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Controlling paths of high-order harmonic generation from H+
2 is theoretically investigated by numerically solving the

time-dependent Schrödinger equation based on the Born–Oppenheimer approximation in orthogonal two-color fields. Our
simulations show that the change of harmonic emission paths is dependent on time-dependent distribution of electrons.
Compared with one-dimensional linearly polarized long wavelength laser, multiple returns are suppressed and short paths
are dominant in the process of harmonic emission by two-dimensional orthogonal ω/2ω laser fields. Furthermore, not only
are multiple returns weaken, but also the harmonic emission varies from twice to once in an optical cycle by orthogonal
ω/1.5ω laser fields. Combining the time–frequency distributions and the time-dependent electron wave packets probability
density, the mechanism of controlling paths is further explained. As a result, a 68-as isolated attosecond pulse is obtained
by superposing a proper range of the harmonics.
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1. Introduction
Attosecond pulses[1,2] have attracted a lot of attention

experimentally and theoretically, and it is widely used in
studying electron dynamics and detecting the internal struc-
ture of atoms, molecules, and solids. Moreover, the attosec-
ond pulses can be synthesized from high-order harmonics[3,4]

which are emitted by the interaction of strong laser with
atoms,[5,6] molecules,[7–9] and solids.[10–13] The electron dy-
namics in harmonic generation from the atom and the small
molecule with single electron are extensively investigated in
one-dimensional (1D) laser field. But 1D linearly polarized
light restricts the electron motion essentially to the light polar-
ization plane where recollisions and harmonic emission occur
nearly continuously over the laser pulse duration. The two-
dimensional (2D) laser fields offer more possibilities for de-
tecting the internal structure of molecules and studying the
physical mechanism. At present, the 2D orthogonal fields
have attracted a lot of attention.[14–17] With orthogonally po-
larized two-color laser fields, Chen et al. researched tempo-
ral properties of high-order harmonic generation (HHG) from
aligned molecules in orthogonal two-color laser fields[18]

and probed the degrees of orientation of the nonlinear poly-
atomic molecules via odd and even harmonics.[19] He et al.
studied HHG from H+

2 in the orthogonal two-color pulses
composed of strong fundamental frequency pulse and weak

direct-current pulse, and found that the harmonics in the di-
rection of weak direct-current pulse presented pure even har-
monics, while those in the direction of strong fundamental fre-
quency presented pure odd harmonics.[20] Gonzalez-ferez et
al. proved that perpendicularly polarized two-color laser fields
can be used to achieve stronger molecular orientation.[21] Lu
et al. enabled the tomographic imaging of molecular orbital
with single-shot measurement in the experiment by 2D pro-
cessing of electron motion in the orthogonal fields.[22] 2D
orthogonal fields can be used not only to detect molecular
structure information and imaging information but also to con-
trol the paths of harmonic emission. The HHG is contributed
by different trajectories, such as long and short paths, the in-
terference between them is not conducive to synthesizing at-
tosecond pulses. Many ways have been explored to synthesize
attosecond pulses in the 1D linearly polarized laser field, such
as few-cycle pulse[23] and the two-color scheme,[24] etc. Com-
pared with the 1D laser field, the 2D orthogonal fields provide
more possibilities to obtain the shorter and higher intensity at-
tosecond pulses.

In this paper, we theoretically investigate the paths con-
trol of HHG from H+

2 by numerically solving the Born–
Oppenheimer (BO) time-dependent Schrödinger equation
(TDSE). The results show that short paths are predominant
while the long quantum paths are suppressed in the case of the
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2D orthogonal ω/2ω fields. Moreover, the harmonic emis-
sion paths change from twice to once in an optical cycle (o.c.)
in the case of the 2D orthogonal ω/1.5ω fields. This paper
provides a simple and convenient method to control the har-
monic emission paths, which can provide theoretical guidance
for experiments.

2. Theoretical method
We assume that the fundamental field is linearly polarized

along x axis, and the additional n-harmonic field along the y
axis. With the molecular axis along the x axis, the 2D TDSE
can be written as[25–28]

i
∂

∂ t
ψ(𝑟, t) = H(𝑟, t)ψ(𝑟, t). (1)

Then, the Hamiltonian of the model molecule H+
2 can be writ-

ten as

H(𝑟, t) = 𝑝2/2+V (𝑟)+𝐸(t) ·𝑟, (2)

(in atomic units of h̄ = e = me = 1 ). In the above expression,
V (𝑟) represents the Coulomb potential of the molecule which
can be expressed as

V (𝑟) =−Z/(ζ +𝑟2
1)

1/2−Z/(ζ +𝑟2
2)

1/2
, (3)

with r2
1 =(x+R/2)2+y2 and r2

2 =(x−R/2)2+y2 in 2D cases.
Here, R = 2 a.u. is the internuclear separation and Z is the ef-
fective nuclear charge. ζ = 0.5 is the smoothing parameter
which is used to avoid the Coulomb singularity. We use a
grid size of Lx×Ly = 400 a.u. × 250 a.u. with a grid spacing
of ∆x = ∆y = 0.4 a.u. for the x and y axes, respectively. With
the above parameters, the ground-state ionization potential of
H+

