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Abstract

First-order general relativity in n dimensions (n > 3) has an internal gauge
symmetry that is the higher-dimensional generalization of three-dimensional
local translations. We report the extension of this symmetry for n-dimensional
S(R) gravity with torsion in the Cartan formalism. The new symmetry arises
from the direct application of the converse of Noether’s second theorem to
the action principle of f(R) gravity with torsion. We show that infinitesimal
diffeomorphisms can be written as a linear combination of the new internal
gauge symmetry, local Lorentz transformations, and terms proportional
to the variational derivatives of the f(R) action. It means that the new
internal symmetry together with local Lorentz transformations can be used
to describe the full gauge symmetry of f(R) gravity with torsion, and thus
diffeomorphisms become a derived symmetry in this setting.

Keywords: modified gravity theories, f(R) theories of gravity, gauge
symmetries, Noether’s second theorem

1. Introduction

Despite the success of general relativity, the interest in theories beyond it, generically known
as ‘modified gravity’ theories has grown substantially in recent decades. In essence, the so-
called modified gravity attempts to give an explanation to some cosmological and astrophysi-
cal observations that apparently do not fit in the theoretical framework of general relativity or
matter fields coupled to general relativity, among them: accelerated expansion of the universe,
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the rotation curves of particles surrounding galaxies or the dynamics of galaxies in clusters,
the large-scale structure of the universe, etc [1, 2].

Among the variety of modified gravity theories, one of the most straightforward generali-
zations of general relativity is f(R) gravity. In such theories, the Lagrangian is proportional
to an arbitrary function f(R) of the Ricci scalar R, instead of just being linear in R as in gen-
eral relativity. There are three versions of f(R) gravity: metric f(R) gravity, Palatini f(R)
gravity, and f(R) gravity with torsion. In the first case, the Lagrangian depends on the metric
tensor only, because the spacetime connection is the Levi-Civita connection constructed out
of the metric [1]. In the second case, it is assumed that the fundamental variables of the theory
are the metric tensor and a torsion-free connection (see [2, 3]). In the third case, the funda-
mental variables of f(R) gravity with torsion are taken to be either the metric tensor and a
metric-compatible connection in the metric-affine formalism [4—6], or an orthonormal frame
of 1-forms and a metric-compatible connection in the Cartan formalism [7].

On the other hand, it is well known that f(R) gravity with torsion in the Cartan formalism
is by construction invariant under local Lorentz transformations and diffeomorphisms. These
symmetries have been adopted for many years as the fundamental symmetries underlying the
gravitational theories. Nevertheless, this paradigm has been recently challenged by a series
of works showing that different equivalent sets of symmetries, which do not consider dif-
feomorphisms as fundamental, naturally emerge through the implementation of the converse
of Noether’s second theorem [8—10]. For instance, in [8] the symmetries of the n-dimen-
sional Einstein—Cartan action with a cosmological constant (n > 3) are reformulated in this
approach. It is shown there that the full gauge invariance of this action can be described by
local Lorentz transformations and an internal gauge symmetry that is the higher-dimensional
generalization of three-dimensional (3D) local translations. In this framework, infinitesimal
diffeomorphisms are no longer regarded as fundamental but as a derived symmetry. Bearing
in mind that the idea of replacing diffeomorphisms with 3D local translations has been useful
to attack the problem of quantizing gravity in the 3D setting [11, 12], and given the advan-
tages of f(R) gravity with torsion in comparison with other models, in the present paper we
want to extend the analog of 3D local translations to the case of f(R) gravity with torsion.
Furthermore, such internal gauge symmetry, along with local Lorentz transformations, would
render f(R) gravity with torsion closer to ordinary gauge theories.

