OPEN ACCESS

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 23062334 https://doi.org/10.1088/1361-6544/ab7294

Blow-up profiles in quasilinear fully
parabolic Keller-Segel systems

Mario Fuest
Institut fir Mathematik, Universitidt Paderborn, 33098 Paderborn, Germany

E-mail: fuestm @math.uni-paderborn.de

Received 26 September 2019, revised 20 January 2020
Accepted for publication 3 February 2020
Published 20 March 2020

CrossMark

Recommended by Dr Alexander Kiselev

Abstract
We examine finite-time blow-up solutions (u,v) to

uy =V - (D(u,v)Vu — S(u,v) Vo),
v, =Av—v+u

inaball 2 C R", n > 2, where D and S generalize the functions
D(u,v) = (u+1)""" and S(u,v) = u(u+1)7""

with m,q € R. We show that if m > “=2 as well as m — ¢ > —1 and (u,v)
is a nonnegative, radially symmetric classical solution to (x) blowing up at
Timax < 00, then there exists a so-called blow-up profile U: Q\ {0} — [0, c0)
satisfying

M(',I) —U in Clzoc(ﬁ\ {0}) ast /‘ Thax-
Moreover, for all a > n with

nn—1)

o> ———
(m—qn+1

we can find C > 0 such that
U(x) < Clx|™¢
for all x € Q.
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1. Introduction

The possibility of (finite-time) blow-up constitutes one of the most striking features of the
quasilinear system

u =V - (D(u,v)Vu — S(u,v)Vo), inQ % (0,7),

v, =A0—0+u, inQ x (0,7), (KS)
(D(u,0)Vu — S(u,v)Vo) -v=9,v =0, ondQx (0,T),

u(,O) = u0,0(~,0) = 0o, in Q,

proposed by Keller and Segel [17] to model chemotaxis, that is, the directed movement of
bacteria or cells towards a chemical signal, and attracting interest of mathematicians for nearly
half a century (see for instance [2] for a recent survey).

Therein Q@ C R", n € N, is a smooth, bounded domain, T € (0, oc] and ug, vg: Q — [0, c0)
as well as D, S: [0,00]> — [0, o0) are sufficiently smooth given functions, the most classical
choices being D = 1 and S(u,v) = u.

For these selections, namely, solutions blowing up in finite time have been constructed
in two- [11] and higher- [37] dimensional balls. On the other hand, if n =1 [29], if n =2
and fﬂ uy < 4m (or fQ uy < 8m in the radially symmetric setting) [28] or if n > 3 and
||u0HL%(Q) + [|vo||win(q) is sufficiently small [3], all solutions are global in time and remain
bounded. We should also note that if one replaces the second equation in (1.1) by a suitable
elliptic counterpart, finite-time blow-up results have been achieved already in the 1990s [10,
15, 26].

Motivated inter alia by the desire to model volume-filling effects, it has been suggested to
consider certain nonlinear functions D = D(u) and S = S(u) instead [12, 30, 41] and, in order
to account for immotility in absence of bacteria [9, 21] or receptor-binding and saturation
effects [12, 16], one might also (need to) choose functions D and S explicitly depending on v.

For the sake of exposition, we will for now confine ourselves with the choices
D(u,v) = (u+ 1)"""and S(u,v) = u(u + 1)~ for certain m, g € R, but remark that all the
works cited below allow for more general functions D and § as well. From a mathematical point
of view, these are the most prototypical choices, as they generalize D = 1, S(u, v) = u, which
are obtained upon setting m = ¢ = 1, and since estimates of the form D > un [S] < ul,
u > 1, come in handy at several places (see for instance the proofs of the present article).
Moreover, even these prototypical functions directly appear in biologically motivated models;
by choosing m > 1 and ¢ = 1 we arrive at (a nondegenerate version of) system (M5) in [12]
while the choices m = 1 and g = 0 lead to model (M3b) in [12].

Regarding the question of global-in-time boundedness, the number is critical: if
Q C R", neN, is a smooth, bounded domain and m — g > "n;z, then all solutions to (1.1)
are global in time and bounded [13, 14, 34]. Conversely, if Q@ C R", n > 2, is a ball and
m—gq< ”;2, there exist initial data such that the corresponding solution blows up in either
finite or infinite time [13, 35].

If in addition to m — g < ”;2 one assumes n > 3 as well as either m > 1 (and hence
q> % > 0)orm € R and g > 1, finite-time blow-up is possible [5-7], while for ¢ < 0 solu-
tions are always global in time [38]. Whether solutions may blow up in finite time given

n—2
n
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m—gq< ";2 and ¢ > 0 but ¢ < 1 or m < 1 is, to the best of our knowledge, still an open

question.
The picture is more complete if one replaces the second equation in (1.1) with a suitable

elliptic equation. Again solutions are global and bounded provided that m — g > ”52 and in

the radial symmetric setting there exist unbounded solutions if m — g < ”52. Additionally, it
is known for which parameters finite-time blow-up may occur: if ¢ < 0, these solutions are
always global, while for ¢ > 0 finite-time blow-up is possible [19, 40]. An obvious conjec-
ture, stated for instance in [38], is that the same holds true for the fully parabolic system (1.1).

A natural next step is to examine the qualitative behavior of (finite- or infinite-time) blow-
up solutions in more detail. While far from exhaustive, some results in this regard have been
obtained for the classical Keller—Segel system, that is, for D = 1 and S(u,v) = u.

In the two-dimensional settings some blow-up solutions collapse to a Dirac-type singular-
ity (see [11, 27] or also [32] for similar results for the parabolic—elliptic case). Additionally,
for all n > 2, temporal blow-up rates (even for S(u,v) = u?, q € (0,2)) have been established
[24] and it is known that {u?(-,#): t € (0, Trnax)} cannot be equi-integrable, where Ty
denotes the blow-up time [4].

Quite recently, the questions whether spatial blow-up profiles exist, that is, whether
U :=lim, 7, u(-,1), Tmax again denoting the blow-up time, is meaningful in some sense,
and, if this is indeed the case, properties of U have been studied.

Choosing {2 to be a ball in two or more dimensions, D = 1 and S(u,v) = u, it has been
shown in [39] that for all nonnegative, radially symmetric solutions blowing up at 7,,x < 00
there exists a blow-up profile U in the sense that u(-,z) — U in C2_(Q\ {0}) as  * Tiax-
Moreover, an upper estimate is available for U: for any 1 > 0 one can find C > 0 with

U(x) < Clx|™"=D=" forall x € €.

If one simplifies (1.1) by not only setting D = 1 and S(u,v) = u but also replacing the
second equation therein with 0 = Av — ﬁ fQ uo + u, more detailed information is available.
In [33], the authors consider  := Bg(0) C R", R > 0,n > 3, and construct a large class of
initial data for which the corresponding solutions (u, v) blow up in finite time. The blow-up
profile U := lim, 7, u(-,t) exists pointwise and

U(x) < Clx|7? forallx € Q

holds for some C > 0, wherein the exponent 2 is optimal. Furthermore, the same paper also
provides certain lower bounds for U.

Up to now, however, in the case of nonlinear diffusion there seems to be nearly no infor-
mation available regarding behavior of finite-time blow-up solutions to (1.1) at their blow-up
time. The present paper aims to be a first step towards closing this gap.

Main results
At first, we will deal with (a slight generalization of) the first sub-problem in (1.1) and
derive pointwise estimates for its solutions.

