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Abstract

In this paper, we present a generalization of the Hamilton—Jacobi theory
for higher order implicit Lagrangian systems. We propose two different
backgrounds to deal with higher order implicit Lagrangian theories: the
Ostrogradski approach and the Schmidt transform, which convert a higher
order Lagrangian into a first order one. The Ostrogradski approach involves
the addition of new independent variables to account for higher order
derivatives, whilst the Schmidt transform adds gauge invariant terms to
the Lagrangian function. In these two settings, the implicit character of the
resulting equations will be treated in two different ways in order to provide a
Hamilton—Jacobi equation. On one hand, the implicit Lagrangian system will
be realized as a Lagrangian submanifold of a higher order tangent bundle that
is generated by a Morse family. On the other hand, we will rely on the existence
of an auxiliary section of a certain bundle that allows the construction of local
vector fields, even if the differential equations are implicit. We will illustrate
some examples of our proposed schemes, and discuss the applicability of the
proposal.
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1. Introduction

In classical mechanics there exist two main approaches to deal with mechanical systems:
namely the Hamiltonian and the Lagrangian formalism [1, 4, 41]. Assuming that the configu-
ration space of a physical system is an n-dimensional manifold Q, the Lagrangian formulation
of the dynamics is generated by a Lagrangian function L defined on the tangent bundle 7Q.
Physically, TQ can be considered as the velocity phase space of the dynamics whereas L is
given as the difference of kinetic and potential energies. The extremals of the integral action
lead to the determination of the Euler—Lagrange equations governing the motion. In a local
chart (¢4, @) on TQ, the Euler-Lagrange equations can be written as

1o 9t (1

Note that, the Euler—Lagrange equations conform a system of n second order differential
equations.

On the other hand, Hamiltonian realization of a physical system is achieved on the cotan-
gent bundle 7*Q, which is the momentum-phase space of a physical system. 7°Q is equipped
with a canonical symplectic (closed, and non-degenerate) two-form {2y [46, 50]. The non-
degeneracy of the symplectic two-form establishes that for an exact one-form dH, where H
is the Hamiltonian function on 7°Q, there exists a unique vector field Xy on 7*Q. This vector
field is the Hamiltonian vector field and it is implicitly defined by the following equation:

tx, ) = dH. )

Here, ¢ is a contraction operator or interior derivative [2, 63]. In most of the cases, the
Hamiltonian function corresponds with the total energy of physical system, which is a mani-
festation of the skew-symmetry of {2y, and it is conserved all along the motion. There is a
distinguished coordinate system (qA, pa), known as the Darboux’ coordinates, on 7°Q. In
this chart, the symplectic two form turns out to be Qg = dg* A dpa, and the Hamilton equa-
tions (2) can be written as

SO

Opa

Notice that, the Hamilton equations conform a system of 2n first order differential equations.
Two questions may arise at this point. One is how to find a passage between the Lagrangian
and the Hamiltonian formulation of a given dynamical system. The other one is how to solve
the Euler—Lagrange or/and the Hamilton equations. These two questions are essential and
motivational for the present work. In this introductory part, we use local coordinates and
avoid technical details as much as possible in order to exhibit the motivation and the aim of
the present paper in a clearer form. Accordingly, we will explain the global definitions and
mathematical foundations along the main body of the paper.

@ pa).  pa= —g—;mm. 3)

1.1. The Legendre transformation

To find a passage between the Lagrangian and the Hamiltonian formalisms of a dynamical
system, one needs a one-to-one transformation from the tangent bundle 7Q to the cotangent
bundle 7*°Q. But, unfortunately, there is no canonical way to arrive at such a mapping between
these two bundles [1, 4]. Nevertheless, by means of a Lagrangian function L, more concretely
by taking the fiber derivative of L, we can define the Legendre transformation
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N ) oL
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Here, the momenta is defined to be ps = OL/dg" so that it is a function of the positions and
the velocities (¢*, ¢*). By referring once more to the Lagrangian function, define a real valued
function

H=psi* — L(g".q") )

depending on the positions, the velocities and the momenta.

Considering the Legendre transformation (4), we see that there are two possibilities. One
possibility is the case where all the velocities (¢*) can be written as functions of the position
and the momenta (qA, pa), which is the case when the Legendre transformation is locally
invertible. This case occurs if the Lagrangian function is non-degenerate, that is if the Hessian
matrix [0°L/0¢"0¢®] has rank n. Other possibility occurs when some of the velocities cannot
be written as functions of (qA, pa). That is, the Legendre transformation is not invertible, so
the Hessian condition does not hold. Let us discuss these two cases one by one.

Non-degenerate Lagrangians. If the Lagrangian function is non-degenerate, that is, if the
Hessian matrix [02L/9¢"04®) has rank n, then, the implicit function theorem guarantees the
existence of a local solution ¢* = ¢*(g, p). That is, we can locally write the velocities as func-
tions of the positions and the momenta. In this case, the Legendre transformation (4) becomes
invertible so that it turns out to be a local diffeomorphism. By substituting the local inver-
sion ¢* = ¢*(g,p) into the function (5), one arrives at a well-defined Hamiltonian function
H = H(q",p,) that only depends on the positions and momenta. It is now easy to compute
that the Hamilton equation (3) generated by this Hamiltonian function are exactly the same
as the Euler—Lagrange equation (1). So that, in this case, Hamiltonian analysis of the Euler—
Lagrange equations can be achieved immediately.

