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Abstract

We study a general ansatz for an odd supersymmetric version of the Kronecker
elliptic function, which satisfies the genus one Fay identity. The obtained result
is used for construction of the odd supersymmetric analogue for the classi-
cal and quantum elliptic R-matrices. They are shown to satisfy the classical
Yang—Baxter equation and the associative Yang—Baxter equation. The quan-
tum Yang—Baxter equation is discussed as well. It acquires additional term in
the case of supersymmetric R-matrices.

Keywords: elliptic R-matrix, Yang—Baxter equations, supersymmetric elliptic
curve

1. Introduction

Kronecker function. In this paper we deal with the Kronecker elliptic function [1] defined on
the elliptic curve X, = C/(Z & 7Z) with the moduli 7. It is fixed by the residue

l}zeg(b(h,z): 1 (1.1)
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and the quasi-periodic boundary conditions on the lattice Z & 77Z:
¢(hz+ 1) =¢(h.2). ¢(h.z+7)=e""¢(h.2). (12)

Explicit expression is given in terms of the Riemann theta-function

o IO+ 2)
Wz 1) =09(2) = E exp | mT( k+ 1 2—1— 2mi| z + ! k+ 1 H—z) = —9(2)
o kez 2 2 2 ’ -

(1.3)

The key properties of the function (1.3) are as follows:

e The Kronecker function satisfies the genus one Fay trisecant identity [2]:

d(h1,z12)P(h, 723) = P(ho, 213)P(hy — ha, 212) + @(ha — Ry, 223)P(hi, 213),

(1.4)
where z;; = z; — z;;
e The Kronecker function satisfies the heat equation:
2m0-P(h, z; 7) = 0.0r0(h, z; 7). (L.5)
Using the skew-symmetry property of the Kronecker function
¢(h,z12) = —(—h, 221) (1.6)

we can rewrite (1.4) in the form

d(h1,212)P(h, 223) + P(—=ho, 31)P(hy — R, 212) + G(ho — Ay, 223)P(—h, 231) = 0.
(1.7)

Yang—Baxter equations. Relations (1.4) and (1.5) play a crucial role in elliptic integrable
systems and monodromy preserving equations since they underlie the Lax representations
with spectral parameter, classical and quantum R-matrix structures, Sklyanin algebras and the
Knizhnik—Zamolodchikov—Bernard equations [3—6]. From algebraic viewpoint the Fay iden-
tity (1.7) is the scalar version of the Fomin—Kirillov algebra [7] defined by the associative
Yang—Baxter equation

R (2R (z23) + Ry (23RS " (212) + R M (za3)Ry " (z31) = 0, (1.8)

where notations of the quantum inverse scattering method [6] are used, so that Rgb(zab) (R-
matrix) is a matrix valued function of the spectral parameter z, — z; and the Planck constant
h. Put it differently, R, is an operator in Mat(V, C)®3 acting non-trivially in the ath and
bth tensor components. In particular, equation (1.8) is fulfilled by the properly normalized
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Baxter—Belavin elliptic R-matrix [8], which is then treated as a matrix generalization of the
Kronecker function (1.3). Applications of (1.8) can be found in [9, 10].

A skew-symmetric and unitary solution of (1.8) satisfies also the quantum Yang—Baxter
equation:

R (212)RT(213)RY;(223) = RY3(223)R5(213)R 1 (212). (1.9)

In the classical limit 7 — O it provides the classical Yang—Baxter equation for the classical
r-matrix:

[r12(z12), r13(z213)] + [112(212), 23(223)] + [r13(213), 723(223)] = 0. (1.10)

Supersymmetrization. Following [11, 12] (see also [13]) we consider the supersymmetric ellip-
tic curve, which is defined as a quotient of superspace C'' (endowed with coordinates z, ¢) by
(super)translations

{z%ZnLl, {Zﬁz+7+2m§w, (L11)

(=, ¢ — (421w,

where ( is a superpartner to the coordinate z, and w is a superpartner to the moduli of
elliptic curve 7. The supersymmetric elliptic curve is equipped with the covariant derivative
D¢ = 0¢ + (0, Dg = 0,. In what follows we also use the Grassmann variables y; as the super-
partners to the parameters h;. Finally, we have the following table of even and odd variables:

evenvariables: zz T Ky

oddvariables: (§  w (1.12)

The variables (i, j1;, w are Grassmann, i.e.
G=pw=w =0, [Cqls+=I[Cmls = lp e = [Gowls = [w, ply =0.
(1.13)

