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Abstract. We investigate a cosmological model in which dark energy identified with the
vacuum energy which is running and decaying. In this model vacuum is metastable and
decays into a bare (true) vacuum. This decaying process has a quantum nature and is
described by tools of the quantum decay theory of unstable systems. We have found formulas
for an asymptotic behavior of the energy density of dark energy in the form of a series
of inverse powers of the cosmological time. We investigate the dynamics of FRW models
using dynamical system methods as well as searching for exact solutions. From dynamical
analysis we obtain different evolutional scenarios admissible for all initial conditions. For the
interpretation of the dynamical evolution caused by the decay of the quantum vacuum we
study the thermodynamics of the apparent horizon of the model as well as the evolution of
the temperature. For the early Universe, we found that the quantum effects modified the
evolution of the temperature of the Universe. In our model the adiabatic approximation
is valid and the quantum vacuum decay occurs with an adequate unknown particle which
constitutes quantum vacuum. We argue that the late-time evolution of metastable energy is
the holographic dark energy.
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1 Introduction

While the standard cosmological model successfully describes astronomical observation from
the primordial nucleosynthesis to the present day, this effective description contains many
troubles. In the present cosmology, in principle, we meet two following problems. The first
one is the cosmological constant problem. It is a unexplained difference between the measured
value of the vacuum energy and the value calculated using quantum field theory methods [1].
The second problem is the need of an explanation why the present density of matter and
dark energy in the Universe has the same order of magnitude [2]. This question is called the
coincidence problem.

Results of the current astronomical observations lead to the conclusion that the Universe
is in an accelerated phase [3]. This acceleration is explained as a consequence of a presence of
dark energy. The analysis of astronomical observations shows that there is a tension between
local and primordial measurements of cosmological parameters [3]. A possible explanation
of this tension can be dark energy which changes in time [4]. In this paper, we consider dark
energy dependent on time, pge = pde(t) and it is metastable. We assume that dark energy
decays with the increasing time ¢ to ppare (Pde(t) = pPbare 7 0 when ¢ — o0). The decaying
vacuum energy was considered in many papers (see e.g. [5, 6] and also [7, 8]). Recently models
with metastable dark energy have drawn attention in the context of discrepancies appearing
in the standard cosmological model related with the so-called Hy tension problem [9, 10].

Shafieloo et al. [11] assumed that pge(t) decays according to the radioactive exponential
decay law. But, this assumption is not sufficient to explain the evolution of the Universe
in the time of the decaying process of dark energy, because the creation of the Universe is
a quantum process. So, the metastable dark energy was propose as the value of a scalar
field at the false vacuum state and the decay of the dark energy should be considered as the
quantum decay process.



The quantum decay processes consist of the following phases [12, 13]:
e the early time initial phase,
e the canonical or exponential phase,
e the late time non-exponential phase.

In result, the first phase and the third one are missed in the case of the radioactive decay
law only. The theoretical analysis of quantum decaying processes shows that for the late
time, the survival probability of the system, which is considered in its initial state (i.e. the
decay law), should tend to zero as ¢ — oo much more slowly than an exponential function
of time and that as a function of time it has an inverse power-like form at this regime of
time [12, 14]. (This last effect was confirmed experimentally by Rothe et al. in 2006 [15]).
The consequences of the decay process of the dark energy as the quantum decay process can
be found only if to use a quantum decay law to describe decaying metastable dark energy.
In our analysis of this problem, we use the idea presented by Krauss and Dent [5, 6] and our
research is a direct continuation of the idea presented therein and its development initiated
in [7, 8]. It was also studied by Szydlowski et al. [16]. This idea results from the observation
that the general form of the quantum decay law, the properties of the survival amplitude
and thus the properties of the energy of the system in a unstable state do not depend on the
form of the Hamiltonian (or Lagrangian) containing interactions causing the quantum decay
process [12, 14, 17, 18]. According to this idea in order to find some general properties of
the system in the meta-stable false vacuum state it is sufficient to express the corresponding
survival probability in the form of the Fourier transform of the energy density distribution
function w(E) (see more detailed discussion, e.g. in [5]). (The function w(E) is the probability
to find the energy of the system in the unstable state between energies E and E + dE). So
the advantage of this approach is that the conclusions are general and do not depend on the
choice of the form of Hamiltonian (or Lagrangian). Only the values of the decay rate I'g
and the energy FEy the system in the unstable state considered measured at the exponential
phase depend on the interactions (that is on the Hamiltonian) and this information as well
as the information about the decay products is contained in the form of the energy density
distribution function w(E). It is because a meta-stable state is not an eigenvector of the
Hamiltonian of the system considered. In result such a meta-stable state can be expanded
in the complete base of the energy eigenvectors of the Hamiltonian and simply w(E) equals
to the square of the modulus of the expansion coefficients. This property is the basis of
the so-called Fock-Krylov theory of unstable states later used by Khalfin and others (see,
e.g. [12, 14, 17, 18]) and this is why w(E) contains also information about the decay products
and other quantities characterizing the system. So, generally it is enough to assume that
the quantum vacuum decays in order to find the general properties of this process and this
observation is used in our paper.

In cosmology, the Hawking temperature and entropy with the apparent horizon can
be considered in an analogous way to as it is considered in the context of the black hole
horizon [19, 20]. For cosmological models, the apparent horizon always exists even if the
horizon does not exist. We study the problem of thermodynamics in cosmological models
with an interaction between matter and dark energy.

The paper has the following structure. Section 2 contains preliminaries. The standard
approach in metastable (false) vacuum studies is analyzed and briefly discussed in this section.
In section 3, there is an introduction into a formalism of a quantum decaying process of dark
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Figure 1. Example of the potential V(¢) having a local minimum V' (a) for ¢ = a, which corresponds
to the state |0)F and the true minimum V(c) for ¢ = ¢ corresponding to the true vacuum state [0)T.

energy. Section 4 is about time scales in the process of decaying metastable dark energy.
In section 5, we investigate cosmology with a decaying dark energy. Thermodynamics of
the cosmological model with an interaction between matter and dark energy is considered
in section 6. For a deeper interpretation of decaying process we consider an evolution of
temperature in section 7. Section 8 contains conclusions.

2 Preliminaries

Here we show that starting points of the standard approach in metastable (false) vacuum
studies and of our approach described in the next section are the same. We analyze in
this section consequences of the standard approach (see, e.g., seminal papers [21, 22]) and
a consequences following from this approach for models of decaying dark energy. Coleman
et al. [21, 22] discussed the instability of a physical system, which is not at an absolute
energy minimum, and which is separated from the absolute minimum by an effective potential
barrier. They showed that if the early Universe is too cold to activate the energy transition to
the minimum energy state then a quantum decay, from the false vacuum to the true vacuum,
is still possible through a barrier penetration via the macroscopic quantum tunneling. To
find how a particle evolves from the point corresponding to the value a = ¢(7y,t,) of the
scalar field ¢(7,t) for which the potential V' (¢) has a local minimum (see figure 1) to end at
the points corresponding to the values of ¢(7,t) for || > |r}| and times ¢ > ¢,, where 7 is a
vector describing the position, and ¢ is the time one should calculate the amplitude describing
this process. (The potential V' (¢) reaches the absolute (true) minimum for ¢ = ¢ = ¢(7%, t¢),
where |7| > |7 > |7,| and t. > t, > t,). The states vectors corresponding to these cases are
denoted as follows: |0)F denotes the state of the analyzed system being in the local minimum
of V(¢) and the vector |0)T is the state of the system corresponding to absolute (true)
minimum of V(¢). Putting for simplicity ¢, = 0 we can express the amplitude describing the
evolution of the particle from the point corresponding to ¢ = a to points corresponding the
position |7] > |7p| and times t > t; as follows

Zau(t) = F(0]e ™ 19%|0)V. (2.1)

where §) is the self-adjoint Hamiltonian, ¢ > ¢, v = a or v = ¢ and V denotes F (false
vacuum) or T (true vacuum). The mathematical tool used within the standard approach to
calculate amplitudes of the type (2.1) is Feynman’s path integral method. The amplitude



Z4(t) can be expressed as follows:

H=N / (S0 M)] ppy, (2.2)

where N is the normalization constant, S[¢(z(t))] is the action, Dz] is the path element.
Within this approach the energy of the system in the false vacuum state |0)F is extracted from

the diagonal matrix element Z,,(t) = F<O|e_%ﬁt\O>F calculated for t > t;, which is called
the persistence amplitude (see, e.g., [23]) and it is identified with the survival amplitude in
the quantum theory of unstable states. The state |0)F is not an eigenstate of $ and it can be
expanded using the basis formed from the normalized eigenstates of the energy operator §,

f)‘En> = En‘En>’ (2'3)

which gives

Zaalt) = P01 MO = 37 TR (5, 0)F P, (2.4)
n
where within this approach Ey denotes the minimal energy of the system. Next, the time is
rotated to the complex axis t — T = it. Then Z,,(t) — Zaa(T) and

ZualT) = F (0]~ FI|0)F Ze En|(B,)0)F, (2.5)

: = [ o Slotwo)] pig 2.6

Now by letting T — oo all the states with energy higher than Fy are exponentially suppressed
in comparison to the term involving |Eo),

_ E.L
Ze (BalO)T 2~ [(Eol0)" e PO, (2.7)

Of course such an assumption cancels possible early time (¢ > t;, > t, = 0) and asymptotically
late time effects appearing in the amplitude Z,,(t). So for T' > T;, where T; = itp, that
is for T — oo in (2.5) it is sufficient to take into account only the dominating element for
T — oo in (2.5), and then one obtains (see [22])

T T
Zaa(T) = F(0le™ 70V ~ e~ 7E0 |(B,]0)F 2. (2.8)

More accurate treatment of the problem (see, e.g. [24]) shows that in the area of long times,
the expression (2.8) for the amplitude Z,,(7") is valid only for a finite time and for " — oo
the exponential term (2.8) in Z,q(T) is completed by terms proportional to powers of .
Indeed, as i has been shown that (see formula (1.4) and also formulae (2.8), (2.11), (3.11)

in [24]) 5 3
() ()

where b and d are constant (see [24]) and T is the decay rate. According to conclusion drawn
in [24] this result implies that only for ¢ = —iT such that,

3 5
T't\2 _It T\2
il 7 - 2.1
<h> e > <E0> , (2.10)

Zaa(T) ~ |b|2

T— oo

, (2.9)




the exponential decay law is reasonable accurate. When for later times the expression on
the left of the inequality (2.10) becomes smaller than the right the decay law take the form
of powers of 1/t. An analogous result can be found in [25] (see formula (1.2) therein) or
in [26] (see formulae (A.13), (A.18)—(A.20) in [26]). Unfortunately, this problem is unknown
to the vast majority of researchers using and developing the standard approach initiated by
Coleman’s work, in which eq. (2.8) is the basis for further calculations.

The conclusion resulting from eq. (2.8) is that

B0 p ot [[(Bol0)F Y — [F<O|e_€ﬁ|O>F] : (2.11)

and this relation is used to find the energy of the system in the false vacuum state |0)F,

T
EY ~ — Tlgr;o Zln[F<O]e_ﬁﬁ|0>F]] = — Tlim <§z In [Zaa(T)]), (2.12)
where within the standard approach Z,,(T") is calculated using eq. (2.6). From eq. (2.11)
it follows that for very large 7' — oo the real part R [Ef] of Ef given by eq. (2.12) can be
interpreted as the energy of the system EY in the false vacuum state plus some corrections:
EF = %EOF ~ Fy + (corrections). Within the standard approach discussed in this section
eq. (2.12) is used to define the decay rate I'r as the imaginary part of Eg ,

Ip o~ 23 ( lim 2 1n[Zaa(T)]> : (2.13)
T—oo T

and Z,,(T) is calculated using eq. (2.6). Equations (2.2)—(2.13) are the essence of the stan-
dard approach used to study cosmological models with meta-stable false vacuum or decaying
dark energy and running A but taking into account conclusion resulting from egs. (2.9), (2.10)
one can be afraid that eq. (2.13) may lead to the wrong result.

