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1.  Introduction

The first proposal for a system displaying the quantum spin 
Hall effect was made by Kane and Mele by including the 
effect of spin–orbit interactions on graphene monolayer [1, 
2]. In the quantum spin Hall state there is a vanishing charge 
Hall conductance but a quantized spin Hall conductance. This 
proposal gave rise to the whole field of topological insulators, 
a new state of matter that presents a gap between the valence 
and conduction bands in the bulk but that supports the pres-
ence of gapless edge states at the sample boundaries [3, 4]. 
Topological insulators and quantum spin Hall systems present 
interesting potential applications to spintronics and quantum 
computation due precisely to the topologically protected edge 
states [5]. In the quantum spin Hall effect the edge states are 
protected by charge conservation symmetry while for topo-
logical insulators the time-reversal and charge conservation 
symmetries are needed.

It was soon realized that pristine graphene was not a good 
candidate to observe experimentally this new effect due to the 
smallness of the gap induced by the intrinsic spin–orbit cou-
pling and extrinsic Rashba spin–orbit interaction, which were 
derived by using first principle calculations and were found to 
be of the order of µeV [6, 7]. Yet, recent experimental results 
[8–11] and theoretical predictions [12–15] have found that the 
effective spin–orbit coupling in monolayer graphene can be 
greatly enhanced to obtain values as large as 100 meV. This 
is achieved by proximity effects with atoms such as Au, Ni, 
Pb, Ir or Co. Alternatively, the graphene monolayer can also 
be laid over a layer of a transition-metal dichalcogenide or 
by proximity to a superconductor, such as Bi2Se3, allowing 
the generation of an intrinsic bandgap above room temper
ature, [16, 17]. The main advantage of this proximity induced 
increase in the spin–orbit strength is that the high mobility of 
graphene is preserved. Morever, topological insulators have 
been proposed and observed in semiconductor HgTe quantum 

Journal of Physics: Condensed Matter

Photoprotected spin Hall effect on graphene 
with substrate induced Rashba spin–orbit 
coupling

Alexander López1  and Rafael A Molina2

1  Escuela Superior Politécnica del Litoral, ESPOL, Departamento de Física, Campus Gustavo Galindo 
Km 30.5 Vía Perimetral, PO Box, 09-01-5863, Guayaquil, Ecuador
2  Instituto de Estructura de la Materia, CSIC, Serrano 123, 28006 Madrid, Spain

E-mail: alexlop@espol.edu.ec

Received 12 October 2019, revised 19 December 2019
Accepted for publication 16 January 2020
Published 18 February 2020

Abstract
We propose an experimental realization of the spin Hall effect in graphene by illuminating 
a graphene sheet on top of a substrate with circularly polarized monochromatic light. The 
substrate induces a controllable Rashba type spin–orbit coupling which breaks the spin-
degeneracy of the Dirac cones but it is gapless. The circularly polarized light induces a gap 
in the spectrum and turns graphene into a Floquet topological insulator with spin dependent 
edge states. By analyzing the high and intermediate frequency regimes, we find that in both 
parameter limits, the spin-Chern number can be tuned by the effective coupling strength of 
the charge particles to the radiation field and determine the condition for the photoinduced 
topological phase transition.

Keywords: graphene, topological, Floquet

(Some figures may appear in colour only in the online journal)

A López and R A Molina

Photoprotected spin Hall effect on graphene with substrate induced Rashba spin–orbit coupling

Printed in the UK

205701

JCOMEL

© 2020 IOP Publishing Ltd

32

J. Phys.: Condens. Matter

CM

10.1088/1361-648X/ab6cc0

Paper

20

Journal of Physics: Condensed Matter

IOP

2020

1361-648X

1361-648X/ 20 /205701+9$33.00

https://doi.org/10.1088/1361-648X/ab6cc0J. Phys.: Condens. Matter 32 (2020) 205701 (9pp)

https://orcid.org/0000-0002-1220-6036
https://orcid.org/0000-0001-5728-0734
mailto:alexlop@espol.edu.ec
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-648X/ab6cc0&domain=pdf&date_stamp=2020-02-18
publisher-id
doi
https://doi.org/10.1088/1361-648X/ab6cc0