In our recent paper [14] we proposed an odd supersymmetric version of the Kronecker
function (1.3). It is of the following form:

BB, 21,2, 7| 11, C1, Gy w) = Bz, 22| €1, Q) = (G — Q)b z12)
+ woi (N, z12) + 211 GwO- (R, 212) + (1 G pdi @R, 212)

1
+ E(Cl + Q)pwdid(h, 212), (1.14)
where 01¢(x,y) = 0x@(x,y), 02¢(x,y) = Oy¢(x, y). And the truncated version is given by
021,22/ €1, Q) = (C1 — Q)B(h, 212) + w1 PR, 212) + 2m11 GowDr (T, 212).
(1.15)

The latter is (1.14) without two last terms. It was shown in [14] that both functions (1.14),
(1.15) satisty
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e The Fay identity (1.7) written as

Rl g fial 12 —ho| —p2 g B —Tal 1 —12 Tip—hy| pa—p1 g =Ml —11
D Ry T+ Py @) + @3 @5, =0,

(1.16)

I n
where @)/ = ®""(z,, 2| (i ).
e The supersymmetric version of the heat equation

1
(0., + 21y + ()O,) B = (agl + G0, — Eﬂah) op@®r. (117

For the truncated function (1.15) the last term is absent in the rhs of (1.17).

The identity (1.16) was used to construct the odd supersymmetric version of the quantum
Baxter—Belavin R-matrix in the fundamental representation of GLy group. The R-matrix was
shown to satisfy the associative Yang—Baxter (1.8) written as

Ryl pphal 2 —ha| —pahy—hal p1—p2 Tp—hy| po—pi—hil =1 _
Ry Ry T+ Ry R}, + Ry R;, =0, (1.18)

where RZLIL” = RZ‘,” (Za> 2] Ca» Cp) is defined through (1.14). At the same time the supersym-
metric analogue of the classical r-matrix satisfies the classical (super) Yang—Baxter equation:

[ri2, ri3]4 + (T2, r23]4 + [F13. 23] =0, rop = Yap(2as 2] Gon &) (1.19)

The latter equation was introduced and studied in [9, 15].
Purpose of the paper. In [14] the function (1.14) was derived from the two conditions. The first
one is the residue condition

Res &"14(21, 2/ 1, ) = ¢ — Ga (1.20)
1=22
The second one is the quasi-periodic boundary condition:

&Mz, +1, 2], 0) = P! Mz, 204111, Q) = " Mz1, 22| €15 G2,
B (71 T4 2ml W, 22| G 2w, G) = exp (—2mu(h 4 péy + mopw)) @ (21, 22| €1, Q).
B (71,20 + 7 4 2miCw| Gy G + 2mw) = exp Qi+ ply — muw)) B (21, 22| €1, Q).
(1.21)

It is similar to derivation of (1.3) from (1.1) and (1.2).
In this paper we consider a generalization of (1.14), where every term is multiplied by an
arbitrary C-valued coefficient A, . .., As (the set of the coefficients is denoted by A):

B (21,22 C1, G| A) = AV(G — Q)@ 212) + Arwdi p(h, 212)
+ A3 Qword(h, z12) + Aali G uo é(h, z12)

A
+ 75((1 + QHwdiP(h, 212)- (1.22)
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The function (1.14) is reproduced when A} = Ay = A4 = As = 1, A3 = 27u and the truncated
function (1.15) appears for A} = A, = 1, A3 =27 and A4 = As = 0. In what follows the
conditions (1.20) and (1.21) are not imposed. Otherwise we are left with (1.14) or (1.15)
only.

The paper is organized as follows. In next section we study expression (1.22) as an
ansatz for the Fay identity (1.16) and supersymmetric version of the heat equation (1.17).
Equations (1.16) and (1.17) provide conditions for the coefficients. In particular, we will show
that (1.16) holds true if A|As = AyA4. As a by product we include two C-valued parameters
k, k into the heat equation (1.17):

(KO, + 27uC1 + ()I;) DH(A) = (C% + G, - ];Nah) Op®"H(A).

(1.23)

In section 3 we describe construction of elliptic R-matrices based on (1.22). This leads to addi-
tional constraint for the coefficients A;. Besides the classical and associative Yang—Baxter
(1.18) and (1.19) we also discuss the quantum Yang—Baxter (1.9). It acquires addi-
tional term in the case of supersymmetric R-matrix. A summary of results is given in
conclusion.

