method’
results from G experiments by Gundlach and Merkovitz, Schlamminger
et al and Newman et al lead to an average G value of 6.67422 - 107! m3
kg~! s72 with a standard deviation of 12.5ppm only. The applied MOND
correction procedure and the fitted interpolation function employed for the G
experiments were found to be consistent with the most viable MOND fits to
galaxy rotation curves.
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1. Brief introduction to the MOND phenomenology

Gravity is one of the biggest challenges of fundamental physics. Although Einstein’s theory
of general relativity has successfully passed any experimental test so far, culminating in the
recent direct observation of gravitational waves [1], the dynamics of galaxies remains an
open issue. Whereas the mainstream explanation for galaxy rotation curves is still cold dark
matter (CDM) [2]—a glue which holds galaxies together without violating Newton’s law of
gravity—it has emerged recently that all galaxy rotation curves follow a universal law [3].
This universal relation between the observed acceleration—determined from galaxy rotation
curves—and the calculated acceleration due to baryonic—i.e. visible—matter according to
Newton’s law is controlled by one fundamental acceleration parameter ay, its numerical value
is about 107! m s72. CDM models so far have failed to provide a consistent explanation for
this universal relation. Numerous experiments designed to detect potential dark matter par-
ticles have produced only null results to date [2]. Keeping in mind the relevance of dark matter
for our current understanding of the universe, these difficulties represent a quite substantial
crisis of fundamental physics, but at the same time offer a great challenge for new ideas and
discoveries in the future.

As an alternative to the dark matter paradigm, modifications of Newton’s law have been
suggested to explain galaxy rotation curves—as a viable alternative to CDM. The most notice-
able approaches are summarized under modified Newtonian dynamics (MOND), introduced
by Milgrom in 1983 [4, 5]. According to the MOND paradigm, which is purely phenom-
enological, the gravitational acceleration field of an isolated point mass deviates from the
Newtonian acceleration ay according to

amonp = anF(lax| /ap) withF(lax|/ap — o) =1 and F(|ax| /ao — 0) = \/ao/ |an| 0
with aqp=1.2 - 10719 m s72 denoting the fundamental MOND acceleration parameter [6].
The so-called MOND interpolation function F depends on the ratio of the magnitude of the
Newtonian acceleration ay to ag. The constraints for the choice of F' are the Newtonian limit
(laxl > ap) and the so-called ‘deep MOND limit’ (laxl < ap): In the deep MOND limit the
acceleration field of a point mass M is given by ayonp = (GMag)"*Ir (G = gravitational con-
stant), which describes the observed ‘flat’ (radius independent) galaxy rotation curves and the
baryonic Tully Fisher relation [7]. Flat rotation curves are not consistent with Newton’s law—
without the assumption of vast amounts of dark matter within a well-matched halo around
each galaxy. The M'? dependence of ayonp in the deep MOND limit illustrates that MOND
is a nonlinear theory, which has implications for the dynamical behaviour of moving masses
in a gravitational field.

Except its limits, the choice of the interpolation function F' is not defined by any known
physical law and can be determined by fits to experimental data. According to the MOND
nonrelativistic field theory based on a modified Poisson equation [6] the functions dubbed
‘MOND simple’

1 1 an
FMONDsimple (laN| /Clo) = |:2 + Z + |al(\)1|:| (2)

and ‘MOND standard’



Class. Quantum Grav. 37 (2020) 065002 N Klein

11 2ap \*
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represent solutions of this field equation for a single point mass and have been used suc-
cessfully to fit galaxy rotation curves. For clarity, it is worth to note that within the formal-
ism set out by the modified Poisson equation the interpolation function is defined as p (x)
with x = ay/lal rather than x = ay/laxl. Based on this slightly different definition equation (2)
and (3) correspond to the well-known expressions fisimpie(x) = 1/(1 + x) and figandara(x) = 1/
(1 + x%)'2, respectively.

Following x = ag/lan| recently McGaugh suggested

1
1 —exp (—\/|aN\/ao) )

as best choice to fit the plethora of galaxy rotation curves [3, 8]. However, as pointed out
in [9] the different functions look quite similar for the typical range of galactic acceleration
magnitudes between 107!2 and 107! m s~>—given the large errors of experimental data (see
also figure 7). Typical Cavendish type G experiments operate in the range of 1073-10~7 m
s72, therefore any possible extrapolation of galaxy rotation data via MOND crucially depends
on the choice of F. As a possible choice for a good fit to galaxy rotation curves, which allows
for controlling the smoothness of the transition from the deep MOND to the Newtonian limit
by one parameter

8175
Fran (Jax] /o) = {1 + (ﬂ) } 5)

|ax|

FrcGaugh (Jan| /ao) =

was suggested recently with 3 to be used as fit parameter [10]. As discussed in section 5 (see
figure 7), 0 values between about 0.8 and 2 cover the ‘smoothness’ range between ‘MOND
simple’ and ‘MOND standard’ and allow for reasonable fits to galaxy rotation curves. It is
important to note that no particular choice of the MOND interpolation function is outstanding
with respect to any known physical explanation of MOND effects.

The key difference between the suggested interpretations of the MOND paradigm is deter-
mined by the exact meaning of |ay|in the argument of F, in case of scenarios where more than
one point mass is present: According to the MOND version formulated by a modified Poisson
equation |ax]| is the magnitude of the total gravitational field [6]. This excludes the observ-
ability of MOND effects on earth and even within our solar system. Moreover, it leads to the
so-called ‘external field effect’, which is important for MOND dynamics of satellite galaxies
[11]. However, as pointed out recently MOND nonlinear field equations leads to unphysical
solutions for the two-body problem [12]. Moreover, a relativistic generalization of MOND
field theories has not been successful to date [5].

