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Abstract
The Hadamard representation of the Green’s function of a quantum field 
on a curved space-time is a powerful tool for computations of renormalized 
expectation values. We study the Hadamard form of the Feynman Green’s 
function for a massive charged complex scalar field in an arbitrary number 
of space-time dimensions. Explicit expressions for the coefficients in the 
Hadamard parametrix are given for two, three and four space-time dimensions. 
We then develop the formalism for the Hadamard renormalization of the 
expectation values of the scalar field condensate, current and stress-energy 
tensor. These results will have applications in the computation of renormalized 
expectation values for a charged quantum scalar field on a charged black hole 
space-time, and hence in addressing issues such as the quantum stability of 
the inner horizon.

Keywords: Hadamard renormalization, charged scalar field, quantum field 
theory on curved space-time

1.  Introduction

The quest for a theory of quantum gravity, in which both space-time and matter are quanti
zed, has yet to yield a definitive solution. In the absence of such a theory, a semiclassical 
approach, namely quantum field theory on curved space-time (QFTCS), represents a first 
step. In QFTCS, the space-time metric is treated classically, and the properties of quantum 
fields propagating on this classical background are studied. Any successful theory of quantum 
gravity must reproduce the results of QFTCS in an appropriate limit, and therefore QFTCS is 
a nontrivial testing-ground for theories of quantum gravity. QFTCS has also resulted in many 
deep results in its own right, such as the discovery of Hawking radiation [1], the Unruh effect 
[2] and the creation of particles in an expanding universe [3–5] (see also [6–10] for reviews).
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The renormalized expectation value of the stress-energy tensor (RSET) 〈T̂µν〉ren plays a 
central role in QFTCS. Via the semiclassical Einstein equations

Gµν + Λgµν = 〈T̂µν〉ren� (1.1)

(where Gµν  is the Einstein tensor, Λ the cosmological constant, gµν the space-time metric 
and we are using units in which 8πG = c = � = 1) the RSET governs how the quantum field 
will affect the space-time geometry. However, since the stress-energy tensor operator involves 
products of field operators evaluated at the same space-time point, it is divergent and a naive 
computation of its expectation value will give an infinite result. It is therefore necessary to 
employ some kind of regularization and renormalization prescription.

There are many possible approaches to renormalizing the RSET (see, for example,  
[7, 8, 10]). Amongst these, the axiomatic approach developed by Wald [9, 11] has proved 
to be extremely powerful. The stress-energy tensor operator is regularized by point-splitting 
[12–14], considering the field operators acting at two distinct, but closely separated, space-
time points. The divergences in the RSET arise in the limit in which the space-time points are 
brought together. These divergences are purely geometric and independent of the state of the 
quantum field. The RSET is computed by subtracting appropriate geometric divergent terms 
and then taking the coincidence limit of the space-time points. Wald [9, 11] has given a list 
of physically-motivated axioms which must be satisfied by the resulting RSET, and which 
determine the RSET up to the addition of a local conserved tensor. Such a renormalization 
ambiguity is to be expected in the absence of a full theory of quantum gravity and corresponds 
to the freedom to move any local conserved tensor from the left-hand-side to the right-hand-
side of (1.1).

The RSET can be computed by applying a second-order differential operator to the 
Feynman Green’s function GF(x, x′) of the quantum field. The Feynman Green’s function 
depends on two space-time points x and x′, and is itself divergent in the limit x′ → x . The 
divergences in the RSET can therefore be identified from the corresponding divergences in 
GF(x, x′). In the original formulation of point-splitting regularization [12–14], the parametrix 
giving the divergent terms in GF(x, x′) was constructed using a DeWitt–Schwinger expansion. 
This is a special case of the Hadamard representation of GF(x, x′) [15]. Wald showed that sub-
tracting the divergent parts of the Hadamard parametrix from GF(x, x′), applying the appropri-
ate second-order differential operator and taking the coincidence limit yields an RSET which 
satisfies his axioms. It has been rigorously established that the Hadamard approach yields 
valid results for the renormalized stress-energy tensor, which are unique apart from the antici-
pated freedom to add a local conserved tensor (see, for example, [16–24] and [25] for a more 
comprehensive list of papers on Hadamard renormalization).

Hadamard renormalization following this approach has proved to be an elegant method 
for computing the RSET and other expectation values. The Hadamard prescription has been 
developed in detail for a massive neutral scalar field with arbitrary coupling to the curvature in 
any number of space-time dimensions [25]. Hadamard renormalization has also been applied 
to the electromagnetic field [26], Stückelberg massive electromagnetic field [27], one-loop 
quantum gravity [28], p -forms [29] and fermions [30–33].

In this paper we extend the Hadamard formalism to a massive charged complex scalar 
field on a curved space-time with an arbitrary number of dimensions. Our primary motiv
ation is to develop the machinery necessary for the computation of the RSET for a charged 
quantum scalar field on a charged Reissner–Nordström black hole background. Unlike the 
uncharged Schwarzschild black hole, a Reissner–Nordström black hole possesses an inner 
(Cauchy) horizon as well as an event horizon. The inner horizon is classically unstable, with 
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a weak singularity forming as a result of the backreaction of classical perturbations [34–43]. 
It is expected that there will also be a quantum instability at the inner horizon, with a stronger 
singularity forming as a result of divergences in quantum expectation values [44–47]. The pre-
cise nature of quantum effects on the classical instability remains an open question. Recently 
this has begun to be studied in detail, as new techniques have been developed for computing 
renormalized expectation values inside the event horizon of a black hole [48, 49]. An analysis 
of the leading-order asymptotics of the RSET for a massless, minimally coupled quantum 
scalar field [50] in both the Hartle–Hawking [51] and Unruh [2] states found that the diver-
gence at the inner horizon is weaker than expected. Numerical computations of the vacuum 
polarization (the expectation value of the square of the quantum scalar field) [52] reveal good 
agreement with this asymptotic analysis. In the Hartle–Hawking and Unruh states, two of the 
components of the RSET have recently been computed on the inner horizon [53], indicating 
that a curvature singularity forms at the inner horizon due to the back-reaction of the neutral 
scalar field. At the same time, it has been shown that there exists a quantum state for which the 
RSET is regular at the inner horizon [54] so the back-reaction in this case would not lead to the 
formation of a singularity. All this recent work considers only a neutral scalar field, whereas 
it is the presence of the classical electromagnetic field which leads to the inner horizon in the 
first place. Therefore, computations of the RSET for a charged scalar field may help to shed 
further light onto this question.

This paper represents a first step in this direction, since the geometric divergent terms in the 
Hadamard parametrix (which we derive in this paper) must be known before the RSET can be 
computed. In our analysis we make no assumptions about the background space-time geom-
etry or the fixed, classical, electromagnetic field with which the charged scalar field interacts. 
Therefore our results are applicable, not only to black hole space-times, but also to scalar QED 
on cosmological space-times, for which the RSET has recently been computed using adiabatic 
regularization in two [55] and four [56] space-time dimensions.

The renormalization of the stress-energy tensor for a charged quantum scalar field has 
been previously considered in four space-time dimensions within the framework of DeWitt–
Schwinger regularization in early work by Boulware [57] and subsequently by Herman and 
Hiscock [58]. Generalizing the methodology of [13, 14], Herman and Hiscock derive the 
quartic, quadratic, linear, logarithmic and finite renormalization counterterms required for the 
computation of the RSET, together with the linear and finite renormalization counterterms 
needed in computing the renormalized expectation value of the current operator 〈Ĵµ〉ren. This 
latter expectation value governs the back-reaction of the charged quantum scalar field on the 
classical electromagnetic field via the semiclassical Maxwell equations

∇µFµν = 4π〈Ĵν〉ren� (1.2)

where Fµν is the electromagnetic field, ∇µ the space-time covariant derivative and we are  
using Gaussian units. The analysis in [58] uses the Hadamard function G(1)(x, x′) =
〈Φ̂(x)Φ̂∗(x′) + Φ̂∗(x′)Φ̂(x)〉 where a star * denotes the complex conjugate. The Hadamard 
function G(1)(x, x′) is related to the Feynman propagator GF(x, x′) by the relation 
GF(x, x′) = G(x, x′)− 1

2 iG(1)(x, x′), where G(x, x′) is one half the sum of the advanced and 
retarded Green’s functions. We emphasise that the Hadamard elementary function G(1)(x, x′) 
is not the same as the Hadamard representation of the Feynman Green’s function GF(x, x′), 
which is our focus in this paper. A method for computing the imaginary part of G(1)(x, x′) in 
a Euclideanized static, spherically symmetric space-time is developed in [59]. More recently, 
the Seeley–DeWitt coefficients for a charged scalar field appearing in the DeWitt–Schwinger 
expansion have been studied in an alternative approach using heat kernel methods [60, 61].
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The outline of this paper is as follows. In section 2, we give the Hadamard parametrix 
of the Feynman Green’s function for a massive complex charged scalar field with arbitrary 
coupling to the curvature and in arbitrary space-time dimensions, in terms of sesquisymmetric 
biscalars U(x, x′), V(x, x′) and W(x, x′), which have power series expansions in the square of 
the geodesic distance between the space-time points. The recurrence relations satisfied by the 
expansion coefficients (which are themselves biscalars) are derived in section 3, and solved 
explicitly for two, three and four space-time dimensions, up to the order required for the com-
putation of the RSET. Expressions for the renormalized expectation values of the current and 
RSET are found in section 4 in terms of quantities which depend on the quantum state of the 
field. We compare our results with those arising from other approaches to regularization in 
section 5. Section 6 contains our conclusions and discussion.