Note that starting from eq. (2.8) we can find Ej equivalently by differentiating two sides
of eq. (2.8) with respect to T and then dividing two sides of such obtained a new equation
by eq. (2.8) respectively. This leads to the following relation,

def h  0Zu(T
Eogezze(T)é—Z @) aT()

(2.14)

Within the method discussed one assumes that &(7") # (&(7"))* and I'r = 23 [¢(T')], and for
T > Ty, but T < oo one obtains the same decay rate as in the case of the radioactive decay
of the dark energy.

The relation (2.14) can be rewritten using real times ¢ instead of Euclidean T' = it: then
Zaa(T) = Z44(t) and E(T) — €(2),

def th 0Z44(t)
e(r) () & 1020

(2.15)

and here €(t) = Ep(t) — T'p(t). For t > #, but ¢t < co one obtains that I'r(t) ~ I'p.
Now let us compare results obtained for Z,,(7") given by (2.9) using eq. (2.13) and (2.15).

From (2.9) it follows for the regime of the exponential decay, that is when the condition (2.10)
holds, that

h
Ty~ 29 <lim - ln[Zaa(T)]> =T, (2.16)
T—oo T



whereas for later times, when the exponential term in (2.9) becomes negligible comparing the
term proportional to (%)%, the result following from (2.13) is I'r = 0. On the other hand if
one starts from eq. (2.15) taking ¢t = —iT and using Z(¢) then one finds for the exponential
decays regime that I'r = I', but for the later times one obtains that I'r = I'p(¢) ool 37h =
3h exp[—1In t].

At the end of the discussion of the standard approach in studies of meta-stable vacuum
we should stress it that from mathematical point of view amplitudes Z,,(t) defined in eq. (2.1)
(or in eq. (2.4)) and the energy () defined by the relation (2.15) are identical to quantities
corresponding to them and used in the next section of this paper, i.e. to the survival amplitude
A(t) and the effective Hamiltonians h(t) governing the time evolution in a one-dimensional
subspace found in the quantum theory of unstable states. This similarity becomes quite
obvious if we take into account that quantum tunneling can be used to model quantum
decay processes (see, e.g., [27-33]).

3 Decay of a dark energy as a quantum decay process

When one studies quantum unstable systems, the survival probability (the decay law)
P(t) =A@, (3.1)

is used to describe changes in time of an unstable system. This means that properties of the
survival amplitudes

A(t) = (@lp(t)) (3.2)

are analyzed in such a case. Here a vector |¢) represents the unstable state of the system
considered and [ (t)) is the solution of the Schrédinger equation

.0
ih [0 (t)) = H¥(1)). (3-3)
The initial condition for eq. (3.3) in the case considered is usually assumed to be
[h(t =tg =0)) & |t)), or equivalently, A(0) = 1. (3.4)

In eq. (3.3) $ denotes the complete (full), self-adjoint Hamiltonian of the system.

Using the basis in A build from normalized eigenvectors |E), E € 0.($)) = [Emin, )
of $ and using the expansion of [¢) in this basis one can express the amplitude A(t) as the
following Fourier integral

oo

A() = A(t — to) = / w(B) e i EE—10) gp, (3.5)

Emin
where w(F) = w(E)* and w(E) > 0 is the probability to find the energy of the system in the
state |¢)) between E and E + dE and Ey,y is the minimal energy of the system. The last
relation (3.5) means that the survival amplitude A(¢) is a Fourier transform of an absolute
integrable function w(FE). If we apply the Riemann-Lebesgue lemma to the integral (3.5) then
one concludes that there must be A(t) — 0 as t — oco. This property and the relation (3.5)
are an essence of the Fock-Krylov theory of unstable states [17, 18].

So, within this approach the amplitude A(t), and thus the decay law P(t) of the unstable
state [¢), are determined completely by the density of the energy distribution w(FE) for the



system in this state [17, 18] (see also [12, 34], and so on). (This approach is also applicable
to models in quantum field theory [35, 36]).

As it was mentioned in the previous section, it is assumed that the transition from meta-
stable false vacuum to the true vacuum can occur through quantum tunneling. Within the
quantum theory such transitions through quantum tunneling can be used to model a decay
process of an unstable state. What is more this process can be described using the Fock-
Krylov theory (see e.g. [27, 29-33]). Strictly speaking in the case of the quantum tunneling
used to model the quantum decay process the survival probability can be also expressed in
the form of the Fourier transform as it was done in eq. (3.5). This means that the general
formalism based on the Fock-Krylov theory is fully suitable for describing the properties of
a decaying false vacuum and a running dark energy.

Note that in fact the amplitude A(¢) contains information about the decay law P(t)
of the state [¢), that is about the decay rate v, of this state, as well as the energy E,
of the system in this state. This information can be extracted from A(t). It can be done
rigorously using the equation governing the time evolution in the subspace of unstable states,
H) > [v)| = |¢). Such an equation follows from the Schrodinger equation (3.3) for the total
state space H.

Using Schrédinger equation (3.3) one finds that within the problem considered

0
i (Wl (t)) = WIHIY(E))- (3.6)
From this relation one can conclude that the amplitude A(t) satisfies the following equation
t
ih&gi) = h(t) A(t), (3.7)

where

ht) = W9l (@) _ ih A1) (3.8)
A(t) A(t) 0Ot

The effective Hamiltonian h(t) governs the time evolution in the subspace of unstable
states | = PH, where P = [¢)(¢| (see [37] and also [38-40] and references therein). The
subspace HOH | = H . = QH is the subspace of decay products. Here Q = I—P. One meets
the effective Hamiltonian h(¢) when one starts with the Schrodinger equation for the total
state space H and looks for the rigorous evolution equation for a distinguished subspace of
states H|| C H [37, 41, 42]. In general h(t) is a complex function of time and in the case of
H, of two or more dimension the effective Hamiltonian governing the time evolution in such

a subspace is a non-hermitian matrix H| or non-hermitian operator. There is

i

h(t) = B(t) = 570(t) (39)

where Ey(t) = R[h(t)], 74 (t) = =23 [h(t)], are the instantaneous energy (mass) Ey(t) and
the instantaneous decay rate, v, (t). (Here $(z) and I (z) denote the real and imaginary
parts of z, respectively).

The quantity v, (t) = —2 3 [h(t)] is interpreted as the decay rate, because it satisfies
the definition of the decay rate used in quantum theory. Simply, using (3.8) it is easy to

check that
Yo (t) def 1 OP(t) B 1 8\.A(t)|2 2

h Py ot |A@)|?? ot h

S[(t)]. (3.10)



As it is seen from the above definition of the decay rate, v, (t) is precisely defined according to
the conditions formulated in [26, 43], where the precision decay rate calculations in quantum
field theory are presented. On the other hand eq. (3.10) shows that the definition of v, ()
as the imaginary part of the instantaneous Hamiltonian h(t) (or €(t) — see eq. (2.15)),
Yo (t) = =25 [h(t)] = —2 [e(t)], is the same as that called the “precision definition” in [26, 43]
and used therein to analyze properties of the decay rate of the metastable false vacuum.

We have [¢(t)) = exp[—5t9]|). So, in a general case A(t) =
(Y] exp [~ 7tH]|¢). It is not difficult to see that this property and hermiticity of $ imply
that [12]

(A1) = A(-t). (3.11)
The conclusion resulting from this property and from the relation (3.8) is that
h(—t) = (h(t))". (3.12)
Therefore there must be
Ey(—t) = Ey(t) and  yy(—t) = —yp(t), (3.13)
That is, the instantaneous energy Ey(t) = R[h(t)] is an even function of time ¢ and the
instantaneous decay rate v, (t) = —2 3 [h(t)] an odd function of t.

In the extensive literature many quantum unstable systems are described within the
Fock-Krylov theory using the Breit-Wigner energy density distribution function wpw (F).
The use of wpw (E) is convenient because it describes relatively well a large class of unstable
systems and allows to find an analytical form of the survival amplitude a(t) (see, e.g. [44]
and papers cited therein). It turns out that the decay curves obtained in this simplest case
are very similar in form to the curves calculated for the more general w(F), (see [34] and
the analysis in [12]). What is more, it appears that the decay of the false-vacuum state
by quantum tunneling can be described to a good approximation using the energy density
distribution function having the Breit-Wigner form (see, e.g. [28]). Generally wpw (F) is a
good approximation when one uses the Fock-Krylov approach to describe the tunneling as
the model of the quantum decay process. So, to find the most typical properties of the decay
process it is sufficient to make the relevant calculations for w(F) modeled by the Breit-Wigner
distribution of the energy density wpw (E). For such w(F) = wpw (F) one can find relatively
easy an analytical form of a(t) at very late times as well as an analytical asymptotic form of
h(t), E(t) and ~(t) for such times.

def IV O(E — Enin)lo
21 (E — Eo)? + (32)?

where N is a normalization constant and ©(F) is the unit step function.

The parameters Ey and 'y correspond to the energy of the system in the unstable state
|1)) and its decay rate at the exponential (or canonical) regime of the decay process. Epy, is
the minimal (the lowest) energy of the system. In section 1 it was said that w(F) contains
information characterizing the given unstable state: in the case w(F) = wpw (E) quantities
FEy, Ty and Eyy, are exactly the parameters characterizing the unstable state considered.
The different values of these parameters correspond to different unstable states.

Inserting wpw (F) into formula (3.5) for the amplitude A(t) and assuming for simplicity
that ty = 0, after some algebra one finds that

At) = % bt 7, (2{?) (3.15)



where

def [ 1
Is(1) = / ———e "7 ap. (3.16)
5P
Here 7 = % = ?tov 7o is the lifetime, 79 = Fio, and 3 = E(’}ifmin > 0. The integral Zg(7) has
the following structure
Ts(r) = I5%°(7) + Z§(7) (3.17)
where
72 (7) /Oo L i gy = 9n e (3.18)
T) = —e =2me :
g oo Pt g !
and
fo == [ et (3.19)
I35 (1) = — — e 7. .
’ |

The integral IBL (1) can be expressed in terms of an integral-exponential function [38, 40, 44,
45] (for a definition, see [46, 47]). The result (3.17) means that there is a natural decompo-
sition of the survival amplitude A(¢) into two parts

A(t) = Ac(t) + Ap(t), (3.20)
where N ' r ' .
Ac(t) = — e~ Fot Ig(ﬂe Tof N e~ nkot 6_%}7, (3.21)
2w h
and N ‘ .
—LEot +L 0
t)= —e & i | — 3.22

A.(t) is the canonical part of the amplitude .A(t) describing the pole contribution into .A(t)
and Ay (t) represents the remaining part of A(t).

From the decomposition (3.20) it follows that in the general case within the model
considered the survival probability (3.1) contains the following parts

P(t) = [AWDP = [Ac(t) + AL(t)?

_ ) . ) (3.23)
A" + 2R[A() (AL®)"] + AL

This last relation is especially useful when one looks for a contribution of a late time properties
of the quantum unstable system into the survival amplitude.

The late time form of the integral Ié: (1) and thus the late time form of the amplitude
AL (t) can be relatively easy to find using an analytical expression for Ay (¢) in terms of the
integral-exponential functions or simply performing the integration by parts in (3.19). One
finds for t — oo (or 7 — 00) that the leading term of the late time asymptotic expansion of
the integral ZBL (7) has the following form for 7 — oo [45]

Loy b ethT 28 i 2 457\ (i\?
Iﬁ(T)_;W*'i _1+52+i7+52+i<1_M)<7)
2413 232 i\3
v ablc) o

24 1644 123 it
+(ﬂ2+i>2<_<62+i>2+ﬂ2+i_l>( )+




Thus inserting (3.24) into (3.22) one can find late time form of Ay (¢), which is in agreement
with the general result obtained in [39]. Note that according to the remark after eq. (3.14)
the parameter (§ is build from parameters characterizing the given unstable state and thus
this information is contained in all asymptotic expansions of the type (3.24) or similar one.