2. Generalized ansatz for the Kronecker function

Consider the function (1.22) depending on five arbitrary coefficients. As mentioned earlier
we do not impose the quasi-periodic boundary condition (1.21). This is due to the following
statement, which is verified by direct calculation:

Proposition 2.1.  The function (1.22) satisfies the boundary conditions (1.21) if
A1 :Az :A4 :Aj, A3 :27T’LA1. (21)

For the case when the variable |1 is absent, the conditions (1.21) provide the truncated function
(1.15).

The purpose of the section is to find out if the generalized function (1.22) satisfies the Fay
identity (1.16) and the supersymmetric heat equation (1.23).

2.1. Fay identity

The main result of the paragraph is formulated as follows:

Proposition 2.2. The Fay identity (1.16) holds true for the function (1.22) if
A1As = ArAy. (2.2)

Proof. Verification is straightforward. Using notations for derivatives from (1.14) and the
(anti)commutation relations (1.19) let us write down the first term from (1.16):

5
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‘P?zl‘ "z, 2] G, C2|A)‘I’2h§| "2, 23 &, G| A)
= AT(G — Q)G — G)P(hr, 212) (T, 223) + A1AL(G — G)wd(By, 212)01 (T, 223)

1
+ A1A3( G Gwoh, 212)0-d(ha, 223)+ §A1A5(Cl - ()

x (G + G)owd(hi, 212)01 d(has 223)
+ A1A4G QG2 PR, 212)019(ha, 223) + A1Arw (G — (3)O19(Ru, z12)P(ha, 223)
+ AsAywH G001 oMy, 212)010(Ra, 223) + A1A3C G GBwO- (R, 212)P(Fo, 223)

1
+ A1ALC QG 019(hy, 212)P(ha, 223) + §A4A5C1 G G paw ¢(hy, 212) 07 b2, 223)
1
+ ArA4 1 G piwdid(hy, 212)019(Ra, 223) + §A4A5C1 GG pwindid(hy, 212)010(ha, 223)

1
+ 545G+ GG - G wdid(h, 212)d(ha, 223), (2.3)

and similarly for the second and the third terms. Summing them up we should then verify if the
coefficients behind any Grassmann monomial equals zero. For example, the coefficient behind
(1¢2, (23 and (3(; is the lhs of the ordinary Fay identity (1.4) multiplied by A%. It is equal to
zero and do not provide any constraints for the coefficients Ay.

The rest of the coefficients behind Grassmann monomials vanish due to identities obtained
as some derivatives of (1.4). For example, the coefficients behind (3w and (;(>(3p; vanish
due to identity obtained as derivative of (1.4) with respect to 7, and the coefficient behind
C1¢2¢3 /41 fow vanishes due to the one appearing from (1.4) by the action of d, Or, (O, + Oh,)-
All of them do not impose any constrains for A; except the monomials of type ¢*uw. They
contain the terms proportional to A,A4 and A As. For each of such terms there exists an identity
in the form of some derivative of (1.4), which yields the condition (2.2). Namely, for ;(>wp
one should apply the identity ((’)%1 + 20p, On,)[(1.4)], for (2¢3wpy and lewl—agl [(1.4)],
for (1 (owpn and (3¢ lwu2—8,2i2 [(1.4)]. Finally, for the coefficient behind (> 3w, one should

use (97, + 20, On)[(L4)]. m

2.2. Supersymmetric heat equation
Here we prove the following statement:

Proposition 2.3. The heat equation (1.23) holds true for the function (1.22) if
FLAQ == Al, I€A3 = 27TZA1, A4 = kAl, I€A5 = kAl. (24)

Proof. Let us write down all terms entering the heat equation (1.23):

KA
kOLBMMA) = kAL B(h, 212) + KA1 GO PR, 712) + 75@1 + Qudid(h,zia),  (2.5)

2mi(Cy + Cz)aT‘I’?ZW(A) = —4mA (1O, P(R, 212) + 2mAL () + (w001 P(R, 212),
(2.6)
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I, ahq)?z‘/L(A) =A1019(h, 212) + A3Gw0- 01 ¢(h, 212) + Aslo i d(h, z12)

1
+ §A5NW613¢(71, 212), 2.7)

C10:, 0n @A) = Ay wDR0r (R, 212) — A1C1 G002 b(h, 212)

1
+ §A5C1C2Mw<91332¢(57212), (2.8)