In light of this, here we show that there exist a new internal gauge symmetry for n-dimen-
sional f(R) gravity with torsion in the Cartan formalism, that is the natural extension of the
internal gauge symmetry reported in [8] for n-dimensional general relativity. In the case of
n-dimensional general relativity, i.e. f(R) = R — 2A, the new internal gauge symmetry col-
lapses off-shell to the symmetry obtained in [8]. Furthermore, for a general f(R) theory, we
find that infinitesimal diffeomorphisms can be written as a linear combination of local Lorentz
transformations, plus the new internal gauge symmetry, plus terms proportional to the vari-
ational derivatives of the f(R) action. Thus, the new symmetry together with local Lorentz
transformations can be taken as a set of fundamental symmetries to capture the full gauge
invariance of f(R) theories of gravity with torsion. In this framework, diffeomorphisms are
regarded as a derived symmetry. The new symmetry is obtained by applying the converse of
Noether’s second theorem, which involves the construction of a non-trivial Noether identity.
We achieve this by following an approach analogous to that used in [8§-10]. An interesting
property of the new internal gauge symmetry is that it depends explicitly on the spacetime
dimension and the particular form of the function f(R), this in contrast to diffeomorphisms
and local Lorentz transformations, which take the same structure independently of the form of
the action from which they are deduced. Finally, we consider the case f(R) = R"? (n > 3)
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and find, by using the converse of Noether’s second theorem, that the corresponding action
principle has a new symmetry, namely, the invariance under the rescaling of the frame. This
last symmetry shows that the application of the converse of Noether’s second theorem on par-
ticular models of f(R) gravity with torsion may lead to further symmetries.

2. Symmetries of four-dimensional (4D) general relativity

We begin this section by recalling some facts concerning the symmetries of 4D general rela-
tivity in the Cartan formalism, and then we review the derivation of the internal gauge symme-
try obtained in [8] for this case. This allows us to illustrate the basic idea behind the procedure
that we use to uncover the analog of this gauge symmetry for f(R) gravity with torsion.

Let M* be a 4D orientable manifold and let SO(4) be its frame rotation group for the
Euclidean case (o = 1) or SO(3,1) for the Lorentzian one (o = —1)* in each case, the
associated metric is () := diag(o, 1, 1, 1). In the Cartan formalism, 4D general relativity
with cosmological constant A is described by the Einstein—Cartan action (or Palatini action)
Sle,w] = f M Lgr, whose Lagrangian 4-form in terms of the orthonormal frame of 1-forms e
and the spacetime connection w’; compatible with the metric N dny — wSmiy — wXmg =0
(and thus wy; = —wyy), is given by

A
Lor = geleLel Ael A (RKL - geK A €L> . ()

Here, R'; = dw'; + w'gx A wX; is the curvature of w’; and & is a constant related to Newton’s
constant. The totally antisymmetric tensor €xz is such that €13 = 1 and the frame indices
I,J,K,...areraised and lowered with the metric 7. The variational derivatives of the action
defined by equation (1) with respect e/ and w" are

éS A
81 = 7581 = —KE[KL (RIK — gej A\ €K> N eL, (2a)
N 1
81] = m = —EHQH(LD (é‘K A eL)
1
= —EI{EIJKL [d (eK A\ eL) + LUKM A\ eM A\ eL + OJLM N EK AN eM] , (Zb)

respectively, where D is the covariant derivative defined by w!; [13]. Einstein’s equations with
cosmological constant follow from (2a) and (2b) by setting & = 0 and &y = 0. Notice that
if £ = 0, then the connection w’; is torsion-free provided that the frame is nondegenerate.
Nevertheless, we point out that throughout this paper the variational derivatives & and £y will
be assumed to be nonvanishing in general, since our approach to uncover gauge symmetries
is off-shell.

Now we turn our attention to the gauge symmetries of the Einstein—Cartan action. The full
gauge invariance of the action defined by equation (1) can be equivalently described by two
different sets of fundamental symmetries. The first set is composed of (infinitesimal) local
Lorentz transformations

4From here, we use the word ‘Lorentz’ or ‘Lorentzian’ for referring to both signatures, the Euclidean and the
Lorentzian one.
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5.¢l =7,

3
§-w” = —D7" = — (dr¥ + W'kt + W), ©)
and (infinitesimal) diffeomorphisms
6561 = ﬁgel,
“

(walj = ,ngu,

where the functions 7 (= —7/7) are gauge parameters and L¢ is the Lie derivative along the
vector field &, which is the generator of a diffeomorphism. At this point it is worth recalling
that an infinitesimal transformation of the fields depending on arbitrary functions is a gauge
symmetry of the action if the corresponding Lagrangian remains quasi-invariant (invariant
up to a total derivative) under it. In this regard, the change of the Lagrangian (1) under local
Lorentz transformations is 6;Lgr = 0 and under diffeomorphisms is d¢Lgr = d (£ - Lgr),
where £ J Lgr is the contraction of the vector field £ and the 4-form Lgg.

