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Efficient scheme for remote preparation of arbitrary n-qubit
equatorial states
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Recently, a scheme for deterministic remote preparation of arbitrary multi-qubit equatorial states was proposed by
Wei et al. [Quantum Inf. Process. 17 70 (2018)]. It is worth mentioning that the construction of mutual orthogonal
measurement basis plays a key role in quantum remote state preparation. In this paper, a simple and feasible remote
preparation of arbitrary n-qubit equatorial states scheme is proposed. In our scheme, the success probability will reach unit.
Moreover, there are no coefficient constraint and auxiliary qubits in this scheme. It means that the success probabilities
are independent of the coefficients of the entangled channel. The advantage of our scheme is that the mutual orthogonal
measurement basis is devised. To accomplish the quantum remote state preparation (RSP) schemes, some new sets of
mutually orthogonal measurement basis are introduced.
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1. Introduction

In quantum communication and quantum computation,
quantum entanglement is a unique resource of the implementa-
tion. So far, some schemes have been proposed experimentally
and theoretically to solve the problem of multi-mode entangle-
ment works, such as multi-mode squeezing of parametrically
amplified multi-wave mixing in atomic ensemble or atomic-
like medium. ['*! Quantum communication technology is con-
sidered as an important technology in the field of quantum

information, such as quantum teleportation (QT),[>-1%]

), [13-26

re-
mote state preparation (RSP I quantum key distribution
(QKD),[27-291 and so on. In RSP, the sender can transmit a
known state to the receiver and it has less classical communi-
cation cost than QT. In order to improve the security in RSP, a
variety of schemes of controlled RSP (CRSP),?%3"] joint RSP
(JRSP),13348] controlled bidirectional RSP (CBRSP),[#9-53]
and controlled JRSP (CJRSP)13+-0] are presented.

In recent years, many protocols have been proposed for

1157

preparing equatorial states. In 2011, Chen ef al.’” proposed

a probabilistic joint remote preparation of a two-particle high-
dimensional equatorial state. In 2015, Choudhury er al.l8]
presented a joint RSP scheme for preparing two-qubit equato-
rial states. At the same year, a scheme for joint remote prepa-
ration of multi-qubit equatorial states was proposed by Li et
al.B% A year later, Wei et al.!1%! proposed a deterministic RSP
scheme to remotely prepare arbitrary multi-qubit equatorial
states. Recently, Sun er al.’3 realized an asymmetric bidi-
rectional transmission of two- and four-qubit equatorial states
synchronously.

Inspired by some RSP schemes in Refs. [53,58-60], we
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present a scheme for remotely preparing arbitrary multi-qubit
equatorial states from the sender Alice to the receiver Bob, in
which n two-qubit maximally entangled states are used as the
quantum channel. The characteristics of our scheme is that we
find a simple form of measurement basis to realize the RSP.

The rest of this paper is organized as follows. In Sec-
tion 2, an efficient scheme for remotely preparing n-qubit
equatorial states is presented via n two-qubit maximally en-
tangled states. Moreover, we demonstrate some concrete ex-
amples of preparing equatorial states to make our scheme clear
and feasible. Finally, a brief discussion and a concluding sum-
mary are drawn in Section 3.

2. Remote preparation of n-qubit equatorial
states

In order to interpret our protocol better, now we begin to
realize the remote preparation of arbitrary n-qubit equatorial
states. Suppose there are two participants named Alice and
Bob, the former is the sender and the latter is the receiver, who
are situated in separated sites. Presume that Alice wants to
help Bob prepare arbitrary n-qubit equatorial states. Gener-
ally, it has the form as given below

1 2"—1

- by, ...
) = o VZ:‘,O(G lgn -+ 8281));

n
g {01}, v=Y g 2" (1
=1

In the above formula, the decimal form of the binary state
gn---&2g1 is v and the range of 8, (v =0,1,...,2" — 1) is
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0 < 6, < 2I1.1901 Moreover, 6, is set to be zero. The maxi-
mum entangled channel which composes of two-qubit states
can be expressed as
1
V) a8, = V2

where Alice possesses the particle A, the particle B belongs

(100) +[11)a,p,, n=12,3,...,n,  (2)

to Bob. Alice needs to perform n-qubit projective measure-
ments on her particles (1,2,3,...,n) which, under the mutual
orthogonal measurement bases {|I;)|d = 1,2,...,2"}, can be
expressed as