A López and R A Molina﻿

2

wells [18, 19]. The experimental observation of topological 
insulators started a whole new field in condensed matter 
physics with the prospect of using these new states of matter in 
spintronics [20] and quantum computation applications [21]. 
Since these first observations the field of topological quantum 
matter has increased exponentially with new additions to the 
family of materials possessing topological properties like 3D 
topological insulators [22] or topological semimetals [23, 
24]. More recently, Ezawa [25] has found an exactly solv-
able model of an f-wave topological superconductor on the 
honeycomb lattice by considering the role of the Hubbard 
interaction. Their exactly solvable condition is found to be the 
emergence of perfect flat bands at zero energy.

A new avenue of research has been the study of Floquet 
topological insulators where the topological phases of the 
system can be induced and controlled by an external time-
periodic field [26–37]. Graphene was also the first material in 
which these new systems where proposed [38] but the exper
imental confirmations came in photonic waveguides arranged 
in a honeycomb structure [39] and in the three-dimensional 
topological insulator Bi2Se3 [40, 41]. While some works have 
focused on the tunability of the photoinduced bandgaps, [42] 
other proposals for the realization of static and photoinduced 
topological phases have been put forward in silicene [43–45] 
where, in the driven scenario a single-Dirac cone phase has 
been shown to appear [46, 47]. One interesting result reported 
in [48] is that by including a classical small oscillating lattice 
distortion (i.e. a phonon mode), which is described as a small 
time-dependent deformation of the hopping parameter, a non-
trivial boundary charge current would emerge in bulk mono
layer graphene. Novel photoinduced effects in monolayer 
transition metal dichalcogenides, such as WS2 have also been 
reported in [49] where it is shown that the driven topological 
phase is a direct consequence of their intrinsic three-band 
nature near the band-edges. In addition, these photoinduced 
Floquet topological phases have also been recently reported 
in black phosporus [50] where it is found that it exhibits a 
photon-dressed Floquet–Dirac semimetal state, which can be 
continuously tuned by changing the direction, intensity, and 
frequency of the incident laser. Thus, the use of monochro-
matic laser irradiation does indeed allow for interesting topo-
logical scenarios in two-dimensional systems. For instance, 
the authors of [51] have shown that due to the competition 
of staggered lattice potential and photon dressing in epitaxial 
graphene, a threshold value of light intensity is necessary to 
realize a Floquet topological insulator.

In this paper, we propose a different mechanism for the 
experimental realization of a controllable quantum spin Hall 
effect in graphene. A perpendicular electric field or a substrate 
breaking inversion symmetry can induce a Rashba spin–orbit 
coupling in graphene [52]. This coupling can, in principle, be 
controlled by the intensity of the electric field or the type of 
substrate but does not fully open a gap in the band structure of 
graphene [3]. However, in the spirit of the work by Oka and 
Aoki and the work on Floquet topological insulators [26, 38] 
we propose to open the gap using circularly polarized mono-
chromatic light in the appropriate frequency range. The gap 

can also be controlled by the parameters of the field allowing 
the experimental tuning of the effect. We examine some exact 
analytically solvable parameter regimes and also give a full 
numerical account of the photo-induced topological phases. 
The main result is that at intermediate values of the effective 
light-matter coupling strength, the system undergoes a trans
ition from a nontrivial to a trivial topological phase which is 
driven by both the radiation field and the Rashba spin–orbit 
interaction strength. Our results show that the introduction of 
the spin non-conserving interactions can be exploited to obtain 
another control parameter to drive the photoinduced topolog-
ical phases. The structure of the remainder of the paper is as 
follows. In the next section we present the model and describe 
the main results based on different analytic approaches. Then, 
we present a discussion of these results. Finally, we give some 
concluding remarks and outlook.