The second set of symmetries of the Einstein—Cartan action defined by equation (1) is com-
posed of (infinitesimal) local Lorentz transformations (3) and the internal gauge symmetry [8]

6pel = Dpl,

5
5pw11 _ % (_eleL * Roskin + ¥R %y IJ) MV —I—Ap[lej], Q)
where we have written the curvature as R'; = (1/2)R!jkreX A e* and defined the left and
right internal duals *Rpyxz := (1/2)ey M Rywkr and Rz := (1/2)exr ™ Ry, respec-
tively. Also, p! is the gauge parameter associated to this transformation. It can be checked that
the Lagrangian (1) is quasi-invariant under the symmetry (5), since

A
5pLGR =d |:;61]KLPI <RJK + gej A €K> A eL:| . (6)

The internal gauge symmetry (5) is the particular case for n = 4 of the symmetry found in [§]
for the n-dimensional Einstein—Cartan action, which corresponds to the higher-dimensional
generalization of 3D local translations [12, 14] (see [9] for a nice derivation of this symmetry
using the converse of Noether’s second theorem).

Since the set composed of local Lorentz transformations and the internal gauge symmetry
(5) is a ‘complete set’ (see [15]), it is possible to write an infinitesimal diffeomorphism acting
on both the frame and the connection in terms of the symmetries of this set. As matter of fact,
using the Cartan formula LxQ = d(X J Q) + X J dQ with Q being an arbitrary k-form, we
can express equation (4) as

¢e' = (6, — 6,) €' + terms proportional to &,

sew" = (8, — 6-) w" + terms proportional to &, @
where 7V := ¢ J w" and p! := ¢ ] ¢ are the field-dependent gauge parameters. This shows
that, in this setting, infinitesimal diffeomorphisms can be regarded as a derived symmetry. The
terms proportional to & and &y in (7) are known as ‘trivial gauge transformations’.

Let us now show how we can arrive at the internal gauge symmetry (5) by using the converse
of Noether’s second theorem [16—18], which is the fundamental tool that we use throughout
this paper to uncover gauge symmetries. The converse of Noether’s second theorem states that
for every set of m differential relations (Noether identities) among the variational derivatives
of an action principle, corresponds a gauge symmetry involving m gauge parameters. This
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means that we can replace the problem of finding infinitesimal gauge transformations that
leave the action quasi-invariant by that of finding Noether identities.

With this in mind, the first step towards finding the internal gauge symmetry (5) is to get the
corresponding Noether identity. This is done as follows [8]. Taking the covariant derivative of
equation (2a) and using the Bianchi identity DR!; = 0, we obtain

D& = —kepgr (RJK A Det — ADe’ A eX A eL) . 8)

Then, expressing the curvature as Ry = (1/2)R!keX Ael and using the fact that
2D N NeK =D(ef ANel) NeK + el AD(e/ AeK) —D(ef AeK) Ae’, equation (8) acquires
the form

1
DS[ = _geleLRJKPQ D (eL A eP) A\ eQ + EeL AND (eP A eQ)
KA
+ eurtD (¢ N k) Nt ©

Now, equation (2b) implies that D (¢! A e’) = —(c/2)e"* &, , which substituted into equa-
tion (9) yields

Dg] — ZKL]JEJ N EI(L = 0, (10)
with
ZKLH = % (—EKLMN * RIMNJ + * R * HKL) + AéI[K(S‘I;], (11)

where our convention for the antisymmetrizer is AlY) := (A¥ — A’T) /2. This is the desired
Noether identity. After multiplying equation (10) by the gauge parameter p/, we arrive at the
off-shell identity [8]

Er A Dpl +Ey NZV ki pXet +d(p'Er) = 0.
~~ —

! 1
dpe dpw

12)

From this, appealing to the converse of Noether’s second theorem, we read off the internal
gauge symmetry (5) from the quantities multiplying & and &y in equation (12).

3. Symmetries of n-dimensional f(R) gravity with torsion

In order to make this paper self-contained, we will begin this section by giving a brief descrip-
tion of n-dimensional f(R) gravity with torsion in the Cartan formalism. We next focus on
the main goal of the current paper, namely, to uncover the n-dimensional analog of the inter-
nal gauge symmetry (5) for f(R) gravity with torsion. To accomplish this, we will use the
approach outlined in the previous section, which heavily relies on the use of the converse of
Noether’s second theorem.