Theorem 1.1. Ler Q C R”, n > 2, be a smooth, bounded domain with 0 € Q as well as
m,qeR,KD,I,KD,Z,KS’Kf,M,L,B>O,9>ns[p2 1 (11)
be such that

— n—2
fp—p and m > [p'
n n

P P P
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Then for any
s

P (1.3)

we can find C > 0 with the following property: - -
Suppose that for some T € (0, 0] the function u € C°(Q x [0,T)) N C*'(Q x (0,T)) is
nonnegative, fulfills

sup /u”’éM (1.4)
t€(0,T) JQ

and is a classical solution of
u, < V- (D(x,t,u)Vu+ S(x,t,u) f(x,1)), inQ x (0,T),
(D(x,t,u)Vu + S(x,t,u)f) - v <0, on 992 x (0,T), (1.5)
u(-,0) < uo, in 2,

where

D,S € C(Q x (0,T) x [0,00)), feC(Q2x(0,T):;R") and uyc C°(Q)

(1.6)
satisfy (with Qr :== Q x (0,T))
inf D(x,1,p) > Kp1p"~ "
winf | Dt p) 2 Kpap (1.7)
sup D(x,t,p) < Kppmax{p, 1} 1, (1.8)
(x1)E€Qr '
sup [S(x,t, p)| < Ksmax{p, 1}¢ (1.9)
(x1)€Qr '
forall p > 0 and
sup / x| 2P1f (x,1)|° dx < Ky (1.10)
te(0.1) JQ
as well as
up(x) < L|x|~* for all x € Q. (1.11)
Then
u(x,t) < Clx|™® forallxe Qandr € (0,7). (1.12)

Remark 1.2. Forp = 1 the condition (1.4) in theorem 1.1 can be replaced by

L/muo < M
Q
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as integrating the PDI in (1.5) over {2 and integrating by parts (all boundary terms are nonposi-

tive because of the second condition in (1.5)) assert [, u(-,1) < [, uo forall € (0, Tax).
As a second step, we then apply this result to radially symmetric solutions to (1.1) and
obtain

Theorem 1.3. Letn > 2, R > 0 and Q := Bg(0) as well as

m,q € R,Kp1,Kp2,Ks,>0,M,L >0 (1.13)
such that
1 n-2 n—2
m—q¢€|—, and m > . (1.14)
n o n n
For any
a>a = M 1.15
= (m—gqn+1 (1.15)

and any B > n — 1, there exists C > Owith the following property: let T € (0, 0o]. Any nonneg-
ative and radially symmetric classical solution (u,v) € (C°(Q x [0,T)) N C>'(Q x (0,7T))) *
of (1.1) fulfills (1.12) and |Vo(x,1)| < C|x|~P for all x € Q and t € (0,T), provided

D,S € C'([0,00)%), up € C'(Q) and vy € W'(Q) (1.16)
satisfy

: > m—1

;I;%D(p, o) = Kpip" ', 1.17)

sup D(p, o) < Kpamax{p,1}"~ ! and (1.18)

o>0 :

sup |S(p, o)| < Ksmax{p, 1}¢

@pol (p,0)| < Ksmax{p, 1} (1.19)

forall p = 0 aswellas (1.11),

/ Uup <M and ||Uo||W1,oo(Q) < L. (120)
Q

Remark 1.4.

(1) Let us briefly discuss the conditions in (1.14). On the one hand, observe that m — g ™\, f%
implies & * co. On the other hand, [34] proves that all solutions to (1.1) for a large class
of functions D, S are global in time and bounded, provided m, g € R satisfy m — g > %
In both cases a statement of the form (1.12) would not be very interesting. (However, for
m—gq> % the statement still holds if one sets o := n because if (1.9) is fulfilled for
some g € R then also for all larger g.)

The second condition in (1.14), however, is purely needed for technical reasons and we
conjecture that theorem 1.3 holds even without this restriction, albeit the constant C may
then depend on T as well.
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(1) In [8, corollary 2.3], it has been shown that (1.12) cannot hold for any

G mm{(lwzm); <q1m>+}'

Asm—q < ";2 implies o > n > @, we do not know whether (1.15) is in general optimal.

However, in the case of m — g = ”;—2 (and m > %) we have o = n = @, hence at least
in this extremal case the condition o > @ 1is, up to equality, optimal.

The third and final step will then consist of proving thatlim, 7, . u(-,¢)andlim, ~r, . v(-, 1)

exist in an appropriate sense provided the diffusion mechanism in the first equation in (1.1) is
nondegenerate.

Theorem 1.5. Lern>2, R >0, Q:= Bg(0) and suppose that the parameters in (1.13)
and the functions in (1.16) comply with (1.11), (1.14) and (1.17)—(1.20). Furthermore, sup-
pose also that there is n > 0 with

D>n in[0,00)% (1.21)

Then for any nonnegative and radially symmetric classical solution (u,v) blowing up in
finite time in the sense that there is Ty,ax < 00 such that

lim sup [[u(-, £) || Lo (@) = 00,

t,/ Tmax

there exist nonnegative, radially symmetric U,V € C*(Q \ {0}) such that

u( 1) = U and v(-t) =V  inCL.(Q\{0})ast 7 Tax. (1.22)

Moreover, for any o > o« (with o as in (1.15)) and any 8 > n — 1 we can find C > 0 with the
property that

Ux) <Clx[™ and |VV(x)| < Clx|7?  forallx € Q. (1.23)

Remark 1.6. Obviously, theorem 1.5 is only of interest if, given S and D, there are indeed
initial data leading to finite-time blow-up. Therefore, we stress that, for instance, the choices
D(p,0) :=(p+1)""! and S(p,c) := p(p+ 1)?7! for p,o >0 and m € R,q > 0 satisfy-
ing (1.14) as well as ¢ > 1 or m > 1 not only comply with (1.16)—(1.19) and (1.21) for cer-
tain parameters but also allow for finite-time blow-up [5, 7]. That is, there exist initial data
(up, o) € CO(2) x W'°(£2) such that the corresponding solution to (1.1) blows up in finite
time. As (1.11) and (1.20) are then obviously fulfilled for certain L,M > 0, we may indeed
apply theorem 1.5.

Moreover, let us emphasize that our results can indeed be applied to models stemming
from a biological motivation, for instance to (a nondegenerate version of) the system (M5) in
[12], that is, to (1.1) with m > 1 and ¢ = 0. Furthermore, even the degenerate version thereof
is covered by theorem 1.3.

Remark 1.7. As a final remark, let us point out that theorem 1.5 includes the result in [39,
corollary 1.4], as in the case of m = 1 and ¢ = 1 we have a = n(n — 1).
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Plan of the paper

The reasoning from [39], where estimates on blow-up profiles to solutions to (1.1) with D =1
and S(u, v) = u have been derived, is to consider w := (*u with {(x) ~ |x| and to make use of
semi-group arguments as well as L7-L9 estimates in order to derive an L® bound for w which
in turn implies the desired estimate of the form (1.12) for u. However, through their mere
nature, these methods are evidently inadequate to handle equations with nonlinear diffusion.

The present paper is built upon the belief that, generally, an iterative testing procedure
should be as strong as semi-group arguments. While the latter method may be quite elegant,
the former has the distinct advantage of being applicable not only to equations with linear
diffusion but also to (1.5).