Now let us analyze properties of the instantaneous energy E(t) and instantaneous decay
rate v,(t) in the model considered. These quantities are defined using the effective Hamilto-
nian A(t). In order to find h(t) we need for the quantity i i 8’3}@ (see (3.8)). From eq. (3.15)
one finds that

L OA(t N &
zhai) = Ey A(t) + T G e wbot Ts(7(1)), (3.25)
where
Tolr) = /_5 = % e T g (3.26)
or simply (see (3.16)),
_ .0Zg(7)
To(r) =i = (3.27)

This last relation (3.27) is a very convenient way to obtain an analytical expression for J3(7)
after finding an analytical formula for Zg(7).

Now the use of (3.15), (3.25) and (3.8) leads to the conclusion that within the model
considered,

h(t) = ih Ai 5 &git) = Eo+To IS ((:(f)) (3.28)
which means that

E(t) = R[h(t)] = Fo+ To R [%] , (3.20)
and

volt) = —23[h(t)] = —2T0 S [%} . (3.30)

In order to visualize properties of E(t) it is convenient to use the following function

def E(t) — Emin

R (3.31)

Using (3.29) one finds that

E(t) — Emin = Eo — Bxin + T R EZ((;) ] : (3.32)

If we divide two sides of equation (3.32) by Ey — Enin then one obtains the function r(t)
(see (3.31)) we are looking for

k(T(t)) :1+1§R [

(3.33)

~10 -



In order to find the asymptotic form of h(t) one needs the late time form for Jz(7).
Proceeding in the same way as in the case of Ié (1) one finds for 7 — oo [45] that

i BT 282 | i 28 42 i\ 2
jﬁ(T) 7_62+4{,8+ ? +% ;4‘52_’_% 524_%—3 (;)
6 8p3* 83 i3
TR Er e l _1] () (3.34)
2413 165 205° iy
TEED P P *5] (7) }

Starting from the asymptotic expression (3.34) and using formula (3.28) one can find the late
time asymptotic form of h(t) and thus of E(t) and ~y(t) for the model considered [45]

Ey — Emin h 2
E Wl o0 = RO o0 = o — 253 =258 (3] +
0 4

4 (3.35)
N 16— 21844837 — 644° — 2884 + 4645° (h) N
4 I3 (82 + 1) t ’
and
B 114245 —286% —968% +648* (h\°
t =28[h(t)] ~2-+ = - 3.36
In the general case in the agreement with properties (3.13) we have for ¢ — oo
h
E(t)‘t—mo >~ Fmin + Z f2k (;)2’67 (337)
E>1

ie., E(t),_ . is an even function of time ¢, and

(Blisyoo = D 9201 ( Py (3.38)

k>0

is an odd function of ¢, where for, = (for)* and gog+1 = (g2r+1)*

All the above described properties of the quantum unstable system are general one and
do not depend on a specific form of interactions forcing the decay process or a mechanism
responsible for such a process. Simply, in all quantum decay processes general properties of
the decay law are the same. The decay law has always an initial non-exponential phase, the
exponential (canonical) phase and the late time non-exponential phase. This concerns also
such a quantum process as the decaying dark energy.

4 Different time scales in the process of decaying metastable dark energy

In our approach the parameterization of metastable dark energy is calculated from the quan-
tum mechanics principles and incorporated into the FRW cosmology. Then we consider the
Friedmann equation with this quantum correction. The physical processes take place in
different time scales. For our approximation it is important to satisfy the adiabatic approxi-
mation: time scale of quantum processes is much less than the cosmological time scale and
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proportional to 1/H where H is the Hubble parameter. In this section we present different
time scales related to processes of decay of metastable dark energy for demonstration of
validation of the adiabatic approximation.

The question arises when the quantum properties of evolution become negligibly small
and cease to have a significant impact on the further evolution of the system. The observation
that the ability to interfere is an essential and inherent feature of quantum processes suggests
an answer for this question. As one can see our formula (3.23) contains the interference ele-
ment. Namely, the element 2% [A.(t) (AL(t))*] in the formula (3.23) for survival probability
P(t) describes the contribution to the survival probability coming from the interference of
the pole contribution A.(¢) and the Ay (), which dominates at late times, to the full survival
probability P(¢). Hence the reasonable conclusion is that for such late times ¢, for which the
following inequality will be fulfilled,

2| R[Ac(t) (AL()]] < JAL®), (4.1)

the quantum nature of temporal evolution will become negligible.

Now let us consider as an example the model based on the Breit-Wigner energy distri-
bution function wpw (£). Within this model A.(¢) is given by the formula (3.21). The late
form of the amplitude Ay (¢) can be obtained by inserting the asymptotic expansion (3.24)
into (3.22). So we obtain for ¢t — oo,

N _iy i BT
t) = — 07T 4.2

where Yy = %) Hence, at late times

N2 1 sin g7

.
~— T2 4.3
2 B2+ 1 7 c o (43)

2R [Ac(7) (AL(7))"]

and
N2 1 1

2
~ 4.4
I = o T 7 (14)
The form of 2R [Ac(7) (AL (7))*] and | AL(7)[? as functions of time 7 = Lot for different
values of § is presented below in figures 2 and 3.
Within the model considered we obtain from eq. (4.3) that
N2 1 1 _1
2 o(t < — —— Ze7 3, 4.
IRIAW A0 S 5oy e (45)

and the right hand side of the inequality (4.5) is the upper bound for the values of
2R [A:(t) (AL(t))*]. This means that in our model in order to find an approximate value
of time Ty from which the quantum effects will be negligibly small, it is sufficient to use
the simplified version of the condition (4.1). It can be obtained replacing the left hand side
of the inequality (4.1) by its upper bound (4.5) and the right hand side of (4.1) by (4.4)
respectively. This leads to the following condition

1t 1 (4.6)
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Figure 2. Contributions of 2R [A.(7) (AL(7))*] and |AL(7)]* to the survival probability P(t) as
2R [Ac(7) (AL(7))*] (Dashed line), | AL (7)[* (Solid line);

functions of time t at late times. Axes: y =

_ Dot
X B
y y
8. x10710F 1.2x107°
6.x10710F 1.1x107"0F
4.x107 1.x10710F
“10F=F=F~-4-4-L_L} A
2 x10 VAR VAR T 9. %101}
. . f . -
2. x1071° \/ﬂ V 1% 19 20 21 22 8 x10-1F
-2.x
—-4.x10710F 7.x107"1L
. . . X
-6.x1070F 26 28 30 32
(a) The case 8 = 10. (b) The case 8 = 10.
y
7.2x1071F
7. x10’17’
6.8x10711F
6.6 x10771}
6.4x10711}

6.2 X10—17 L

. . . . . X
305 310 315 320 325 330

(c) The case 8 = 10.

Figure 3. A comparison of contributions of the sum 2R [A.(7) (AL(7))*] and |AL(7)]* with the
contribution of | A (7)|* to the survival probability P(t) as functions of time ¢ at late times. Axes: y
= M.

= 2R [A(7) (AL(7))*] + |AL(T)]* (Solid line), |AL(7)|* (Dashed line); & L
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Figure 4. An illustration of the typical behavior of energy E(t) over a period of time containing
the instant ¢ = Tq... The case § = 10. Axes: y = s(t) = % — the solid line; k(t) for
E(t) = Ey = const. — the dashed line; = %

The time T, we are looking for, is the solution of the following equation
111
S 2w B2 44

®
|
ol

(4.7)

and according to the condition (4.1) for times ¢ > T, the quantum nature of the time
evolution of the system considered will be negligible. (Here Ty means Tqyantum-to-classical)-
There are the following solutions of eq. (4.7) in the cases presented in figures 2(a), 2(b), 2(c)
and 2(d). We have 7. = 8.37177 for § = 1, 7q.c = 18.7539 for 8 = 10 and 7. = 28.8185
for p = 100, (where 7. = Lg‘”) So, the large ratio Eoriom”‘ (that is ), the large 7q.c,
i.e., Tyc. Analyzing results presented in figures 2 and 3 one can see that starting from
times 7 o~ 7, the contribution of the interference term 2R [A.(t) (AL (t))*] into the survival
probability becomes negligible small in comparison to the contribution of |Az(¢)[? and at
these times simply P(t) ~ |Az(t)|?, which can be interpreted that for times t > Ty the
quantum nature of time evolution practically disappears. This last conclusion is illustrated
in a graphical form in figure 3, where one can see that within the model considered the
contribution of the sum, 2R [Ac(7) (AL(7))*] + |AL(T)|?, to the survival probability P(t)
for t > Ty together with the rise of time ¢ becomes closer and closer to the contribution
coming only from |Af(7)|* so that P(t) =~ |AL(t)[? for t > Ty.. The another conclusion
is that this analysis highlights the fact that relations (3.35) and (3.36) are valid only for
t > Tyc. In other words, the energy E(t) for t > T has the form (3.35) to a very good
approximation, while there is E(t) ~ Ey for t < T (see figure 4). So the following quantum
effect takes place: there is E(t)|,_, . < Ep for t > T, and at this time region the energy
E(t) ~ E(t)],_,., can be approximated as the sum of the minimal energy Ei,i, of the system
and time-depended corrections, which leading element is of order 1/t (see eq. (3.35) and
figure 4).

Now, how does the above picture look in the case of real elementary particles? Let us
consider as an example the Higgs boson. Its mass is Fg = mp ~ 125.2 GeV, the decay width
I'go =Ty ~ 4.2MeV. The lifetime 79 = 7y = % is 7y ~ 1.57 x 10722 5. Assuming for

simplicity that Fuj, = 0 we obtain that § = FE"““ = mH dof Bmz ~= 29809.5. Inserting this
maximal value f,,, of 3 into eq. (4.7) we obtain Toe 52 82. This means that within the
model defined by the Breit-Wigner function of the energy distribution the time Ty equals:
Tohc = Tqee XTH 2 8.3 X 10~2% s. This value corresponds to the epoch of radiation domination.
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Hence we can conclude that considering the quantum decay processes of types similar to the
Higgs boson decays one can expect that at times much later than ¢t = Ty ~ 8.3 x 1072
s the quantum nature of the time evolution will no longer have a significant impact on the
evolution of the system considered.

Applying quantum theory to describe the process of a false vacuum decay, or more
generally, to describe a decaying dark energy, we meet a certain incoherence caused by the
fact that equations of the evolution of the Universe (Einstein’s equations) and thus their
solutions are symmetric with respect to transformation: ¢ — (—t), what can not be said
about quantum decay processes. In general the time reversal symmetry should be valid in the
quantum system until the initial conditions are taken into account. In quantum mechanics,
if one wants to examine the evolution in a given state of the system in time, one must first
prepare the initial state of this system. The process of preparing this state obviously breaks
the symmetry of reflection in time, and it is mathematically expressed in a concrete choice
of initial conditions. In other words the process of preparing the system in a given quantum
unstable state breaks the time reversal symmetry (see, e.g. [48]). Simply, one prepares
(creates) the state of the system at a set initial instant of time ¢ = ¢y, which then evolves
in time ¢ > ty. If this state was created at the initial moment of time ¢y, it means that in
earlier moments of time ¢ < ¢ it was not (or in other words, that it was not occupied), and
in turn, it means that the process of the preparation of the system in this state broke time
reversal symmetry.

