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A numerical study of dynamics in thin hopper flow and granular jet∗
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The dynamics of granular material discharging from a cuboid but thin hopper, including the hopper flow and granular
jet, are investigated via discrete element method (DEM) simulations. The slot width is varied to study its influence on the
flow. It is found the flow in the cuboid hopper has similarity with the flow in two-dimensional (2D) hopper. When the
slot width is large, the flowrate is higher than the predicted value from Beverloo’s law and the velocity distribution is not
Gaussian-like. For granular jet, there is a transition with varying slot width. For large slot width, there is a dense core in the
jet and the variations of velocities and density are relatively small. Finally, the availability of continuum model is assessed
and the results show that the performance with large slot width is better than that with small slot width.
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1. Introduction

There are several peculiarities distinguishing granular
material from simple bulk solid, fluid or gas, such as internal
friction, force chain, rotational degrees of freedom, and ran-
domness in geometry.[1–3] Granular material can exhibit solid-
like, fluid-like, and gas-like features under different boundary
conditions and transitions often occur with a change of volume
fraction.[4,5]

The granular materials discharging from hopper is an at-
tractive issue for scientists and engineers. In the granular flow
inside a cylindrical hopper, a famous rule is that the grains
discharge constantly by gravity independent of filling height
when the height is high enough (usually greater than the diam-
eter of the hopper). In addition, the flow rate is independent
of the diameter of hopper when it is larger than 2 times of the
outlet diameter[6,7] and the outlet diameter is large enough to
avoid any clogging.[8,9] This constant flowrate was observed
by ancient people to invent the hourglass. The flowrate only
depends on outlet and there is a scaling law,[10] which is stud-
ied in various cylindrical and square hoppers with conical or
flat bottom. To explain this law, it is assumed to exist a free fall
arch and the particles below the arch are falling freely.[11] The
large-aspect-ratio hopper with a slot is rarely concerned in pre-
vious studies, which is proposed as a candidate configuration
of high power target for neutron production.[12] Moreover, it is
not very clear about the flow when the outlet size approaches
to the hopper size.

As granular material is naturally discrete, the difference

between granular and continuum fluid is one of most attractive
issues for researchers. Because of the collisions, the motion of
granular jet cannot be understood by analogy with free falling
of one single particle. In Prado et al.’s work, it is interesting
to find that the jet of powders will be thinning and this behav-
ior is similar with incompressible fluid and is controlled by
ratio of diameter of particle and diameter of funnel.[13] How-
ever, in simulation of impact on a target, the author suggested
there is a significant difference between the granular jet and a
fluid.[14] The experiments of the powder jet showed there are
surface fluctuation of the jet, which can be explained by theory
of capillary waves.[15] This instability will grow and clustering
of powders will appear due to van der Waals interactions.[16,17]

The clustering was also observed in simulation of cohesive
granular jet.[18] Since the distinct difference between grains
of micrometer level and powders, the behaviors of the jet of
grains needs to be investigated deeply.

Recently, a phenomenological constitutive relation for
plastic granular flow, which is called ‘µ (I) rheology’, was
proposed. In Staron et al.’s work, the constant flowrate and
pressure cavity above the outlet are successfully reproduced
by employing µ (I) rheology to Navier–Stokes solver.[19] Be-
sides usual hopper, they also obtain Beverloo scaling law in
hopper with a lateral outlet.[20] This consistence indicates that
granular flow in hopper can be treated as a Bingham fluid. It
raises a question that if the continuum model is valid to simu-
late the granular jet.

This paper investigates the dynamics of spheres in a
cuboid hopper with varying the slot size. The granular flow is
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divided into two parts: hopper flow and downstream granular
jet. The profiles of velocity and volume fraction in these two
parts are analyzed. The influence of outlet size on flow type
of granular jet is studied. An incompressible fluid-like flow
region with slight fluctuation is observed when outlet is large.
The availability of continuum model in this flow is assessed.