Indeed, iteratively testing with w”~! for certain 1 < p; * co allows us to obtain an L*
bound for w at the end of section 2—provided the critical assumption (1.3) is fulfilled.

Applying theorem 1.1 to solutions of (1.1) mainly consists of adequately estimating
f = —Vwu. To that end we may basically rely on the results in [39]. It probably should also be
noted that this is the only part where we explicitly make use of the radially symmetric setting.

Finally, the existence of blow-up profiles is shown in section 4 by considering global
solutions (u.,v.), € € (0,1), to suitably approximative problems which converge (along
a subsequence) on all compact sets in Q\ {0} x (0,00) to (@,70) for certain functions
1,0: Q x [0,00) = [0,00). We then prove that these functions coincide which u and v on
Q x [0, Tiax) such that we may set U := (-, Tmax) as well as V := 0(+, Tryax ) and make use
of regularity of % and T.

In order to identify (#%,0) with (u,v) we crucially need uniqueness of solutions to (1.1)
which we show in lemma A.l—provided that the first equation is nondegenerate. As this
might potentially be of independent interest, we choose to prove uniqueness for a class of
systems slightly generalizing (1.1).

2. Pointwise estimates for subsolutions to parabolic equations in divergence
form

Unless otherwise stated, we assume throughout this section that 2 C R”, n > 2, is a smooth,
bounded domain with 0 € €2, set R := sup,cq, |x| and suppose that the parameters (all hence-
forth fixed) in (1.1) as well as a comply with (1.2) and (1.3). Moreover, we may also assume

(m—q)a < p, 2.1)
since whenever (1.10) is fulfilled for some 8 > 0, then also for all B>4 (provided one
replaces Ky by max{R, 1}°~°K}).

Inordertosimplifythenotation,wealsofixT € (0, oo]andfunctionsin(1.6)satisfying(1.4)and
(1.7)=(1.11) as well as a nonnegative classical solutionu € C°(Q x [0,T)) N C*'(Q x (0,T))
of (1.5), but emphasize that all constants below only depend on the parameters in (1.1) as well
as on a.

Our goal, which will be achieved in lemma 2.10 below, is to prove an L*° bound for the
function

w: Qx[0,T) =R, (x,1) = |x|%u(x,1) (2.2)

which in turn directly implies the desired estimate (1.12).

To this end, we will rely on a testing procedure to obtain L” bounds for all p € (1, 00). Due
to an iteration technique, this will then be improved to an L> bound—hence the constants in
the following proofs need also to be independent of p.
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In order to prepare said testing procedure, we will need
Lemma2.1. Letrs€ Rand0 < ge C'(Q x (0,T) x (0,00)) with

sup glx, t,p) < Ko max{p, 1}*
(5 €QX (0.T) (e.t: p) < Ky max{p. 1} (2.3)
forall p > 0 and some Kg > 0.
Forany n e R, v € R and k > 0, there exist py = 1 and C > 0 such that for all p >
we have

/Q (g(x, t,u)|x[*wPt)" < € <1 +/Q (|x|“_°“‘w”+7+")m) (2.4

n (0,7).

Proof. Forany p > p;:=—y+ M , all integrals in (2.4) are finite by (2.2).
Asinthecaseof s < Othe statement follows directly by (2.3) and (2.2) (for py := max{l,p;}
and C := K,), we may assume s > 0. Then (2.3) only implies

/Q(g(x,t’u)muwp-w)n <Kg/{ - (‘x|ﬂ—aswp+v+.y)f€+Kg/ (|x|“wp+7)’€
u

{u<1}

=z

forall p > pyin (0, 7).

Since s > 0, we may therein employ Young’s inequality (with exponents

p+:+v p+’y+€) to

obtain

[ G g [ s
{u<1} Pty+sJa ptyts

forall p > p;in (0, 7).
As
pty+s

lim pp-———=pu>pu—as
p/oou p+t p=n

since & > 0 and s > 0, we may find p, > 1 such that y - 25 +”+S

Therefore, for x € B;(0) and p > p,

> pu— as for all p > ps.

| BREEIR || (w—a9)n

while for x € Q \ B;(0) we have for any p > 1

pry+s

. p+'v+s
|x|(“ )k < max {I,R("

)“} < ¢; < ¢y max{1, R-HmarY x| (n—as)x

for some ¢; > 0.

Since pf;']rs land S=— <1, we arrive at (2.4) by setting po := max{pi,p>} and
C > 0 appropriately. O

We may now initiate the aforementioned testing procedure and obtain a first estimate for
the quantity & [, w” in (0, 7).
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Lemma 2.2. There exist Cy,C, > 0 and py > 1 such that for all p > py

1d ’ &
- p C —(m—1)a, p+m—3 2 <C / — iy, P} R i C 5
g e [ <o 3 ([ (rmreyt) e @)
in (0,T), where
pri=(m—la+2,  pwp:=29-m—-1Na+28,  p3:=(q—la+1+5, (2.6)
yi=m—1, TNi=2g—m—1, Ti=q—1, 2.7)

1 and 4 (2.8)

Ky =1, Ky 1= K3 := .

! > 2 T
Proof. As

Vu = V(]x|7W) = |x|7*Vw — alx|*'wV|x],

in Q x (0,7), testing the PDI in (1.5) with |x|*w?~! and integrating by parts gives

1d
7—/w":/w,wp’1
pdt Jq Q
= [t
Q

< —/(D(x,t, wW)Vu+ S(x, t,u) f) - V(|x|*wP™)
Q

—|—/ x| WP~ (D(x, t, u) Vu + S(x, t,u) f) - v
a0

in (0, T), wherein the boundary term is nonpositive because of the second line in (1.5). There-

fore,
1d wl < —(p— 1)/ D(x,t, u)wP=2|Vw|?
pdr Jg aQ
+a(p—1)/D(x,t,u)|x|71wp71Vw-V|x|
Q
—oz/D(x,t,u)|x|71wp71Vw-V|x|
Q
+012/D(x,t,u)|x|72wp|V|x||2
Q
—(p— 1)/ S(x, t, u)|x|*wP2f - Vw
Q

fa/ S(x, t, u)|x|*'wPTf - Vx|
Q
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in (0,7).

Therein is by Young’s inequality
a(p—2) / D(x,t,u)|x| 'wP"'Vw - Vx|
Q

-1 2 ) 2
<271 [ Dt w2 o S22 / D(x, £, u) x| 2w |||
2 Jo 2(p—1) Jo
in (0,7).
As |V|x|]| =1 for all x € 2\ {0} and using (1.7), we may therefore find ¢, ¢z, ¢3,¢4 > 0
such that for all p > 2

1d

- Y P < —(m—1)« p+m73v 2
Za Qw\ cl/Q|x| w [V

+02/D(x, t, u)|x|72w”

Q

+C3/ |S(x,t,u)||x|awp72V~Vw|
Q

+64/ [SCx, £ 0) ]2~ wP A 2.9)
Q

holds in (0, T).
By lemma 2.1 (withs=m —1,g=D, u = —-2,v=0, kK = 1) and (1.8) there are ¢c5s > 0
and p; > 1 such that

/ D(x, t,u) x| w? < cs / e (2.10)
Q Q

forall p > p;in (0, 7).
Furthermore, by employing Young’s inequality we may find c¢g > O such that

[ Istssiwr2ls - v
Q

c
< b

< /|x|—(m—l)awp+m—3|vw|2+C6/ |S(x’t’u)|2|x|(m+l)o¢wp—m—lbc‘2
2¢3 Jo Q

@2.11)
[

for all p > 1 in (0,T). Therein is by Holder’s inequality (with exponents g, 55 hote that
6 >n>2by(1.1)) and (1.10)

6—2
2 0 0
/ IS, £, ) ] D=1 |2 < P ( / (.t P De=28yron 1) > 2.12)
Q Q

forall p > 1in (0,7).

