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CrossMark
Abstract
In a recent work we have proved a weaker version of the Penrose inequality
with angular momentum, in axially symmetric space-times, for a compact and
connected minimal surface. In this previous work we use the monotonicity
of Geroch energy on two-surfaces along the inverse mean curvature flow
and we obtain a lower bound for the ADM mass in terms of the area, the
angular momentun and a particular measure of size of the minimal surface.
In the present work, using similar techniques and the same measure of size,
we extend and improve the previous result for a compact and connected
outermost apparent horizon. For this case we use the monotonicity of Hawking
energy, instead of Geroch energy, along the inverse mean curvature flow, and
assume different conditions on the extrinsic curvature. This type of relations
constitutes an important test to evaluate the cosmic censorship conjecture.

Keywords: Penrose inequality, axial symmetry, angular momentum, IMCEF,
outermost apparent horizon

1. Introduction

After formulating the cosmic censorship conjecture, Penrose proposed [29] that, when con-
sidering collapsing matter, if the conjecture is valid, the mass m and the area A of the resulting
black hole must satisfy the relation:
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Given that the validity of this relation gives one of the most important tests to evaluate the
cosmic censorship conjecture, there are plenty of works that study this relation, and one can
find very exhaustive review articles [5, 28] as well as general approaches to the problem [6, 7,
14]. Moreover, since the Penrose heuristic argument one can strengthen the to include charge
and angular momentum and charge (see [9, 11, 28] for more details), this topic has become
an active area of research. Good progress has been made in considering the case of a charged
black hole without angular momentum [13, 22-25, 32], but regarding the case with angular
momentum, there are only a few results exploring the relation between the angular momen-
tum, the size and the mass of a compact object [1, 2, 21]. For further details and references
regarding geometrical inequalities bounding angular momentum see the review article [12].
In this work we present an extension of our previous work [2] for compact and connected
general horizons.

Take an axially symmetric initial data M connecting the black hole region with spatial
infinity, such that the collapse has already occurred, and calculate the mass m, the area A, and
the angular momentum J of the black hole. Then, from the Penrose heuristic argument for
rotating black holes, see for example [2], we expect that:

m? > i + 4L‘]2
16 A
Note that this version of the Penrose inequality admits a rigidity case which states that the
equality can only occur for the Kerr black hole.
In [2] we studied this problem in the particular case that the apparent horizon is a compact
and connected minimal surface. We use the monotonicity properties of the Geroch energy [16]
along the IMCF and proved the following version of (2):

2

A 2

m/Z\DM > ﬁ + 2‘]77?/2 (3)
where mapy is the ADM mass, [3], and R is a specific measure of size defined in terms of
the norm of the axial Killing vector. This measure has reasonably nice properties, see [1, 2],
and under certain conditions can be related to usual measures of size. In this previous work,
in order to have a non-negativity scalar curvature we need to assume some special conditions
for the extrinsic curvature, for example that the initial data is maximal. In this work we use
Hawking energy, instead of Geroch energy, similar techniques and the same measure of size
to extend and improve (3) for a compact and connected general horizon.

Regarding the mentioned papers, [1, 2, 21], that explore the relation between the angular
momentum, the size and the mass of a compact object it is important to remark the following
issue. Although the technique used to relate the angular momentum with the surface integral
of the extrinsic curvature are very similar, and the particular measure of the axial radii is the
same, in [1, 2], and in the present work, one need to impose some particular conditions over
the extrinsic curvature in order to assure that the energy is non-decreasing along the flow, and
also one need to assume there exist a smooth solution of the IMCEF for the initial data. In [21]
the author present a different approach to this problem, they use an embellished version of the
Jang equation and they study a Jang/IMCF system of equations. This allows the authors to
obtain a result very similar to the one presented on this work but assuming only a few general
conditions, but they need assume that there exist a smooth solution of a more complex system
of equations, where the IMCF equation and a particular version of Jang equation are coupled.
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2. Background

We consider an asymptotically flat and axially symmetric initial data set (M,0M, g, K; p,j')
with boundary OM, where M is a three-manifold with positive definite metric g and extrinsic
curvature K, OM is a connected and compact two-surface, y is the energy density and j is the
matter current density. This set must satisfy the constraint equations

DK’ — D'k = —8xj', )