As a viable alternative to non-relativistic nonlinear MOND field theories Milgrom suggested
in 1994 that MOND effects may result from a modification of the intertial mass of a test particle
at low values of the acceleration magnitude [13], and several variants of modified inertia have
been discussed [14]. Attempts have been made recently to describe modified intertia theories
by a local Lagrangian [15]. Since MOND inertia interpretations do not necessarily lead to any
external field effect (although some toy models exist where external fields play a role [14]), the
possibility of testing MOND in terrestrial laboratories has been considered previously: Ignatiev
suggested that MOND effects may lead to spontaneous acceleration around the equinox date
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and suggested that experimental verification could be feasible [16]. Das and Patitsat suggested
to test modified MOND effects by experiments which provide a local inertial frame of refer-
ence system, such as free fall laboratory experiments similar to the ones being used for tests of
the weak equivalence principle [17]: In their contribution the authors claim that torsion balance
experiments are not suited for this purpose because the centripetal acceleration resulting from
the earth rotation translates to the apparatus being used. However, since a torsion balance is
based on a pendulum which is aligned with the direction of the vector sum of the gravitational
acceleration of the earth and the centripetal force, I argue that the conditions are very close to a
local inertial frame of reference, if the pendulum is sufficiently decoupled from seismic noise
and Brownian motion, i.e. if the pendulum body is kept sufficiently quiet.

2. MOND corrections for a torsion pendulum with mixed gravitational and
electromagnetic restoring torque

Figure 1 shows the schematics of a modern torsion pendulum experiment being used to deter-
mine G. According to the ‘modified inertia’ interpretation of MOND the acceleration magni-
tude |ax| to be employed for MOND corrections describes the component of the gravitational
field which leads to an accelerated motion of a test mass. In case of an ideal torsion pendulum
the plane perpendicular to the pendulum fibre represents an approximate 2D inertial frame of
reference—for the limit of infinite pendulum length. Gravitational fields of moon and sun,
the centrifugal acceleration due to the rotation of the earth and local gravitational sources like
buildings contribute to the local gravitational field vector (gjocq in figure 1) which defines the
pendulum alignment.

Torsion pendulum experiments are incredible sensitive and have been used to test viola-
tions of Newton’s second law at acceleration magnitudes as low as 10~'3 m s~2: According to
results reported by Gundlach et al [18] deviations from Newton’s second law can be excluded
for acceleration magnitudes as low as 10~ m s =2, but only for electromagnetic forces causing
the acceleration of the pendulum body—in this case the restoring torque from the torsion fibre
which originates from the elastic properties of the fibre material.

Based on this experimental constraint the only credible way to implement MOND cor-
rections into the differential equation for a pendulum (torsion or linear alike) is given by
equation (6)

dzf// (t)

e
S = /(1) + ema(0) - F ( 87(8) + Been (1)

ap

) + aem,//(t)
(6)

- as approximation for an idealized pendulum body composed of two point masses m con-
nected by a massless bar of length L according figure 1. In equation (6) 7,,(¢) describes the
horizontal position of one of the two pendulum masses, exposed to a time dependent hori-
zontal gravitational field g,,(¢) and to a horizontal electromagnetically generated accelera-
tion &, /. The centrifugal acceleration |Geenui(£)| = % -w;?(t) arises in case of an enforced
rotation of the pendulum suspension with an angular frequency w(#) (see figure 1), as being
used in case of the ‘angular acceleration feedback’ (AAF) method (see section 3). According
to general relativity a local gravitational field is equivalent to an enforced accelerated motion,
therefore the vector sum g, ,(t) + dcenui(t) determines the effective horizontal gravitational
field, its magnitude determines the amount of MOND correction.

Equation (6) represents the ‘MOND equivalence’ to Newton’s equation of motion as nor-
mally used to describe the equilibrium between the gravitational force to be measured and
the counterforce provided by the G-apparatus, the latter may contain electromagnetic forces

4
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Figure 1. Schematics of a Cavendish type G experiment. A suspended torsion fibre
or torsion strip (1) is employed as suspension of a test mass, ideally composed of two
spherical masses (2) which are connected by a massless rigid bar of length L (3). The
plane oriented perpendicular to the local effective gravity vector gjocal (4) represents an
approximate 2D inertial frame of reference (4). Two source masses are arranged with
their centre-of-mass within this plane (4) and can be moved between near (5) and far
position (6), aiming to generate a torque to the torsion wire, which is measured via
angular deflection of the pendulum in order to determine G. In case of the AFF method
(see text) the pendulum suspension rotates at a constant angular velocity w; around its
axis.

(for example the restoring torque of the torsion fibre), but also gravitational forces (the gravi-
tational part of the restoring torque and a possible ‘in-plane’ accelerated motion of the pen-
dulum body). Although to date there exists no fully fledged version of MOND which would
enable the analysis of a complex arrangement like a (rotating) torsion pendulum with mixed
gravitational and electromagnetic restoring torque from one action, equation (6) represents
a consistent empirical approach, which takes into account existing experimental constraints
about nil-observation of MOND effects in case of small electromagnetic forces, as reported
by Gundlach ez al [18]. In fact, equation (6) is consistent with ‘MOND’ fits to galaxy rotation
curves: here dey, = deenri = 0, hence equation (7) is identical to the MOND modified inertia
paradigm (the index // for ‘horizontal’ is omitted) set out by a modification of Newton’s sec-
ond law at small acceleration magnitudes.

m d*#(t)
F(|g()/aol dr?

As an important side remark, equations (6) and (7) do not take into account the gravitational
field of the pendulum mass m, in other words, the source masses are assumed to be large in
comparison to m. This approximation is valid for most of the Cavendish type experiments. As
pointed out recently, for the two-body problem the most viable approach is to pursue MOND
corrections for the relative acceleration [10, 12]. In fact, MOND inertia models for multi body
problems required for accurate modelling of galaxy clusters or dwarf galaxies are still lacking.

= mg(t). (N
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The RAMSES code being used for multibody problems within MOND [19] relies on a quasi-
linearized version of the modified Poisson equation (QUMOND) formulated by Milgrom in
2010 [20]. Although this version has technical advantages over the Modified Poisson equa-
tion, it does not include the inertia interpretation of MOND.