Analyzing the problem of the time reversal symmetry in cosmology one should invoke
a problem of baryogenesis and the baryon-antibaryon asymmetry. From the astrophysics
observations we know that the observed Universe is composed almost entirely of matter with
little or no primordial antimatter: there is the observed imbalance in baryonic matter and
antibaryonic matter in the observable Universe. Sakharov [49] has formulated conditions that
ensure that a small baryon asymmetry may have been produced in quantum processes occur-
ring in the early Universe. One of them is a violation of C (charge conjugation symmetry)
and C'P (the composition of parity and C') symmetries and this condition is important for our
analysis. Namely, within methods of the quantum field theory the so-called CPT-theorem has
been proved [50-55]. This theorem follows from the basic assumptions of quantum theory: (i)
Relativistic invariance, (ii) The spectral condition: the eigenvalues of the energy momentum
operator P, lie in or on the plus (forward) light cone V., (iii) Local commutativity (called
also “microscopic causality”) [53-55]. This theorem states that if the conditions (i), (ii) and
(iii) holds in the considered system then the combined symmetry C'PT must be conserved.
(Here T denotes time-reversal symmetry). So far no one has proved that the CPT-theorem is
wrong. From this theorem it follows that the mentioned Sakharov condition can be satisfied
only if the time reversal symmetry T is violated. This is because then the violation of C'P
is compensated by the violation of T" and the combined symmetry C'PT can be conserved.
Thus simply when considering quantum aspects of cosmological scenarios according to the
contemporary physics the observed baryon-antibaryon asymmetry in our Universe can be
considered as the proof that time reversal symmetry is violated. This means that irreversible
quantum processes such as the decay processes can not be considered to be contrary to the
basic assumptions of cosmological models.

When analyzing temporal behavior of the decaying dark energy as a function of time ¢
the following strategies can be used. One can analyze the decay process as the quantum decay
process governed by the quantum mechanical decay law P(t), or one can consider the dark
energy as the energy density in the metastable false vacuum state and to analyze temporal
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properties of this energy density similarly to the properties of the instantaneous energy of
the system in the unstable state |¢)).
In the case of the first strategy defining

Pac() = paclt) = poare, (48)
one has lim;,o0(pde(t) — ppare) = 0 and one can describe such a process assuming that
(see [16]),

pac(t) = fae(to) P() = faolto) (IO + 2R [A) (AL®)] + [AL@®)F),  (49)

where P(t) is given by the relation (3.23). Such an approach can be considered as a gener-
alization of the idea studied by Shafieloo et al. in [11]. (This was done in [16]).
This approach described shortly above is self-consistent if we identify pge(to) with the

energy FEy of the unstable system divided by the volume Vj (where Vj is the volume of the

_qft def Jome ft .
system at t = tg): pge(to) = pge = pge = 5—8 and ppare = pin and vy = % Here pge is the

vacuum energy density calculated using quantum field theory methods. In such a case

B _ Ey — Enin — Pge — Pbare > 0’ (410)
Lo Yo

(where vo = T'9/Vp), or equivalently, I'o/V = pge}#.

Regarding the second strategy, as it was said earlier, the general properties of the
quantum decay process shortly described above do not depend on the mechanism responsible
for a decay. The inherent mechanism of quantum decay processes is the reduction of the
energy of the system in the metastable state |1)) from the large values measured at exponential
decays time region to much smaller values in the asymptotically late times region. Our
hypothesis is that this pure quantum effect may take place also in the case of decaying
dark energy.

One can meet in the large literature cosmological models with metastable vacuum (see,
e.g. [56-59] and many others). Some of these models admit the lifetime of the Universe very
small [57] or even smaller than the Planck time (see [58, 59]). In such a case the formalism
described in this section is fully applicable. Let us consider now a cosmological scenario in
which false vacuum may decay at the inflationary stage of the Universe. It corresponds to
the hypothesis formulated by Krauss and Dent [5, 6] which suggests that some false vacuum
regions do survive well up to the time 7Tt or later. So, let [2)) = |0)¥ be a false and |0)T
true vacuum states, respectively, and Ey = Egalse be the energy of a state corresponding to
the false vacuum measured at the canonical decay time, which leads to the vacuum energy
density calculated using quantum field theory methods. Let EOT be the energy of true vacuum
(i.e., the true ground state of the system).

As it is seen from the results presented earlier, the problem is that the energy of those
false vacuum regions which survived up to T, and much later differs from EOF. Now, if one
assumes that EOT = Foin and E(F = Ey and takes into account results described above then
one can conclude that the energy of the system in the false vacuum state has the following
form at asymptotically late times for ¢ > T, ..

B

EY ()~ Ef + = 7

+.-- £ EF, (4.11)
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Now, if we identify pqe(to) with the energy Ey of the unstable system divided by the volume

Vo (where Vj is the volume of the system at ¢t = ty): pge(to) = pgit def . = 5—8 and

Phare = E";gn, (where pgit is the vacuum energy density calculated using quantum field theory
methods), then at times ¢ > T,

do dy

pac(t) = po () = prare+ 3+ g o (0> Tae)s (4.12)

where do, = dj,.. The analogous relation takes place for A(t) = 87 p(t), or A(t) = 87G p(t)

02
in h = ¢ =1 units
Qy
th
The good approximation of eq. (4.13) is to replace the cosmological time t in it with the
Hubble cosmological scale time ty = % As the result, instead of (4.13) one gets

A(t) ~ Apare + % 0+, (> Tye). (4.13)

A(t) = A(H(t)) ~ Apare + 2 (H(®))? + ag (HE)* +- -+, (4.14)

that is exactly the parameterization considered in [60, 61] and in many papers of these and
other authors.

From the above analysis it follows that Apape is the limiting value of A(t) reached when
t — oo. For T,_. smaller or much smaller than the age of the Universe 7y, i.e. for T.. < 7o the
reasonable approximation is to assume that Apa.e equals to the present measured value of the

cosmological constant and to use the relation Ag ~ 1020 Apare, Where Ag = Agre = 822(; pge. As

it was mentioned earlier ppae = E{}g” and this means if we knew the form of the Hamiltonian
$ describing the quantum processes acting in the early Universe then we would know its
spectrum and so Fyi, and thus assuming V) we would knew the density ppare and thus the
value of Apae # 0. However, without knowing the exact form of §) and knowing that such a
Hamiltonian must exist, within the use of our method we know at the same time that there
must be some Apae # 0 and generally the approximate value of Ap,.e and other parameters
can be fitted form the observational data. Summing up, the emergence of the Aypue is the
result of the quantum process of the creation of the Universe.

If we, for example, postulate a Hamiltonian (the energy operator ) for a homogeneous
self-interacting scalar field with the potential V(¢) then using the Fock-Krylov approach we
can obtain the quantum description of tunneling effect similarly as it was done, e.g. in the
paper by Calzetta and Verdaguer [28] and other papers (e.g. [27, 29-33]).

Note that the form of x(t) does not change when one passes from energies E(t), Ep,
Emin to the above defined energy density p and A

E(t) _ Emin

Ii(t) _ E(t) — Frmin = go EV,U _ Pd%(t) — Pbare _ A(t) — Abare. (415)
Eo — Enin 78 — % Pde — Pbare Ao — Apare

5 Cosmological implications of decaying vacuum

Our model has a methodological status of an effective theory which has a cut-off on the scale
time because it describes the evolution of the universe only for times when dark energy is
parameterized by the power series with respect to 1/, not for earlier times. For ¢t > T,_., the
decay of the metastable vacuum is under the power-law regime. Now it will be convenient to
estimate the order of this parameter from the best fit values of model parameters. From the
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statistical analysis obtained in ref. [62], we know the value of the best fit of the parameters
D29 = 30‘723, where Q29 = —0.000210 and Hy = 68.38511‘\fﬂl)c. In result, we obtain that
the best fit of the parameter S is equal to 0.000234. Next, substituting the best fit value
of the parameter 8 and Ey = 10'2°E,;, into eq. (4.7) we obtain that the time T-c equals
The = 10~**s. This value corresponds to a period after the Planck epoch.

Parameterization (3.32) of the energy density of dark energy is valid when the adiabatic
condition Iggg} > & (or Iﬁ Sj > %) is achieved, where a is the scale factor. The physical sense
of this requirement is that scale of quantum processes of decaying vacuum is much smaller
than the cosmological time scale. The satisfaction of this condition allows us to apply the
perturbation methods to calculate quantum effect on the background of an almost static
spacetime. From this condition we get that the adiabatic condition is violated when 8 > 107
or By > 10%Emn ( pY, > 10%Apare), where pf, is the initial value of the energy density
of dark energy. Therefore if pge < 10”3 Apare and B < 107 then the adiabatic condition can
be achieved during the quantum process of the decay of the vacuum. This conditions are
satisfied in the very early universe. Therefore, our model is an effective description of decay
of quantum vacuum in this restricted era.

The parameter [ characterizes the type of particles. It is very large for neutrons (8 =
1.72951 - 10%*) while it is in some interval with the upper limit of 3 < 31325 (Ey;, > 0) [63].

The adiabatic epoch takes place in our model during the early stage of the evolution of
the Universe provided that the upper bound for 3 is 8 < 107. The parameter 3 characterizes
hypothetical particles, from which the quantum vacuum is build. The quantum vacuum in
our model is a metastable state, which decays with increasing time ¢ and quantum behavior
of this vacuum becomes practically negligible for times ¢t > T, as it was shown in section 3
(see figures 2, 3 and 4). As a result the classical vacuum emerges. It should be stressed that
as one can see in figure 4 the density of the dark energy pge(t) at times ¢t < T is much,
much larger then at times ¢ > T, oscillates for ¢t < T and rapidly decreases to very,
very small values for ¢t > T (see formula (4.15) and figure 4). The time T, depends on
the values of the parameter 3, and the density of dark energy pge. In figure 5 one can see
changes of the time T depending on the values of the parameter 3, Ty.c = Tq-c(3), obtained
numerically. Calculations were performed for pge = 108%°Apa. Note that T4-c(B) decreases
as 3 grows.

We consider cosmological equations with pge = A, which describes the density of dark
energy. Here, the form of A has been derived in the previous section and is given by

A = Aegr(t) = Apare + GA(L), (5.1)

where JA(t) describes quantum corrections given by a series with respect to %, ie.,

SA(E) = i o (1) (5.2)

where ¢ is the cosmological scale time. The function dA(t) has a reflection symmetry with
respect to the cosmological time (JA(—t) = 0A()).
The Friedmann equation is given by the following equation

BH(t)* = pm(t) + pac(t) (5.3)

where H (t) is the Hubble function.
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Figure 5. The dependence between the time Ty . and the value of 3 parameter for p§, = 1035 Ap,ye.
The unit of T is expressed in seconds.

We assume the equation of state for matter and dark energy in the form py = Wy pm
and pge = —pde, respectively, where py, is pressure of matter and pge is pressure of dark
energy. The Einstein field equation for the FRW metric is given by

dH (t)

. 1
o = gpett(t) +pesr(t)) = =5 (Wm + 1)pm () (5-4)

= —%(wm + 1) (SH(t)2 — Apare — 5A(t)) ’

where pp, is the density of matter, peg = pm + pde and Dot = Pm + Pde-

The total energy-momentum tensor TH" = T4 + T(’fey is conserved in our model. In this
model, the energy density is transferred between the matter and dark energy, what gives the
interaction in the dark sector. This process is described by the following equations

dpm(t dpge(t
o) 3 (b)pn(t) = - 22U — _qq),
dpde(t) .
= (T
) _ Q).
where it is assumed that pressure of matter p,, = 0 and pge = —pge. We obtain eqs. (5.5)

from eq. (5.3) and (5.4). In eq. (5.5), an interacting term appears, which is defined as
Q) = dp “C‘ft(t) = dAthf(t). The interacting term is non-zero in the case when energy flows
between dark energy and dark matter.