T1)A Ay, =14, @14y @Ipy - @1p, | T1) A 49 A s

13)A,4y-A, = OAy, @Ipy @Ipy - @In, [T1)A 45y s
I3) A4y A, = Ia, @ Oay, @Ipy -+ @In, [T1) A4y, s
T2) A4y, = Ia, @1p, @ Cpy - @In, [T1)A 4y Ay

|1;/1 >A|A2---An = GAlz ® GAzz by CFA3Z S ® GAnz ‘I—i >A1A2-~-An . (3)

The whole system which consists of the entanglement state
can be written as

[W)aB, @ [W)arm, @ @|W)a,B,

1
= ;HH)A1~~A,¢|<P1>BI~~B”+"'+\an>A1-~-An|(P2n>Bl-~-Bn]- “)

Then Alice announces her measurement outcome through
the classical channel, if Alice’s measurement outcome is

1

|1;n >A1
|, )B, -, To fulfill the scheme, Bob would select the appro-

.4, the state of particles By ---B, will collapse into

priate unitary operations 0p,, ® Op,, ®---® Op,_ to reconstruct
the initial state. Analogously, for other cases, Bob can also
employ appropriate unitary operations to recover the prepared
state.

It can be obtained from the permutation and combination
calculation formula that when Alice wants to help Bob prepare
arbitrary n-qubit equatorial states, the possibility of ¢, appear-
ing in the measurement bases can be presented as

CrCl+Ci g =2m )

For example, when n = 3, the possibility of ¢, appearing in the
measurement bases is 8. So in this formula, it can be found that
there are 2" ways to use the o, to make the different measure-
ment bases.

In order to show the clarity of our protocol, meanwhile,
we discuss the remote preparation of three-qubit and four-
qubit equatorial states respectively.

2.1. Examples of remote preparation of three-qubit equa-
torial state

Suppose the sender Alice would like to help the receiver
Bob prepare the following three-qubit equatorial state

lx) = ——=(e%]000) + e1%]001) + e%]010) + e%]011) + e!%|100) + e!%]101) + e!%|110) + e!%|111)). (6)

2V2

The quantum channel which between Alice and Bob is three two-qubit entangled states

1
|V’>A1A2A3313233 = ﬁ(|00> + |11>)A131

V2

Now, Alice measures the particles A1, A,, and A3 under the basis

1

(|00>+|11>)A2325(|00>+|11>)A333' (7)

{0) 414545 12) 414545 [ T3) A1 4245 [T4) Ay AsAs  [T5) A1 AsAs s [T6) Ay AsAs s T7) Ay Asas s 1T8) A AsAs T

in which the bases are given by

1 . . . .
6 a8, = —=(e71%]000) + e ~1%1|001) + e 1%(010) + e 1% |011)

2V2

+e71%]100) + e 1%[101) +

e 1%|110) + e 1¥[111)),

112)18085 = Oy, @1, @IasTi)A a005 3)a14505 = Iay @ Oy, @ Iag|17) 4,445,
1T3) 418045 = 14, @ 1p, @ Opy |T1) 4,455, IT5)4,4,45 = O, @ Oay, @ Ips|17)A,4555
116) 414245 = Oay, @Ia, @ Oay [11)A,4085,  117)414045 = I, @ Oay, @ 04y [T1)4 4545,
II8)A,4,4; = Oa,, ® Op,. @ Oy |11)4,4,45- (8)
With the mutual orthogonal measurement bases Eq. (8), we can rewrite the entangled state as
1
|W)A, 4,438, B2By = Tﬁ[|H>A1A2A3|(P1>BleB3 +13)4,4,45|92) B, B, By + |I3)A,4045|93) B B,Bs + |T3) A, 4045 | P4) B, B,Bs
+I5) 4, 4,45 |95) B, ByB; + [16) 414245 |96) B, ByBy + [17) 414245 |97) B, ByBs + [13) 414,45 | 98) B, ByBs - ©)]
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After Alice makes the three-particle projective measurement on her particles A, A,, and Az under the basis
{|F1>A1A2A3v I12)a1085, I3)a,085, T3)a,045, [15)4,4045, 1T6)4,40455 [17)4,4545 |F8>A1A2A3}~
Without loss of generality, suppose Alice’s measurement result is [I3)4,4,4,., the state of particles By, By, B3 will collapse into
|93)B,B,8;, = 2\7(619()'000) +¢'%001) — ei%(010) — e'%|011) + ¢1%[100) + ¢'%|101) — ei%|110) — e'¥|111)). (10)

From Eq. (10), Bob executes appropriate unitary operations /g, ® 0p,, ® Ip, on his qubits By, By, and B3 after receiving the
result from Alice. The state which Alice wants to prepare can always be obtained. Here, Alice’s measurement outcomes, Bob’s

collapse states, and the corresponding unitary operations are listed in Table 1.