Herein we again make use of lemma 2.1 (with s =2¢, g =5 pu= (m+ 1)a — 23,
y=—-m—1,k= ﬁ) and (1.9) to obtain p, > 1 and ¢; > 0 such that

o 0
/ <|S(X, ‘. u)|2‘x|(m+l)a72ﬂwp*m*1) o2 < (,‘7/ (‘x|*(2qu7l)a72ﬁwl7+2£17m71) -2 T
Q Q
(2.13)

holds for all p > p, in (0, T).

Once more employing Holder’s inequality, (1.10), lemma 2.1 (with s=g¢, g =S|,
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p=a—1-=pv=—1k= ;%) and (1.9), we see that

6—1
1

o\ o
[ sttty < f ([ st )
Q Q

6—1
2

< g (/ (|x[(q')"+]+5]w”+q')£l) +cs
Q
(2.14)
holds for all p > p; in (0, T) for certain p; > 1 and ¢g > 0.
Finally, by plugging (2.10)—(2.14) into (2.9), we obtain the desired estimate (2.5) for
po := max{ p1, pa2, p3} and certain C;, C, > 0. O

Before estimating the terms on the right hand side of (2.5) against the dissipative term
therein, we have a deeper look at the parameters in (2.6)—(2.8). Precisely due to (1.3), our
condition on «, they allow for the following

Lemma 2.3. Leti€ {1,2,3}as well as u; and k; as in (2.6) and (2.8), respectively.

Then
A= P
©T bl — (m = D)y 215
fulfills
2/43,‘/\,' 2n
i 1 11 .
Ai € (1,00) as well as pV— <3

Proof. Plugging (2.6) into (2.15) yields

_ ap _ ap - ap
M= M= o)y ™ N T R T A - qa);

)

hence \; < oo, i € {1,2,3}, since (m — q)a < S and x; > 0,7 € {1,2,3} by (2.1) and (2.8),
respectively.
Asm—q< B+ @ by (1.2), we furthermore have

a > b ﬁ =2
m-q+i—§
by (1.3).
Since A\; = 0‘7"’ and o > %, we immediately obtain A; > 1 and
2%]/\1 - 2a[p 2n

Al—l_a[p—2<n—2'

By (1.3), we have o > W% and thus due to (1.2) also
n 2]
ap

ap
(m—q)a>p 7—&-7

Therefore, we may further compute

o\ ap - ap . nf
2T 28 2(m—q)a T 2(%B—CB) "~ 2(9—n)’
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hence \, > g?e_fzf)’ > ;Eg:;g = 1sincen > 2 and (as (k2,00) 3 € — —=— is strictly decreas-

21
ing)

2

20Xy 2K < 2n6 B 2n6 _2n
-1 T 02 29 —n) n(0-2)-20+21 n-2

K2

Similarly, we see that

ap o ap ap _nb
1+8—(m—q)a = 142 82 7 20p_ap 29 _p

K33 =

. ap (0—=Dn - 260-2 _
since 1 < =, thus \3 > 57—== > 5== = [ and

2k3N3  2K3\3 2n6 2n6 2n

o1 mh g =ing—20+n n@—1)—20+n n-2

K3

This clearly proves the lemma. O
Another important ingredient will be

Lemma 2.4. Throughout (0,T)
/ |x|~PwP < M
Q

holds.

Proof. This is an immediate consequence of (2.2) and (1.4). O

As further preparation, we state a quantitative Ehrling-type lemma. Since this will be also
used in the proof of the quite general lemma A.1 below we neither require n > 2 nor 0 € (2.
Lemma2.5. LetQ C R", n €N, be asmooth, bounded domain and 0 < s < r < (’Zfﬁ

Then there exist a € (0,1) and C > 0 such that for all € > 0 we have

el < el Vel + Cmin{l,e} ™ |[@|l o) forall p € W(Q).

1
Here and below we set ||| o) == ([, |¢]?) « even for g € (0,1).

2n

Proof. The conditions s < r < = imply that
. %—% = 2w —=2ns r—s
a = 1 + 1 1 T 2n42s—ns 2nr+ 2rs — nsr - r— n=2 rs
s n 2 2ns 2n

satisfies a € (0, 1).

Hence we may invoke the Gagliardo—Nirenberg inequality (which holds even for
r,s € (0,1), see for instance [22, lemma 2.3]) to obtain ¢; > 0 with the property that
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1—

LX(?Z) +eillollp forallp € w2 (Q).

el <callVeliale

Therein we have by Young’s inequality (with exponents 1, -L) for all £ € (0, 1) and all
p e W2(Q)
1—a
Ls(Q))

a —a € ’ c 7ﬁ
||V(p||L2(Q)||<p||11)(Q) = (aq||v90||L2(Q)) ’ ((aq) e

13 __a_
< a||V¢|\L2(Q)+C25 =l

L(Q)»

where ¢; := (1 — a)(ac;) ™.
This already implies the statement for C := ¢;(1 + ¢,). O
In order to be able to apply lemma 2.5, we first rewrite the dissipative term in (2.5).

Lemma 2.6. There are c1,c; > 0 and py > 1 such that for all p > py we have

ptm—1

(Q S x e T t)) e W'(Q)

forallt € (0,T) and

1

2 —(m—Da, p+m—3 2 _ _Da ppnot |2 — 1y, py) "
p |x| w IVwl* < —ci | [V (|]x]77 7 w 2 +o (|| ~HrwP )
Q Q Q

in (0, T), where i, 1 and k1 are as in (2.6), (2.7) and (2.8), respectively.

Proof. Note first that for x € Q and ¢ € (0, T) we have

e = ) = 1 P ),

hence

(2350 W5 (0 € @) € W@

forall p > p; := max{2,3 — m} and all 1 € (0, Tyyax)-
Thus, for p > p;, making use of the elementary inequality (a + b)* < 24> + 2b%,a,b € R,
we may calculate

_ / |x‘7(m71)awp+m73|vw|2
Q

2 m—Da  prm—1\ |2
e e ()|
(p+m—1) Jq

((m = Da)? —(m—T)a—2,, ptm—
a1 Jy 9
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in (0,7).
Because of |V]x|| = 1 in Q \ {0} and by the definition of y;,~; and x; we have therein

1
/ ‘xl—(m—l)a—ZWp-‘rm—l‘VIXHZ — (/ (|x|—#lwl7+’)’1)f€1) 3
Q Q

in (0,7) forall p > 1.
Moreover, setting p; := 2|m — 1|, we have 3p* > (p+m —1)> > 1p* for all p > ps, so
that the statement follows for ¢y := §, ¢; := 4((m — 1)a)? and py := max{1,p;,p>} + 1. [J

A first application of lemmas 2.4 and 2.5 shows that the dissipative term

m—1)a  ptm— 2
Jo ‘V <| |_( T 1)) can be basically turned into [, w”. This is the only place where

we (directly) need the second condition in (1.2), namely that m > “= 2"’

Lemma 2.7. For givene > 0 and s € (0,2), we may find C > 0 and py > 1 such that

2
v i |2 PN
/W”<E/ ’V(IXI‘( T 1)‘ +C(/ (\xl‘( SRl ‘)) +C
Q Q Q

(2.16)
Sorall p > poin (0,T).