Now we cut off the series (5.2) on the second term. In result, we get

ay  ay

OA(t) = ) + a (5.6)
From eq. (3.35), we can obtain that the parameter oy is negative and the parameter ay is
negative when § € (0.346,0.684). In this case, the Friedmann equation has the following form

Qy

)
3H? :pm+Abare+t—2+t—4. (5.7)

The typical evolution of the Hubble function is presented in figure 6.
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Figure 6. The diagram presents the typical evolution of the Hubble function H (t) for the model with

Pde = MAbare + %;‘ and dust matter for the case ay = 10_8511\/[7‘”. The cosmological time ¢ is expressed

km
s Mpc*

in Sf{vlipc and H(t) is expressed in
m

The Friedmann equation (5.7) can be rewritten in dimensionless terms

H(t)? 7’2 To
G 0007 0) + O+ s S+ 002 (5:5)
0

_ A _ _« . a
where (0 = H2’ Qpares0 = 31}%07 Qay0 = ﬁv Qa0 = ﬁv

Hj is the present value

of the Hubble constant, f(t) = ’,’D mm(?, and 7 is the present age of the Universe. Here, pn o
parameter denotes the present value of the energy density of matter.
Our model has five parameters: Hg, Qm 0, 24,,...0, a0, and 4, 0. But, for the present

age of the Universe, from eq. (5.8), we obtain the following condition
]' = Qm70 + QAbar670 + Qa270 + Qa4707 (59)

which reduces the number of independent parameters from five to four.
In the case dA(t) given by eq. (5.7), when Apae = 0, eq. (5.4) has the following solution
for ay >0

1— /T4 3(wm + 1)2ay  V%In+1 (7wm+1)ﬁ>

H(t) = — 5.10
for ay <0
Wm+1 —3a
| T 3o+ ey V0t (Um0
H(t) = + ; (5.11)
3(wm + 1)t \/§t2Jn ((wm+12)t\/Ta4>

where I,,(x) is the modified Bessel function of the first kind, J,,(z) is the Bessel function of
the first kind and n = $1/1 + 3(wm + 1)2a0.
Note that for as = 0, egs. (5.10) and (5.11) simplify to the following form

1 — /1 + 3(wm + 1)2az
3t '

H(t) = (5.12)
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From eq. (5.12), we obtain a formula for the scale factor a(t)
) — ( + > 3 (1- v/ T30tz )
To
where Ty is the present age of the Universe.
For the illustration of dynamical analysis of cosmology with dark energy parameteriza-
tion (5.2), we choose a special case in which ag < 0. Let z = VP y = Yhbae gpd 5 = Va2

V3H V3H V3Ht'
From the Friedmann equation (5.7), we get the following condition

00 n—1.2n
2., .2 2 A"z
n=2V @2 Y
t
t

We choose a new reparameterized time 7 = Ina(t), where a(t) is the scale factor and % =

, (5.13)

(5.14)

H(t). We obtain y’ and 2/, where ' = %, and get the dynamical system

3
Y =Sy,

5 — (5.15)
Z/ = *Z{EQ — 722.

2 fe%)

We can use condition (5.14) to eliminate the variable z from the dynamical system (5.15).
In result, we get the following dynamical system

_3.(1 z_f’:M
y 2 y \/_70422”y2n—2 ’

=l (5.16)
g3, 1_y2_iM [
2 —~ \/_70[22”y2n72 a9

If we cut off the series (5.2) on the second term (n = 2) then we get

dy 3
=y (P ) =),
(5.17)
dz 3 2 2 2 4 —3 9.9
de—y(y(l y' 4+ 2°) —vzt) P

dr
where v = O;‘j—QA and dr = % is the new reparameterized time. The phase portrait for
2

system (5.17) is presented in figure 7.
For the analysis of the behavior of trajectories at infinity we use the following sets of
projective coordinates

L.Y==2z=:
Y Y

2.V =Y 7Z=1
For the coordinates Y and Z with the reparameterized time dr = %, we get the following

dynamical system

dy 3

— = (1-Y?-Z242*

dr 2 ( +127).

iz (5.18)

E_ \/—052.

The phase portrait for system (5.18) is presented in figure 8.
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Figure 7. The phase portrait of the system (5.17). Critical point 1 (y =1, z = 0) is a stable node
and represents the de Sitter universe. Critical point 2 (y = —1, z = 0) is a saddle and represents the
anti de Sitter universe. Critical point 3 (y = 0, z = 0) is a saddle and represents the Einstein-de Sitter
universe. The values of as and ~ are assumed respectively as —1 and 1. The gray color represents
the non-physical domain forbidden for classical trajectories for which H? > 0.

For coordinates Y, Z, we obtain the dynamical system

day  /3Y3
d - — 9
d; \/52 (5.19)
@ _ V2243 (v+ 71 =720+ 2%),
dr —a
where the reparameterized time dr = fgtz. The phase portrait for this system is presented

in figure 9.
In parameterization (5.2) the symmetry ¢ — —t is present. This symmetry appears in
the acceleration equation

dH (t) 1 ) Nt y
—— = —— [ 3H(t)? — Apare — at 2. 2

The small deviation from the canonical scaling of the energy density of matter p, o
a—3(+wm) (60, 61] is defined by the following term

Pm(t)
) = 2(5 +3(1 + wp) (5.21)
in relation
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Figure 8. The phase portrait of the system (5.17). Critical point 1 (Y =1, Z = 0) is a stable node
and represents the de Sitter universe. Critical point 2 (Y = —1, Z = 0) is a saddle and represents
the anti de Sitter universe. The values of ay and ~ are assumed respectively as —1 and 1. The gray
color represents the non-physical domain forbidden for classical trajectories for which H? > 0.

The evolution of the A(¢) parameter is presented in figure 10. For radiation, we have an
analogical relation
Pr = pr,Oa_4+>\(t). (523)

Equation (5.21) can be rewritten in the form

! A(2)
A(t) = lna(t)/H(t)pm(t)dlna' (5.24)

If we cut off the series (5.2) on the first term then A(¢) is limited by |A(¢)| > 0.

6 Decay as a result of an irreversible quantum process determining the
arrow of time

In the cosmological studies, one can associate the Hawking temperature and entropy with
the apparent horizon in an analogous way to as it is considered in the context of the black
hole horizon [19, 20]. While in the de Sitter space-time, the event horizon coincides with the
apparent horizon of the FRW flat cosmological model, for more general cosmological models,
the apparent horizon related with the Hawking temperature and entropy always exists even
if the horizon does not exist.

In this section, we study thermodynamics in the model under consideration which can
be reduced to the problem of thermodynamics in cosmological models with the matter (dark
matter and baryonic matter) and dark energy interaction. This problem was investigated
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Figure 9. The phase portrait of the system (5.19). The values of as and « are assumed as —1 and

1, respectively. The gray color represents the non-physical domain forbidden for classical trajectories
for which H2 > 0.

A1)
1.0+

0.5

—-0.5¢

-1.0F

Figure 10. The diagram presents the evolution of the parameter A(¢) with respect to the cosmological
time t for pge = Apare + 34 for the dust matter case. Two example values of the parameter oy are

chosen: ay = —10_75’11(\/[—mpC (the top green curve) and ay = 10_7511(\/[—mpC (the bottom blue curve). The
cosmological time ¢ is expressed in 2 f:ﬁfc. Here, the present age of the Universe 7y = 0.014511(\/[Tpc.
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in the context of the generalized second law of thermodynamics in interacting cosmological
models [64, 65].

In our model, energy densities of both matter and dark energy satisfy the continuity
equation in the form

d

% (pm + pde) +3H (pm + Pm + Pde +pde) =0, (6'1)
d d
— = — (6N . 2
S ATING) ©2)

If we assume that matter is in the form of dust (p,, = 0) and dark energy of the vacuum
satisfies the equation of state pyac = —pyac, then equations (6.1) and (6.2) assume the form
of the following equation for both constituents

o+ 3H s = — 2 (GA(1)), (6.3)
fae = 55 (GA), (6.4)

where JA(t) is an additive and time dependent contribution added to the bare cosmological
constant (see eq. (5.1)). Let us define the interacting term @ = % (6A(t)). It would be
convenient to rewrite egs. (6.3) and (6.4) in a new form containing an effective coefficient
equation of state weg = 2<% i.e.,

peff7
pac + 3H (1+ wil) pac =0, (6.5)
pm+3ﬂ(1+wf>mn=o, (6.6)

where parameters of the effective equation of state are given by

o E6MO)

d
off _ g (OA(D))
we! = 73Hpm . (6.8)

After adding to above equations the Friedmann first integral 3H? = p,, + pge We obtain
complete equation describing the evolution of constituents (matter and dark energy) in the
background of the FRW flat cosmology. Because of the time dependence of the interacting
term Q = % (6A(t)) in the effective coefficients wS and we, the equation of state is also
time dependent.

In the model under consideration dark energy and dark matter interact due to a quan-
tum correction included in the model. It would be useful to investigate the thermodynamic
behavior of a cosmological model with matter, dark energy, and the interaction. Therefore,
we consider the universe as a thermodynamic system and apply the generalized second ther-
modynamic law [66, 67]. In the context of the application of thermodynamics to the Universe,
the “radius” of the Universe is connected with the temperature of the Universe [68, 69]. For
the flat universe as a “radius” is used the apparent horizon, which in this case coincides with
the Hubble horizon, i.e.,

1 1
Fa= === m) . 6.9
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Now one can connect the apparent horizon (casual horizon) with the gravitational entropy
and considers the Universe as a thermodynamic system for which the apparent horizon surface
is its boundary.

Let us calculate a sum of the total entropy enclosed by the apparent horizon and the
entropy of the apparent horizon. We assume that after the equilibrium is reached all the fluids
inside the apparent horizon possess a temperature 1" which coincides with the temperature
of the horizon T}, [19, 70].

We considered the Universe as an isolated system for which the Gibbs relation is fulfilled.
Therefore, the first law of thermodynamics assumes the following form

TdS = dE + PdV, (6.10)

where the universe filled (because of the nonzero interacting term) with effective matter and
effective dark energy assumes the following forms [71, 72]

1
eff _ + eff
dS4e = 7 (pdedV + dEde) ; (6.11)
1
eff _ + eff
asg’ = = <pm dv + dEm> : (6.12)

where volume V = %’Wfﬁl represents the volume limited by the apparent horizon (from this we

obtain dV = 47r7ﬁdf A, B = pmV and Ege = pgeV . After dividing above formulas over dt we
obtain relation for the time variability of entropies of both effective matter and dark energy

P = Wiy pm, (6.13)
P = wia pae- (6.14)

Finally, the following result can be obtained [64]

dSeH 47T - 3 ~
dge = ?ri (rA — HT’A) (1 + wgg) Pde> (6.15)
dSe{f 47T 9 /L - T
d;fn = T4 (74— H7a) (1+wﬁ1)pm. (6.16)
After putting the temperature of the horizon following from black hole thermodynamics
Ty = 273“ we obtain entropy of the horizon and its time derivatives
dsS .
dTh = 16727 AT A. (6.17)
Because is p
tot ff eff
— = (55T + 53+ ) 6.18
= (S S S (6.18)

generalized second law of thermodynamics assumes the following final result [64]
Stor = 4T FLH [(1 4 wae)pde + (1 + wm)pm]? (6.19)

where 7 4 is from a relation obtained after differentiating both sides of the Friedmann equation
rewritten to the form

11
= = (pge + ) - 6.20
2z 3(Pd + pm) (6.20)
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Figure 11. The diagram presents the variation of the first derivative of total entropy Sio; with

respect to the cosmological time for the case pge = Apare + %, where as < 0. The cosmological time
t and Sy are expressed in Sll(v[—mm Note that Sio approaches asymptotically zero as t tends to the

infinity.

Note that the quantum effect correction is present in the interacting term @, does not con-
tribute in Sior which is always non-negative. This fact confirms the validity of the generalized
second law of thermodynamics. This result is obvious independent on the quantum correc-
tion arising from the decaying vacuum. The evolution of Sy for the case pge = Apare + @
is presented in figure 11. The total entropy must always increase because Syo; > 0. Effect of
quantum decay of vacuum in calculation of entropy is manifested by the presence of an inter-
acting term describing energy transfer between sectors of dark matter and dark energy. Our
calculations shows that, the time derivative of the total entropy is always non-negative, and
this result hold independently of the specific interaction term, i.e., the process of quantum
decay is neutral with respect to the time derivative of the total entropy.

