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Abstract
We investigate a corner of the Bianchi models that has not received much 
attention: ‘extended FLRW models’ (eFLRW) defined as a cosmological 
model with underlying anisotropic Bianchi geometry that nevertheless expands 
isotropically and can be mapped onto a reference FLRW model with the same 
expansion history. In order to investigate the stability and naturalness of such 
models in a dynamical systems context, we consider spatially homogeneous 
models that contain a massless scalar field ϕ and a non-tilted perfect fluid 
obeying an equation  of state p = wρ. Remarkably, we find that matter 
anisotropies and geometrical anisotropies tend to cancel out dynamically. 
Hence, the expansion is asymptotically isotropic under rather general 
conditions. Although extended FLRW models require a special matter sector 
with anisotropies that are ‘fine-tuned’ relative to geometrical anisotropies, 
our analysis shows that such solutions are dynamically preferred attractors in 
general relativity. Specifically, we prove that all locally rotationally symmetric 
Bianchi type III universes with space-like ∇µϕ are asymptotically shear-free, 
for all w ∈ [−1, 1]. Moreover, all shear-free equilibrium sets with anisotropic 
spatial curvature are proved to be stable with respect to all homogeneous 
perturbations for w � −1/3.

Keywords: general relativity, shear-free cosmological models, anisotropic 
curvature
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1.  Introduction

The physical aspects of our Universe at the largest cosmological scales were measured with 
unprecedented accuracy by cosmic microwave background (CMB) experiments such as COBE 
[1], WMAP [2–4] and Planck [5–7]. Despite confirmations by the Planck Collaboration of 
CMB spectra still in tension with the predicted lensing amplitude [7] and the presence of 
several large-angle statistical ‘anomalies’ [8]4, the predictions of the concordance (ΛCDM) 
cosmological model seem to match the results of these experiments in a rather consistent 
way. Nonetheless, since cosmological parameters inferred from observations are constrained 
within the framework of the standard ΛCDM model, they cannot—strictly speaking—be 
interpreted as observational confirmation for the basic assumptions underlying the concor-
dance model itself; namely, a spatially flat, homogeneous and isotropic universe described by 
the Friedmann–Lemaître–Robertson–Walker (FLRW) metric. In this sense, a safer approach 
would be to interpret these results as a good agreement between theory and data, while at 
the same time test for the theoretical robustness of these assumptions when compared with 
observations.

The ΛCDM concordance model is a phenomenological model—and, as such, always under 
revision—whose scope is to fulfill the primary goal in cosmology: to find the simplest model 
that fit all observational data. A secondary, yet important, goal in cosmology is to explore 
the range of models that are compatible with all data, in order to understand if the simplest 
model is probable [13]. A question naturally arises: are there spatially anisotropic solutions to 
general relativity that cannot be distinguished (dynamically) from the FLRW cosmologies? 

The cosmological principle [14], which nowadays is taken to stipulate that the Universe is 
spatially homogeneous and isotropic5, is implemented at the background level. When a linear 
description of the Universe is appropriate—which is usually the case at scales �100 Mpc
—linear stochastic fluctuations transfer these symmetries to the statistical level. To understand 
whether or not these principles are enforced by observational data, it is necessary to consider 
models that break at least some of them, and to test its observational consequences. To this 
end, a natural framework is provided by Bianchi models, which are spatially homogeneous 
cosmological models that may break three-dimensional (3D) rotational invariance in various 
ways: the fundamental congruence may possess shear [16–21] and vorticity [16, 17, 22–25]; 
the matter sector may possess anisotropic stress [26–38] and tilt [39–41]; spatial sections of 
homogeneity may possess anisotropic curvature [19–21, 42]. Note that the various types of 
anisotropies do not evolve independently but are intimately connected via Einstein’s field 
equations. For instance, the evolution equation for the shear tensor, which measures the dif-
ference between the rates of expansion in different directions, is ‘sourced’ by the tensors that 
describe the anisotropic stress of matter and anisotropic spatial curvature6. As Bianchi models 
are the most general spatially homogeneous models that include open, flat and closed FLRW 
models as special cases, they provide a framework where the assumptions of the standard 
model, as well as interesting alternative models, may be rigorously addressed.

4 The origin of these features is still unclear and there is an ongoing discussion if they are indicating new physics 
or if they are merely statistical fluctuations. See [9] for a discussion on possible implications of the tension related 
to the lensing amplitude, with CMB spectra favoring a positive spatial curvature at more than the 99% confidence 
level. For reviews on the socalled ‘ΛCDM anomalies’, see [10–12] and references therein.
5 In its simplest version, the cosmological principle should also postulate the Universe’s spatial topology [15]. Usu-
ally, and this is the case here, this is taken to be the trivial topology.
6 From section 2, we use σµν for the shear tensor, πµν for the anisotropic stress tensor, and what we here refer to, 
informally, as anisotropic spatial curvature is the trace-less 3D Ricci tensor 3Sµν as defined therein.
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In this paper we devote attention to a peculiar corner of Bianchi models: orthogonal mod-
els with anisotropic spatial curvature that nevertheless expands isotropically and, therefore, 
possess a shear-free fluid flow like standard FLRW cosmologies. Since such solutions posses 
a conformal Killing vector parallel to four-velocity of matter, the isotropy of the background 
CMB remains intact [25, 43, 44]. For the same reason, such models are parallax-free [45]. The 
expansion history is similar to FLRW models, but, at the same time, there are interesting phe-
nomenological consequences at the perturbative level, as discussed in [46–49]. The possibiliy 
of shear-free cosmological models with anisotropic spatial curvature were first discussed by 
Mimoso and Crawford in [50], and has been revisited several times [51–55]. Recall that within 
spatially homogeneous models containing only non-tilted perfect fluids the metric is necessar-
ily FLRW if the fluid flow is shear-free [56]. Consequently, as pointed out in [50], shear-free 
orthogonal models with anisotropic spatial curvature require inclusion of imperfect matter, 
i.e. a fluid that possess anisotropic stress. The first exact solution with a physical matter model 
was presented in [57], realized by a massless scalar field with an isotropy-violating gradient 
∇µϕ in a locally rotationally symmetric (LRS) Bianchi type III universe. More recently, this 
solution has been proved to be the unique shear-free solution with anisotropic spatial curva-
ture within spatially homogeneous orthogonal models that contain, in addition to a collec-
tion of standard perfect fluids, a free canonical p -form gauge field with p ∈ {0, 1, 2, 3} [58]7. 
Realizations with a Maxwell field (p   =  1) have recently been found in Bianchi type III, VIII 
and IX by including a charged matter field (beyond the matter model considered in [58]) that 
couples to the Faraday tensor [59].

1.1.  Main results and interpretation

The scope of this paper is two-fold. First, in section 2 we review and clarify the mathematical 
backbone of shear-free cosmological models. We define extended FLRW (eFLRW) models 
via a matter ansatz that, in addition to the conditions given in [50], assumes a third condi-
tion which implies that the anisotropic cosmological model can be mapped onto a reference 
FLRW model with the same expansion history. Realizations with a massless scalar field are 
next reviewed in section 3. The shear-free LRS Bianchi type III solution [57] is showed to fit 
into our definition of an eFLRW model, with the same expansion history as an open FLRW 
model. Realizations in Bianchi type VI0 and the Kantowski–Sachs metric are also reviewed, 
in order to present eFLRW models that can be mapped onto flat and closed FLRW models, 
respectively. The latter two examples require, however, a pathological scalar field that violates 
the positive energy condition.

The second scope and primary goal of this paper is to investigate the stability of eFLRW 
models within the space of more general Bianchi models. We employ the dynamical systems 
approach and consider all spatially homogeneous models that contain a canonical massless 
scalar field with a spatially homogeneous gradient ∇µϕ and a standard non-tilted perfect fluid 
with equation of state p = wρ. This choice of matter model picks out the exact solution in 
LRS Bianchi type III as the unique eFLRW model. We carry out a stability analysis within 
LRS Bianchi type III in section 4 and within the full space of homogeneous models in sec-
tion 5. Remarkably, we find the equilibrium points of the eFLRW model to be attractors and 
thus stable. Our main results are:

	 1.	�All LRS Bianchi type III universes with space-like ∇µϕ are asymptotically shear-free, 
for all w ∈ [−1, 1]. See theorem 1 for details.