2.  Feynman Green’s function for a charged scalar field

In d space-time dimensions, we consider a massive, charged, complex scalar field Φ of mass 
m and charge q satisfying the equation

[
DµDµ − m2 − ξR

]
Φ = 0� (2.1)

where Dµ = ∇µ − iqAµ is the covariant derivative, with Aµ the electromagnetic potential; R 
is the Ricci scalar curvature and ξ a coupling constant. Throughout this paper the metric has 
signature (−,+, . . . ,+). If ξ = 0 the scalar field is minimally coupled to the Ricci scalar cur-
vature and, in d space-time dimensions, the scalar field is conformally coupled to the curvature 
if ξ = ξc, where

ξc =
d − 2

4 (d − 1)
.� (2.2)

We assume that the scalar field has been quantized but that the electromagnetic field and 
space-time metric remain classical. The scalar field is assumed to be in a Hadamard state 
(this is a reasonable assumption for physical states [62]). We consider the Feynman Green’s 
function GF(x, x′) for this state, which is given by the expectation value of the time-ordered 
product

−iGF(x, x′) =
〈

T
[
Φ̂(x)Φ̂†(x′)

]〉
� (2.3)

where Φ̂† denotes the adjoint field operator (which is not equal to Φ̂ for a complex scalar 
field). The Feynman Green’s function GF(x, x′) is a biscalar function of the distinct space-time 
points x and x′ and satisfies the inhomogeneous scalar field equation

[
DµDµ − m2 − ξR

]
GF(x, x′) = − [−g(x)]−

1
2 δd(x − x′)� (2.4)

where g(x) is the determinant of the space-time metric and δd(x − x′) is the d-dimensional 
Dirac delta function. We assume henceforth that the space-time point x′ lies within a normal 
neighbourhood of the point x, so that there is a unique geodesic connecting the two points.

Our assumption that the quantum state of the scalar field is Hadamard dictates the form 
of the Feynman propagator GF(x, x′) for closely separated points, depending on the number 
of space-time dimensions. In all cases the Hadamard expansion of GF(x, x′) depends on the 
geodetic interval σ(x, x′), which is one-half the square of the geodesic distance between x and 
x′, and satisfies the equation
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2σ = gµνσ;µσ;ν� (2.5)

where we use a semicolon ; to denote a space-time covariant derivative, that is σ;µ = ∇µσ. 
Depending on the number of space-time dimensions, the Feynman propagator will depend 
on two or three biscalars, which we denote U(x, x′), V(x, x′) and W(x, x′) in accordance with 
standard notation [25], and which are regular in the limit x′ → x . In the list below we give 
the form of the Feynman propagator in terms of U(x, x′), V(x, x′), W(x, x′) and σ(x, x′) for 
different numbers of space-time dimensions, and also the expansions of U(x, x′), V(x, x′) and 
W(x, x′) in terms of powers of σ. In each case we include a factor iε as ε → 0+ to ensure that 
the singularity structure of GF(x, x′) is consistent with the definition of the Feynman propaga-
tor as a time-ordered product. We use a superscript of the form (d) to denote the number of 
space-time dimensions d.

		 d  =  2 �In two space-time dimensions, the Hadamard form of the Feynman propagator is

−iG(2)
F (x, x′) = α(2)

{
V(2)(x, x′) ln

[
σ(x, x′)

�2 + iε
]
+ W(2)(x, x′)

}
,� (2.6)

		 where

α(2) =
1

4π
� (2.7)

		 and the biscalars V(2)(x, x′) and W(2)(x, x′) can be written as power series in the geodetic 
interval σ:

V(2)(x, x′) =
∞∑

n=0

V(2)
n (x, x′)σn(x, x′),� (2.8a)

W(2)(x, x′) =
∞∑

n=0

W(2)
n (x, x′)σn(x, x′).� (2.8b)

		 d  =  2p , p   >  1 When the number of space-time dimensions is even and greater than two, 
so that d  =  2p  with p = 2, 3, . . ., the Hadamard expansion of the Feynman propagator 
takes the form

−iG(2p)
F (x, x′) = α(2p)

{
U(2p)(x, x′)

[σ(x, x′) + iε] p−1

+V(2p)(x, x′) ln
[
σ(x, x′)

�2 + iε
]
+ W(2p)(x, x′)

}
,

�

(2.9)

		 where

α(2p) =
Γ ( p − 1)
2 (2π) p� (2.10)

		 and the expansions of U(2p)(x, x′), V(2p)(x, x′) and W(2p)(x, x′) in powers of σ(x, x′) are 
now

U(2p)(x, x′) =
p−2∑
n=0

U(2p)
n (x, x′)σn(x, x′),� (2.11a)
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V(2p)(x, x′) =
∞∑

n=0

V(2p)
n (x, x′)σn(x, x′),� (2.11b)

W(2p)(x, x′) =
∞∑

n=0

W(2p)
n (x, x′)σn(x, x′).� (2.11c)

		 d  =  2p   +  1 When the number of space-time dimensions is odd, d  =  2p   +  1 with 
p = 0, 1, 2, . . ., the Feynman propagator has the Hadamard form

−iG(2p+1)
F (x, x′) = α(2p+1)

{
U(2p+1)(x, x′)

[σ(x, x′) + iε] p− 1
2
+ W(2p+1)(x, x′)

}
,� (2.12)

		 where

α(2p+1) =
Γ
(

p − 1
2

)

2 (2π) p+ 1
2

� (2.13)

		 and

U(2p+1)(x, x′) =
∞∑

n=0

U(2p+1)
n (x, x′)σn(x, x′),� (2.14a)

		

W(2p+1)(x, x′) =
∞∑

n=0

W(2p+1)
n (x, x′)σn(x, x′).� (2.14b)

The quantity � introduced in the Feynman Green’s functions (2.6), (2.9) for even space-time 
dimensions is an arbitrary length scale, required to ensure that the argument of the loga-
rithm is dimensionless. Both the Hadamard parametrices (2.6), (2.9), (2.12) and the general 
forms of the power series expansions of U(x, x′), V(x, x′) and W(x, x′) (2.8), (2.11), (2.14) are 
unchanged from those for a neutral scalar field [25] because including the gauge potential Aµ 
does not alter the principal part of the PDE (2.4).

There is one significant difference in the Feynman Green’s function G(d)
F (x, x′) and 

Hadamard parametrices for a charged complex scalar field compared to a real neutral scalar 
field considered in [25]. For a real neutral scalar field, both the Feynman Green’s function 

G(d)
F (x, x′) and the Hadamard coefficients U(d)(x, x′), V(d)(x, x′) and W(d)(x, x′) are real sym-

metric biscalars. However, for the complex charged scalar field, these will be complex ses-
quisymmetric biscalars [63], satisfying the symmetry relation

K(x, x′) = K∗(x′, x).� (2.15)

The condition (2.15) will also be satisfied by the Hadamard expansion coefficients U(d)
n (x, x′), 

V(d)
n (x, x′) and W(d)

n (x, x′). Now consider a general symmetric sesquisymmetric biscalar K(x, x′) 
satisfying (2.15), and suppose that this has a covariant Taylor series expansion of the form

K(x, x′) = k0(x) + k1µ(x)σ;µ + k2µν(x)σ;µσ;ν + k3µνλ(x)σ;µσ;νσ;λ + . . . ,
� (2.16)
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where the coefficients k0, k1µ, k2µν and k3µνλ are complex and depend only on the space-time 
point x. From (2.15), the real part of K(x, x′) is a symmetric biscalar. This means that k0(x) 
must be real and that the real parts of k1µ and k3µνλ are fixed to be [64–66]:

� [k1µ] = −1
2

k0;µ� (2.17a)

� [k3µνλ] = −1
2
�
[
k2(µν;λ)

]
+

1
24

k0;(µνλ).� (2.17b)

In addition, we find that the imaginary part of k2µν is also fixed by (2.15):

� [k2µν ] =
1
4i

[
k0;µν + 2k∗1(µ;ν)

]
= −1

2
�
[
k1(µ;ν)

]
� (2.18)

where we have simplified using (2.17). In (2.17), (2.18), we have used the notation �[k] to 
denote the real part and �[k] the imaginary part of the quantity k.

3.  Hadamard coefficients

While the Hadamard expansion of the Feynman propagator is the same for a charged as for an 

uncharged scalar field, it is anticipated that the form of the Hadamard coefficients U(d)
n (x, x′), 

V(d)
n (x, x′) and W(d)

n (x, x′) will be changed by the introduction of the electromagnetic potential 
Aµ into the scalar field equation (2.4). In this section we derive the recurrence relations satis-
fied by the Hadamard coefficients, and give their explicit forms for d  =  2, 3 and 4 to the order 
required for the renormalization of the stress-energy tensor.

To derive the recurrence relations, we make use of (2.5) for the geodetic distance. In addi-
tion, the recurrence relations involve the Van Vleck–Morette determinant ∆(x, x′), a regular 
biscalar defined by

∆(x, x′) = − [−g(x)]−
1
2 det [−σ;µν′(x, x′)] [−g(x′)]−

1
2� (3.1)

where a subscript ; ν′ denotes the space-time covariant derivative ∇ν′ with respect to the 
space-time point x′. The Van Vleck–Morette determinant is related to the D’Alembertian of 
the geodetic interval by

∇µ∇µσ = d − 2∆− 1
2 ∆

1
2
;µσ

;µ,� (3.2)

which simplifies the recurrence relations.

