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Abstract

The results of standard experiments demonstrating relationships between
dynamic (torque, moment of inertia) and kinematic (angular acceleration)
characteristics of rotational motion can provide information on viscous friction
acting on the rotating system. The standard experiments presented in this paper
were performed using a symmetrical horizontal rotator with changeable
moment of inertia (a bar with a symmetrically positioned pair of disc weights)
supplied with optical gate; the rotator was driven by a permanent external
torque in a resisting ambient atmosphere. The data were processed using the
least squares method. The sums of squares of the residuals from the best-fit
line (chiSquare values) were used to find out which experiments were influ-
enced by laminar airflows and when turbulent airflows could occur along part
of the rotating bar. The proposed experiment can be included in laboratory
experiments in bachelor study programmes at colleges and technical
universities.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Circular and rotational motions are included in basic physics courses at colleges and technical
universities. This topic is not very popular among students, since they often find it difficult to
grasp the concepts of this kind of motion (angular displacement, angular speed, angular
acceleration, torque, and moment of inertia) and the relationships between them. Several
studies have dealt with students’ misconceptions in this area of physics [1-3]. For this reason
experiments demonstrating circular and rotational motions in lectures and/or experiments
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Figure 1. Scheme of the experimental set-up consisting of a 3B Rotational Motion
Apparatus 1006 785 [4] and supporting equipment (adapted from [6]).

included in laboratory experiments are a useful tool which can help students in understanding
this motion.

The experiment presented in this paper was carried out using commercially available
rotation apparatus (3B Scientific [4]). The obtained results, besides illustrating standard
relationships between angular acceleration, torque and moment of inertia, reveal that friction
forces, both dry (constant) as well as viscous (velocity-dependent, though small and usually
neglected), do play a role in this kind of motion, as already reported in [5-9]. The proposed
data processing using SciDAVis 1.D013 free software [10], which provided chiSquare values
[11], enables us to find out which experiments are influenced by laminar airflows and when
turbulent airflows occur [12] along part of the rotating bar depending on the Reynold’s
number value [13]. Parameters related to laminar friction torque and its relation to the
experiment geometry were also obtained.

2. Experimental set-up

Our experiment consisted of recording the values of angular displacement in time for
increasing values of the moment of inertia of a rotating bar, with two disc weights placed
symmetrically at varying distances from the axis of rotation.

The apparatus depicted in figure 1 consists of a hollow aluminium rod with length
60.0 cm, mass 58.17 g (1), a 200 g disc weight (2), plastic weight fasteners (3) of mass
10.32 g, a length of cord (4), a spindle with radius 9 mm, (5), a pulley (6) and a 50 g slotted
weight (7). The force of the driving weight is transferred via the pulley and the cord wrapped
around the spindle on the axis of the bar. The moment of inertia of the system can be altered
by changing the distance of the disc weights (2), while the torque acting on the system is
directly proportional to the mass of the driving weight (7) used. A Coach panel (8), CMA
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Photogate code 06621 optical gate (9) and computer (10) make it possible to record the
number of half-revolutions (i.e. angular displacement) as a function of time during rotational
motion of the system, and to process the experimental data using Coach software. The optical
gate enables the recording of the time and angular displacement with accuracy 4+0.01 s and
40.01 rad, respectively.

The standard experiments which can be performed using this apparatus enable students to
determine the angular acceleration « as a function of torque 7, which sets the bar into motion,
and to determine the moment of inertia / as a function of the distance R of the disc weights
with mass 2mgy from the axis of rotation. The apparatus also makes it possible to perform
measurements which provide information on the friction forces acting on the rotational
motion of a rigid body [6].

3. Theory

3.1. Rotation apparatus subjected to constant torque of external forces

The rotating apparatus can be considered as a system of bodies (figure 1) with the weight m
descending with acceleration of magnitude a and the bar with discs rotating with angular
acceleration « for which it holds a = ra where r is the spindle radius. The equations of
motion of this system have the following form [6]:

ma=mg — T
la =T — M; )

where T is the tension in the cord, M; is the friction torque and [ is the moment of inertia

1= 10 + 2de2 (2)

where [ ~ émbarl,far is the moment of inertia of the hollow rod, my is the mass of the disc

weight with plastic fasteners, R is its distance from the axis of rotation, m is the mass of the
driving weight, and r is the spindle radius.