In order to describe the motion of the pendulum for small torsional acceleration magni-
tudes as a 1D problem for the motion of a point mass, I chose a Cartesian coordinate system
with z-axis aligned with the pendulum axis and with x-axis oriented parallel to tangential
direction at the azimuthal equilibrium position ¢( of one of the two pendulum masses. Small
torsional oscillations of the pendulum can be described by x(#) = L/2 - ¢(¢)resulting in a 1D
differential equation for x(7) according to equation (8):

i(t) = [gext,x(t) - WOZ(l - X)x(t)] F <‘ \/<gext,x(t) - w(%(l - X)x(t))z + (%Wtz)z

+aem(t) — wixx(t) — ().

fa) ®)

The first term in brackets describes the x-component of the gravitational field, which is the
sum of the horizontal gravitational field gex.(f) generated by the enforced motion of the
source masses during a run of a G-experiment, the second term describes the gravitational
portion of the restoring force of the pendulum, which is proportional to x(¢): Like for a real
Cavendish experiment it is assumed here that the restoring torque of the pendulum is a mixture
of a gravitational torque (due to the gravitational field of the earth or due to the gravitational
potential of the source masses, see section 3). The parameter 0 < x < 1 describes the relative
amount of electromagnetic k., restoring torque of the torsion fibre,

Kem

X= 7T )

Kg + Kem

wyp is the angular resonance frequency of the torsion pendulum for the case of zero damping
(Q — o0) and kg the gravitational restoring torque. According to the definition of x by equa-
tion (9) and presumptions set out by equation (6) the electromagnetic portion of the restoring
force —wdxx(t) does not require any MOND correction. The same holds true for the damping
term which is of electromagnetic nature. For the case that the pendulum suspension is rotating
with a constant angular velocity w; during the operation of a G-experiment, the magnitude of
the sum of the gravitational and centrifugal acceleration determines the amount of MOND
correction according to equation (6), the quadratic sum in the argument of F in equation (8)
results from the fact that the two components are oriented perpendicular to each other. As
discussed in section 3, MOND corrections of AAF type Cavendish G results can be pursued
using the peak-to-peak value of the gravitational and acceleration magnitudes which occur
during a complete cycle of a given experiment.

3. MOND corrections for four different operational modes of Cavendish ‘big G’
experiments

Aiming to tackle the uncertainties due to the elastic properties of the torsion fibre, Quinn
et al have employed a torsion strip, which enables the use of a larger test mass of ca. 6.6kg,
rather than ca. 100 g for most of the torsion fibre-based experiments. Any twist of a torsion
strip leads to a small lift of the test mass in the gravitational field of the earth, which results
in a restoring torque which is largely determined by the magnitude of this lift. According to
equation (8) such a pendulum can be described by a x value close to zero. In other words, the
torsion strip pendulum by Quinn et al is a gravitational pendulum, with the big advantages of
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a low ‘gravitational spring constant’ and weak excitation by seismic noise—in comparison to
a linear gravitational pendulum. A detailed description of the different operational methods
listed in table 1 (except No 1 and 2) is given in the review by Rothleitner and Schlamminger
[30] and in the original publications. In the following the basic principles of these methods
and their specific MOND corrections are discussed based on equation (8). In order to work
out the required MOND correction for the static deflection and the time-of-swing methods
as a function of the parameter , numerical solutions of the dynamical pendulum behaviour
according to equation (8) will be discussed.

The most simple case with regards to MOND corrections is the ‘electrostatic servo’ (ESS)
method: here the pendulum body does not move at all because the gravitational torque gener-
ated by moving source masses between ‘far’ and ‘near’ position is compensated by an electro-
magnetic torque at any time of a given experimental cycle. The electromagnetic torque is
generated by a voltage applied to the capacitors, which is determined via a feedback loop
from the measured pendulum deflection. For this ‘static case’ equation (8) can be drastically
simplified:

aem,x(t)
gexl,x(t)

= F (|gextx(t)] /a0) -

(10)
As a consequence of equation (10), G values determined by the ESS method are expected
to be ‘MOND enhanced’ by the value of the MOND interpolation function F at the maxi-
mum acceleration magnitude of the pendulum between ‘near’ and ‘far’ position of the source
masses. Since equation (10) is independent of Y, this result is independent of the nature of
the restoring torque of the torsion fibre or torsion strip. Consequently, MOND corrections for
EES—based G results can be calculated according to equation (11)

0= gext,x(t) F (‘gext,x(m /QO) + aem,x(t) =

GMOND.ESS
G = F (|gextpp| /a0) (11)
Ss

with gexpp denoting the ‘peak-to-peak’ magnitude of the azimuthal differential gravitational
field between near and far position, which is listed in table 1.

A similar methodology of MOND corrections needs to be applied for G values determined
by the ‘angular acceleration feedback’ (AAF) method, originally developed by Gundlach
and Merkowitz [25] and later compared with the ‘time-of-swing’ (ToS) method by Li et al
[21]. Here the measured pendulum deflection during the cyclic motion of the source masses
between ‘near’ and ‘far’ position (in this case a rotation of the source masses around the pen-
dulum axis with constant angular velocity) is compensated by a feedback loop. In contrast
to the EES experiment the pendulum suspension is located on a turntable, and the feedback
from the measured pendulum deflection drives an accelerated azimuthal motion of pendulum
turntable aiming to compensate the gravity-induced deflection of the torsion pendulum from
its equilibrium position (details of the AAF method are explained in [21, 25]). Equation (8)
describes the experiment in a rotating (with the angular frequency w; of the pendulum turnta-
ble) non-inertial frame of reference. Like for the case of the EES method, the restoring force
terms are zero and the measured azimuthal acceleration X(z) needs to be MOND corrected:

(1) = gextx(t) - ‘\/gew ) /ao :fw |\/gexuc 1)+ w[)

/ao
(12)