Let M" be an n-dimensional orientable manifold and let SO(n) be the frame rotation group
for the Euclidean case (o = 1) and SO(n — 1, 1) for the Lorentzian one (¢ = —1); to each
case corresponds the metric (nyy) := diag(o, 1,. .., 1). In the Cartan formalism, the action that
describes f(R) gravity with torsion in n dimensions (n > 3) is given by Sle,w] = [}, Ly(r),
where the Lagrangian n-form is [7]

Lyr) = &f(R)n. (13)
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Here, f(R) is an arbitrary (real) function of the Ricci scalar R := R, with R! J =
dw!y + wlg AwK; = (1/2)R!jkreX A e* the curvature of w!;, which is compatible with the
metric 1y, Dny = dny — wXmks — WXk = 0 (and thus wyy = —wyy), €’ is an orthonor-
mal frame of 1-forms, 1 := (1/n!)e;,. ;"' A--- A€l is the volume form, and  is a con-
stant related to Newton’s constant, whose numerical value depends on n. The frame indices
I,J,..., now run from O to n — 1 and are raised and lowered with the metric 7;;, and the
totally antisymmetric tensor €, ;, is such that €p.. ,—1 = 1.

The variational derivatives of the action defined by the Lagrangian n-form (13) with respect
to the frame e’ and the connection w" are, respectively:

N
& = 5ol k(=1 [f(R) % (e Ney Aex) AR + (F(R) = Rf (R)) xe] ,
(14a)
. oS n—1 /

&y = Sl =r(=1)""'D[f'(R)* (e Ney)], (14b)

y ) .y .

where f'(R) := “35~ and ‘%’ is the Hodge dual operator:
*(611 ARERIAN elk) = mql”,hh“mheh*" N (15)

The equations of motion of the theory correspond to & = 0 and &; = 0, which after some
manipulations give rise to

SRRy — %f (R)d'; =0, (16a)
2
Tk = my[ﬁk}f’ (R), (16b)

where R!; := RX g istheRiccitensor, d;isthe vector fielddual tothe frame ¢’,i.e.9; | & = 67},
and T! g are the components of the torsion 2-form T! = De! = (1/2)T! jxe’ A K. Notice that
with the particular choice f(R) = R — 2A, equation (16a) leads to Einstein’s equations with
cosmological constant, whereas equation (16b) implies that T7;x = 0 and thus the connec-
tion w'; is torsion-free. This is expected, since in this case the Lagrangian (13) reduces to the
n-dimensional Einstein—Cartan Lagrangian with cosmological term,

Ler = k(R —2A)n =k [x(e Aes) ARY — 2], (17)

which for n = 4 collapses to equation (1). In the general case, from equation (16) it is seen
that a non-linear function f(R) is the source of torsion, and hence the connection is no longer
on-shell torsion-free even in vacuum. Furthermore, in contrast to general relativity, for a non-
linear f(R) the right-hand side of equation (16b) involves second derivatives of the connec-
tion. It should also be pointed out that as a result of the assumptions involved in the theories
described by equation (13), namely arbitrary torsion and vanishing non-metricity Dny = 0,
the equation of motion (16b) is different from its analogous counterpart in f(R) gravity in the
Palatini formalism, where the assumptions are vanishing torsion and arbitrary non-metricity.
Actually, in this last case, the corresponding equation of motion implies vanishing non-metric-
ity only for a linear function f(R) (see [19], for instance).

Having introduced f(R) gravity with torsion, we now proceed to study its symmetries. We
start by recalling that, by construction, the Lagrangian n-form (13) is invariant under local
Lorentz transformations (3) and quasi-invariant under infinitesimal diffeomorphisms (4). It
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is not hard to verify that the change of the Lagrangian n-form (13) under these symmetries
is, respectively, 0, Lyr) = 0 and 6¢Ls(r) = d(§ | Ly(r)). Furthermore, it is well-known that
local Lorentz transformations and diffeomorphisms can be used to capture the full gauge free-
dom of f(R) gravity with torsion.