Rearranging equation (1) and taking into account that the term mr? can be neglected due
to its small value (with respect to the values of I, and 2mgR? for the experimental set-up
used), we obtain

lao = mgr — M. 3)

Assuming the constant torque 7 = mgr — M; on the right side of equation (3) (i.e. there
is only dry friction due to sliding of the spindle), the inverse value 1/a can be expressed as

1 ]() + 2de2

== = 4

« mgr — Mg @
which is a linear function with respect to R?

1

—=CR*>+D )

o
where

2 I
C— it D= 0 ) (6)
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The results of experiments with driving weight of mass m, at different distances R of disc
weights from the axis of rotation, should demonstrate as follows from equation (5) the linear
dependence of 1/a on the squared distances R2.

The parameters C and D of a straight line fitted to the experimental data can provide the
value of friction torque and the moment of inertia of the hollow rod I, of the rotation
apparatus, as follows from equation (6):

Zmd D
My = mgr — ——, Iy = 2mg—. 7
f g c ol b @)

The values of angular acceleration « for each distance R of disc weights can be obtained
by recording the number of half-revolutions 7 as a function of time, which is related to the
angular displacement ¢ [5]

() = mn() (®)
and fitting the theoretical function

1
0= Eatz + wot + ¢, 9)

to the experimental data (7). The disadvantage of this kind of experiment is that the ¢ values
are not recorded at equidistant time intervals. Besides this, in the first phase of the experiment,
the problem of static dry friction has to be overcome, which makes this phase sensitive to any
external influence. For this reason we also included in the fitting procedure initial angular
velocity wy and initial angular displacement ¢,. The use of a position sensor for this kind of
experiment would be more appropriate although taking into account the accuracy of the
measurements of time and angular displacement the estimate of relative experimental error for
« values is quite low—about 1%.

3.2. Rotation apparatus subjected to dry and viscous friction torques

The flow past a finite and infinite circular cylinders has been the subject of numerous studies
[12-16]. In general the flow over a circular cylinder depends on the flow speed u, cylinder
diameter d, and kinematic viscosity v. The flow can be characterized by the dimensionless
Reynolds number

Re— d (10)
14

The Reynolds number makes it possible to distinguish between laminar (for Re up to the
order of 10%) and turbulent flows (Re above 10%) past a circular cylinder [16].

However, the rotating bar is a circular cylinder in the flow with linear speed increasing
from zero at the axis of rotation to the maximum value at the bar end. For this reason, the
exact Reynolds numbers for a rotating bar with disc weights at various positions should be
determined experimentally.

If the linear velocities u along a rotating bar length are sufficiently low then the airflow is
laminar, but if they are high enough (wr > u for r > r) at a certain distance ., from the
axis of rotations at which the Reynolds number acquires its critical value [12, 13, 16], then the
airflow is turbulent. The profile of linear velocities of a bar (circular cylinder) rotating with
angular velocity w is qualitatively depicted in figure 2.

The motion of the rotating bar could therefore be simultaneously influenced by laminar
and turbulent viscous forces depending on the value of bar angular velocity. The friction
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Figure 2. Profile of linear velocities of a rotating bar; ue = r,w is critical linear
velocity, R—distance of disc weights from axis of rotation.

torque M; acting on the rotating bar can be expressed as
M; = fo + My, + My, (1D

where f; is the dry friction torque, and My, and M;, , are friction torques related to laminar
and turbulent airflows respectively.

During uniformly accelerated motion both kinds of viscous forces could be present. The
critical r, distance in the beginning of each experiment is larger than the bar radius (the whole
bar is in a laminar airflow). At a sufficiently high angular velocity this critical distance 7.,
starts decreasing and both regions with turbulent (the bar ends) and laminar (close to the axis
of rotation) airflows are present. The solution of the equation of motion taking into account
both viscous contributions (equation (11)) requires quite a complex expression and its
solution is beyond the scope of bachelor study programs. However, for small enough angular
velocities w, the contribution of turbulent viscous friction torques can be neglected and the
friction torque can be expressed (as follows from the Navier—Stokes equation [12]) as

where fiw = M;, and f; is the parameter related to the laminar viscous friction torque.
In this case the equation of motion (equation (3)) has the form

oo = mgr — fy — fiw. (13)
Rearranging equation (13) and taking into account that o = %, we obtain
dw =A — Bw (14)
dr
where
A= @ (15)

(16)
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The solution of equation (14) provides the following formulae for angular velocity w and

angular displacement ¢:

A A
= Z 4 |wo— = |exp(—Bt 17
W=z (wo B) xp (—B1) 17)
A woB — A
o=t OT(l — exp(—Bt) + @, (18)

The I values can be calculated using equation (2) and the value 2m4 = 0.41032 kg,

which also includes the mass of the plastic weight fasteners, and using equations (15), (16),
(18) the friction forces can be evaluated.