Table 1. G—results from Cavendish experiments published over the last ten years. No 1,2,4,5 represent results where more than one operational
mode of a given experiment were compared. Earlier results by the groups of Li et al (see [26, 27]) and Quinn et al ([28, 29]) are not listed. For
comparison, the Cavendish result by Gundlach and Merkowitz from 2000 is listed (no 7), because it represents the original AAF method which
was adapted by Li et al (no 1). As an example of a non-Cavendish experiment, which relies on a commercial beam balance and does not employ
any purpose-developed detection scheme, the 2006 result by Schlamminger et al (no 6) is included in the table. As discussed in detail in section 3,
the listed acceleration magnitudes (in units of the MOND acceleration ag = 1.2 - 107'° m s~2) for each experiment which were employed for the
MOND corrections was calculated from data given in the references. In case of the AAF method the acceleration is presented as a = (a2 + g»)'"?
which a. denoting the radial centripetal acceleration due to the rotation of the pendulum turntable and g the azimuthal acceleration due to the
gravitational field of the source masses. In contrast to Cavendish experiments, where the gravitational field of the earth gy is perpendicular to the
gravitational field by the source masses, both fields are parallel in case of the beam balance experiment (no 6), leading to two possible values
for the acceleration magnitude, depending on whether g is considered or not considered for MOND corrections. In order to label the applied
operational modes of the Cavendish experiments the abbreviations ToS are used for ‘time of swing’, AAF for ‘angular acceleration feedback’, SD
for ‘static deflection’ and ESS for ‘electrostatic servo’ (see text and references therein), respectively. The parameter y represents the fraction of the
electromagnetic restoring torque of the torsion pendulum according to equation (9). The G values listed in this table—along with MOND corrected
values are graphically presented in section 4 (figure 6).

G/(107 "' m?
No kg~ 's7?) Error (ppm) alag Method X = Reference
1 6.674184 11.64 ~202 Cavendish ToS ~0.99 torsion wire Liet al [21]
2 6.674484 11.61 1275 = (12612 + 202%)12 Cavendish AAF ~0.99 torsion wire ~ Li et al [21]
3 6.67433 19 9733 Cavendish ToS 0.99999 torsion wire Newman et al [22]
4 6.67586 54 396 Cavendish SD ~0.03 torsion strip ~ Quinn er al [23]
5 6.67515 61 396 Cavendish ESS ~0.03 torsion strip ~ Quinn ez al [23]
6 6.674252 24.4 go not included: 6533; go Beam balance n.a. Schlamminger et al [24]
included: 8 - 10'°
7 6.674215 13.8 5139 = (5136% + 176%)'2 Cavendish AAF  ~0.99 torsion wire ~ Gundlach, Merkowitz

[25]

200590 (0202) LE "NeJD WNUeND "Ssej

UM N
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In equation (12) w(r) is the measured angular acceleration of the turntable which exhibits a
sinusoidal time dependence due to the circular motion of the source masses and the pendu-
lum—for the case of the point mass approximation according to figure 1.

Since the selected frame of reference is a non-inertial frame of reference, each test mass
feels a centrifugal acceleration, and the modulus of the vector sum of azimuthal and cen-
trifugal acceleration determines the relevant magnitude for MOND corrections (see exper-
imental results in table 1). The time dependent centrifugal acceleration due to the accelerated
azimuthal motion and the minuscule centrifugal acceleration due to the earth rotation are
negligible.

Similar to the case of ESS, the measured peak-to-peak angular acceleration of the turntable
wpp due to the gravitational field by a full rotation of the source masses with respect to the
pendulum turntable determines the magnitude of MOND corrections.

OMONDAAF _ - (\/(gexl.pp)2 + (acenm)z/“o) =F \/<§wpp>2 + (%wg)z/ao ' (13)

GaAr

In contrast to the ESS and AAF methods, the static deflection (SD) and time-of-swing (ToS)
modes of operation utilize oscillations of the pendulum, i.e. the restoring force terms in equa-
tion (8) cannot be neglected. Therefore one may expect that in this case MOND corrections
depend on the parameter . In order to analyse the dynamical pendulum behaviour, numerical
calculations of the MOND corrected pendulum motion x(f) (without pendulum rotation) were
performed using the iteration (i = 0 to Np,x)

() = [gexn(ti) — W (1 = X)x(1)] - F(|gexee(ti) — wi(1 = x)x(8:)| /a0) — wixx(ni) — G x(t:)

¥(tipr) = x(t) + X(t:) (tie1 — 1)

X(tip1) = x(t;) + x(t:) (ti1 — 1) (14)
for a given set of start parameters x(fp = 0) = 0 and x(fo = 0) = 0 using a MATLAB script.
In order to reduce numerical errors to an acceptable level, in particular for the determination
of small changes of the pendulum resonance frequency due to MOND effects, Nyax ~ 1 mil-
lion was found to be sufficient for the calculation of x(r) over 5-10 pendulum periods. For
Zext(?) a ramp was chosen starting with gex(f = 0) = 0 followed by a linear increase of g(7)
towards a constant value go for # > Truyp. It turned out that the new equilibrium position taken
by the pendulum at # > Tyump, Which is equal to w; 2g( in the Newtonian limit, is independent
of Tramp—in case of MOND corrections being included. Moreover, a nonlinear ge.(#) did not
change the new equilibrium position. This is a non-trivial statement because of the nonlinear
character of MOND.

Figure 2 shows selected examples of simulations. In order to visualize MOND effects, a
low acceleration value of go = ag = 1.2 - 107! m s=2 was chosen. The chosen MOND inter-
polation function according to equation (5) with 3 = 1.25 results in a MOND enhancement of
the acceleration at ax = ag by a factor 1.321. The amplitudes x are presented in units of w, 2
8o, 1.e. x = 1 represents the Newtonian case. It is important to note that the general picture is
independent of the choice of the interpolation function.