7 The cases p   =  0 and p   =  2 are physically equivalent via Hodge dual at the field strength p   +  1 level.
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	 2.	�All shear-free equilibrium sets with anisotropic spatial curvature are stable with respect 
to all homogeneous perturbations for w � −1/3. See theorem 2 for details.

Our results may well appear surprising. They can be interpreted in the following way: mat-
ter anisotropies and geometrical anisotropies mutually rearrange, dynamically, so that they 
counteract each other and cancel on the right-hand side of the shear-evolution equation. 
Hence, assymptotically, the Bianchi III model isotropizes as a Bianchi I model containing 
only perfect fluids. This fits into a pattern seen in other contexts in Bianchi type I models: 
when multiple anisotropic matter fields are included in the cosmic mix, the fields tend to 
rearrange dynamically so that the Universe isotropizes. In [60] the considered fields were 
gauge field vectors non-minimally coupled to a scalar field in the context of early Universe 
inflation. A ‘cosmic minimum hair conjecture’ was proposed: ‘the Universe organizes itself 
so that any feature of the spacetime during inflation becomes minimum’. We would like to 
point out that the underlying mechanism seems not to be inflation per se, because, in our 
context the same mechanism is at action with a positive deceleration parameter q. This is also 
seen in the findings of [61], where anisotropies from free-streaming relativistic particles and 
a large scale magnetic field are shown to counteract each other such that the Bianchi type I 
universe isotropizes, again in a non-inflationary epoch of cosmic history. We propose that the 
isotropization, that evidently occurs rather generically when multiple (anisotropic) degrees of 
freedom are present in spatially homogeneous models, can be attributed to general relativity 
and its non-linearity itself. To the best of our knowledge the non-linear analysis presented here 
is the first one where geometrical anisotropies mix with matter anisotropies, thereby realizing 
essentially the same mechanism of dynamical cancellation of cosmological anisotropies in a 
more general Bianchi model.

An interesting open question is if this mechanism is unique to general relativity or if it can 
be attributed to the non-linearity of gravitational theory in a broader sense. Note that the shear-
free condition for orthogonal cosmological models given for general relativity in [50] extends 
to f (R) theories [53], and so does the linear damping result for small shear.

1.1.1.  Organization.  The rest of the paper is structured as follows. In section 2 we lay out the 
mathematical backbone of the study, giving also the conditions for eFLRW cosmologies. In 
section 3, we show how these conditions are met in a particular example with a massless scalar 
field. The stability of the shear-free solutions is assessed in Sections 4 and 5. A conclusion is 
provided in Section 6. Finally, an explicit calculation of photon propagation in the spacetimes 
studied is provided in appendix.

1.1.2.  Conventions.  We adopt metric signature (−,+,+,+) and units in which c = 1 = 8πG . 
Greek indices (α,β, . . . ) run from 0 to 3, Latin indices (a, b, . . . ) run from 1 to 3.

2.  Conditions for extended FLRW models

In this section we review the class of shear-free Bianchi models, define extended FLRW mod-
els and show how such solutions can be mapped onto a reference FLRW model with the same 
expansion history.

2.1.  Shear-free Bianchi metrics

In spatially homogeneous cosmological models the invariant line-element can always be writ-
ten as
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ds2 = −dt2 + hab(t)wawb,� (2.1)

where the one-forms are functions only of spatial coordinates: wa = ea
i(x, y, z)dxi. In order 

for this to correspond to a Bianchi model, the set {wa} must be closed in the sense that 
dwa = − 1

2 D a
bc wb ∧ wc, where the commutation coefficients D a

bc  are constants that can be 
decomposed as8

−D d
ab = εabeNed + Ae

(
δe

aδ
d
b − δe

bδ
d
a

)
,� (2.2)

and where εabc is the totally anti-symmetric symbol (ε123 = 1). The Bianchi classification con-
sists in enumerating all covectors Aa and symmetric matrices Nab compatible with the Jacobi 

identity: D e
[ab D f

d]e = 0; see [63, 64] for details.
In the metric approach to Bianchi models the basic variables are hab(t) which are functions 

of time, only. It is convenient to work in the basis wµ = {dt, wa} which is dual to eµ = {∂t, ea}. 
In this non-coordinate basis the components of the metric tensor are gµν = hµν − uµuν where 
h0ν = 0 and uµ = −∂µt, and the Levi-Civita connection is

Γγ
αβ =

1
2

gγδ (∂βgδα + ∂αgδβ − ∂δgαβ + Dδαβ + Dδβα − Dαβδ) ,� (2.3)

where ∂µ is the directional derivative along the basis vector eµ.
In Bianchi models there are hypersurfaces of homogeneity, labelled Σt , where t = constant. 

The normal congruence is given by the unit time-like vector field uµ which is orthogonal to 
Σt . This family of observers is necessarily geodesic and irrotational and it follows that its 
covariant derivative has the following irreducible representation:

∇µuν = Hhµν + σµν ,� (2.4)

where the scalar H(t) is the Hubble parameter and σµν(t) is the shear tensor, which is sym-
metric σµν = σ(µν), spatial σµνuν = 0, and trace-free σµ

µ = hµνσµν = 0. In this work we 
are interested in the case where the normal congruence uµ is shear-free. Setting σµν = 0 in 
(2.4) and using (2.3) results in

hab(t) =
(

e
∫ t H(t′)dt′

)2
ĥab,� (2.5)

where ĥab are integration constants. At this step it is convenient to define a scale factor a(t) 
by H = ȧ/a, where a dot denotes differentiation with respect to time t, so that (2.5) can be 
written hab(t) = a2(t)ĥab. To summarize, in the case of a shear-free normal congruence the 
line-element (2.1) reduces to

ds2 = −dt2 + a2(t)ĥabwawb,� (2.6)

where the constants ĥab form a symmetric and positive definite matrix9. It is convenient to 
define det(hab) = a6(t) so that ĥab has five independent constant components and unity deter-
minant. Then, the only dynamical degree of freedom is the scale factor a(t), which controls 

8 In a standard left-invariant frame the commutation constants of the basis (D a
bc ) and the structure coefficients of 

the Killing vectors (usually denoted by C a
bc ) are related by an overall factor of (−1), see [62, 63] for details. With 

the minus sign on the left-hand side of (2.2) our conventions agree with standard definitions.
9 In order to span all Bianchi geometries one must allow ĥab to have off-diagonal elements. A convenient procedure, 
based on the Cauchy–Schwarz inequality, to eliminate false solutions (ĥab not positive definite) was introduced in 
section 5.1 of [58].
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distances in Σt . We note that the shear-free line-element (2.6) do not imply any restriction on 
the space of 3D geometries, which is spanned by ĥab rather then hab(t). But in the shear-free 
case the geometry is necessarily ‘frozen’, in the sense that the expansion corresponds only to 
conformal transformations of hypersurfaces Σt .

2.2.  Energy-momentum tensor

Next we turn the attention to the matter sector. Let us start by decomposing an arbitrary 
energy-momentum tensor Tµν relative to the normal congruence uµ [64]:

Tµν = ρuµuν + phµν + πµν + 2q(µuν).� (2.7)

An observer with four-velocity uµ sees the following energy density ρ , pressure p , anisotropic 
stress πµν, and energy flux qγ:

ρ = uµuνTµν , p =
1
3

hµνTµν , πµν =

(
h α
(µ h β

ν) − 1
3

hµνhαβ
)

Tαβ , qγ = −hγµuνTµν .� (2.8)

Note that πµν is symmetric, spatial and trace-free, and that qγ  is spatial.