Let us illustrate how the converse of Noether’s second theorem can be used to obtain local
Lorentz transformations of the f(R) Lagrangian (13). Taking the covariant derivative of equa-
tion (14b), we get

Dg[j = (—1)n_]l€D2 [f/(R) * (61 AN e,)]
= (71)"71,‘{]“,(7?,) [7RK] N * (6‘]( N 6]) — RK] N * (6‘1 A 61()}
— (=1 'K (R) (—2RX ey A xex) (18)

where in the third line we have used the identity

1
RXI N\ * (6‘] AN eK) = —'eKlz,,,,nRKjel A\ 612 VANRERWA el" = —Rkjel N *eg. (19)
n

On the other hand, from equation (14a) we have
er N\ gj = H(*l)nil (f(’R,)e[ N *ey — Zf/(R)RKJEI AN *6‘]() . (20)

Antisimmetrizing this expression in the indices 7, J and inserting the result into equation (18),
we arrive at the Noether identity

D(S‘]]*E[]/\g]] :0, (21)

which, after being multiplied by the gauge parameter 7/ (= —7’) and some algebra, leads to
the off-shell identity

1 u n—1_1J
& /\7\'\]/6/-1-81] A ( Dt )+d [( 1) T 81]} =0. 22)
Srel Srwh
Appealing to the converse of Noether’s second theorem, local Lorentz transformations (3)
emerge from the quantities that multiply each variational derivative in equation (22).
In addition to local Lorentz transformations and diffeomorphisms, we will show that the
Lagrangian n-form (13) possesses a new internal gauge symmetry analogous to that of equa-
tion (5), and given by

§pe' =Dp' + Y, jxp’ e,

23
5, = Z,V g pRet, (23)
where
1
1 [ V /
Y, ik = TED 60k (R), (24a)
Z k= (zr(zn—_;') (EHMI"“I"’3 * Ripy..q,_omr + ¥R * 11...1n,4KL1""I”’4”)
1 f(R) ) [ o]
+ R — 007, (24b)
(nZ)( f(R)) **
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with the n-dimensional left and right internal duals defined as

1
¥Ry q,_un = 5611...1n,2KLRKLMN, (25a)

Rose MNI s 1611...1,,_2KLRMNKL (25b)
respectively. To prove this fact, we compute the change of the Lagrangian n-form (13) under
the transformation (23), obtaining

K
Oply(r) = d {(n—z)”l * (er Ney Nek) N [RJK

] G ) LA @6)

This means that the Lagrangian n-form (13) is quasi-invariant, and hence the transformation
(23) is a gauge symmetry of the action principle built from (13).

To uncover the internal gauge symmetry (23) we follow the procedure depicted in sec-
tion 2, which in this case, involves constructing a Noether identity that relates the covariant
derivative of & with both & and &;. We start by computing the covariant derivative of equa-
tion (14a), arriving at

D(‘:[ = Iﬁ?(—l)n71 {f’(R)[D* (61 Ney N\ eK)] A RJK

+Df'(R) Ax(er Aey Aek) AR+ D (f(R) — Rf (R)) A *e;

+(f(R) = Rf'(R)) AD % er}

=r(=1)""" {f/(R)%Eljklllg...ln,gRjKMN

x [D(e" ANeP A neh AeM) /\eN—f—%e[‘ AD (e A Net=s ne A e
+Df'(R) Ax(er Aey Nex) AR + D (F(R) — Rf (R)) A *e;

+(f(R)—Rf’(’R))/\D*e,}, (27)

where in the first equality we have used the Bianchi identity DR = 0 whereas in the second
the fact that

-3
(I’l — 3)' [D * (6‘[ Ney N\ 61()] N RJK = HEIJKIIIZ--J,,,;RJKMN
P ¢
1
X {D(ell Ael2 A A2 /\eM) A+ Ee" /\D(elz---/\el”‘3 /\eM/\eN) ,
(28)
which can be verified by a direct calculation. Then, the remaining task is to write the right-
hand side of equation (27) in terms of & and &;. This is done as follows.

