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Abstract

We address the problem of compressing density operators defined on a finite
dimensional Hilbert space which assumes a tensor product decomposition. In
particular, we look for an efficient procedure for learning the most likely density
operator, according to ‘Jaynes’ principle, given a chosen set of partial infor-
mation obtained from the unknown quantum system we wish to describe. For
complexity reasons, we restrict our analysis to tree-structured sets of bipar-
tite marginals. We focus on the tripartite scenario, where we solve the problem
for the couples of measured marginals which are compatible with a quantum
Markov chain, providing then an algebraic necessary and sufficient condition
for the compatibility to be verified. We introduce the generalization of the pro-
cedure to the n-partite scenario, giving some preliminary results. In particular,
we prove that if the pairwise Markov condition holds between the subparts then
the choice of the best set of tree-structured bipartite marginals can be performed
efficiently. Moreover, we provide a new characterization of quantum Markov
chains in terms of quantum Bayesian updating processes.

Keywords: quantum Markov chains, maximum von Neumann entropy, bipartite
correlations, quantum trees

1. Introduction

The problem of efficiently compressing density operators can be related to the one addressed
by Jaynes [1] for probability distributions. We are interested in determining an efficient proce-
dure for inferring the most likely density operator from partial information about the system we
wish to describe, with the freedom of choosing the set of partial information to be collected.
With a complete set of measurements, quantum tomography techniques are able to infer with
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maximum accuracy the density operator that most likely describes the given quantum system,
but the needed resources to perform the former increases exponentially with the number of
degrees of freedom of the system. A clever choice of a partial set of measurements should opti-
mize the data collection, lead up to an efficient learning procedure and keep a good accuracy.
The necessity of dealing with a statistically relevant number of degrees of freedom motivates
machine learning [2] and quantum machine learning techniques [3-5].

1.1. The maximum entropy estimator
In his seminal paper [1], Jaynes wrote:

‘Information theory provides a constructive criterion for setting up probability distribu-
tion on the basis of partial knowledge and leads to a type of statistical inference which is
called the maximum-entropy estimate. It is the least biased estimate possible on the given
information, i.e. it is maximally noncommittal with regard to missing information.’

Since quantum information theory provides a well-defined generalization the Shannon
entropy, the von Neumann entropy, it can be used to state a quantum ‘Jaynes’ principle and,
therefore, to obtain a maximally noncommittal estimator for density operators with regard to
the partial information collected. Moreover, due to the concavity of both Shannon and von
Neumann entropy, the maximization problem has a unique solution and the desired estimator
is uniquely determined. We choose therefore to infer from the given measurements, the density
operators that maximizes the von Neumann entropy.

1.2. Learning from direct correlations

A common approximation for multipartite physical system description consists in cutting the
correlations after the first neighbour. Direct dependencies between random variables are usu-
ally less struggling to be measured and it results in a theoretical exponential gain in data
collection. Consider a multipartite quantum system, described by a Hilbert space Hy, . x,
=Hy, @ - ® Hyx,, withdim Hy, = O(d), foralli = 1,...,n. To infer the state of the whole
system, represented by a density matrix py, . x,, one needs an exponential amount of resources,
more concretely, O(d*"). However, if one restricts to bipartite correlations only, the amount of
resources needed to approximately reproduce the state scales polynomially with n, O(n*d*).
This approximation restricts the set of learnable states: for pure-multipartite correlated systems,
such as the GHZ state, we expect not to be accurately recoverable.

1.3. Restriction to trees

Since density operators generalize classical probability distributions, finding the density oper-
ator that maximizes the von Neumann entropy given the complete set of bipartite correlations,
would solve the analogous problem for classical probability distributions. To study an efficient
learning procedure, the hardness results of the classical problem need to be taken in account.
Given a finite set of classical random variables, the optimization problem of finding the prob-
ability distribution that maximizes the Shannon entropy given a general collection of bipartite
marginals, can be stated as a graph inference problem. With the provided information, the clas-
sical system can be represented by a graph where the vertices represent the random variables
and the edges represent the direct dependencies between them. Then, graphical models, such
as Bayesian Networks and Markov random fields [2, 6], provide the learning techniques for the
maximum entropy estimator. Inferring a general graphical structure is NP-hard [7], and so is
finding an approximate solution [8]. The only structures for which a general efficient learning
solution is known are trees, as even learning 2-polytrees is NP-hard [9]. Nevertheless, there
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exists an efficient algorithm to obtain the optimal tree—the Chow—Liu algorithm [10]. Then,
any set of random variables can be efficiently approximated by the probability distribution
describing its most likely tree. It has been an open problem to find richer structures than tree
Markov random fields that can be learned efficiently.

Motivated by these classical results, we look for an efficient learning procedure for the
maximum von Neumann entropy estimator given a subset of bipartite marginals which is
tree-structured. This means that, representing the joint quantum system by a graph where the
vertices label the subsystems and where the edges represent the measured bipartite marginals,
the resulting graph is a tree. Observe that the problem we are analyzing can be stated also
as searching for a subclass of density operators for which the classical results of learning via
graphical models can be extended.

The efficiency of the aforementioned learning techniques is mainly due to the factorization
of the joint probability distribution that occurs when the conditional independence condition
between the interested subparts holds. As we are going to see in detail, also when the sys-
tem involves quantum correlations, the quantum generalization of conditional independence
to quantum states results in an algebraic recovery of the joint in terms of the interested sub-
parts. However, whereas the graphical structure of a classical system naturally encodes the
conditional independence properties between them, the one involving quantum correlations
does not. Further conditions, not explicit from the graphical structure, need in general to be
verified. Many attempts have been done for developing appropriate generalizations of graph-
ical models for density operators [11, 12], but none of them naturally encodes the required
properties which result in a learning simplification without further conditions [13].

1.4. Problem

We wish to find an efficient procedure for learning the density operator that maximizes the
von Neumann entropy from a subset of (compatible, cf definition 1) tree-structured bipartite
marginals.

1.4.1. Results. We consider the simplest nontrivial tree, i.e. a tripartite quantum system where
two marginals are known (section 2.1). This analysis provides insight for the multipartite
scenario (section 6).