The recurrence relations that we derive below for the Hadamard coefficients U(d)
n (x, x′) 

and V(d)
n (x, x′) can, at least in principle, be solved by integrating along the unique geodesic 

connecting the space-time points x and x′. As a result, these Hadamard coefficients are unique 
and determined by the space-time geometry, the background electromagnetic potential Aµ and 
the parameters q, ξ and m appearing in the charged scalar field equation (2.4). In particular, 
they do not depend on the state of the quantum scalar field, a point which is crucial for the 
process of Hadamard renormalization (see section 4). In contrast, the Hadamard coefficients 
W(d)

n (x, x′) are not uniquely specified and the Hadamard coefficient W(d)
0 (x, x′) is completely 

undetermined by the recurrence relations. If this coefficient were known, then the recurrence 

relations could (in theory) be solved for the coefficients W(d)
n (x, x′) with n � 1 by integrat-

ing along the unique geodesic connecting x and x′. The undetermined Hadamard coefficient 
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W(d)
0 (x, x′) depends on the state of the quantum scalar field as well as the space-time geometry 

and the electromagnetic potential (which we are regarding as fixed and purely classical).
Solving the recurrence relations by integrating along a geodesic is possible in practice 

only for space-times possessing a high degree of symmetry. For a general space-time and 
background electromagnetic potential, closed form expressions for the purely geometric 

Hadamard coefficients U(d)
n (x, x′), V(d)

n (x, x′) cannot be derived. When performing renormali-
zation (as we shall discuss in section 4), it is therefore useful to have covariant Taylor series 

expansions of the Hadamard coefficients U(d)
n (x, x′), V(d)

n (x, x′) (where applicable) in terms of 
σ;µ. We write these covariant Taylor series expansions as follows:

U(d)
n (x, x′) =

∞∑
j=0

U(d)
njα1...αj

(x)σ;α1(x, x′) . . . σ;αj(x, x′),� (3.3a)

V(d)
n (x, x′) =

∞∑
j=0

V(d)
njα1...αj

(x)σ;α1(x, x′) . . . σ;αj(x, x′),� (3.3b)

where the U(d)
nj , V(d)

nj  are symmetric tensors of type (0, j) defined at the space-time point x. To 

find the U(d)
nj , V(d)

nj , we will require the covariant Taylor series expansions of the quantities 
σ;µν, the square root of the Van Vleck–Morette determinant ∆

1
2  and ∆− 1

2 ∆
1
2
;µσ;µ, which can 

be found in [67]. To the order we require, the expansion for σ;µν is

σ;µν = gµν − 1
3

Rµα1να2σ
;α1σ;α2 +

1
12

Rµα1να2;α3σ
;α1σ;α2σ;α3

−
[

1
60

Rµα1να2;α3α4 +
1

45
Rµα1ρα2 Rρ

α3να4

]
σ;α1σ;α2σ;α3σ;α4

+ . . . ,

�

(3.4)

while that for ∆
1
2  is

∆
1
2 = 1 +

1
12

Rα1α2σ
;α1σ;α2 − 1

24
Rα1α2;α3σ

;α1σ;α2σ;α3

+

[
1

80
Rα1α2;α3α4 +

1
360

Rρ
α1τα2 Rτ

α3ρα4

+
1

288
Rα1α2 Rα3α4

]
σ;α1σ;α2σ;α3σ;α4 + . . . ,

�

(3.5)

and finally for ∆− 1
2 ∆

1
2
;µσ;µ we have

∆− 1
2 ∆

1
2
;µσ

;µ =
1
6

Rα1α2σ
;α1σ;α2 − 1

24
Rα1α2;α3σ

;α1σ;α2σ;α3

+

[
1

120
Rα1α2;α3α4 +

1
90

Rρ
α1τα2 Rτ

α3ρα4

]
σ;α1σ;α2σ;α3σ;α4

+ . . . .

�

(3.6)

In deriving the covariant Taylor series expansions of the Hadamard coefficients, we will not 
assume the field equations for either the space-time curvature or the gauge field. The gauge 
field strength Fµν  is defined by

Fµν = ∇µAν −∇νAµ.� (3.7)
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The calculations below make use of the identity

∇µ∇νFµν = 0,� (3.8)

which follows from the definition of the Ricci tensor and the antisymmetry of the gauge field 
strength Fµν .

3.1.  d  =  2

3.1.1.  Recurrence relations for d  =  2.  To find the recurrence relations for the coefficients 
V(2)

n (x, x′), we substitute the Hadamard parametrix (2.6) into the inhomogeneous scalar field 
equation (2.4). From the resulting terms proportional to log

[
σ/�2 + iε

]
, we find that the bis-

calar V(2)(x, x′) satisfies the homogeneous scalar field equation (2.1):

0 =
[
DµDµ −

(
m2 + ξR

)]
V(2),� (3.9)

while the remaining terms in the inhomogeneous scalar field equation (2.4) yield

0 = σ
[
DµDµ −

(
m2 + ξR

)]
W(2) + 2

[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

V(2).� (3.10)

We now substitute the power series expansions (2.8) into (3.9), (3.10) and compare coeffi-
cients. The O(σ0) terms in (3.10) give

0 =
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

V(2)
0 .� (3.11)

In order that the leading-order singularity in the Hadamard parametrix (2.6) matches that in 

Minkowski space-time, it must be the case that V(2)
0 (x, x′) satisfies the boundary condition [25]

V(2)
0 (x, x) = −1.� (3.12)

The recurrence relation satisfied by the coefficients V(2)
n  is derived from (3.9) and takes the 

form

0 =
[
DµDµ −

(
m2 + ξR

)]
V(2)

n

+ 2 (n + 1)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + (1 + n)
]

V(2)
n+1,

�
(3.13)

for n = 0, 1, . . .. Finally, the higher-order terms in (3.10) give the following relation between 
the coefficients W(2)

n  and V(2)
n

0 =
[
DµDµ −

(
m2 + ξR

)]
W(2)

n

+ 2 (n + 1)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + (1 + n)
]

W(2)
n+1

+ 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + 2 (1 + n)
]

V(2)
n+1.

�

(3.14)

3.1.2.  Expansions for d  =  2.  The recurrence relations (3.13) together with the conditions 

(3.11) and (3.12) uniquely determine the coefficients V(2)
n (x, x′). For a neutral scalar field, 

V(2)
0 (x, x′) is identically equal to −∆

1
2 (x, x′) [25], but the presence of the gauge potential Aµ 

in the covariant derivative in (3.11) modifies V(2)
0 (x, x′) in the case where the scalar field is 

charged. We therefore consider the covariant Taylor series expansions (3.3b) of the coefficients 
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V(2)
n (x, x′). To find the RSET, it is sufficient to compute V(2)

0  up to O(σ) and V(2)
1  to zeroth 

order.
These expansions are known for a neutral scalar field [25], so we just need to find the cor-

rections due to the gauge field potential Aµ. Since the relations (3.11), (3.13) are linear in the 
coefficients V(2)

n , we write

V(2)
0 = −∆

1
2 + Ṽ(2)

0 .� (3.15)

Substituting in (3.11), the equation satisfied by the correction Ṽ(2)
0  is

0 =
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

Ṽ(2)
0 + iqAµσ

;µ∆
1
2 .� (3.16)

The boundary condition (3.12) implies that Ṽ(2)
00 = 0, and then from (3.16) we have

Ṽ(2)
01µ = −iqAµ,� (3.17a)

Ṽ(2)
02µν =

iq
2
∇(µAν) +

q2

2
AµAν =

iq
2

D(µAν).� (3.17b)

Combining these with the expansion (3.5) for ∆
1
2  and using the fact that, in two dimensions, 

the Ricci tensor and scalar are related by

Rµν =
R
2

gµν ,� (3.18)

we have

V(2)
00 = −1,� (3.19a)

V(2)
01µ = −iqAµ,� (3.19b)

V(2)
02µν = − 1

24
Rgµν +

iq
2

D(µAν).� (3.19c)

We see that corrections to V(2)
0  due to the electromagnetic potential arise at O(σ

1
2 ). The lead-

ing order corrections due to Aµ are independent of the space-time metric and therefore arise 

in flat Minkowski space-time as well as curved space-time. At O(σ) in V(2)
0 , the corrections 

due to the electromagnetic potential do now depend on the metric via the covariant derivative. 
Bearing in mind that the electromagnetic potential Aµ is real, it is straightforward to check 

that �[V(2)
01µ] satisfies the condition (2.17a) and �[V(2)

02µν ] satisfies (2.18).
The next coefficient, V(2)

1 , is found from the recurrence relation (3.13) with n  =  0. Since the 
form of this coefficient, V(2)

1 , is known for a neutral scalar field [25], we write

V(2)
1 = V(2)

1 + Ṽ(2)
1 ,� (3.20)

where the correction Ṽ(2)
1  due to the gauge potential satisfies the equation

0 =
[
DµDµ −

(
m2 + ξR

)]
Ṽ(2)

0 + 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + 1
]

Ṽ(2)
1

− 2iqσ;µAµV(2)
1 +

[
2iqAµ∇µ + iq (∇µAµ) + q2AµAµ

]
∆

1
2 .

�
(3.21)

To find the RSET, we only require the zeroth order term in Ṽ(2)
1 , which is found to vanish
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Ṽ(2)
10 = 0,� (3.22)

and thus

V(2)
10 = V(2)

10 = −1
2

[
m2 +

(
ξ − 1

6

)
R
]

.� (3.23)

Therefore, to leading order, the electromagnetic potential Aµ has no effect on V(2)
1 .

