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Abstract
Based on the ab-initio approach and using the non-empirical pseudo-potential formalism for
Be2+, Na+, K+ and Rb+ cores, large Gaussian basis sets and full valence configuration
interaction (FCI), alkali-metal atom and the Beryllium ionic pairs are treated as effective two-
electron systems. The potential energy curves and their spectroscopic constants for the low-lying
excited states of different1,3Σ+, 1,3Πand 1,3Δ symmetries of these molecular ions have been
performed. In addition to the vibrational properties, permanent and transition dipole moments
functions have been also calculated and analyzed. The lifetimes of the vibrational states of the
ground state are calculated taking into account the decay rates of the vibrational states in terms of
spontaneous emission, and stimulated emission induced by black body radiation. The radiative
lifetimes of the vibrational levels of the first A1Σ+ and second C1Σ+excited states are calculated
using both ‘Franck-Condon’ and ‘Sum rule’ approximations. In all studied alkali-metal
Beryllium molecular ions the ground states X1∑+ have much longer lifetimes than any excited
states with an order of second, while an order of nanosecond is found for the first and second
excited states, A1Σ+ and C1Σ+.

Supplementary material for this article is available online

Keywords: potential energy curves, pseudo-potential, dipole moments, franck-Condon, ‘sum
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1. Introduction

During the past years, the field of laser cooling of neutral
atoms [1] and atomic ions [2] has greatly developed, since it
has been an essential tool in the development of atomic optics
[3], Bose–Einstein condensate [4] and trapped ions [5–7]. In
addition, trapped cold ions are a promising candidate in the
field of quantum optics and in the implementation of the

quantum computer [8]. Furthermore, the study of cold and
ultracold molecular ions has pertinence in diverse areas such
as metrology [9, 10], astro-chemistry [11] and it is important
for a variety of fundamental studies in physics such as the
measure of the electron dipole moment [12].

Because of their interesting energy level scheme the
combination between the alkali and alkaline-earth systems are
very attractive for both experimental and theoretical research.
In fact, many recently experimental works have been per-
formed based on the combinations of alkali atoms and
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alkaline-earth atomic ions as an optical dipole trap of alkali
atoms merged in a Paul trap containing alkaline-earth ions:
Rb atoms with Ca+ [13, 14] and Ba+ [15–17] ions. In addi-
tion, collisional cooling of laser precooled Ca+ ions by
ultracold Na atoms is experimentally performed [18].

In recent times, by using the improved pseudo-potential
technique developed by Foucault et al [19], many calculations
of the electronic structure of the molecular ions systems
combining the alkali and alkaline-earth atoms and ions such
as BeH+ [20], BeLi+ [21], MgLi+ [22], CaH+ [23] and SrH+

[24], have been extensively performed. Recently, Szczep-
kowski et al [25] recorded spectral bands for the X2Σ+ and
22Σ+ electronic transition in the KSr molecule at moderate
resolution using the thermoluminescence technique. The
spectra were simulated using three kinds of advanced elec-
tronic structure calculations, allowing for an assessment of
their accuracy on one hand, and for the derivation of funda-
mental spectroscopic constants of the X2Σ+ KSr ground state

and the excited electronic state 22Σ+, on the other hand. They
used in their simulations FCI+ECP+CPP (effective three-
electron system), RCCSD(T) and MRCI calculations. Among
the three theoretical approaches, Szczepkowski et al found
that FCI+ECP+CPP approaches provide the best possible
agreement with their experimental measurements.

Recently, Fedorov et al [26] executed a theoretical study
for the ground electronic state of a variety of ions BeLi+,
MgLi+, BeNa+, and MgNa+. They used both coupled cluster
with singles doubles and triples excitation CCSD(T) and the
multireference configuration interaction methods MRCI.
Later, they used the obtained results of the ground potential
energy curves and the permanent dipole moment to determine
and calculate the lifetimes of the ground and excited vibra-
tional states of these ions.

Despite Beryllium being a rare and toxic element, Be-
based metal−organic frameworks have been synthesized and
characterized [27]. The interactions between neutral and ionic

Table 1. The calculated dissociation energies and their difference |ΔE| with the experimental ones of BeNa+molecular ion.

Asymptotic limit This work (cm−1) Exp (cm−1) [44] |ΔE| (cm−1) State

Be (1S(2s2))+Na+ −222590.448 −222073.365 517.08 X1Σ+

Be (3P(2s2p)) +Na+ −200490.632 −200095.138 395.49 13Σ+, 13Π
Be+ (2s) +Na (3s) −188336.984 −188330.839 6.14 21Σ+, 23Σ+

Be (1P(2s2p))+Na+ −178998.543 −179506.408 507.86 31Σ+, 11Π
Be+ (2s)+Na (3p) −171336.231 −171363.446 27.21 41Σ+, 33Σ+, 21,3Π
Be (3S(2s3s))+Na+ −169980,973 −169983.168 2.19 43Σ+

Be (1S(2s3s))+Na+ −167471.057 −167397.972 73.08 51Σ+

Be (1D(2p2))+Na+ −165146.159 −165192.907 46.75 61Σ+, 31Π, 11Δ
Be (3P (2s3p))+Na+ −163151.131 −163162.105 10.09 53Σ+, 33Π

Table 2. The calculated dissociation energies and their difference |ΔE| with the experimental ones of BeK+molecular ion.

