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Lump, lumpoff and predictable rogue wave solutions to
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We study a simplified (3+1)-dimensional model equation and construct a lump solution for the special case of z =y
using the Hirota bilinear method. Then, a more general form of lump solution is constructed, which contains more arbitrary
autocephalous parameters. In addition, a lumpoft solution is also derived based on the general lump solutions and a stripe
soliton. Furthermore, we figure out instanton/rogue wave solutions via introducing two stripe solitons. Finally, one can
better illustrate these propagation phenomena of these solutions by analyzing images.
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1. Introduction

In recent years, the theme of lump waves in nonlin-
ear science has attracted great interests because it was re-
garded as suitable prototypes to model rogue wave dy-
namics in both nonlinear optics!!! and oceanography.?!
In Ref.
for constructing the lump solutions to the Kadomtsev—

[3] the author proposed an effective method

Petviashvili equation, and then all second-order lump so-
lutions were systematically presented in Ref. [4] by Ma
and Zhou.

tial equations also admit lump solutions, such as the gen-

Henceforth, many nonlinear partial differen-

eralized Kadomtsev—Petviashvili-Boussinesq equation, ) the
Boussinesq—Kadomtsev—Petviashvili equation,[®! the (2+1)-
dimensional Ito equation,!”! and the (2+1)-dimensional Burg-
ers equation.'®! etc.[¥-1°1 Many methods can help us study
lump solutions, such as the multiple variable separation
method!?*! and the common expression method.*!l Among
them the Hirota bilinear method is recognized as an effec-
tive approach to find lump solutions to nonlinear partial dif-
ferential equations. The large amplitude wave related to the
rogue wave is an extreme event that appears on the surface of
the ocean. Such waves can be accompanied by deep grooves
(holes) that appear before and/or after the maximum peak.
Recently, special attention to theories and experiments has
spread from oceanography into several other areas of research,
such as nonlinear optical systems,*>?3 fluid dynamics and
atmosphere.[?4311 These developments help to understand the
physical mechanisms of the flow phenomenon.

Jia and Loul®?! gave one special case of the lump solu-
tions to the (2+1)-dimensional KP equation based on the gen-
eral mathematical results established in Refs. [3,4] After that,
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the lumpoff solution and the instantan/rogue wave solution
were derived. Based on the completed study, a series of related
work was carried out.[33-36] In this paper, we mainly consider
a new (3+1)-dimensional model equation introduced by using
a multivariate polynomial in Ref. [37] and then discuss the
lump dynamics related to the new Hirota bilinear equation. 38!
The form of the Hirota bilinear equation is

(D:Dy —D,*Dy—3D> +3D2)f - f =0, (1
which is equivalent to

ffty - ftf) + fxxxf) + 3fxxyfx - 3fxxfxy - ffxxxy
=3(ffee— ) +3(f = 12) =0, ©)

where f = f(x,,z,t), and the D-operator is defined by 3%40]

d I\ aNProa a9\
apfpliro (2 9\ (9 _ 9\ (9 _ 9
DyDyD;(f-8) (ax Bx’) (ay ay) (at 8:’)

Xf(x7y7t) 'g(x/aylat/)

x=x',y=y' t=t'.

Based on the theories of the binary Bell polynomials and the
bilinear operator, one can introduce a variable transformation

_ 2fx(x,y,z,t)
X 7 N
fx,y,2:1)

then equation (2) is transformed into a (3+1)-dimensional

u=2[Inf(x,y,z,1)]

model as follows:
Upy — Uxxxy — 3ttty ) x — ity + 3u; = 0. 3)

The solution u of Eq. (3) will be analytical when the solution
f of Eq. (2) is positive.

*Project supported by the National Natural Science Foundation of China (Grant No. 11971475).

fCorresponding author. E-mail: zhangyfcumt@ 163.com
© 2020 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

040501-1


http://dx.doi.org/10.1088/1674-1056/ab75d7
mailto:zhangyfcumt@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 29, No. 4 (2020) 040501

This paper is arranged as follows: In Section 2, we
construct a general lump solution to the reduced (3+1)-
dimensional model equation. On the basis of the general lump
solution, a lumpoff solution is also derived with a stripe soliton
in Section 3. In Section 4, we find that the lump will become
a rough wave when a pair of solitons was determined by the
lump and can only visible at a specific point in time.