3.2.  d  >  2 even

3.2.1.  Recurrence relations for general d  =  2p , p   >  1.  Substituting the Hadamard expan-
sion (2.9), (2.11) into the inhomogeneous scalar field equation (2.4) and comparing coeffi-

cients of the various powers of σ, we find recurrence relations for the coefficients U(2p)
n (x, x′), 

V(2p)
n (x, x′) and W(2p)

n (x, x′).
The equation for U(2p)

0  is derived from the O
(
[σ + iε]−p

)
 term in the inhomogeneous sca-

lar field equation (2.4), and takes the form

0 =
[
∆− 1

2 ∆
1
2
;µσ

;µ − σ;µDµ

]
U(2p)

0 .� (3.24)

In order that the leading-order singularities in the Hadamard parametrix (2.9) match those in 

Minkowski space-time, it must be the case that U(2p)
0  satisfies the boundary condition [25]

U(2p)
0 (x, x) = 1.� (3.25)

Due to the terms containing the electromagnetic potential Aµ, it is not the case that U(2p)
0  is 

equal to ∆
1
2  as for a neutral scalar field. Since the equation for U(2p)

0  is linear, we can write

U(2p)
0 = ∆

1
2 + Ũ(2p)

0 ,� (3.26)

and then Ũ(2p)
0  satisfies the equation

[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

Ũ(2p)
0 = iqAµσ

;µ∆
1
2 .� (3.27)

Terms in the inhomogeneous scalar field equation of order [σ + iε]−p+n+1 for n = 0, 1, . . . p − 3 
give the following recurrence relations for the Hadamard coefficients U(2p)

n (x, x′)

0 =
[
DµDµ −

(
m2 + ξR

)]
U(2p)

n

− 2 (n + 2 − p)
[
∆− 1

2 ∆
1
2
;µσ

;µ − σ;µDµ − (n + 1)
]

U(2p)
n+1 ,

�
(3.28)

for n = 0, . . . , p − 3.
The biscalar V(2p)(x, x′) satisfies the homogeneous scalar field equation, derived from the 

terms in the inhomogeneous scalar field equation proportional to log
[
σ/�2 + iε

]
:

0 =
[
DµDµ −

(
m2 + ξR

)]
V(2p)(x, x′)� (3.29)

and its expansion coefficients are governed by the recurrence relations
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0 =
[
DµDµ −

(
m2 + ξR

)]
V(2p)

n

+ 2 (n + 1)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + ( p + n)
]

V(2p)
n+1 ,

�
(3.30)

for n = 1, 2, . . .. The term of order [σ + iε]−1 in the inhomogeneous scalar field equation (2.4) 

gives the boundary condition for V(2p)
0 :

0 =
[
DµDµ −

(
m2 + ξR

)]
U(2p)

p−2

+ 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + ( p − 1)
]

V(2p)
0 .

�
(3.31)

By considering the terms in the inhomogeneous scalar field equation  (2.4) which are 

O
(
[σ + iε]k

)
 for k = −1, 0, 1, 2, . . ., we find that the biscalars V(2p)(x, x′) and W(2p)(x, x′) 

are related via

0 =
[
DµDµ −

(
m2 + ξR

)]
U(2p)

p−2 + σ
[
DµDµ −

(
m2 + ξR

)]
W(2p)

+ 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + ( p − 1)
]

V(2p).
�

(3.32)

The O
(
σ0

)
 contribution to (3.32) is simply equation  (3.31) for the Hadamard coefficient 

V(2p)
0 (x, x′). The recurrence relations for the coefficients W(2p)

n (x, x′) are found from the 

O
(
[σ + iε]n+1

)
 contributions to (3.32) and are given by

0 =
[
DµDµ −

(
m2 + ξR

)]
W(2p)

n

+ 2 (n + 1)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + (n + p)
]

W(2p)
n+1

+ 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + (2n + 1 + p)
]

V(2p)
n+1 .

�

(3.33)

3.2.2.  Expansions for d  =  4.  We begin by finding the covariant Taylor series expansion of 

Ũ(4)
0  using the governing equation (3.27):

Ũ(4)
00 = 0;� (3.34a)

Ũ(4)
01µ = iqAµ;� (3.34b)

Ũ(4)
02µν = −1

2
iq∇(µAν) −

1
2

q2AµAν ;� (3.34c)

Ũ(4)
03µνλ =

1
6

iq∇(µ∇νAλ) +
1

12
iqR(µνAλ) +

1
2

q2A(µ∇νAλ)

− 1
6

iq3AµAνAλ;
� (3.34d)

Ũ(4)
04µνλτ = − 1

24
iqA(µ∇νRλτ) −

1
24

iqR(µν∇λAτ) −
1
24

iq∇(µ∇ν∇λAτ)

− 1
8

q2 (∇(µAν

) (
∇λAτ)

)
− 1

24
q2R(µνAλAτ) −

1
6

q2A(µ∇ν∇λAτ)

+
1
4

iq3A(µAν∇λAτ) +
1
24

q4AµAνAλAτ .
�

(3.34e)

V Balakumar and E Winstanley﻿Class. Quantum Grav. 37 (2020) 065004



13

Combining these with the expansion of ∆
1
2  (3.5), and simplifying, we find compact expres-

sions in terms of the covariant derivative:

U(4)
00 = 1;� (3.35a)

U(4)
01µ = iqAµ;� (3.35b)

U(4)
02µν =

1
12

Rµν − iq
2

D(µAν);� (3.35c)

U(4)
03µνλ = − 1

24
R(µν;λ) +

iq
6

D(µDνAλ) +
iq
12

A(µRνλ);� (3.35d)

U(4)
04µνλτ =

1
80

R(µν;λτ) +
1

360
Rρ

(µ|ψ|νRψ
λ|ρ|τ) +

1
288

R(µνRλτ)

− iq
24

D(µDνDλAτ) −
iq
24

D(µ

[
AνRλτ)

]
.

�

(3.35e)

As in d  =  2, we find corrections to U(4)
0  due to the electromagnetic potential at O(σ

1
2 ), and the 

leading-order corrections due to Aµ are independent of the space-time metric. Terms involving 
coupling between the electromagnetic potential and the Ricci curvature arise at O(σ

3
2 ). It is 

straightforward to check that �[U(4)
02µν ] satisfies (2.18), while (2.17) also holds.

To find V(4)
0 , we proceed in a similar way and write

V(4)
0 = V(4)

0 + Ṽ(4)
0 ,� (3.36)

where V(4)
0  is the form of V(4)

0  for an uncharged scalar field, as given in [25]. Then the equa-
tion satisfied by Ṽ(4)

0  is

2
[
σ;µ∇µ −∆− 1

2 ∆
1
2
;µσ

;µ − iqAµσ
;µ + 1

]
Ṽ(4)

0 +
[
DµDµ −

(
m2 + ξR

)]
Ũ(4)

0

= 2iqAµσ
;µV(4)

0 +
[
2iqAµ∇µ + iq (∇µAµ) + q2AµAµ

]
∆

1
2 .

� (3.37)

As an intermediate step, we can write DµDµŨ(4)
0  in the form

DµDµŨ(4)
0 = iqDµAµ +

[
6gαβŨ(4)

03αβµ − iqDαDµAα +
iq
3

AαRαµ

]
σ;µ

+
[
12gαβŨ(4)

04αβµν + 6DαŨ(4)
03αµν + DαDαŨ(4)

02µν

+
2
3

Ũ(4)
02α(µRν)

α − iq
12

AαRα(µ;ν) −
iq
4

AβRβ(µ|α|ν)
;α
]
σ;µσ;ν

+ . . . .

�

(3.38)
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This simplifies to

DµDµŨ(4)
0 = iqDµAµ +

iq
3

[
AαRαµ +

1
2

RAµ +∇αFαµ

]
σ;µ

+

[
iq
12

RµνDαAα − iq
12

RD(µAν) +
iq
12

AαRµν;α

− iq
6

AαRα(µ;ν) +
q2

4
Fα

µFνα +
iq
12

∇α∇(µFν)α

+
q2

3
A(µ∇αFν)α − iq

12
Rα

(µFν)α

]
σ;µσ;ν + . . .

�

(3.39)

The covariant Taylor series expansion of Ṽ(4)
0  is then

Ṽ(4)
00 = 0;� (3.40a)

Ṽ(4)
01µ =

iq
2

[
m2 +

(
ξ − 1

6

)
R
]

Aµ − iq
12

∇αFαµ;� (3.40b)

Ṽ(4)
02µν = − iq

4

[
m2 +

(
ξ − 1

6

)
R
]

D(µAν) −
iq
4

(
ξ − 1

6

)
A(µR;ν)

− q2

24
Fα

µFνα − q2

12
A(µ∇αFν)α − iq

24
∇(µ∇αFν)α.

�

(3.40c)

Combining these with the expansion of V(4)
0  given in [25], we have

V(4)
00 =

1
2

[
m2 +

(
ξ − 1

6

)
R
]

;� (3.41a)

V(4)
01µ = −1

4

(
ξ − 1

6

)
R;µ +

iq
2

[
m2 +

(
ξ − 1

6

)
R
]

Aµ

− iq
12

∇αFαµ;
�

(3.41b)

V(4)
02µν =

1
24

[
m2 +

(
ξ − 1

6

)
R
]

Rµν +
1

12

(
ξ − 3

20

)
R;µν − 1

240
�Rµν

+
1

180
Rα

µRαν − 1
360

RαβRαµβν − 1
360

Rαβγ
µRαβγν

− iq
4

[
m2 +

(
ξ − 1

6

)
R
]

D(µAν) −
iq
4

(
ξ − 1

6

)
A(µR;ν)

− q2

24
Fα

µFνα − q2

12
A(µ∇αFν)α − iq

24
∇(µ∇αFν)α.

�

(3.41c)

The leading order form of V(4)
0  is therefore, as in d  =  2, unaffected by the presence of the 

gauge potential Aµ. At O(σ
1
2 ), as well as corrections due to the potential Aµ, the electro

magnetic field strength Fµν  also arises, with couplings between the gauge potential and cur-

vature appearing at O(σ1). Again, the coefficients in the covariant Taylor series expansion of 

V(4)
0  satisfy (2.17a), (2.18).
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Similarly, we write V(4)
1  as

V(4)
1 = V(4)

1 + Ṽ(4)
1 ,� (3.42)

where V(4)
1  is the form of V(4)

1  for an uncharged scalar field, as given in [25]. The equation sat-
isfied by Ṽ(4)

1  is

2
[
σ;µ∇µ −∆− 1

2 ∆
1
2
;µσ

;µ − iqAµσ
;µ + 2

]
Ṽ(4)

1 +
[
DµDµ −

(
m2 + ξR

)]
Ṽ(4)

0

= 2iqAµσ
;µV(4)

1 +
[
2iqAµ∇µ + iq (∇µAµ) + q2AµAµ

]
V(4)

0 .
� (3.43)

Only the zeroth order term in Ṽ(4)
1  is needed for a computation of the RSET in d  =  4. We find 

that this is given by

Ṽ(4)
10 = − q2

48
FαβFαβ .� (3.44)

Combining this with the expression for V(4)
1  from [25], we have

V(4)
10 =

1
8

[
m2 +

(
ξ − 1

6

)
R
]2

− 1
24

(
ξ − 1

5

)
�R − 1

720
RαβRαβ

+
1

720
RαβγδRαβγδ −

q2

48
FαβFαβ .

�

(3.45)

Here there is a correction due to the electromagnetic field strength at leading order. This cor-
rection will be important in section 4.5 where we consider the trace anomaly.