Figure 2(a) shows the results for the case of a pure gravitational restoring force (xy = 0)
for nearly zero damping (Q = 10°) and a short ramp (Tramp = 0.2 - T) with T denoting the
pendulum period T = 27/wy in the Newtonian limit. The time is presented in units of 7. The
simulation reveals a time dependence of x(f) visually indistinguishable from sinusoidal, but
with a frequency which is noticeable larger than in the Newtonian limit. Like in the Newtonian
limit, the pendulum still oscillates around x = 1. Figure 2(b) shows the result of the simulation
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Figure 2. Results of numerical calculations based on equation (14) at gy = ao.
Displacements x in units of aolwg. Static enhancement with respect to Newton: gvonp/
SNewton = 1.321. (a) Gravitational restoring force, short ramp (Tyymp = 0.2 - T), no
damping (Q = 10°) (b) gravitational restoring force, long ramp (Tramp = 2 - T), strong
damping (Q = 3) (c) electromagnetic restoring force, short ramp (Tyymp = 0.2 - 7),
no damping (Q = 10%) (c) electromagnetic restoring force, long ramp (Tramp =2 - 1),
strong damping (Q = 3).

for a gravitational pendulum with strong damping (Q = 3) and Tyump equal to two pendulum
periods. The results reveal a further increase of the pendulum frequency in comparison to
figure 2(a), but the Newtonian value for the equilibrium value of the oscillation for t > Tyamp is
retained. The frequency of the oscillation is directly related to its amplitude.

Figures 2(c) and (d) show the simulated response of the pendulum for the case of an
electromagnetic restoring force (x = 1) for zero (c) and strong damping (d). In this case the
pendulum resonance frequency retains the Newtonian value, but the equilibrium position for
t > Tramp is increased by an amount Fyionp(Igol/ao), which is 1.321 for the given example. As
a consequence, in this case the same amount of MOND correction arises as in case of the ESS
method (see equation (11)).

The important non-trivial case is a gravitational pendulum (y = 0): MOND does not affect
the change of the pendulum equilibrium position. The physical reason is that the balance
between external gravitational force and restoring force, the sum of both is MOND cor-
rected (see equation (8)). However, there is one caveat which leads to a very specific MOND
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correction of the static deflection G-results for a gravitational pendulum: In order to convert
the measured deflection angle into a torque, from which G is determined, the restoring torque
coefficient k = kg needs to be determined experimentally. Usually ~ is determined from a
measurement of the pendulum frequency wy [23]. Since the pendulum amplitude determines
the MOND-related frequency increase Awy of the pendulum, the corresponding relative
increase of x is given by

Ak _, Au

The ‘factor 2’ in equation (16) results from wy oc !, As result, the MOND correction for the
SD method of a gravitational pendulum is

Gmonpsp 5. Awpp (F (|gextpp| /a0))
Gsp wo

(16)

with Awpp (F (|gextpp| /a@0)) /wo representing the MOND-induced change of the pendulum
resonance frequency for the given choice of the MOND interpolation function F and gex; pp,
which is determined by the peak-to-peak gravitational torque during one cycle of the experi-
ment (source masses moved from near to far position or via versa). The last statement is only
exact for the case that the pendulum does not oscillate prior to the gravitational excitation,
a larger pendulum amplitude may diminish MOND effects. The relative frequency change
Awpp (F (|gextpp| /a0)) /wo cannot be calculated analytically, but by a numerical calculation
according to figure 3(a) based on the iteration given by equation 14 for go = gex(pp and the
selected interpolation function, with gexpp taken from table 1. As an example for a particular
choice of the MOND interpolation function (equation (5) with 3 = 1.26) figure 3 compares
the expected MOND G-corrections (expressed as (Gyonp-G)/G) for the two cases as a func-
tion of the magnitude of gexp pp according to equation (11) (x = 1: SD, ESS, x = 0: ESS) with
equation (16) (yy = 0: SD). Each point in figure 3 (squares) was determined by numerical
calculations. The results demonstrate that there is a different amount of MOND correction for
G determined by SD in comparison to ESS—for the case of a gravitational pendulum (y = 0).
The crossover between the two curves at a relative acceleration amplitude of about 0.3 has
no simple intuitive explanation. For the acceleration range of G experiments listed in table 1
equation (16) leads to a larger amount of MOND correction for SD experiments.

The case of a mixed gravitational/electromagnetic restoring force is of particular inter-
est for the so-called ‘time-of-swing’ (ToS), which has gained popularity in recent years. As
explained in detail in [21, 30], this method relies on measurements of small changes of the
resonance frequency of the pendulum for two different positions of the source masses: In the
‘near’ position the additional gravitational force between the source masses and the pendulum
body generates a small gravitational component of the restoring torque coefficient, which has
to be added to the electromagnetic torque coefficient of a fibre-based torsion pendulum. It is
of special interest to evaluate the MOND-induced frequency changes as a function of x. The
results of the simulation, again for gg = ap and the same MOND interpolation function used
in figures 2 and 3, are displayed in figure 4.

The predicted frequency change shows a strongly non-linear variation with y, and nearly
disappears for x > 0.8. As an important consequence of this surprising result, one cannot
expect that the time-of- swing method is sensitive to MOND corrections, as long as the gravi-
tational component of the restoring torque is a few percent of the total one only, which is the
case for all ToS experiment listed in table 1.
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Figure 3. Calculated expected MOND correction according to equation (11) (circles)
and equation (16) (squares) as a function of the magnitude of the horizontal gravitational
field for the MOND interpolation function according to equation (5) with 8= 1.26.
For the values calculated by equation (16) the iteration according to equation (14) was
employed for the case of zero damping (Q — o0).
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Figure 4. Calculated relative frequency change of a pendulum due to MOND as
a function of the relative fraction of the electromagnetic portion y of the pendulum
restoring force coefficient for a pendulum acceleration amplitude of ay.
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GMONDTos |

Gros . (17)
This result shows that the ToS method is an ideal method for accurate G measurements—
unaffected by MOND corrections—for the case of a fibre torsion pendulum. Until now, no
time-of-swing experiment employing a torsion strip has been reported. In contrast to a torsion
fibre, these experiments would be sensitive to MOND effects.