2. Methods
The simplified model contains a cuboid hopper with a slot

on the bottom. In the hopper there is a dense flow. There
are many works about the cylindrical hopper but cuboid hop-
per is rarely concerned,[10,21] especially when the slot size ap-
proaches to the width of hopper. This hopper has a large aspect
ratio (5 : 1) for statistical purpose. The spheres discharge from
the slot and form a free-falling granular jet with gravity. In
previous work for freely falling powders discharging from a
container (< 100 µm), there is a clustering instability, bound-
ary instability and turbulent behavior[15,17,22] and the spread
angle of jet can be deduced.[23,24] But the constancy of the
jet is still unclear. In this paper, the sphere diameter is 5 mm
whose behavior is quite different with powders.[25] Due to the
choose of size, in the simulations the effect of environment gas
is neglected while it is obvious to powders.[26]
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Fig. 1. Schematics of simplified model.

Due to the inhomogeneous and anisotropic properties, it
is a big challenge to study granular matter theoretically and
computationally,[2] and under some conditions the continuum
approximation is not applicable anymore.[27,28] The discrete
element method (DEM), closely related to molecular dynam-
ics (MD), has become the most acceptable method for the
study of granular flow since it was introduced by Cundall and
Strack.[29] To simulate the large-scale granular flows, we de-
veloped the DEM code on GPUs,[30] which shows good valid-
ity and parallel efficiency.[31–33]

Here we investigate the behavior of granular flow during
the flat-bottomed hopper discharge through long narrow slot
mounted on the bottom of the hopper. A system, consisting of
8×106 mono-disperse tungsten spheres (diameter d is 5 mm)
is used and the material properties of the hopper is the same

as spheres. The walls of the hopper are smooth and frictional.
A Cartesian coordinate system is established and the center of
the slot exit is set as the original point. The hopper dimensions
in x and y directions are 200d and 40d respectively, resulting
in an approximately 1000d height in z direction. The length
of the narrow slot is fixed to be 200d and the slot width is
a variable. The configuration of the flat-bottomed hopper is
schematically shown in Fig. 1 and the material parameters are
presented in Table 1. The time-step in DEM simulations is
5× 10−7 s. Initially a random filling process is used to fill
the hopper with the spheres until a random static packing state
is reached (the volume fraction is about 0.58). Then the slot
is opened and steady state flow is allowed to develop (gener-
ally 0.5 s after the flow starts) before acquiring the data used
for subsequent analysis. In this paper the velocity and volume
fraction fields of the hopper flow and granular jet are averaged
in x direction. The derivations in the flow is also analyzed.

Table 1. The parameters of the material properties in DEM simulations.

Quantity Symbol Value

Young’s modulus/GPa E 411
Poisson’s ratio υ 0.28
Sliding friction coefficient µ 0.2
Density of spheres/(g/cm3) ρ 19.25
Coefficient of restitution ε 0.9

3. Results and discussion
3.1. Dynamics of hopper flow

In contrast with most fluids, granular materials display
coexisting solid, liquid, and gaseous phases, which will pro-
duce a rich variety of complex flows. The hopper discharge
through a bottom circular outlet has been extensively inves-
tigated both experimentally and computationally.[31,33–35] To
the best of our knowledge, the literatures on flow behavior
through a slot of this type of flat-bottomed hopper, are very
scarce and appear to be restricted to blockage problems.[36,37]

Considering the shape of the flat-bottomed hopper, it can be
inferred that spheres have no tendency to move in the x di-
rection (as verified in Fig. 2). Thus, we just need to mainly
study the flow pattern in y–z cross section. In the following,
we evaluate physical quantities from the height z = −100d to
z = 40d. To obtain the spatial fields of these quantities, the y–z
cross section is divided into square cells of size 1.0d× 1.0d.
Then in each cell the average/standard-deviation is performed
over all the spheres of the center inside the cell and over all
time points when the flow is steady. The profiles along the
z direction are calculated as follows. In the z direction, the
space is divided into bins of equal length ∆z, generally set to
1.0d. For most quantities, averages are performed over these
bins and over time points during the steady flow. But for the
thickness of granular jet in the y direction, it is defined as the
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extension in that direction and the average is calculated over
time.
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Fig. 2. Spatial field plot of the time-averaged velocity in the x direction
inside the hopper with the slot width D = 10d.