3.3.  d odd

3.3.1.  Recurrence relations for general d  =  2p   +  1.  The recurrence relations satisfied by the 
coefficients in the power series expansions (2.14) for odd numbers of space-time dimensions 
are derived in a similar way to those for even space-time dimensions. First we substitute 
the Hadamard parametrix (2.12) into the inhomogeneous scalar field equation (2.4). Due to 
the fractional power of σ in (2.12), the resulting equation  consists of two parts. The first 
involves only integer powers of σ and shows that W(2p +1) satisfies the homogeneous scalar 
field equation

0 =
[
DµDµ −

(
m2 + ξR

)]
W(2p+1),� (3.46)

while the second involves noninteger powers of σ and gives the equation satisfied by U(2p +1), 
namely

0 = σ
[
DµDµ −

(
m2 + ξR

)]
U(2p+1)

− (2p − 1)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

U(2p+1).
� (3.47)

Substituting the power series expansion (2.14) for U(2p +1) into (3.47), the O(σ0) term gives 

the equation satisfied by U(2p+1)
0 :

0 =
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ
]

U(2p+1)
0 ,� (3.48)
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while the coefficient of σn+1 yields the recurrence relation

0 =
[
DµDµ −

(
m2 + ξR

)]
U(2p+1)

n

+ (2n + 3 − 2p)
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + (n + 1)
]

U(2p+1)
n+1 .

�
(3.49)

The boundary condition satisfied by U(2p+1)
0  is [25]

U(2p+1)
0 (x, x) = 1.� (3.50)

3.3.2.  Expansions for d  =  3.  We first note that the equation (3.48) and boundary condition 

(3.50) satisfied by U(2p+1)
0  are identical to those (3.24) and (3.25) satisfied by U(2p)

0 . Therefore 
the expansion of U(3)

0  is the same as that of U(4)
0 , and the terms required to calculate the RSET 

are:

U(3)
00 = 1;� (3.51a)

U(3)
01µ = iqAµ;� (3.51b)

U(3)
02µν =

1
12

Rµν − iq
2

D(µAν);� (3.51c)

U(3)
03µνλ = − 1

24
R(µν;λ) +

iq
6

D(µDνAλ) +
iq
12

A(µRνλ).� (3.51d)

In d  =  3, we also require U(3)
1  to O(σ;µ) in order to find the RSET. The equation satisfied by 

U(3)
1  is

0 =
[
DµDµ −

(
m2 + ξR

)]
U(3)

0 +
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + 1
]

U(3)
1 .� (3.52)

This is very similar to the equation (3.31) for V(4)
0  in four dimensions:

0 =
[
DµDµ −

(
m2 + ξR

)]
U(4)

0 + 2
[
σ;µDµ −∆− 1

2 ∆
1
2
;µσ

;µ + 1
]

V(4)
0 .� (3.53)

We can therefore easily deduce the expansion of U(3)
1  from that (3.41) of V(4)

0 . The terms 
required for the computation of the RSET are therefore

U(3)
10 = m2 +

(
ξ − 1

6

)
R,� (3.54a)

U(3)
11µ = −1

2

(
ξ − 1

6

)
R;µ + iq

[
m2 +

(
ξ − 1

6

)
R
]

Aµ − iq
6
∇αFαµ.� (3.54b)

4.  Renormalized expectation values

In (2.6), (2.9), (2.12) we have written down the Hadamard parametrix for the Feynman Green’s 
function GF(x, x′), which depends on three sesquisymmetric biscalars U(d)(x, x′), V(d)(x, x′) 
and W(d)(x, x′). For a neutral scalar field, the biscalars U(d)(x, x′) and V(d)(x, x′) are purely 
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geometric and are uniquely determined by the space-time geometry. Here we are considering 
a charged scalar field interacting not only with the space-time geometry but also with a fixed, 
background, purely classical electromagnetic field. As a result, the biscalars U(d)(x, x′) and 
V(d)(x, x′) depend on the electromagnetic potential as well as the space-time metric, but they 
are still uniquely determined by the recurrence relations derived in the previous section.

The part of the Feynman Green’s function which is divergent in the coincidence limit is 
GS(x, x′), where we define

−iGS(x, x′) =





α(2)V(2)(x, x′) ln
[
σ(x, x′)

�2 + iε
]

d = 2,

α(2p)

{
U(2p)(x, x′)

[σ(x, x′) + iε] p−1 + V(2p)(x, x′) ln
[
σ(x, x′)

�2 + iε
]}

d = 2p,

α(2p+1) U(2p+1)(x, x′)

[σ(x, x′) + iε] p− 1
2

d = 2p + 1.

� (4.1)

Since GS(x, x′) depends only on the biscalars U(d)(x, x′) and V(d)(x, x′), it is uniquely deter-
mined by the background space-time and electromagnetic potential, and takes the same form 
independent of the quantum state of the scalar field. In this section we turn to the construction 
of renormalized expectation values of the scalar field condensate, current and stress-energy 
tensor. We first subtract the divergent GS(x, x′) from the Feynman Green’s function GF(x, x′) 
to give a regularized Green’s function GR(x, x′), which takes the form

−iGR(x, x′) = −i [GF(x, x′)− GS(x, x′)] = α(d)W(d)(x, x′)� (4.2)

for any number of space-time dimensions d. The renormalized current and RSET will be given 
by applying appropriate differential operators to −iGR(x, x′) and then taking the coincidence 
limit x′ → x . In this section we first derive some useful identities for the biscalar W(d)(x, x′), 
before turning our attention to the renormalized expectation values themselves. We emphasize 
that the biscalar W(d)(x, x′), and therefore the regularized Green’s function GR(x, x′) are not 
uniquely determined by the background geometry and electromagnetic potential, and depend 
on the details of the quantum state of the scalar field. This means that the expectation values 
we study in this section will also depend on the quantum state of the field. Our discussion in 
this section is for a general space-time and background electromagnetic potential. We there-
fore do not specify a quantum state for the field, and as a consequence the biscalar W(d)(x, x′) 
will remain undetermined in our analysis. We focus on general properties of the renormalized 
expectation values arising from Hadamard renormalization. In practical applications, a par
ticular space-time, electromagnetic potential and quantum state will be specified, which will 
enable W(d)(x, x′), and therefore renormalized expectation values, to be computed explicitly 
using the results presented in this section.

4.1.  Properties of the biscalar W (d)(x , x ′)

The biscalar W(d)(x, x′) appearing in the Hadamard parametrix (2.6), (2.9), (2.12) cannot 
be uniquely determined from recurrence relations derived in section 3, and depends on the 
quantum state under consideration as well as the background geometry and electromagnetic 
potential. We therefore leave this biscalar undetermined, but are able nonetheless to derive 
some of its properties. Following [25], we write W(d)(x, x′) as a covariant Taylor series expan-
sion in the form
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W(d)(x, x′) = w(d)
0 (x) + w(d)

1µ (x)σ
;µ + w(d)

2µν(x)σ
;µσ;ν + w(d)

3µνλ(x)σ
;µσ;νσ;λ + . . . ,

�
(4.3)

where the coefficients w(d)
0 , w(d)

1µ , w(d)
2µν  and w(d)

3µνλ depend only on the space-time point x. We 

emphasize that, since the biscalar W(d)(x, x′) depends on the quantum state of the field, so too 

do the coefficients w(d)
0 , w(d)

1µ , w(d)
2µν  and w(d)

3µνλ, and therefore they are undetermined by our 
general analysis. Since W(d)(x, x′) is sesquisymmetric, the coefficients w(d)

1µ , w(d)
2µν  and w(d)

3µνλ 

will satisfy the conditions (2.17) and (2.18). Following [25], we now derive some identities 
involving the coefficients in (4.3) which are useful for the study of the general properties of 
the expectation values of the current and stress-energy tensor.

First consider the case of even numbers of space-time dimensions. The equations (3.10), 
(3.32) satisfied by W(x, x′) in this case take the form

0 =
[
DµDµ −

(
m2 + ξR

)]
W(2p) + 2 [σ;µDµ + ( p + 1)]V(2p)

1 +O(σ).� (4.4)

Inserting the expansions (3.3b), (4.3), we find the following identities

0 = DµDµw(2p)
0 + 2Dµw(2p)

1µ + 2gµνw(2p)
2µν −

(
m2 + ξR

)
w(2p)

0

+ 2 ( p + 1)V(2p)
10 ,

� (4.5a)

0 = DµDµw(2p)
1α + 4Dµw(2p)

2αµ + 6gµνw(2p)
3αµν +

1
3

Rµ
αw(2p)

1µ −
(
m2 + ξR

)
w(2p)

1α

+ 2DαV(2p)
10 + 2 ( p + 2)V(2p)

11α .
� (4.5b)

The real and imaginary parts of (4.5a) are (having simplified using (2.17a), (2.18))

0 = 2gµν�
(

w(2p)
2µν

)
+ 2qAµ�

(
w(2p)

1µ

)
−

[
m2 + ξR + q2AµAµ

]
w(2p)

0

+ 2 ( p + 1)V(2p)
10 ,

�
(4.6a)

0 = ∇µ�
(

w(2p)
1µ

)
− qAµ∇µw(2p)

0 − q (∇µAµ)w(2p)
0 .� (4.6b)

We only require the real part of (4.5b). Using (2.17), (2.18), this simplifies to

0 = 2∇µ�
(

w(2p)
2αµ

)
+ qAµ∇µ�

(
w(2p)

1α

)
+ 2q

(
∇(αAµ

)
�
(

w(2p)
1µ)

)

− 1
4
∇α�w(2p)

0 − 1
2

Rµ
αw(2p)

0;µ −
[

1
2
ξR;α + q2Aµ∇αAµ

]
w(2p)

0

+∇αV(2p)
10 .