Tripartite case: we provide an algebraic recovery procedure of the tripartite density
operator given two bipartite marginals when they are compatible with a quantum Markov
chain—definition 2. We find that there exists an algebraic recovery procedure, namely the Petz
recovery map, for the maximum entropy estimator whenever there exists a quantum Markov
chain in the compatibility set of the provided marginals—theorem 1. Indeed, quantum Markov
chains represent the subset of tripartite density operators that strictly contains classical proba-
bility distributions, i.e., such that between the two non adjacent quantum states, the (quantum)
conditional independence condition holds—corollary 1. Then, we provide a necessary and
sufficient condition for efficiently verifying if the given couple of marginals is compatible
with a quantum Markov chain—theorem 2. Moreover, we give a criterion for determining
which couple of possible bipartite marginals, out of the three possible, provides the best maxi-
mum entropy estimator, meaning the one that minimizes the relative entropy distance with the
unknown density operator. We prove the best estimator to be the one with minimum von Neu-
mann entropy—theorem 5, which, if all the three couple of measured marginals are compatible
with a quantum Markov chain, can be obtained by discarding the marginal with minimum quan-
tum mutual information—theorem 6. Both the conditions of theorems 2 and 6 are algebraic,
allowing the efficiency of the entire learning procedure and, possibly, an easier generalization
to the multipartite case.
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Furthermore, observing that the problem of entropy maximization can be stated as multiple-
step minimum entropy updating (section 4), we give a further characterization of quan-
tum Markov chains as the commutativity of a diagram of quantum Bayesian updating
processes—theorem 4.

Multipartite case: We provide some preliminary results about a possible generalization
of the notion of the procedure to the multipartite scenario. In particular, we prove that the
global Markov condition, properly extended to density operators, is sufficient to have an
efficient recovery of the maximum entropy estimator given a tree structured set of bipar-
tite marginals and, additionally, it is sufficient to efficiently choose an optimal tree for the
estimator—proposition 3.

2. Maximum entropy estimator

Let X = {Xi,..., X, }, with 0 < n < 00, be a set labelling the parts of a multipartite quantum
system X'. The physical system X can be described by an Hermitian, positive-semidefinite
and trace one operator py, namely a density operator in the Liouville space L£(H ), where
‘H . is a separable Hilbert space on its subparts H y := ®'_, H,. We denote by dx the dimen-
sion of the Hilbert space Hy, which is always assumed to be finite in the whole manuscript.
Running several times the same experiment, we can collect many copies of the unknown
system; on each of them, we can perform a measurement, obtaining the set of expectation
values {(©;) }ic;, where ©; are positive Hermitian operators acting on the full joint Hilbert
space H .

Proposition 1. The density operator p € L(H x) that maximizes the von Neumann entropy,
denoted S(p), is given by

~ 1 .
Py = Z exp <Z /\i9i> , withZ =Tr lexp (Z /\i®i>

iel icl

(1)

and in which {\;}ic; are Lagrange multipliers which are obtained by solving the equations

Tr[p©:] = (©)).

Proof. This follows from taking the variation of the function

S() = > i (Tr[p©i] — (64)) . @)
iel
By concavity of S the solution is a maximum point and it is unique. 0

In our case, we are given a set of bipartite marginals {le.Xj}, which can be probed by
a complete set of observables in the associated bipartite Hilbert spaces. If we are given a
Hilbert space Hy, then there exist a set of Hermitian operators {A(J-X): j=0,..., d§ -1}
which are complete in the sense that any linear operator and, in particular any observable,
can be written as a linear combination of the latter. This basis of operators can be chosen
to be orthonormal with respect to the Hilbert—Schmidt inner product and, additionally, to be

traceless, so that {iA_(]-X): j=0,..., d)z( — 1} span a Lie algebra su(dy), where AE)X) = idy is
the identity on Hy and it corresponds to the remaining generator of u(dy). For each i € I, we
denote by {A;(X"): k=0,..., d§i — 1} a chosen complete set of observables for X;, as before.

For each X;X, the set {A,((X") ® A;X’): k=0,...,dz —1,1=0,..., d)zfj — 1} forms a com-
plete set of observables for the bipartite system X;X ;. We extend the operators A,((X") ® A;Xj)
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acting on Hy, ® Hy; in a natural way to act on the joint Hilbert space Hx by taking the
tensor product with the identity on the relevant factors. By abuse of notation we denote by
A;X")AEX") the extended operators. As a consequence of proposition 1, the density operator
Px,..x, Mmaximizing the von Neumann entropy assumes the form

d)z(,fld;(jfl
_ 1 \ XX)) y (X)) A X))
prx = exp ZZ S NTIANNT 3)
i,j k=0 [=0
KR+12£0

XiX; .. .. .
where, as before, {)\E-k ’)} are the Lagrange multipliers of the optimization problem, con-

strained by the partial traces on the given marginals. The state of equation (3) exists because
the set of density operators satisfying the given constraints is convex and non-empty. Indeed,
a priori, the set of bipartite marginals is the output of a set of measurements performed on an
existing quantum system described by an n-partite density operator. We are than assuming the
given set of provided marginals to be compatible.

Definition 1 (Compatibility and compatibility set). Consider a set of density operators
C ={py € L(Hy)}yek, where K is a family of subsystems of X which is a cover, i.e.,
Uye,Cy = X. We say that C is a compatible set of marginals if there exists at least one
density operator p over the joint Hilbert space Hx such that Try;(p) = py for all py € C.
Here Try;(-) denotes the partial trace over the complementary factors of the Hilbert space
Y=2x\.

Moreover, we denote by Comp(C) the set of density operators over Hy s.t. Try;(p) = py
for every py € C. We say for each p € Comp(C) that p is compatible with py, for any Y € K.
Additionally, we also say that p is compatible with C.

The problem of determining if a given set of density operators is compatible is known as the
quantum marginal problem is QMA complete [14, 15]. This problem reduces to determining
the maximum entropy estimator (compatible with the marginals), and therefore, the latter is
QMA hard. In particular, a necessary condition, also sufficient for classical probability distri-
butions, for a set of density operators defined on overlapping Hilbert spaces to be compatible
is to coincide on their intersection. Formally, given py,, py, € C compatible, if }; N ), # 0
then Trw(pyl) = Trw(pyz).

Our goal, as stated in the introduction, is to have an efficient recovery of the maximum
entropy estimator given a set of bipartite marginals. For that reason and taking into account the
results known for the classical case (see the introduction), we restrict to the case where the set
of bipartite marginals is tree structured. In the next subsection we consider the tripartite case
in detail.