4. Experimental results and discussion

4.1.

L]

L]

Outline of the experiment and data processing

The measurements were carried out for 25 values of the distance R, and the experiment
for each R value was repeated three times. Since the rotation apparatus is placed on a
laboratory table, the length of cord (4) is limited by the height of the table, and the
number of half-revolutions is constant for all measurements.

A polynomial of the second order (equation (9)) was fitted to the recorded dependences
© = f(t), and these fits were assessed using chiSquare (?) values. The ¢ values from the
experiments with the lowest chiSquare (x?) values were used in the next task.

On the assumption that friction torque is constant, the inverse values of angular
acceleration 1/« are expected to be a linear function of the R? (equation (5)). The
parameters obtained from fitting a straight line to the plot 1/a = f (R?) made it possible
to calculate the friction torque and the moment of inertia of the rotating bar (equation (7)).
The contribution from viscous friction torque acting on the rotating part of the apparatus
was obtained as the difference between the friction torque M; calculated using
equation (7) and the dry friction torque f, (estimated from the minimum mass attached
to the cord which is needed to start the rotational motion of the cross bar [6]).

The chiSquare (y?) values were used to assess the fits of theoretical functions equation
(18) which take into account not only dry but also laminar friction torques acting on the
rotating system, to experimental data. The 2 values gave information regarding in which
experiments the viscous forces could be neglected, which experiments were influenced by
laminar airflows, and when turbulent airflow was possibly present.

Processing the data from the experiments in which turbulent airflow was possibly not
present provided the values of the parameter f; related to laminar friction torque (see
equations (15), (16), (18)) and its relation to the geometry of the rotating system (the
positions R of mg).

4.2. Results obtained on the assumption of constant friction torque

The fits of equation (9) to the measured values of angular displacement ¢ obtained in three
experiments for each R value were assessed by means of the chiSquare values. The inverse
values of angular acceleration were calculated for the experiments with the lowest x? values
(from three experiments). The plot of 1/« against squared distances R* of the disc weights
from the axis of rotation can be seen in figure 3. (The relative errors of « values determined in
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Figure 3. Inverse values of angular acceleration (solid symbols) versus squared distance
of disc weights from the axis of rotation with a fitted straight line (solid line).

the fitting procedure using the SciDAVis program were smaller than 1% and the plotted
intervals are within the solid symbols in figure 3.)

Using the parameters C = 126.90 s> m~2, D = 0.6068 s? of the fitted straight line and
equation (7), the values 0.00196 kgm” and 11.81 x 10~* Nm were calculated for the moment
of inertia Iy and the friction torque M; respectively.

The moment of inertia of the hollow rod can be calculated using the theoretical
expression for the moment of inertia j e, Of @ bar of mass m and length /,, rotating about an
axis through its centre of mass: Iy peor = %mbarllfar = %0.05817 x 0.60% = 0.00175 kgm?.
The value 0.00196 kgm?® obtained from the experimental data is close to this value.

The value of friction torque 11.81 x 107* Nm, which is larger than the value
4.19 x 10~* Nm of dry friction for this apparatus [6], is an indication that viscous friction
torque, which averaged value is 7.62 x 10~* Nm, acts on the rotating bar with disc weights.
It is worth noting that viscous friction torque is small with respect to the driving weight torque
(mgr) which is 44.15 x 10~* Nm. Average angular velocity in each particular experiment
decreases with increasing R value (due to the constant number of half-revolutions in each
experiment mentioned above, i.e. smaller maximum velocity for higher R values). For this
reason a larger contribution of the viscous friction torque can be expected in measurements
for smaller R values.