Contracting equation (14b) with €5+ we have
/ I Lo\ _ o(=1)"! Ul dys / I >
F(R)D ("N Ne )*725 € Ey—Df (R)A(e" A---ne2), (29)
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which substituted into equation (28) yields

o(n—2)

_on—2) ik
D& = (=3 R uNeuknL. . dy_s

1
« (61112“‘1,,3PQM5PQ AV + Eell A 612...1,13PQMN5PQ>

1
+ r(=1)""! Df'(R) A* (e Aey Aex) ANRK
(n—2)
+ D (f(R) — Rf' (R)) A*e; + (f(R) — Rf'(R)) A D % e,] : (30)
Now, from equations (14a) and (14b) we obtain
-t f(R)
RIK — ( _ _
*(ef Ney Neg) N (R & (f’(R) R | *er, (3la)
(=o' 5 (n—1) ,
D =———~ ¢ NEYy— —————Df (R) A s
e N aeapm Y R e G0
respectively. So, inserting these two expressions into equation (30), we get
-2
D& = (ZHRJKMNEIJKIIQ...I,,;;
X (61112.HI"3PQM5PQ /\eN + %61] /\ 612...1,,73PQMNEPQ
1 1 f(R)
D / o J
Y RN (R fi ) ¢ e
5(71)n71 ! /
- -2 .
o2y (R (W (R) 2Ry (R) (32)
The last term in equation (32) is rewritten using equation (14a) as
K(=1)""" (nf(R) = 2Rf'(R))n =€’ N &), (33)
and with this result, D&; takes the final form
1 on—2)
D& = — 7(’1 VI of' (R)e’ NEj+ 7(’1 —3)! R yiveukn .1,

1
% (61112.,,1,,3PQM5PQ N 5811 A 612...IH3PQMN5PQ)

1 1 fR)Y
+————Df (R)NE + (R — ) e’ NEy.
(n—2)f"(R) (n—2) ' (R) (34)
Substituting Y, X, and Z,5L, given by equations (24a) and (24b) in (34), it is straightfor-
ward to arrive at the following Noether identity

ng — Z,,KLUeJ AN gKL — YKUE'I A\ SK =0. (35)

Multiplying equation (35) by the gauge parameter p’ and after a bit of algebra, we get the off-
shell identity
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E N (D" + Y, jkp’ ) +Ey N Z kipet +d ((—1)"p'E;) = 0.
N——

N e (36)
Taking into account the converse of Noether’s second theorem, from the quantities multiply-
ing & and &y in equation (36) we can read off a new gauge symmetry of the f(R) action,
which is precisely that given in equation (23).

An important remark about the internal gauge symmetry (23) is that it and diffeomor-
phisms are not independent gauge symmetries. To show this, it is convenient to write equa-
tion (23) in the following alternative form

f"(R)

I _p,l I K|
dpe o'+ (=27 (R) (OkR) pt'e™,
u_ |~ 2(n=3) J] K L 2R _ f(R) [
= | S Gy W P G T )
(37)
where
1
CuxL =Rk — =2 (xR — ik Rir + L Rix — iRk )
1
L ~3 _ ’
+ n—Dn=2) (kL — M) (38)

are the components of the Weyl tensor [13]. Then, using equation (37) and the Cartan formula
Lx0=d(X 1 Q)+ X J dQ, we find that infinitesimal diffeomorphisms can be written as

—ntro2
65e1 = (6, —d7) e+ U’if,(gz) {(n ~7) * (eK A 511() plle’l 4+ % (6’1 A ‘SJK) P[Jelq} ,

Sew = (8, — 6, W
o(=1)""[(n=3) 1 7 K 3 i J K]

+ W (R) [(an) *(e /\EK)p e+ n=2) *(e /\SK)p e,
where 7% := ¢ J w¥ and p' := ¢ ] €' are field-dependent gauge parameters. This means that
infinitesimal diffeomorphisms are linear combinations of local Lorentz transformations and
the transformation (23), modulo terms proportional to & and &y. This in turn implies that
local Lorentz transformations and the new gauge symmetry can be taken as a fundamental set
to describe the whole gauge symmetry of f(R) gravity with torsion.

Two comments are in order: (i) In the particular case of n-dimensional general relativity,
namely f(R) =R — 2A, the transformation (23) reduces to

(39)

5,,6' = Dpl,
u_o(n=3)7 cdy
5,,0.) = m(e ! 3% RMII.A.I,,,3LN
2A
KR o 1,...1,,_411) M n_zp[lef}, “0)

which is exactly the internal gauge symmetry reported in [8]. Furthermore, to obtain the trans-
formation (5) we only need to set n = 4 in this expression, and to get 3D local translations,

(5pe’ = Dy, 6Pw” = 2Ap[lej], 41

10
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we simply set n = 3 in equation (40). Note that the second term in the gauge transformation
of the frame e’ given in equation (23) vanishes for the case of general relativity whereas if
f(R) # R — 2A such a term will always be present.