2.  Model

We consider the changes induced by circularly polarized light 
in the band structure of monolayer graphene with a perpend
icular electric field or lying over a substrate. The substrate 
induces a homogeneous Rashba spin orbit-interaction on the 
charge carriers over graphene samples. Measurements of a 
Rashba coupling constant of 225 meV have been reported on 
graphene over a substrate of Ni(1 1 1) [8, 53].

We describe the monochromatic light through a time- 
periodic dependent vector potential �A(t) = E/ω(cosωt, sinωt) 
with ω  its frequency, and E the amplitude of the electric field. 
In momentum space, and near the K point, the time-dependent 
Hamiltonian reads,

H(�p, t) = vFIs ⊗ �σ · [�p + e�A(t)] + λ(sxσy − τzsyσx),� (1)

where vF ∼ 106 m s−1 is the Fermi velocity of the charge car-
riers in graphene and λ the Rashba coupling constant that will 
depend on the substrate or can be controlled experimentally 
through a perpendicular static electric field. In addition, 
sj  ( j = x, y) describe the Pauli matrices and Is is the 2 × 2 
identity matrix in the real spin degree of freedom, whereas 
�σ = (τzσx,σy) is a vector of Pauli matrices in the pseudospin 
degree of freedom, where τz = ±1 refers to the K (τz = 1) 
and K’ (τz = −1) valley degree of freedom, respectively. In 
addition, �p = ( px, py) is the momentum measured from the �K  
point. Please, note that this Hamiltonian is a 4 × 4 k-depen-
dent matrix in the space of the sub-lattices A and B of the 
bipartite honeycomb structure of graphene with the spin up 
and down of the electron. From now, unless explicitly stated 
we focus on the τz = +1 sector.

In matrix form, at the K point, the Hamiltonian in equa-
tion (1) has a time-independent contribution

H0(�p) =




0 vFpe−iφ 0 0
vFpeiφ 0 2iλ 0

0 −2iλ 0 vFpe−iφ

0 0 vFpeiφ 0


 ,� (2)

with tanφ = py/px and a time-dependent contribution
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V(t) =




0 ge−iωt 0 0
geiωt 0 0 0

0 0 0 ge−iωt

0 0 geiωt 0


 ,� (3)

where we have introduced the effective coupling constant 
g = evFE/ω. In the following we consider a system of nat-
ural units where the Fermi velocity of graphene vF = 1 the 
electron charge e  =  1 and � = 1. The results for the energy 
bands in the absence of ac-field E = 0 for λ = 0.2 are shown 
in figure 1. This value of λ in our natural units corresponds to 
λ = 119 meV, well within the achievable experimental values 
for the spin–orbit coupling [8–11]. Although the Dirac cones 
are deformed, the system remains gapless.

2.1.  Gap calculation and analytic solution for �p = 0

First we notice that an exact analytic solution is found at 
�p = 0, where the Hamiltonian takes the form

H(t) =




0 ge−iωt 0 0
geiωt 0 2iλ 0

0 −2iλ 0 ge−iωt

0 0 geiωt 0


 .� (4)

To diagonalize the Hamiltonian (4) we perform the time-
dependent unitary transformation

P(t) =




e−iωt 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiωt


 ,� (5)

that allows us to obtain the quasi-energy spectrum in the first 
Brillouin zone

εsη = s

√
2g2 + 4λ2 + ω2 + η

√
(ω2 − 4λ2)

2
+ 4g2 (4λ2 + ω2)

√
2

,

� (6)

with s, η = ±1 describing the spin and pseudospin degrees 
of freedom, respectively. For λ = 0, the spin degeneracy is 
recovered and the quasi-energies reduce to the well known 
expressions [38]

εsη =
s
2

(
ω + η

√
4g2 + ω2

)
,� (7)

with s = ±1 describing the spin degree of freedom, which in 
this limit is a conserved quantity.