Remark 1. Also in the tripartite case, we are going to restrict the problem to trees where
just two marginals out of the three possible are taken in account. This not only to gain some
insight about the generalization to the multipartite scenario, but also since the recovery problem
for a tripartite probability distribution given all the three possible bipartite marginals is open
[16—18]. Moreover, moving to the quantum scenario, also the compatibility problem for just a
couple of overlapping marginals is open [19, 20]. We are then going to assume the set of the
two given marginal density operators compatible.
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B

PAB PBC

A C

Figure 1. Graph associated to system of bipartite marginals {paz, ppc }. Each vertex rep-
resents a quantum system to which is associated a density operator by partial tracing the
marginals. The edges correspond to direct correlations between the vertices, associated
to mixed states defined over the edge Hilbert space.

2.1. The tripartite case

Let us denote X = {A, B, C}, and assume we are given access to marginals {pag, ppc}. See
the associated graph in figure 1.
In equation (3), we denote by Ay := /\,(:}B) and ny 1= /\1(61130_ We then have,

1 d3-1d}—1 d3—1d%—1

papc = - Xp SN MMAF YT AL | “)
k=0 1=0 k=0 1=0
K240 K2+2#0

Because for each XX, the set {A,((X") ® A;Xj): k=0,....,d} —1,1=0,...,d; — 1} forms a
complete set of observables for the bipartite system X;X ;, we can write,

) d-1d3-1
— i (A) A (B)
Pas = idap + Z Z a7 A,
k=0 1=0
2420
1 d-1d3-1
— ; (B) A (C)
pec = dBdCldBC +3 03 BuAPAL, (&)
k=0 1=0
R+20

where oy, By € R. Additionally, the constraints imposed by the marginals can be cast in the
form

. id,
Tr [AQA)AEB) (pABC — PAB ® dc)} =0,
c
. id
Tr [AiB)AEC) (pABC - d_: ® PBC>:| =0, (6)

where k and / range in the dimensions of the space of linear operators of the appropriate
subsystem.

From the partition function Z, one can obtain, by differentiation, a system of equations
which allow to solve for the Lagrange multipliers in terms of the known parameters {oy, }
and {8y }. This is a standard procedure in statistical mechanics. Determining if the optimiza-
tion problem described above has an algebraic solution is not trivial: the Lie operators in the
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exponent of equation (4) in general do not commute, which makes the analysis of the con-
straints imposed in equation (6) mathematically hard to manage. Many techniques for over-
coming similar problems are object of study, see for example reference [21] for trace inequal-
ities or references [22, 23] for operator inequalities. Instead, here we focus our attention on a
well-behaved subset of density operators—quantum Markov chains [24]. In the next section,
we recall the definition of a quantum Markov chain and prove a necessary and sufficient
condition for a given pair of bipartite marginals to be compatible with a quantum Markov
chain.

3. Marginals’ compatibility with quantum Markov chains

Definition 2. (Quantum Markov chain [21]). A tripartite state pspc over Hapc is called

a quantum Markov chain (QMC) in order A — B — C if there exists a recovery map
Rppc: L(Hp) — L(Hpc) such that

pasc = (Za @ Rppc) (pan), (N

where a recovery map is an arbitrary trace-preserving completely positive (CPTP) map, see
reference [2], and Z, denotes the identity map on L(H,).

A QMC can be characterized from an information-theoretical point of view due to the
following result.

Proposition 2. [25] A tripartite state papc is a QMC in the order A — B — C if an only
if I,(A: C|B) =0, where 1,(A: C|B):=S(pag) + S(psc) — S(ps) — S(pagc) is the quantum
conditional mutual information.

We recall that in case of classical random variables with finite domains, when we are given
two bipartite marginals p(A, B) and p(B, C), the compatibility condition Y ,p(A = a, B = b)
=Y .p(B=b,C = ¢) is necessary and sufficient for A and C to be independent conditioned
on B,i.e. I(A: C|B) = 0. Then, the set of quantum Markov chains includes the set of classical
tripartite probability distributions.

Proposition 2 is equivalent to the statement: a QMC A — B — C is a tripartite quantum state
for which the strong subadditivity of the von Neumann entropy,

S(pap) + S(psc) = S(pp) + S(pasc), (8)

holds with equality [26], which trivially results in the fact that a QMC A — B — C maximizes
the von Neumann entropy given its two bipartite marginals AB and BC. Furthermore, the quan-
tum systems A and C are said to be quantum conditionally independent given the quantum
system B.

A QMC always admits as a recovery channel the rotated Petz recovery map [27, 28]:

1+t it it 1—it
Ph s X) = ppe (pB T Xpy 2 >pBg , foranyX € L(Hp), t€R. (9)

In particular, for r = 0, the map is known as the Petz recovery map or transpose map:
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11 11
Ppssc(X) :=picpsXpg’ ppe.  foranyX € L(Hp). (10)

Note that in the previous formulas, pg and X are understood as elements of £(Hgc) by extend-
ing it in the natural way, i.e., pp ® idc. In reference [21] it is shown that the Petz recovery map
is indeed a recovery map, i.e., a CPTP map.

Our first result comes as a natural corollary of the previous stated results.

Theorem 1. Given bipartite marginals {pap, psc} compatible with a QMC in the order
A—B-C, say papc, then the solution of the maximum entropy estimator papc is precisely
equal to papc. Moreover, papc can be algebraically recovered via the Petz map Pp .pc(-),
concretely:

1 1

1 1
PABC = PicPp” PABPE Pc- (11)
Remark 2. We can also recover a tripartite density operator from ppc through Pp ap(-):

1 1

11 1]
PABPB PBCPR PAps (12)
and by uniqueness, because the von Neumann entropy is concave, they are the same.

In alternative to the Petz recovery map, in presence of marginals compatible with a QMC,
we can solve efficiently the associated optimization problem, i.e., determine the Lagrange
multipliers in equation (4) due to the following result by Petz [29]:

Lemma 1. [29] Assume that papc is invertible. Then the equality holds in the strong
subadditivity inequality (SSA) if and only if logpapc — logpap = logppc — logpp.

Our next result, provides a necessary and sufficient condition for the given marginals
{pas, psc} to be compatible with a QMC. The condition is moreover algebraic, resulting in
being easily verifiable.

Theorem 2. Two bipartite marginals { pag, ppc } are compatible with a QMC in L (Hapc) in
1 1

S|
the order A — B — C if and only if Tra(pap) = Trc(ppc) and the operator © apc = ppcpg’ Pap
is normal.

Before giving the proof of theorem 2, we will need one further result.