Asymptotic limit This work(cm−1) Exp(cm−1) [44] |ΔE| (cm−1) State

Be 1S(2s2)+K+ −222590.448 −222073.365 517.08 X1Σ+

Be (3P(2s2p)) +K+ −200490.632 −200095.138 395.49 13Σ+, 13Π
Be+ (2s) +K (4s) −181896.929 −181891.004 5.92 21Σ+, 23Σ+

Be (1P(2s2p))+K+ −178998.543 −179506.408 507.86 31Σ+, 11Π
Be (3S(2s3s))+K+ −169980.973 −169983.168 2.19 33Σ+

Be+ (2s)+K (4p) −168873.941 −168867.357 6.58 41Σ+, 43Σ+, 21,3Π
Be (1S(2s3s))+K+ −167471.057 −167397.972 73.08 51Σ+

Be (1D(2p2))+K+ −165146.159 −165192.907 46.75 61Σ+, 31Π, 11Δ
Be (3P (2s3p))+K+ −163151.131 −163162.105 10.97 53Σ+, 33Π

Table 3. The calculated dissociation energies and their difference |ΔE|with the experimental ones of BeRb+molecular ion.

Asymptotic limit This work(cm−1) Exp(cm−1) [44] |ΔE| (cm−1) State

Be 1S(2s2)+Rb+ −222590.448 −222073.365 517.08 X1Σ+

Be (3P(2s2p)) +Rb+ −200490.632 −200095.138 395.49 13Σ+, 13Π
Be+ (2s) +Rb (5s) −180578.104 −180571.959 6.14 21Σ+, 23Σ+

Be (1P(2s2p))+Rb+ −178998.543 −179506.408 507.86 31Σ+, 11Π
Be (3S(2s3s))+Rb+ −169980.973 −169983.168 2.19 33Σ+

Be+ (2s)+Rb (5p) −167840.873 −167834,947 5.92 41Σ+, 43Σ+, 21,3Π
Be (1S(2s3s))+Rb+ −167471.057 −167397.972 73.08 51Σ+

Be (1D(2p2))+Rb+ −165146.159 −165192.907 46.75 61Σ+, 31Π, 11Δ
Be (3P (2s3p))+Rb+ −163151.131 −163162.105 10.97 53Σ+, 33Π
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Be and alkali atoms are important and can attract research
interests on cold molecules. Since Be+ ions can be laser-
cooled inside of ion traps, the energetic and dynamical
properties of the BeAlk+ molecular ions are of potential
interest in the field of cold molecular ions. In addition, the
Beryllium is of interest for astrophysics and astrochemistry
[28], and despite its low abundance, the Be+ ion is considered
as an important astrophysical tracer.

In the present work, an extended theoretical calculation
of the low-lying excited electronic states of the BeNa+,
BeK+, and BeRb+ is performed. The adiabatic potential
energy curves for 1,3Σ+and1,3Π symmetries of these mole-
cular systems dissociating into Be(2s2, 2s2p, 2s3s, 2p2, 2s3p
and 2s3d)+ Alk+ (Alk = Na, K and Rb) and Be+(2s, 2p, 3s
3p and 3d)+Alk (Alk = Na, K and Rb) are presented.
Spectroscopic constants, vibrational spacing, permanent and
transition dipole momentsare presented and discussed. The
vibrational lifetime of the ground X1∑+ and the two low
laying excited states of symmetry 1∑+ (A1∑+ and C1∑+) are
performed for each system. The calculation of the vibrational
lifetime of the A1∑+state is calculated here using two
different approximations ‘Franck-Condon’ and ‘sum-rule’
approximations. This work follows previous studies that

treated the diatomic molecular ion as effective two valence
electrons systems: the alkali and alkaline-earth ions [20–22]
and alkali dimers [29–36]. This study is a continuation of our
previous theoretical work [37], which dealt with only the first
three states of 1Σ+symmetry for each molecular ion BeNa+,
BeK+, and BeRb+. The potential energy curves were used to
perform elastic collision at cold temperature to predict the
formation of these molecular ionic systems via photo-
association. To the best of our knowledge, no experimental
nor theoretical studies are available in the literature for the
excited states of BeAlk+ (Alk = Na, K and Rb) molecular
ionic systems.

This paper is organized as follows: in section 2, we
briefly present the computational methods and provide
some numerical details. In section 3, which is separated into
three parts and it is devoted to present the obtained results;
first, we present the adiabatic potential energy curves and
the spectroscopic constants for numerous 1,3Σ+,1,3Πand 1,3Δ

states dissociating into the first nine asymptotic limits for
each BeAlk+ system. The permanent and transition dipole
moments are presented in the second part; while the vibra-
tional analysis and lifetime results are presented in the third
part. Finally, we summarize our conclusion in section 4.

Figure 1. Potential energy curves for the ground X1Σ+stateof BeAlk+(Alk=Na, K and Rb) molecules with the CIPCI calculation.
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2. Methods of calculation

Complete structure and spectroscopic study is performed here
for BeAlk+(Alk = Na, K, Rb)molecular ionic systems using
the CIPSI package (Configuration Interaction by Perturbation
of a multiconfiguration wave function Selected Iteratively) of
the ‘Laboratoire de Physique et Chimie Quantique of Tou-
louse in France’. The calculation is based on the self-
consistent field (SCF) method followed by a full valence
configuration interaction (FCI) calculation.

The same quantum chemistry methods have been used in
our previous works for the alkaline earth-alkali systems
BeAlk+(Alk = H, Li) [20, 21]. The BeAlk+ ion is treated as a
two-electron system using the non-empirical pseudopotential
of Barthelat and Durand [38], in its semi-local form used in
many previous works [30–36]. This method consists in
replacing each core Be2+and Alk+ by an effective potential.
The polarizable cores of Be2+ and Alk+ are replaced by semi-
empirical pseudo-potential supplemented by both formula
CPP (Core Polarization Potentials) and ECP (Effective Core
Potential). This approximation allows us to use large Gaus-
sian basis sets where the aim is to reach accurately more
excited molecular states. The core-core and core-valence

correlation corrections have been considered according to the
formalism of Müller et al [39]. The CPP expression is defined
as a function of both αcand f ,c


which represents respectively

the dipole polarizability of the core (c) and the electric field
created by the valence electron and all other centers’ cores as
represented by this equation:
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In this work we used Gaussian-type orbital basis sets,
(7s9p10d/7s8p9d) [20, 21], (7s6p5d3f/6s5p4d2f) [41],
(7s5p7d1f/6s5p5d1f) [42] and(7s4p5d1f/6s4p4d1f) [43]
respectively for the Beryllium, Sodium, Potassium and
Rubidium atoms. The use of these basis sets allowed us to
reproduce the atomic states2s, 2p, 3s, 3p and 3d for Be+;2s2,