Degenerate Lagrangians. If, on the other hand, a Lagrangian function is degenerate, then the
Legendre transformation (4) fails to be invertible even locally. In this case, the image FL(TQ)
of the tangent bundle 7Q under the Legendre transformation can at most be a (so called as the
primary constraint) submanifold of 7*Q [19]. Since some of the velocities in the set (¢*) can-
not be written as functions of the positions and the momenta, the function H, in (5), must also
depend on the velocities. That is, H = H (qA, DPa> qA) One way to understand such a function
is to consider it as a family of functions defined on 7*Q parameterized by the variables (g*).
More terminologically, H can be taken as a Morse family of functions [8, 46]. In this case, the
dynamical equations on the cotangent bundle become implicit differential equations

('IA_87H ; __87H 07H_0(:) _%_0 6
= oo ba = o o Da o (6)

A key observation here is to see that the explicit Hamiltonian dynamics in (3) and the implicit
Hamiltonian dynamics in (6) are both Lagrangian submanifolds of the iterated tangent bundle
TT*Q. This leads to a pure geometric approach to the Legendre transformation which makes
this transformation even applicable in constrained or/and degenerate Lagrangians. This inter-
pretation was first introduced by Tulczyjew, and the passing from the higher order tangent to
the higher order cotangent of manifold (and viceversa) is known as the Tulczyjew triple [67].
In the main body of the paper we shall present the theory of Tulczyjew triples in detail. Here,
TT*Q is a symplectic manifold equipped with the symplectic two-form

Qf = di" Ndpa + dq" A dpa (7)
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obtained from the complete lift of the canonical symplectic two-form Qp on T°Q [65].

We wish to make an additional remark here by recalling an alternative way of reaching a
well-defined explicit Hamiltonian formulation for degenerate systems. In this method, to have
a Hamiltonian realization, one needs to employ the Dirac—-Bergmann constraint algorithm [19]
or its geometric equivalent, the Gotay—Nester—Hinds algorithm [27-29] to the system.

Implicit Hamiltonian dynamics. A Lagrangian submanifold of a symplectic manifold is
determined by two conditions. One is that the dimension of the Lagrangian submanifold must
be a half of the dimension of the symplectic manifold, and the second is that the symplec-
tic two-form must be identically zero when it is restricted to the Lagrangian submanifold.
Notice that, direct substitutions of the explicit Hamiltonian dynamics in (3) or the implicit
Hamiltonian dynamics in (6) into the symplectic two-form (7) result with the vanishing of
the symplectic two-form. So that, both of them determine Lagrangian submanifolds of 77°Q.

In general, we say that a system of differential equations is a Hamiltonian system if it can
be recast as a Lagrangian submanifold of a certain symplectic manifold. It is evident that if
a Lagrangian submanifold is horizontal, according to the Poincaré lemma [46], there locally
exists a Hamiltonian function generating the dynamics. This results with an explicit differ-
ential system. The existence of Darboux’ coordinates on symplectic manifolds guarantees that
such an explicit Hamiltonian system can be written in form (3). If a Lagrangian submanifold is
non-horizontal then it is not possible to find either a Hamiltonian vector field or a Hamiltonian
function [48]. Instead, it is possible to find (inevitably not a classical Hamiltonian function
but) a generating function for a non-horizontal, Lagrangian submanifold, so that it can locally
be written as

) OF OF 0

PA= "5 A (®)
for a Morse family of functions F. Notice that, in this local picture, F' depends on auxiliary
variables (A%) as well as on the position and the momenta (g*, p4 ). The existence of this local
realization (8) is a manifestation of the generalized Poincaré lemma (also called as Maslov—
Hormander theorem) [9, 33, 46, 69] under the light of special symplectic structures [35, 60].

P or

apA ’

1.2. Hamilton—Jacobi theory

In order to find some possible analytical solutions of the Hamilton equations, one may employ
the Hamilton—Jacobi (HJ) theory. The HJ theory is rooted in the idea of finding an appropriate
canonical transformation [4, 9, 34] that leads the system to equilibrium and pairs of action-angle
variables that render the dynamics trivial. This philosophy has brought many interesting results,
deriving into integrability theories, reduction, KAM theory, among others [20, 24, 61, 62]. Our
interest resides in the geometric interpretation of this theory [1, 46, 49], its formulation, and
applications. See for example [11], where a geometric framework for the Hamilton—Jacobi
theory was presented and the Hamilton—Jacobi equation was formulated both in the Lagrangian
and in the Hamiltonian formalisms of autonomous and non-autonomous mechanics.

Let us describe this geometry in local coordinates. Consider a Hamiltonian system defined
by a Hamiltonian vector field Xy on the symplectic manifold (7*Q, ). The time-independent
Hamilton—Jacobi problem is a partial differential equation, whose solution is a function W
defined on Q, given by

H <qA aw) =c. )

Lot
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Here, the function H is the Hamiltonian function generating the Hamiltonian dynamics, and €
is a constant real number. Notice that, in (9), the momenta is replaced by the partial derivative
of a function W that is ps = OW/dq". We call a solution W of (9) general if it additionally
depends on n number of some other variables (¢”) as well, that is W = W(g*, o*).

The Hamilton—Jacobi theory finds solutions on the lower dimensional manifold Q and
retrieves them on the higher dimensional manifold 7*Q by the existence of a section dW of
the cotangent bundle. Here, W is a solution of the Hamilton—Jacobi equation (9). Let us now
comment how we relate the solutions of Hamilton—Jacobi equation and the solutions of the
Hamilton equations. Consider the differential equation

_ OH (10)
P | py=ow ) og

on Q defined by taking the first set of the Hamilton equation (3) at py = OW/dq". Notice
that, the system (10) consists of a number n of first order differential equations, that is a half
of the number of equations in (3). Accordingly, it is easier to solve this system than solving
the Hamilton equations. If W is a solution of the Hamilton—Jacobi problem, then a solution of
(10) can be lifted to a solution of the Hamilton equations. More concretely, if ¢, = () is a
solution of (10) then (., OW/9g”(¢;)) is a solution of the Hamilton equations.