PR @M AY = A ¢y — )OP (R, 212) + Aopwd B, 212)
+ A3 G uwd, 02 d(h, 712). (2.9)

Plugging these expressions into (1.23) we again should verify if the relation holds true for
every Grassmann monomial including the trivial one. The vanishing of the coefficient behind
the trivial monomial provides relation A} = kA,, and for those behind (; 4 and (,u—we get
the constraint A4 = kA| = rAs. The rest of the coefficients requires also to use the ordinary
heat equation (1.5). |

This result contains the previously obtained statements from [14] as particular cases. For
example, when k = 0 and x = 1 the last term in the rhs of equation (1.23) vanishes, and the
function (1.22) turns into (1.15). In the case k = x = 1 the conditions (2.4) are solved as given
in (2.1), and we come back to the function (1.14).

Notice also that the relation (2.2) coming from the Fay identity is valid on the constraints
(2.4). So that (2.4) is a sufficient condition for both—the Fay identity (1.16) and the heat
equation (1.22).

3. R-Matrices and Yang—Baxter equations

In this section we derive the Yang—Baxter equations and find out if they provide restrictions
on possible values of the coefficients Ay.

3.1. Baxter—Belavin’s R-matrix
Let us briefly recall the widely known construction of the elliptic Baxter—Belavin R-matrix
[3] in the fundamental representation of GL(N, C) Lie group. We deal with a special basis in
Mat(N, C) known as the sine-algebra basis. It consists of N? matrices

T, = Tya, = exp (% ala2) O“A?, a=(a,a) € Zy X Ly, (3.D
defined in terms of

2m
Qu = O exp (Nk) o Mg =0 rr1—omoan, QY =AY =1y. (3.2)

The latter matrices Q, A can be regarded as the finite-dimensional representation of the
Heisenberg group since

2
exp (%Z alaz) QA2 = A2Q", aj,a; €ZLy. 3.3)

7
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The product of pair of basis matrices (3.1) is easily computed from (3.3):
m
ToTp = Ko pTots, Kap = €Xp (ﬁ(ﬂlaz - [32041)) » (3.4)

where a + 8 = (a1 + 1, a2 + Bo).
In accordance with the numeration of basis matrices (3.1) let us define the set of N> functions

Jr
Palli+ Quy2) = exp (2m 2 2) G0+ D)y Q= T (3.5)

where a = (ay,a) € Zy X Zy. Then the quantum elliptic R-matrix is defined as follows:

R?Z(Z) = Z To®T 4 Wa(h + Q4,2). (3.6)

It was constructed as solution of the quantum Yang—Baxter equation (1.9). Later it was also
shown [8] to satisfy the associative Yang—Baxter equation (1.8).

Remark. Let usremark that in the definition (3.5) the index a = (a, a,) was assumed to be
an element of Zy x Zy. Let us verify that the functions (3.5) are invariant with respect to shifts
ayp — aip + N of indices (discrete variables). Indeed, if a; — a; + N then 0, — 2, 4+ 1 and
the function is periodic p,(h + Q4, 2) = wa(h + Q, + 1,2) due to (1.2). For a, — a; + N we
have Q, — Q, + 7 and @, (h + Qq, 2) = expQRmuz)p.(h+ Qu + 7,2) = @a(h + Q4,7) again
due to (1.2).

3.2. Supersymmetric basis functions.

In our previous paper [14] we considered the function (1.14). The following three equivalent
definitions for the odd supersymmetric analogues of the basis functions (3.5) were suggested:

(a) The first one is as follows:

a
(I,z-i-ﬂal "(z1,22| 21, C2) = exp (2mﬁ2(zl -2+ ClCz)) Pl Mz, 22| 21, &)
«
= (1 + ZFZNZQQ) ‘I’hﬂl“l“(m,zzkl»ﬁz)

= @Ml oz, &) + 2m%<lczwal O(h+ Qrz12) s

(3.7)

(b) The second is

it Q| 1 a2 Tt Qa | pt2m 52
Ol iz 70| 21, ) = exp (2mﬁ(21 — Zz)) PRIy, 25| 21, ),

(3.8)

(c) and the last one is

Tt Q| 1 a2 = Qo
Pl (g 2 21, ) = exp (ZWlﬁ(Zl - Zz)) M %li(z) 7 21, G),

3.9)
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with
OMH%li(z, 2] 21, G) = (G — Q)palh+ Qs 212) + Wi Pa(li + Qa, 212)

d
+ ZWZClCszsOa(ﬁ + Q. z12) + (GO e (b + Q0 212)