Figure 2. Potential energy curves of 1,3Σ+,1,3Πand 1Δstatesof BeNa+ molecular ion.
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2s2p, 2s3s, 2p2, 2s3p and 2s3d for Be;3s, 3p, 4s, 3d, 4p, 5s,
and 4d for Na;4s, 4p, 5s, 3d, 5p, 4d, and 6s for K;5s, 5p, 4d,
6s, 6p, 5d and 7s for Rb. In the present work, the core
polarizabilities are taken to be a =+ 0.0519Be2 a0

3, a =+Na

0.993a0
3, a =+ 5.354K a0

3, and a +Rb = 9.245a0
3 [39]. The used

cut-off parameters for the lowest valence s, p and d one-
electron states of the Na, K, Rb and Be atoms are represented
in [37]. The first nine molecular asymptotic energies for
the BeNa+, BeK+ and BeRb+ related to the electronic
states of different symmetries 1,3Σ+,1,3Πand 1,3Δ areillu-
strated respectively in tables 1–3. From these tables, we can
conclude that our dissociation energies are in good agreement
with the experimental results [44]. The accuracy of our
calculation at the atomic levels will be transferred to the
molecular calculation represented in the next part of this
paper.

The methodology, used in this works, for calculating of
the vibrational lifetimes of the ground state X1∑+is described
as below:

å åt = +-

<

A B 5i
f i

if
f

if
1 ( )

The first term Aif is the Einstein coefficient describing the
probability of spontaneous emission from the vibrational state
i to the lower energy state f:

w
m=

C
i R fA

4

3
6if

if
3

3
2∣ ∣ ( )∣ ∣ ( )

w = -E Eif f i∣ ∣ is the transition frequency between the two
states i and f, and m R( ) is the permanent dipole moment of the
ground stateX1∑+.

The second term is related to the Black Body Radiation
(BBR), which is coming from the surrounding environment at
T=300 K, and it can induce stimulated absorption and
emission processes, which are described by the Einstein
coefficient w=B A N ,if if if( ) where the number of black body
photons is given by:

w
w

= -
-

N
k T

exp 1 7if
if

B

1⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
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The calculation of the vibrational lifetimes of the excited
states takes into account two possible transitions: bound-
bound and bound-free transitions.

Figure 3. Potential energy curves of 1,3Σ+,1,3Πand 1Δ statesof BeK+ molecular ion.
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The radiative lifetime of a vibrational level u¢ corresp-
onding to only bound-bound transitions is given by:

åt =
G

G =¢
¢

¢
=

¢A
1

, 8v
v

v
v

nvt

vv
0

( )

Avv ’is the Einstein coefficient taking for example the trans-
ition between A1Σ+(v′) and X1Σ+ (v) levels states.

It has been shown previously, by Zemke et al [45], that
there is a missing contribution in the radiative lifetimes. It
corresponds to the bound-free transitions, which is more
significant for the higher vibrational levels close to the dis-
sociation limit of the excited electronic states, which are
found in the form of the continuum radiation to states
above the dissociation limit of the ground state. It matches
the contribution of the bound-free transition missed in the
equation (8). It is related to the transition between the
vibrational level v’, which belongs to the excited electronic
state to the continuum of the ground state or the lower state in
general. Such contribution is not negligible as it was
demonstrated by Zemke et al [45], Partridge et al [46], and
Berriche et al [47]. This term is more obvious for the higher
vibrational levels due the difference in location of the

potential wells. This contribution is calculated using two
different approximations: ‘Franck-Condon’[46, 47] and ‘sum
rule’[48, 49] approach.

2.1. ‘Franck-Condon’ approximation

This approximation, which was proposed by Zemke et al
[45], gives the bound-free contribution as:

p
m

-

= D

¢
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A bound free

h c
R FC E

64

3
9

v

v v cont v cont

2

4 3
2

, ,
3

( )

∣ ( )∣ ( ) ( )

Where D = -u u¢ ¢E E Econt as, is the energy difference
between the vibrational level u¢ and the energy of the
asymptotic limit of the lower electronic state, to which
belongs the continuum. The quantity m u¢+R( ) corresponds to
the transition dipole moment at the right external turning
point of the vibrational level v’.

ò åc c c c= = -¢ ¢
=

¢FC dE 1 10v cont v E
v

nvt

v v,
2

0

2∣ ∣ ∣ ∣ ∣ ∣ ( )

Figure 4. Potential energy curves of 1,3Σ+,1,3Πand 1Δ states of BeRb+ molecular ion.
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Table 4. Spectroscopic constants of the ground and excited singlet and triplet electronic states of BeNa+molecular ion.