A Hamilton-Jacobi theory for implicit Hamiltonian dynamics. It is important to remark
here that the classical HJ theory only deals with explicit Hamiltonian systems. In [25], we
presented a generalization of the classical Hamilton—Jacobi theory that proved its suitability
in the case of implicit Hamiltonian dynamics. To ellaborate this theory, we started with a
(possibly non-horizontal) Lagrangian submanifold S of 77*Q. This submanifold S projects to
a submanifold T7y(S) of TQ by the mapping T'wg. Here, Ty is the tangent mapping of the
cotangent bundle projection g : T*Q +— Q. Note that T7y(S) determines an implicit differ-
ential equations on Q. The philosophy of the implicit HJ theory is to retrieve solutions of S,
provided the solutions of Ty (S). In similar fashion as in the classical Hamilton—Jacobi theo-
rem 1, in order to lift the solutions in Q to T*Q, we are still in need of a closed one-form dW
on Q, but two ingredients of the theory are missing. One is that the base manifold, denoted by
C = 77+¢(S), is not necessarily the whole 7*Q, but possibly a proper submanifold of it. The
second is the nonexistence of a Hamiltonian vector field due to the implicit character of the
equations. We present the following diagram to summarize this discussion:

s TT*Q

Trg
Tr*Q
Q

cG T TQ © Tro(S) (11)

N/

where 7 is the tangent bundle projection from 7Q to Q whereas 7r+¢ is the tangent bundle
projection from 77°Q to T*Q.
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Our first idea to work with a non-horizontal submanifold is to make use of the generalized
Poincaré lemma, which affirms that there exists a Morse function F (a family of generating
functions) that generates the dynamics of the implicit system. Recall this local realization
exhibited in (8). The Morse function F plays the role of the Hamiltonian in the explicit picture.
A Hamilton—Jacobi theory for this system consists in finding a function W on Q satisfying

F (C]A, aiw )\a> =g, OF

o e =0, (12)

pa=0W/0q*

where ¢ is a constant.

The second idea is to deal with the implicit character of the system by constructing a local a
vector field. For this construction we need to consider an auxiliary sectiono : C N Im(dW) — S,
because since S is implicit, there may exist several vectors in S projecting to the same point in
C. The role of the section o is to reduce this unknown number to one. As a result, we arrive at a
vector field X,, that satisfies Hamilton-like equations, and which is suitable for the application
of the classical HJ theory. We will show the details in the main body of the paper.

1.3. Higher order systems

In our previous work [25], where the HJ formalism was generalized for implicit systems, we
also addressed the problem of constructing HJ theory for degenerate Lagrangian theories.
Now, as a complement to our previous work, in the present paper we wish to apply the implicit
HIJ theory to degenerate higher order Lagrangian systems.

Higher order Euler-Lagrange equations. The Euler—Lagrange equations (1) consist of sec-
ond order differential equations. It is also possible to formulate differential equations involv-
ing higher order derivatives in the realm of the Lagrangian formalism. Let us depict here
the second order case and postpone the general case to the upcoming sections. Consider a
Lagrangian function L depending on the acceleration as well as the position and the momenta,
thatis L = L(¢", ¢*, ¢*). Geometrically, the triplets (¢, ¢*, ¢*) are the elements of the second
order tangent bundle TzQ. After the variational of the action integral, one arrives at the second
order Euler-Lagrange equations

®oL_doL oL
d? ogr  dtogr Ot

Note that, the second order Euler—Lagrange equations in (13) give rise to a system of fourth
order differential equations if the term dL/d§"* depends on g. In the literature, higher order
systems make appearance in many physical theories involving the mathematical description
of relativistic particles with spin, string theories, gravitation, Podolsky electromagnetism, in
some problems of fluid mechanics and classical physics, and in numerical models arising from
the geometric discretization of first order dynamical systems (see [56, 57] for a long but non-
exhaustive list of references).

0. (13)

Ostrogradski momenta. The Hamiltonian formulation of the second order Lagrangian form-
ulation (13) is also possible. This can be, for example, achieved by means of the Ostrogradski
momenta [55]

oL d [ OL oL
0 _ OL ( ) My _ (14)

P o T a \og T o
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See that, in this case, we have two sets of momenta denoted by p/go) and plgl). In this case,

define a function

0). 1. A

H=p{q" +p¢" - L(¢". 3" d") (15)

depending on the positions, the velocities, the accelerations, and the Ostrogradski momenta. A
second order Lagrangian function is said to be non-degenerate in the sense of Ostrogradski if
the rank of the matrix [02L/9§" 94®]is maximal. If the Lagrangian function is non-degenerate,
then all the accelerations () can be written as functions of the first order terms (¢*, ¢*, plgl))

by employing the implicit function theorem to the second momenta in (14). After the substitu-
tion of these solutions, the function in (15) turns out to be a well defined Hamiltonian function

H=H({, ¢, pff) , p/gl)) on the iterated cotangent bundle 7°7Q equipped with the local coor-
dinates (¢*, ¢, pf,"), p/gl)). In this case, the Hamilton equations are computed to be

df _oH & oH 4 oH &) oH
e gp®° e gp)’ d OV d  ogr
(16)

After a direct substitution of the Hamiltonian function H = H(q", ", p/({o), pgl) ) into the
Hamilton equations, one arrives at the second order Euler-Lagrange equation (13). This estab-
lishes a Hamiltonian realization of the higher order Lagrangian formalism. If a Lagrangian
function is degenerate in the sense of Ostrogradski, then one cannot solve all the acceleration

(§") as functions of (¢4, ¢, p\") referring to the second momenta in (14). So that, the func-

tion H in (15) cannot be written as a function depending solely on (qA,qA,ng),p/gl)). The

accelerations cannot be accommodated by the first order terms. Hence, there is no explicit
Hamiltonian function or no explicit Hamilton equations as given in (16). This results in sys-
tems of implicit differential equations defined on 7*7Q. In this paper, we are interested in such
kind of higher order degenerate Lagrangian systems.