(ii) It is important to point out that, in contrast to local Lorentz transformations and diffeomor-
phisms, the structure of the internal gauge symmetry (23) depends explicitly on the spacetime
dimension n and the function f(R) under consideration. For instance, in four dimensions
(n = 4) the new symmetry (23) takes the form

1

dpe’ = Dp' + %(R) (0uf'(R)) pl'e”),
1 R
5pw" _ % (_GIJKL * Roskin + *R*MNIJ) pMeN + 5 (R _JJ:/((R))> p[le]],
(42)
whereas in three dimensions (n = 3) the symmetry (23) becomes

2
5.el = Dyl / 171
Pe 14 +f/(R) (a]f (R))p €

R)
6wIJ:(R_f( ) 1,71 43

Before concluding this section, we would like to remark that the converse of Noether’s
second theorem applied to some particular f(R) actions may lead to additional symmetries.
As an example, notice that the left-hand side of equation (33) vanishes for f(R) = cR"Y?,
with ¢ a real constant, which can be verified by a direct substitution. Then, in this case, we
have the Noether identity

g[ A\ el =0. (44)

As for the previous Noether identities, we multiply equation (44) by the gauge parameter p,
obtaining then the off-shell identity

E N pel =0.
—~

del

(45)

Once again, appealing to the converse of Noether’s second theorem, we identify the gauge
symmetry associated to the Noether identity (44) from the terms accompanying the variational
derivatives in equation (45), namely

(5uel = ,uel,

5Mw" =0.

(40)

Hence, we can conclude that the action S[e,w] = & f M R 27] is invariant under the rescaling
of the frame. Although it is well-known that the analogous action, in the Palatini formalism,
ST =x/ R"/?p, is invariant under conformal transformations of the metric [20], the sym-
metry (46) had not been reported in literature and can be considered as a new symmetry of the
corresponding action. In this way, we have illustrated how new symmetries naturally emerge
by applying our approach to particular cases of f(R) gravity with torsion.

1
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4. Conclusion

In this work, we have used the converse of Noether’s second theorem to obtain a new internal
gauge symmetry for n-dimensional f(R) gravity with torsion in the Cartan formalism that is
the extension of the symmetry reported in [8] for general relativity. The new internal gauge
symmetry has the following properties:

(1) The structure of the new internal gauge symmetry explicitly depends on the spacetime
dimension n and the particular form of the underlying f(R) function. Thus, the new sym-
metry depends on the dynamics of the theory, in contrast to local Lorentz transformations
and diffeomorphisms which are insensitive to the form of the f(R) action.

(ii) In the particular case of general relativity, thatis f(R) = R — 2A, the new internal gauge
symmetry reduces off-shell to that of [8], which is the higher-dimensional generalization
of 3D local translations.

(iii) The transformation of the frame o pel (see equation (23)) involves an extra term as com-
pared with its analog in the case of general relativity. Such a term vanishes when f(R) is
a linear function of the Ricci scalar R.

(iv) The new internal gauge symmetry and local Lorentz transformations can be considered
as a fundamental set of symmetries to describe the full gauge freedom of a general f(R)
theory. This follows from the fact that infinitesimal diffeomorphisms can be written in
terms of these symmetries. Then, in this framework, the whole gauge symmetry of f(R)
gravity with torsion is purely internal and diffeomorphisms are no longer a fundamental
symmetry.

As future work, it would be interesting to obtain the finite gauge transformations corre-
sponding to the symmetry (23), since this may have applications in the search for solutions
of the field equations of f(R) gravity with torsion. On the other hand, due to its relevant role
in the quantization of the theory, it would be desirable to obtain the gauge algebra of the new
internal gauge symmetry (for a general f(R) theory with torsion) and local Lorentz transfor-
mations. This gauge algebra is expected to be generically open, just as in the case of general
relativity [8]. Additionally, it is worth to explore if there exist functions f(R) for which the
algebra of the new internal gauge symmetry and local Lorentz transformations closes. Finally,
we would like to remark that analyzing particular cases of f(R) theories, or even other theo-
ries of gravity beyond general relativity, from the perspective of the converse of Noether’s
second theorem may be not only interesting, but also fundamental, since the last word about
the ultimate nature of gravity has not been said yet, and so, this powerful mathematical tool
may help us to get a deeper insight about it.
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