Table 1. The measurement outcomes of Alice, Bob’s collapse states and the unitary operators of Bob.

Alice’s measurements Bob’s collapse states Bob’s unitary operations

(1/2v/2)(e1%]000) + e191001) 4 e1¢2|010) + ¢1%3]011)

ITi) 4,44 . ) ) . I, ®1Ip, ®1Ip
Mty +e104[100) + ¢105101) + ¢ 1% [110) + ¢ 197|111)) I
Bhaan (1/2v/2)(1%]000) + e191001) 4 e1%2|010) + e1%]011) on &l S 1p
e —ei%]100) — e1%]101) — eif%|110) — e1®[111)) R
) aas (1/2v/2)(e1%]000) + e 191001) — ei%2|010) — e1%3]011) P
e +e1%(100) + e105[101) — ei1%[110) — ei®7[111)) PR
Ii)aas (1/2v/2)(e1%]000) — ¢'91]001) + e62|010) — e1%]011) 1o 1. 08
A +¢i%[100) — e1%(101) + ei%[110) — ¢1®|111)) PR
aa (1/2v/2)(e19%]000) + e191001) — ei%2|010) — e1%3]011) on ©0p. s
e — ¢1%4100) — ¢ [101) + 1% |110) + ¢1%[111)) e T
IR (1/2v/2)(e1%]000) — ¢1®1]001) + e62|010) — e1%|011) o5 1. © 0
1 —¢i1%]100) + e1%(101) — 1% [110) + e 1%|111)) TR
Ba an (1/2v/2)(e1%]000) — e191]001) — ei%2|010) + e1%]011) P
S +ei1%]100) — e1%5(101) — ei%|110) + e1%7[111)) PR
1/2v/2)(e1%]000) — e191]001) — e%2]010) + e1%|011
) n, (1/2v2)(e"[000) [001) |010) [o11) O, s, @ O,

—e19100) + e %[101) + e1%[110) — e1%7|111))

2.2. Examples of remote preparation of four-qubit equatorial state

Suppose that Alice wishes to prepare a four-qubit equatorial state for Bob, which can be written as

1 . ) ) )
) = Z(e190|0000> +¢'%10001) + ¢'%]0010) + e'%]0011)

+ ¢'%]0100) + % |0101) + ¢'%]0110) + 1%7|0111) + ¢'%[1000) + ¢'%|1001) + ¢'®0|1010) 4 e 11| 1011)

+e'%12(1100) + e'%3[1101) + e'%4]1110) + e'®5]1111)). (n

The quantum channel can be made up of four two-qubit entangled states, which are presented as

1 1 1 1
|W) 414273448, B,B3B, = ﬁ(\()o) +[11))a, 5, ﬁ(|00> + ‘11>)A232ﬁ(|00> + |11>)A333\ﬁ(|00> +[11))a,84- (12)

In order to help the receiver Bob prepare the equatorial state remotely, the sender Alice needs to perform the four-qubit projective

measurements on her particles Ay, Az, Az, and A4 under the bases |F,> (j=1,2,3,...,16) as follows:

) A, Apasn, = %(e*i9o|oooo> +¢e71%]0001) + e~ '®[0010) + ¢ 1% |0011)
+ ¢~ 1%|0100) + 1% 0101) + e~ '%0110) + e~ j0111)
+ ¢ 1%]1000) + ¢~ 1% [1001) + ¢~ 1%0]1010) + ¢~ ® [1011)
+ e 192[1100) + e 713 1101) + ¢ 194 ]1110) + e 15[ 1111)),
113) 41424345 = Oay, @ 1ay @14y @ 1n,[11)A 454544 B3)a1a0585 = Iay ® Onr, @ lay @ Iay 1) A 14050
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= Ip, @Iy, ® 0a5, @14, |T1) 44545445
= 04, @ Cp,, @Ip; @ Ias|11) 4, A04544
= 04y, ®Ix, ®Ip; @ On,,

= Ip, ® 04y, @Ip; @ Oay,

\T4) A, 4,454,
1T6) A, 4,45,
I3

A1ArAzAy I1)a,40A3445

L1)4, 483445
= Oay, © Oay, @ Opy, @a, [T1)a1408544
= 04, ® 4, ® 04y, ® Oa, [11)A, 44344

= GA]z ® GAZZ ® O-A3z ® O-A4Z

I72)4,4,454,

)
)
)
1T70)4, 4,454,
)
ITi4)A,A2454,
)

