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Abstract: Scintillation NaI(Tl) crystals are typically utilized at room temperature for detection of
energetic photons in high energy and nuclear physics research, non-destructive analysis of materials
testing, safeguards, verification of nuclear treaty, geological exploration and therapeutic imaging.
The present work provides a new geometry for the source-to-detector combination. A special order
cubic detector with rectangular cavity was used. The mathematical expressions of the path-lengths
traveled by the incident photon as well as the geometrical solid angle were derived. The detector
efficiency was determined for an axially positioned standard point-like gamma-ray source using
the analytical efficiency transfer technique. Geant4 Monte Carlo simulation code was also used to
predict the detector response under the calibration geometry. The analytical efficiency transfer and
Geant4 simulation results were compared with those obtained experimentally and a good agreement
between them was shown.
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1 Introduction

Experimental determination of detector efficiency is considered to be a difficult and time-consuming
process. That is why different computing methods are often used, such as: semi-empirical methods,
Monte Carlo simulations, direct mathematical method and efficiency transfer method. Moens et
al. [1] describe the principle of the semi-empirical methods, but for general use they are usually
not accessible. The source-detector geometries are also limited, because some simplifications and
approximations are used for their computation [1, 2].

The Monte Carlo simulation is used to determine the full-energy peak efficiency by using
all related physical processes, which are occurring along the path of a photon, emitted from the
source [3]. The first version of Geant was developed at CERN in 1974, The simulation of travelling
particles through matter was done first by Geant3 Monte Carlo code. Some problems that appeared
in Geant3 were tackled in Geant4 in 1994 [4]. The largest disadvantage of Monte Carlo simulation
is that it needs a large number of primary photons (up to 107 photons) to obtain an uncertainty less
than 1%, so it needs a long time for doing these calculations.

Selim and Abbas [5–7] proposed a direct mathematical method that is simple, direct, de-
pends only on the geometrical parameter substitution of the source-to-detector system and the
attenuation-coefficients µ of the incident photon, corresponding to its energy Eγ, for any detector
type. This method can be used to calibrate cylindrical, well-type, and parallelepiped scintilla-
tion and semi-conductor detectors for isotropic radiating gamma-ray (point, plane and volumetric)
sources. Recently, Abbas [8–10] introduced a new approach involving the determination of the
path length d(θ,ϕ), covered by a photon inside the detector active volume and the geometrical solid
angle Ω (the angle subtended by the detector at the source point) for 4π NaI(Tl), and cylindrical
(phoswich and lanthanum bromide) scintillation detectors by using a direct mathematical formula.
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Moens et al. [11, 12] calculated the detector efficiency based on the efficiency transfer principle
using a new straightforward analytical definition to compute the effective solid angle between the
source and the detector. The attenuation of photons by the source-detector system was considered
and determined. They calculated the full-energy peak efficiency of cylindrical gamma detectors us-
ing different source geometries, i.e. point, disk and cylindrical shaped sources. Full account is taken
of gamma attenuation in the source and in any absorbing layer. Also, they presented a new method
to calculate with improved accuracy the absolute peak efficiency of cylindrical Ge(Li) detectors.

Piton et al. [13] used ETNA program to determine the detector efficiency using the efficiency
transfer principle for various types of sources for coaxial source-detector geometries and coincidence
summing corrections. Badawi et al. [14] calculated the full energy peak efficiency of scintillation
detector using an empirical formula based on experimental measurements of axial cylindrical
sources based on the ratio of the source detector solid angle with the source self-absorption effect
taken into account. Thabet et al. [15] calculated the detector’s efficiency for NaI scintillation
detectors using ANGLE 4 software, that based also on efficiency transfer principle.

In this work we use a simple analytical method to calculate the full-energy peak efficiency of the
cubic NaI(Tl) gamma-ray detector with a well-rectangular cavity. The analytical method considers
the source-to-detector distance, the distance traveled by photons inside the detector active mediums
and the effective solid angle ratio. The rectangular-well cavity detector design is considered
because it may accept samples of different shapes than that of a regular cylindrical-well detector.
This can be useful in several biological, environmental and neutron activation analysis techniques.
The numerical trapezoidal method was used to solve the analytical equations, the outcomes were
compared with the laboratory results and Geant4Monte Carlo simulation code, which shows a good
agreement for the both methods with the applied analytical method.

2 Mathematical viewpoint

Determination of the effective solid angle between the source and the detector active medium is very
important for determining the detector efficiency. All the possible path-lengths inside the detector
active medium and all absorbers between them must be considered. The effective solid angle is
defined by [8–10] as:

Ωeff =

∫
θ

∫
φ

fatt. f .sinθdθdφ (2.1)

Where f and f att factors are expressed as:

f =
(
1 − e−µd

)
& fatt = e−

∑n
i=1 µiδi (2.2)

Here, d is the path-length travelled by the photon through the detector crystal, µi is the attenuation
coefficient of the ith absorber (Al end- cap, Alminum oxide Reflector and Plexiglass holder) for a
gamma-ray photon with energy Eγ [16], and δi is the gamma-photon path-length through the ith

absorber and it can be defined as the following.