2.2.1.  Perfect fluids.  Firstly, we consider a collection of perfect fluids which are all non-tilted 
in the sense that they are comoving with the normal congruence uµ:

Tµν
(�) = ρ�uµuν + p�hµν ,� (2.9)

where the index � labels each of the perfect fluids. Since the normal congruence is shear-free 
by construction, each of these fields obey a shear-free fluid flow, like in the standard ΛCDM 
cosmology. Now, if the matter sector is restricted to these perfect fluids, the only possible cos-
mological models with the metric (2.6) are FLRW models, which are subsets found in Bianchi 
types I and VII0 (flat), V and VIIh (open) and IX (closed).

2.2.2.  Imperfect fluid.  In order to construct extended FLRW models we will also need an 
imperfect fluid, denoted by ‘x’, that allows the spatial anisotropies to freeze out so that the 
conformal expansion remains intact, in accordance with the line element (2.6). We require the 
associated energy-momentum tensor τµν  to have the following properties:

	 1.	�The anisotropic stress πµν, with respect to the normal congruence uµ, is identical to the 
anisotropic spatial curvature tensor 3Sµν, defined as the trace-free 3D Ricci tensor on 
hypersurfaces of homogeneity:

πµν = 3Sµν , 3Sµν ≡ 3Rµν − 1
3

3Rhµν .� (2.10)

	 2.	�There is no energy flux in hypersurfaces of homogeneity:

qµ = 0.� (2.11)

	 3.	�The Raychudhuri equation is sourced exclusively by perfect fluids such that:

ρx + 3px = 0.� (2.12)

The three assumptions (2.10)–(2.12) above will later be referred to as the matter ansatz for 
the imperfect fluid. The first and second conditions are necessary and sufficient conditions for 
general relativistic solutions with the metric (2.6). They are equivalent to the conditions given 
by Mimoso and Crawford in [50]. The third condition implies that the solution can be mapped 
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onto a reference FLRW model with the same background evolution history, as shown in the 
subsection below. In fact this ‘extra’ third condition is often, depending on the details of the 
matter model, a direct consequence of the first one. In order to see this, note that (2.10) implies 
that the spatial components of τµν  decay as πµ

ν ∝ 1/a2(t)10. It is therefore quite natural that 
all the components of τµν  decay uniformly as 1/a2(t), which is what the third condition (2.12) 
assumes11. This is the case for a massless scalar field, as will be seen in section 3.

The total energy-momentum tensor can then be written as

Tµν =
∑
�

Tµν
(�) + τµν =

(
ρx +

∑
�

ρ�

)
uµuν +

(
−ρx

3
+

∑
�

p�

)
hµν + 3Sµν .

� (2.13)
For later reference, we write down a formal definition of an extended FLRW model:

Definition 1 (eFLRW model).  An extended FLRW model is a general relativistic solution 
with a line-element that can be written on the form (2.6) and with a total energy-momentum 
tensor that can be written on the form (2.13) with nonvanishing 3Sµν .

2.3.  Reference FLRW model

Given the conditions above it follows that the energy density of the imperfect fluid decays in 
the same way as spatial curvature: ρx(t) ∝ 1/a2(t) and 3R(t) ∝ 1/a2(t). This suggests that we 
introduce an effective curvature constant as [58]

keff ≡
a2(t)

6
·
(3R(t)− 2ρx(t)

)
,� (2.14)

which is constant in time (and space) for all eFLRW models. With the metric (2.6) and energy-
momentum tensor (2.13) Einstein’s field equation reduces to the Friedmann and Raychudhuri 
equations, which take exactly the same form as in FLRW models:

H2 +
keff

a2 =
ρ

3
,� (2.15)

Ḣ + H2 = −1
6
(ρ+ 3p),� (2.16)

where keff  is a constant and

ρ =
∑
�

ρ� and p =
∑
�

p�.

Note that the index � runs only over perfect fluids as a consequence of the third condition 
(2.12) of the matter ansatz. Thus ρ  and p  represent total energy density and pressure of the 
collection of perfect fluids, which can be associated with standard ΛCDM matter fields like 
cold dark matter, radiation and ordinary matter.

To conclude, all eFLRW models can be mapped onto a reference FLRW model with the 
same expansion history, a(t), in the following way12:

10 Here the components are assumed relative to an orthonormal frame.
11 Since the normal congruence is shear-free the conservation equation takes the usual form ρ̇x + 3H(ρx + px) = 0. 
Therefore (2.12) implies ρx ∝ 1/a2(t) and px ∝ 1/a2(t).
12 Since the domain (eFLRW models) and codomain (FLRW models) are subsets of orthogonal Bianchi models, 
qµ = 0 for all matter fields.
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(H, ρ�, p�, ρx, 3R, 3Sµν) �−→ (H, ρ�, p�, 0, 3R − 2ρx, 0).� (2.17)

We call the reference FLRW model open if keff < 0, flat if keff = 0 and closed if keff > 0. 
Assuming the positive energy condition ρx > 0, it follows from (2.14) that a flat or closed 
reference model is possible only in Bianchi type IX and the Kantowski–Sachs metric because 
3R � 0 in Bianchi type I–VIII [63].

In FLRW models keff  is of course identified with the curvature constant k of the FLRW 
metric:

ds2 = −dt2 + a2(t)
(

dr2

1 − kr2 + r2(dθ2 + sin2 θ dφ2)

)
.� (2.18)

In this case 3Sµν = 0 and consequently all matter fields are perfect fluids, in accordance with 
the energy-momentum tensor (2.13). Conversely, if the metric (2.6) possess anisotropic spatial 
curvature (3Sµν �= 0), then an imperfect fluid is required. These are the solutions to which we 
refer as extended FLRW models.

3.  Realizations with a scalar field

A free scalar field possess an energy-momentum tensor capable of fulfilling the properties 
required by the ansatz (2.10)–(2.12), yet rich enough to break these conditions. It thus pro-
vides a plausible physical model which allows us to investigate the stability of these condi-
tions without any ad-hock assumptions.

Thence, from here on the generic imperfect matter field, denoted above by x, is associated 
with ϕ; namely, a free massless scalar field with Lagrangian density

Lϕ = −1
2
∇γϕ∇γϕ,� (3.1)

and energy-momentum tensor

τµν ≡ − 2√
−g

δ

δµν
(√

−gLϕ

)
= ∇µϕ∇νϕ− 1

2
gµν∇γϕ∇γϕ.� (3.2)

In order to see how this provides the required ‘imperfect fluid’, it is instructive to decompose 
its gradient relative to the normal congruence uµ as:

∇µϕ = −ϑuµ + vµ,� (3.3)

where v2 = vγvγ > 0 and uγvγ = 0 so that vα is a spacelike vector orthogonal to uα. Since 
∇µϕ must be spatially homogeneous we require ϑ = ϑ(t) and vα = vα(t). The energy den-
sity, pressure, energy flux and anisotropic stress, as defined by (2.8), can now be written as

ρϕ =
1
2
(v2 + ϑ2), pϕ =

1
2

(
−1

3
v2 + ϑ2

)
, qµ = −ϑvµ, πµν = vµvν − 1

3
v2hµν .� (3.4)

If ∇µϕ is orthogonal to the normal congruence (i.e. ϑ = 0), it follows that ρϕ + 3pϕ = 0 and 
qµ = 0, which amounts to conditions (2.11) and (2.12). Therefore, eFLRW models can be 
physically realized by a free scalar field.13

Yet, among metrics of the type (2.6), the unique shear-free solution with anisotropic spatial 
curvature (3Sµν �= 0) is found in LRS Bianchi type III with trace-free matrix Nab. This result 

13 The realization using a 2-form gauge field in [54] is equivalent to a massless scalar field (ϕ) upon Hodge dual at 
the field strength level (∇µϕ) [58].
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was proved by one of us in [58]. A coordinate representation of this solution—first found by 
Carneiro and Marugán [57]—is given in table 1. Note that keff < 0 so its expansion history is 
similar to an open FLRW model. The spatial geometry corresponds to a product between the 
maximally symmetric negatively curved 2-space H2 and the real line R1, where the LRS axis 
is associated with the latter14.