R — K;K' + I* = 167y, (3)

where D and R are the Levi-Civita connection and the curvature scalar associated with g, and
k = trzK . We assume the matter fields satisfy the dominant energy condition (DEC), p > |jl,
and that OM is an outermost future apparent horizon and there are no other trapped surfaces on
M. With these assumptions M is an exterior region and has the topology R* minus a ball [20].
Assume there exists a smooth inverse mean curvature flow (IMCF) of surfaces S; starting
from Sy = OM and having spherical topology, and take v to be unit normal vector of S; (see
equation (A.1) on appendix). Then one can write the metric g in the form:
2
ds; = % + gydxidx/ (6)
where H and g;; are the mean curvature and the induced metric of §; respectively, and (xl,xz)
are and the induced coordinates. See [19, 31] for a review of the basic properties of the IMCFE.
In this context the extrinsic curvature can be decomposed [26]:

q
Kij = zvivj + visj + siv; + 818X + 58ii (7
where q is the trace with respect to g;; of K, ¢ = K;;g" and
e=Kp'v!si=glK' Xy = &g/ Kin — 585 ®)

then the trace of the extrinsic curvature takes the form k = tr(K) = z + ¢ and its norm is

2
and then from equation (5) we have that the scalar curvature of the initial data can be written

in the following way:

4
2

Let 91 and ¥~ be the expansions of the outgoing null geodesics orthogonal to S;, future
directed and past directed respectively, then because OM is a future apparent horizon we
have 97 |gy =0 and 9~ |gy = 0. From the previous decomposition 97 |5, = H + ¢ and
97 |s, = H — ¢ and then if M has no other trapped surface than OM, the expansions satisfy
satisfy 97 |5, > 0,97 |5, = 0 Vr > 0, and then

R = 16mp+ 2sis' + x5} — 2(q + 42). (10

(0T )]s, =H* —¢* >0 Vt>0. (11)

Following [26] we are going to use a functional proposed by Hawking [17],the Hawking
energy of a surface Ey(S):
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Al /2
Eu(S) := 167772 (167r — /Sﬁﬂ?dS) (12)
where A is the area of S. This energy, under certain conditions (see [26]) is monotonic under
a smooth inverse mean curvature flow, and has the interesting properties that it tends to the
ADM mass of M at infinity and for a future apparent horizon is equal to \/% . From [26] we
have that the derivate of Hawking energy along the IMCF can be written in the following way

(see appendix for more details and definitions of used quantities):

dg - /(167r(u+1v"j'))+/2£g’7VS~dS
de T (16m)32 | s, H " s H°

+/ (Xijxif — 2%94% + t,»jz’ff) ds
s,

i q ?]H gljle?JH
+/S,2(Sis 72ﬁs1 T + g ds| .
(13)

3. Main result

Now from [1] we know that when considering the IMCF in axially symmetric initial data,
the IMCF equation preserves axial symmetry. Then from now on, when we discuss the IMCF
flow, we always consider it consisting of axially symmetric surfaces S;. Then for each surface

of the flow we can define orthogonal coordinates 6, ¢ such that ' = %l. One can always

choose this for axially symmetric two-surfaces that are diffeomorphic to S?, see for example
[8]. Hence we have:

ds? = U*de* + ndy? (14)

where 1) = g;n'n’ is the square norm of the axial Killing vector.
The physical and geometrical quantities we are interested in are the ADM mass mapy and
the Komar angular momentum J(S)):

1 Lo
J(S;) = g/SKWIV]dS’ (15)

where we use that g,-juinf =0.
To measure the size of the surface S, we will use the areal and circumferential radii of a
surface S, in M:

[A; C(S,
RA(S,) = E, Rc(St) = é?r) (16)

where A, is the area of S; and C(S;) is the length of the greatest axially symmetric circle in S,.
It is also useful to consider the following size measure studied in [1, 2]:

(o) Atl//z
) 5, nds

1 172
=A
R(S:)* '

dr'. (17)
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This measure of size of a surface S;, based on the behavior of the norm of the Killing vec-
tor along the IMCF from S; to infinity, is positive and well defined provided the flow remains
smooth. Moreover, as shown in [2], in some cases, R can be related to R4 and R¢. In particular
assuming that the IMCF is convex we have:

dS
<§fs,77 <

5
722(5,)\2 Y \ERZC(S,). (18)

Using the previous tools and this definition of size, and assuming the same conditions of
the main theorem in [26], we prove the following theorem.