Firstly, we will analyze the simulation results of the flow
inside the hopper. Granular hoppers have the well-known
property of discharging their stored material at a constant rate,
which depends on different parameters and is described by the
Beverloo’s law.[10] To obtain the law of the flow rate in our
case, we perform series of hopper discharges by varying the
width of slot from D = 5d to D = 30d. Considering the ob-
servation that a large discrepancy between the measured flow
rate and the value predicted by Beverloo’s law when the outlet
size is significantly wider,[35] the slot width is limited to be
less than 30d in our simulation. The flow rate is fitted by a
modified Beverloo’s law for the hoppers with rectangular out-
let: W = C0ρf

√
g(L− kd)(D− kd)3/2,[38,39] where C0 and k

are non-dimensional constants, ρf is the flowing bulk density

at the outlet, g is the acceleration of gravity, d is the diame-
ter of the spheres, L is the length of the outlet, and D is the
width. The empirical term kd represents the “empty annu-
lus” effect,[40] which indicates that no sphere center can ap-
proach within a distance of kd/2 to the outlet rim. Since L
is fixed (L = 200d) and large enough in our case, L− kd ≈ L
and the formula can be rewritten as W =C(D− kd)3/2, where
C = C0ρf

√
gL. The result shown in Fig. 3 indicates an agree-

ment between the data and the fitted curve with parameters
C = 22.47, k = 2.10. There is a discrepancy when D = 30d,
which is in agreement with the experiments by Mankoc et
al.[35] In a cylinder hopper, typical range for the value of k
is usually between 1 and 2 and is independent of the sphere
size.[41] In a two-dimensional (2D) case,[42] k = 2.17 for dis-
crete simulations. The fitting results indicate that the law of
flow rate in this configuration is similar to that in a 2D hopper.
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Fig. 3. The flow rate as a function of the width (D) of the slot. The red line
is a fit of Beverloo’s law. The inset shows a log–log plot.
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Fig. 4. Spatial vector field plot of time-averaged vz in the y–z plane inside the hopper with the slot width (a) D = 5d, (b) D = 10d, (c) D = 20d, (d) D = 30d.
The arrow heads indicate the velocity direction. The length of arrows and the color scale indicate the velocity magnitude.
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Figure 4 shows the spatial vector field plot of the time-
averaged vz in the y–z plane. The vector plot shows that the ve-
locity has a maximum at the center of the slot and the spheres
gradually converge to the slot. Two small regions in the left
and right corners made by the sidewalls and bottom wall re-
main stagnant.[43] As can be seen in Fig. 4, the flow in the up-
per hopper is a plug-flow. In addition, we observe the nonzero
slip velocity at sidewalls, which depends on the friction prop-
erties of the contacts between spheres and walls.[44,45] Figure 5
shows the spatial field plot of standard deviation of the veloc-