We can obtain the form of the variation of the second derivative of entropy S’tot from
eq. (6.19). Then we get

1872
72 H? [(1 + wde)pde + (1 + wm)pm] [((1 + wde)pde + (1 + wm)pm) X
A

X <(1 + Swge — 4wm)pde + (1 + wm)pm> + 4(wge — wm)dee].

Stot =

(6.21)

The evolution of Sio for the case Pde = Apare + 37 1s presented in figure 12. One can observe
that the second derivative of entropy approaches zero from below in the late time evolution
of the Universe. Hence the convexity condition is satisfied in the final states of evolution and
as a result entropy will never grow unbounded in this case.

7 The evolution of the temperature in models with a quantum decay of
the vacuum

To study the evolution of temperature of dark matter, we assume ideal gas as a model of
dark matter [73, 74]. In this case, we cannot treat cold dark matter as dust and in result we
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Figure 12. The diagram presents the evolution of Sior in the case when pde = Apare + 7%, Where

2 2
5 ffg’c and 2 kﬁgc , respectively. Note that

ag < 0. The cosmological time ¢ and Stot are expressed in

Stot approaches asymptotically zero as ¢ tends to the infinity. Siot approaches zero from below for the
late times. Therefore, the convexity condition is satisfied and in consequence, the entropy will never
be unbounded. This fact has a simple interpretation that the Universe tends towards a state of the
thermodynamic equilibrium.

assume that wy, # 0 and wyy, is not constant. For the perfect fluid, energy momentum tensor
TP is given by

7% = (p + p)uu” — pg*”, (7.1)
where ¢®® is the metric and u® is the four velocity. From equation (7.1), we can obtain the

energy conservation law (uaT%ﬁ = O)

p+3H(p+p)=0. (7.2)

Here, .3 = Vg denotes divergence.
Let N“ be the particle current, which is defined by

N% = nu®, (7.3)

where n is the particle number density of the fluid component. If the number of particles is
not conserved then
N2 =Q (7.4)

)

or

n+3Hn = Q, (7.5)
where @ is the interacting term defined by
Q=—A. (7.6)

When @Q > 0, then the number of particles increases with the time. When @ < 0, then the
number of particles decreases with the time.

Let wge = —1. Because we assume in our model that matter is described by ideal
gas, the equation of state for matter is given by pm(t) = wm(t)pm(t) = n(t)kT(t), where
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n is number of particles per unit volume, and k is the Boltzmann constant. Because for
non-relativistic dark matter [73, 74]

pm(t) = mn(t) + n(t)kT(t) (7.7)
or )
n(t) = M kT() (7.8)
we obtain
P (t) = 1(t) (m + kT (1)) + n(t)kT(t), (7.9)

where m is mass of dark matter particle. The energy conservation equation (7.2) can be
rewritten as

pm(t) = =3H () (pm () + pm(t)) — A(1) (7.10)

or

A(t) (m + kT()) + n(OkT () = —3H () (pm(t) + n(O)KT(t)) — A(t). (7.11)

From egs. (7.5) and (7.6), we obtain that
— A(t) = n(t) + 3H(t)n(t). (7.12)
The above equation can be rewritten as
N(t) = —A(t)a(t)?, (7.13)

where N = na?® is the number of particles.
From egs. (7.8), (7.11) and (7.12), we obtain

m 4 kT(t) — 1) (m + ET(t)) A(t)'

B (
T(t)=-3H(t)T(t) + o (D) (7.14)
In the case A(t) = Apare + 3% + 94, €q. (7.14) has the following form
F(t) = —SHET() - (m+ kT (t) — 1) (m + KT(t)) (222 + 2a1) | (7.15)

kpm(t)

When we neglect Ap,re and use respectively eq. (5.10) and eq. (5.11), then the above equation
gets respectively the following form for ay > 0

Wm 1
1— T+ 3(wm(t) + 1)2ay V%l (M)

T(t) = -3 — T(t
© 3(wm(t) + 1)t V321, (M) ®)
(m+kT(t) — 1) (m+ kT(t)) (252 + 231) (7.16)
_ 5 :
(wm ()+1)
i \/W \/0741n+1(4t erz m) Cas o
3(wm (t)+1)t \/thIn((wm(t);tl)\/E> 2 14
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Figure 13. The diagram presents the evolution of the temperature T'(¢) for the model with pge =
Apare + 92 for different values of the mass of particle of dark matter for the case m = 100keV (black

curve), m = 10keV (blue curve), and m = 1keV (green curve). Here, ap = —10_4511(\/[Tpc. The

cosmological time ¢ is expressed in 2 11(\/{15 < (here, the present age of the Universe Ty = 0.014511(\/IT"C) and
T'(t) is expressed in Kelvin (the present value is assumed as 0.01 K).

and for ay < 0

RS} V3a1

T(t) =3 3(wm(t) + 1)t 0+ WT T

N (wm () +1)v/=3ay
V3, ( )
(m + KT(t) — 1) (m + kT(t)) (33 + 2) (7.17)
(wm (0)+1)y/Z3a7 ) \ 2 7
g3 [ oV iBn@ P V=Tt (7> oo
3(wm (@) +1)t V32T, ( wm(t>+1)\/73a4) o

where wy, (t) = #(Tt)(t)

Figures 13 and 14 present the evolution of T'(t) for A(t) = Apare + %% + 72 In figure 13,
we can observe a growth of temperature caused by quantum effects of decaying of dark energy
in the early time universe.

In the adiabatic photon creation case [75], we have an assumption

p'™ T = const. (7.18)
or in the equivalent form
n'=7T = const. (7.19)
or
(Na3)'7T = const. (7.20)

Because we assume that p = wmpm = (7 — 1)pm [75], we obtain that
jie B
pm = dT7=T, (7.21)

where d = const, wy, + 1 = v = const, and 7y # 1.
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Figure 14. The diagram presents the evolution of the temperature T'(¢) for the model with pge =

Apare + 3 for the case ay = —10_2511\4—“1pC (black curve), as = —10_351124—5(3 (blue curve), as =
—10742MPC (green curve), and as = 0 (red curve). Here, the mass of particles of dark matter m is

equal to 1keV. The cosmological time ¢ is expressed in 2 f:ff < (here, the present age of the Universe

To = 0.014511(\4%) and T(t) is expressed in Kelvin (the present value is assumed as 0.01 K).

After using eq. (7.21) in the Friedmann equation (5.3) we get that
3H(t)2 = dT(H)7 7 + A(t). (7.22)

In consequence, we can easily obtain that

2 _ =
T(t) = <3H(t)d/\(t)) (7.23)

or after respectively using eq. (7.20) and eq. (7.19)

oo (SO a0Y (721

and

N o8 <3H(t)2b— A(t)) 3 | (7.25)

where b = const. In the case of A(t) = Apare + 3 + %, €q. (7.23) has the following form

~y—1

T(t) _ <3H(t)2 - Abare _ % — ?;f) o . (726)

d

Because p; = proa~ T8 for the radiation case (y = 4/3), we can obtain that
T = Toa™ 471, (7.27)

where Tj is the present value of temperature of the Universe.
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When we neglect Apare term and use eq. (5.10) and eq. (5.11), respectively, eq. (7.26)
gets the following form for ay > 0

2 (wm+1)V3a7 Y\ 2 =
T(t) _ l 3 1 - \/1 + 3(wm + 1) az \/@I”'H(T) Qg Qg (7 28)
d 3(wm + 1)t \/thIn((wm+212\/3a4) 2 4 .

and for ay < 0

= (LT3 n s Ve (MERERONT ) ay] |
N4 S(wm+1)t \/thJn((wm-i-l)v—S(m) +2 4 .

2t
(7.29)

Our general conclusion arising from the thermodynamic analysis is that the model
seems to be very natural. The dynamics of the Universe is irreversible when full quantum
effects of the decaying vacuum are taken into account. Of course, this irreversibility has
a thermodynamic interpretation as far as the evolution of the Universe is concerned. In
thermodynamics, the area of the cosmological horizon is interpreted as a black hole Hawking
entropy. In the model under consideration, the entropy growth is an irreversible process and
entropy grows to the state of a thermal equilibrium. This process is independent on details
of quantum corrections.

8 Conclusions

From our investigation of cosmological implications of the quantum decay of metastable dark
energy, we got the following results.

Firstly, the cosmological models with the running cosmological parameter are an ex-
tension of the ACDM model. The new ingredient in the comparison with the standard
cosmological model (ACDM model) is the interaction between the matter and dark energy.
In result, the canonical scaling law py, oc =2 is modified. Since A(t) is decaying (% < 0)
density of matter in the comoving volume o a? increases with time. The leading term at late
times of the evolution of the Universe in A(t) is of the order 1/¢2.

The analogous conclusion was formulated by Freese et al. [76] in the context of the
decaying vacuum. They considered the case when the particle number is not conserved
% (pma3) # 0 during the cosmic evolution which implies the continuous creation of massive
particles. If we denote by Anp the net baryon (or antibaryon) number density created by the
vacuum during the matter dominated epoch then Anp(t) oc t=2 and p, o t~2 (see formulas
(31) and (30b) in ref. [76]).

The parameterization of the metastable dark energy in terms of the power series with
respect to 1/t is symmetric (time reflection ¢ — —t) because it contains only even terms. For
the present time of the cosmic evolution only the leading term 1/t? prevails. This term is a
residue from earlier epochs. If we express this term in terms of size of horizon L than this
residual metastable dark energy is proportional L~2. Note that this term assumes the form
of holographic dark energy. In the holographic universe dark energy is quantum zero-point
energy density caused by distance cut-off, so the total energy inside of the sphere with radius
L is equal to mass of a black hole of the same size py = 3c2L~2 [77]. In some sense, if we
take full parameterization of metastable dark energy in a Taylor series, this formula can be
interpreted as the generalized model of holographic dark energy, replacing ¢ by the size of
horizon L.
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Secondly, the generalized second law of thermodynamics required that, the total entropy,
due to matter, quantum corrections and horizon together, must always increase, i.e., ‘fl—f > 0.
This condition is always satisfied in the model under the consideration. We obtained this
condition in the same form like in the case without quantum corrections.

On the other hand the function ‘575 approaches zero from below during the late time
evolution of the Universe (see figure 12). Therefore, the upper convexity condition ‘227*29 <0is
satisfied at final stages of the evolution of the Universe. This fact has a simple interpretation
that the Universe goes towards a state of the thermodynamic stable equilibrium.

For a better interpretation [78] of the vacuum decay scenario we considered the tem-
perature evolution of the Universe with respect to the cosmological time. We considered the
photon creation process in the adiabatic form. As we have seen, in the “adiabatic” case [75],
the temperature 7" satisfies (7.23) dependence on some details of the vacuum decay. For the
early Universe, we found that the quantum effects modified the evolution of the temperature
(see figures 13 and 14). It is found that the vacuum decaying into photon obeys the gen-
eralized scaling relation p, = p;oa~4T ) and its temperature scales as T(t) = Toa(t)V*~1.
We also argued that in the context of the thermodynamic consideration the basic parameter
quantifying the vacuum decay rate must be positive.

We also found that the adiabatic condition % > % is violated when A > 107 or
Pge > 1OQBAbare-

To complete the discussion, let us recall that the decay rate of the system in the
metastable vacuum state was discussed and analyzed in [16], where it was represented graph-
ically as a function of time (see egs. (10), (11) and figure 2 in ref. [16]).

From our consideration of the decaying process of metastable dark energy one can also
conclude that the early Universe can offer some possibilities of testing of quantum mechanics.
This fundamental theory can be probed in a standard way in labs but also in different regimes
established by the early Universe. It seems to be a natural way of testing the limits of
quantum mechanics.

References

[1] S. Weinberg, The cosmological constant problem, Rev. Mod. Phys. 61 (1989) 1 [INSPIRE].

[2] S. Weinberg, The cosmological constant problems, in Sources and detection of dark matter and
dark energy in the universe. Proceedings, 4th international symposium, DM 2000, Marina del
Rey, U.S.A., 23-25 February, 2000, pp. 18-26, 2000,
http://www.slac.stanford.edu/spires/find /books /www?cl=QB461:157:2000
[astro-ph/0005265] INSPIRE].