Proof. Fix ¢ > 0 as well as s € (0,2) arbitrarily and p as given by lemma 2.6. We divide
the proof in two parts.

Case I: m > 1. Young’s inequality and lemma 2.5 (with r = 2 < ) imply

/W‘Dg/w‘l]+m71+|9‘
Q Q
m— (22 m— 2
gR(m—l)a/ (H m—L)er Lz 1) + 19

/\v e | (/ Chnnls ‘)) + 19

in (0, T) for some ¢; > 0 and thus (2.16) for C := max{c, |2|}.
Case 2: m < 1.Since(1.2)andn > 2assertm > "= 2”’ > 1 — p,wehaver ;= mf{"ﬂp (2, n2"2)
and \ := £ € (1, 00). We then obtam

A1 A—1
ap PA—P 1 m—Da  pgm—1\ 7T By
[ v (/ \x|—“"°w"3) (/ Pt ) <Mt (/ (=5 )) @.17)
Q

forall p > 1in (0, T) by Holder’s inequality as well as lemma 2.4 and because of

ap 2 (m—1)ap m—1+p
A—1 (m—1ar) m—1+p (m—1)ap
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as well as

p/\flp 2 7(m71)(ml+[p)' m71+|p
A—1 (p+m—1)r m—1+p (p+m—1)p

Noting that r(’\ D= = 2, we again employ lemma 2.5 to see that

(=1

(m—Da  pgm—1\ " A
([ (=)
Q
2
_(m=Da  ptm=1\T\ "
= (0 ey)
Q
2 2
(m—1)a  pm—1 (m=D)a  pgm—1\5\ *
<|x|_ Tw )‘ +C2(/ <|x|_ 7wz )) (2.18)
Q

holds in (0, T) for some ¢, > 0. The desired estimate (2.16) is then a direct consequence of
(2.17) and (2.18). u

We are now prepared to prove

Lemma 2.8. For any 0 < s < 5o := min{-2
> 1such that for all p > pg

n—=2°(m—1)y 1) } we can find C >0, pg > 1 and

1

d w‘” —|—/ w? < Cp” + Cp” (/ w("’erl)Sl) x (2.19)
dr I

n (0,T).

Proof. By Lemmas 2.2 and 2.6 there are ¢;,c, > 0 and p; > 1 such that for all p > p;

1

m—Da  ptm—1Y\ |2 3 w | R
— wP 4+ / ‘v (|x‘74( 21) W —Jrz ‘)‘ < C2p2 Z (/ <|x‘*ltiwp+')’i) 1) + C2p2 (220)
Q Q i—1 Q

holds throughout (0, T'), where p;,~;, ki i € {1,2,3}, are given by (2.6)—(2.8), respectively.

Our goal is to estimate the terms on the right hand side in (2.20) against the dissipative term
therein. As a starting point, we use Holder’s inequality and lemma 2.4 to compute for A > 1,
p>landie€{1,2,3}

1

e
(/ (|x|_“pr+”i)ni> = (/ e = KX | Tt S (PR >~,-
Q Q

A—1

1 —pisidtap  (pHy)eid—p | Fid
< MFX |x| 1w X—1
Q

2.21)
in (0,7).
For p € (1,00) and i € {1,2,3} set
AT Ta) el P < %
Ai(p) == o
Kipi—(m=T)a) 1 P =00
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then lim, ~oo Ai(p) = Ai(00). Lemma 2.3 asserts \;(00) € (1,00), hence there is p, > p;
such that also \;(p) € (1, 00) for all p > p,.
Setting furthermore

bi(p) =2 LW O%) gy gy

and choosing A = \;(p) in (2.21), we obtain

Ai(p)—1

,%i Do pime ;iM(P)l bi(p) ~iXi(p)
</ (|x|—HiWP+’Y;)/€i> < maX{M, l} / <|x| = W%) i(p)— (222)
Q Q

in (0,7) forall p > p,andi € {1,2,3} since

—uikiNi(p) + ap ‘ 2(Ni(p) — 1)
Ai(p) =1 —(m — 1)akrN(p)bi(p)
_ Tt ap

—(m—1a ap—(u—ay)
_ —pap + afp(pi = (m = 1)a) + (m = V(i —ay)] _ |
—(m = 1alap — (i — av))

and
(p+i)kidi(p) — P 2(Ai(p) — 1)
Ai(p) — 1 (p+m—1DrNi(p)bi(p)
(p+)— ﬁ@) . ap

ptm—1 ap — (i — av)
_ (pHaap — [p(ui — (m —1)a) + (m — D — am)] _
(p+m—1)(ap — (i — o))
forall p > p, andi € {1,2,3}.
Lemma 2.3 further asserts
lim 2kiNi(p) _ 2k:Mi(00) - 2n
p/ oo )\l(p)—l )\Z(OO)—I n—2

forall i € {1,2,3}. As moreover (2.6) and (2.7) entail

2, i=1,
pi — oy = < 2p, i=2,
1+8, i=3

and hence ;(p) < 2 forall p > 1and i € {1,2,3}, we may choose p3 > p, and r € (s, nz_"z)
such that still

Kidi(p)

———2bi(p) <r

Mp) — 177
foralli € {1,2,3} and all p > ps.

By Holder’s inequality and the elementary inequality £* < 1 + ¢8foré > 0and0 < A < B,
we have
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Ai(p)—1 bi(p)

na o1\ 2esrbi(p)) nea  pime g
[ (e ) <oy ([ (1))
Q Q
2
(m—Da m—1\T\ "
<citos (/ (\x|_72 W )) (2.23)
Q

in (0,7) forall p > p3andi € {1,2,3}, where ¢z := max{|{|, 1}.
Herein we may now finally apply lemma 2.5 together with Young’s inequality to obtain
¢4 > 0 such that

_(m=Da  ptm—1 %
(k=55
Q

2
ci _(m=Da  ptm—1\ |2 2 _m=Da  ptm—1\S\ ¢

< \V4 ( 2 2 ) ‘ T—a / ( 2 2 )

S Gorcp (ML 1] /ﬂ ‘ |x] w + cap o |x] w

in (0, 7T) for all p > ps.
By combining (2.20), (2.22)—~(2.24) and lemma 2.7 (with ¢ = 5) we may find ¢5 > 0 such

that
d 2
= [ wry / WP < esp T 4 cspT ( / (|x|—“”z”°‘w"*¥‘)‘) (2.25)
dr Jo Q Q

in (0,7) for all p > p;.