1
+ E(Cl + &)pwdioa(h+ Qas 212), (3.10)

where the derivative with respect to 7 in the third term of (3.10) includes also partial deriva-
tive with respect to the first argument (it contains £2,(7)), and thus provides the same answer
as in (3.8) or (3.9). The set of functions were shown to satisfy the following equations (Fay
identities):

R+
<I>21+Q“‘”1(Z1,Z2|Cl,Cz)cI’ﬁz "1 G 6)
—hy—Qp| —p hy—=ha4+Qa_ gl p1—p
+ @7[}2 6 2(Z3,Zl|<3,<1)¢’01,5 S Z(ZI,ZZ|C1»<2)

hp—h1+Qs_o| po—p —h—Qa| —
@l T G G T (2| GG = 0. (B

The equivalence of three above definitions holds true in the case (1.14), i.e. in the case
A| =A; = Ay = As, A3 = 27uA,. But the definitions are not equivalent for generic coefficients
Ay. Consider the set of functions:

BNl (z1, 25| 1. G A B) =BT (21, 55| (1. G| A)

+ 2mB%QC2w81 alli+ Qurzi),  (3.12)

where B € C is an arbitrary coefficient. It is easy to see that the above definitions (3.7) and
(3.10) being applied to the function S %ln(y, 22| C1, (| A) provide

(a) B=Ay,
(b) B= Ay,
(c) B=A4A;

respectively. In fact, any variant is possible. Moreover, we may keep the constant B to be
arbitrary. It happens due to

Proposition 3.1. The ser of functions (3.12) satisfy the identities (3.11) if the condition (2.2)
holds true, so that the second term in the definition (3.11) does not provide any new constraints
for the coefficients Ay, . . .,As, B.

Proof. The proofis similar to the one for proposition 2.2. In the latter we have already proved
the statement for B = 0 case. Due to the Grassmann monomial (;(,w the second term from
(3.11) (when B # 0) provides new terms proportional to A; B only. They are cancelled out with
the help of derivatives of the ordinary Fay identity (1.4) with respect to /; and h;. |

3.3. Associative and classical Yang—Baxter equations

As was shown in the previous paragraph, the functions i’(hfgf""(zl,zﬂ ¢, G| A, B) (3.12)
with arbitrary constant B satisfy the Fay identities (3.11) without any new constraints for the
coefficients.
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However there is one more restriction for the coefficients. At the end of section 3.1 we
remarked that the functions ¢,(h + €,,7) are invariant with respect the shift of discrete
variables (indices) a;» — a2 + N.

It is truly important by the following reason. In the Yang—Baxter equations we multiply
the basis matrices (3.1) through the rule (3.4). This results in the appearance of sums (or dif-
ferences) of indices in tensor components of the Yang—Baxter equations. Finally, we use the
Fay identities, which also contain the sums (or difference) of the indices. If the basis functions
were defined for the indices in the range 0 < a;, < N — 1 then the sum or difference of two
indices could be out of range. Therefore, we need to verify if the functions (3.12) are invariant
with respect to the shifts a;» — a;» + N.

Because of the property ¢4, v, (R + 1+ Q4,2) = @a(h + €y, 2) the shift ay —a; + N
keeps the functions (3.12) invariant. The shift a; — a, + N provides non-trivial additional
terms:

q’ZL?i—ICTl "(z1.22] C1. G| A, B) = @)z 2] (1, G| A, B)
a
+ 2B — A3) 1 1 Gwdhpalh + Q. 210).
(3.13)

Finally, we conclude that in order to have invariance of the functions (3.12) with respect to the
shifts a; » — a;» + N one should impose condition

B =A;. (3.14)

Then the definition (3.10) is valid for the basis functions.
The classical and associative Yang—Baxter equations are proved in the same way as in [14].
Namely, introduce the odd supersymmetric analogue of the Baxter—Belavin’s R-matrix (3.6):

Rﬂ”(zl,zﬂ €. G|A) = Z To @ T_o @201z, G QA B[y, (3.15)