If one is willing to forfeit the weak energy condition by flipping the sign of the Lagrangian 
density (3.1), one can also construct extended FLRW models in Bianchi type VI0 (with trace-
free Nab) and the Kantowski–Sachs metric [58]15. See table 1 for coordinate representations. 
Here, the appearance of the imaginary unit i in ϕ reminds us that the weak energy condition 
is violated and that Lϕ → −Lϕ in (3.1) is needed. We stress that these solutions are included 
here merely to show examples of extended FLRW models that are mapped onto flat and closed 
FLRW models.

Table 1.  Coordinate representation of eFLRW solutions in LRS Bianchi type III 
(Na

a = 0), pseudo-LRS Bianchi type VI0 (Na
a = 0) and the Kantowski–Sachs metric. 

The invariant line-element (2.6) is given by the basis one-forms wa and the matrix 
ĥab = diag(1, 1, 1).

Type Ref. FLRW w1 w2 w3 3R ϕ ρϕ keff

III Open dx ekxdy dz −2k2/a2(t) kz k2/2a2(t) −k2/2
VI0 Flat e−kzdx ekzdy dz −2k2/a2(t) i

√
2kz −k2/a2(t) 0

K.S. Closed dx k−1 sin(kx)dy dz 2k2/a2(t) ikz −k2/2a2(t) k2/2

2

3
1

1

3

Ωϕ

Ωk
Open FLRWClosed FLRW

III
sol.

VI0 sol.
K.S.

sol.

PMPF

PSFAρ + 3p > 0

Figure 1.  Illustration of three eFLRW solutions: LRS Bianchi type III, Bianchi type 
VI0 and Kantowski–Sachs. The map (3.8) onto the reference FLRW model are given by 
gray dashed lines. The arrows show the direction of evolution when ρ+ 3p > 0; they 
point towards PF (flat FLRW) when ρ+ 3p < 0.

14 In fact all Bianchi type III geometries with trace-free Nab are H2 ×R1 and thus LRS spaces, see [58] for details. 
LRS Bianchi type III spaces with Na

a �= 0, on the other hand, are identical to LRS Bianchi type VIII spaces [62].
15 The Kantowski–Sachs metric [65, 66] is the unique case of a spatially homogeneous spacetime in which the 
isometries do not admit a 3D group that acts simply transitively on hypersurfaces of homogeneity, and therefore 
falls outside the Bianchi classification [63].
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Figure 1 illustrates the dynamics of the three extended FLRW models in table 1, as well 
as their maps onto the reference FLRW model. Here we used expansion normalized variables 
Ωk and Ωϕ defined as

Ωk = −
3R

6H2 , Ωϕ =
ρϕ

3H2 .� (3.5)

These variables are subject to the constraint

Ωϕ = rΩk, r = constant,� (3.6)

since both 3R and ρϕ evolve proportionally to 1/a2(t). The value of r is 1/2 for Bianchi type III 
and Kantowski–Sachs and  −1 for Bianchi type VI0, as follows from the information presented 
in table 1. In all cases the time evolution is given by

(Ωk)
′ =

ρ+ 3p
ρ

(1 − Ωk − rΩk)Ωk,� (3.7)

where the prime denotes differentiation with respect to ln a. Note that this evolution equa-
tion also holds for FLRW models when r  =  0.

As in FLRW models, the direction of evolution is determined by the sign of the combina-
tion ρ+ 3p, where we recall that ρ  and p  are sums exclusively over the perfect fluids. Figure 1 
also illustrates the map onto the reference FLRW model, given by

(Ωk, Ωϕ) �−→ (Ωk +Ωϕ, 0),� (3.8)

and in accordance with (2.17). We thus see that LRS Bianchi type III, Bianchi type VI0 and 
the Kantowski–Sachs metrics are mapped onto open, flat and closed reference FLRW models, 
respectively. Also note from the figure that the positive energy condition Ωϕ > 0 is realized 
only in the Bianchi type III model, as discussed above. In this case the eFLRW model evolves 
in the direction toward the point PSFA  (later referred to as the ‘shear-free attractor’ for reasons 
established in sections 4 and 5) when ρ+ 3p > 0 and toward the point PF (flat FLRW) when 
ρ+ 3p < 0. In particular note that PSFA  is mapped onto the Milne solution PM, which is the 
spacetime (2.18) with k  =  −1 and a(t) = t.

4.  Stability of shear-free solutions

We have seen that extended FLRW models can be realized by a scalar field ϕ. This requires 
that its energy-momentum tensor satisfies the ingredients (2.10)–(2.12). In this section we 
address the issue of initial conditions by employing the dynamical systems approach. We shall 
restrict the attention to LRS models and focus exclusively on Bianchi type III, since this is the 
unique spacetime that admits an extended FLRW model realized by a scalar field respecting 
the weak energy condition.

A general LRS Bianchi type III spacetime can be described by the metric:

ds2 = −dt2 + e2α(t)
[
e2β(t)(dx2 + e2kxdy2) + e−4β(t)dz2

]
.� (4.1)

In this spacetime Einstein’s equation and the Klein–Gordon equation for the scalar field allow 
only two possibilities: ϕ = ϕ(t) or ϕ = Φz, where Φ = constant. As we have shown, the first 
case corresponds to a perfect fluid and thus it cannot realize an extended FLRW model. We 
are thus interested in the latter case in which ∇µϕ is spatially homogeneous, orthogonal to 
the normal congruence and aligned with the LRS axis. It follows from (3.4) that there is zero 
energy flux in the hypersurfaces of homogeneity (qµ = 0). Consequently, in LRS Bianchi type 
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III with a scalar field, the three conditions (2.10)–(2.12) of the matter ansatz reduce to a single 
relation between the spatial curvature 3R and the energy density of the scalar field ρϕ, as we 
shall verify in a moment.

As for the collection of perfect fluids, it is at this step more tractable to consider a single 
component. We assume it obeys a linear barotropic equation of state

p = wρ,� (4.2)

where w ∈ [−1, 1] is a constant. It is convenient to express Einstein’s equations in terms of 
three dimensional curvature 3R = −2k2e−2α−2β  and the energy density of the scalar field, 
ρϕ = 1

2Φ
2e−2α+4β:

H2 − σ2 +
3R
6

=
ρ+ ρϕ

3
,� (4.3)

Ḣ + H2 = −2σ2 − ρ

6
(1 + 3w),� (4.4)

σ̇ + 3Hσ = −1
6
(3R + 4ρϕ),� (4.5)

where H = α̇ is the Hubble parameter and σ = β̇  is the shear variable. Observe from the shear 
evolution, equation (4.5), that

3R + 4ρϕ = 0� (4.6)

is a sufficient condition for the shear to remain zero.

4.1.  Dynamical system

The extended FLRW model corresponds to two conditions: (4.6) and σ = 0. This represents 
an invariant subset under time evolution. In order to investigate the stability of these condi-
tions we start by introducing Hubble normalized variables according to

Σ =
σ

H
, Ωk = −

3R
6H2 , Ωϕ =

ρϕ
3H2 , Ω =

ρ

3H2 .� (4.7)

According to the Einstein equation, these variables satisfy the constraint

Σ2 +Ωk +Ωϕ +Ω = 1.� (4.8)

This eliminates the Hubble parameter H from the dynamical system, so that its equilibrium 
points correspond to non-stationary universes. Switching to the scale α as the time parameter 
and eliminating Ω by means of (4.8), we obtain the following autonomous system:

Σ′ = (q − 2)Σ + Ωk − 2Ωϕ,� (4.9)

Ω′
k = 2Ωk (q − Σ) ,� (4.10)

Ω′
ϕ = 2Ωϕ (q + 2Σ) ,� (4.11)

where a prime denotes differentiation with respect to α and
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q ≡ −1 − Ḣ
H2 = 2Σ2 +

1
2
(1 + 3w)(1 − Σ2 − Ωk − Ωϕ)� (4.12)

is the deceleration parameter. These variables are subject to the following constraints:

Σ2 +Ωk +Ωϕ � 1, 0 � Ωk, 0 � Ωϕ,� (4.13)

which are required by ρ � 0, 3R � 0 and ρϕ � 0, respectively. State space is thus closed and 
bounded. Note that Ωk > 0 corresponds to LRS Bianchi type III and Ωk = 0 to flat FLRW 
universe.