4. Results of MOND fits to G experiments

MOND corrections of the G-data presented in table 1 are based on the ‘flexible’ MOND inter-
polation function according to equation (5). The only reason for this particular choice used
is the fact the transition from the deep MOND limit to the Newtonian limit can be smoothly
varied by a one parameter fit using 3 as fit parameter. The numerical value of the MOND
acceleration parameter a is known from fits to the Tully Fisher relation [7], therefore a one
parameter fit is sufficient. Apart from the method-dependent choice of the MOND correction
procedure according to equations (11), (12), (16) and (17), which was discussed in detail in the
previous section, the key parameter which defines the amount of MOND correction for a given
choice of (3 is the acceleration amplitude in units of ay, as listed in table 1. Before discussing
the results of the MOND corrections displayed in figure 5, it is described below how the listed
values of a/ay were estimated from the information given in the original publications:

No 1 and 2 Li ef al: Recently Li et al reported a discrepancy for G measured by two opera-
tion methods of a conventional torsion experiment which employs a torsion wire rather than
the torsion strip [21]. This result breaks previous records in terms of the quoted measurement
error. In spite of the fact that the experiment has been operated and improved over many year,
the averaged G values determined by the angular acceleration feedback (AAF) method is
significantly higher than the one determined by the time-of-swing (ToS) method. In fact, G
determined by AAF is 45 ppm higher than G determined by ToS, although the quoted meas-
urement error is 11.6 ppm for both.

The AAF method allows a direct measurement of the angular acceleration. According to
[21], the peak-to-peak amplitude is about 924 nrad s~2. The pendulum body is of rectangu-
lar shape, the width (which determines the strength of the measured angular deflection) is
b =91 mm. In order to pursue MOND corrections, I was considering an equivalent point
mass pendulum body (see figure 1) composed of two point masses on a radius R such that
the moment of inertia for a torsional rotation Ipy, = m - R? is equal to that of the rectangular
pendulum body I ~ 1/12 - m- b*of the same mass. The resulting Newtonian linear accelera-
tion magnitude comes out to be g = 202 - ap. Due to the rotation of the pendulum turntable
at a quoted angular velocity w; = 2.44 mrad s~! the corresponding centrifugal acceleration
Aeentri = W2+ bI12Y2 = 1261 - ay. Since an source masses ANd AN cenyi are perpendicular to each
other, the estimated total magnitude of acceleration lal = (g% + a?,,,)"> = 1277 - ap (see
table 1). Therefore, owing to the rotating turntable MOND effects are largely supressed, but
still not negligible because of the high accuracy of the experiment.

In case of the ToS method the period of the pendulum is decreased by 1.7s in the ‘near’
position with respect to the ‘far’ position of the source masses [21]. Given the average pendu-
lum period of 7'~ 430s and the fact that the restoring force of the pendulum is 100% electro-
magnetic in the far ‘position’, x comes out to be 0.9961 according to equation (9). Calculations
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Figure 5. MOND corrected G-values determined from the experimental data shown in
table 1 based on the flexible MOND interpolation (equation (5)) function for different
value of the numerical fit parameter 3. ToS results do not require MOND corrections
(equation (17)). MOND corrections for ESS results were calculated by equation (11),
for AAF by equation (13) and for SD by equation (16). For the calculations the
acceleration magnitudes listed in table 1 were used. The beam balance results were
corrected under the assumption that the gravitational background field g¢ of the earth
is not considered for MOND corrections (upper entry in table 1). The scattering of data
points for corrected data by Quinn ef al SD (No 4) is due to the numerical error of about
5 - 107 for the determination of the MOND corrected pendulum resonance frequency
based on the iteration given by equation (14). The insert shows the relative standard
deviation of the corrected G-values with a sharp minimum at § = 1.30, leading to an
average G value of 6.67422 - 107" m® kg™' s=2 with a relative standard deviation of
12.5 ppm.

of the pendulum frequency with this value of x do not show any measurable deviations from
Newton. Therefore, the G value measured by ToS does not require any MOND correction.

No 4 and 5 Quinn ef al: In this experiment a copper beryllium torsion strip rather than a
torsion fibre has been used. This leads to the already mentioned nearly 100% gravitational
character of the restoring torque. In fact, the values reported in [23] for the gravitational
and electromagnetic components are rg = 2.18 - 10~* Nm/rad and ke, = 7.5 - 107% Nm/rad,
respectively, leading to x = 0.033 according to equation (9). Simulations of the pendulum
period based on the iteration given by equation (14) have shown that for these small values
of x the results are not very sensitive to the exact numerical value, therefor even x = 0 does
not change the results in any noticeable way. The exact choice of the pendulum quality fac-
tor at the given values between 10000 and 100000 has no influence on the results within the
numerical error margins.

The pendulum body used in the experiment is composed of four cylindrically shaped Cu—
Te cylinders of m; = 1.2kg arranged in a ‘quadrupole’ configuration on top of an aluminium
plate. The radius of the circle which intersects with the axis of each cylinder is R; = 120 mm.
The source mass is formed by an array of four cylinders of ca. mg = 11kg each, which are
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arranged on a turntable. At an angle ¢y = 18.9° between field and source masses the torque
created by the gravitational force between source and field masses is at its maximum. In order
to conduct G measurements, the source mass turntable is moved periodically between —18.9°
and + 18.9°, leading to torque of 3.1489 - 10~ Nm applied to the pendulum [15]. With the
given moment of inertia of the pendulum body of 7 = 7.9598 - 10~ kgm? the angular accel-
eration of the pendulum body is d@* @/d*> = torque/I = 3.9561 - 10~7 s~2. Given the radius
Ry = 120 mm of the test mass carousel (test masses are the major contribution to the moment
of inertia mass of the pendulum body), the relevant linear acceleration magnitude for this
experiment is g &~ Ry, - d* @/d? = 4.75 - 1078 s72 = 396 - a (see table 1).

No 6 Schlamminger et al: A quite unique experiment where the weight difference of two pen-
dulum bodies is determined in the presence of two seven ton mercury source masses [24]. The
weight is determined by a modified commercial beam balance, such that systematic detector
errors are more unlikely. Therefore, this experiment may be considered as a gold standard
and is therefore included in the analysis. The estimation of the acceleration magnitudes is
straightforward—based on the quoted gravitational forces and the pendulum mass—resulting
in an acceleration magnitude of 6533 - ay (see table 1). In the framework of the MOND inter-
pretation being used for the analysis of G experiment it remains questionable whether the G
values from this experiment needs any MOND correction at all.