Theorem 3.1. Let (M,0M,g,K) be a vacuum, asymptotically flat, and axially symmetric
initial data, such that OM is a compact and connected outermost apparent horizon and there
are no other trapped surfaces on M. Assume there exists a smooth IMCF of surfaces S; starting
from OM and having spherical topology, then if the initial data satisfies either:

(a) & is constant for each surface S;, or
(b) g7V ;s; =0,
then:
A
R 19
mADM/167T+R2 ( )

where J and A are the angular momentum and the area of OM respectively, and R = R(OM)
is defined by (17).

Proof. From the fact that the surfaces of the flow are axially symmetric we have that mean
curvature H does not depend on the coordinate ¢:

s/ViH = s"VoH  §'VHV;H = g"'VyHVoH (20)

hence in this case:

d A1/2 q = . q ..
—Ey = —t 226UV s, (,--’J—Z— i, i,u)
a1 = Tem)n {/S, s Vs]dS—F/SI XijX X i 1t ds
[ 2 (s05” — 2L OV oH + g HYH ) dS JFZL/2 spos?ds (1)
S, 0 H2 0 H2g 0 0 (167T)3/2 s, ¥

where we have used that the initial data is vacuum.

In order to include the angular momentum into the inequality we know from [2] that we
can relate the angular momentum of any surface S; to the surface integral of the norm of s; and
the norm of 7. In this work we need to improve the previous calculation in order to relate the
angular momentum, not with the norm of s;, but only with the component of s; along the axial
Killing vector. First note that K;n'v/ = s;1' = s,,, then using the Cauchy—Schwarz inequality
in the definition of J, := J(S;):
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1 2 1 2
2 ol _
= Gy </ sl dS) = &)y </ S@ds)
1 NP 1 /s’j‘, /
< 5 ~—dS| < 2£ds ds (22)
ok (/ el 5 ) el AR AL
1
— 7(871-)2 /S; S¢Swds/gt T]dS

where in the fourth step we have used the Holder inequality with p; = p, = 2. Then we have:
(8m)2J7

Sps7dS > 23

/S, ¥ fst ’I’]dS ( )

and hence we could include explicitly the angular momentum on the derivate of Hawking
energy:

1/2
d A q . g )
CEiz> 2 | [ 29409.5ds ( i — 29 iy, r,--r'f) ds
dt H (167[')3/2 |: S, Hg SJ +/SI XJX HX j+ ij
T / 2 (505" — 2L OV pH + - g HV o H ) dS| + 272 A" 24)
s, H? H? " fs mds”

Now first note that from the hypothesis that there are no other trapped surfaces in M than
OM we have that H> > ¢* and thus |%\ > 1, hence the integrands on the second and third
terms

. . . _ 1 _ _
(i = 20Xt + 137 (ses" ~ 2LV + HzgegveHveH)

are positive quadratic forms, and thus the second and third integrals in (24) are positive. Then
note that if we assume condition b the integrand on the first term in (24) is equal to zero, and
if we assume condition a then by partial integration on S; the first term in (24) also vanishes.

Thus assuming the hypothesis of the theorem and either of the conditions a or b, the first
term in (24) vanishes and the second and third terms are positive, hence:

d A1/2
—Ey > Var?
a7 YT s

(25)

where we have used that M is a vacuum exterior region, thus J; = J.
From these arguments we have that Ey is monotonically increasing along the flow, hence
Eu(S;) = Eu(OM) V¥t >0, then because OM is an apparent horizon H? = ¢* we have

Ey(0M) = /{2 and thus:
[ A

WV

0. (26)
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Now we calculate the derivate along the flow of the functional E} and use equation (25) to
obtain a lower bound for it in terms of J:

d d A2
—Ef = 2Eq(S > 2By (ST
then using equation (26) we have:
d 1/2
—Ef > :
+ valt fs, = (28)

Now integrating this expression along the flow from OM to infinity and using the relation
between Hawking energy and the ADM mass we obtain:

1/2
fs 77dS

mipy = hm EH(S,) > EX(So) sz/ (29)

Finally we use the fact that E4(Sy) = 1671- and we write this expression in terms of R and
obtain (19). O

Inequality (19) is also valid for non-vacuum initial data, provided that the matter fields sat-
isfy the DEC and that j;n' = 0 everywhere in M. Assuming the DEC we assure that Hawking
energy remains monotonic for non-vacuum initial data. Condition jn' = 0 assures that the
angular momentum is preserved along the flow J(S;) = J, and that there is no contribution to J
coming from the matter fields J = J(OM).