2.2.  High frequency regime

Although it is possible to find an analytic solution for 
the Floquet–Schrödinger equation  of our problem with 
momentum �p = 0, there is, in general, no analytic solution 
for finite momentum. Thus, we consider in the following 
some approximations where the main dynamical features can 
be given a semi-analytic treatment. For instance, in the high- 
frequency regime [46, 47] we can apply a sudden approx
imation useful to describe non-adiabatic processes. Within this 
frequency regime we approximate the Floquet Hamiltonian as

HF ≈ H0 +
[H−1, H1]

ω� (8)
with

H±1 =
1
T

∫ T

0
dtH(t)e±iωt

� (9)
where we can approximate the Floquet Hamiltonian as

HF ≈ H0 +
[H−1, H1]

ω�

(10)

with

H±1 =
1
T

∫ T

0
dtH(t)e±iωt.

�

(11)

Thus, the physically relevant processes are those corre
sponding to virtual emission and absorption of one photon 
that in the literature describe so called dressed states. Within 
this regime one finds explicitly

H1 = g




0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0


 ,

�

(12)

and H−1 = H†
1. The approximate Floquet Hamiltonian is then

HF =




−∆ vFpe−iφ 0 0
vFpeiφ ∆ 2iλ 0

0 −2iλ −∆ vFpe−iφ

0 0 vFpeiφ ∆


 ,� (13)

with ∆ = g2/ω. Therefore, within this perturbative regime we 
find the quasi-energy spectrum εsη = sεη, with s, η = ±1 rep-
resenting the spin degree of freedom and

εη =

√(√
v2

Fp2 + λ2 + ηλ
)2

+∆2.� (14)

-1 -0.5 0 0.5 1

kx

-1

-0.5

0

0.5

1
ε

Figure 1.  Band structure of graphene near the K point with 
substrate induced spin–orbit coupling with λ = 0.2Ω, equation (1).
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Thus, the driving field introduces a gap in the energy spectrum 
as it is described in [38] where circular polarized radiation 
field opens exactly the same gap in the energy spectrum. In 
order to describe the topological properties we find an equiv-
alent 2 × 2 reduced Hamiltonian, as follows. The Floquet 
Hamiltonian is written as

HF =

(
H 2iλσ−

−2iλσ+ H

)
,� (15)

with the 2 × 2 Hamiltonian

H =

(
−∆ vFpe−iφ

vFpeiφ ∆

)
,� (16)

and

σ± =
σx ± iσy

2
.� (17)

Writing the Schrödinger equation for HF

HF|Ψ〉 = ε|Ψ〉� (18)

and putting its eigenstates as

|Ψ〉 =
(
|u〉
|d〉

)
,� (19)

with |u〉 (|d〉) the upper (lower) spinor component we obtain, 
after elimination of the upper component, an effective 
Hamiltonian for the lower spinor, which apart from an energy 
shift term, is reading as

Hsη = ∆sησz + vFp(e−iφσ+ + eiφσ−)� (20)

where the effective momentum-dependent gap is given by

∆sη =
ηλ(sεη +∆)

ηλ+
√

v2
Fp2 + λ2

−∆.� (21)

We check that for λ = 0 we recover the photo-induced gap 
corresponding to spin degenerate case. For the parameter 
regime of interest, i.e. λ,∆ � ω, we can further simplify the 
expression for the effective bandgap and approximate it as 
follows:

∆sη ≈ sηλεη
ηλ+

√
v2

Fp2 + λ2
−∆,� (22)

≈
sλη

√(
ηλ+

√
v2p2 + λ2

)2

ηλ+
√

v2
Fp2 + λ2

−∆,� (23)

∆sη ≈ sηλ−∆.� (24)

Thus, as in the Kane and Mele model, the topological 
invariant is given by

Cβ = sign(∆β)� (25)

with β = sη. In this manner, the associated invariant can be 
controlled both by the Rashba interaction term and effec-
tive light-matter bandgap. We remark that although within 
this regime these two parameters are small compared to the 
frequencies of interest, they could still have experimentally 

achievable values that could afford an experimental probe 
for the realization of the photo-induced topological non-
trivial phases described. The phase diagram corresponding 
to the Chern invariant for the parameter β = sη = +1, i.e. 
C+1  =  C, is shown in figure 2, whereas it is clearly seen from 
equation  (25) that the corresponding high frequency Chern 
invariant C−1 satisfies C−1(λ,∆) = −C+1(λ,−∆).