Theorem 3. ([25]). A tripartite density operator papc € L(Hapc) satisfies the SSA with
equality, i.e., I,(A: C|B) = 0, if and only if there exits a decomposition of the Hilbert space
‘Hp of the form

HB = @HBI,‘ ® HBI;’ SMChthatpABC = @p] pABI; ® pBII?C» (13)
J ’ ’ J
with p; >0, for all j > jpj=1 and the states p,z € L (HA ®HBL_) and pgre- €
J J J
c (HBR ® Hc).
J

Proof. (=) Using compatibility, the following decompositions are a direct consequence of
theorem 3
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PAB = @ Pj pABf ® PBf,?’ with PBf,? = TrC(Pch)» (14)
J
= A ith pgr = T 1
ppc =D Pirw @ pares With py = Tra(pape), (15)
J
pp = @Pﬂ@g ® pye. (16)
J

It is now trivial to see that Try(pag) = Tre(pac), as required. It remains to check that ©4pc is
normal. Notice that, from the above decompositions, we have

1 11
— 52 2,2
Oupc = PBcPB ~ Pap
|

1
2 -2
= <@ Pi pat @ p3§c> <EB Pe g © p31ke> <@ PiPagt © pr>
j k

J

1 1
_ 2 2
= EB Pip L P (17)
j J J
and also
1 1 1

: R O LU RS b og b
6ABC = |\ PecPB Pip | = PapPB Ppc = @Pj pABL ® pB’?C = Oppc,  (18)
j J J

hence we conclude that ©4p¢ is self-adjoint, therefore normal.
(<) Consider the operator

11 _l1
0asc = Oasc GLBC = PpcPB” PABPE Pic- (19)
We have:
(a) oapc is a density operator over Hapc. This can be seen from the fact that the map
Prpc: L(Hp) — L(Hpe)

o1 1l
O = PgcPp 0P Pic (20)

is a CPTP map, as mentioned above, and it extends to a CPTP map Z4 ® Pp_,pc which
yields, when applied to pag, 0asc-

(b) oapc is compatible with {pag, psc}. Indeed, we have,

[ 11 o1 11
Tra(0asc) = pgcPs” Tra (pa) P~ Psc = PscPs” PBPB Pic = PBC>  (21)

where we have used Try(pap) = pp. Moreover, since © ¢ is normal and Trc(ppc) = ps,

we have,
Tre(0asc) = Tre(©ascO)pe) = Tre(O) 5 Oasc)
o1 11
=Trc (pjgpg * pcPp zpjg) = paB- (22)
(c) By (a) and (b) and definition 2, gapc is a QMC. ]

9
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From theorem 2, we have the following corollary:

Corollary 1. The space of pairs of bipartite marginals { pag, ppc } which is compatible with
a OMC is strictly included in the space of pairs of bipartite marginals {pag, psc} which are
compatible.

The last statement seems rather intuitive, but cannot be seen immediately due to the fact
that the quantum marginal problem, also for two overlapping marginals, is open. To provide a
counter-example, we numerically generated a random 3-qubit density matrix, from which we
obtained two compatible marginals via partial trace. Then, we check the compatibility con-
dition with a quantum Markov chain in theorem 2, given the two marginals. We repeat the
process until the latter conditions fails.

4. Quantum Bayesian updating

The principle of minimum discrimination information [30, 31], is intrinsically related to the
maximum entropy principle and it is at the base of inferential updating of probability dis-
tributions. Given a prior joint probability distribution gx describing the random variables
X:={X;...,X,} and an additional set of new information about the system, the most unbi-
ased posterior px corresponds to the one that minimizes the Kullback—Leibler divergence with
the prior distribution under the constraints given by the additional information. If the prior is
the most un-informative one, i.e. the uniform distribution, then the problem is equivalent to
finding the probability distribution that maximizes the Shannon entropy with the given con-
straints. In reference [32], the choice of the Kullback—Leibler divergence as a functional for
inferential updating is explained in light of the maximum entropy principle and some designed
criteria.

The learning problem for multipartite quantum states we are proposing here can be stated a
multiple-step inferential updating procedure, where starting from the uniform distribution, i.e.
the maximally mixed state, the marginals are the additional information set available at each
step.

In reference [33], a generalization to the quantum realm of the Bayesian updating procedure
is proposed. The Kullback—Leibler divergence is generalized by the von Neumann relative
entropy, not by mere replacement, but deriving it from the same designed criteria and the
maximum (von Neumann) entropy principle.

Definition 3 (Quantum Bayesian updating). Given a quantum system X = {Xj,..., X,}
described by the joint Hilbert space Hy = ®:':1 Hyx;, let px € L(Hx) be our a prior knowl-
edge about it, and {(O) } j; a set of expectation values corresponding to a set of observables
{©;} jes be the additional set of information. Then, via the principle of minimum updating, the
posterior density operator assumes the form

pPx = exp ()\ idy + Z Oéj@j + log Qx> s (23)
=

where the Lagrange multipliers A and {¢;} jc; are determined by the constraints Tr(p) = 1 and
Tr(p®;) = (O;), j € J. We indicate the updating process of equation (23) by the diagram

{9.(©))}je
ox PNl jel P (24)

10
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Observing that S(py) = —S(px|| %), it follows that the maximum entropy density operator
of equation (4) is equivalent to the output of the process:

id , -
ABC {pap-rpc} Gusc. (25)
dapc

We could split the updating process into two processes, i.e:

ldABC pap ~  pBC  ~
OABC O ABC (26)

dapc

or

idapc » PAB  ~
s Ohpe 2 Oasc, (27)

dapc

and, classically, one can show, all these updating processes, equations (25)—(27), are equiv-
alent. However, in the quantum scenario, this is not the case due to the non-commutative
nature of the observables involved. In reference [34], it is shown that, in contrast to the clas-
sical case, where the conditional mutual information is always a measure of the distance
of a tripartite quantum state to a general Markov chain, in the quantum case it is not. In
particular,

I,(A: C|B) = S(pagc||Re-sc(pag)), (28)

where Rp_,pc(+) is an arbitrary recovery map. Recently, tighter versions of the above inequality
have been the object of study by several authors [35]. The equality holds when /,(A: C|B) = 0,
i.e., for a QMC. The fact that the three above processes, equations (25)—(27), lead to different
density operators corresponds to the non-commutativity of a diagram. Moreover, in the next
theorem we provide necessary and sufficient conditions for the diagram to commute, which
provides a characterization of QMCs in terms of QBU.