In case we have a non-zero contribution of the matter fields to the angular momentum,

' # 0, we obtain an extension, for objects that contain a general horizon, of the results for
ordinary objects presented in [1]. We assume that the matters fields satisfy the DEC and that
both the matter density and the matter current have compact support. In this case the angular
momentum of a surface S; is

1 P .
J(S,) = & /S Kyn'v/dS = J(OM) — /V (S)Jm do, (30)

where V(S;) is the region enclosed between OM and S,. Thus the conservation of the angular
momentum along the flow is only satisfied when the surfaces S, are outside the compact sup-
port of the matter fields. Then the measures of size involved in the rotational contribution to
the energy are not measures of size of the apparent horizon, but measures of size of the first
surface of the flow S7 that enclosed the object.

Then for a non-vacuum initial data with j;n' # 0, assuming the same conditions of theorem
3.1, we obtain the following result.

Theorem 3.2. Ler (M,0M,2,K; 1, ji) be an initial data satisfying the same conditions of
theorem 3.1. Assume the matter fields satisfy the dominant energy condition and have com-
pact support, and let T such that for all t > T the matter density and the matter current have
compact support inside S, then:

Ra J?

mapMm = M + — ) +W 3D
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where J is the total angular momentum of the data, Ra and Ra(T) are the areal radii of OM
and St respectively, R(T) = R(Sr) is defined by (17), and

Ra(T)
q ;.
- u+ L) dsde 32
r / /Ss( L0;) (32)

where & stands for the areal radius coordinate.

Proof. From (13) and the previous calculations we have:

d [ A q o A
—Ey > ( = "l ds 4mJ, .
a7\ 16n /S M+HV] VAT as @3)

Note that because the matter fields satisfy the DEC, and |%| < 1 the fist term in (33) is also
positive. Then, integrating this expression along the flow from OM to infinity and using the
relation between Hawking energy and the ADM mass we have:

A2
q ) A
1(So) 1/ =v'j; dS VarJ
MADM = 0) / 1671'/ M+HVJ +/ lfs 77ds

Now because the matter fields have compact support inside Sy the fist integral runs only
from O to 7, then dividing the integral involving the angular momentum from O to 7" and from
T to infinity and using that J, =J V¢ > T we obtain

mapm = En(So) / \/ 167r/ ,u+ det

Al

(34)

A2

+\/47r12/ dr+ V4 /12 Ldr.
T fs ’7dS fs ndS

(35
Finally disregarding the last term, using that Ey(Sp) = 7% , and writing this expression in

terms of R4 (St), R(Sr) and mr we obtain (31). O

Remarks. The notion of size we use, R, albeit apparently artificial at first sight have proved
to be very useful to relate the angular momentum to the total mass in axially symmetric and
asymptotically flat initial data [2]. It comes from the particular method we use to relate the
angular momentum with the ADM mass, and gives a good measure of how different the IMCF
is from a spherical one. These kind of measures based on the norm of the Killing vector have
been found to give an appropriate description of size of a region when describing both regular
objects and black holes with angular momentum [1, 10, 15, 30].

Assuming particular properties for the IMCF we can write (19) in terms of the usual meas-
ures of size. The best situation is to have a spherical IMCF, thus R*(0M) = 4%, in which case
this proof implies the validity of (2) in the vaccum case:

A 47 J?
Mapm = Ton + 7; . (36)

In general we do not expect to have a spherical IMCF in the context we are considering. For
weaker conditions for the IMCEF, for example assuming that the flow is convex, we obtain a
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weaker version of the Penrose inequality with angular momentum for vaccum initial data in
terms of the axial radius of the apparent horizon R¢ = R¢(OM):

5 A 2
Mapm Z T T SR (37)

If we consider a spherically symmetric initial data then the angular momentum is zero,
and the presented result implies the validity of the usual Penrose inequality for apparent hori-
zons in spherical symmetry that was already proved by Malec and O’Murchadha in [27]. It
is important to mention that in [4] Ben-Dov presents an important counterexample to some
formulation of the Penrose inequality in spherical symmetry, but these counterexamples do
not contradict either the result of Malec and O’Murchadha or the present result. In [4] the
author explicitly constructs an asymptotically flat initial data that contains an apparent horizon
and violates the Penrose inequality, but this particular initial data contains past-trapped sur-
faces outside the apparent horizon, and thus it does not satisfy the hypothesis of theorem 19.
From this results one can infer that, if we consider a future apparent horizon M, the hypoth-
esis that states that there are no other trapped surfaces in M other than OM is necessary to
assure the validity of the Penrose inequality.