δi =
( ti
cos θ

)
For the horizontal absorber layers, or

δi =
( ti
sin θ

)
For the vertical absorber layers.

(2.3)
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where ti is the thickness of the absorber layer. The efficiency transfer method offers a solution to the
problems encountered in the experimental measurements. It can be used to calculate the efficiency
of the detector using any geometrical parameters of the source and the detector depending on the
ratio of the effective solid angles, according to the following equation [17–21]:

εtarget =
Ωtarget

Ωref
εref (2.4)

where, εtarget and εref , are the full-energy peak efficiencies of the target and the reference geometry,
respectively. Ωtarget andΩrefare the effective solid angles subtended by the detector surface with the
target and the reference point-like source, respectively. The axially positioned radioactive point-like
source that placed at a distance, h, from the detector surface is shown in figure 1.

The probability of the path-lengths of the photons which enter in the detector must be known
in order to calculate the effective solid angle, Ωeff , of the source-to-detector system. Knowing
the effective solid angle, the detecting efficiency can be calculated, using the efficiency transfer
principle. From figure 1, the direction of the incident photon is defined by the polar θ and azimuthal
φ angles; the azimuthal angle φ takes the value from 0 to 2π, while the polar angle θ is determined
from the following four different expressions that depend on the source-detector configuration.

θ1 = tan−1
( m
h + S

)
and θ2 = tan−1

(m
h

)
where,m =

a
cos (θ)

θ3 = tan−1
(

M
2L + h

)
and θ4 = tan−1

(
M
h

)
where,M =

L
cos θ

(2.5)

Figure 1. Schematic diagram of the cubic detector with rectangular cavity with axially positioned radioactive
point-like source, placed outside the detector cavity.
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Here, 2L is the length of the detector, 2a is the width of the cavity; S is the cavity depth.
According to the source-detector geometry, shown in figure 2, there are three different cases
to represent the effective solid angle Ωeff: the first case — θ4>θ3>θ2>θ1, the second case —
θ4>θ2>θ3>θ1 and the third case — θ4>θ2>θ1>θ3. Each case relies upon the separation distance
between the source and the detector. When the radioactive point-like source is placed axially
outside the cubic detector cavity, the photons have six possible paths-lengths to enter and leave the
detector active medium depending on the polar angles. These path-lengths are calculated by the
equations (2.6) and are shown in figure 2:

d1 =
2L − s
cos θ

d4 =
M −m
sin θ

d2 =
M

sin θ
−

s
cos θ

d5 =
2L

cos θ

d3 =
2L

cos θ
−

m
sin θ

d6 =
M

sin θ
−

h
cos θ

(2.6)

a. Case 1: θ4>θ3>θ2>θ1. Only four possible paths-lengths have been found (d1,d3, d5, and d6)
and the effective solid angleΩeff is calculated by the following equation:

Ωeff = 8
∫ π

4

0

[ ∫ θ1

0
fattf1 sinθdθ +

∫ θ2

θ1

fattf3 sinθdθ

+

∫ θ3

θ2

fattf5 sinθdθ +
∫ θ4

θ3

fattf6 sin θdθ
]
dϕ (2.7)

where fi =
(
1 − e−µ.di

)
, for i = 1, 3, 5 and 6

b. Case 2: θ4>θ2>θ3>θ1. Only four possible paths-lengths have been found (d1,d3, d4, and d6)
and the effective solid angleΩeff is calculated by the following equation:

Ωeff = 8
∫ π

4

0

[ ∫ θ1

0
fatt.f1 sin θdθ +

∫ θ3

θ1

fatt.f3 sin θdθ

+

∫ θ2

θ3

fatt.f4 sin θdθ +
∫ θ4

θ2

fatt.f6 sin θdθ
]
dϕ (2.8)

where fi =
(
1 − e−µ.di

)
, for i = 1, 3, 4 and 6

c. Case 3: θ4>θ2>θ1>θ3. Only four possible paths-lengths have been found (d1, d2, d4, and d6)
and the effective solid angleΩeff is calculated by the following equation:

Ωeff = 8
∫ π

4

0

[ ∫ θ3

0
fatt.f1 sin θdθ +

∫ θ1

θ3

fatt.f2 sin θdθ

+

∫ θ2

θ1
fatt.f4 sin θdθ +

∫ θ4

θ2

fatt.f6 sin θdθ
]
dϕ (2.9)

where fi =
(
1 − e−µ.di

)
, for i = 1, 2, 4 and 6
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(a) a. Case 1: θ4>θ3>θ2>θ1. (b) b. Case 2: θ4>θ2>θ3>θ1. (c) c. Case 3: θ4>θ2>θ1>θ3.