Theorem 4. Given a set of marginals {pag, psc}, we then have a commutative diagram of
quantum Bayesian updating processes:

idasc PAB 5
daBc ABC

~ ~
9ABC T pap  PABC

if and only if they are compatible with a QMC in the order A — B — C.
To provide a proof of this theorem we will need the following lemma.

Lemma 2. [22, 23] Given a tripartite quantum state papc € L(Hapc) compatible with
{pas, pac}, the following operator-inequalities hold:

(a) Traplpapc(logpapc — logpap + logpp — logppc)] = 0,
(b) Traplpap(logpap — logpapc — logpp + logppc)] = 0,

where the equality holds if and only if papc is a QMC in the order A — B — C. Above, > 0
stands for positive semidefinite.

1
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Proof. (<) We will now show that if { pag, pgc} is compatible with a QMC pupc in the order
A — B — C, then gxpc = 0apc = pasc-

Using the fact that S(p) = —S(p|| %), the first step of the updating process is obtained by
maximizing the von Neumann entropy, yielding

- id - id
Tupe = PAB ® 75 and  Qppe = dT/: & pac- (29)

Recalling that Comp(ppc) := {pasc € L (Hasc) : Tra(pasc) = psc}- Then

Gapc = argmin  S(papc||Type)- (30)
papc€Comp(ppc)

It then follows that, since papc € Comp(ppc),

- id - id
S pascllpas ® —<)=s oagcllpap ® —<). (31)
dc dc

Analogously, Comp(pag) = {pasc € L (Hapc) : Tre(pasc) = pap}- Then

Oapc = argmin  S(papcl|Oipc)- (32)
papc€Comp(pap)

It then follows that, since papc € Comp(pap),
~ id ~ id,
S ( pascll =2 @ pse | = S ( Gascll = @ pac | - (33)
dx da

The SSA inequality can be obtained as a special case as the contractibility property of the
quantum relative entropy under CPTP maps [36, 37]:

S(pllo) = S(@(p)||P(0)), for all p, o and P a CPT map. (34)
Indeed, set p = papc € Comp(pap) N Comp(ppc), then:

(a) For o = pap ® i‘,i—g and ®(-) = Tra(-), we get

id id
S pascllpas ® <€) =5 pscllps @ =<). (35)
dc dC

(b) Foro = %lf ® ppc and O(-) = Tre(-), we get

id id
N (pABC”d_A ® PBC> =S <pAB|d_A ® PB> . (36)
A A

In both equations (35) and (36) the equality holds for papc = papc. Using the inequalities (31)
and (35) with papc = Tapc and the equation (35) with papc = pasc,

12
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- id, - id
S pascllpas ® <) =>s oagcllpap ® =<
dC dC

id, _ id
> S| pacllps @ e pascllpas ® =<). (37
dc dc

It then follows that papc = T apc-

Analogously, using the inequalities (33) and (36) with papc = oapc and the equation (36)
with papc = pac, We get papc = Oasc-

(=) We will now show that if 5apc = 0apc then { pag, psc} is compatible with a QMC pypc
in the order A — B — C and papc = Tapc = Oasc-

To provide explicit representations of gxpc and oapc as exponentials of some operators we
write, using invertibility,

di-1d3-1
A B
PAB = €Xp AijAf» )®A§~) ,
i=0 j=0
di—1d%-1
B C
PBC = €Xp ijAl(- ' ® A_(]- ', (38)
=0 j=0

for {A;;} and {B;;} real coefficients. For convenience, we also define the partition functions
Zyp = exp(—Ag) and  Zgc = exp(—Coo). (39)
We then have, using definition 3,
dp—1d%—1
Gape =exp [ Y > nAPAY +log Fipe | - (40)

i=0 j=0

where {n;;} are the Lagrange multipliers in the definition. After some algebra, we can write

dj—1d%-1
log Gapc = (oo — log Zsc —log dc)idasc + Y > AP A
i=0 j=1
d2-1d3-1 d3—1
+ 0 T AGNPAY £ " Ao+ mio) AP (1)
i=1 j=0 i=1
Similarly,
d2-1d3—1
oase =exp [ > AAPAY 4 log e | - (42)
i=0 j=0

where {);;} are the Lagrange multipliers in the definition. After some algebra, we can write

13
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d-1d}-1
10g §ABC = ()\00 — log ZAB — 10g dA) idABC + Z Z )\ijAEA)ASB)
i=1 j=0
di-1d%-1 d3-1
D0 T CAPAY + 3 (Cio+ AP 43)
=0 j=1 i=1

Since G apc = Oapc, by hypothesis, it follows that log gapc = log gapc and, hence,

Moo — log Zpc —log dc = Moo — log Zyp — log da, (44)
Aij=N\j, fori=1,...,di—1 and j=0,...,d;—1, (45)
Cij=mnyj, fori=0,...,dz—1 and j=1,...,d¢—1, (46)
Aoi +mio = Cio + Xois  fori=1,...,ds — 1. (47)
Observing that,

B1dp .

Z Z AUAEA)A_(]F) = log pap — log Zypidap — Z AuA®, (48)
i=1 j=0 i1

Bt .

Z Z nijAEB)A;C) = log ppc — log Zpcidpc — Z CoAP, (49)
=0 j=1 =

it follows that the two reconstructed states can be written as

21

log oapc =log pap + log ppc + (oo — log Zpc — log dc) idapc + Z (o — Co)AP), (50)
i=1
d2-1

log oac =1og pap +10g ppc + (Moo — log Zyp — log da) idapc + Z (Moi — AOi)A,(‘B)- (€2Y)
i—1

We now define the Hermitian operator 65 by the following two equivalent formulas (conse-
quence of log gapc = 1og 0apc):

dz—1
log 05 := (oo — log Zgc — log dc)ids + > (110 — Cio) A
i=1
dz—1
= (Moo — log Zup — log da)ids + Y (Ao — As)A. (52)
i=1

Observe that 0 can, as usual, be extended by tensoring with the relevant identity maps to
the whole Hilbert space Hapc. We conclude that gapc = 0apc implies the existence of an
Hermitian 65 such that

14
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log dapc = log pas + log pgc + log Op = log oasc. (53)

Plugging in papc = dapc and its logarithm as in equation (53), in lemma 2, we get:
(a) Trglppc(log pp + logOp)] = 0,
(b) —Trg[ps(log pg + log Op)]id¢c = 0.