In the previous work [2] we consider M to be a minimal surface and we use the monoto-
nicity property of Geroch energy. To assure that this monotonicity property is valid we need
to have a non-negativity scalar curvature. In order to do this we need to assume some special
conditions for the extrinsic curvature, one possible choice is to take K such that for every sur-
face of the flow g|s, = 0. This condition, known as the polar gauge condition, together with
the assumption that there are no other trapped surfaces in M than OM, also assures that OM
is an outermost future apparent horizon. Note that if we assume the condition g|s, = 0 then
Geroch and Hawking energies are equal along the IMCF, and in this case the previous and
present results are the same. The other possible condition, the most usual, is to consider that
the initial data is maximal, kK = 0. With this condition we have a non-negative scalar curvature,
and thus Geroch energy is monotonic, but in this case the a minimal surface is a future appar-
ent horizon only if the extrinsic curvature also satisfies g|ay = z|ay = 0. In present work we
study the case in which OM is a general outermost future apparent horizon, in this case the
Geroch energy of OM is given by the area of the horizon plus a term that involves the surface
integral of ¢*. Thus Geroch energy is no longer useful to study the problem, we need to use
Hawking energy and the maximal condition is not sufficient to assure its monotonicity. The
main problem is that one need to control the sing of the second term in (13) to assure that the
derivate along the flow of Hawking energy is positive. One possible option, condition a, is to
control the behavior of g along the IMCEF, the other option, condition b, is to control the v, n
components of the extrinsic curvature. Although a and b are less general than the maximal
condition, because both of them depend on a particular foliation of the initial data given by the
IMCE, these conditions allows us to extend the previous result to the case in which g|ay # 0.
At the present time we do not have a clear geometrical or physical interpretation of these con-
ditions and it will be interesting to study its meaning in detail.

Condition b can be fulfilled by choosing a particular form for s;. Note that this condition is
a necessary condition to get the monotonicity of Hawking energy if we do not want to assume
the very restricted condition a. First if we take s; such that does not have any component on the
6 direction, that is to say s' = sn' condition b can be written in the following way:
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8'Vis; =¢"n;Vis + sg" Vi
L Ky o o
=n'Vis + 3 (8"Vin; — &'V mi) (38)
= <ps

where in the second step we use the Killing equation for 7%, V;n; = —V;n;. Then one of the
possible choices to get condition b is to assume that s = sn' and that s does not depend on the
coordinate .

Is important to note that if we assume that s; = 0, conditions a and b are not necessary to get
the monotonicity of Hawking energy, but in this case we do not have angular momentum. Take
an asymptotically flat and axially symmetric initial data that do not have any other trapped
surface than OM, satisfy the DEC and have s; = 0. Then for this initial data the existence of a
smooth solution of the IMCEF is the only necessary condition one needs to prove the positiv-
ity of the derivative of Hawking energy along the flow, and thus the only necessary condition
one needs to prove the Penrose inequality (1). Then one can infer that the angular momentum
generates difficulties in obtaining a foliation of M for which it can be assured that Hawking
energy is monotonically increasing.

In respect to the assumption of existence of a smooth solution of the IMCEF, the conditions
we assume to assure that Hawking energy is monotonic will probably not be fulfilled for a
weak flow. Moreover the method we use to relate the angular momentum with the energy
strongly depends on having a smooth IMCF. In order to adapt the present formulation to a
weak formulation of the flow one need to control the behavior of all the terms involved in
equation on each discontinuity of the flow, and we do not know if it is possible to control the
terms involving ¢. In this sense we think the method presented in the previous work [2] has
better chances to be adapted to a weak formulation of the IMCF
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Appendix. Monotonicity of Hawking energy along the IMCF

Since it is relevant for the prove of our main theorem, in this section we will review the proof
of the monotonicity property of Hawking energy obtained by Malec et al in [26].