ity magnitude in the y–z plane. It shows a strong variation near
the slot rim, which is perhaps attributed to frequent collisions
between spheres and the slot rim. This phenomenon agrees
with the fact that grains close to solid boundaries in granular
flows are hotter in terms of granular temperature.[46–48] In this
paper, we use a Voronoi tessellation to calculate the volume
fraction on a local scale, which uniquely assigns a polygonal
volume to each sphere. The volume fraction is defined as the
ratio of the sphere volume to the polygonal volume, and is cal-
culated using the algorithms proposed by Rycroft.[49]
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Fig. 5. Spatial field plot of standard deviation of vz in the y–z plane inside the hopper with the slot width (a) D = 5d, (b) D = 10d, (c) D = 20d,
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Figure 6 shows the spatial field of time-averaged volume
fraction. It shows that there is volume fraction with a constant
value of 0.55 in plug-flow region, while there is a sharp tran-
sition to low volume fraction (0.45–0.35) near the slot, due to
the shear dilation.
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The downward velocity profiles inside the hopper with
D = 10d at different heights are plotted in Fig. 7. The pro-
files near the slot have a parabolic shape. According to the
rheology of granular flow, this region is classified as the iner-
tial (rapid flow) regime. When z > 10d, the profiles indicate
that the flow is a plug flow and is located at the quasi-static
regime. In Refs. [50,51] a continuum kinematic model con-
taining only one unknown parameter is proposed, and it can
provide an accurate prediction for the description of the veloc-
ity profiles in a quasi-2D flat-bottomed bottom hopper with a
centric discharge. Based on the following two assumptions:
the constitutive law and the boundary condition, this model
gives a Gaussian-like profile for downward velocity

vz (y,z) =
W√
4πbz

exp
(
−y2

4bz

)
,

where W is the volumetric flow rate per unit thickness of the
hopper and b is referred to as the ‘diffusion length’ by Choi et

al.[52,53] Then we compare the velocity profiles with the pre-
diction of this model by using similar methods in Refs. [52,54]
where the non-linear least square is used to find the values of
vz max = (W/

√
4πbz) and b. In Fig. 8, we show the down-

ward velocity profiles for D= 5d, 10d, 20d, 30d at two heights
z1 = 2d and z2 = 5d along with the fit to the kinematic model.
For small slot width (D= 5d). The profiles at z1 and z2 are best
fitted with b = 1.2d and b = 2.0d respectively. For intermedi-
ate slot width (D = 10d), the diffusion lengths b = 2.8d and
b= 3.0d are the best fit for the profiles at z1 and z2. The best fit
lines for small and intermediate slot width show good agree-
ment with velocity profiles. In addition, the diffusion length
b becomes larger when z increases, in accordance with some

previous reports.[52–55] However, for large slot width (D= 20d

and 30d), the shape of velocity profile at z1 is obviously devi-
ated from the Gaussian distribution as it has a flat sharp at the
center. And for large slot width, the best fitting values of b

(15.0d and 8.7d for z1 and z2 respectively) are out of the nor-
mal range (< 4d).[50,55,56]
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z1 = 2d and z2 = 5d are also shown. The vertical black dashed line is drawn
for visual clarity.

3.2. Dynamics of granular jet

Granular jets falling under gravity exhibit astonishingly
liquid-like appearance.[57] In recent papers,[15,16,58,59] such
jets were investigated, where the main interest is focused on
describing the surface properties of these jets like the cluster-
ing instability due to cohesive force. Similar to liquid jets,
these jets became progressively thin as they flow downward,
with a roughly constant density implying incompressible-like
feature. However, Prado et al.[47] observed a clear transi-
tion from compressible to incompressible granular jets in their
experiments, which depends solely on the aspect ratio be-
tween the diameter of spheres and the diameter of the outlet.
In the following section, we will investigate the flow behav-
iors of the free-falling granular jet emanating from the long
slot. It is interesting that, we find a similar “compressible-
incompressible” transition in our simulations by varying the
slot width D.

Figure 9 shows snapshots of granular jets falling un-
der gravity for different slot width D. For small slot width
(D = 5d, 7d, 10d), the granular jets spread out when they
propagate downward. However, for intermediate slot width
(D = 15d) the jet spread out slightly, and for large slot width
(D = 20d, 30d) the jet thins at first and then scarcely spreads
out. Since the displacement and velocity of each sphere is
known individually in the DEM simulations, many quantities
are easy to obtain. The thickness (L) of granular jet, which
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is defined as a time-averaged position of outmost particles, is