This R-matrix satisfies the associative Yang—Baxter equation
hi| pighal —ha| —p2phi—ha| p1—p2 hy=hi| po—pi—hil —p1 _
Ry TRy ARy, R +Ry3 Ry, =0 (.16

with R, = Ry, (2] Car G| A).
Introduce similarly the odd supersymmetric analogue of the classical elliptic -matrix

r12(11,12| <1, <2|A) = Z Ta ® T,Q‘I’gﬂl 0(Z1»ZZ| <1» <2|A»B = A3)- (317)
a#0

The function @f}“' %(z1,22] (1, G| A, B = A3), where puis replaced by 0 means that Ay = As = 0.
The r-matrix satisfies the classical (super) Yang—Baxter equation:

[ri2,ri3]4 + [ri2, T3] + [ri3,r3]4 =0 (3.18)
with Tap = rab(za, b |Ca, Cb |A)

3.4. Quantum Yang—-Baxter equation

Non-supersymmetric case. Let us recall how the quantum Yang—Baxter equation (1.9) arises
from the associative one (1.8). It is enough to require the R-matrix to be

10
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(a) Skew-symmetric, i.e.

RH() = —Ry'(—2) (3.19)
(b) Unitary
Ry (RS (—2) = f(h D)1y @ Ly, (3.20)

where f(h, z) is a normalization function. For the Baxter—Belavin’s R-matrix written as in
(3.6) the function is as follows:

f(h,2) = N*(p(Nh) — p(2)). (3.21)

Indeed, consider equation (1.8) in the particular case h, = h;/2, and then make the
substitution /2; — 2h. As a result we get

RIRY, + Ry'RY, + RyRY =0, (3.22)

where the short notations R/, = R, (z, — z;) are used. Multiply the latter equality by R%; from
the left:

RYSRURY, + ROGRG'RY, + RRIRy™ = 0. (3.23)

By applying the skew-symmetry (3.19) to R3; and the unitarity (3.20) to the expression RZRZ’;L
in the third term we get

RLRISRY, = RSRUVRY + f(h,223)R7S. (3.24)

The latter equality is, in fact, particular case of more general identities, which can be found in
[8, 10, 16].

Next, consider equation (1.8) with indices 2 and 3 being interchanged. The latter means that
we conjugate (1.8) by the permutation operator P,3 and redefine the variables as z, <+ z3:

RiSRS + Ry PRI ™ + Ry MRy = 0. (3.25)
Substitute again i, = %1/2 and denote i =2/

R%R;iz + REIER% + Rgthglzh =0. (3.26)
Then, multiply the equality (3.26) by R%; from the right:

RIIRGHRY; + Roy'RisRY; + Ry Ry Ry = 0. (3.27)
Using the skew-symmetry and unitarity we get

RBLRIRY, = f(h,223)RIE + RIRIARS. (3.28)

Finally, the quantum Yang—Baxter equation (1.9) follows from comparing (3.24) and (3.28).
Supersymmetric case. Let us make the calculations similar to those from the previous
paragraph for the odd supersymmetric R-matrix (3.15).
First, notice that the skew-symmetry property (3.19) turns in the supersymmetric case into
the symmetry property due to R-matrix oddness:

R, =R, ", (3.29)

1
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where R")" = R (2, 25| Ca» G| A).

Next, let us evaluate the analogue of the unitarity property (3.20):
L N ol 1 P Q| 1
RLRY =S 1T s 01 180 0 el (3.30)
,B
where we assume <I>E+Q’*‘ "= Bl (g, ] G Gl AL B) 5 4, The expression in the sum can
be calculated exphcltly using the definition (3.12) and (1.22). Most of the terms vanish due to
(1.13). The non-zero terms are as follows:

h+Qg| 1
‘I>2+1§22"| N‘Iﬂ;rzl ol = [A1A2(¢) — Qwdn + A1AsC G uwdr ]| @a(h+ Qa, z12)ps(h + Qp, 221).
(3.31)

Notice that the derivation of the latter answer used AjAs = AyA4 as in (2.2). Plugging (3.31)
into (3.30) we see that its rhs is represented as action of the differential operator from the
quadratic brackets on the expression R, (z12)R% (z21), which is equal to the ordinary unitarity
relation, i.e.

Rﬂ“Rm " = [A1A2(¢ — Qwih + A1AsG G pwdy ] Ry (z12)RY (z21). (3.32)

Finally, using (3.21) we get the following statement for the analogue of unitarity property:

Proposition 3.2. The analogue of the unitarity property (3.20) and (3.21) for the odd R-
matrix (3.15) is of the form:

RIVRI = (41421 — QN> 0/ (NB) + A1AsCGpwN* o (NB)) 1y @ 1.