2.3.  Numerical results

In general, the treatment of the dynamical effects would 
require a numerical treatment which we present in this sec-
tion. The problem of graphene in the presence of circularly 
polarized light was tackled by Oka and Aoki in the context of 
the appearance of a photovoltaic Hall effect [38]. They used 
the Floquet method [54–56] to solve the Schrödinger equa-
tion  for the time-periodic Hamiltonian of equation  (1) with 
λ = 0.

i∂t|Φ(�k, t)〉 = H(�k, t)|Φ(�k, t)〉.� (26)

For this purpose one can define an auxiliary hermi-
tian Hamiltonian H(t) = H(t)− i∂t , along with the so 
called Floquet states |Ψα(t)〉 = exp(iεαt)|Φ(t)〉, such that 
H(t)|Ψα(t)〉 = εα|Ψα(t)〉, which are periodic functions of 
time, |Ψα(t + T)〉 = |Ψα(t)〉, and εα are called the quasi-
energies, and are the analogous of the quasi-momenta for 
Bloch electrons in a spatially periodic structure. Since the 
states |Ψαn(t)|〉 = exp(inωt)|Ψα(t)〉 are also eigenstates of 
H(t) with eigenvalues εα → εα + nω, we can work in the first 
Brillouin zone −ω/2 � εα � ω/2, with ω = 2π/T .

Using the periodic temporal basis ξn(t) = exp(inωt), 
which satisfies

1
T

∫ T

0
ξ∗n (t)ξm(t)dt = δnm,

writing the Fourier expansion

Φαn(t) = exp(−iεαt)
n=∞∑

n=−∞
|C(n)

α (�k)〉ξn(t),� (27)

and using the expansion |C(n)
α (�k)〉 =

∑
β Φ

(n)
αβ |φβ(�k)〉, equa-

tion (26) becomes

Figure 2.  Phase diagram in the (λ,∆)-parameter space for the 
topological invariant Cβ , with β = +1, which is obtained from the 
high frequency regime as described in equation (25).

J. Phys.: Condens. Matter 32 (2020) 205701
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H(�k, t)
∞∑

n=−∞

∑
β

Φ
(n)
αβ |φ

(0)
β (�k)〉ξ∗n (t)

+
∞∑

n=−∞

∑
β

Φ
(n)
αβ |φ

(0)
β (�k)〉ξ∗n (t)(εα − nω) = 0.

�

(28)

Multiplication by 〈φγ(�k)|ξ∗m(t), then integration in the 
momentum domain, and average over one temporal period, 
leads to
n=∞∑

n=−∞

∑
β

[〈α|H(m−n)|β〉 − (εα − mω)δnmδαβ ]Φ
(n)
αβ = 0� (29)

and we have used the simplifying notation |α〉 ≡ |φα(�k)〉, and 

H(m−n) = 1/T
∫ T

0 ξ∗m(t)H(�k, t)ξn(t).
Then, the quasi-energies εα are eigenvalues of the secular 

equation.

det|HF − εα| = 0� (30)

where 〈αm|HF|nβ〉 = H(m−n)
αβ + mωδnmδαβ.

In the λ = 0 case the 4 × 4 matrices split in 2 × 2 blocks 
and the spin up and spin down sectors can be solved inde-
pendently. For example, in the case of τz = 1 the Floquet 
Hamiltonian have diagonal blocks

Hmm =

(
0 kx − iky

kx + iky 0

)
,� (31)

while the nondiagonal blocks are

Hmm+1 =

(
0 g
0 0

)
, Hmm−1 =

(
0 0
g 0

)
.� (32)

For numerically solving these equations we need to truncate at 
a certain value of |m|.