Let (M,0M,g,K; p, ji) be a asymptotically flat and axially symmetric initial data with
boundary. Assume there exists a smooth inverse mean curvature flow (IMCF) of surfaces
S, starting from Sy = OM and having spherical topology. Then we have a smooth family of
hypersurfaces S;: = x(S, ) on M, with x : S x [0,7] — M satisfying the evolution equation

ox v

% = H (A.1)
where ¢ € [0, 7], H > 0 is the mean curvature of the two-surface S, at x and v is the outward
unit normal to S;. Let V; be the covariant derivative, ; the second fundamental form and dS
the area element of S;. Then one can derive the evolution equations, see [19, 31]:

10
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0 2

58:’1‘ = ﬁhij (A2)
Q(dS) =ds (A.3)
ot N '
o . _ A(H-! -1 -

Using the decomposition of g and K presented in section 2 we now calculate the derivate
of Hawking:

d A" 1 2 2
A" dH dg o,
- 2H— —2qg— + (H” — ds.
(167)3/2 /S i g tH —gq))ds (A.5)

First we calculate the derivate of H along the flow, we refer the reader to [18] and [26] for
details, proofs and further references. From (A.4) we have:

dH o
2Hd—t = —2HA(H™") = 2h;hV + 2R;v'v/ (A.6)

then we use the Gauss equation

2RV = R+ H* — hyh' — 2k (A7)
where k is the Gauss curvature, and we obtain:
dH —1 i B 2
2H§ = —2HA(H™ ") — hjh" — R — H" 4 2k. (A.8)
Now let ;; be the trace free part of hj;:
H
then
; o H?
hence using this and equation (10) we obtain:
dH 7 3
2H— =+2Kk+2 L _2HAMHY - ZH?
dr Rtsgt (H™) =5 (A1)

— 167p — 285" — xix! — 1t

For the derivate of ¢ along the flow we first calculate the covariant derivate in the direction
of v/, and then using the vector constraint (5) we obtain:

1
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d _ L . . L

Hd7? = I/lv,' (tI’K - Z) = VleKij + 87TVlji - I/lv,'Z

= vj (V’Klj) — Kijﬁjl/i + 871'l/ijl' - I/iviz
_ . ) . ) _ A12
=V, (zz/’ + s’) —K/V' +8nvj; — V'Viz ( )
= zvjl/j + vjsj - Kl:’vjui + 87/,
=zH + ?,-si - Kij?jz/" + 87Tl/l:].,'.
One can write the term Vs’ in the form:

visi = gljvlsj = guvlsj —+ ViVjviSj

= gijv,»sj — Sjl/ivil/j (A 13)

L 1
= g’/Visj +HSJVJ'E

where in the last step we use the fact that u’v,-yj = —Hg]’v L

i7» see for example [19]. And the
term KIV;1/' is:

KV = 2/'vIVu; + (s'v! + V's?) Vi + KVhy,

R - Lo " H
='WV + (s +v's’) Vi + Xt + 7q (A.14)

where in the last step we use s'’v/V;1; = 15'V;(v/1;) = 0 and equation (A.1).
Then using (A.13) and (A.14) in (A.12) we obtain:

Hg

d . L 1 "
S 8rvij + zH — =L+ 8Visy + 2HSV, = — Xy, (A.15)

dr

Now using this, the integrand on the second term of (A.5) is:

dH dg ) 5
2H— — 2g— H" —
5 th+( q)

H

2
3 . " "
=2k + 2z — % —2HAH™") — §H2 — 16mp — 288" — xix" — ;1Y

q i 9 s ol 54
- 5167”/]:‘ -2q+4q - Zﬁg’fvis_,- - 4quvjﬁ + 2§x”tz:f +(H —¢%)

=2K — §(H2 —¢*) —2HA(H™') — 167 — 255" — xix7 — 11"
. o 1 "
— %167‘(1/[]',‘ — Z%gljvié‘j — 4qSJVjE + Z%XUZ‘U‘
1 .
=2k — E(HZ —q*) — 16m(p + %V’ji)
. (Xijxij . Z%Xijtij + tijtij)
. 1 o
—2s5;8' — 4qs’VjE —2HAH™") - Z%g’fvisj.
(A.16)

Next, we incorporate the previous expression on the derivate of Hawking energy (A.5), we
use the Gauss—Bonnet theorem and integrate by parts the Laplace operator:
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A2
EEH — !
dr (167)3/2

+/ 2%g”?,s,d$+ / (X,‘jxij — Z%Xijl,‘j + lijtij) ds
S[ Sl

; V:H  g'V,HV,H
+/ 2 s,-s’—ng/L—l—& ds| .
S, H H H?
(A.17)
Finally because S, is assumed to have spherical topology we obtain (13), and thus assum-

ing either of the conditions, a or b, presented in theorem 3.1 we have that Hawking energy is
monotonic along the IMCF.

q . i.
8t — 4w (S;) + /S, (167T(,u + Hl/j,)) ds
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