(3.33)
Notice also that
RL'RY = —Rj ‘R (3.34)

Having the properties (3.29) and (3.33) we can make the calculations similar to the previous
paragraph. The main statement of the paragraph is as follows.

Proposition 3.3. Consider the supersymmetric elliptic GL(N, C) odd R-matrix (3.15). It
satisfies two equations of the Yang—Baxter type with additional terms. The first one is

Bl ppphl gy Bl i bl g h Al iyl 1igp2h] 2
RlyRm‘MRBW = Rz%‘MRHWR g + 2R2éuR3£uR13| ! (3.35)
or, using it is represented as (3.33)

RIVRIVRY = RUVRIVRI + 2 (A1A5(G — G)wNP o/ (NB)

+ AAsGGpwN* g (V) Ri5 . (3.36)
And the second is
Al iy Bl gy i Al pp il ppfi 7| gy 2H) 20y fi
RliuRlszy = _RzgﬂRléuRliﬂ - 2R2§NR12| NR23‘M- (3.37)

12
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Proof. Consider the associative Yang—Baxter equation (3.16) for i, = 1y/2, po = 111/2,
and then denote /) :=2h and ) :==2pu:

2] 2ppph —h| —pgh —h| —ppp—2h| =2
RIZ‘ NRzéu + Ry | NRliu TRy | "Ry " —o, (3.38)

which is a direct analogue of (3.23). Multiplying it by Rg“ from the left and using (3.29) we
obtain

RyL'RILRIY = —RORYIFRY — RYRY R (3.39)
Similarly to (3.26), consider the equation (3.38) with indices 2 and 3 being interchanged

R}YRY" + Ry R+ RGTR, T =0, (3.40)
Multiplying it by Rg“ from the right and using (3.29) we obtain:

b pphl pphlp _ h| pp2h| 2uph| 1 20| 2ppy bl | p
Ri>"Ri37Ry;T = —Ry3"Rj; "Ry — Rij3 "Ry "Ry,

(3.32&3.34) _ Rg“R??‘ ZNRgN + Rg/thlz\/LR??\ 2/1.- (3 41)

In contrast to the ordinary case the rhs of (3.39) and (3.41) are not equal to each other because
of the property (3.34). Subtracting (3.41) from (3.39) we get (3.35).

Alternatively, we can sum up the equations (3.39) and (3.41). Then the last terms in the rhs
are cancelled out, and we get (3.37). [ |

Let us comment on the linear R-matrix term, which is the last one in the rhs of (3.36).
The necessity of this term becomes obvious in the scalar (N = 1) case. In this case we should
have @?ﬁ”@@”ﬁ}g” = f<I>Z3W<I>?3‘”<I>?2‘” with the sign minus due to the odd parity of the
permutation relating both sides. The equation with the minus sign is also easily follows in the
scalar case from (3.35) since (<I>g” )2 = 0. In (3.36) the sign behind the cubic term is plus but
it is compensated with the linear term.

Consider also a special case of (3.36) for Ay = As = 0, i.e. when the variable y is absent.
Though (3.36) does not contain A4 we should require A4 = 0 since the derivation of (3.33) as
well as the Fay identity (2.2) used the condition AjA5 = AA4. Then (3.36) turns into

RIVRIRI = RUORIOR!C + 24,40 — G)wNP o (NR)RIH®. (3.42)

The second term in the rhs of (3.42) is proportional to ¢'(Nh). The function p/(X) is double-
periodic, p'(X) = —p'(—x) and has a pole of third order at x = 0. Therefore, it has three zeros

at non-trivial half-periods 1/2,7/2, (7 + 1)/2. At the same time the R-matrix Rf?l % has poles
at h="hy € {:I:ﬁ, +55- :I:TZJZFV1 . Therefore, as a result of the substitution 2 = Ay only one
summand survives in the sum over « in (3.15). Then, according to (3.1) and (3.5) the second
term in the rhs of (3.42) is proportional to a constant matrix 7410y ® Iy @ T(+1,0) or T(o.+1) ®

1N (24 T(O,il) or T(il,il) (24 1N (24 T(il,il) depending on the choice of ﬁ()