Schmidt method. There is an alternative way to arrive at the Hamiltonian picture of a higher
order Lagrangian system. For this, initially, one needs to recast a Lagrangian function depend-
ing on higher order derivatives into a Lagrangian function depending only on the first order
derivatives. Then, one applies directly the classical Legendre transformation (4) to this first
order formalism. There are two ways of writing a higher order Lagrangian as a first order one.
The first method is based on the idea that consecutive time derivatives of the initial coordinates
form new coordinates with the introduction of Lagrange multipliers. This eventually coincides
with the method of Ostrogradski momenta (14). The second one is the Schmidt method [3, 21,
59] where the acceleration is defined as a new coordinate instead of the velocity. One of the
advantages of the Schmidt method is the non-existence of Lagrange multipliers in the reduc-
tion procedure. Instead, the Lagrangian function is modified by adding a gauge term such that
the associated energy function contains additional terms preserving the equations of motion.
Another important feature about the Schmidt method is that it equally deals with degenerate
or non-degenerate Lagrangians.

Hamilton—Jacobi theory for higher order systems. In [17], the authors propose a HJ the-
ory for higher order systems that are explicit. Nonetheless, they do not propose any gener-
alization of the HJ formalism for higher order implicit equations. This observation has been
another point of motivation for our present work. As we have pointed out, the degeneracy
levels of Lagrangian function bring some complications when we pursue their Hamiltonian
formulation. Apart from this, it is important to note that other technicalities appear in the

7
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case of higher order dynamics. Notice that for the first order theory, the Lagrangian func-
tion is defined on TQ, whereas the Hamiltonian function is defined on 7*Q. So that both the
domain 7Q and the range 77Q of the Legendre transformation have the same dimensions 2n.
But, for example, in the second order case, the Lagrangian function is defined on 72Q, and its
Hamiltonian counterpart is defined on 77Q. The dimension of T2Q is 3n, whereas the dimen-
sion of T°TQ is 4n. This issue also becomes relevant when we write a Hamilton—Jacobi theory
for higher order Lagrangians, and concerning the implicit character of the equations. Hence,
one needs to perform a careful and coordinate-free analysis to have a correct picture. This is
one of the reasons why we prefer to use tools of global analysis in the main body of the paper,
while we use local expressions along the rest of the text.

1.4. Statement of the problem and contents

After presenting some fundamentals and pointing out what is missing in the literature, we are
now ready to state our aim in the present paper.

Goal of the present paper. In this paper, our goal is to construct a Hamilton—Jacobi theory for
the higher order degenerate Lagrangians. More concretely, we will generalize the geometry
that we have proposed [25] in such a way that it allows us to construct a Hamilton—Jacobi
formalism for higher order systems. As we mentioned previously in [25], two main ideas are
proposed to deal with the implicit character of the Lagrangian/Hamiltonian formulation: one
is the use of Morse families, and other one is to introduce auxiliary sections. In the present
work, we generalize both of these two ideas to a higher order degenerate frame. Further, in this
paper, we aim to compare the Ostrogradski and Schmidt method in the realm of a HJ theory
for both degenerate and non-degenerate higher order Lagrangians.

Organization of the present paper. The following section is reserved for some basics as
well as for a brief summary of Hamilton—Jacobi theory of implicit systems of first order.
Additionally, Morse families and special symplectic structures, Tulczyjew triple for the first
order dynamics are summarized. In section 3, we review the fundamentals of higher order tan-
gent bundles, Tulczyjew triples for higher order frameworks, and implicit higher-order differ-
ential equations. In section 4, we construct a Hamilton—Jacobi theory for higher order implicit
Lagrangian systems. We explain our two main approaches to work with the implicit character
of the arising higher order implicit equations: one is the Lagrangian submanifold method or
Morse family approach, and the second is the construction of a local vector field by the exis-
tence of an additional section that reduces the number of vectors in the implicit submanifold
projecting to a same point of a lower dimensional bundle. For the Morse family approach, we
will ellaborate a list of subcases considering the Ostrogradski method and the Schmidt trans-
formation, comparing both cases and illustrating their utility in nondegenerate and degenerate
cases. Section 5 shows the applications of an implicit Hamilton—Jacobi theory for higher order
dynamical systems in the particular case of second order Lagrangians. We will depict such
application making use of the Ostrogradski approach and the Schmidt-Legendre transform.
For second order Lagrangians, we also introduce the setting of the acceleration bundle for
the Schmidt-Legendre transform, in order to deal likewise with degenerate or nondegenerate
higher order implicit Lagrangians. Two particular examples are: a deformed elastic cylindri-
cal beam with fixed ends, and the end of a javelin. The Ostrogradski and Schmidt methods
will be compared in this same section for nondegenerate cases, as it is the case in which
Ostrogradski applies. As more general models, we will depict the second and third order
Lagrangians with affine dependence on their highest order terms. Section 6 contains further
commentaries on the usefulness and the limitations of the theory that we propose, as well as

8
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some open questions on possible Hamilton—Jacobi realizations of second order degenerate
Lagrangian theories especially coming from the gravitation theory.

2. Fundamentals

2.1. Hamiltonian dynamics on the cotangent bundle

Consider an n-dimensional manifold Q and its cotangent bundle 7*Q with the canonical pro-
jection g from 7°Q to Q. T*Q is equipped with a canonical (Liouville ) one-form 6, defined
as

0o(X) = (Tmo(X), Tr+0(X)), (17)

where the pairing on the right hand side is the duality between 7°Q and TQ, [1, 4, 41, 46, 69].
Here, T'mg is the tangent mapping of the projection my whereas 77+ is the tangent bundle pro-
jection from 777Q to T*Q. To see these mapping more explicitly, we refer to the commutative
diagram exhibited in (11). Minus of the exterior derivative of the canonical one form, that is
Qg = —dby, is the canonical symplectic two-form on 7°Q. A Hamiltonian system on 7*Q is
determined by the triple (7 Q, Qp, H), where H being a Hamiltonian function. Geometrically,
the Hamilton equations are defined by

tx, o = dH, (18)

where Xy is the Hamiltonian vector field associated with the Hamiltonian function H, and ¢x,,
is the interior derivative [2, 63].