The second inequality is equivalent to Trp[pp(log pp + log 65)] < 0. By tracing over C the first
inequality we get Trg[pg(log pp + log 05)] > 0. Therefore,

Trglpp(log pp + log O5)] = 0. (54)

From this equation, observing that pp = Trac(Gapc), we can write
Trp[Trac(Gapc)(log pp + log 0p)] = Trapc[0apcids @ (log pp +log 0p) ® idc] = 0. (55)

Adding and subtracting both log(pap) ® id¢ and idy & log(ppc), which for simplicity we write
without the identity factors, we get

Trapcloasc (log dapc + log ps —log pap —log ppc)] = 0, (56)

and this equation is equivalent to /,(A : C|B) = 0, i.e., equivalent to the statement that the SSA
inequality holds with equality. 0

5. Best two out of three

In section 3, we provided a way of efficiently reconstructing a tripartite quantum state given
two of its bipartite marginals subject to the compatibility condition—theorems 1 and 2. In
general, if we are given the three possible bipartite density operators, we still have a residual
degree of freedom, namely, the choice of the pair of bipartite density operators from which
one will recover the tripartite estimator. We are going to show that the best tripartite maxi-
mum von Neumann entropy estimator is the one out of three with minimum von Neumann
entropy—theorem 5.

Theorem 5. Letp € L(Hapc) be an unknown quantum state describing a tripartite quantum
system ABC. Given the bipartite marginals {pap, psc, pac}, we define C = {pxy, pyz} with
X,Y,Z € A, B, C to be one of the three possible pairs of marginals, and pc € Comp(C) to be
the maximum von Neumann entropy estimator. Then p minimizing the relative entropy with
respect to the unknown state papc is the one with minimum von Neumann entropy

p = argmin S (7). (57)
Proof. By linearity of the trace, the von Neumann relative entropy between papc and pe:

S(pascllpc) = —S(pasc) — Ttlpapc log pel. (58)
pe has the form derived in equation (4). Then, there exist Hermitian operators 0yy € L(Hxy),

Oyz € L(Hyz) and Oy € L(Hy) (naturally extended to act on the joint Hilbert space) such
that:
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log pe = Oxy + Oyz + Oy. (59

Plugging in (59) in (58) and using the fact that both papc and pxyz are in the compatibility set
of C, it immediately follows that

S(pascllpe) = S (pe) — S(pasc)- (60)

Since the term S(papc) is independent on the choice of C:

p= arggnin S(pasc||pe) = arggnin S(pe) - 61)

The estimator we are proposing here is then:

5= i S(p). 62
p=argmin max S(p) (62)

At this level, the efficiency of the choice of the optimal set of marginals is strictly related
to the number of possibilities, which makes the direct generalization to the multipartite sce-
nario inefficient. As we are going to see in detail in section 6, the number of possible choices
increases exponentially with the number of variables. The Chow—Liu learning algorithm [10],
solves the problem in the case of probability distributions. The next corollary generalizes the
Chou-Liu main argument to QMCs., which will give an hint for the possible generalization of
the Chow—Liu algorithm to Markov quantum trees (cf definition 6). Moreover, we are going
to see that is sufficient that the compatibility condition with a QMC holds for the estimator
obtained via Chow—Liu algorithm to be the optimal one.

Theorem 6. Having a tripartite quantum system ABC described by an unknown p €

L(Hapc) and given the bipartite marginals {pag, psc, pac ;- If for every pair C = {pxy, pyz}
with X,Y,Z € {A, B, C} there exists a QCM in the order X — Y — Z (cf theorem 2), then the

OMC pyyz minimizing the relative entropy with respect to the unknown state papc is the one
recovered from the pair

C=argmax {{,(X:Y)+1,(Y:2)}. (63)
c
Proof. Observe that:

S(pasc||pxyz) = Tr [pasc (10g pasc — log pxyz)]
—S(pasc) — Tr [pac (log pxy + log pyz —log py)]
—S(pasc) + S(pxy) + S(pyz) — S(py), (64)

where in the second line we used lemma 1. Now, adding and subtracting S(px), S(py) and S(pz),
we immediately get

S(pascl|pxyz) = — [L,(X:Y) + 1,(Y:Z)] + Z S(pw) — S(pasc)- (65)
We{AB.C)

Since the two last terms are independent on the choice of pair of bipartites, we get the desired
result. 0
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Then, in case all the subsets C are compatible with a QMC, the min—max estimator is the
one obtained excluding from the set of marginals the one with lowest quantum mutual infor-
mation. The compatibility conditions with QMCs are necessary for this result to hold. Indeed,
relaxing the compatibility conditions, now we are going to determine an analoguous form to
equation (65) for a general maximum entropy estimator equation (57).

Take equation (59) and add and subtract S(pxy), S(pyz), S(py). We then observe that

() S(pxy) + S(pyz) — S(py) = — [1,(X:Y) + 1,(Y:Z)| + Z S(pw),  (66)
We{A.B,C}

(i) Tr [pasc 10g pxvz] = Tr [pasc (Oxy + Oz + Oy)]

= Trxy [Trz(papc)bxv] + Tryz [Trx(papc)Oyz] + Try [Trxz(pasc)Oy]

= Trxy [Trz(pxv2)0xy| + Tryvz [Tex(Pxvz)0vz] + Try [Trxz(pxvz)0y |

= —S(pxvz); (67)
(iii) S(Pxvz) — S(pxy) — S(pyz) + S(py) = —1, (X : Z|Y) (68)

Therefore equation (57) can be rewritten as it follows

S(pasellpxvz) = = [L(X:Y) + 1,(Y:2)] — 1, (X:Z|Y) + Z S(pw) — S(pasc)- (69)
We{AB,C}

Comparing equation (69) with equation (65), we can see that, in general, the choice of
the two marginals with maximum mutual informations between the subparts, is not the opti-
mal one for the maximum entropy estimator. Relaxing the compatibility conditions between
just one pair with a QMC, the additional term in equation (69), namely the quantum con-
ditional mutual information of the constructed maximum entropy estimator, /,(X : Z |Y), is
different from zero. The result of equation (69) does not lead, at first sight, to a simplification of
equation (61).

6. The multipartite case

In the previous sections, while considering the tripartite case, we learned that in order to have
an algebraic recovery procedure, we need to have a tree structure and an additional constraint
regarding the conditional mutual information. It is then natural to suppose that in the gen-
eral multipartite case one would need a set of additional constraints, which generalize the one
obtained previously, and this motivates the following definitions.