13
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4. Conclusion

Let us summarize the obtained results:

e We studied ansatz for the odd supersymmetric Kronecker function in the form
B(h, 21,2257 11,1 3w A) = @Y = [A1(G — &) + Aoy + 2miAs (1 Gwd,
A
+ A GO+ 5 (G + Q| oz —z2) (4.1

and showed that it satisfies the Fay identity

Ry |y g lal 2 —ha| —py g R —hal p1—p2 hop—hy| po—p g —fuul =11 _
(I’IZ (1’23 + ¢31 (I’IZ + (PZS ¢31 - 0
“4.2)

it AjAs = ArAq.
e We considered the supersymmetric version of the heat equation in the form

A k 1 U
(50, + 2muC1 + Q)Or) B = (c% +G10,, —Euah) ey (43)

and showed that it holds true if the following conditions valid:
K:AQ :Al, K:A3 :27TZA1, A4 :kAl, IQAS :kAl (44)

o We defined the set of functions

B0l (7 2| ¢, G| A, B) == ‘I’Zlﬁbz = i’hlu +2mB22 ClCzwalsDa(th Q. 212)

4.5)
and proved that they satisfy the Fay identities
hi+Qa| 1 ﬁ2+93|#2 hy—=Qp| —po = hi—ho+Q0 5| 1—12
P00 Py +® 5y P, 51
Tip—h1+Qp_ol =11 | 2 —h1—Qa| —p1
+ ¢3 ;23 |®70;31 “ =0 (46)

for arbitrary constant B.

e The constant B is fixed to be B = A3z by requirement for the functions (4.5) to be invariant
with respect to the shifts a; » — a;» + N of indices.

e Using (4.5), (4.1) the odd elliptic R-matrix is represented in the form:

d
Rio(f,z1, 205 7| 1, 1y G w] A) = hlu = [A1((1 — @) +Awlh + 27TZA3C1C2WE

A
+ AsCi GO + 75@1 + Q)pwdi | RYy, (4.7)

where R, is the Baxter-Belavin elliptic R-matrix (3.6). It satisfies the associative
Yang—Baxter equation

iy | i hal 12 —ha| —pahi—Tal -1 hop—hy| pp—pp—rful = _
RlZ R23 + R3l R12 + R23 R31 =0. (48)

14
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the symmetry property (3.29) and the unitarity property (3.33). The odd supersymmetric
version of the classical elliptic 7-matrix (3.17) satisfies the classical (super) Yang—Baxter
equation. Notice also that from (1.1) and (4.7) it follows that

Res R = (G — QAINPy, (4.9)

where P, permutation operator.
e The cubic relations for the supersymmetric extension of the Baxter—Belavin’s R-matrix
have form of the quantum Yang—Baxter equation with additional term:

hl pp bl ppp Bl hl pp bl pyp Bl 1
R}'RI}RIY =Ry RIRI 42 (A1A2(G — G)wN> o' (N)

+A1AsQGHN O (NB)) RYY (4.10)
and
Rl bl iy o | i bl i B | gy 2R 20y o
Rlz‘HRléuRB‘H = _R23‘MR13WR1£N - 2R2£NR12‘ NRzéu- (4.11)

e Possible applications of the obtained results include construction of the Knizh-
nik—Zamolodchikov—Bernard (KZB) equations on supersymmetric elliptic curves. It is
the subject of our next paper [17]. The KZ(B) equations can be treated as quantization
of the monodromy preserving equations. We should mention the article [18], where the
classical rational Schlesinger system on CP'I' was introduced in the context of studies
of the Frobenius (super) manifolds. The definition of the odd connection is similar to the
rational limit of the one used in our paper.

The obtained results allow us to describe the quantum version of the Schlesinger system
(or the (q@)KZ(B) equations) on supersymmetric elliptic curves and the corresponding defor-
mations of the quantum Painlevé equations. It is then also possible to evaluate the integrable
deformations of the quantum (spin) Calogero—Ruijsenaars type models and the models of
interacting integrable tops. Using the associative Yang—Baxter equation the latter integrable
systems were shown to be described by the so-called R-matrix-valued Lax pairs, which lead
to integrable long-range spin chains [10, 19]. The constant coefficients studied in this paper
also enter to the deformed potentials. The deformations coming from the Grassmann variables
for these type integrable models will be studied elsewhere. At the same time a direct usage of
the odd R-matrix (4.7) to the quantum inverse scattering method and construction of the spin
chains with local interaction is problematic by two reasons. First, due to the additional terms
in (4.10) and (4.11), and secondly, due to the R-matrix (4.7) is an odd operator, and there-
fore, it is not invertible. More promising are the deformations (via the Grassmann variables)
of the ordinary elliptic R-matrices. We are going to study these deformations in our future
publications.
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