4.2.  Shear-free attractors and global stability

Coordinates of state space R3 will be referenced relative to the basis

{Σ,Ωk,Ωϕ}.� (4.14)

Shear-free solutions lay along the parametrized curve16

PSF(λ) =

(
0,

2λ2

3
,
λ2

3

)
, λ ∈ [0, 1].� (4.15)

The underlying geometry corresponds to Bianchi type I for λ = 0 and LRS Bianchi type III 
for λ ∈ (0, 1]. We will refer to PSF(λ) as the shear-free curve, which is the union of flat FLRW 
(λ = 0) and extended FLRW (λ ∈ (0, 1]).

It is easy to check that PSF(λ) is an invariant subset of state space. It evolves according to

λ′ =
1
2
(1 + 3w)λ(1 − λ2).� (4.16)

Note that PSF(λ) is a one-parameter family of equilibrium points when the perfect fluid has 
equation of state w  =  −1/3. For w �= −1/3 there are two shear-free equilibrium points. The 
first point corresponds to parameter values λ = 0, flat FLRW, and will be denoted by

PF = PSF(0).� (4.17)

The second point corresponds to parameter value λ = 1 and will be denoted by

PSFA = PSF(1).� (4.18)

We will refer to it as the shear-free attractor (SFA) since it is globally stable for w  >  −1/3, as 
the analysis below will show.

Remarkably, all universes described by the dynamical system (4.9)–(4.11) with Ωϕ > 0 
are asymptotically shear-free and therefore approaches a point on PSF(λ) for any equation of 
state parameter w ∈ [−1, 1]. This follows by noticing that the system (4.9)–(4.11) possesses a 
monotonic function:

M′ = 6qM, M ≡ Ω2
kΩϕ.� (4.19)

The following theorem results:

Theorem 1.  All LRS Bianchi type III universes containing a scalar field with Lagrangian 
density − 1

2∇µϕ∇µϕ < 0 and a non-tilted perfect fluid with a linear barotropic equation of 
state, p = wρ, are asymptotically shear-free. Specifically:

16 The parameter λ is squared in order to match the variables used in section 5; see (5.21) and (5.24).
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	(a)	�The SFA PSFA = PSF(1) is a global attractor for w > − 1
3.

	(b)	�The shear-free curve PSF(λ) is a global attractor for w = − 1
3.

	 (c)	�The flat FLRW solution PF = PSF(0) is a global attractor for w < − 1
3.

Proof.  In Bianchi type III the assumption of a space-like gradient − 1
2∇µϕ∇µϕ < 0 to-

gether with Einstein equations imply uµ∇µϕ = 0 [67], where uµ is the normal congruence. 
Therefore the dynamical system (4.9)–(4.11) with Ωϕ > 0 applies to the assumptions stated 
in the theorem. It follows from (4.12) and (4.13) that M is monotonically increasing for 
w � −1/3. Since it is also bounded (state space is compact) it follows that q → 0 at late times. 
Then, according to (4.12), Σ → 0, Ω → 0 at late times for w  >  −1/3 and Σ → 0 at late times 
for w  =  −1/3. Thence, Ωk − 2Ωϕ → 0 for w � −1/3 according to (4.9). This is summarized 
by the global results stated in the theorem for w � −1/3. For w  <  −1/3 the no-hair theorem 
proved for this class of models in [35] applies.� □ 

The corresponding self-similar solutions, that represent the asymptotic future limit, are

ds2 = −dt2 +
t2

2
[
dx2 + e2xdy2 + dz2] , ϕ = z, ρ = 0,� (4.20)

for w  >  −1/3; 

ds2 = −dt2 +
t2

2
[
dx2 + e2λxdy2 + dz2] , ϕ = λz, ρ =

3
t2 (1 − λ2),� (4.21)

with constant parameter λ ∈ [0, 1] for w  =  −1/3; and

ds2 = −dt2 + t
4

3(1+w)
[
dx2 + dy2 + dz2] , ϕ = 0, ρ =

4
3(1 + w)2t2 ,� (4.22)

for w  <  −1/3. Here non-essential parameters are omitted, such as the constant k in table 1 that 
can be set to unity by a coordinate transformation17.

5.  Arbitrary homogeneous perturbations

Above we considered LRS Bianchi type III and established PSFA = PSF(1) as a global attrac-
tor for w  >  −1/3 and PSF(λ) as a global attractor for w  =  −1/3. In this section the goal is 
to establish their stability, locally, with respect to all homogeneous perturbations within the 
space of spatially homogeneous cosmological models that contain a massless scalar field and 
a non-tilted perfect fluid (obeying again p = wρ). By a ‘homogeneous perturbation’, we mean 
any infinitesimal change (δX ) in spatial curvature, the shear tensor, the scalar field and/or the 
perfect fluid allowed by the constraint equations of the dynamical system. That is, if X is a state 
vector in a spatially homogeneous model, then so is X + δX . The main result is theorem 2,  
which we illustrate in figure 2.

This section builds on the results of [35] and [67], where the orthonormal frame formalism 
[13] was employed to investigate the structure of the space of Bianchi type I–VIIh cosmo-
logical models with our considered matter sector. In what follows we adopt the notation and 
definitions of [67].

Consider a dynamical system where the basic variables are the expansion normalized 
quantities:

17 Initial conditions for 3R are then adjusted by fixing the parameter t at that instant.
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Nab =
nab

H
, Aa =

aa

H
, Σab =

σab

H
, Xµ =

∇µϕ√
6H

, Ω =
ρ

3H2 .
� (5.1)

Let d denote the dimension the system, after the orientation of the spatial frame has been 
fixed uniquely18. For the discussion we need the following sets which are invariant under time 
evolution:

	 1.	�H: all spatially homogeneous cosmological models containing a massless scalar field with 
a spatially homogeneous gradient ∇µϕ and a non-tilted perfect fluid with equation of 
state p(t) = w · ρ(t). This includes Bianchi types VIII and IX and the Kantowski–Sachs 
metric, in addition to the models in D(I–VIIh).

	 2.	�D(I–VIIh): the Bianchi types I–VIIh subset of H. A general representation based on a 
1  +  1  +  2 decomposition of Einstein’s field equation was given in [35], and a representa-
tion with the orientation of the orthonormal frame fixed relative to matter anisotropies and 
geometrical anisotropies in [67].

	 3.	�D+(III): Bianchi type III with an isotropy-violating gradient ∇µϕ that has a non-
vanishing component along the tangent vectors of the G2 subgroup of isometries. The 
defining conditions are given in [67]. Dimension: d  =  7.

	 4.	�S+(III): LRS Bianchi type III with an isotropy-violating gradient ∇µϕ that is aligned 
with the LRS axis. This is the most general LRS subset of Bianchi type III with isot-
ropy-violating ∇µϕ. A representation is given by the dynamical system in section 4.1. 
Dimension: d  =  3.

	 5.	�S+
SF(III): shear-free, Bianchi type III. A representation is the shear-free curve PSF(λ) 

(with λ > 0) in section 4. These are the only shear-free solutions with anisotropic spatial 
curvature within H [58]. Dimension: d  =  1.

	 6.	�PSFA: the equilibrium point in S+
SF(III) with Ω = 0 and dynamically equivalent to Milne. 

Proved to be a global attractor within S+(III) for w  >  −1/3 in section 4.