4.3. Results obtained on the assumption of the presence of laminar friction torque

The maximum angular velocity of the rotating bar in our experiments (d = 0.008 m,
v = 14.88 x 107°m?s~! [17]) was from 3.1 to 10.8 s ! i.e. the Reynolds numbers (calculated
using equation (10)) for the end of the rotating bar (radius 0.3 m) in the range from 500 to
1740. Disc weights with a diameter of 5 cm have Reynolds number approximately six times
higher than the rotating bar. Due to the relatively small height of the disc weights (1.37 cm)
with respect to the length of the rotating bar (0.6 m), their contribution to friction torque could
be expected to be small.

The fits of the function (equation (18)), which takes into account laminar friction torque, to the
experimental data were evaluated using the y? values for each position (R) of the disc weights
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Figure 4. x? values for the fitting of equations (9) and (18) to the experimental data
obtained for different R distances of disc weights from the axis of rotation.

(figure 4). The A parameter was calculated using equation (15) (fy = 4.19 x 10~* Nm [6], and /
calculated using equation (2)) was kept constant in the fitting procedure, which provided para-
meters B and ,. As can be seen in figure 4 a good agreement, i.e. low y? values, between the
experimental and fitted values was obtained for R values larger than 0.06 m. Below this value, at
higher average velocities (smaller moments of inertia), i.e. higher Reynolds number, x? values are
considerably higher, which means that airflow flow is not more only laminar but turbulent friction
torque is present at least at the end parts of the rotating bar.

For comparison, x? values of the fitting of equation (9), which corresponds to constant
friction torque, to the experimental data are also plotted in figure 4. Low Y2 values were
obtained for R distances larger than 0.15 m, which means for low values of angular velocities
(high values of the moment of inertia) when the contribution of laminar friction torque is
relatively small. For this plot rather poor agreement between experimental and fitted values is
observed for R distances lower than 0.12 m (higher angular velocities) when both laminar and
turbulent airflows could be present.

Taking into account the results plotted in figure 4 it can be concluded that

e for R < 0.06 m the end parts of the rotating bar are influenced by turbulent airflow;

e for R > 0.06 m the system is in laminar airflow;

e for R > 0.12 m the influence of viscous forces is so small that the friction torque can be
presumed constant, and 2 values for the fits of equations (9) and (18) overlap.

The values of the f parameter related to laminar airflow were calculated using
equation (16) for each R value. The f values were determined with relative error smaller than
1%. As can be seen in figure 5 they depend on the R value.

The effect of the position of the disc weights on parameter f; is due to greater
contribution of the disc weights to the resulting friction torque (equation (11)) at increasing
R distances
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Figure 5. Plot of parameter f related to laminar viscous friction torques versus the R
distance of the disc weights from the axis of rotation (open symbols) and the mean f|
values for each R distance (solid symbols).

My = fy + (f) + Rf"w (19)

where f| + Rf" = f and f;, f/ are parameters related to the bar and disc weights at distance
R from the axis of rotation in laminar airflow.

The intercept of the linear dependence f]’ = 0.81 x 10~* Nms can be then considered as
the parameter related to the rotating bar with disc weights placed in the axis of rotation.

5. Conclusion

This series of standard rotational motion experiments was performed on commercially
available rotation apparatus with constant external torque and increasing moment of inertia of
the rotating parts, due to increasing distance of the disc weights from the axis of rotation. The
values of angular displacement were recorded in real time using the Coach system and an
optical gate.

The plots of inverse values of angular acceleration versus squared distance of the disc
weights from the axis of rotation made it possible

* to assess the values of the moment of inertia of the rotating bar and the friction torque
acting on the apparatus in the series of measurements; and

¢ to deduce the presence of viscous forces from the difference between the values of the
friction torque obtained and dry friction torque.

The fitting of theoretical functions ¢ (¢) to the experimental data taking into account the
influence of laminar viscous friction torque or presumed constant friction torque made it possible

* to infer from the chiSquare values in which experiments turbulent airflow is present;

* to find the parameters related to laminar airflow for the apparatus used; and

* to assess the dependence of the laminar friction parameters on the position of the disc
weights.
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The proposed experiments can help students to improve their knowledge of the friction
forces acting on the rotational apparatus. Moreover, students can see the usefulness of
chiSquare values in evaluating the appropriateness of the models used for the interpretation of
experimental data.
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