State Re(Bohr) De(cm
−1) Te(cm

−1) ωe(cm
−1) ωeχe(cm

−1) Be(cm
−1) References

X1Σ+ 5.580 3079 0 200.33 3.25 0.299203 [37]a

5.686 0 202 [50]a

5.731 0 199 [50]b

5.624 3064.7 0 199 3.2 [26]a

5.617 3018.80 0 193 1.9 [26]b

5.614 3085.2 0 194.6 1.9 [26]c

21Σ+ 9.33 1961 34998 93.06 1.48 0.107130 [37]a

31Σ+ 12.92 1298 45378 53.00 0.38 0.055720 [37]a

41Σ+ 16.14 1569 52357 45.11 0.19 0.035691 This work
51Σ+ 21.88 700 57164 29.82 0.38 0.019414 This work
61Σ+ 12.12 1242* This work

13Σ+ 6.15 5572 19908 189.35 1.78 0.246133 This work
23Σ+ 11.87 729 36230 56.08 1.08 0.065993 This work
33Σ+ 14.13 3077 50849 61.99 0.20 0.046598 This work
43Σ+ 23.31 383 54870 22.58 0.27 0.017119 This work
53Σ+ 23.40 1847 60331 30.97 0.07 0.016978 This work

11Π 6.11 1519 45160 148.82 3.78 0.249279 This work
21Π 14.13 41* This work
31Π 15.43 620 60140 26.09 0.23 0.039076 This work

13Π 5.92 651 24830 125.44 4.47 0.265214 This work
23Π 12.78 85 53846 27.59 0.96 0.056913 This work
33Π 7.27 1817 60366 132.98 0.84 0.171688 This work

18.01 674 61509 28.95 0.31 0.028675 This work

11Δ Repulsive This work

Table 5. Spectroscopic constants of the ground and excited singlet and triplet electronic states of BeK+molecular ion.

States Re(Bohr) De(cm
−1) Te(cm

−1) ωe(cm
−1) ωeχe(cm

−1) Be(cm
−1) References

X1Σ+ 6.52 1833 0 135.61 2.96 0.193599 [37]a

21Σ+ 9.48 3638 38515 88.06 0.53 0.091501 [37]a

31Σ+ 16.12 593 44838 33.52 0.47 0.031589 [37]a

41Σ+ 16.56 2262 52871 44.83 0.97 0.029977 This work
51Σ+ 25.18 364 56253 19.16 0.21 0.012968 This work
61Σ+ Repulsive This work

13Σ+ 7.03 3570 20864 139.38 1.36 0.166269 This work
23Σ+ 12.04 1295 40858 61.86 0.47 0.056671 This work
33Σ+ 15.38 2745 51262 52.98 0.44 0.034731 This work
43Σ+ 24.82 452 54681 20.04 0.22 0.013347 This work
53Σ+ 24.94 1316 59606 27.66 0.08 0.013223 This work

11Π 7.08 795 44638 90.91 2.27 0.164161 This work
21Π 11.03 516 54623 22.22 0.52 0.067597 This work
31Π 17.37 459 59064 20.40 0.18 0.027233 This work

13Π 6.75 406 23829 85.81 6.18 0.179980 This work
23Π 12.36 524 54615 39.65 1.47 0.053838 This work
33Π 7.88 363 60571 103.34 1.36 0.132484 This work

19.41 512 60417 24.53 0.29 0.021865 This work

11Δ Repulsive This work
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2.2. ‘Sum rule’ approximation

Pazyuk et al [48, 49] have implemented this approach. It
allows reproducing the radiative lifetime components for
diatomic vibronic states. In addition, this approximation has a
high efficiency for non-diagonal systems and particularly for
those with significant continuum contributions. The radiative
lifetime using the approximate sum rule is given by:

òt
j j= DJ J¢ ¢R D r U R R dR

1
11

R

R
2 3

min

max

( ) ( ) ( ) ( ) ( )

ju¢ R( ) is the wave function of the vibrational level belonging
to theA1∑+excited electronic state. D(R) is the transition
dipole moment between the ground X1∑+and first excited
state A1∑+. ΔU(R) is the energy difference between the
ground X1∑+state and first excited state A1∑+.

3. Results and discussion

3.1. Adiabatic potential energy and spectroscopic constants

Effective Core Polarization ECP and Core-Polarization
Potential CPP approach can describe accurately the electronic
structure with few-active-electron. Its main advantage is the
possibility to investigate the ground and the highly excited
molecular states properties with similar accuracy. In this

study, using the ECP+CPP approach and FCI methods, we
have determined the adiabatic potential energy curves of three
ground states and 49 excited states of1,3Σ+,1,3Πand
1,3Δsymmetries. They are dissociating into the first 9 dis-
sociations limits Be (2s2, 2s2p, 2s3s, 2p2and 2s3p)+ Alk+

(Alk = Na, K and Rb) and Be+(2s)+Alk (Alk=Na (3s,
3p), K(4s, 4p) and Rb(5s, 5p)) (see tables 1–3) for the BeNa+,
BeK+ and BeRb+ molecular ions. The adiabatic potential
energy is performed for a large and dense grid of inter-
molecular distances from 3.6 to 200.00Bohr. We report in
figure 1 the potential energy curves of the ground states
X1Σ+(defined also as 11Σ+) of the BeAlk+ ionic systems
(Alk=Na, K and Rb) using ab-initio calculation methods:
CIPCI.

As represented in figure 1, the shape of potential energy
curves of the ground state X1Σ+depends on the size and the
electronic structure of the alkaline atoms. Indeed, the equili-
brium positions obviously increase from BeNa+ to BeRb+.
However, the depths of the corresponding wells decrease
from Na to Rb and the ground state X1Σ+ behaves more and
more like a van der Waals molecules. At large distances, the
ground state X1Σ+ for each system are tend to the same
dissociation limits correlated to two closed-shell systems Be
(2S) and Alk+ (Alk=Na, K and Rb).

In addition, the potential energy curves for the ground and
low-lying excited states of different symmetries,1,3Σ+,1,3Π and

Table 6. Spectroscopic constants of the ground and excited singlet and triplet electronic states of BeRb+molecular ion.