The assumption s < ﬁ

(2.24)

implies & — (m — 1)as > 0, thus again by Holder’s inequality
and lemma 2.4

2
(/ (hrwwz#f;—*l)“) < (/ |x|7aw) </ ‘x|7(m71)as+aw(p+m71)371>
Q o o

gMé|Q|”’Tf1Ra7(mfl)as/W(ermfl)sfl
Q

in (0,7), which together with (2.25) implies (2.19) for some C >0, py:=p3 and
4a
V= . [l

l1—a

A direct consequence thereof is

Lemma2.9. Forall p € (1,00) we have

sup /w”(~,t) < oo. (2.26)
te(0.1) J

Proof. Let py > 1 and sy > 0 be as in lemma 2.8. By Holder’s inequality we may without
loss of generality assume that p > po with (p+m — 1)sp — 1 > 1.
Choosing s € (0, sp) such that (p +m — 1)s — 1 = 1 and noting that

/ngo‘/ \x|_°‘w<Ro‘/ \x\_a‘ngo‘Mé\QﬁTTl
Q Q Q
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in (0, T) by Holder’s inequality and lemma 2.6, we may apply lemma 2.8 to obtain

d

— wpé—/w”—kcp in (0,7)
dr Jo Q

for some C,>0 and hence [,w? < max{[,w(,0)”,C,}. Since [, w(-0)? <
| - ||w(~,0)||foo(9) < |Q|L? by (2.2) and (1.11), we may conclude (2.26). O

Due to a well-established Moser-type iteration technique (see [1] and [25] for early exam-
ples or also [34, lemma A.1] for an application relevant to quasilinear Keller—Segel systems)
we can also obtain an L°° bound for w.

Lemma 2.10. There is C > 0 such that

[Wllze< (@x 0.1)) < C. (2.27)

2”2. Then lemma 2.8 asserts the existence of p > 1,

n—

1 1
Proof. Sets:= Emm{m, 1} <
c; > 0 and v > 1such that

1
d H
— [ wP +/ w? L ep” + cip” / w(ptm=1)s—1 (2.28)
dr Jo Q Q
in (0,7) forall p > p.
Set
po = max{p,1 — (m — 1)s} (2.29)
and
i 1— —1
o= Pt . (m = 1)s (2.30)
for j € N\ {0}.
Ass < ﬁ and s < %, a straightforward induction gives
2Bt 2B 00220 forj e N, 231)

in particular the sequence (p;j)en, is increasing. On the other hand by (2.29) and another
induction,

. 2pi_ 2\’
p<l 1s+p° < Bl <s> po forjeN. (232)

Since (2.30) is equivalent to pj_; = (p; +m — 1)s — 1, j € N, an ODE comparison argu-
ment and (2.28) (with p = p;) yield

1
/ wPi(-, 1) < max / w(,0)%, cip; + c1p] sup (/ wpf‘(',7)>
Q Q re(0.1) \Ja

for all t € (0,7] and all j € N. Note that lemma 2.9 asserts finiteness of the right hand side
therein.
Therefore, A; := sup,e o1y [[W(- )77 (2)» J € No, fulfills

P,

1
1 j—1 Pj
Aj g max{”w(.,O)Hw(Q), (Clp;’)Vj (1 +Aj—Sl ) } (233)
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forall j € N.
As limy, oo [[W(-, 0) || () = [[W(+,0) | (@) < Lby (1.11) and (2.2), there is c; > 1 with

wollriy < c2 foralljeN.

Suppose first that there is a strictly increasing sequence (jx)ren C N such that A;, < ¢, for
all k € N. As then

()l oy = Jim (o) oy < 2

for all € (0, T) since limy_, o p;, = 0o by (2.31), this already implies (2.27) for C := c,.

Hence, suppose now that on the contrary there is jo € N such that A; > ¢, for all j > jo.
Since then also A; > 1 for all j > jo and because of % > 1for all j € Ny, we conclude from
(2.33) that

Pi—1

1=
A; < (ZClpj’?)"fAji"l for all j > jo.

As (2.31) entails % < 1 we further obtain

1
Aj < (czp]’»’)”-fAj_l for all j > jo,

where ¢, := 2cj, and hence by induction and (2.32)

. vy i+l 7 2 it S
Aj < H (cap?) | Ajy <577 " | ~Aj, forallj > jo
i=jo+1

with ¢3 1= copg.

As therein by (2.31)
U Iy iv
Z — < Z *<27=:C4<oo for all j > jo,
i=jo+1 pi i=jo+1 pi i=1

we conclude

) 2c3\
sup |[w(-,2)||z (o) = lim A; < () Aj, < 0,
1€(0,T) J=00 S

which in turn directly implies the statement. O
The main result of this section now follows immediately.

Proof of theorem 1.1. Combine lemma 2.10 and (2.2). O

3. Pointwise estimates in quasilinear Keller-Segel systems
Suppose henceforth that n > 2, R > 0 and €2 := Bg(0).

In order to apply theorem 1.1 to the system (1.1)—and hence prove theorem 1.3— we need
some integrability information about Vo. This is provided by
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Lemma3.1. LetK,L,M>0,&>03>n—1and6 € (1,00 Then there is C > 0 with the
following property:
Suppose that T € (0,00], g € C°(Q x [0,T)) is radially symmetric and nonnegative with

el <M forallt e (0,7),

that vy € W°°(Q) is radially symmetric and nonnegative with
l[vol[wree (@) < L

and that, if § = oo,
g(x,1) <K|x|~* forallx € Qandr € (0,T).

Then any classical, radially symmetric solution v € C°(Q x [0,T)) N C*(Q x (0,T)) to
v, =Av—0v+g(xt), inQx(0,7),

0,v=0, in 902 x (0,7),
v(-,0) = vy, in
Sulfills
sup / %% Vo(x, )|’ dx < C
te(0,7) JQ
if < oo and
sup |Vo(x,1)| < Clx|™# forallx € Q
te(0,T)
if 0 = oc.
Proof. See [39, lemma 3.4]. |

We are now indeed able to employ theorem 1.1 in order to obtain pointwise estimates for
solutions to systems slightly more general than (1.1). (The generality is needed as the follow-
ing lemma will be used not only to prove theorem 1.3 but also in in the proof of lemma 4.3
below.)

Lemma 3.2. Suppose that the parameters in (1.13) comply with (1.14) and set K, > 0.
Then for any a > «, with « as in (1.15), and any B > n — 1, there exists C > 0 with the fol-
lowing property:

Given functions in (1.16) and g € C°([0, 00)) complying with (1.11), (1.17)—(1.20) and
g(p) < Kgp forp >0, (3.1)

any nonnegative and radially symmetric classical solution (u,v) € C°(Q x [0,T))N
C*(Qx (0,T)) of
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u, =V - (D(u,v)Vu — S(u,v)Vo), inQ x (0,7T),

v, =Av—v+gu), inQ x (0,7),

(3.2)
Oyu = 0,v=0, on 992 x (0,7),
u(+,0) = up,v(-,0) = vy, in

fulfills (1.12) and |Vo(x,1)| < Clx| 7P for x € Q andt € (0,T).

Proof. We fix such a solution (u,v) and functions in (1.16) as well as g € C°([0, 00)), but

emphasize that all constants below only depend on the parameters in (1.13) as well as on K, o
and (.

Set p := 1. Noting that
B n(n—1)

lim lim = =q,
Ban-10/com—q+2—%  (m—qgn+1 =

we can choose B € (n— 1, 8) small enough and 6 > n large enough such that still

o >

+ |

Eli=]

m-—q

Sl

Setting

D(x,t,p) :== D(p,0(x,1)), S(x,t,p) := D(p,v(x,7)) and f(x,1) := —Vo(x,1)

for p > 0,x € Q and ¢ € (0, T) we see that (1.6)—(1.9) are satisfied (for D, S instead of D, S),
while (1.4) follows by (1.20) and Remark 1.2. Furthermore, the boundary conditions in (3.2)

imply
(D(x, t,u)Vu + S’(x, t u)f) cv=0<0 ondQx(0,T).