Local picture. Let (¢*, p4) be bundle coordinates on 7*Q that are Darboux coordinates for
the symplectic form. In these coordinates, the canonical one-form reads 6y = padg” whereas
the canonical symplectic two-form becomes Qg = dg* Adpa. In this local picture, the
Hamiltonian vector field X is written as

_OH 0 0H 0
"7 Opa 0t g Opa

so that the Hamilton equations turn out to be the ones in (3).

(19)

2.2. Geometric Hamilton—Jacobi theory

Consider a Hamiltonian system (7*Q, Qg, H) with the Hamiltonian vector field Xy. Let -y be
a one-form on Q, and define a vector field X}, on Q by

X),=TrnoXyon. (20)
This definition implies the commutativity of the following diagram.
X
T*Q l TT*Q
g mQ Trq . 21
X

TQ

We state the geometric Hamilton—Jacobi theorem as follows [11, 37].
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Theorem 1.  For a closed one-form ~ on Q, the following conditions are equivalent:
(i) The vector fields Xy and X3, are ~y-related, that is
TY(X}) = Xy 0. (22)
(ii) The equation is fulfilled

d(Ho~)=0.

Notice that, since a solution ~ is assumed to a closed one-form, by Poincaré lemma
there locally exists a function W satisfying dW = . Substitution of this into the condition
d(H o~) =0 results with the classical formulation of the Hamilton—Jacobi problem (9)
where the constant € appears as a manifestation of the integration.

Geometric HJ theories in the literature. This realization of the Hamilton—Jacobi theory has
been devised in various situations, as it is the case of nonholonomic systems [13, 24, 32, 36,
52, 53], geometric mechanics on Lie algebroids [5], almost-Poisson manifolds [38], singu-
lar systems [40], Nambu—Poisson framework [44], control theory [7], classical field theories
[37, 39, 45], partial differential equations in general [68], the geometric discretization of the
Hamilton—Jacobi equation [43, 54], and others [6, 12].

2.3. Lagrangian submanifolds and Morse families

Let (M, Q) be a symplectic manifold, and Sy, be a submanifold of M. We define the symplectic
orthogonal complement of 7S, as the set of tangent vectors

TSAJ,; ={ueT™| Qu,v)=0,Vv € TSy}. (23)

Sy is called a Lagrangian submanifold of M if TSy = TSA%,. In this case, the dimension of
Sy 1s equal to the half of the dimension of M. For different types of manifolds (Poisson,
Nambu—Poisson, etc), the definition of a Lagrangian submanifold has been accommodated
to its background. See for example [46]. In the case of mechanical systems, the Lagrangian
submanifolds have a physical interpretation as a generalization of the set of possible initial
momenta of a given point in the configuration space.

Consider the canonical symplectic manifold (T*Q, Q). As it is well known, the image
space of a closed one-form « on Q is a Lagrangian submanifold of 7°Q. We call such kind
of Lagrangian submanifolds as horizontal Lagrangian submanifolds. If a Lagrangian sub-
manifold of 7°Q is non-horizontal, that is, if it is not possible to determine it as the image of
a closed one-form, then one possibility is to employ the theory of Morse families in order to
express the Lagrangian submanifold in terms of a generating function.

Morse families. Let (R, 7, N) be a fiber bundle. The vertical bundle VR over R is the space
of vertical vectors U € TR satisfying 77 (U) = 0. The conormal bundle of VR is defined by

V'R ={a € T*R: (a,U) = 0,YU € VR}.

Let E be a real-valued function on R, then the image of its exterior derivative is a submanifold
of T*R. We say that E is a Morse family (or an energy function) if

T.Im (dE) + T.V°R = T.T*R, (24)

for all z € Im (dE) N VOR. A Morse family defined on (R, 7, N) generates a Lagrangian sub-
manifold of the canonical symplectic manifold (T*N, 2y) in the following way [8]:

10
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Sv={weT'N:T*r(w) =dE(z), forsome z € T*R}. (25)

In this case, we say that Sy is generated by the Morse family E. Note that, in the definition of
S, there is an intrinsic requirement that 7 (z) = my (w). The inverse of this statement is also
true, that is, any Lagrangian submanifold is generated by a Morse family. This is known as the
generalized Poincaré lemma [9, 33, 46, 66, 69]. Here, we are presenting the following diagram
in order to summarize this discussion.

SN

5 ()
R~—R "N

: (26)
-
N N

Local picture for Morse families. Assume that N is equipped with local coordinates (x“), and
consider the bundle local coordinates (x*, \*) on the total space R. In this picture, a function
E is called a Morse family if the rank of the matrix

O*E O*E -
Drixd DDA @7

is maximal. In such a case, the Lagrangian submanifold (25) generated by E locally looks like

ok o PE
SN:{()C,W()C,)\))ETNa)\a(.x,)\)—()} (28)

See that the dimension of Sy is half of the dimension of 7*N, and that the canonical symplectic
two-form (2 vanishes on Sy.