Etats Re(Bohr) De(cm
−1) Te(cm

−1) ωe(cm
−1) ωeχe(cm

−1) Be(cm
−1) References

X1Σ+ 6.81 1630 0 119.74 2.50 0.159460 [37]a

21Σ+ 9.61 4072 39198 80.53 0.39 0.079968 [37]a

31Σ+ 17.07 466 44764 25.98 0.36 0.025346 [37]a

41Σ+ 16.91 2778 53228 41.58 0.17 0.025813 This work
51Σ+ 28.46 214 56201 14.98 6.93 0.009072 This work
61Σ+ Repulsive This work

13Σ+ 7.33 3167 20864 121.94 1.52 0.137420 This work
23Σ+ 12.21 1407 41862 57.27 0.02 0.049539 This work
33Σ+ 15.82 2323 51483 47.77 0.42 0.029499 This work
43Σ+ 23.36 720 55286 24.04 0.55 0.013531 This work
53Σ+ 25.75 1120 59611 23.22 0.10 0.011142 This work

11Π 7.30 764 44470 90.91 2.27 0.164161 This work
21Π 9.71 1090 54930 34.40 3.21 0.078618 This work
31Π 18.53 384 58936 19.07 0.72 0.021480 This work

13Π 6.94 456 23577 79.91 5.30 0.179980 This work
23Π 12.23 881 55134 41.07 1.47 0.049395 This work
33Π 8.07 176 60558 89.31 0.57 0.113278 This work

20.08 453 60281 22.16 0.27 0.018333 This work

11Δ Repulsive This work

The (*) sign denotes thepotential barrier.
[26]a MOLOPRO:CCSDT/cc-pCVQZ.
[26]b MOLOPRO: MRCI/cc-pCVQZ.
[26]cMOLPRO: MRCI/aug-cc-pCV5.
[37]a CIPCI package.
[50]aGaussian : MP2/6-31G**
[50]bGaussian:HF/6-31G**
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1,3Δ respectively, of BeNa+, BeK+ and BeRb+ molecular ions
are displayed in figures 2–4,.

It is obvious that the ground state, X1Σ+, is well sepa-
rated from the highest excited states correlated to two closed-
shell systems Be (2S) and Alk+ (Alk=Na, K and Rb). The
second asymptotic limits is the combination of the second
atomic excited state of the Be(3P (2s2p)) atom and the Alk+

alkali ion (Alk=Na, K, and Rb) with a closed-shell that
generates two states 13Σ+ and 13Π. Therefore, the energy gap
between the ground state dissociation limit and that of the
13Σ+ and 13Π states is constant for all BeAlk+ ionic systems
(Alk=Na, K, and Rb). It has an order of 21978 cm−1

corresponding to the atomic energy difference between Be (1S
(2s2)) and Be (3P (2s2p)) states. Note that the 13Σ+ state is
notably attractive and more specifically in the case of the
BeNa+ molecule, since it has the deepest well
De=5572 cm−1 located at an equilibrium distance
Re=6.15 Bohr. So the ionic molecule BeNa+ is the most
stable in its 13Σ+ state compared to other BeAlk+ systems
(Alk=K, and Rb). In addition, the well depth of the

considered state decreases with the size of the alkali atom,
with De=3570, 3167 cm−1 respectively for BeK+ and
BeRb+.

Also, the third dissociation limit of the BeAlk+ ion
systems (Alk = Na, K and Rb) is the combination of the
ground state of a neutral alkali atom (Na, K, Rb) and the
Be+(2s) ion, where a valence electron is attached to each
atomic partner, giving rise to 21Σ+and 23Σ+states. The
energy difference between the ground state 11Σ+ (also called
state X1Σ+) and the first excited state 21Σ+ (also called state
A1Σ+) increases from BeNa+ to BeRb+. Consequently, the
ground state is less and less repelled by the 21Σ+state.
Consequently, it behaves more and more like a van der Waals
molecule. In addition, the 21Σ+ state is clearly deep (several
thousand of cm−1) compared to other states of different
symmetry. Indeed, the long-range attraction of the charge-
induced dipole (varying as R−4, where R is the internuclear
distance) between Be+ and the alkali atom is strong. As the
static dipolar polarizability increases with the mass of the
alkali atom, the well depths of both the 21Σ+ and 23Σ+ states
also increase as from BeNa+ to BeRb+.

Figure 5. Permanent dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeNa+molecular ion.
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An interesting behavior is observed for the adiabatic
potential energy curves for the highly excited electronic states
for different symmetries1,3Σ+ and1,3Π. It corresponds to the
presence of the spectacular undulations including multiple
barriers and wells. These undulations are related to avoided
crossings. Most of them can be explained by the interaction
between the adiabatic potential energy curves of different
Be+Alk and BeAlk+ structures. For our best knowledge,
theoretical spectroscopic information for BeNa+, BeK+ and
BeRb+ is still limited, except for the ground state (X1Σ+) of
the BeNa+ ionic molecule. The latter was explored earlier by
Pyykkö [50] and recently by Fedorov et al [26]. The good
agreement for the ground state of BeNa+ with that of Pyykkö
[50] and Fedorov et al [26], encouraged us to deeply inves-
tigate the spectroscopic properties of the excited states and to
achieve the first complete exploration of the electronic
structure of BeNa+, BeK+ and BeRb+. In our previous study
[37], we provided only the ground and the two first excited
states of symmetry1Σ+ for these molecular ionic systems used
for elastic scattering and photassociation studies.

All the remaining excited states of 1,3Σ+, 1,3Π and
1,3Δsymmetries are represented here for the first time. The
spectroscopic constants are extracted from the numerical
calculated potential energy curves; equilibrium distance (Re),
well depth (De), vertical transition energy (Te), harmonacity
frequency (ωe), anharmonacity frequency (ωeχe) and the
rotational constant (Be). The spectroscopic constants for the
ground and the low-lying states of different symmetries are
extensively presented in tables 4–6 for BeNa+, BeK+ and
BeRb+.