The hierarchy of these sets is as follows:

PSFA ∈ S+
SF(III) ⊂ S+(III) ⊂ D+(III) ⊂ D(I–VIIh) ⊂ H.� (5.2)

In terms of this classification, the part of theorem 1 with w  >  −1/3 can be expressed in the 
following way:

lim
τ→∞

X = PSFA for all X ∈ S+(III).� (5.3)

Of course, this implies the much weaker statement that PSFA  is a local attractor within S+(III) 
[68]. But as our global result is restricted to LRS Bianchi type III, it is clear that a number of 
questions regarding the local stability remain open.

5.1.  Neighborhood of the SFA

First of all, one have the questions about what type of physical perturbations are possible in 
general relativity:

	 •	�Can PSFA  be perturbed into a non-LRS Bianchi model?

18 See section 3.3.2 of [67] for details.
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		 Note that the LRS Bianchi type III is very special configuration within the space of 
Bianchi type III models. Specifically, S+(III) ⊂ D+(III), where S+(III) has dimension 
d  =  3 and D+(III) has dimension d  =  7.

	 •	�Can PSFA  be perturbed into models beyond Bianchi type III?

		 This question is motivated by the nontrivial way in which the Bianchi models are con-
nected to each others. First, models of more special Bianchi type represent boundraries of 
models of more general Bianchi type. Second, the Bianchi classification is not a resolu-
tion to the equivalence problem. For instance LRS Bianchi type III models with na

a �= 0 
are equivalent to LRS Bianchi type VIII models [62].

Clearly, these questions must be answered before one can establish the stability with respect 
to all homogeneous perturbations.

Lemma 5.1 in [67] provides a partial answer to these questions by stating that if X ∈ S+
SF(III) 

then X + δX ∈ D+(III) for all homogeneous perturbations δX . This statement was proved 
within the set D(I–VIIh) by using the constraint equations of the dynamical system explicitly. 
In order to prove a stronger version valid within H we need to consider Bianchi type VIII, 
Bianchi type IX and the Kantowski–Sachs metric. Since all state vectors X ∈ S+

SF(III) belong 
to LRS Bianchi type III it is geometrically disconnected from the Kantowski–Sachs metric 
(consider the metric (A.1)). As for Bianchi type VIII, which has LRS subsets equivalent to 
LRS Bianchi type III models with na

a �= 0 [62], it is easier to consider the matter sector (the 
same argument applies to Bianchi type IX). In [35] it was shown using the Klein–Gordon 

PSFA

PF

H: Bianchi I-IX & K.S.

LRS

S+ (III
)

D+ (III)

P S
F
(λ

)

Figure 2.  Schematic illustration of the relation between the different invariant sets 
constituting the neighborhood of the equilibrium point PSFA  (black dot). The circle 
marked ‘LRS’ represents all LRS subsets of H. Although PSFA  belongs to the LRS set 
S+(III), its neigborhood include non-LRS models as well. The intersection of LRS 
models and D+(III) is S+(III) in which there is a monotonic function that proves the 
global stability of PSFA  for w  >  −1/3 (theorem 1) illustrated here by curved, dashed 
arrows. Also, PSFA  is locally stable w.r.t. all spatially homogeneous perturbations 
for w  >  −1/3 (theorem 2), as illustrated here by a circle of short arrows around the 
equilibrium point.
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equation that ∇µϕ must be parallel to the normal congruence in Bianchi type VIII and IX 
model, i.e. the matter sector is perfect. But any state vector X ∈ S+

SF(III) breaks the isotropy 
of the matter sector by a finite non-zero spatial component of ∇µϕ and is thus disconnected 
from Bianchi type VIII and IX models. We have thus proved the following result:

Lemma 1.  Let X ∈ S+
SF(III). Then X + δX ∈ D+(III) for all spatially homogeneous pertur-

bations δX .

Proof.  Lemma 5.1 in [67] and the arguments above.� □ 

Informally, within spatially homogeneous models (H) the neighborhood of PSFA  belongs 
to the set D+(III). That is, homogeneous perturbations around PSFA  always fall into D+(III). 
The same is true for any point λ > 0 on the curve PSF(λ). This is illustrated in figure 2. Note 
that the LRS subset S+(III) only accomodates a part of the perturbations around PSFA , or 
around any other point on PSF(λ). Thus homogeneous perturbations generally break the LRS 
symmetry of PSF(λ) and the answer to the first question above is yes. But such perturbations 
are restricted to Bianchi type III and the answer to the second question is no.

5.2.  Dynamical system

Above we established D+(III) as the neighborhood of PSFA  within spatially homogeneous 
cosmological models (H). In order to establish the local stability of PSFA  with respect to all 
homogeneous perturbations, it is thus sufficient to consider the dynamical system associated 
with D+(III). Our starting point is the dynamical system associated with the set D(I–VIIh) 
given in [67]. This is an autonomous system of first order equations for 11 variables subject 
to 5 non-linear constraint equations. By inserting the defining conditions A =

√
3N× > 0 and 

N+ =
√

3N− we obtain the dynamical system below, which is associated with the invariant 
set D+(III). It is important to note that, unlike the LRS subsystem (4.9)–(4.11) this system 
generally breaks all the axiomatic conditions (2.10)–(2.12) of the matter ansatz. Specifically, 
we note that pϕ/ρϕ ∈ [− 1

3 , 1] is a time-dependent quantity and that the energy flux qµ is gen-
erally non-zero19.

5.2.1.  Equations of motion.

Θ′ = Θ(q − 2)− 2
√

3N×V1,� (5.4)

V ′
1 = V1(q + 2Σ+)− 2

√
3Σ3V3,� (5.5)

V ′
3 = V3(q − Σ+ +

√
3Σ−),� (5.6)

Σ′
+ = Σ+(q − 2) + 3Σ2

3 − 2(N2
− + N2

×) + V2
3 − 2V2

1 ,� (5.7)

Σ′
− = Σ−(q − 2)−

√
3(V2

3 − 2Σ2
× +Σ2

3 + 2N2
− − 2N2

×),� (5.8)

Σ′
× = Σ×(q − 2 − 2

√
3Σ−)− 4

√
3N×N−,� (5.9)

Σ′
3 = Σ3(q − 2 − 3Σ+ +

√
3Σ−) + 2

√
3V1V3,� (5.10)

19 qµ = 0 corresponds to the special cases where ∇µϕ is parallel to or orthogonal to the normal congruence.
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N′
− = N−(q + 2Σ+) + 2

√
3(Σ×N× +Σ−N−),� (5.11)

N′
× = N×(q + 2Σ+),� (5.12)

where

q =
1
2
(1 + 3w)Ω + 2

(
Θ2 +Σ2

+ +Σ2
− +Σ2

× +Σ2
3

)
,� (5.13)

Ω = 1 −Θ2 − V2
1 − V2

3 − Σ2
+ − Σ2

− − Σ2
× − Σ2

3 − N2
− − 4N2

×.� (5.14)

5.2.2.  Constraints.
√

3N×Σ+ +Σ−N× − Σ×N− −ΘV1 = 0 ,� (5.15)

N×Σ3 +ΘV3 = 0,� (5.16)

Θ2 + V2
1 + V2

3 +Σ2
+ +Σ2

− +Σ2
× +Σ2

3 + N2
− + 4N2

× � 1,� (5.17)

N× > 0,� (5.18)

V3 > 0.� (5.19)

Here the orthonormal frame is fixed uniquely relative to geometrical anisotropies and matter 
anisotropies. Since the gauge is fixed completely all variables represent physical degrees of 
freedom and the dimension of the dynamical system is the number of variables minus the num-
ber of constraint equations: d  =  9  −  2  =  7. Among these variables, {Θ, V1, V3} are associated 
with Xµ and describe the gradient of the scalar field ϕ, {Σ+,Σ−,Σ×,Σ3} are associated 
with Σab  and describe the shear seen by an observer comoving with the perfect fluid (normal 
congruence), and {N−, N×} are associated with Nab and Aa and describe the spatial curvature. 
As for the inequalities, it should be commented that (5.17) corresponds to the positive energy 
condition Ω � 0 and that (5.18) ensures Bianchi type III (A =

√
3N× → 0 is the Bianchi type 

II boundrary). Discrete symmetries of the dynamical system have been employed to choose 
the positive sign of V3 without loss of generality. See [67] for further details.