The band structure of the first Brillouin zone of the quasi-
energies is then shown for g = 0.1 considering λ = 0 in 
figure  3. The band structure is periodically repeated as we 
mount up in energy.

The ac field opens gaps at ε = ±ω/2 and further gaps sep-
arated by the field frequency ω . A gap also opens at k  =  0 and 

ε = 0. Oka and Aoki showed that this special band structure 
has the effect of producing a photovoltaic dc Hall current [38].

Similarly we can combine both results to solve the Floquet 
Hamiltonian in the presence of Rashba spin–orbit coupling. 
The Floquet Hamiltonian is now a 4 × 4 matrix with sectors 
for up and down spin with the previous structure and con-
nected by terms Hmm

RO  in the diagonal blocks

Hmm
RO =




0 0 0 0
0 0 2iλ 0
0 −2iλ 0 0
0 0 0 0


 .� (33)

For comparison to figure 3 we show in figure 4 the quasi-
energy spectrum for ω = 0.5, g = 0.2ω for finite λ = 0.2ω spin-
orbit interaction. We notice that spin splitting and additional 

-1 -0.5 0 0.5 1
kx

-1

-0.5

0

0.5

1
ε

Figure 3.  Band structure of graphene with no substrate induced 
spin–orbit coupling with λ = 0 but external field g = 0.2ω and 
ω = 0.5.

−1

−0.5

0

0.5

1

−1 −0.5 0 0.5 1

kx

Figure 4.  Band structure of graphene with λ = 0.2ω, g = 0.2ω and 
ω = 0.5. The color code of the points represent the Sz component of 
the states. Blue positive, green zero, and red negative.

Figure 5.  Numerically calculated Chern number for the case 
λ = 0.2ω and four values of the frequency ω = 0.1, 0.5, 1.0, 5.0.
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photoinduced bandgaps. The spin texture is shown with a color 
code indicating the Sz component of the spin. 

In order to characterize the topological properties of the 
model with the different parameters we calculate the Chern 
number C corresponding to the Floquet bands using the 
Thouless–Kohmoto–Nightingale–den Nijs (TKNN) formula 
[57].

C =
1

2π

∑
n

∫
d2k(Ωn)z� (34)

where n labels the occupied bands, and Ωn is the Berry 
curvature

Ωn = i
〈
∂un

∂�k

∣∣∣∣×
∣∣∣∣
∂un

∂�k

〉
,� (35)

with un denoting the Floquet–Bloch states for band n. The filling 
of the bands in the Floquet case outside of equilibrium depends 
on the initial state and the way we switch on the external field. 
However, we will assume that the field is switched on adiabati-
cally so the Fermi energy does not change from the static case.

The integration in d2k extends to the first Brillouin zone. 
In the adiabatic case the Chern number calculation should 
give an integer value, however in the non-adiabatic case the 
result can be a real number (in general, smaller than in the 
adiabatic case). We are calculating the Chern number from 

the Floquet cyclic states so this is only a geometrical property 
of the Floquet bands and not a dynamical property and we 
should always get an integer number. In general, we obtain a 
transition from Chern number C  =  −1 (−2 if we include the 
symmetric K and K′ points) to Chern number C  =  0 as we 
increase the amplitude of the external field. This is in contrast 
to the results of the previous section but the transition value 
of the coupling constant g is outside the high frequency, low 
amplitude approximation used in equations (24) and (25). We 
can see in figure 5 that the transition is displaced to higher 
values of g for higher frequencies.

In figure 6 we can see how the transition is reflected in the 
band structure. The gap increases with g but for large values of 
g there appears a band crossing at a finite value of k switching 
the spin components between occupied and unocuppied 
bands. At this point, the spin texture is lost. This inversion of 
the bands marks the transition from the topological insulator 
phase to a topologically trivial phase.