An accurate analysis of these results shows that the most
strongly bound states are13Σ+ for the BeNa+ with depth of
well equal to 5572 cm−1, and the first excited sate 21Σ+ for
both BeK+ and BeRb+ molecular systems with well depths
of3638 and 4072 cm−1, respectively. The 1,3Π states are
weakly bound with small attractive wells and barriers for all
systems, except the 33Πstate for the BeNa+, which has a
relatively deep well of 1817 cm−1 located at 7.27 Bohr. In
addition, we found that the states corresponding to the 1,3Δ

symmetries are all repulsive. Therefore, these cationic

Figure 6. Permanent dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeK+molecular ion.
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molecular systems are considered unstable in the states of
symmetries1,3Δ.

3.2. Permanent and transition dipole moments curves

The formation of cold and ultracold samples of dipolar
molecules is currently a challenge for the experiments, which
needs accurate information about the electronic properties of
the choosing molecule. The permanent and transition dipole
moments, represent an appropriate test for assessing the
validity and accuracy of ab-initio calculations. For instance,
the rovibrational cold molecular ions [51, 52], are controlled
by the permanent and transition dipole moments (PDM) of the
relevant molecular state. Fedorov et al [26] published the only
available study on dipole moment for the BeNa+ ionic
molecule. They only calculated the permanent dipole moment
for the ground state X1Σ+, using CCSD(T) and MRCISD
methods with cc-pCVQZ and aug-cc-pCVQZ basis sets. The
comparison proves patently that the feature of their permanent
dipole moment is very similar to ours. We notice that the
implementation of the core polarization in our calculation

decreases in the absolute value the dipole moment compared
with the results of Fedorov et al [26]. To understand the
structure of the ground and excited electronic states, we have
evaluated the permanent dipole moments for a large and
dense grid of interaction distances from 3.6 to 200 Bohr for
all electronic states of BeNa+, BeK+ and BeRb+. Except the
results obtained by Fedorov et al [26] for BeNa+ ground
state, the permanent dipole moments of different states for
these three systems are represented here for the first time.
Figure 5–7 present the permanent dipole moments for the
electronic states of (1–5)1Σ+,(1–5)3Σ+, (1–3)1Π, and(1–3)3Π
states, for BeNa+, BeK+ and BeRb+, respectively. Depend-
ing on the interatomic axis orientation, the permanent dipole
moments are computed in this work with respect of the same
origin. The Be2+core is placed at the origin and the Na, K and
Rb cores are placed at distance R.

We remark that the permanent dipole moments of 1Σ+,
3Σ+, 1Πand 3Πelectronic states present at small internuclear
distance many abrupt changes. They correspond to the avoi-
ded crossings between neighbouring states related to the
charge transfer process between the two ionic systems

Figure 7. Permanent dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeRb+molecular ion.
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Be+Alk and BeAlk+, which are both manifestations of sud-
den changes of the character of the electronic wave functions.
Moreover, we get the same observation as for the permanent
dipole moments of the 1Σ+ and 3Σ+ electronic states. The
abrupt changes in the permanent dipole moments are loca-
lized at particular distances. They correspond to avoided
crossings between neighbour electronic states. At large dis-
tances, the ground state, X1Σ+, dipole moments are sig-
nificant and yield linear behavior functions. We remind that
these states are dissociating into, Be (2 s2)+Alk+ (Alk=Na,
K and Rb) and a similar behavior is obtained by Fedorov et al
[26] for BeNa+. The permanent dipole moments for the other
states dissociating into Be(2s2, 2s2p, 2s3s, 2p2and 2s3p) +
Alk+(Alk=Na, K and Rb)characterized by a linear diver-
gence at large internuclear distances expressing the increasing
distance between the negative body-fixed andthe positive
Alk+ charge. However, for the other states dissociating into
Be+(2s) + Alk(Alk = Na, K and Rb), they exhibit a sig-
nificant permanent dipole moment in a particular region and
then it vanishes swiftly at large distances. Therefore, these

states are probably not good candidates for cooling of internal
degrees of freedom.

The electronic transition dipole moments (TDM) also are
of great interest since they are relevant for the possibility of
radiative charge exchange for these type of systems [53, 54]
or for photoassociation, spontaneous and stimulated emission
[37][55]. In addition, the probabilities for induced absorption
and spontaneous emissions per unit of time are proportional to
the square of the TDM between two chosen states. Also, this
physics quantity has been computed previously for many
alkaline earth-hydrogen and alkaline earth-alkali molecular
ions such as BeH+ [20], BeLi+ [21], MgLi+ [22], CaH+ [23],
SrH+ [24] and BaH+ [25] which is very interesting and
constitute the first step to illustrate the repartition of charges
between states. In our previous work, we presented only the
transition dipole moments between the 1–2 1Σ+, 1–3 1Σ+ and
2–3 1Σ+states for BeAlk+ (Alk=Na, K, Rb). In this work,
the variation of the transition dipole moments between all
considerate states of same symmetries are all calculated
according to the inter-nuclear distance. We represent in
figures 8–10 only the transition dipole moments between 1–2

Figure 8. Transition dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeNa+molecular ion.
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1Σ+, 1–3 1Σ+, 1–4 1Σ+, 1–5 1Σ+, 1–2 3Σ+, 1–3 3Σ+, 1–4
3Σ+, 1–5 3Σ+, 1–2 1Π , 1–3 1Π , 1–2 3Π and 1–33Πelectronic
states for each molecular systemrespectively for BeNa+,
BeK+ and BeRb+. Since it becomes increasingly difficult to
determine experimentally the dipole moment; thus, our
theoretical values become particularly valuable to understand
the charge distribution between states. The variations of
the dipole moments of adiabatic transitions do not follow a
well defined law. These transitions present an interesting
behaviour, which has been observed in many previous
studies for similar systems (i.e. alkali-alkaline-earth systems)
[21, 22, 50]. At short distance, we remark frequent variations
which can be related to the avoided crossings. The acuity of
the slopes around the node for the dipole is strongly related to
the weakness of the avoided crossing for the energy. Quan-
titatively, the analysis of the curves of the transition dipole
moments shows that, the ones between 1–2 1Σ+, 1–3 1Σ+ and
1–2 3Σ+are very large at short distances, when compared to
the other transitions. They present maximums located at
particular internuclear distances corresponding to an impor-
tant overlap between the corresponding molecular wave

functions. At larger distances, some transition dipole
moments asymptotically reach the corresponding atomic
oscillator strength of the allowed atomic transitions. But for
ionic-neutral type of transitions, their moment tend to zero,
since the continuation wave functions through the dipole
moment operator does not allows any covering at large
internuclear distance.