2. Lump solution to reduction with z =y

We first take a special reduction z =y to construct the
lump solutions to the (3+1)-dimensional model equation (3).
Then equation (2) turns out to be

ffty - ftfv + fxxxfy + 3fxxyfx - 3fxxfxy - ffxxxy
=3(ffa— F)+3(F s = 1) =0. )

It follows that equation (3) is converted to
Upy — Unrry — 3(txlty)x — 3ttyy + 31ty = 0. (5)

2.1. Lump solutions

To get the single lump solution of the equivalent equation
(4), we take a general quadratic function as follows:

3
f=Y aipxixj+ fo, (6)

ij=0

where x; =x, x =y,x3 =1, x0 = 1, and g;;, i < j and f are
constants to be determined. In Eq. (6), f has an expansion
form as follows:

f = anx® +2axy +2a13xt + any* + 2axyt + azt*
+2ag1x + 2anzy + 2ao3t + aoo + fo, (7
which contains eleven parameters to be determined. Substitut-

ing Eq. (7) into Eq. (4) and collecting the coefficients of x, y,
t, we obtain ten equations as follows:

6at; +6ayiaxn +2ariax — 12a, — 4apaiz =0, 8)
—6ajaxn + 12a%2 — 6a%2 —2axax; =0, )

—6ay1a33 + 12&%3 -+ 6a22a33 — 12(1%3 —2ay3az3 = 07 (10)

12ay1a13 — 24apa23 —4apass + 12a13a2 =0, (11
12ay1a12 — 12a1pa20 —4ayzazn =0, (12)
12ap1a11 + 12ap1 a2z + 4ap1az3 — 24aparz

—4apaiz —4apzair =0, (13)
—12ay1a3 +24a2a13 — 12ax a3 — 4axazz =0, (14)
24ap1a12 — 12a02a11 — 12amaz — 4apzaxn =0, (15)

24ap1a13 — 24ap a3 —4agzas;

—12ap3a11 + 12ap3ax =0, (16)
—6agoar + 6agoazz + 2apazs + 12ag; — 12ag, — 4agxao
—12ay2a11 — 6ay fo + 6az fo +2a3 fo =0, (17)

which can be used to determine the parameters of a;; and fo.
Solving Egs. (8)—(17), one can get the following five con-
straints of a;3 (i=0,1,2,3) and fj as

3(—2ap1a12 + apzai1 + anazs)

apsy = — . ; (18)
3ap(axn —an
a;z = —¥, (19)
ax
3(ajjax — 2d%, + a3
s = (ar1az —2aj, 22), 20)
axn
9(d?, +2amay — 4d%, + d?
v — (at; - 12 22), @1
2 2
ag a2 —2ap1ap2a12+apa11 —ai1aa
= —app+ , (22
Jo 00 anan—a, (22)

where ag1, ap2, a1, aiz, ay are arbitrary constants, and ag is
canceled out by Eq. (22).

According to Eqgs. (18)—(22), two nonzero conditions for
ax # 0 and ajjax — a%z % 0 should be satisfied to find the
solution to Egs. (8)—(17).

Substituting the result Egs. (18)—(22) into Eq. (7), one
finds

6az(ax —ain)
an
_ 6lanan —2a}, +d)
ay Y
n 9(a?, +2anar —4a2, +ad3,)
an
6(—2ap1a12 +apai +002a22)t
an
a} axn — 2ap1a0ar + aar — aiainaxn

fi = anx*+2apxy — xt + axny*

12+ 2ap1 x + 2apyy

(23)
anay —al,

Further, we get the lump solution u of Eq. (5) as follows:

2a11x2—|—2a12y—6a12(a22_a“)t+2a01
u=2 7 2 , (24)
1

where ag1, ap, ai1, aia, axy are arbitrary constants.

Thus, the solution to Egs. (23) and (24) containing ten pa-
rameters with five constraints and two nonzero conditions rep-
resents the general lump solutions to Eq. (3) with z =y. Next
we will explore whether fewer constraints can get the similar
lump solutions.

2.2. Lump solutions with more freedom

To contain more free parameters in the lump solution, we
take the general quadratic function

f=xTAzx+ fp, 25)
where
agy dol dop  do3
z' = (1,x,y,1), A= aypp ap ap apa |

azp dz1 4 azs
asp 4z dsz  asz
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with  being a column vector matrix, A € R*4

a symmetric
matrix, and fy a positive real parameter to be determined. Here

f can be rewritten as

3
Y aijxixj+ fo
=

f

= a11x2 +2a12xy + 2ay3xt +a22y2 + 2ax3yt —|—a33t2

+2a01x + 2agzy + 2ag3t + apo + fo- (26)
Different from Eq. (6), a;; is redefined as
n
aij = (Mi|M;) = Y MaMj, @7

k=1
where

H
M) =My = (my1,ma1,m31,...,my1),

|Ma) = Ms = (mi2,ma,m3,...,myp),

3[—myiz(—miy +miy +m3y +m3y +m3y +miy) 4+ 2my2(maamaz +mzama3)]