No 7 Gundlach and Merkowitz: Similar to Li et al, a rectangular shaped pendulum body of
width L = 76 mm is employed, the measured peak-to-peak angular acceleration value is 960
nrad s~ [25], but the angular velocity of the pendulum turntable w;, = 5.3 mrad s~ is signifi-
cantly higher than for Li et al, yielding lal = (g*> + agemﬂ)”2 = (176% + 5136%)'? . gy = 5138
- agp (see table 1).

The acceleration magnitude of the experiment by Newman et al (No 3, [22]) was deter-
mined in a similar way, but the exact value is not relevant for the analysis because ToS—based
G values do not require any MOND correction.

Figure 5 shows the results of the analysis. The MOND corrected G-values determined from
the experimental data listed in table 1 based on the flexible MOND interpolation (equation
(5)) function for different value of the numerical fit parameter 3 is displayed. ToS results do
not require any MOND correction (equation (17)) and appear as horizontal lines. MOND cor-
rections for ESS results were calculated by equation (11), for AAF by equation (13) and for
SD by equation (16). For the calculations the acceleration magnitudes listed in table 1 were
used. The beam balance results were corrected under the assumption that the gravitational
background field gy of the earth is not considered for MOND corrections (upper entry in
table 1). The scattering of data points for the corrected data by Quinn et al SD (No 4) is due
to the numerical error of about 5 - 10~ for the determination of the MOND corrected pen-
dulum resonance frequency based on the iteration given by equation (14). The insert shows
the relative standard deviation of the corrected G-values with a sharp minimum at 5 = 1.30,
leading to an average G value of 6.67421 - 10~ m?® kg~! s72 with a relative standard devia-
tion of 12.5ppm. For large values of 5 the MOND corrections become negligible and the G
values correspond to the uncorrected ones. Here the standard deviation is ca. 85 ppm, there-
fore the MOND corrections lead to a significant reduction of the data scattering of big G.
Figure 6 shows a comparison of experimental and MOND corrected G values including the
quoted error bars for the best fit with 5 = 1.30. Since the quoted error bars include estimated
systematic errors, which are not rigorously determined by one common methodology for the
different experiments, I did not include any weighting according to the error bar size for the
determination of the average G and standard deviation. According to figure 6 MOND correc-
tions explain the large G values reported by Quinn et al, and the reported discrepancy between
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Figure 6. Comparison of measured G values with MOND corrected values according
to equation (5) for 5= 1.30. The vertical line represents the average G values after
MOND correction of 6.67422 - 10~!! m?® kg~! s=2 with a relative standard deviation of
12.5 ppm. The error bars for both the original and MOND corrected G values represent
the errors quoted by the authors of the original papers. The quoted average G value and
its standard deviation does not include any weighting of data points according to the
given error bars.

the two different modes of operation. Although the reported difference between the two meth-
ods reported Li ef al is significantly smaller than for Quinn et al on an absolute scale, it is
important to note that MOND corrections with one common interpolation function explain the
reported discrepancies within the error bars of the experiments. The small MOND corrections
to be applied for the reported G values by Gundlach and Merkovitz and by Schlamminger
et al are within their error bars. However, with regards to the consistency of the analysis it is
very important that these results do not contradict with the MOND analysis. The fact that the
average value of G is so close to the ‘gold standard’ experiment by Schlamminger et al pro-
vides additional confidence that the MOND analysis is a large step forward towards a possible
explanation of the ‘big G’ conundrum.

Figure 7 shows the MOND correction Aa/ay as a function of the magnitude of the
Newtonian acceleration ay (in units of ag) for the SD and ESS mode of the BIPM experiment,
and for the average AAF results reported by Li ef al. The error bars represent the experimental
errors. For a direct comparison with recent astrophysical data, the purple dots represent indi-
vidually resolved measurements along the rotation curves of nearly 100 spiral galaxies. The
original data in [5] are presented as ratio of the squares of the measured and calculated orbital
velocities—the latter from the Newtonian gravitational acceleration by the baryonic (=visible
stars and interstellar gas) mass of the galaxy. The full lines represent the MOND interpolation
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function according to equation (5) for different values of the fit parameter 3, including fits to
the measured data from the two G experiments. Figure 7 will be further discussed in section 5.

5. Discussion

The analysis of a pendulum at small acceleration amplitudes within a MOND inertia scenario
presented in this contribution shows that different operational modes of a given G experiment
can lead to different results for the measured G values. This unique quality of the MOND
paradigm distinguishes MOND from other suggested modifications of Newton’s law, such as
short range corrections by a Yukawa term to be added to the Newtonian gravitational potential.
For the latter tight constraints on the strength and the relevant length scales were revealed
from a variety of experiments—as part of the ‘Eot-Wash’ campaign [31]. It is important to
emphasize that the observed differences in G from one experiment employing different modes
of operation are not consistent with any Yukawa type modified gravity, because the values of
the source masses and distance range of the two versions are almost identical. In contrast, the
observed differences could be explained by the dynamical behaviour of a given Cavendish
G-apparatus, which is determined by the unique nonlinear nature of MOND. As an example,
any Yukawa-type modification of the gravitational force would not require any correction of
the restoring force of the pendulum in the experiment by Quinn et al, because this force is just
a component of the gravitational field of the earth, its magnitude is well inside the excluded
range of Yukawa-type modifications of Newton’s law. Therefore, it is exclusive to the MOND
paradigm that the presented analysis of recent G experiments provides a consistent explana-
tion of the observed discrepancies of G results determined from seven different experiments
employing five different methods. This remarkable result provides experimental evidence for
MOND from terrestrial experiments for the first time.