3.  Conclusions and perspectives

We have proposed an experimentally feasible model for a 
Floquet topological insulator realization by means of the 
interplay among Rashba spin–orbit interaction and mono-
chromatic circularly polarized radiation. We have first shown, 

−0.04

−0.02

0

0.02

0.04

ε

−0.4 −0.2 0 0.2 0.4

kx

−0.04

−0.02

0

0.02

0.04

ε

−0.4 −0.2 0 0.2 0.4

kx

−0.04

−0.02

0
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0.04

ε

−0.4 −0.2 0 0.2 0.4

kx

−0.04

−0.02

0

0.02
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−0.4 −0.2 0 0.2 0.4
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Figure 6.  Band structure of graphene with λ = 0.2, ω = 0.1, and different values of g = 0.5ω,ω, 2ω, 3ω from left to right and top to 
bottom. The color code of the points represent the Sz component of the states. Blue positive, green zero, and red negative. The spectrum 
changes shape when g � 2ω as the Chern number goes form  −1 to 0 and the gap closes.
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via an an alytically solvable approach, that the high frequency 
regime allows for the realization of a nontrivial quantized 
Chern number whose value depends on both the spin–orbit 
as well as the effective light-matter interaction strengths. 
Interestingly, the realization of such nontrivial topological 
phase has been validated via a full numerical calculation for 
the intermediate frequency regime, where the radiation field’s 
frequency is either smaller or comparable to the tight-binding 
hopping parameter which has been used as the energy scale of 
the problem. Naturally, these results can be extended to other 
two dimensional materials, such as the transition metal dichal-
cogenides, where a larger spin–orbit interaction is achievable.

Moreover, the role of periodic driving in modulating the 
geometric nature of quantum states has also been recently 
put forward for revealing an important physical quantity of 
interest as the metric tensor, which in turn, can be used to 
quantify the ‘distance’ among quantum states [58]. In this 
work it is shown that the diagonal (off-diagonal) elements 
of the metric tensor are related to the integrated transition 
rate (excitation rates) in driven systems. This metric tensor 
approach has also been recently theoretically explored in ana-
lyzing the static properties of materials such as borophene 
[59] and the organic compound α-BEDT [61] for which the 
low energy physics corresponds to so called ‘tilted’ Dirac 
or Weyl materials. The tilted nature of the energy spectrum 
can lead to anisotropic energy spectra which, from the inter-
pretation via the metric tensor can be used as a platform for 
describing analogs of grabvitational waves produced by elec-
tric fields instead of requiring mass sources and the authors 
argue that these solid-state ‘gravitational waves’ could be 
tested by spectroscopic experimental techniques. In addition, 
the tilted description in Weyl semimetals coupled to electro
magnetic fields can be encoded in the metric tensor approach 
which leads to peculiar behavior of the surface plasmon polar-
iton physics [60]. Among the unusual properties of the surface 
plasmon polariton with much higher frequency than the bulk 
plasmon frequency. Although the lattice structure of graphene 
does not match the required symmetries for the realization of 
these phenomena within the static or driven scenario it would 
be interesting to explore the dynamical aspects of the tilted 
Dirac and Weyl materials subject to light-matter interactions 
and this could be the subject of future research.

The experimental means that can be suitable for the detec-
tion of our theoretical findings should be a combination of two 
techiques. On the one hand, there is the time-resolved ARPES 
techique, as has been already implemented in other systems 
such as the photonic waveguides arranged in a honeycomb 
structure [39] and in the three-dimensional topological insu-
lator Bi2Se3 studied in [40, 41]. We would also expect that 
some recent experiments in the far infrared frequency domain 
[62] for which ω ≈ 10 meV and values of the electromagnetic 
field intensities E ∼ 0.15 MV m−1 could be suitable for vali-
dating the reported results. In addition, for the experimental 
feasibility of addressing an enhanced effective spin–orbit 
interaction via proximity effects, the time resolved ARPES 
techique could be suitable accompanied by a setup for the 
detection of the photoinduced phase transitions by employing 

the spin-resolved ARPES (SARPES) techique [63–65]. We 
expect then, that our reported results could motivate the 
experimental pursue of the photonic manipulation of the spin 
degree of freedom in graphene-like systems.
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