�

(4.7)

The calculation proceeds similarly for odd numbers of space-time dimensions. In this case 
W(2p +1) satisfies the homogeneous scalar field equation (3.46) and the identities (4.5) simplify:

0 = DµDµw(2p+1)
0 + 2Dµw(2p+1)

1µ + 2gµνw(2p+1)
2µν −

(
m2 + ξR

)
w(2p+1)

0 ,� (4.8a)

0 = DµDµw(2p+1)
1α + 4Dµw(2p+1)

2αµ + 6gµνw(2p+1)
3αµν +

1
3

Rµ
αw(2p+1)

1µ

−
(
m2 + ξR

)
w(2p+1)

1α .
� (4.8b)
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The results corresponding to those in (4.6) and (4.7) are

0 = 2gµν�
(

w(2p+1)
2µν

)
+ 2qAµ�

(
w(2p+1)

1µ

)
−
[
m2 + ξR + q2AµAµ

]
w(2p+1)

0 ,
� (4.9a)

0 = ∇µ�
(

w(2p+1)
1µ

)
− qAµ∇µw(2p+1)

0 − q (∇µAµ)w(2p+1)
0 ,� (4.9b)

and

0 = 2∇µ�
(

w(2p+1)
2αµ

)
+ qAµ∇µ�

(
w(2p+1)

1α

)
+ 2q

(
∇(αAµ

)
�
(

w(2p+1)
1µ)

)

− 1
4
∇α�w(2p+1)

0 − 1
2

Rµ
αw(2p+1)

0;µ −
[

1
2
ξR;α + q2Aµ∇αAµ

]
w(2p+1)

0

� (4.10)
respectively.

We now have the machinery required to derive expressions for the renormalized expecta-
tion values of the scalar field condensate 〈Φ̂Φ̂†〉, current 〈Ĵµ〉 and stress-energy tensor 〈T̂µν〉 in 
terms of coefficients in the expansion (4.3). The renormalized expectation value of the scalar 
field condensate takes a simple form in terms of the regularized Green’s function GR(x, x′) 
(4.2)

〈Φ̂Φ̂†〉ren = lim
x′→x

�{−iGR(x, x′)} = α(d)w(d)
0 (x).� (4.11)

The renormalized current and RSET are examined in the following subsections.

4.2.  Renormalized current

The classical current Jµ for a charged complex scalar field Φ is

Jµ =
iq
8π

[
Φ∗DµΦ− Φ (DµΦ)

∗]
= − q

4π
� [Φ∗DµΦ] .� (4.12)

The renormalized quantum expectation value of the current is therefore given as the limit

〈Ĵµ〉ren = − q
4π

lim
x′→x

�{Dµ [−iGR(x, x′)]} .� (4.13)

The derivative is straightforward to compute and gives

〈Ĵµ〉ren = −α(d)q
4π

�
[
Dµw(d)

0 + w(d)
1µ

]
=

α(d)q
4π

{
qAµw(d)

0 −�
[
w(d)

1µ

]}
.� (4.14)

We require the renormalized expectation value of the current to be conserved, that is

0 = ∇µ〈Ĵµ〉ren =
q

4π

{
q (∇µAµ)w(d)

0 + qAµ∇µw(d)
0 −∇µ�

[
w(d)

1µ

]}
� (4.15)

which holds from (4.6b), (4.9b).

4.3.  Renormalized stress-energy tensor

The classical stress-energy tensor for a massive, complex, charged scalar field Φ nonmini-
mally coupled to the space-time curvature is
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Tµν =
1
2
(1 − 2ξ)

[
(DµΦ)

∗ DνΦ+ DµΦ (DνΦ)
∗]

+
1
2

(
2ξ − 1

2

)
gµνgρσ

[
(DρΦ)

∗ DσΦ+ DρΦ (DσΦ)
∗]

− ξ
[
Φ∗DµDνΦ+ Φ(DµDνΦ)

∗]
+ ξgµν

[
Φ∗DρDρΦ+ Φ(DρDρΦ)

∗]

+ ξ

(
Rµν − 1

2
gµνR

)
Φ∗Φ− 1

2
m2gµνΦ∗Φ

= �
{
(1 − 2ξ) (DµΦ)

∗ DνΦ+

(
2ξ − 1

2

)
gµνgρσ (DρΦ)

∗ DσΦ

−2ξΦ∗DµDνΦ+ 2ξgµνΦ
∗DρDρΦ+ ξ

(
Rµν − 1

2
gµνR

)
Φ∗Φ

−1
2

m2gµνΦ∗Φ

}
.

� (4.16)
When the scalar field is uncharged, the covariant derivatives Dµ in (4.16) are replaced by the 
usual space-time covariant derivatives ∇µ and the expression (4.16) reduces to that given in 
[25, 68, 69] for a neutral scalar field.

Following the Hadamard renormalization prescription, the expectation value of the 
quantum stress-energy tensor operator is given as the limit

〈T̂µν〉 = lim
x′→x

�{Tµν(x, x′) [−iGR(x, x′)]} ,� (4.17)

where Tµν is the second order differential operator

Tµν = (1 − 2ξ) gν
ν′

DµD∗
ν′ +

(
2ξ − 1

2

)
gµνgρτ ′

DρD∗
τ ′ − 2ξDµDν

+ 2ξgµνDρDρ + ξ

(
Rµν − 1

2
gµνR

)
− 1

2
m2gµν ,

�

(4.18)

where gµ
µ′

 is the bivector of parallel transport. According to Wald’s axioms [11], the renor
malized expectation value of the stress-energy tensor is unique only up to the addition of a 
local conserved tensor. We therefore write

〈T̂µν〉ren = α(d) lim
x′→x

�
[
Tµν(x, x′)W(d)(x, x′)

]
+ Θ̃(d)

µν ,� (4.19)

where Θ̃(d)
µν is a local tensor whose form will be constrained by considering the divergence of 

〈T̂µν〉ren.
Applying Tµν (4.18) to W(x, x′) (4.3) and taking the real part, we find

〈T̂µν〉ren =α(d)
{
−2�

(
w(d)

2µν

)
− 2qA(µ�

(
w(d)

1ν)

)
−

(
ξ − 1

2

)
w(d)

0;µν

+
(
ξRµν + q2AµAν

)
w(d)

0 + gµν

[
gρτ�

(
w(d)

2ρτ

)
+ qAρ�

(
w(d)

1ρ

)

+

(
ξ − 1

4

)
�w(d)

0 − 1
2
(
m2 + ξR + q2AρAρ

)
w(d)

0

]}

+ Θ̃(d)
µν .

�

(4.20)
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This expression is manifestly symmetric in µ and ν  and reduces to the corresponding expres-
sion in [25] when q  =  0 and the scalar field is neutral.

We now examine the conservation of the RSET. Taking the divergence of (4.20), and sim-
plifying using the identities (4.6), (4.7), (4.9), (4.10), we find, when d  =  2p  is even,

∇µ〈T̂µν〉ren = −α(2p)p∇νV(2p)
10 + 4πFµν〈Ĵµ〉ren +∇µΘ̃(2p)

µν ,� (4.21)

and when d  =  2p   +  1 is odd,

∇µ〈T̂µν〉ren = 4πFµν〈Ĵµ〉ren +∇µΘ̃(2p+1)
µν ,� (4.22)

where we have used the expression (4.14) for the renormalized expectation value of the cur
rent. The first term on the right-hand-side of (4.21) arises in the neutral scalar field case [25]. 
Following [25], we therefore define

Θ̃(d)
µν =

{
α(2p)pgµνV(2p)

10 +Θ
(2p)
µν d = 2p,

Θ
(2p+1)
µν d = 2p + 1,

� (4.23)

where Θ(d)
µν is a local conserved tensor, giving the expected renormalization ambiguity in the 

RSET. For all d, we then have

∇µ〈T̂µν〉ren = 4πFµν〈Ĵµ〉ren� (4.24)

leading to the nonconservation of the RSET of the charged scalar field. This result follows 
from the fact that there are two matter fields in our system, the electromagnetic field (which 
we are treating as purely classical) and the quantum charged scalar field. It is only the total 
stress-energy tensor arising from both matter fields which will be conserved. The stress-energy 
tensor due to the classical electromagnetic field is

TF
µν = FµρFν

ρ − 1
4

gµνFρτFρτ .� (4.25)

Taking the divergence gives

∇µTF
µν = Fνρ∇µFµρ = 4πFνρ〈Ĵρ〉ren,� (4.26)

where we have used Maxwell’s equation

0 = ∇[µFρτ ]� (4.27)

(which is unmodified by the presence of the charged scalar field) and the second equality fol-
lows from the semiclassical Maxwell equation (1.2). Therefore, since the electromagnetic field 
Fµν  is antisymmetric, the total stress-energy tensor TF

µν + 〈T̂µν〉ren is conserved, as required.
With the definition (4.23), the expression (4.20) can be simplified using (4.6a), (4.9a) to 

give, when d  =  2p  is even,

〈T̂µν〉ren =α(2p)
{
−2�

(
w(2p)

2µν

)
− 2qA(µ�

(
w(2p)

1ν)

)
−

(
ξ − 1

2

)
w(2p)

0;µν

+
(
ξRµν + q2AµAν

)
w(2p)

0 + gµν

[(
ξ − 1

4

)
�w(2p)

0 − V(2p)
10

]}

+Θ(2p)
µν ,

�

(4.28a)
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and when d  =  2p   +  1 is odd

〈T̂µν〉ren =α(2p+1)
{
−2�

(
w(2p+1)

2µν

)
− 2qA(µ�

(
w(2p+1)

1ν)

)

−
(
ξ − 1

2

)
w(2p+1)

0;µν +
(
ξRµν + q2AµAν

)
w(2p+1)

0

+gµν

(
ξ − 1

4

)
�w(2p+1)

0

}
+Θ(2p+1)

µν .