The comparison of the observed discrepancies with galaxy rotation curves and MOND
interpolation functions displayed in figure 7, although appealing in terms of the perfect match-
ing of the fitted interpolation functions with the average of the rotation curve results, should
be taken with a pinch of salt: As mentioned before, the choice of a particular MOND interpo-
lation function is not motivated by any known physical mechanism. Therefore, the observed
consistency of the fitted interpolation function with the galaxy data does suggest—but not
prove—that the observed deviations from Newton have the same physical origin than the
rotation curves of galaxies. Figure 7 should be taken as working hypothesis, aiming to refine
and design experiments which operate closer to the acceleration range of galaxies. In fact, the
results published by Gundlach et al in 2007 suggest that this is possible [18]. A straightfor-
ward way to provide further evidence based on existing experiments is to run the AAF experi-
ment by Li et al at lower speed of the pendulum turntable, which should lead to higher values
of G, if MOND effects are taken into account. In case of the gravitational torsion pendulum
used by Quinn et al precise measurements of the pendulum period as a function of amplitude
towards—as close as possible towards ag/wi—may prove or disprove the MOND hypoth-
esis. However, this is not as trivial as it sounds, because the influence of parasitic effects
like temperature drift, noise and environmental gravitational gradients may cause increasing
measurement errors.

The observed deviations from Newton are not in direct conflict with the experimental lim-
its for possible deviations from Newton within our solar system: The acceleration magnitude
of an/ay =~ 400 for the BIPM experiment is equal to the gravitational acceleration of the sun
at a distance of 380 AU (astronomical units), which is about ten times the distance between
sun and Pluto. However, the extrapolation of these results via the fitted MOND interpolation
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Figure 7. Relative deviation from Newtonian gravitational acceleration as a function
of the magnitude of the Newtonian acceleration in units of gy for the two operational
modes of the experiment by Quinn et al [23] and the AFA mode of the experiment by
Li et al [21]. In order the visualize the BIPM results determined by the two methods,
the electric servo and static deflection results are displayed with their identical a,/ag
value moved to the left and right, respectively. The insert shows a magnification of
the diagram around the data points from the G experiments. The purple data points
represent data extracted from galaxy rotation curves according to [23]. The MOND
interpolation functions Fiei, (equation (5)) for several choices of the parameter 3 (full
lines, including 3 = 1.30 obtained from fits to the G experiments) are compared with
two common MOND interpolation functions (equations (2) and (3)) and Mc Gaugh’s
universal radial acceleration relation (RAR, equation (4)).

function to the distance of Pluto and Saturn leads to a MOND correction of 5.5 - 1077 and 1.3
- 1078, respectively. This is just about equal to the upper 20 exclusion boundary for anomalous
radial acceleration in case of Saturn and Uranus, and not in conflict with other planets of our
solar system (see table 2 in [32]).

With regards to the assumed interpretation of MOND, the analysis shows strong evidence
that MOND effects can indeed be observed in the presence of a gravitational field which is
much larger than Milgrom’s acceleration parameter a, as long as the dynamical degrees of
freedom are confined to a 2D plane with normal vector strictly parallel oriented to the local
external gravitational field (see figure 1). In this context it is important to note that fits of galaxy
rotation curves using the RAR (equation (4)) are based on the MOND inertia interpretation:
as discussed in [3] these fits were pursued by employing the ordinary Poisson equation for the
calculation of the radial baryonic Newtonian acceleration gp Newton from the observed matter
distribution, subsequently using Flgp Newton/@ol as MOND correction. This procedure is equiva-
lent to equation (7) and therefore consistent with the analysis of G experiments presented here.
In fact, from a recent comprehensive study of fits to individual SPARC galaxy rotation curves
by McGaugh et al a preference of the modified inertia over the modified Poisson version of
MOND was reported [8]. Therefore, the common statement that ‘MOND effects cannot be
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observed on earth’, which is a direct consequence of the MOND modified Poisson nonlinear
field theory [6], may be wrong. The presented analysis of G experiments by MOND is fully
consistent with the most viable MOND fits to galaxy rotation curves.

Finally, the MOND analysis of G experiments provides evidence that electromagnetic
forces (in this case the restoring torque of a torsion wire) are not subject to MOND correc-
tions, which confirms the findings from previous work [18] that a general MOND modifi-
cation of the inertial mass can be ruled out. This is not in any conflict with the success of
‘MOND inertia’ to explain galaxy rotation curves, because there are no electromagnetic fields
contributing to the dynamical behaviour of galaxies. In the context of general relativity, the
exclusion of electromagnetically driven accelerations may be interpreted as a hint that tiny
deviations from flat 2D spacetime due to in-plane gravitational fields may control the amount
of MOND corrections. This possible scenario is consistent with modified inertia in case that
no electromagnetic forces contribute to the dynamical behaviour of a system, but it suggests
that electromagnetic forces are excluded from MOND corrections.

6. Conclusions

The observed discrepancies between values of the gravitational constant determined by differ-
ent operational modes of recent Cavendish-type experiments were found to be consistent with
MOND and MOND fits to galaxy rotation curves. The fact that MOND explains different G
results determined by different operational modes of a given experiment differentiates MOND
from other possible modifications of Newton’s law, such as Yukawa terms—as predicted by
supersymmetry theories. Beyond this exclusive evidence for MOND, the re-analysis of most
credible recent G experiments by MOND has lead to a significant reduction of data scatter-
ing of ‘big-G’ determined by the most credible recent G-experiments and suggests that the
‘real’ value of G is 6.67422 - 10" m® kg~! s~>—within a standard deviation for the cor-
rected experimental data of only 12.5ppm. This finding could mark a consolidation of ‘big
G’ metrology within the experimental error margins of individual experiments and may solve
the conundrum about the least accurate know constant of nature. Future experiments with
improved sensitivity at smaller acceleration amplitudes should be pursued to support these
initial findings and to fill the gap between the acceleration magnitude of galaxy rotation curves
and current terrestrial G experiments. The paper describes the methodology of data analysis
according to the MOND paradigm and puts restrictions on possible physical interpretations
of the MOND phenomenology. The indicated opportunity for the direct experimental verifi-
cation of Milgrom’s MOND at the acceleration scale of galaxies in earth-bound laboratories
provides an amazing perspective: If MOND effects at the scale of ay should be verified by
‘small-scale’ terrestrial experiments, ACDM cosmology would require a significant modifica-
tion because the explanation of galaxy dynamics by CDM—already increasingly challenged
by the predictive power of MOND with regards to galaxy dynamics—would finally be falsi-
fied. Such a possible finding would impose a gigantic challenge on our current understanding
of the universe.
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