ITi6)A,4,454,

Thus, the quantum channel can be rewritten as

1
|W) A ArA3A4B, ByB3 By = Z“Fl VA AyA3AL | ©1) B ByByBy + T2) A 42434, |92) B B,B3By + -+ -+ |T16) 44,454, | P16) B, B, BB, -

I >A1A2A3A4'

|E>A1A2A3A4 =Ix, ®1x, ®Ip; @ On,,

) 4, 424344 »

[T7) 44,434, = Oay, @ 1a, @ Cay, @ In,[17)A, 44544

|F9>A1A2A3A4 =Ip, ® 04y, ® Opy, D1y i >A1A2A3A4

ITi1)A,40A54, = 4, @ Ia, ® Opy, @ Oay | T1) 4, 24344

IT13)4,A2434, = Oy, ® Opy. @ Ip; @ 04, [I1) A 424545
ITis)a 428345 = 1A, © Oay, @ Opy, @ Opy [11)4, 428504

13)

(14)

After Alice’s measurements, she sends the results to the intend receiver Bob via classical channel. If Alice’s measurement result

is [I76)4, 4,434, the state of Bob will collapse into

1 . . . .
|P16)B,B,BB, = Z(e190|0000> —¢'%110001) — ¢'%|0010) 4 ¢1%|0011)

— ¢1%0100) 4 ¢1%]0101) + ¢'%|0110) — e%]0111) — ¢'%|1000) + ¢1%|1001) + ¢1®10]1010) — ei1]1011)

+ ¢'92|1100) — e!3[1101) — e94]1110) + e'95|1111)).

Based on receiving the classical information from Alice, Bob
performs appropriate unitary operations 0g, ® Op, & Op;, ®
op,, to convert the collapsed state into the target state. Other
cases are elucidated in Table 2.

Table 2. The measurement outcomes of Alice, Bob’s collapse states and the
unitary operators of Bob.

Alice’s measurements  Bob’s collapse states  Bob’s unitary operations

IT1)A, 45454, |91)B,B,B3B, Ip, ®1Ip, I, ®Ip,
113) A, 45454, |92) B, B,B3 B, OB, ®1Ip, ®Ip, X Ip,
1I3) 4, 45454, |93) B, B,B3 B, Ip, ® Op,, ® I, ®Ip,
|H>A1A2A3A4 |04) B, 8,834 Ip, ®Ip, ® Oy, W1,
[15)4, 42454, |©s)B,B,B;B, Ip, @1, @1Ip, @ 0p,,
1T6) A, 45454, ©6) BB, B3 By OB, ® Op,, @ 1Ip, ®Ip,
117) A, 45454, |97)B,B,B3B, OB, ®Ip, ® Oy, ®Ip,
118) A, 45454, |93) B, B,B; By OB, ®Ip, ®Ip, ® Op,,
1T9) A, Ar434, |99) B, B,B; B, Ip, ® Op,, ® Op;, D 1Ip,
ITi0)a, 404544 |910)B,B,B3B, Ip, ® Op,, ® Ip, ® Op,,
ITi1)4, 40434, |©11)8,8,8:8, Ip, @ Ip, ® Op;. © O,
[Ti2)a,4,4544 |P12)B,B,B3B, OB, ® Op,, ®Op,, D1p,
ITi3)4,404544 |P13)B,B,B3B, OBy, ® Op,, ®Ip, ® Op,,
ITi4), 40434, |©14)8,8,8:8, Op,, ©Ip, ® Op;, @ O,
ITis)a,4,4544 |015)B,B,B3B, Ip, ® Op,, ® O, X Op,,
ITi6)a,4,4544 |016)B,B,B3B, Op,, ® Op,, ® Op,, ® Op,,

3. Conclusion

In this scheme, we give a new way by utilizing n two-
qubit maximally entangled states as the entangled quantum
channel to prepare arbitrary n-qubit equatorial states, the prob-

s5)

ability of success can be reached 100%. Compared with the

other schemes, [53:57-00]

our scheme makes remote preparation
of arbitrary equatorial states more simple and convenient for
simplifying the measurement basis and unitary transforma-
tions in our protocol. Additionally, our scheme has no coeffi-
cient constraint and auxiliary qubits. So the success probabil-
ities in our scheme are independent of the coefficients of the
entangled channel. Furthermore, we analysis the possibility
of o, appearing in the measurement bases. It will be helpful
for the following study of equatorial states. In addition, our
scheme is demonstrated by theoretical knowledge and con-
crete instances. The protocol also has greatly improved the
efficiency, because of needing fewer appropriate unitary trans-
formations to get the desired state. Thus, we wish our scheme
will be realized by experiment in future.
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