[3] PLANCK collaboration, Planck 2015 results. XIV. Dark energy and modified gravity, Astron.
Astrophys. 594 (2016) A14 [arXiv:1502.01590] [INSPIRE].

[4] E. Di Valentino, E.V. Linder and A. Melchiorri, Vacuum phase transition solves the Hy
tension, Phys. Rev. D 97 (2018) 043528 [arXiv:1710.02153] [InSPIRE].

[5] L.M. Krauss and J. Dent, The late time behavior of false vacuum decay: possible implications
for cosmology and metastable inflating states, Phys. Rev. Lett. 100 (2008) 171301
[arXiv:0711.1821] [NSPIRE].

[6] L.M. Krauss, J. Dent and G.D. Starkman, Late time decay of the false vacuum, measurement
and quantum cosmology, Int. J. Mod. Phys. D 17 (2009) 2501 [arXiv:0810.4574] [INSPIRE].

— 33 —


https://doi.org/10.1103/RevModPhys.61.1
https://inspirehep.net/search?p=find+J+%22Rev.Mod.Phys.,61,1%22
http://www.slac.stanford.edu/spires/find/books/www?cl=QB461:I57:2000
https://arxiv.org/abs/astro-ph/0005265
https://inspirehep.net/search?p=find+EPRINT+astro-ph/0005265
https://doi.org/10.1051/0004-6361/201525814
https://doi.org/10.1051/0004-6361/201525814
https://arxiv.org/abs/1502.01590
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.01590
https://doi.org/10.1103/PhysRevD.97.043528
https://arxiv.org/abs/1710.02153
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.02153
https://doi.org/10.1103/PhysRevLett.100.171301
https://arxiv.org/abs/0711.1821
https://inspirehep.net/search?p=find+EPRINT+arXiv:0711.1821
https://doi.org/10.1142/S021827180801400X
https://arxiv.org/abs/0810.4574
https://inspirehep.net/search?p=find+EPRINT+arXiv:0810.4574

[7] K. Urbanowski, Comment on ‘late time behavior of false vacuum decay: possible implications
for cosmology and metastable inflating states’; Phys. Rev. Lett. 107 (2011) 209001
[arXiv:1111.3912] [INSPIRE].

[8] K. Urbanowski, Properties of the false vacuum as a quantum unstable state, Theor. Math.
Phys. 190 (2017) 458 [arXiv:1609.03382] [INSPIRE].

[9] X. Li, A. Shafieloo, V. Sahni and A.A. Starobinsky, Revisiting metastable dark energy and
tensions in the estimation of cosmological parameters, Astrophys. J. 887 (2019) 153
[arXiv:1904.03790] [iNSPIRE].

[10] S. Pan, W. Yang, E. Di Valentino, A. Shafieloo and S. Chakraborty, Reconciling Hy tension in
a siz parameter space?, arXiv:1907.12551 [INSPIRE].

[11] A. Shafieloo, D.K. Hazra, V. Sahni and A.A. Starobinsky, Metastable dark energy with
radioactive-like decay, Mon. Not. Roy. Astron. Soc. 473 (2018) 2760 [arXiv:1610.05192]
[INSPIRE].

[12] L. Fonda, G.C. Ghirardi and A. Rimini, Decay theory of unstable quantum systems, Rept. Prog.
Phys. 41 (1978) 587 [InSPIRE].

[13] M. Peshkin, A. Volya and V. Zelevinsky, Non-ezponential and oscillatory decays in quantum
mechanics, EPL 107 (2014) 40001 [arXiv:1703.05238] [INSPIRE].

[14] L.A. Khalfin, Contribution to the decay theory of a quasi-stationary state, Zh. Exp. Teor. Fiz.
33 (1957) 1371.

[15] C. Rothe, S.I. Hintschich and A.P. Monkman, Violation of the exponential-decay law at long
times, Phys. Rev. Lett. 96 (2006) 163601.

[16] M. Szydtowski, A. Stachowski and K. Urbanowski, Quantum mechanical look at the
radioactive-like decay of metastable dark energy, Eur. Phys. J. C 77 (2017) 902
[arXiv:1704.05364] [INSPIRE].

[17] N.S. Krylov and V.A. Fock, On two main inter-pretations of energy-time uncertainty, Zh.
Eksp. Teor. Fiz. 17 (1947) 93.

[18] V.A. Fock, Fundamentals of quantum mechanics, Mir Publishers, Moscow, (1978).

[19] R.-G. Cai and S.P. Kim, First law of thermodynamics and Friedmann equations of
Friedmann-Robertson- Walker universe, JHEP 02 (2005) 050 [hep-th/0501055] [INSPIRE].

[20] G.W. Gibbons and S.W. Hawking, Cosmological event horizons, thermodynamics and particle
creation, Phys. Rev. D 15 (1977) 2738 [INSPIRE].

[21] S.R. Coleman, The fate of the false vacuum. 1. Semiclassical theory, Phys. Rev. D 15 (1977)
2929 [Erratum ibid. D 16 (1977) 1248] [NSPIRE].

[22] C.G. Callan Jr. and S.R. Coleman, The fate of the false vacuum. 2. First quantum corrections,
Phys. Rev. D 16 (1977) 1762 [InSPIRE].

[23] A. Andreassen, D. Farhi, W. Frost and M.D. Schwartz, Direct approach to quantum tunneling,
Phys. Rev. Lett. 117 (2016) 231601 [arXiv:1602.01102] [INSPIRE].

[24] A. Patrascioiu, Complez time and the gaussian approzimation, Phys. Rev. D 24 (1981) 496
[INSPIRE].

[25] A.W. Wipf, Tunnel determinants, Nucl. Phys., B 269 (1986) 24.

[26] A. Andreassen, D. Farhi, W. Frost and M.D. Schwartz, Precision decay rate calculations in
quantum field theory, Phys. Rev. D 95 (2017) 085011 [arXiv:1604.06090] [INSPIRE].

[27] R.G. Winter, Fvolution of a quasi-stationary state, Phys. Rev. 123 (1961) 1503 [INSPIRE].

—34 -


https://doi.org/10.1103/PhysRevLett.107.209001
https://arxiv.org/abs/1111.3912
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.3912
https://doi.org/10.1134/S0040577917030151
https://doi.org/10.1134/S0040577917030151
https://arxiv.org/abs/1609.03382
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.03382
https://doi.org/10.3847/1538-4357/ab535d
https://arxiv.org/abs/1904.03790
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.03790
https://arxiv.org/abs/1907.12551
https://inspirehep.net/search?p=find+EPRINT+arXiv:1907.12551
https://doi.org/10.1093/mnras/stx2481
https://arxiv.org/abs/1610.05192
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.05192
https://doi.org/10.1088/0034-4885/41/4/003
https://doi.org/10.1088/0034-4885/41/4/003
https://inspirehep.net/search?p=find+J+%22Rept.Prog.Phys.,41,587%22
https://doi.org/10.1209/0295-5075/107/40001
https://arxiv.org/abs/1703.05238
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.05238
https://doi.org/10.1103/PhysRevLett.96.163601
https://doi.org/10.1140/epjc/s10052-017-5471-8
https://arxiv.org/abs/1704.05364
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.05364
https://doi.org/10.1088/1126-6708/2005/02/050
https://arxiv.org/abs/hep-th/0501055
https://inspirehep.net/search?p=find+EPRINT+hep-th/0501055
https://doi.org/10.1103/PhysRevD.15.2738
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D15,2738%22
https://doi.org/10.1103/PhysRevD.15.2929
https://doi.org/10.1103/PhysRevD.15.2929
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D15,2929%22
https://doi.org/10.1103/PhysRevD.16.1762
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D16,1762%22
https://doi.org/10.1103/PhysRevLett.117.231601
https://arxiv.org/abs/1602.01102
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01102
https://doi.org/10.1103/PhysRevD.24.496
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D24,496%22
https://doi.org/10.1016/0550-3213(86)90363-9
https://doi.org/10.1103/PhysRevD.95.085011
https://arxiv.org/abs/1604.06090
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.06090
https://doi.org/10.1103/PhysRev.123.1503
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,123,1503%22

[28] E. Calzetta and E. Verdaguer, Real time approach to tunneling in open quantum systems:
decoherence and anomalous diffusion, J. Phys. A 39 (2006) 9503 [quant-ph/0603047]
[INSPIRE].

[29] W. van Dijk and Y. Nogami, Novel expression for the wave function of a decaying quantum
system, Phys. Rev. Lett. 83 (1999) 2867 [INSPIRE].

[30] W. van Dijk and Y. Nogami, Analytical approach to the wave function of a decaying quantum
system, Phys. Rev. C 65 (2002) 024608 [Erratum ibid. C 70 (2004) 039901] [INSPIRE].

[31] D.A. Dicus, W.W. Rebko, R.F. Schwitters and T.M. Tinsley, Time development of a
quasistationary state, Phys. Rev. A 65 (2002) 032116.

[32] J. Martorell, J.G. Muga and D.W.L. Sprung, Quantum post-exponential decay, in Time in
quantum mechanics, Vol. 2, G. Muga, A. Ruschhaupt and A. del Campo eds., vol. 789 of Lect.
Notes Phys., pp. 239-275, Springer-Verlag, Berlin (2009).

[33] W. van Dijk and F.M. Toyama, Decay of a quasistable quantum system and quantum backflow,
Phys. Rev. A 100 (2019) 052101 [arXiv:1910.05179].

[34] N.G. Kelkar and M. Nowakowski, No classical limit of quantum decay for broad states, J. Phys.
A 43 (2010) 385308 [arXiv:1008.3917] [INSPIRE].

[35] F. Giacosa, Non-exponential decay in quantum field theory and in quantum mechanics: the case
of two (or more) decay channels, Found. Phys. 42 (2012) 1262 [arXiv:1110.5923] [INSPIRE].

[36] F. Giacosa, QFT derivation of the decay law of an unstable particle with nonzero momentum,
Adv. High Energy Phys. 2018 (2018) 4672051 [arXiv:1804.02728] [INSPIRE].

[37] K. Urbanowski, Early-time properties of quantum evolution, Phys. Rev. A 50 (1994) 2847.

[38] K. Urbanowski, A quantum long time energy red shift: a contribution to varying alpha theories,
Eur. Phys. J. C 58 (2008) 151 [hep-ph/0610384] [INSPIRE].

[39] K. Urbanowski, General properties of the evolution of unstable states at long times, Fur. Phys.
J. D 54 (2009) 25 [arXiv:0803.3188] [INSPIRE].

[40] K. Urbanowski, Long time properties of the evolution of an unstable state, Cent. Eur. J. Phys.
7 (2009) 696.

1] F. Giraldi, Logarithmic decays of unstable states, Fur. Phys. J. D 69 (2015) 5.
2] F. Giraldi, Logarithmic decays of unstable states II, Eur. Phys. J. D 70 (2016) 229 [INSPIRE].

3] J. Kristiano, R.D. Lambaga and H.S. Ramadhan, Coleman-de Luccia tunneling wave function,
Phys. Lett. B 796 (2019) 225 [arXiv:1808.10110] [INSPIRE].

[44] K.M. Sluis and E.A. Gislason, Decay of a quantum-mechanical state described by a truncated
Lorentzian energy distribution, Phys. Rev. A 43 (1991) 4581.

[45] K. Raczynska and K. Urbanowski, Survival amplitude, instantaneous energy and decay rate of
an unstable system: analytical results, Acta Phys. Polon. B 49 (2018) 1683
[arXiv:1802.01441] INSPIRE].

[46] W.J. Olver, D.W. Lozier, R.F. Boisvert and C.W. Clark, eds., NIST Handbook of Mathematical
Functions, Cambridge University Press, Cambridge, (2010).

[47) M. Abramowitz and I.A. Stegun, eds., Handbook of mathematical functions, National Bureau of
Standards, Appl. Math. Ser. No. 55. U.S. G.P.O., Washington, DC, (1964).