Figure 2. The three possible cases of the axial point-like source, placed outside the cubic detector cavity.

3 Geant4 simulation

In Geant4 are accounted the all electro-magnetic interactions of gamma-rays with the detecting
media. In Geant4 a library of electro-magnetic interaction of low energy has been created [22] and
the valid energy range is extended down to 250 eV. This improvement is based on the use of experi-
mental data parameterizations utilizing the databases created by the Lawrence Livermore National
Laboratory (LLNL): EPDL97 (Evaluated-Photon-Data-Library), EEDL (Evaluated-Electron-Data-
Library) and EADL (Evaluated-Atomic-Data-Library). This low limit, together with the available
in Geant4 physical processes, allows us to use Geant4 for simulating the energy response of the
cubic scintillation detector. The energies which are used for simulated program are tabulated in
table 1, which are the same energy used experimentally and mathematically. The configuration of
the simulated cubic detector with rectangular cavity and Geant4 generated a gamma-photons are
shown in figure 3.

4 Experimental setup

4.1 Radioactive sources

The calibration process and experimental measurements were done using four radioactive standard
point-like sources, which were purchased from the Physikalisch Technische Bundesanstalt (PTB)
in Braunschweig and Berlin. The four point-like sources, 137Cs, 60Co, 133Ba and 152Eu, cover an
energy range from 80.99 keV to 1408.01 keV. The half-life, photon energies and the probabilities
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Figure 3. Geant4 simulation of the cubic detector with rectangular cavity and axially positioned radioactive
point-like source.

of photon emission per decay for all radionuclides used in the calibration process and its activities
tabulated in table 1.

Table 1. Point sources activities and their half lives, photon energies and photon emission probabilities per
decay.

Nuclide Energy (keV)
Emission Half Life Activity (kBq)

Probability % (Days) on 1 June 2009
133Ba 80.99 34.10 3847.91 275.3

152Eu

121.78 28.40

4943.29 290.0
244.69 7.49
344.28 26.60
964.13 14.00
1408.01 20.87

137Cs 661.66 85.21 11004.98 385.0

60Co
1173.20 99.90

1925.31 212.1
1332.50 99.98

4.2 Gamma detector

The cubic gamma-ray NaI(Tl) scintillation detector with rectangular cavity was purchased from
Saint-Gobain Crystals, based on Special Order from Radiation Physics Laboratory, Faculty of

– 6 –
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Science, Alexandria University, Egypt. The manufacturer drawing of the detector with rectangular
cavity is illustrated in figure 4.

Figure 4. Manufacturer drawing of specially ordered cubic detector with rectangular cavity.

4.3 Experimental efficiency determination

The experimental efficiency values ε for a given photon energy is obtained using the following
formula:

ε =
N

TPγACd
(4.1)

where,
Cd = e−λT . (4.2)

N, is the total number of counts in the full energy peak, T(s) is the elapsed time, Pγ is
the probability of a photon emission [23], A(Bq) is the activity of radionuclide and Cd is the
correction factor due to radionuclide decay as a function of the decay constant λ(s−1). The
measuring time was sufficiently long in order to obtain a net peak area uncertainty less than 0.5%.
Additionally, background subtraction was performed where The first step in the library locate phase
is determination of the continuum background. This is done by “erosion” process that effectively
smoothes that spectrum. At the end of this process, the resulting background spectrum is subtracted

– 7 –
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from the original spectrum to form a net spectrum. Dead time valueswere found to be less than 1% in
all measured spectra; therefore, no correction for the dead time was done. The measurements of the
four standard sources were done at separation distances of 21.5 cm, 29.5 cm and 37.0 cm, measured
from the detector surface, to avoid the coincidence-summing effect. The full energy peak efficiency
of radionuclides was measured at 37.0 cm, which was considered to be a reference position. This
reference position efficiency was used to transfer it to the other two positions. All radioactive point-
like sources were measured with the help of a homemade Plexiglas holder of two horizontal layers,
the first (3.68 mm-thick) is the base of the support that is placed directly on the top of the detector,
the second Plexiglas layer (2.55 mm-thick) is placed below the radioactive source as a holder.

5 Results

The experimental values of the full energy peak efficiency at the reference position with their
uncertainties are shown in table 2. The effective solid angles at 21.5 cm, 29.5 cm and 37.0
cm were calculated as presented in section 2. Also, the calculated values of the full energy
peak efficiency were obtained by using equation 4. The relative deviation percentage (RD%)1
between the experimental and calculated full energy peak efficiency are determined according to
the formula (5.1) and the values are shown in tables 3 and 4:

(RD%)1 =
εCalc − εexp

εexp
× 100 (5.1)

The mean discrepancy of ~5% between the experimental and calculated full energy peak efficiency
is found to be acceptable.