3.3. Vibrational levelsand their radiative lifetimes

3.3.1. Vibrational levels. The study of the vibration spectra of
diatomic molecules is an area of spectroscopy with a very
broad range of applications. In fact, the vibrational spectra of
diatomic systems serve as models for polyatomic molecules
and it is fundamental to calculate the state for plasmas and
stellar atmospheres. For BeAlk+(Alk = Na, K and Rb)
systems, the vibrational levels have been interpolated by
least-squares approach. In this work, the vibrational energy
levels are obtained using the Numerov method. We have
represented in the supplementary materials (S1–S3) is
available online at stacks.iop.org/PS/95/055404/mmedia
the vibrational-level spacing (Ev+1 − Ev) according to

Figure 9. Transition dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeK+molecular ion.
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the vibrational level integer number ‘v’ of all the con-
siderate1,3Σ+and1,3Πelectronic states for BeNa+, BeK+ and
BeRb+ systems. In the literature, only Fedorov et al [26] have
calculated the vibrational energy levels of the ground state for
BeNa+. For the reason of comparison, the vibrational-level
spacing obtained by Fedorov et al [26] is plotted with that
obtained in this work in figure 11. The comparison shows a
very good agreement. In addition, we calculated the spacing
for the higher vibrational level up to 47 for BeNa+. The
vibrational levels for the ground state of BeK+ and BeRb+

are also gathered in figure 11. For the X1Σ+ground states, we
obtained 47,46 and 46 vibrational levels respectively for
BeNa+, BeK+ and BeRb+. For the first vibrational levels,
linear variation of spacingis observed. After that, this
behavior becomes slighter and vanishes at Be(2s2)+Alk+

dissociating limit. Almost all states present strong anharmonic
effects and this give rise to a roughly linear behavior, except
for the highest levels approaching the dissociation limit,
which is followed by a sharper decrease. As usual for ionic
systems, the vibrational spacing presents a regular variation
dominated by asymptotic behaviors in C4/R

4. Due to the

long-range behavior, which has given wide wells for many
potential energy curves, several states have trapped large
number of vibrational levels. Observing the figures, we note
that the vibrational levels of the excited states of
1,3Σ+symmetries are tighter and more numerous than those of
the1,3Π states. This confirms the spectroscopic results
obtained above, which are interpreted with the importance
of the width of the well of potential at the level of the
asymptotic limit of 1,3Σ+ symmetries states compared with
1,3Π states.

3.3.2. Vibrational lifetimes for the X1∑+ ground state. In the
past decade, measurements of the radiative lifetimes of the
ground and the highly excited states of alkali alkaline-earth
systemshave been reported in several works [55, 56][26].
These results would be clearly of interest for physicists
working in atomic physics, plasma physics, and astrophysics.
In this section, we represent the radiative transition
probabilities (Einstein coefficients) and the radiative
lifetimes for all vibrational levels of the ground state
X1∑+forBeAlk+ (Alk = Na, K, Rb) ionic molecules. Using

Figure 10. Transition dipole moment of the1,3Σ+ and 1,3Πelectronic states of BeRb+molecular ion.
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the ground state potential energy interactions and the
permanent dipole moments calculated previously the
lifetimes of the vibrational states for the ground state
X1∑+of the alkali alkaline-earth ions BeAlk+ are evaluated
and presented in figure 12. Recently, Fedorov et al [26]
determined the lifetimes of the ground state vibrational levels
for BeLi+, MgLi+, BeNa+, and MgNa+, using CCSD(T) and
MRCI potential energy curves. For the reason of comparison,
the vibrational lifetimes for BeNa+ are plotted with that
obtained by Fedorov et al [26] in figure 12.

Despite the fact that different methods of calculation
have been used (FCI with CPP and CCSD (T)), a similar
behavior is obtained. This shows the reliability and the
accuracy of our calculations and results. In addition, we
observed that the lifetime of the ground vibrational state is
about two times smaller than that obtained by Fedorov et al
[26]. Since the vibrational lifetimes of the ground state X1∑+,
depend on the permanent dipole moment, the difference
between our results and that of Fedorov et al [26] is
reasonable and could be explained by the difference in the
permanent dipole moments due to the use of two different ab-
initio approaches. For all studied ions (BeAlk+), the lifetimes
of the vibrational states for the ground state X1∑+have an
order of magnitude of second and we found that the ground
states vX=0 vibrational lifetimes are 7.05, 10.12 and 12.36 s
for BeNa+, BeK+ and BeRb+, respectively. We notice the
same behavior of the lifetime as function of the vibrational

level for all these molecules. Fedorov et al [26] observed the
same behavior for LiBe+, LiMg+, NaBe+, and NaMg+.