[48] K. Urbanowski and J. Piskorski, On departures from the Lee, Oehme and Yang approzimation,
Found. Phys. 30 (2000) 839 [INSPIRE].

[49] A.D. Sakharov, Quark-muonic currents and violation of cp invariance, JETP Lett. 5 (1967) 27
[INSPIRE].

— 35 —


https://doi.org/10.1088/0305-4470/39/30/008
https://arxiv.org/abs/quant-ph/0603047
https://inspirehep.net/search?p=find+J+%22J.Phys.,A39,9503%22
https://doi.org/10.1103/PhysRevLett.83.2867
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,83,2867%22
https://doi.org/10.1103/PhysRevC.70.039901
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,C65,024608%22
https://doi.org/10.1103/PhysRevA.65.032116
https://doi.org/10.1007/978-3-642-03174-8_9
https://doi.org/10.1007/978-3-642-03174-8_9
https://doi.org/10.1103/PhysRevA.100.052101
https://arxiv.org/abs/1910.05179
https://doi.org/10.1088/1751-8113/43/38/385308
https://doi.org/10.1088/1751-8113/43/38/385308
https://arxiv.org/abs/1008.3917
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.3917
https://doi.org/10.1007/s10701-012-9667-3
https://arxiv.org/abs/1110.5923
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5923
https://doi.org/10.1155/2018/4672051
https://arxiv.org/abs/1804.02728
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.02728
https://doi.org/10.1103/PhysRevA.50.2847
https://doi.org/10.1140/epjc/s10052-008-0725-0
https://arxiv.org/abs/hep-ph/0610384
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0610384
https://doi.org/10.1140/epjd/e2009-00165-x
https://doi.org/10.1140/epjd/e2009-00165-x
https://arxiv.org/abs/0803.3188
https://inspirehep.net/search?p=find+EPRINT+arXiv:0803.3188
https://doi.org/10.2478/s11534-009-0053-5
https://doi.org/10.2478/s11534-009-0053-5
https://doi.org/10.1140/epjd/e2014-40756-8
https://doi.org/10.1140/epjd/e2016-70301-8
https://inspirehep.net/search?p=find+J+%22Eur.Phys.J.,D70,229%22
https://doi.org/10.1016/j.physletb.2019.07.040
https://arxiv.org/abs/1808.10110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.10110
https://doi.org/10.1103/PhysRevA.43.4581
https://doi.org/10.5506/APhysPolB.49.1683
https://arxiv.org/abs/1802.01441
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.01441
https://doi.org/10.1023/A:1003698323985
https://inspirehep.net/search?p=find+J+%22Found.Phys.,30,839%22
https://inspirehep.net/search?p=find+J+%22JETPLett.,5,27%22

[50] W. Pauli, Exclusion principle, Lorentz group and reflexion of space-time and charge, in Niels
Bohr and the Development of Physics, W. Pauli, L. Rosenfeld and V. Weisskopf eds.,
pp- 30-51, Pergamon Press, London (1955).

[61] G. Liiders, On the equivalence of invariance under time reversal and under particle-antiparticle
congugation for relativistic field theories, Kong. Dan. Vid. Sel. Mat. Fys. Med. 28 N5 (1954) 1.

[52] G. Liiders, Proof of the TCP theorem, Annals Phys. 2 (1957) 1 INSPIRE].

[53] R.F. Streater and A.S. Wightman, PCT, Spin and Statistics, and All That, Addison-Wesley,
Redwood City, U.S.A. (1989).

[54] R. Jost, A remark on the C.T.P. theorem, Helv. Phys. Acta 30 (1957) 409 [INSPIRE].

[55] R. Jost, The general theory of quantized fields, American Mathematical Society, Providence, RI
(1965).

[56] J. Rubio, Higgs inflation and vacuum stability, J. Phys. Conf. Ser. 631 (2015) 012032
[arXiv:1502.07952] [NSPIRE].

[57] A. Kennedy, G. Lazarides and Q. Shafi, Decay of the false vacuum in the very early universe,
Phys. Lett. B 99 (1981) 38 [INSPIRE].

[58] V. Branchina and E. Messina, Stability, Higgs Boson Mass and New Physics, Phys. Rev. Lett.
111 (2013) 241801 [arXiv:1307.5193] INSPIRE].

[59] V. Branchina, E. Messina and M. Sher, Lifetime of the electroweak vacuum and sensitivity to
Planck scale physics, Phys. Rev. D 91 (2015) 013003 [arXiv:1408.5302] [INSPIRE].

[60] L.L. Shapiro, J. Sola, C. Espana-Bonet and P. Ruiz-Lapuente, Variable cosmological constant as
a Planck scale effect, Phys. Lett. B 574 (2003) 149 [astro-ph/0303306] [INSPIRE].

[61] C. Espana-Bonet, P. Ruiz-Lapuente, I.L. Shapiro and J. Sola, Testing the running of the
cosmological constant with type-IA supernovae at high z, JCAP 02 (2004) 006
[hep-ph/0311171] [INSPIRE].

[62] M. Szydlowski and A. Stachowski, Cosmological models with running cosmological term and
decaying dark matter, Phys. Dark Univ. 15 (2017) 96 [arXiv:1508.05637] INSPIRE].

[63] PARTICLE DATA GROUP collaboration, Review of particle physics, Phys. Rev. D 98 (2018)
030001 [:NSPIRE].

[64] M. Jamil, E.N. Saridakis and M.R. Setare, Thermodynamics of dark energy interacting with
dark matter and radiation, Phys. Rev. D 81 (2010) 023007 [arXiv:0910.0822] [inSPIRE].

[65] K. Karami and S. Ghaffari, The generalized second law of thermodynamics for the interacting
dark energy in a non-flat FRW universe enclosed by the apparent and event horizons, Phys.
Lett. B 685 (2010) 115 [arXiv:0912.0363] [INSPIRE].

[66] W.G. Unruh and R.M. Wald, Acceleration radiation and generalized second law of
thermodynamics, Phys. Rev. D 25 (1982) 942 [INSPIRE].

[67] A. Sheykhi and B. Wang, The generalized second law of thermodynamics in Gauss-Bonnet
braneworld, Phys. Lett. B 678 (2009) 434 [arXiv:0811.4478] [INSPIRE].

[68] T. Jacobson, Thermodynamics of space-time: the Finstein equation of state, Phys. Rev. Lett.
75 (1995) 1260 [gr-qc/9504004] [INSPIRE].

[69] T. Padmanabhan, Gravity and the thermodynamics of horizons, Phys. Rept. 406 (2005) 49
[gr-qc/0311036] [INSPIRE).

[70] A.V. Frolov and L. Kofman, Inflation and de Sitter thermodynamics, JCAP 05 (2003) 009
[hep-th/0212327] [NSPIRE].

[71] B. Wang, Y. Gong and E. Abdalla, Thermodynamics of an accelerated expanding universe,
Phys. Rev. D 74 (2006) 083520 [gr-qc/0511051] [INSPIRE].

— 36 —


https://doi.org/10.1016/0003-4916(57)90032-5
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,2,1%22
https://inspirehep.net/search?p=find+J+%22Helv.Phys.Acta,30,409%22
https://doi.org/10.1088/1742-6596/631/1/012032
https://arxiv.org/abs/1502.07952
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.07952
https://doi.org/10.1016/0370-2693(81)90799-1
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B99,38%22
https://doi.org/10.1103/PhysRevLett.111.241801
https://doi.org/10.1103/PhysRevLett.111.241801
https://arxiv.org/abs/1307.5193
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.5193
https://doi.org/10.1103/PhysRevD.91.013003
https://arxiv.org/abs/1408.5302
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.5302
https://doi.org/10.1016/j.physletb.2003.09.016
https://arxiv.org/abs/astro-ph/0303306
https://inspirehep.net/search?p=find+EPRINT+astro-ph/0303306
https://doi.org/10.1088/1475-7516/2004/02/006
https://arxiv.org/abs/hep-ph/0311171
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0311171
https://doi.org/10.1016/j.dark.2017.01.002
https://arxiv.org/abs/1508.05637
https://inspirehep.net/search?p=find+EPRINT+arXiv:1508.05637
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D98,030001%22
https://doi.org/10.1103/PhysRevD.81.023007
https://arxiv.org/abs/0910.0822
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.0822
https://doi.org/10.1016/j.physletb.2010.01.041
https://doi.org/10.1016/j.physletb.2010.01.041
https://arxiv.org/abs/0912.0363
https://inspirehep.net/search?p=find+EPRINT+arXiv:0912.0363
https://doi.org/10.1103/PhysRevD.25.942
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D25,942%22
https://doi.org/10.1016/j.physletb.2009.06.075
https://arxiv.org/abs/0811.4478
https://inspirehep.net/search?p=find+EPRINT+arXiv:0811.4478
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://arxiv.org/abs/gr-qc/9504004
https://inspirehep.net/search?p=find+EPRINT+gr-qc/9504004
https://doi.org/10.1016/j.physrep.2004.10.003
https://arxiv.org/abs/gr-qc/0311036
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0311036
https://doi.org/10.1088/1475-7516/2003/05/009
https://arxiv.org/abs/hep-th/0212327
https://inspirehep.net/search?p=find+EPRINT+hep-th/0212327
https://doi.org/10.1103/PhysRevD.74.083520
https://arxiv.org/abs/gr-qc/0511051
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0511051

[72] Y. Gong, B. Wang and A. Wang, On thermodynamical properties of dark energy, Phys. Rev. D
75 (2007) 123516 [gr-qc/0611155] [INSPIRE].

[73] C. Armendariz-Picon and J.T. Neelakanta, How cold is cold dark matter?, JCAP 03 (2014) 049
[arXiv:1309.6971] [INSPIRE].

[74] T. Delort, Theory of dark matter and dark energy, Appl. Phys. Res. 10 (2018) 5.

[75] J.A.S. Lima, Thermodynamics of decaying vacuum cosmologies, Phys. Rev. D 54 (1996) 2571
[gr-qc/9605055] [INSPIRE].

[76] K. Freese, F.C. Adams, J.A. Frieman and E. Mottola, Cosmology with decaying vacuum energy,
Nucl. Phys. B 287 (1987) 797 [nSPIRE].

[77] M. Li, A model of holographic dark energy, Phys. Lett. B 603 (2004) 1 [hep-th/0403127|
[INSPIRE].

[78] J.S. Alcaniz and J.A.S. Lima, Interpreting cosmological vacuum decay, Phys. Rev. D 72 (2005)
063516 [astro-ph/0507372] [INSPIRE].

— 37 —


https://doi.org/10.1103/PhysRevD.75.123516
https://doi.org/10.1103/PhysRevD.75.123516
https://arxiv.org/abs/gr-qc/0611155
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0611155
https://doi.org/10.1088/1475-7516/2014/03/049
https://arxiv.org/abs/1309.6971
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.6971
https://doi.org/10.5539/apr.v10n5p1
https://doi.org/10.1103/PhysRevD.54.2571
https://arxiv.org/abs/gr-qc/9605055
https://inspirehep.net/search?p=find+EPRINT+gr-qc/9605055
https://doi.org/10.1016/0550-3213(87)90129-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B287,797%22
https://doi.org/10.1016/j.physletb.2004.10.014
https://arxiv.org/abs/hep-th/0403127
https://inspirehep.net/search?p=find+EPRINT+hep-th/0403127
https://doi.org/10.1103/PhysRevD.72.063516
https://doi.org/10.1103/PhysRevD.72.063516
https://arxiv.org/abs/astro-ph/0507372
https://inspirehep.net/search?p=find+EPRINT+astro-ph/0507372

	Introduction
	Preliminaries
	Decay of a dark energy as a quantum decay process
	Different time scales in the process of decaying metastable dark energy
	Cosmological implications of decaying vacuum
	Decay as a result of an irreversible quantum process determining the arrow of time
	The evolution of the temperature in models with a quantum decay of the vacuum
	Conclusions