Special symplectic structures. Let P be a symplectic manifold carrying an exact symplectic
two-form 2 = dO. Assume also that, P is the total space of a fibre bundle (P, 7, N). A special
symplectic structure is a quintuple (P, 7w, N, ©, x) where  is a fiber preserving symplectic diffeo-
morphism from P to the cotangent bundle 7*N [35, 60]. Here, x can uniquely be characterized by

(x(p), mX(n)) = (©(p),X(p)) (29)

for a vector field X on P, for any point p in P where 7(p) = n. Note that, pairing on the left
hand side of (29) is the natural pairing between the cotangent space 7N and the tangent
space T,,N. Pairing on the right hand side of (29) is the one between the cotangent space T, P
and the tangent space T,,P. We refer [8, 35, 60] for further discussions on special symplectic
structures. Here is a diagram exhibiting the special symplectic structure.

T*N <X P

ﬂ—Nl / (30)

N

The two-tuple (P,€2) is called as underlying symplectic manifold of the special symplectic
structure (P, 7, N, ©, x).

Let (P, 7, N, ©, x) be a special symplectic structure. Assume also that Sp be a Lagrangian
submanifold of P. The image Sy = x(Sp) of Sp is a Lagrangian submanifold of 7*N . By refer-
ring to the generalized Poincaré lemma presented in the previous subsection, we argue that the
Lagrangian submanifold Sy can locally be generated by a Morse family E on a fiber bundle
(R, 7,N). Accordingly, we call the Morse family E a generator of both Sy and Sp since they are

1
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the same up to x. The following diagram summarizes this discussion by equipping a Morse
family (26) to a special symplectic structure (30).

SN Sp

Yy . ()
T*N P

]f j / (31)
N :

=N

R<EZ_

2.4. Tulczyjew triple

In this subsection, we demonstrate that the tangent bundle 77*Q admits two different special
symplectic structures [65—67]. Let us start this analysis by elaborating the symplectic two-
form on TT*Q.

Symplectic structure on 77*Q. Consider the canonical symplectic manifold 7*Q equipped
with the exact symplectic two-form 0y = —d©y. Define a derivation iy taking the symplectic
two-form Qy on 7°Q to a one-form on 77°Q as, for X in TTT*Q,

irQo(X) = Qo(T7r-0(X), Tr7+0(X))-

Here, T1r+¢ is the tangent mapping of the bundle projection 77+ whereas 777+ is the tan-
gent bundle projection 7TT*Q to TT*Q. Accordingly, we define two one-forms on 77°Q as
01 = irQp and 6, = drfy where the derivation dy is the commutator [d, iz]. Minus of the
exterior derivatives of these one-forms results with a symplectic two-form

Qb = —dby = —db, (32)

on TT°Q [65, 67]. In terms of the induced local coordinate chart (qA, pasdt, Da), the potential
one-forms are computed to be

0y = irQo = padq* — dpa, 0> = drOg = padq” + padi’*. (33)

Notice that, in this case, the symplectic two-form QE turns out to be the one in (7). Note that,
the difference 6, — 6, is an exact one-form. Actually, it is the exterior derivative of coupling
function ¢ p, in the Legendre transformation (4).

Special symplectic structures on 77*Q. The non-degeneracy of the canonical symplectic
structure 2p on 7°Q leads to the existence of the following symplectomorphism

QbQ : TT*Q = T*T*Q X Lng : (qA,pA,qA,iJA) — (qA,pA,pr,qA).
(34
It is a matter of a direct calculation to prove that, the quintuple
(TT*Q.T*Q, 77+, 61, Yp) (35)

is a special symplectic manifold. Here, 6 is the differential one-form defined in (33). There
exists a canonical involution on 77Q. A dualization of this determines a symplectomorphism
Ep from TT*Q to the cotangent bundle 7°TQ. In local the coordinates, we obtain

EQ : TT*Q — T*TQ (qA’PA, éA’pA) = (qA9 éjq’ﬁA’pA)' (36)

Then it becomes easy to prove that

12
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(TT*Q,TQ, Tmg, 02, Zp) (37)
is a special symplectic manifold. Here, 6, is the differential one-form defined in (33). As a
result, we provide two special symplectic structures for the symplectic manifold (77*Q, Qg)

Tulczyjew triple is a combination of these two special symplectic structures in one commuta-
tive diagram as given below [30, 31, 48, 64, 66, 67].

= b

= Q
T*TQ < TT*Q < T*T*Q

TTQ Trg 7& A)
TQ T*Q - (38)

We cite [22, 23, 70] for the Tulczyjew triple in the Lie group framework.

2.5. Hamilton—-Jacobi theory for implicit Hamiltonian systems

In [25], we have proposed two methods to construct Hamilton—Jacobi formulations of implicit
Hamiltonian systems. The first method consists of a theory which does refer to Morse fami-
lies. The second is based on the construction of a local vector field defined on the image of a
section, but not globally on the phase space.

The method of Morse families. By referring to the special symplectic structure (35) accom-
modated on the right wing of the Tulczyjew triple, we see that for every Lagrangian submani-
fold S of TT*Q, there exists a Morse family F generating S so that

OF  OF OF
S = JPA) = — = TT*Q : =0
{ (qA P2 opa an> T } &
where F = F(q", pa, \%). Notice that F is defined on a fiber bundle R (equipped with coordi-

nates (", pa, A\%)) over the cotangent bundle 7*Q. Here is the diagram summarizes the Morse
family.

S
R<L—R T*T*Q TT*Q

(40)
’ e l %
I"Q——=T"Q
where we have employed the right wing of the Tulczyjew triple (38).

We consider the restriction of the momenta (p4) to the image space of a closed one-form
v = ~y4dg” on Q. This reads the following restricted submanifold
_ 0} |
Im(y)

(41)
Note that, if the Lagrangian submanifold S is the image of a Hamiltonian vector field Xy, then
S|im(~) reduces to the image space of the composition Xp o v. Since the submanifold S|m(4)
does not depend on the momentum variables, we can project it to a submanifold S” of 7Q via
the tangent mapping 7'mg as follows

_OF
mey) 07

oF

S‘Im('y) = {(qAa VA(Q) a.