As a function of v, after an initial decay, the lifetime
reaches a minimum and then increases reaching values closer,
or even larger, than the lifetime of the ground vibrational state
v = 0. Thesame behavior is observed for all three studied
molecular ions BeAlk+(Alk = Na, K, Rb). This behavior
depends on the dipole moments and the transition frequencies
between two levels i and f. For the highly excited vibrational
states, the transition frequency between levels i and f,
becomes very small due to the large anharmonicity of the
potential energy curve, which is influenced by the increase of
the vibrational lifetime. The sum of the Einstein coefficients
Biffor stimulated absorption and emission and the sum of the
coefficients Aif for spontaneous emission as functions of
vibrational state i for the BeNa+ ion are plotted in figure 13.
The sum of spontaneous emission Aif for BeNa

+, BeK+ and
BeRb+ are plotted in figure 14. The shortest lifetime
corresponds to the peak of the stimulated transition rate and
it is close to the maximum of the spontaneous transition rate.
It corresponds to v = 15, 14 and 12 for BeNa+, BeK+ and
BeRb+, respectively. For higher vibrational levels, both
spontaneous and stimulated rates monotonically decrease
because the transition frequencies ωif between the highly
excited vibrational states become lower because the highly
excited states are energetically closer than that of the lower-
energy states. Thus, for the highly excited states, the lifetime

Figure 11. Vibrational levels spacing energies of X1Σ+electronic states forBeAlk+(Alk=Na, K and Rb).
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Figure 12. Vibrational lifetimes as functions of vibrational levelof the ground states compared to that of Fedorov et al [26]
forBeAlk+(Alk=Na, K and Rb).

Figure 13. Spontaneous (red) and stimulated (black) rates of transitions from BeNa+ vibrational states with quantum number.
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increases to reach a value close or even larger, than lifetime of
the ground state. This behavior is also observed for the
remained studied ions BeK+ and BeRb+ as represented in
figure 14.

3.3.3. Vibrational lifetimes for the A1∑+ and C1∑+ states. In this
section, we present the lifetimes of the vibrational states that
belong to A1Σ+(21Σ+)and C1Σ+(31Σ+) excited states. The total
radiative lifetime for A1Σ+takes into account the bound-bound

Figure 14. The sum of the Einsteincoefficients Aiffor spontaneous emission as functions of vibrational state ifor the BeAlk+ion(Alk=Na, K
and Rb).

Figure 15. Vibrational lifetimes as functions of vibrational level of A1∑+(a) and C1∑+(b) for BeAlk+(Alk=Na, K and Rb).

17

Phys. Scr. 95 (2020) 055404 H Ladjimi et al



and bound-free contributions using the two approaches: ‘Franck-
Condon’ and the ‘Sum-rule’ approximations presented in
supplementary tables ST1–ST3 respectively for BeNa+, BeK+

and BeRb+ molecular ions. We note a very good agreement
between the results including the bound-free contribution using
the ‘Franck-Condon’ approximation and that of ‘sum-rule’. This
shows that the ‘Franck-Condon’ approximation can provide
accurate radiative lifetimes even for the higher excited vibrational
states where the continuum is larger. To our best knowledge the
radiative lifetimes of the vibrational levels of the A1Σ+ state of
the BeNa+, BeK+ and BeRb+ molecules are presented here for
the first time.

Based on the ‘Franck-Condon’ approximation, the vibra-
tional lifetimes of the A1∑+and C1∑+ for BeNa+, BeK+ and
BeRb+ are represented in figure 15. For all molecules, we
observe that the radiative lifetimes of the lower vibrational
levels of the A1Σ+ have an order of magnitude of nanosecond.
As observed previously for NaCa+ [56], the radiative lifetimes
of the A1∑+state increases with the vibrational levels and it is
found with an order of nanosecond. The radiative lifetimes for
v’=0 are predicted to be 8.81 ns, 3.76 ns and 3.25 ns,
respectively for BeNa+, BeK+ and BeRb+.

For all molecules, the radiative lifetimes corresponding to
theC1∑+state have also an order of magnitude of nanosecond.
For v’=0 they are predicted to be 2.02 ns, 1.905 ns and
1.902 ns, respectively for BeNa+, BeK+ and BeRb+. As
represented in figure 15, the variation of vibrational state
lifetimes curves of the C1∑+state descend to reach the same
constant corresponding to the pure atomic lifetime of the second
exited state (1P°(2s2p)) of the Be atom of 1.78 ns measured by
Fischer et al [57]. This value is very close to the calculated
radiative lifetime of the last vibrational levels, which is found to
be about 1.67 ns.

4. Conclusion

In the present work, an extended and complete study is devoted
to the BeNa+, BeK+ and BeRb+ molecular ions. We have
performed ab-initio calculations for the potential energy curves,
their related spectroscopic constants, and electric permanent and
transition dipole moments for their ground states and nearly 48
low-lying excited states of different symmetries,1,3Σ+,1,3Π and
1,3Δ. The used calculation method is based on a non-empirical
pseudo-potential approach for Be2+, Na+, K+ and Rb+ cores,
which allows treating each ionic molecule as a two-electron
system, where full configuration interaction FCI calculations can
be easily performed. As it is expected the permanent dipole
moments for several electronic states dissociating into Be+Alk+

illustrate a pure linear behavior as a function of internuclear
distance R. For the remaining states dissociating into Be++Alk,
the permanent dipole moment vanishes quickly at large distances.
In addition, vibrational energy level spacings and their radiative
lifetimes are extensively represented and analyzed in this study.
For all molecules, we observe that the radiative lifetimes of the
lower vibrational levels of the X1Σ+ground state have an order of
magnitude of second (s). However, an order of ns is observed
forA1Σ+ and C1Σ+ vibrational states. Only the permanent and

radiative lifetimes of the ground state of BeNa+ have been per-
formed in the past. The comparison between our results and that
of the literature shows a very good agreement for BeNa+. For the
remaining molecular systems, BeK+ and BeRb+, due to the
similarity of the theoretical approach, we are confident about the
high accuracy of the presented results, which can be faithfully be
used in future theoretical and experimental investigations.
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