2 is 1.1 a.u. The electric field of 2D orthogonal fields can
be written as

𝐸(t) = Ex(t)𝑒x +Ey(t)𝑒y, (4)

where Ex(t)=E0 sin(ω0t) and Ey(t)=E1 sin(nω0t). E0 (E1) is
the maximal amplitude of electric field Ex(t) (Ey(t)). ω0 is the
laser frequency of Ex(t) lasting 5 o.c. Equation (1) is solved
by the second-order split-operator method.[29] Once the wave
function Ψ(t) is obtained, the dipole acceleration can be given
by the Ehrenfest theorem[30]

a(t) =
d2

dt2 〈Ψ(t)|𝑟|Ψ(t)〉. (5)

In order to further understand the HHG, the time–
frequency distribution is given by means of the wavelet
transform[31]

dω(t) =
∫

a(t ′)
√

ωW [ω(t ′− t)]dt ′, (6)

W (x) =
1√
τ

e ix exp
(
−x2

2τ2

)
. (7)

3. Results and discussion
As we all know, the narrower attosecond pulse can be ob-

tained by wider harmonic plateau. Compared with the short
wavelength, the long wavelength is easier to extend the har-
monic spectrum experimentally. It is the 1D linearly polar-
ized long wavelength laser field (I = 5× 1014 W/cm2, λ =

1200 nm) that is used in the paper, and corresponding the
time–frequency distribution in Fig. 1. In the process of har-
monic emission, there are not only first return, but also multi-
ple returns as shown by white arrows. The underlying mech-
anisms of multiple returns have been explained in our previ-
ous works.[32,33] So, it is necessary to manipulate multiple re-
turns, which make it difficult to synthesis the isolated attosec-
ond pulse with the long wavelength pulse.

0 1 2 3 4 5
0

100

200

300

400

Time/o.c.

H
a
rm

o
n
ic

 o
rd

e
rs

 (
ω
/
ω

0
)

1.000T10-9

2.587T10-9

6.694T10-9

1.732T10-8

4.481T10-8

1.159T10-7

3.000T10-7

Fig. 1. Time–frequency distribution of the HHG corresponding to the case
of I = 5×1014 W/cm2, λ = 1200 nm in 1D linearly polarized laser field.

Multiple returns will be eliminated effectively accompa-
nied by the suppression of the long paths.[32] In essence,
the motion time of electrons in the laser field dominates the
long paths, which is mainly contributed by the early ionization
and late return electrons. So the 2D orthogonal ω/2ω field
(Ix = 5× 1014 W/cm2, Iy = 5× 1014 W/cm2, λx = 1200 nm,
λy = 600 nm) in Fig. 2(a) is selected, which looks like a
bowknot. Here A, A′, C, C′ (B, D) mean the ionization (re-
turn) moments of the electrons in one cycle, the red and blue
arrows mean the trend of electric field.

Obviously, the multiple returns are suppressed in the
time–frequency distribution as seen in Fig. 2(b). Besides, the
harmonics are emitted twice in one cycle and mainly con-
tributed by short paths. Figures 2(c) and 2(d) show the time-
dependent electron wave packets probability density of x, y
axes in 0 o.c.–2 o.c., respectively. To further explore the pro-
cess of harmonic emission, the results in 0 o.c.–0.5 o.c. are
taken as an example. There are twice ionization around point
A′ (0.1 o.c.), A (0.4 o.c.), which are near the peak intensity of
x, y axes in Fig. 2(a). When the electrons are ionized around
point A′ (0.1 o.c.), they move farther and farther from the x
axis and never come back, but return around point B′ (0.5 o.c.)
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in y axis as shown in Figs. 2(c) and 2(d). Furthermore, when
the electrons are ionized around point A (0.4 o.c.), the elec-
trons return to the parent nucleus simultaneously in the x, y
directions around point B (0.8 o.c.) in Figs. 2(c) and 2(d).
Only electrons returning to the parent nucleus simultaneously
in the x, y directions, will contribute to HHG. This is similar
to the other twice ionization around point C′ and C. Therefore,
twice electron returns lead to twice harmonic emissions in one
cycle.

To find the reason for suppression of multiple returns,
classical computations are performed. The white lines in

Fig. 2(c) mean that the excursion of the electron trajectories

in the continuum is characterized by a distance x0 = E0/ω2

(82 a.u.). The short trajectories cannot go beyond x0 while

the long trajectories always cross this value,[34] moreover, the

HHG is also dominated by the instantaneous electric field di-

rection parallel to the molecules axis.[22] As shown in the fig-

ures, the probabilities of electrons localized at the region be-

tween two white lines are overwhelming majority. It means

that the long paths are weakened effectively in the process of

HHG, which is consistent with Fig. 2(b).