Definition 4 (Quantum graph and quantum tree). A quantum graph is a triple
(X, {Hx}xexsp, G), where X = {X|, ..., X, } labels quantum systems described by the asso-
ciated Hilbert spaces Hy, X € X, with the n-partite composite system described by Hxy =
Hx, ®...® Hx,, p € L(Hx) is an n-partite density operator and G = (X, E) is an undirected
graph. Whenever the underlying graph of a quantum graph is a tree, we call the structure a
quantum tree.

Definition 5. Let G = (V, E) be an undirected graph and let U and W be non overlapping
subsets of V. We say that a subset Z, disjoint from U and W, separates U and W if every path
connecting a vertex in U and a vertex in W necessarily overlaps with Z. We say that Z is a
separator for U and W.
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Definition 6 (Markov quantum field and Markov quantum tree). A Markov quantum field is
a quantum graph (X, {Hx }xex, p, G), where the density operator p satisfies the global Markov
property: for all U, W C & such that there exists a separator Z for U and W then

L(U:W|Z) = 0. (70)

Whenever the underlying graph of a Markov quantum field is a tree, we call the structure a
Markov quantum tree.

Definition 6 includes the most general Markov property, i.e. the global property. Observe
that given a Markov quantum field, then any quantum subtree is a quantum Markov tree.

Let px € L(Hx) be an unknown density operator that describes an n-partite physical
system labelled by X. Let Cr = {PX,-X,-, {X;,X j} € E(T)} a subset of bipartite marginals,
graphically representable by one of its spanning trees 7. The quantum state pc, that max-
imizes the von Neumann entropy under the constraints of compatibility with the marginals
in C7 has the form derived in equation (3). Then, there exists a set of Hermitian operators
{0x; € L(Hx,), Xi € V(T)}and {Ox,x, € L(Hx,x;), {Xi»X;} € E(T)}, naturally extended to act
on the joint Hilbert space, such that:

log ey = D Oxx,+ ) bx, (71)
i=1

{Xi. X} eE(T)

where deg X; is the degree of the node X;, i.e. the number of edges linked to the node. If the
quantum tree is a Markov quantum tree, then we have,

log pe, = Z log pxx; — Z (deg X; — 1)log px;. (72)
{X,',X/'}GE(T) i=1

The combinatorial factor is obtained by considering the spanning Markov quantum tree 7~
over X as a tripartite one on ABC withA = X; € X, B=X; € X, C = X\{X,, X;}, where X,
and X ; are chosen such that there are no edges between X; and any vertices in X’ \{X:, X j},
ie., A— B — C is a Markov quantum tree, for which we can use lemma 1. Then, con-
sider the Markov quantum subtree X'\{X;, X;} as a tripartite quantum tree A’ — B’ — C' with
A=X, € X\X;, B=X, € X\X;, C = X\{X;, Xx, X}, apply lemma 1, and iterate the proce-
dure until the remaining subgraph is bipartite. It is then clear that each vertex comes with a
factor of its degree minus one.

The construction above allows for an algebraic recovery of the state by iteratively applying
the Petz recovery map. In the following paragraph, we show that the global Markov condition
results in an efficient choice of the best tree.

Choosing the best tree: given an unknown n-partite quantum system, its bipartite correla-
tions can be represented by a complete graph. Its number of possible spanning trees, i.e., tree
subgraphs which include all vertices in the graph, is given by Cayley’s formula [38], n"~2,
which grows exponentially with the number of vertices. Because of this, we can not choose
the best tree efficiently. In the classical scenario, one possible solution is to use the Chow—Liu
algorithm [10].

Recall that the Chow—Liu algorithm, cf appendix, provides an efficient way to find the
optimal tree minimizing the Kullback—Leibler divergence between the actual probability dis-
tribution, p(X| = x1, ..., X, = x,), and a probability distribution associated to a spanning tree,
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pT(Xl =Xi,..., X, = x,). In [10], it is shown that the Kullback—Leibler divergence can be
written as:

Dk(p.p") =~ Y IXuX)+ Y HX)—HXy, ..., Xy, (73)
{X,,X,}EE(T) i=1

where H(-) is the Shannon entropy and /(X;, X ) is the classical mutual information between
X; and X ;. The only term that depends on the choice of tree 7 = (V(7) = X, E(T)) is the first
one, therefore, minimizing the Kullback—Leibler divergence is equivalent to maximizing

> IXLX), (74)

{Xi.X;}EE(T)

to which problem the Chow—Liu algorithm provides an efficient solution.
The relative entropy between the unknown density operator and one of its quantum tree
maximum entropy estimators can be written as

S (pxllpe,) = =S (px) + Tr (px log pey) =S (pe, ) — S(px). (75)

where have used the compatibility conditions to perform a calculation similar to that of
equation (67). It then follows that equation (62) still holds in the n-partite scenario. An alterna-
tive form for equation (75), which generalizes the one obtained by Chow and Liu for probability
distributions equation (73), is now derived. Adding and subtracting to equation (75) the terms

> xgernyS (Pxx;) and 31 (deg X; — 1) S (px;), observing that
S S(oxx) =D deg Xi—DS(px) == > L&uX)+ > S(px). (76)
{X,.Xj}€E(T) i=1 (XX} €E(T) i=1
and setting
AS(ep)= Y S(oxx;) =) (deg Xi = DS (px) =SB, (T7)
{X,',Xj}GE(T) i=1

Equation (75) assumes the form

S (pxllpey) = — Z 1,(Xi, Xj) — AS(pe,) + ZS (px;) = S(px). (78)
{Xi.Xj}€E(T) i=1

When AS(p¢) = 0, again the best tree is the one that maximizes the term

> LX), (79)

{Xi X }EE(T)

This last problem can be efficiently solved using the Chow—Liu algorithm where the mutual
information on the bipartite subparts is replaced by its quantum generalization.

Next, we are going to study the conditions the correlations inside the given system have to
satisfy in order to have AS(pc, ) = 0. Consider the following iterative construction. Since 7 is a
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tree, there exists a leaf, i.e., a vertex with degree 1 call it X;, € X" and denote by ad(Xj, ) its adja-
cent vertex. Set 7; = (Vy, E;) :=T. Now consider the chain X;, — ad(X;,) — Vi\{X;,, ad(X;))}.
The associated quantum conditional mutual information reads

1,6 VX, ad(X) Had X)) = S (pxy i) + 5 (o)) =S (paaey) = SCowy).