measured to characterize the jet dispersion. To describe the

contraction or expansion of this jet, figure 10 illustrates the

rescaled thickness (L/D) of jets as function of z for different

slot width D. As we can see, the degree of granular jet dis-

persion decreases with the slot width. For small slot width

(e.g., D = 5d), the granular jet disperses strongly in the re-

gion far from the slot, and even at z = −100d the thickness

(L) is about 6 times of the slot width (D). An interesting phe-

nomenon is that for large slot width (D = 20d) the thickness of

jet decreases slightly at first and then increases gradually along

the z axis. The above phenomenon are basically in accordance

with the snapshots shown in Fig. 9. In addition, the thickness

of granular jet as a function of time at different heights for

D = 10d is illustrated in Fig. 11. It shows that the rescaled

thickness (L/D) fluctuates with time but shows a small varia-

tion, which indicates that the flow rate of the jet flow is rather

steady.

Fig. 9. Snapshots (in y–z cross section) of granular jets near the slot of the hopper for different slot widths D (from left to right 5d, 10d, 15d, 20d, 30d).
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As mentioned above, compared with physical experi-

ments, DEM simulations have the ability to acquire the in-

formation within the jets. Figure 12 shows the spatial vector

field plot of the time-averaged vz in the y–z plane of granular

jets. When D = 30d, there is a valley of vz in horizontal di-

rection, which is consistent with the velocity profile inside the

hopper (see Fig. 8). Compared with Fig. 9, there is no con-

traction at z = −10d which is due to the infrequent scattered

particles outside the jet. The spatial vector field of standard de-

viation of the velocity magnitude in the y–z plane is displayed

in Fig. 13. It can be seen that the relatively high variations

appear to be near the edge of the slots, which is similar to the

findings shown in Fig. 4.

The center-line downward velocity at different heights is

also studied and the profile for D= 10d is presented in Fig. 14.

If there is no collision between the spheres at the center-line,

wherein the sphere is accelerated by gravity and the velocity

grows with z as

v(z) =
√

2gz+ v2
0.

It can be seen that the sphere velocity has nearly no difference

with the velocity predicted by the free-falling model, which

indicates there are little collisions between the spheres during

the falling phase of granular jets.
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The time-averaged profiles of downward velocity at dif-
ferent heights for D = 10d are displayed in Fig. 15. As is
expected, the velocity increases with the growth of the dis-
tance from the slot exit. And the spheres at the center region
have larger velocity than those at the boundary. As reported in
Refs. [60,61] the Gaussian profile can be used to describe to
the far-field downward velocity of the granular jet. However,

a recent experiment[62] suggested that the downward velocity
distribution at the exit is a parabolic function, and can be writ-

ten as v(y) =
√

1− (2y/D)2 with considering the vertical free
fall motion. However, the differences between the fit lines in
Fig. 15 and the data at the boundary are attributed to the fact
that the horizontal velocities of these spheres, leading to the
expanding, are nonzero.
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Figure 16 shows the spatial field plot of the time-averaged
volume fraction of granular jets. As we can see, the volume
fraction at the center is higher than that at the boundary. For
small and intermediate slot width, the volume fraction at the
center decreases significantly along the z-axis due to the dis-
persed feature of the jets. However, for large slot width, there
is nearly no dispersion and the velocity of sphere increases
along the z axis, causing slight decreases in the volume frac-
tion. The volume fraction of granular jet as a function of z for
different slot width D is presented in Fig. 17. A notable de-
crease of the volume fraction along the z axis is observed for
small slot widths, while a relatively slow decrease is observed
for the high slot widths. These observations are in accordance
with the field plots shown in Fig. 16. The spatial field plot of
the standard deviation for the volume fraction is displayed in

Fig. 18. It is worthwhile to note that the large variations ap-
pear to be located near the periphery of the slot, and spread
downward along the z axis.
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Fig. 17. The time-averaged volume fraction of granular jet as a function
of z for different slot widths D.
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Fig. 18. Spatial field plot of standard deviation of the volume fraction in the y–z plane of granular jets with the slot width (a) D = 5d, (b)
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3.3. Availability of continuum method

As mentioned above, the continuum model was success-
fully to reproduce some important features of hopper fluid.
But a quantificational evaluation must be performed for the
hopper flow and to our knowledge, this model has not been
used to describe the granular jet.