H
a
rm

o
n
ic

 o
rd

e
rs

 (
ω
/
ω

0
)

-0.10 0 0.10
-0.15

-0.10

-0.05

0

0.05

0.10

0.15

C′

A
D

C

B

Ex/a.u.

E
y
/
a
.u

.

A′
(a)

O

0 0.5 1.0 1.5 2.0

-100

-50

0

50

100
C′

A′

DC

BA

(c)

Time/o.c.

x
/
a
.u

.

1T10-6

3T10-6

7T10-6

2T10-5

4T10-5

1T10-4

3T10-4

0 1 2 3 4 5
0

100

200

300

400
(b)

Time/o.c.

5T10-11

2T10-10

5T10-10

2T10-9

5T10-9

2T10-8

5T10-8

0 0.5 1.0 1.5 2.0

-100

-50

0

50

100

B′ C′A′

DB CA

(d)

Time/o.c.

y
/
a
.u

.

1T10-6

3T10-6

7T10-6

2T10-5

4T10-5

1T10-4

3T10-4

Fig. 2. (a) The sketch of the electric field of the laser pulses with the combination of ω/2ω laser fields, Ix = 5×1014 W/cm2, Iy = 5×1014 W/cm2,
λx = 1200 nm, λy = 600 nm. O is the origin of Ex–Ey, A, A′, C, C′ (B, D) mean the ionization (return) moments of the electron, the arrows represent
the trend of electric field; (b) the time–frequency distribution of the HHG corresponding to the case of panel (a); (c) and (d) the time-dependent electron
wave packets probability density of x, y axes, respectively. The white lines mean that the excursion of the electron trajectories in the continuum is
characterized by a distance x0 = E0/ω2.
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Fig. 3. (a) The electric field of the laser pulses with the combination of ω/1.5ω laser fields in two cycles, Ix = 5×1014 W/cm2, Iy = 5×1014 W/cm2,
λx = 1200 nm, λy = 800 nm, O is the origin of Ex–Ey, A, A′, B, B′, C, C′ (D, D′) denote the ionization (return) moments of the electron, the arrows
mean the trend of electric field; (b) the time–frequency distribution of the HHG corresponding to the case of panel (a); (c) and (d) the time-dependent
electron wave packets probability density of x, y axes, respectively. The white line means that classical computations show that the excursion of the
electron trajectories in the continuum is characterized by a distance x0 = E0/ω2.
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To further optimize the harmonic emission, we choose
the 2D orthogonal ω/1.5ω fields (Ix = 5× 1014 W/cm2,
Iy = 5× 1014 W/cm2, λx = 1200 nm, λy = 800 nm) as dis-
played in Fig. 3(a), which looks like two-crossing heart. A, A′,
B, B′, C, C′ (D, D′) indicate the ionization (return) moments
of the electron, and arrows represent the trend of electric field.
The time–frequency distributions of ω/1.5ω laser fields show
that harmonic emission only once a cycle in Fig. 3(b). Fig-
ures 3(c) and 3(d) are the time-dependent electron wave pack-
ets probability densities in x, y axes in 0 o.c.–2.5 o.c. There
are three ionization moments around point A (0.16 o.c.), B
(0.5 o.c.), C (0.8 o.c.), respectively in one cycle. As discussed
above, the harmonics are emitted once a cycle, correspond-
ing to the process of C (0.8 o.c.)→ D (1.4 o.c.) in Figs. 3(c)
and 3(d), respectively. We conclude that the harmonic emis-
sion in 2D orthogonal laser fields is strongly affected by time-
dependent distribution of electrons. Furthermore, by super-
posing the harmonics from 120th order to 180th order, an iso-
lated 68-as pulse is obtained as shown in Fig. 4.
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Fig. 4. The time profiles of the attosecond pulses by superposing harmonics
from the 120th order to the 180th order for Fig. 3(a).

4. Conclusion
In summary, we theoretically investigated the HHG pro-

cess from H+
2 by numerically solving the Born–Oppenheimer

time-dependent Schrödinger equation. We present a scheme
to control paths of the harmonic emission in the orthogonal
two-color fields. The results show that the harmonic is emitted
twice in one cycle by the 2D orthogonal ω/2ω laser fields,
and it is mainly contributed by the short paths. Furthermore,
harmonic emissions change from twice to once in one cycle
by the 2D orthogonal ω/1.5ω laser fields. In contrast, HHG
from 1D linearly polarized laser field is contributed by long
paths, short paths, and multiple returns. The physical mech-
anism of the phenomenon is explained by the time–frequency

analysis. In addition, by the time-dependent electron wave
packets probability density, the law of motion of electrons in
orthogonal fields is also investigated. The reason that the or-
thogonal two-color fields can choose the quantum paths and
change the number of harmonic radiations is that the electron
wave packet movement possesses different periodicities in the
perpendicular direction. Moreover, an isolated 68-as pulse is
directly obtained by superposing the proper range of the har-
monics. Thus, our research can provide theoretical guidance
for the experimental study.
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