H
|M3) = M3 = (my3,mp3,m33, ...,My3),

H
|My) = My = (mia,moa,m3a, . .., My4) (28)

are n-dimensional vectors, and m; 4 (A = 1,2,...,n and k =
1,2,3,4) are real scalar parameters to realize.
Substituting Eqgs. (26)—(28) into Eq. (4) and eliminating
the coefficients of x, y, ¢ yield two constraints as follows:
3(71/)’!”36122 —my3ay + 2mn2a12)
Mp4 = ’
a
a} axn — 2ap1apar + ala — ananaxn

(29)

Jo=—ago + . (30)

anay —as,

According to the above results, it is not hard to find that
Egs. (26)—(28) include infinitely many parameters. Based on
the results of Refs. [3,4], n = 3 is a more right choice for gen-
eral lump solutions to Eq. (3). Therefore, one can rewrite con-
straint conditions by taking n = 3 as

my = 31
My +mas +m3y ,

My = 3 [—m|3 (—m%z + m% + m%z + m%3 + m%z + m%3) + 2m22 (m12m13 + m32m33)] (32)
mis +mas +m3y ’

- 3 [—m33 (—m%z + m%3 + m%z + m%3 + m%z + m§3) +2ms3p (m12m13 + m22m23)] 33)
= 2 2 2 ’

mi3 +ma3 +ms3;
fo = [(maam33 — mazmzp)myy + (myzmsy — mizmsz)myy + (miama3 — myzm)ms; |
0= _ 2 _ 2 _ 2
(ma3mi3 —miam33)? + (miamsy — myzmp)? + (mopam33 —my3ms;)
_ (my +m3y + m3y) (miy +m3y + m3y) (miamys + maamos + myms3) (34)

(ma3mi3 —miams3)? + (miamszy — mizmpa)? + (mopmss — mpzmsn)?’

where my |, my , and my 3, A = 1,2,3 are real constants.
Thus, we obtain the general lump solution u of Eq. (5) as fol-
lows:

6aiz(axn—air)

H—2d01)7 (35)
an

2
Ulump = flep <2a11x+2¢112y -

with

fiump = anix® +2apxy +2ai3xt + any* +2axsyt
+ 11332‘2 +2a01x+2apy + 2ag3t

2 2
agy a2 — 2ap1amnai2 +agail —anaan
+- - . (36)

anay —at,

To precisely explore the moving path of lump waves ex-
pressed by Eq. (26), we give the critical point of the lump
waves. Taking f; = f, = 0, the positions of the general sin-
gle lump solution is

_ _6alzt_ ap1az — dp2di2

an ayay —as,
3(ai1+ax) . anair —apai
y = ‘ ity 37)
a aiaxn —ay,

This means the lump waves move along the straight line

_ @i taxn
26112
2 2
I 2a01a1,—ao1a5, —ap2a11a12—ap1a11022+a02a12a22
2a12(arian—at,)

(38)

To further explore the propagation characteristics of lump
wave (35) in detail, we present Fig. 1 shown with the arbitrary
parameters chosen as

1
My =myy =3 =my =my3 =,
1
mp =mzp = -z, m;3 =m33 = 1. (39)

Figure 1(a) describes the spatial structure of lump solu-
tion (35) with Eq. (39). Figure 1(b) presents the density plot of
lump solution at t = 0. Figure 1(c) shows the relevant contour
map of the lump solution when ¢ = 0, r = 15 and ¢ = 30, and
the blue line expresses the propagation path (38), i.e. y = 2x.

040501-3



Chin. Phys. B

Vol. 29, No. 4 (2020) 040501

180

160

140

= 120

100

300

200

100

0

—100

—200
50 100 150 —100 0

x x

100

Fig. 1. Plots of the lump solution (35) for Eq. (5) with the parameters (39): (a) three-dimensional plot at time ¢ = 0, (b) density plot, (b) the

contour plot about the moving path described by the straight line (38).

3. Lumpoff solutions

The interaction between lump waves and stripe soliton
waves formed the lumpoff solution which is also called a cut-
off lump. It means that the lump solitons can be cut by stripe
solitons before or after a specific time. Therefore, we consider
the lumpoff solution to the reduced (3+1)-dimensional model
(3) in this section. The lumpoff solution of the reduced (3+1)-
dimensional model (3) has the form as follows:

Siumpoft = Sfiump +kexp(mor +moax + mozy +moat), (40)

where flump is given by Eq. (36), and the k, mg1, mo2, mo3 and
my4 are undetermined parameters.