�

(4.28b)

4.4.  Renormalization ambiguities

The RSET constructed in the previous subsection was defined up to a local conserved tensor 
Θ

(d)
µν, in accordance with Wald’s axioms [11]. The possible form of Θ(d)

µν is discussed in detail 
in [25].

There is an additional renormalization ambiguity in even space-time dimensions, due to 
the choice of renormalization length scale � arising in the Hadamard parametrices (2.6), (2.9). 
This leads to an ambiguity in the Hadamard coefficient W(2p)(x, x′) corresponding to the free-
dom to make the replacement

W(2p)(x, x′) → W(2p)(x, x′) + V(2p)(x, x′) ln �2.� (4.29)

Considering the terms in the covariant Taylor series expansion of W(2p)(x, x′) (4.3), this 
replacement leads to

w(2p)
0 → w(2p)

0 + V(2p)
00 ln �2,� (4.30a)

w(2p)
1µ → w(2p)

1µ + V(2p)
01µ ln �2,� (4.30b)

w(2p)
2µν → w(2p)

2µν +

(
V(2p)

02µν +
1
2

gµνV(2p)
10

)
ln �2.� (4.30c)

Ambiguities in the renormalized expectation values of the scalar field condensate, current and 
stress-energy tensor therefore arise.

For the scalar field condensate (4.11), we find

〈Φ̂Φ̂†〉ren → α(2p)w(2p)
0 + V(2p)

00 ln �2.� (4.31)

From (3.19a), in two dimensions V(2)
00  is a constant. In four dimensions, from (3.41a), the renor-

malization ambiguity depends on the Ricci scalar curvature as well as the mass and coupling 
of the scalar field, and vanishes when the scalar field is massless and conformally coupled. In 
both two and four space-time dimensions, the renormalization ambiguity in the expectation 
value of the scalar field condensate does not depend on the electromagnetic potential.

The ambiguity in the renormalized expectation value of the current (4.14) is

〈Ĵµ〉ren → α(2p)q
4π

{
qAµw(2p)

0 −�
[
w(2p)

1µ

]
+

(
qAµV(2p)

00 −�
[
V(2p)

01µ

])
ln �2

}
.

� (4.32)
In two space-time dimensions, using (3.19a), (3.19b), we see that the ambiguity in the renor
malized expectation value of the current vanishes. From (3.41a), (3.41b), the same is not true 
in four space-time dimensions, when
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〈Ĵµ〉ren → α(4)q
4π

{
qAµw(4)

0 −�
[
w(4)

1µ

]
+

q
12

(∇ρFρµ) ln �
2
}

.� (4.33)

Given that the current acts as a source for the semiclassical Maxwell equation  (1.2), this 
renormalization ambiguity corresponds to a constant renormalization of the permeability of 
free space (which has effectively been set equal to 4π in (1.2) as we are using Gaussian units), 
which we discuss further in section 5.

The renormalization ambiguity in the RSET takes the form

〈T̂µν〉ren → 〈T̂µν〉ren +Ψ(2p)
µν ln �2� (4.34)

where the local tensor Ψ(2p)
µν  is

Ψ(2p)
µν =α(2p)

{
−2�

[
V(2p)

02µν

]
− 2qA(µ�

[
V(2p)

01ν)

]
−
(
ξ − 1

2

)
V(2p)

00;µν

+
(
ξRµν + q2AµAν

)
V(2p)

00 +

(
ξ − 1

4

)
gµν�V(2p)

00

−gµνV(2p)
10

}
.

�

(4.35)

In two space-time dimensions, we have, using (3.19), (3.23),

Ψ(2)
µν =

α(2)

2
m2gµν .� (4.36)

This is the same as in the neutral scalar field case [25] and there are no corrections due to 
the electromagnetic potential. In particular, Ψ(2)

µν vanishes if the scalar field is massless. For 
a massive scalar field, since the RSET satisfies the semiclassical Einstein equation (1.1), the 
ambiguity (4.34) corresponds to a renormalization of the cosmological constant Λ.

When d  =  4, the tensor (4.35) is much more complicated. Using (3.41), (3.45), it is found 
to be

Ψ(4)
µν =α(4)

{
1
2

(
ξ − 1

6

)[
m2 +

(
ξ − 1

6

)
R
]

Rµν +
1

120
�Rµν

−1
2

(
ξ2 − 1

3
ξ +

1
30

)
R;µν − 1

90
Rα

µRαν +
1

180
RαβRαµβν

+
1

180
Rαβγ

µRαβγν +
q2

12
Fα

µFνα + gµν

{
1

720
RαβRαβ

− 1
720

RαβγδRαβγδ +
1
2

(
ξ2 − 1

3
ξ +

1
40

)
�R

−1
8

[
m2 +

(
ξ − 1

6

)
R
]2

+
q2

48
FαβFαβ

}}
.

�

(4.37)

In this case there are corrections arising from the electromagnetic field strength. The curvature 
terms in (4.37) correspond to higher-order corrections to the gravitational action giving rise 
to the semiclassical Einstein equations (1.1). The corrections due to the electromagnetic field 
are proportional to the classical electromagnetic stress-energy tensor (4.25) and therefore the 
ambiguity (4.34) in this case corresponds to a renormalization of the gravitational constant G 
(which we have fixed by 8πG = 1 in (1.1)). See section 5 for further discussion of this point.

V Balakumar and E Winstanley﻿Class. Quantum Grav. 37 (2020) 065004



24

4.5. Trace anomaly

Now suppose that the local geometric tensor Θ(d)
µν which arises in the RSET (4.28a), (4.28b) 

is given by

Θ(d)
µν =

{
Ψ

(2p)
µν ln �2 d = 2p,

0 d = 2p + 1,
� (4.38)

so that the only renormalization ambiguity we are taking into account is that due to the choice 
of renormalization length scale �. We now consider the trace of the RSET.

First, from the homogeneous scalar field equation  (3.9), (3.29) satisfied by the biscalar 
V(d)(x, x′), we can establish the identity

0 = 2gµν�
(

V(2p)
02µν

)
+ 2pV(2p)

10 + 2qAµ�
(

V(2p)
01µ

)
−
[
m2 + ξR + q2AµAµ

]
V(2p)

00 .
� (4.39)

We can then calculate the trace of Ψ(2p)
µν :

gµνΨ(2p)
µν = α(2p)

{
−2gµν�

[
V(2p)

02µν

]
− 2qAµ�

[
V(2p)

01µ

]
− 2pV(2p)

10

+(2p − 1)
(
ξ − p − 1

2 (2p − 1)

)
�V(2p)

00 +
[
ξR + q2AµAµ

]
V(2p)

00

}

= −α(2p)
{

m2V(2p)
00 − (2p − 1) (ξ − ξc)�V(2p)

00

}

� (4.40)
where ξc, given by (2.2), corresponds to conformal coupling and we have simplified using 
the identity (4.39). Note that the trace (4.40) vanishes when the scalar field is massless and 
conformally coupled.

The trace of the RSET (4.28a) is given, when d  =  2p  is even, by

〈T̂µ
µ 〉ren =α(2p)

{
−2gµν�

(
w(2p)

2µν

)
− 2qAµ�

(
w(2p)

1µ

)

−(2p − 1) (ξ − ξc)�w(2p)
0 +

(
ξR + q2AµAµ

)
w(2p)

0

−2pV(2p)
10

}
+ gµνΨ(2p)

µν ,

�

(4.41)

which simplifies, using (4.6a) to give

〈T̂µ
µ 〉ren = −α(2p)

{
m2w(2p)

0 − (2p − 1) (ξ − ξc)�w(2p)
0 − 2V(2p)

10

}
+ gµνΨ(2p)

µν .
� (4.42)

A similar calculation for d  =  2p   +  1, using (4.9a), (4.28b), yields

〈T̂µ
µ 〉ren = −α(2p+1)

{
m2w(2p+1)

0 − 2p (ξ − ξc)�w(2p+1)
0

}
.� (4.43)

If the scalar field is massless and conformally coupled, the trace (4.43) vanishes for odd num-
bers of space-time dimensions. However, for even number of space-time dimensions, the trace 
does not vanish for a massless and conformally coupled scalar field. In this case we obtain the 
trace anomaly

〈T̂µ
µ 〉ren = 2α(2p)V(2p)

10 .� (4.44)

When d  =  2, the coupling constant for conformal coupling is ξc = 0, and then, using (2.7), 
(3.23), the trace anomaly is
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〈T̂µ
µ 〉ren =

1
24

R.� (4.45)

In this case there are no corrections to the trace anomaly due to the electromagnetic field. 
When d  =  4, we have ξc =

1
6 and, using (2.10), (3.45), the trace anomaly takes the form

〈T̂µ
µ 〉ren =

1
4π2

[
1

720
�R − 1

720
RαβRαβ +

1
720

RαβγδRαβγδ −
q2

48
FαβFαβ

]
.

� (4.46)
In this case we therefore have a correction due to the electromagnetic field, depending only 
on the field strength tensor Fµν . This correction arises in Minkowski space-time [70], when 
the curvature-dependent terms in (4.46) vanish. A similar correction arises in the DeWitt–
Schwinger regularization approach [58], and has also been found in the context of adiabatic 
regularization of a charged scalar field on cosmological space-times [56] (although note that 
we use different conventions).

5.  Comparison with other approaches to regularization

Hadamard renormalization is not the only approach to regularization of quantum fields on 
curved space-times. Other methods which have been employed for scalar fields on curved 
space-time backgrounds include DeWitt–Schwinger, Pauli–Villars, dimensional, zeta-func-
tion and adiabatic regularization. The vast majority of work in the literature concerns a neutral 
rather than charged scalar field.