According to figures 5 and 6, and the data listed in tables 3 and 4, there is an agreement between
the experimental values and simulated ones, obtained by means of Geant4. The results are in good
agreement at both low- and high- energy regions.

The relative deviation percentage (RD%)2 values between the experimental and Geant4 simu-
lated full energy peak efficiency are determined according to the following equation:

(RD%)2 =
εGEANT4 − εexp

εexp
× 100 (5.2)

6 Conclusions

In the present work, a new analytical method based on the source-to- detector geometry, calculation
of the distance traveled by gamma-ray within the detector materials, and the effective solid angle
ratio, was used to calculate the full-energy peak efficiency of the well-cubic NaI(Tl) gamma-ray
detector for axially positioned sources outside of the well-cavity. Experimental measurements
using radioactive point sources, located out the detector cavity at different heights were performed
to evaluate the performance of this new method. A computer program was developed to solve the
analyticalmodel and validated itwith laboratory results andGeant4MonteCarlo code. Results based
on this setup indicate good agreement between the measured full-energy peak efficiency values,
those simulated using Geant4, and the predictions of the analytical model. These programmed
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Table 2. The full energy peak efficiency at the reference position of 37.0 cm separation distance and their
uncertainties.

Nuclide Energy (keV) Experimental Efficiency Experimental Efficiency Uncertainty
Ba-133 80.99 2.66E-03 1.86E-05

Eu-152 121.78 2.89E-03 2.40E-05

Eu-152 244.69 1.98E-03 2.26E-05

Eu-152 344.28 1.49E-03 1.22E-05

Cs-137 661.66 9.62E-04 1.06E-05

Eu-152 964.13 6.49E-04 7.62E-06

Co-60 1173.23 6.34E-04 4.86E-06

Co-60 1332.50 5.84E-04 4.42E-06

Eu-152 1408.01 5.80E-04 5.27E-06

Figure 5. Experimental, theoretical and Geant4 simulation full energy peak efficiency at 21.5 cm separation
distance.

mathematical methods are a very simple and fast calculation procedure for the calculation process,
especially in case of extended sources. In future work we will explore the viability of application
to distributed sources.
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Figure 6. Experimental, theoretical and Geant4 simulation full energy peak efficiency at 29.5 cm separation
distance.

Table 3. Determined efficiencies and their relative deviation percentages at 21.5 cm separation distance from
the detector surface.

Nuclide Energy (keV) εexp εCalc (RD%)1 εGeant4 (RD%)2
Ba-133 80.99 6.93E-03 6.86E-03 -1.01% 6.84E-03 -1.30%

Eu-152 121.78 7.14E-03 7.14E-03 0.00% 7.24E-03 1.40%

Eu-152 244.69 5.48E-03 5.38E-03 -1.82% 5.33E-03 -2.74%

Eu-152 344.28 4.24E-03 4.07E-03 -4.01% 4.16E-03 -1.89%

Cs-137 661.66 2.48E-03 2.47E-03 -0.40% 2.47E-03 -0.40%

Eu-152 964.13 1.78E-03 1.69E-03 -5.06% 1.72E-03 -3.37%

Co-60 1173.23 1.64E-03 1.63E-03 -0.61% 1.63E-03 -0.61%

Co-60 1332.50 1.53E-03 1.50E-03 -1.96% 1.51E-03 -1.31%

Eu-152 1408.01 1.46E-03 1.48E-03 1.37% 1.47E-03 0.68%
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Table 4. Determined efficiencies and their relative deviation percentages at 29.5 cm separation distance from
the detector surface.

Nuclide Energy (keV) εexp εCalc (RD%)1 εGeant4 (RD%)2
Ba-133 80.99 3.97E-03 4.07E-03 2.52% 4.02E-03 1.26%

Eu-152 121.78 4.29E-03 4.31E-03 0.47% 4.36E-03 1.63%

Eu-152 244.69 3.07E-03 3.01E-03 -1.95% 3.04E-03 -0.98%

Eu-152 344.28 2.52E-03 2.49E-03 -1.19% 2.47E-03 -1.98%

Cs-137 661.66 1.47E-03 1.46E-03 -0.68% 1.46E-03 -0.68%

Eu-152 964.13 1.01E-03 9.95E-04 -1.49% 9.98E-04 -1.19%

Co-60 1173.23 9.50E-04 9.63E-04 1.37% 9.61E-04 1.16%

Co-60 1332.50 8.96E-04 8.86E-04 -1.12% 8.86E-04 -1.12%

Eu-152 1408.01 8.98E-04 8.79E-04 -2.12% 8.89E-04 -1.00%
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