Sulution (40) exhibits that the cutoff solutions composed
of the lump solution and the exponential solutions. When
mo1 + mooax +mozy +mpat > 0, the exponentiation part will be-
come the dominant position. For this reason, the lump solution
will only appear at mg; + moax + mo3y + moat < 0.

2
Ulumpoff = 7 (2611 1X+2a12y —
Siumpoft an

Then, a set of parameters are provided to better see the
corresponding motion characteristics to lumpoff solutions to
the dispersive relations in Eq. (41),

1
ML= M| = My) = My = 03 = 5
1 1
mpp=mp=—7, my=mz=my3=1, k=7, (43)
and the parameters of stripe soliton part can be given by
1 3
moy =F3\/ —6+6V3, mo3=i§\/ —6+6V3,
—244-2v/3)V —242+/3
_ (244 \f)g +2v3 (44)

According to Eq. (40), we can find that the lump part is
unchanged, thus the moving path of lump waves for Eq. (42)
is invariable to expression in Eq. (38), one has y = 2x.

6aiz(axy —a
Mz‘ +2ag1 +moxkexp(moy + moax + mozy + m04t)) -

Inserting Eq. (40) into Eq. (4), we have

2 2aiy +24/anan _ mgyy/anax
02— - T
ax an
2
(moamo3 + 3)mg,
myg=————+, 41)
mo3

where a1, aj» and ap; are defined in Eq. (27), with k and myg;
being arbitrary constants.

The above results show that the parameters of the soliton
parts mqp, mo3 and myg4 are related to the parameters of the
bulk solution (36), i.e., aji, aj2 and ap>. This means that the
existence of the solitons is determined by the existence of a
lump. Thus, the appearance of stripe soliton coincides with
lump soliton. Once the soliton is induced, the lump will be
invisible until the exponential part dominates. It implies that
the lump is cut off by the solitons induced by itself. We further
obtain the following lumpoff solution u of Eq. (3) with z =y
by the transformation u = 2(In f),,

(42)

From Fig. 2, one can find the process of propagation
in the space for lumpoff waves at t = =2, t =0, t =5,
t = 20 with the selection of Eq. (44) {mp, = —% VvV —6+6v/3,
—— \/Tg 6+ 63, mo = (—24+2\/§)9\/T2\/§}. Addi-

tionally, Fig. 2 illustrates that the lumpoff wave is cut by

the produced soliton. The lump wave appears when myg; +
mopx + mp3y + moat < 0, soon afterwards the lump is cut-
off by the induced soliton and eventually disappears. Fig-
ures 3(a)-3(c) display the contour plots att = —2,r =0, =15
and ¢t = 20. Figures 3(d) and 3(e) show the relevant density
plots. Moreover, the similar phenomena can be analyzed when
we choose {mq, = %\/ —646V/3, myy = —\/T§\/ —6+61/3,
_ (724+2\/§)9\/72+2\/§ 1.

mpa
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Fig. 2. Profiles of the lumpoff waves (42) for Eq. (3) with the parameters (43) and the selection of Eq. (44) {mg, = —% —6+6V/3, mpy3 =
/264613, moy = 2RIV o ifferent times: (a) 1 = —2, (b) 1 =0, () £ =5, (d) £ = 20,

(a) 40
y 20
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> —20
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—20 —-10 0 10 40 80
T T

Fig. 3. Relevant contour plots of the lumpoff waves (42) for Eq. (3) with the parameters (43) at different times: (a) t = —2,(b)t =0, (c)t =5,
(d) t = 20; and density plots of lumpoff waves (42) for Eq. (3) with the parameters (43) at times: (e) t = —2, (f) r =0, (g) t =5, (h) r = 20.

4. Instanton/rogue wave solution

An instanton/rogue wave is a localized wave decayed in
all space and time directions. The motivation of studying pre-
dictable rogue wave is that the emerging time and place of
this special rogue wave can be predicted. Thus, we focus on
the instanton wave solutions to the reduced (3+1)-dimensional
model (3) in this section. The instanton wave solutions of the
reduced (3+1)-dimensional model (3) has the form as follows:

h
Jrogue = flump + 5 exp(mo1 + moox + mo3y + moat)

h
+ 3 exp(—mo — mopx — mo3y — moat) +1
= fiump -+ Acosh(mo +moax +mo3y 4 moat) +1, (45)
where flump is given by Eq. (36), the parameters mqy, mo3 and