A notable exception to this is Boulware’s early work [57], which employed the DeWitt–
Schwinger method of regularization for a charged scalar field in four space-time dimensions, 
and demonstrated that this was essentially equivalent to Pauli–Villars and dimensional regular-
ization. DeWitt–Schwinger regularization in four space-time dimensions was also studied by 
Herman and Hiscock [58], who considered Hadamard’s elementary function, corresponding 
to the imaginary part of the Feynman Green’s function.

There is extensive work in the literature on the equivalence of various approaches to 
regularization for a neutral scalar field. For example, it has been proven that Hadamard 
renormalization is equivalent to zeta-function regularization [16, 18, 71]. In addition, the 

DeWitt–Schwinger representation of the Feynman Green’s function G(d)
F (x, x′) for a neutral 

scalar field is a special case of the Hadamard form (2.6), (2.9), (2.12) [67]. This means that the 
divergent parts of the Hadamard and DeWitt–Schwinger representations are identical and the 

DeWitt–Schwinger expression corresponds to a particular choice of the biscalar W(d)
0 (x, x′) 

which is undetermined in the Hadamard formalism. Therefore the Hadamard and DeWitt–
Schwinger approaches to regularization are also equivalent [71]. The Hadamard and DeWitt–
Schwinger representations of the Feynman Green’s function depend on linear combinations 
of Seeley–DeWitt coefficients, which have recently been proven to be sesquisymmetric for a 
charged scalar field [63]. Accordingly, one may anticipate that the analysis of [67] extends to 
the charged case, and therefore the DeWitt–Schwinger representation of the Feynman Green’s 
function for a charged scalar field also corresponds to a particular case of the Hadamard rep-
resentation studied in this paper.

One advantage of Hadamard renormalization is that it is a very general approach to regu-
larization, valid for any background space-time and electromagnetic potential. Furthermore, 
the results are applicable to any quantum state, providing that state is Hadamard (which is the 
case for physically reasonable states [62]). The disadvantage of Hadamard renormalization is 
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that, because it is so general, it does not explicitly give the renormalized expectation values 
of physical observables such as the stress-energy tensor. In practical applications, a particular 
metric and electromagnetic potential will be specified, and renormalized expectation values 
computed on this background for one or more quantum states. Unless there is a high degree 
of symmetry, it is likely that numerical calculations will be required, typically involving sums 
over field modes.

Friedman–Lemaitre–Robertson–Walker (FLRW) space-times, being homogeneous and 
isotropic, possess sufficient symmetry to be amenable to analytic calculations. Renormalized 
expectation values on these backgrounds have been studied extensively within the framework 
of adiabatic regularization, both for neutral [68, 69, 72–75] and charged [55, 56] scalar fields. 
The advantage of adiabatic regularization is that, in the scenarios in which it is valid, renor
malized expectation values can be computed in a comparatively straightforward manner. The 
disadvantage of adiabatic regularization is that it can only be applied to those space-times, 
such as FLRW space-times, which have a well-defined adiabatic regime [73]. Furthermore, in 
such space-times, adiabatic regularization only applies to a single vacuum state, namely the 
adiabatic vacuum. The adiabatic vacuum has been proven to be a Hadamard state for a neutral 
scalar field on an FLRW space-time [76, 77], and one would expect this to be true also in the 
charged case. Furthermore, the equivalence of adiabatic and DeWitt–Schwinger (and hence 
Hadamard) renormalization when the scalar field is neutral has been demonstrated explicitly 
via a lengthy calculation [73, 78]. The fact that the trace anomaly (4.46) for a charged scalar 
field computed in this paper using Hadamard renormalization agrees with that obtained in [58] 
using DeWitt–Schwinger regularization and in [56] using adiabatic regularization provides 
strong evidence for the equivalence of these approaches.

Very recently, adiabatic regularization on an FLRW space-time has been employed to 
study the running of coupling constants in the theory considered here [79]. As observed in 
[80], Hadamard renormalization is not the most appropriate framework for discussing the 
renormalization of coupling constants in the field equations, because the Hadamard parame-
trix depends on σ;µ and hence the direction in which the points are separated. However, in 
even numbers of space-time dimensions, the renormalization length scale � which appears in 
the Hadamard parametrix leads to a renormalization ambiguity (as discussed in section 4.4), 
which in turn can be interpreted as a renormalization of the coupling constants. To see how our 
results compare to those derived in [79] using adiabatic regularization, we write the semiclas-
sical Einstein equation (1.1) and semiclassical Maxwell equation (1.2) with the dimensionful 
coupling constants restored and including the classical electromagnetic stress-energy tensor 
TF
µν (4.25)

Gµν + Λgµν = 8πG
[
〈T̂µν〉ren +

1
µ0

TF
µν

]
,� (5.1a)

∇µFµν = 4πµ0〈Ĵν〉ren,� (5.1b)

where G is Newton’s gravitational constant, µ0 is the permeability of free space and we have 
fixed the speed of light c to be unity. We consider in turn the effect of the renormalization 
ambiguity for the semiclassical Einstein equation (5.1a) and Maxwell equation (5.1b) in four 
space-time dimensions.

The renormalization ambiguity in the RSET is given by (4.34), where, in four space-

time dimensions, the tensor Ψ(4)
µν has the form (4.37), and consists of two types of terms. 

The first type depend only on the space-time curvature and are present for a neutral scalar 
field with q  =  0 [25]. In this case, as a result of renormalization, the semiclassical Einstein 
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equation (5.1a) are modified by the addition of local geometric tensors usually denoted by 
H1/2

µν , which arise as functional derivatives of higher curvature terms in the renormalized 
effective action:

Gµν + Λgµν + γ1H1
µν + γ2H2

µν = 8πG
[
〈T̂µν〉ren + TF

µν

]
,� (5.2)

where γ1 and γ2 are coupling constants and the geometric tensors are given by [25]

H1
µν = 2R;µν − 2RRµν + gµν

[
1
2

R2 − 2�R
]

,

H2
µν = R;µν −�Rµν − 2RαβRαµβν +

1
2

gµν
[
RαβRαβ −�R

]
.

�
(5.3)

The second type of terms in Ψ(4)
µν depend on the classical stress-energy tensor TF

µν of the 

electromagnetic field. We can write (4.37) in the form

Ψ(4)
µν = α(4)

{
1
2

(
ξ − 1

6

)2

H1
µν − 1

180
(
H1

µν − 3H2
µν

)

−m2
(
ξ − 1

6

)(
Rµν − 1

2
gµνR

)
+

1
4

m2gµν − q2

12
TF
µν

}
.

�

(5.4)

Adding a term Ψ(4)
µν ln �2 to 〈T̂µν〉ren (4.34) therefore corresponds to a renormalization of the 

constants G, Λ, and γ1/2  in agreement with well-known results in both adiabatic regularization 
[69] and dimensional regularization [80] for a neutral scalar field. The presence of the scalar 
field charge q leads to a renormalization of the permeability of free space:

1
µ0

→ 1
µ0

− q2α(4)

12
ln �2.� (5.5)

We now turn to the renormalization ambiguity (4.33) in the expectation value of the current:

〈Ĵµ〉ren → 〈Ĵµ〉ren +
α(4)q2

48π
(∇ρFρµ) ln �

2.� (5.6)

From the semiclassical Maxwell equation (5.1b), this yields precisely the same renormaliza-
tion of the permeability of free space (5.5) as obtained from the semiclassical Einstein equa-
tions. This could alternatively be interpreted as a renormalization of the scalar field charge 
by fixing the permeability of free space µ0. This is the approach taken in [79] using adiabatic 
regularization, where it is found from the semiclassical Einstein and Maxwell equations that 
the scalar field charge is renormalized by terms proportional to lnµ, where µ is an arbi-
trary mass scale. Therefore our results on the running of the couplings in the theory, obtained 
from Hadamard renormalization, are in agreement with those derived [79] using adiabatic 
regularization.

6.  Conclusions

In this paper we have developed the methodology for the Hadamard renormalization of the 
expectation values of the scalar field condensate, current and stress-energy tensor for a mas-
sive, charged, complex scalar field with general coupling to the space-time curvature. Our 
work extends the approach of [25] to the charged scalar field case. Using the Hadamard 
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representation of the Feynman Green’s function, we have derived the recurrence relations 
satisfied by the Hadamard coefficients. Performing covariant Taylor series expansions of these 
coefficients, we have, in two, three and four space-time dimensions, presented sufficient terms 
in the expansions to enable the renormalized expectation value of the stress-energy tensor 
to be computed. We have also studied the trace anomaly of the RSET, and found that while 
in two space-time dimensions there are no corrections due to the scalar field charge, in four 
space-time dimensions the trace anomaly is modified by a term depending on the electro
magnetic field strength, in agreement with other approaches to renormalization [56, 58].

The formalism developed in this paper is very general, as we make no assumptions about 
the background space-time metric or electromagnetic field (both of which are treated classi-
cally). While we have presented expansions of the Hadamard coefficients explicitly for two, 
three and four space-time dimensions, the method can be extended to any number of space-
time dimensions.

While the methodology presented here is valid for any space-time background, we envis-
age that it will be particularly applicable to the calculation of the RSET for a charged scalar 
field on charged background black hole space-times. This quantity is of relevance for two 
physical questions. First, the fate of the inner horizon of a charged black hole, as discussed 
in the introduction. Second, the electromagnetic field of a charged black hole creates charged 
particle pairs which alter the Hawking emission of the black hole [81]. Using an adiabatic 
approximation in which the mass and charge of the black hole vary slowly, Hiscock and 
Weems [82] considered the evolution of a charged black hole and found that it is possible for 
the black hole to evaporate in such a way that its charge/mass ratio increases (see also recent 
work by Ong and others [83–85]). To go beyond the above adiabatic approximation, the full 
RSET is required. We leave the resolution of these questions for future work.
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