As also

Ky := sup /|x|‘9’é[f(x,t)|9dx: sup /|x|‘9B|VU(x,t)|‘9dx<oo
1e(0,1) JQ 1e(0,1) JQ

by lemma 3.1, we may indeed invoke theorem 1.1 to obtain C > 0 such that (1.12) holds.
Once more applying lemma 3.1, now with § = oo, yields

IVo(x,1)] < C']x|? < ' max{R, 1} P|x|# forx e Qandt e (0,T)

for some C’ > 0. O
An immediate consequence thereof is theorem 1.3.

Proof of theorem 1.3. Choosing g = id (and, say, K, = 1) in lemma 3.2, we see that (3.2)
reduces then to (1.1). O
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4. Existence of blow-up profiles

Throughout this section we suppose n > 2, R > 0, Q := Bg(0), and that (1.11) and (1.17)-
(1.19) are fulfilled for certain parameters and functions in (1.13) and (1.16), respectively. In
addition—and in contrast to the preceding sections—we will also assume (1.21), that is, that
D > n, for some n > 0.

Furthermore, fix Tynax < 00 and a solution (u, v) to (1.1) (with Ty,ay instead of T) with the
property limsup, . __[Ju(-1)llz= (0 = oo.

We will examine whether and in which form lim, ~7,
To that end we may moreover assume

o (- 1) and limy ~7, (-, 1) exist.
up,v9 € C2(Q) aswellas u,v € C*(Q x [0, Tmax))

T“;" , Where

since the behavior of (u,v) at Ty,ax may be directly inferred from that of (i, 0) at

(it,5) := (u(~,~+ T“;X),v(.,- + Tr;ﬁﬂ) e (cﬂ(g % [0, T“;X))>2.

Furthermore, for e € (0, 1), we fix henceforth G. € C°°([0, 00)) satisfying G.(§) = & for
all £ € 0, 1]and 0 < G-(§) < Zforall £ > 0.

The main idea is to construct solutions (uc, v. ), € € (0, 1) to certain approximative problems
which converge along a subsequence to, say, (i, V). We will then see that these functions coin-

cide withwandvin Q \ {0} x (0, Tinax) such that, for instance, lim, ~7, . u(-,#) = 4(-, Trax)-
Lemma 4.1. For any € € (0,1) there exists Tmaxe and a pair of nonnegative functions
(e, ve) solving

Ugy =V - (D(ua’va)vua - S(Gs(ua)a ve)vvs)’ in 2 x (Oa Trax.c)s

Ve = Av: — U + Ge(ue), in Q x (0, Timax.e)s
Oyue. = 9,v. =0, on 09 X (0, Tryaxe)s
uc(+,0) = ug, v-(+,0) = vy, inQ

4.1

classically and having the property that if Tyax e < 00 then
lim sup |uc (-, )|z () = o0.

t/ Tmax.e

Proof. Local existence and extensibility can be proved as in [20, lemma 2.1-2.4] which
essentially relies on regularity theory for nondegenerate parabolic equations and Schauder’s
fixed point theorem—while nonnegativity follows by the maximum principle. O

For all € € (0, 1) fix henceforth u., v and Tyyax - as given by lemma 4.1. By quite standard
methods we see that the regularized solutions are global in time.

Lemmad4.2. Lete € (0, 1). Then the solution (u.,v.) constructed in lemma 4.1 is global in
time; that is, Tyaxe = 0.
Proof. Since G. is bounded, L-L? estimates (see [36, lemma 1.3 (ii)]) rapidly yield

Cl = Sup ||v€('?t)HW1’OC(Q) < 0.

1€(0.Tmaxe
Testing the first equation in (4.1) with u?~1, p > 2, gives
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1d
7—/ u? =—(p— 1)/ ul 7’ D(u.,v.)|Vu:|* + (p — 1)/ ul~28(G(u.),v.)Vu. - Vo,
Q Q Q

< —n(p—1) / WP Vet + erea(p — 1) / u? V| (42)

in (0, Trmax.c ), where ¢ := [[S[| o< ((0,2)x (0.00)
Therein is by Young’s inequality

_ _ (S1%) _
/ué7 2|Vug|< N /uep 2|Vu5|2—|——/uf 2
Q deier Jo n o Jo

n p—2i,, 2 €162 c162|Q]
< \V4 _Z p =1
46162/9146 |Vu.|” + 2 /QME + 2

in (0, Tyax.e ), so that integrating (4.2) along with an ODE comparison argument yields

sup ||u(-,1)||p) < oo forall finite T € (0, Trmax.c]-
)

te(0,T (4.3)

By [34, lemma A.1], this implies (4.3) also for p = oo so that the extensibility criterion in
lemma 4.1 indeed asserts Tyyax e = OC. O

Parabolic regularity allows us to obtain the following

Lemma 4.3. For each 6 € (0,R) and 0 < 7 < T < oo there exist C >0 and v € (0,1)
such that for all € € (0,1)

||”s||cz+w,1+%(,() <C and HUs||C2+v.1+—}(K) <C (4.4)
where K := Q\ B5(0) x [7,T].

Proof. This can be shown as in [39, lemma 4.3]. We briefly recall the main idea.
Start by fixing a cutoff function ¢ € C>°(Q x [0, 00)) such that
(=1 inKk,
. (= — T
=0 in (B%(O) % [0, oo)) U (Q % [0, 5}) and
0, =0 on 9N x [0,0)

and set, for ¢ € (0, 1),
we :=Cu. aswellas z.:= (v..
By lemma 3.2 there exist ¢, a, 8 > 0 such that
luc(x,1)| < ci]x|~* and  |Vo.(x,1)] < ci|x|~?
forall x € Q,7€ (0,T+ 1)and e € (0, 1).

In particular,

sup(w o (O + ||zZell; 00 (@ )<oo.
3 (el @y + 2l @)

Basically, the statement follows then by parabolic regularity theory, applied to w,. and z.
for e € (0, 1). We sketch the main steps.
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At first, [31, theorem 1.3] gives 71 € (0,7)and 7; € (0, 1) such that

sup |[jwe|
e€(0,1)

o @xpmay < %

In a second step one uses this information along with [18, theorem IV.5.3] to obtain

sup ||ze|| < o0

'Y72 J—
ceny T @x ()

for some 7 € (71, 7) and y2 € (0,71).
Finally, by employing first [23, theorem 1.1] and then again [18, theorem IV.5.3] we may
findm < <7 <7Tand 0 < 4 < 73 < 7, such that

sup ||w kR <
2 5
and
821(101,)]) ||W6||C2+“/4v1+%(ﬁx[‘m»T]) <o
Going back to u. and v, this indeed gives (4.4). -

Lemma4.4. There exist u,0 € C*(2\ {0} x (0,00)) and a sequence (¢;);en C (0, 1) with
g \¢ 0 as well as

ug, > and v, >0 in Cp(Q)\ {0} x (0,00)) asj — oo.

loc

Proof. This follows directly from lemma 4.3, the Arzela—Ascoli theorem and a diagonaliza-
tion argument. l

Lemma 4.5. There exists g > 0 such that

1 _
T, .= sup{Te (0, Trax): u < gian [O,T]}

is well-defined for all € € (0, e9) and for all € € (0,¢&)

u.=u and v, =0
holds in Q x [0, T.).