myoy are provided by Eq. (41), h and myq, are arbitrary constants,

2a11x+2a12y + 2a13t + 2ap1 +mpph sinh(m01 + moax + mo3y + m04t)

and / is another restricted condition that will be identified by
later. Based on the previous analysis, one can find that the
lumpoff soliton only appears at mq; + mgax + mo3y + moat < 0,
and becomes invisible for mgy; + mgax + mozy + moat > 0.
However, the lump waves are both invisible for mg; + mgpx +
mo3y + moat < 0 and mo + meax + mozy + moat > 0 due to the
existence of a pair of exponential solutions. The particular
rogue waves will appear only when the lump waves move to
the line mq; + mopx + mo3y + moat ~ 0. Substituting Eq. (45)
into Eq. (4), collecting the coefficients and considering the re-
stricted conditions (41), one has

I— R2[(/aniazn + 2a2)aian + aly\/aiazn)

anax(anaxn —al,)

(46)

It follows that we obtain the particular rogue solution u of
Eq. 3) withz=yas

Urogue = 2

. (47)

frough

Our results show that a pair of solitons are caused by block waves. The lump wave always disappears because the cosh part
being predominant, which results in the lump visible only when it moves to the line m; + max + mg3y + moat ~ 0. Then, the
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lump continue to move until achieve the peak at the center line mg; 4 mg2x +mo3y +mpat = 0 of a pair of resonance stripe soliton,
the lump soliton becomes rogue soliton. We therefore find that the time roughly appears to read

2
_an[yanax(agaxmy — apnaizme — aidmor +ajmor) + doidi2d2mo; — aod11axnmgy)| 48)

T= 2 2 2 2 3 3 2 3 ’
mo [\/ar1az (ar1a5,mg, — axnay,ms, +6ariainax —6ay,) +3aiaz, — 3aj,az,]

and the position

6ai2 ap1a2; — ag2an2 3(ai1 +axn) ap1a12 — apdil
x=— T - >, Y= T+ - (49)
ax ajlan —aj, axn ajlay —ay,

20 10 0 —10 40 20 10 0 —10 40 =

8

y Y
(f)
L
20 o} —20
Y
May 5 -1
20 10 0 —10 40 =z 20 10 0 —10 40 =z

Yy Yy

Fig. 4. Profiles of the special instanton (47) for Eq. (3) with the parameters (50) at times: (a)t = —5, (b)t = —3,(c)r=0,(d) r =2, (e) t = 10;
(f) the relevant wave height of predictable rogue waves in y = 0 plane at t = —3 (blue), = 0 (red) and 7 = 2 (black).
10

10 10

0
> = B
~10 ~10 J ~10
—20 —20 —20
-20 0 20 -20 0 20
xT x

—20 0 20 —20 0 20
T T

Fig. 5. Density plots of the special instanton (47) for Eq. (3) with the parameters (50) at times: (a)t = —5, (b)t = —3,(c)t =0, (d) t =2, (e) t = 10.
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A set of parameters is selected to explain the phenomenon
of predictable rogue wave (47) as

1 1

myp =mp =3 =My =my3 =z, mp=mp=-r,
1

moy=miz=mz=1, h 1024 (50)

Substituting it into Eq. (44) yields the moving path

27\%/9 3 27\? 3
=(5e) G3) =) (r2)

and the travelling direction

y=2x. (52)

Thus, the time of the rogue waves arise at approximately
t =—0.17 in (x = —4.31, y = —8.62) with arriving its peak
based on Egs. (48) and (49).

Figures 4(a)-4(e) indicate the process of propagation in
the special rogue wave at different timest = —5,¢ = —3,1 =0,
t =2, t =10, respectively, and panel (f) is the wave propaga-
tion along the y-axis att = —5,t=-3,t=0,¢t=2,t = 10.
Figure 5 shows the corresponding density maps of the pre-
dictable rogue wave att = —5,t = —-3,t=0,r =2,¢ = 10.

5. Conclusion

In summary, we have studied the (3+1)-dimensional
model (3) with z =y, and constructed the lump solution (6)
by solving the bilinear equation (4) with z =y. It follows
that the more general form of lump solution is also found to
contain seven arbitrary independent parameters and four con-
straint conditions. On the basis of the general lump solution,
we find the lumpoff and instanton/rogue wave solutions. The
soliton is induced by the lump as a result of lump determines
a soliton, which leads to the fact that the lump will be cut and
then become lumpoff. Additionally, the lump becomes a rough
wave when a pair of solitons are determined by the lump, and
can only be visible at a specific point of time. It is possible
for us to predict the exitance of the rogue wave thanks to the
existence of the visible soliton.
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