5.2.3.  LRS subsystem.  Next let us identify the LRS subsystem S+(III) and connect it to the 
metric/coordinate approach used in section 4. It is obtained by imposing the following condi-
tions on D+(III):

S+(III) : Θ = V1 = Σ× = Σ3 = N− = 0, Σ− = −
√

3Σ+.� (5.20)

In fact, this is the only representation of the LRS subsystem with the employed gauge fixing 
prescription [67]. Using the evolution equations  above, it is easy to check that the condi-
tions (5.20) are preserved in time, that is, S+(III) forms an invariant subset of D+(III). Note 
that the constraint equations (5.15) and (5.16) are satisfied trivially so the remaning variables 
(V3,Σ+, N×) are independent and the dimension of S+(III) is d  =  3. Also note that the nor
malized shear tensor takes the form Σab = diag(−2Σ+,−2Σ+, 4Σ+) and that the LRS axis 
is identified with the third basis vector e3. The connection to the metric approach employed in 
section 4 is given by

Ωϕ = V2
3 , Σ = −2Σ+, Ωk = 4N2

×.� (5.21)
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Given this identification the dynamical system (4.9)–(4.11) is reproduced ‘top–down’ from 
the evolution equations above.

5.2.4.  Shear-free subsystem.  The shear-free Bianchi type III model is an invariant subset of 
D+(III) (and S+(III)) defined by the following conditions:

S+
SF(III) : Θ = V1 = Σ− = Σ+ = Σ× = Σ3 = N− = 0, V3 =

√
2N× > 0.

� (5.22)
The dimension of the set is d  =  1.

5.3.  Local stability analysis

Let us reference the coordinates of D+(III) with respect to the basis

{Θ, V1, V3,Σ+,Σ−,Σ×,Σ3, N−, N×} .� (5.23)

Each state vector X ∈ D+(III) is thus seen as a point in an extended state space R9. The 
physical part of R9, that corresponds to the state space D+(III), is the part that satisfies the 
constraint equations (5.15) and (5.16) and the inequalities (5.17)–(5.19).

Shear-free solutions lay along the following curve in R9:

PSF(λ) = λ

(
0, 0,

1√
3

, 0, 0, 0, 0, 0,
1√
6

)
, λ ∈ [0, 1],� (5.24)

where λ again evolves according to (4.16). The set S+
SF(III) corresponds to the half-open 

interval λ ∈ (0, 1]. As with the parametrization (4.15) the flat Friedmann solution and the SFA 
correspond to the end points:

PF = PSF(0), PSFA = PSF(1).� (5.25)

These are the only shear-free equilibrium points for w �= −1/3. For w  =  −1/3 PSF(λ) is a one-
parameter family of equilibrium points.

First we keep w free and consider arbitrary perturbations around PSFA:

X = PSF(1) + δX.� (5.26)

Constraint equations  (5.15) and (5.16) are used to eliminate the variables Σ+ and Σ3. The 
linearized equations  can then be written δX′ = M δX, where M is a 7 by 7 matrix with 
eigenvalues

−1 +
√

3i, −1 −
√

3i,−1 − 3w,

where the first two eigenvalues have a 3-fold degeneracy each. For w  >  −1/3 the real part of 
all the eigenvalues are negative. Thus PSFA  is stable and an attractor. For w  <  −1/3 the last 
eigenvalue is positive, so in this case PSFA  is a saddle. The unstable direction is along PSF(λ) 
towards the flat FLRW solution. This is consistent with the no-hair theorem proved for this 
class of models in [35].

Next we consider the particular case w  =  −1/3. Now, PSF(λ) is a one-parameter family of 
equilibrium points. At each point we consider arbitrary perturbations:

X = PSF(λ) + δX.� (5.27)

Again there are only three distinct eigenvalues:

−1 ±
√

1 − 4λ2, 0.
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There is only one zero eigenvalue and three copies of each of the other two. Thus at each point 
λ ∈ (0, 1] there is one zero eigenvalue and 6 eigenvalues with negative real part. The zero 
eigenvalue is associated with the eigenvector d

dλPSF and thus merely reflects perturbations 
along the fix-point curve itself. We conclude that, as a whole, the set of fix points given by the 
curve PSF(λ) is stable.

We have thus showed that the equilibrium sets of S+
SF are stable with respect to all homoge-

neous perturbations. Each equilibrium point corresponds to a unique transitively self-similar 
cosmological model, informally, an expanding cosmological model whose physical states at 
different times are similar up to a transformation of length scale (that preserves the expansion 
normalized variables)20. Since S+

SF are the only shear-free solutions with anisotropic spatial 
curvature, within our considered class of spatially homogeneous models (H), the local analy-
sis above in combination with lemma 1 gives the following result:

Theorem 2.  All equilibrium sets in H that correspond to a transitively self-similar eFLRW 
model (definition 1) are stable with respect to all homogeneous perturbations for w � −1/3. 
Specifically:

	(a)	�Within spatially homogeneous models H the only shear-free transitively self-similar 
eFLRW models are those that correspond to PSFA  for all w ∈ [−1, 1] and PSF(λ) with 
λ ∈ (0, 1] for w  =  −1/3.

	(b)	�The equilibrium point PSFA  is stable with respect to all homogeneous perturbations for 
w  >  −1/3.

	 (c)	�The equilibrium set PSF(λ) (w  =  −1/3) as a whole, which includes PSFA = PSF(1), is 
stable with respect to all homogeneous perturbations.

Proof. 

	(a):	�Theorem 1 in [67] proves that S+
SF represents all shear-free (σµν = 0) solutions with 

anisotropic spatial curvature (3Sµν �= 0) within D(I–VIIh). To prove that this result is 
valid within H, use the same argument as in lemma 1 to prove the absence of such solu-
tions in Bianchi type VIII and Bianchi type IX and refer to section 5.6 of [58] for the 
Kantowski–Sachs metric.

	(b) and (c): � Use lemma 1 in combination with the local stability analysis above.� □ 

6.  Conclusion

In this paper we first reviewed how one can construct shear-free cosmological models with 
underlying anisotropic spatial geometry, or extended FLRW models, by introducing an imper-
fect fluid. We formulated a matter ansatz with three conditions (2.10)–(2.12) on the energy-
momentum tensor that are necessary for such solutions to exist and be dynamically equivalent 
to a reference FLRW model. All FLRW models can be considered as special, or ‘tuned’, in 
the sense that the shear tensor is exactly zero. But the axiomatic conditions (2.10)–(2.12), that 
underlie our definition 1 of an extended FLRW model, represent a further tuning of configura-
tion space. The main scope of this paper was to investigate the naturalness of this ansatz in a 
dynamical system context by a thorough stability analysis. Our investigation is restricted to 
extended FLRW models where the matter ansatz is realized by a massless scalar field ϕ that 
respects the positive energy condition ρϕ > 0. The advantage of using a concrete physical 

20 See section 5.3.3 of [13] for technical definition.
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model for the required imperfect fluid is that no ad-hock assumptions were necessary on 
the energy-momentum tensor. A massless scalar field, with a spatially homogeneous gradient 
∇µϕ that breaks isotropy, is capable of satisfying the three conditions (2.10)–(2.12), yet rich 
enough to break all of them.