Proof. Asuy =0 would imply # = 0 by lemma A.1 we may without loss of generality as-
sume ug = 0. Then g¢ :=
alle € (0, ). -
Let € € (0,0). In Q x [0, T.) both (u,v) and (u.,v.) are solutions to (1.1) with T = T,
such that the statement follows due to uniqueness, see lemma A.1 below. O

m > 0 and as u is continuous 7% is indeed well-defined for

With these preparations at hand, we may now prove theorem 1.5.

Proof of theorem 1.5. Let %,V be given by lemma 4.4. Since also u. — u and v. — v
pointwise (as € N\, 0) by lemma 4.5, we have u = 4 and v = 0 in Q \ {0} X [0, Tiax)-
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Because of #,0 € C%([0, Tiax]; C3.(2\ {0})) a consequence thereof is (1.22) if we set
U :=u(-, Tmax) and V := 0(, Trax ). Finally, (1.23) follows by theorem 1.3. O
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Appendix. Uniqueness in nondegenerate quasilinear Keller-Segel systems

As most of the works on quasilinear Keller—Segel systems cited in the introduction do not state
whether the solution is unique, a uniqueness result for quite general systems, also account-
ing, for instance, for cell proliferation or consumption of chemicals, might be of independent
interest.

Since these generalizations do not drastically complicate or enlarge the proof, we choose to
prove a version slightly more general than actually needed for our purposes.

Lemma A.1. Suppose Q CR", neN, is a smooth, bounded domain. Let 1 > 0,
p > max{2,n}, T € (0,00] as well as D, S,f,g € C'([0,00)*) with D > n. Furthermore, as-
sume also that ug,vg € W' ({2) are nonnegative.

Then there exists at most one pair of nonnegative functions

(u,0) € (C*'(@ x (0,T)) N C°([0, T); W'()))’

solving
u =V - (D(u,0)Vu — S(u,v)Vo) + f(u,v), inQx (0,7),
v, = Av+ g(u,v), in 2 x (0,7),
Oyu=0,v=0, on 90 x (0,7),
M(,O) = MO’U("O) = 0o, in
classically.

Proof. Suppose that (u;,v;) and (u2,v,) are two such solutions and let 77 € (0, T).
Due to the supposed regularity and the embedding WP (Q) < C°(Q), we can find L > 0
such that uy, up, 01,0, < Lin Q x [0,T7].
As then
(u1 — I/tz)t =V. (D(ul,vl)Vul — S(ul,vl)Vvl) -l—f(l/t],Ul)
-V D(Mz, Uz)vuz + S(uz, vz)sz) 7f(u2, 02)
=V (D(ul,vl)V(ul — I/tz)) + V- ((D(ul,’()]) — D(uz,’Ug))vuz)
-V (S(ul,vl)V(vl — 02)) -V- ((S(I/tl,Ul) — S(le,Ug))VUg)
+f (ur,01) — f (2. 02)
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in Q x (0,7"), testing with u; — u, and integrating by parts gives
1d/(u —u)z——/D(u )|V (11 — up)|?
par f T = Pl el )

— /Q[D(ul,vl) — D(uz,vg)]Vuz . V(m — I/tg)
+/QS<M1,’()1)V(01 — ?)2) . V(ul — Mz)
+ /Q[S(ul,vl) — S(uz,vz)}sz . V(u1 — Mg)

+ [ n00) e 22)) o0~ )
Q
=hLh+L+L+L+1s

in (0, 7).
Therein we make first use of the nondegeneracy, that is, the crucial assumption that D > 7,
to see that

I < —n/ IV (uy — up) |
Q

holds in (0, T").
Also, by Young’s inequality

I < ﬁ/ |V (1 —u2)|2+61/ V(01 —02)?
4 Q Q

S 2
holds in (0, T"), where ¢; := H”CO%”Z)
By the mean value theorem we can find £;,&: Q x (0,7”) — [0, L] such that
|D(u1,v1) — D(uz,v2)| < [D(uy,v1) — D(ua,v1)| + |D(uz,v1) — D(uz,03)|
= [Du(&1.01) (1 — w2)| + [Do(u2, §2) (01 — 02))|
< IDllerqoep) (1 — ua| + [v1 — v2)

in Qx(0,7), where |¢llci(orp) = max{|l¢llcoqo.r) leullcoqorpys |eollcoqory} for
@ € C'([0,L]?).

Thus, by Young’s and Holder’s inequalities (with exponents 5, -2

2° p—2

I, < g/ |V(u1 — uz)‘z + o </ |Vu2|2(u1 — uz)z +/ |VM2‘2(’Z)1 — ’02)2)
Q Q Q
=2 p—2

<g/|V(u1—u2)\2+C3 (/(ul—uz)ﬂ%) +c3 (/(vl—vz)pfpz>
Q Q Q

. . 4|p|?
in (0,T") with ¢y := APNer oy and ¢3 := 2|V ||? oo 0 ywwin (o1
7 L2 ((0,7);W!r(Q))

. . 2 2
As our assumptions on p imply r := pfpz < (n_'z')+,

we may invoke lemma 2.5 to find
¢4 > 0 with the property that

2

</ |<p|r) < i/ |V¢\2+C4/<p2 for all o € W'2(Q),
Q 8¢c3 Jo Q
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hence

s Q/ V(w1 — w)|* + ﬂ/ V(01 —02)|2+C5/(”1 —M2)2+C5/(Ul — )
4 Jo 8 Ja Q Q

in (0,7"), where ¢s := c3ca.
Similarly, we see that

las Q/ V(1 —M2)|2+ ﬂ/ IV (v —02)|2+C6/(”1 —M2)2+C6/(Ul —02)2
4 Jo 8 Ja Q Q

in (0,7") for some cg > 0.
As again by the mean value theorem

If (w1, 01) = f(u2,02)| < |fllcr(poepy (Jur — ua] + |01 — v2])

in Q x (0,T"), we conclude

Is <7 / (u1 — u2)? + cg / (v1 —v2)?
Q Q

in (O, TI), where c7 = %HfHCI([QL]Z) and cg .= %Hf”C‘([O,L]Z)'
Moreover,

33 [P <= [ Ve =P + [ (slw.o) = gl o))or — o)

in (0, 7).
Therein we make once more use of the mean value theorem to see that
g(ur1,01) — g(u2, v2)| < lgllcr (o) (1 — ua2| + o1 — 02])
in Q x (0,7"), hence
/ (81, 01) — g(uz02)) (01 — 22) < e /
Q

Q

(uy — w2)* + cio / (v1 —02)?

Q

in (0, T/), where Cg .= %Hg‘lcl([Q’L]Z) and Clo -== %Hg”C‘([O,L]Z)'
By combining the above estimates, we obtain with A := ¢| + % and some ¢1; > 0

%(/Q(ul fuz)zm/ﬂ(m 702)2) <en (/Q(u1 7u2)2+)\/ﬂ(vl 702)2)

in (0,7”), hence

/Q(u1 7u2)2(~,t)+)\/9(01 — ) (1) < (/n(uofuo)er)\/Q(vo—vo)z) —0

for t € [0, T'] by Gronwall’s inequality. B
Since uy,up, 01,0, € C°(Q x [0,T')), this implies u; = u and v; = v, in Q x [0, T']. The
statement follows upon taking T/ 7 T. O
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