We use ANSYS Fluent software[63] to simulate the con-
tinuum counterpart of the granular jets. Following Staron et
al.,[19] we set = min(µ𝑃 /𝐷2ηmax), where ηmax = 1000 Pa·s

and µ is the effective coefficient of friction of the granular
flow: µ = µs +∆µ/(1+ I0/I), where µs = 0.32, ∆µ = 0.28,
and I0 = 0.4 are constants. 𝑃 is the local pressure and D2 is the
second invariant of the strain rate tensor 𝐷: 𝐷2 =

√
𝐷i j𝐷i j.I

is a dimensionless parameter: I = d𝐷2/
√
𝑃 /ρ , where ρ is

the density of spheres. The simulation is simplified to a 2D
model, and viscous model is set to standard K-Epsilon. A no-
slip boundary condition is imposed at the wall near which the
standard wall functions is used.
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We simulate the hopper flow with D = 10d and D = 30d.
The flowrates are consistent with the results of DEM simula-
tion. The spatial profiles of vertical velocity of hopper flow
and granular jet are plotted in Fig. 19. Because the constant
volume fraction is used in the continuum model, the jet be-
comes thinner even when D = 10d as can be seen in Fig. 19.
Furthermore, we plot the spatial profile of ratio of error, which
is define as δ =

|vz−v′z|
vz

, where vz is the local vertical velocity
in DEM simulation and v′z is from simulation of continuum
model. Figure 20 shows there is an obvious discrepancy in
velocity field with small outlet (D = 10d) but for large outlet
(D = 30d) the performance of continuum model is quite bet-
ter. In granular jet with D = 30d, except the boundary, the
discrepancy is no more than 20%.

4. Conclusion
In this paper, we simulate the spheres discharged from a

cuboid, flat-bottomed hopper with different slot widths. The
granular flow inside the hopper is investigated by plotting the
spatial profiles of velocity and volume fraction. It shows when
the slot width is small, the velocity is nearly constant with
the time going by and the distribution can be predicted with
a Gaussian-like function. However, the prediction fails when
the slot is wide and the flowrate is higher than the predicted
value from Beverloo’s law. There is a high fluctuation of ver-
tical velocity at the rim of outlet. The volume fraction in the
hopper flow is also constant but decreases above the outlet. In
the granular jet beneath the hopper, the volume fraction will
drop with height rapidly because of the dispersion of granular

jet if the slot width is small. In contrast, there is a dense core
in granular jet if the slot width is large. The fluctuations of
velocity and volume fraction in this core are relatively small.
The recent continuum model is also investigated and the re-
sults indicate a potential availability.

The dynamics of granular jet can be described by a free-
falling function, which indicates a low energy dissipation. Fur-
ther work needs to be done to confirm this point. Another
question is that what will happen if slot width approaches the
hopper width? In this paper it shows the invariable volume
fraction limits the applicability of continuum model, which
should be improved in the next step.
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[30] Tian Y, Zhang S, Lin P, Yang Q, Yang G and Yang L 2017 Comput.

Chem. Eng. 104 231
[31] Zhang S, Lin P, Wang C L, Tian Y, Wan J F and Yang L 2014 Granul.

Matter 16 857
[32] Lin P, Zhang S, Qi J, Xing Y M and Yang L 2015 Physica A: Statistical

Mechanics and its Applications 417 29
[33] Tian Y, Lin P, Zhang S, Wang C L, Wan J F and Yang L 2015 Adv.

Powder Technol. 26 1191
[34] Beverloo W A, Leniger H A and van de Velde J 1961 Chem. Eng. Sci.

15 260
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