Our choice of matter model picks out the LRS Bianchi type III metric as the unique spa-
tially homogeneous spacetime that can accomodate an extended FLRW model. This solution 
is represented by the curve PSF(λ),λ ∈ [0, 1], that connects the SFA PSFA  (λ = 1) with the 
flat FLRW solution PF (λ = 0). Our main results for the stability of the equilibrium points 
of PSF(λ) are given by theorems 1 and 2, whose content is illustrated in figure 2. Theorem 1 
establishes the stability of the solution within LRS Bianchi type III models, that is, within the 
invariant set S+(III). In this simple model we where able to find a monotonic function and 
prove the stability globally. But one should note that in S+(III), conditions (2.11) and (2.12) 
are identities that result directly from the underlying theory (Einstein equations sourced by 
a massless scalar field). Theorem 2 establishes the stability with respect to all homogeneous 
perturbations compatible with our matter model. Such perturbations are generally non-LRS 
and generally break all conditions (2.10)–(2.12) of the matter ansatz. Remarkably, we found 
the equilibrium points of PSF(λ) to be stable with respect to all homogeneous perturbations. 
We have thus shown that geometrical anisotropies and matter anisotropies tend to rearrange 
dynamically to a configuration where the ansatz for the energy-momentum tensor is satisfied. 
Extended FLRW models requires a matter sector fine-tuned with respect to geometrical aniso-
tropies, yes, but this is indeed a dynamically natural configuration.

Finally, we would like to add some comments about the viability of eFLRW models in a 
broader cosmological context. In particular, since they share the same background dynamics 
as FLRW models, to what extent can these models be distinguished on the basis of recent cos-
mological observations? Owing to the presence of anisotropic curvature in eFLRW models, 
observational signatures are expected to appear either at the level of the background geom-
etry, or in the dynamics of linear cosmological perturbations. At the background level, it has 
been shown that the anisotropic curvature will alter both the luminosity and angular diameter 
distances, which in principle allows one to test these models through the observed angular 
distribution of type Ia supernovae [54, 55]. At the perturbative level, eFLRW models pre-
dict off-diagonal correlations in the temperature spectrum of CMB [48], as well as different 
dynamics for the polarization of tensor perturbations [49]. However, since these signatures are 
stronger at the lowest CMB multipoles, where cosmic variance is high, it seems unlikely that 
extended FLRW models can be ruled out on the basis of current CMB data. In either cases, it 
is expected that forthcoming cosmological observations will have enough constraining power 
to give nature’s verdict about this class of models. In the meantime, they remain as viable 
phenomenological candidates.
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Appendix.  Photon propagation and isotropy of the CMB

It is well-known that the background isotropy of the CMB remains intact in cosmological 
models that admit a conformal Killing vector that is parallel to the fundamental congruence  
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[25, 43, 44]. This is the case for eFLRW models with the metric (2.6), where the conformal 
factor is a2(t). Nevertheless, it is instructive to see how the details turn out by a worked exam-
ple. Here we explicitly calculate null geodesics in eFLRW models of LRS Bianchi type III 
and the Kantowski–Sachs metric and show that the isotropy of the background CMB remains 
intact. The interpretation is that the true source of anisotropy of the CMB in general Bianchi 
models [23, 69] is the rate of shear, not other anisotropies such as that of 3D curvature or vor-
ticity; see [24] for a clear discussion.

We start from the following line element that cover LRS spacetimes of Bianchi type III 
(k < 0) as well as the Kantowski–Sachs metric (k > 0):

ds2 = −dt2 + e2α(t)
(

dz2 +
dρ2

1 − kρ2 + ρ2dφ2
)

.� (A.1)

The spatial sections of Bianchi type III is R1 ×H2, whereas Kantowski–Sachs has spatial 
sections R1 × S2. We take the two-dimensional slices H2 and S2 to be parametrized by the 
radial coordinate ρ  and the angular coordinate φ. Orthogonal to these is the LRS axis param-
etrized by the coordinate z. Due to the homogeneity of the spatial sections we can without 
loss of generality put the observer at the origin of the coordinate system, i.e. z = ρ = 0. Take 
λ to be an affine parameter parametrizing the path of the photons towards the observer at the 
origin. Then, due to the plane symmetry of these spacetimes one must have dφ/dλ = 0. Next 
we turn our attention to the geodesic equation, which reads

d2xµ

dλ2 + Γµ
αβ

dxα

dλ
dxβ

dλ
= 0.� (A.2)

Here {xµ} = {t, z, ρ,φ} is the set of coordinates. Invoking dφ/dλ = 0 in this equation, and 
calculating as usual, one ends up with the equation

dU
dλ

+ e−2αH(P2 + Q2) = 0,� (A.3)

where U ≡ dt/dλ, alongside two constants of motion:

P = e2α dz
dλ

and Q =
e2α

√
1 − kρ2

dρ
dλ

.� (A.4)

To connect the above with standard notation: note that the scale factor a(t) is defined such 
that a(t) = eα(t). Hence H(t) = ȧ/a = α̇. An additional constraint results from the fact that 
photons follow null-geodesics. Specifically,

gµν
dxµ

dλ
dxν

dλ
= 0 → U2 = e−2α(P2 + Q2).� (A.5)

A.1.  Bending of the photon path

Next we want to calculate the bending of the null-geodesic relative to the intrinsic LRS-axis 
(the z-axis), as a function of λ. Take vµ to be the components of the unit vector parallel to 
this axis. Furthermore: take wµ to be the components of the unit vector parallel to the spatial 
direction of the four velocity of the photon. It follows that
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vµ = e−α (0, 1, 0, 0) and wµ = U−1
(

0,
dz
dλ

,
dρ
dλ

, 0
)

.� (A.6)

The angle θ between the vectors v and w  is now found through the inner product. In particular:

cos θ = gµνvµwµ =
P√

P2 + Q2
,� (A.7)

where in the last step we have used (A.5). Now, since P and Q are constants of motion, it fol-
lows that the photon propagates with a fixed angle relative to the LRS axis.

A.2.  Redshift of the photons

Consider two photons emitted in the same direction with a small time separation τ(λ). The 
time coordinates of the two photons is denoted as t1(λ) = t(λ) and t2(λ) = t(λ) + τ(λ). The 
redshift Z(λ) of a photon emitted at a time t(λ) is implicitely defined through

1 + Z(λ) =
τ0

τ(λ)
,� (A.8)

where τ0 = τ(λ0) is the time separation today. Differentiation with respect to the e-fold time 
parameter α(λ) yields

dZ
dα

= −1
τ

dτ
dλ

(
1 + Z
UH

)
.� (A.9)

To calculate the factor dτ/dλ on the right-hand side we consider the four-velocity identity 
(A.5) for each of the two photons:

U2(t1) = e−2α(t1)(P2 + Q2)1,� (A.10)

U2(t2) = e−2α(t2)(P2 + Q2)2.� (A.11)

P2 + Q2 is a constant of motion, but the numerical value is different for the two photons and 
we have indicated this by the subscripts. Using (A.7) we get

(P2 + Q2)1 = cos−2 θ1
dx
dλ

e4α(t1) and (P2 + Q2)2 = cos−2 θ2
dx
dλ

e4α(t2).
� (A.12)

Since we are considering two photons emitted (and detected) in the same direction, we have 
θ1 = θ2 (recall that θ is a constant of motion). Expanding to first order in τ  we get

(P2 + Q2)2 = (1 + 4Hτ)(P2 + Q2)1.� (A.13)

Next we expand (A.11) to first order in τ

U2(t) + 2U(t)
dτ
dλ

= e−2α(t) (1 − 2Hτ) (P2 + Q2)2.� (A.14)

Inserting (A.10) and (A.13) and neglecting the second order term in τ  we find the sought after 
expression:

1
τ

dτ
dλ

= HU.� (A.15)
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Now the differential equation for the redshift (A.9) simplifies to

dZ
dα

= −(1 + Z),� (A.16)

and it is clear that the redshift of a photon is independent of its direction of propagation. 
Integration with Z(λ0) = 0 gives:

1 + Z =
a0

a
,� (A.17)

where a = eα is the scale factor when the photon is emitted and a0 the scale factor today. Thus 
we see how the background CMB is not changed relative to FLRW in these spacetimes.
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