T O

; cTT*0:
Opa ) Q

Im(7y)

13
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OF

. OF
§7 = 1 0 Slm(y) = { <q’, il ) ero: 2L = 0} L4
A lim(~) Al

The submanifold $” defines an implicit differential equation on Q. We state the generalization
of the Hamilton—Jacobi theorem 1 as follows [25].

Theorem 2. The following conditions are equivalent for a closed one-form ~:

(i) The Lagrangian submanifold S in (39) and the submanifold S” in (42) are ~y-related, that
is

T5(S") = Slim(»)
(ii) dF(q,7(q), \) = 0, where F is the Morse family generating S.

In a local chart, we can take « as the exterior derivative a function W = W(q). Hence,
the local version of the second condition in theorem 2 turns out to be (12). Notice that, if
the Lagrangian submanifold S is horizontal, then the Morse function F becomes independ-
ent of the auxiliary variables (A?). In this case, the Morse function F becomes a well defined
Hamiltonian function on 7¢Q so that the implicit HJ theorem 2 reduces to the classical HJ
theorem 1.

The method of local vector fields. Assuming that the integrability conditions are all satis-
fied [47], let S be a (possibly non-horizontal) Lagrangian submanifold of 77*Q, and consider
it projection C = 77+ (S). Due to the non-horizontal character of S, there may exist several
vectors in S projecting to the same point in C, so that C does not have to be the whole 7°Q.
Define an auxiliary section ¢ : T*Q — TT*Q satisfying o(C) C S. The role of the section &
is to reduce this unknown number to one. We are additionally require that the domain of the
section ¢ be the intersection of Im(~y) and C. Here, -y is a closed one-form on Q. As a result,
we arrive at a vector field X,. Note that X, satisfies

x, 2 = 0(7(q)) (43)

for an arbitrary one-form © defined on 7(gq). We record here the following diagram in order to
visualize the sections more explicitly.

s TT*Q

e TTrQ
TT* Q
Cnim(y) & T*Q TQ
TQ
ol @
Q
We define a vector field X7 on the tangent bundle 7Q as

X) =Tro0Xs07. (44)

14
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In local coordinates, the vector field X, and its projection X can be written as

Xy = A @r(@) o + oal@r(@) s XD = P(gr(0)

0
g Opa’ g
respectively. Using a one-form section vy on Q, the tangent lift of the projected vector field
X7 is

(45)

0 Ovg O
TYXD = ——=+—=—].
100 = (50 + 5 e (6)
Using (44), we find an expression relating the section o and the vector fields as follows.
0
UA(qm(CI))a%ﬁ(q) = 05(4,7(q))- (47)

We are ready now to state the following theorem [25].

Theorem 3. Given the conditions above, we say that: the two vector fields X, and X are
~-related if and only if (47) is fulfilled.

3. Higher order dynamical systems

Let us consider differential manifolds and standard tensor bundle calculus. It is assumed
throughout the text that all structures and mappings are smooth (C°°-class). For very detailed
descriptions of fundamentals, we refer to [14] and we shall skip to our notation and brief com-
ments on the essentials.

3.1 Geometry of higher order bundles

Jet bundles. Given a fibration (P, 7, N), consider the dimension of P be p and that of N be n.
Consider a section s : N — P and let us denote by Sec(P) the set of all sections on P. We say
that two sections s, s’ € Sec(P) are k-related for 0 < k < oo in a point x € N if s(x) = s'(x)
and for all functions f : P — R, the function fos —f os’ : N — R is flat of order k at x, that
is, this function and all the derivatives up to order k included are zero at x. The equivalence
class determined by the k-relation is called jet of order k for a section jXs(x) [58]. The set of
all k-jets at x is denoted by J¥(P, 7, N). For the union of all of them at any point x, we say
JX(P, 7, N). More generally, we can define now at a point a mapping from N to P. Consider a
function f : N — P, then the equivalence class determined by the k-equivalence is called the
k-jet of f at x. For a representative of the class we use j*f(x) and the set of k-jets is represented
by JX(P,N) and again, the union of these at every x will be represented by J‘(P,N). Notice
that the manifold J"(P, m,N) is a submanifold of J"(P,N) and so the above projections admit
restrictions to it.

Both in the case of sections or mappings it is possible to define jets for local sections or
mappings. For it, one works with the germs, which are the equivalence classes determined by
the relation that two section/mappings are related if they have the same value at every point in
the intersection of their domains.

The k-jet manifold of section/mappings can be fibered in different ways, we have

A J5P,N) = N, of(ff(x) = x, (48)
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Bk JHP,N) = P o*(ff(x)) =x (49)

o IPN) = T(PN) A A) = F(), r <k (50)
Here the o projection is called the source projection and S* is the target projection. Now,
consider J'(J*(P,N),af,N) be a manifold of I-jets of of:J*(P,N) — N. The inter-

est of this manifold is that the fibered manifold J¥*!'(P,N) can be regularly immersed into
JLJK(P,N), o, N).

k+1
Jkp e geip ¥ i Jkp)
Pt lou (o ou)
such that
u(x) =J'(p " ou)(x) (51)

forafunctionu : N — J**'P. Note that J&*1P C J'(J*P). We can set local coordinates for jets,
the jet manifold J(P,N) has an atlas when it is modeled in the space R? x R" x Jk(]RP ,R"™),
locally we may think J(P,N) as J*(R?, R"). Locally, (x,, £, ;‘(r)) with1 < r < k is the coor-
dinate representation of a point of J¥(P,N).