(80)

Observe that py, = pe,. Set Tp := (V3, E), where V, = Vi \{X, } and E; is obtained naturally
from E; by dropping {Xl1 ,ad(X;, )}. Itis trivial to see that 7; is a tree and, thus, we can find a leaf
Xj, € V,. Consider now the chain X;, — ad(X;,) — V>\{X,,, ad(X;,)}. The associated quantum
conditional mutual information reads

I,(X, : Vo\{X,, ad(X},)) } |ad(X},)) = S (px,zad(x,z)) + S (pVQ\{XIZ}) ) (/)ad(x,z)) — S(pv,).

(81)

It is now clear that S (le\{le}) in equation (80) cancels with S(py,) upon summing the

two equations. Iteratively, we can build a tree 7 y; = (Viy1, Ei1) from a tree 7; = (V,, E;)
with a chosen leaf X;,, by setting V;11 = V,\{X,,} and dropping the edge {X;,ad(X;)} from
E; to obtain E;y;. This construction can be performed until one obtains the last chain
Xln—Z

n—2
D L Vi\{X,, ad(X,) }|ad(X,,)
i=1

n—2

= [S (Px[,.ad(x,,.>) ) (Pad(x,g)} + S (an—z\{th_z}) — S(pv,)

i=1

= > Sloxx) — Y (deg(X) — DS(px) — S(e,), (82)

{Xi.X;YeE(T) i=1

where we noticed that V,,_,\{X;, ,} is the last edge missing in the sum on the second line and
also that U:;z {ad(X))} is X except two vertices that have degree one. Therefore, we have

n—2

AS(fe) = Y 1,(X, : VA {X, ad(X;,)}|ad(X,). (83)
i=1

This equation shows that AS(pc,) > 0, because each term in the sum is non-negative. To
proceed, we will apply the chain rule for quantum conditional mutual information:

I(A:Cy...CuB) =Y I,(A:CjBC, ...Cjy), (84)

=1

where the first term in the sum is defined to be 1,(A : C;|B). Motivated by the order appearing

in the Chain rule, we introduce an order in V;\{X;;, ad(X;)} = {Xy;(j}’}=}, so that
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n—2

AS(er) = Y 1y Xuyqty - - Xuyo|ad (X))
i=1
n—2 n—i

= Z le(xl,- :X'w,-(])|ad(Xl,-)X1u,-(l) e -Xw,-(jfl))- (85)

i=1 j=1
To have AS(p¢,) = 0 is equivalent to having each term in the sum zero.

Proposition 3. The quantity AS(pc,) is always non-negative. It is zero iff

1,(X;, (X (pladXi )Xy - - - Xuy(j=1)) =0,  forallj=1,...,n—iandi=1,...,n—2.
(86)
O

We conclude that if we are given a Markov quantum field, then the choice of the best tree
is efficient and the recovery procedure is algebraic. Notice that the set of conditions obtained
in proposition 3 is polynomial, namely O(n?), and these are in general weaker than the global
Markov property. This can perhaps be used as a hint towards relaxing the computationally
demanding verification of the global Markov property on the provided marginals.

7. Conclusions and outlook

In this manuscript, we proposed a way to compress a subset of density operators according to a
generalization to the quantum realm of the ‘Jaynes’ max entropy principle, given a chosen set
of partial information. Focusing on the tripartite case, with access to two bipartite marginals,
we provided a necessary and sufficient algebraic condition for compatibility with a QMC. The
recovery procedure through the Petz map is algebraic and efficient. The recovery procedure
goes as follows:

(a) Measure the three bipartite marginals pag, psc, pacs

(b) Check for every couple pyy, pyz with X, Y, Z € {A, B, C} the compatibility condition with
a quantum Markov chain X — Y — Z (theorem 2);

(c) If for all the three couples of marginals the compatibility holds, compute the quantum
mutual information /(X : Y) and discard the pyy with minimum /(X : Y);

(d) From the two remaining marginals, via Petz recovery map, construct the min—max
tripartite estimator (theorem 1).

In theorem 6, we provided a new characterization of QMCs in terms of a commutative
diagram of quantum Bayesian updating processes. This hints on a possible category-theoretical
characterization of QMCs, which requires further investigation.

Through the notion of a Markov quantum tree, we were able to generalize the Chow—Liu
algorithm to density operators. In fact, the results of this manuscript indicate that the classical
theory of learning probability distributions via maximum entropy estimation can be extended
naturally to Markov quantum trees.

We speculate that, due to the additional term in equation (69) (see the paragraph after), it
might be possible to extend our results to approximate quantum Markov chains (see reference
[21]), however, one would have to understand if it is possible to have an efficient compati-
bility condition, i.e., the analogue of theorem 2 for the case of approximate quantum Markov
chains.
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We would like to be able to relax the global Markov condition in definition 6 and the result of
proposition 3 provides a hint that such relaxation might be possible. This is desirable because,
in general, the global Markov property seems computationally demanding, for a classical com-
puter, to be verified. Another approach, would be to understand if a quantum computer can learn
an even wider class of density operators efficiently.

Another possible direction towards extending the space of learnable quantum states is to
enlarge the Hilbert space by an ancilla, which would allow to have a QMC, thus, efficiently
learnable, however, this ancilla would have to be subject to certain conditions in order not
to end up with a state which would be far from the unknown state in the relative entropy
sense.
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Appendix. The Chow-Liu algorithm

Given a set of random variables V = {X|,...,X,} for which we have access to the bipartite
correlations described by the joint probability distributions {px, x,} we can build a weighted
complete graph G whose vertices label the random variables and the edges correspond to
the bipartite probability distributions, py,x;, weighted by the classical mutual informations
I(X;, X ), given by

Px; (X)) px;(x;)

I(XZ’X) = i ,(.Xi,.X‘)IO .
! ZPXXJ ! g pX;Xj(Xi,Xj)

XiXj
The Chow-Liu algorithm allows us to efficiently construct the maximum weighted spanning

1 o
tree. Explicitly, sort the values {/(X;, X j) = Ia}g;fn(n b in descending order, I} > I, > ... >

Iy, then the algorithm proceeds to build a tree 7 iteratively as follows:

[Initialization] Gy = (V, Ey) where V = {X,,..., X, } and Ey = 0.
[Iterative Step] Let {X;,X;} be the pair associated to « € {1,...,N}. Build a graph G, =
(V,E,_1), where E,, is obtained as follows

E E,.1U{{X;X;}}, if G, = (V,E,)isatree,
@ E,_, otherwise.

The graph Gy = 7T is the desired maximum weighted tree.
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