Higher order tangent bundles. Now, a particular type of jet manifold is the tangent bundle
of higher order. Consider Q a configuration space of dimension n, TQ is the tangent bundle
and T7Q is the cotangent bundle or phase space for a dynamical system. The k-order tangent
bundle can be identified with k order jets in the following way

T°Q = J§(R x Q, 71, R). (52)

So that T"Q is a submanifold of J’g(R x Q,m,R). Here, 7 is the projection from R x Q to
the first factor R. One has the same type of fibrations as for the jets above. In fact, if r < k,
we have the canonical projection p¥ : T*Q — T"Q, given by p*(c*(0)) = 07(0), and the target
projection is 8% : T*Q — Q, given by S¥(a*(0)) = &(0). One has obviously pf = 8, where
7°Q is identified canonically with Q.

To describe the local coordinates in 7°Q, let (U, ) be a local chart in Q, with ¢ = (%),
1 <A <n,and p: R — Q is a curve in Q such that p(0) € U; by writing ¢* = ¢* o ¢, the
k-jet ¢ (0) is uniquely represented in (BF) ~'(U) = T*U by

(ﬁoyﬁnﬁ@y---ﬂ?@) = (qA’élA,éA’---’q(k)A) (53)

where

d® A

7' =¢'0) ; ‘I?i)zm

t=0

in the open set (ﬂk) ~1(U) C T*Q. The local expression of the canonical projections 3¢ and
k
Py are

o (qg‘o),q‘g‘l),...,qg‘k)) = (q?orq?l)’---’q?r))’ C (q?orq?w---’q?k)) = (‘I?m) :
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Hence, local coordinates in the open set (3*) ~!(U) C T*Q adapted to the p-bundle structure
are

(ool ol

and a section s € I'(p) is locally given in this open set by
S(q?o),..-,q?r)) = (44 qAr), r+1 S?k)) b

where sA (with r + 1 < j < k) are local functions. This approach is very useful to work on
the tangent bundle 775! Q. Accordingly, we denote the induced coordinates on TT¢'Q as

@y dny) = (o) a1y - Tty 0 1)+ Gay) € TT 0,

where  runs from O to k — 1.

3.2. Tulczyjew triples for higher order bundles

Consider the natural embedding of 7°Q into the iterated tangent bundle 77%~'Q of T*~'Q. This
is locally given by

0T TTQ: (o). - - l) = oy @l - iy Gl - L Do) (54)

see [42]. Here, the induced coordinates on 7T 'Q are assumed to be

(q?n);q?n)) = (Q?o),q/(ﬁ qu 1)5 qu) qu 6]‘?/( 1) ) € TT g, (55)

where x runs from 0 to k — 1. For future reference, let us record here the particular case s = 2
that is

20 — TTQ : ((0)> 41y 9(2) — 9oy (1) A1) 42)) (56)

This embedding will enable us to study the dynamics on the higher order bundles in the frame-
work of Tulczyjew triples.

Recall first the first order Tulczyjew triple presented in section 2.4. By replacing the con-
figuration manifold Q in the clasical first order Tulczyjew triple by the (k — 1)th order tangent
bundle 7%~'Q, we draw the following generalized Tulczyjew triple [21] proper for the higher
order frameworks

_ b
T*TTk—lQ Srh-lq TT* Tk~ 1@ Tk*lQ T*T*Tk—lQ )
ﬂm /4@ T*T’“X A*Q
TTk—l T*Tk—l
Q Q .

Here, w1 is the cotangent bundle projection, 7«1 is the tangent lift of w7e—1¢, Tr-7x-1¢
is the tangent bundle projection, and 77«7«—14 is the cotangent bundle projection.

Since T*T*~1Q is a cotangent bundle, the pair (T*T*~'Q, Qp-1p) is a symplectic mani-
fold with the canonical symplectic two-form Qz«—1y = dOp«-15. On T*T*~1Q, the Darboux
coordinates are

0 k— ok —
(q?ﬁ) PA qu) qu 61?/( 1) pﬁ),pﬁl),. ,P,g l)) eT*T* IQ,
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so we write the canonical two-form as

k—1
Qpiag = def(f) Addly. (58)
k=0
On TT*T*~1Q, introduce the following local coordinate system
(@623 o 187) € TT T 10 (59)

where < runs from O to k — 1. The pair (TT* T 10, Q;k,l Q) is a symplectic manifold with

T

-1 Can be written as

lifted symplectic two-form. In terms of the coordinates, 2

k—1 k—1
Wi = > dpy Ndgly + > dpl? A ddf,,. (60)
k=0 k=0

Then, we define the adapted symplectic diffeomorphism Zq-1 and Qka_lQ from the sym-
plectic diffeomorphism =y and QbQ in the first order Tulczyjew triple (57). Accordingly, they
are computed as

ETk—‘Q(Q(;{):p(H)» Q(n)’p(n)) = (Q(n)’ Q(K)’p(n)’p(ﬁ))’

V100 P Gy DY) = (@), P 0" =), £ =0,k — (161)
We remark here that both the left and the right wings of the higher order Tulczyjew triple are
special symplectic structures, and the triple is merging them to enable a Legendre transforma-
tion for the singular or/and constrained higher order dynamical systems.

3.3. Explicit higher order differential equations

Consider the bundle projection 7;: R x O — R onto the first factor. If ¢: R — Q is a curve
in Q, the canonical lifting of ¢ to T*Q is the curve j*¢: R — T*Q. We consider the mod-
ule of vector fields X(n}) along the projection 7} : Jm — J*m. The kth holonomic lift of

X =X,0/0t € X(R) is given by

0 <& a
.k _ -~ :
JX"‘”(&*%“”@%)'

Using the identification J¥7 = R x T*Q and denoting by 7, : R x Q — Q the natural projec-
tion onto the second factor, and all the induced projections in higher order jet bundles, we have
the following diagram.

k+1
R x TF1Q ™ TH1Q
ﬂ,]l:Jrl pllerl
3

R x TFQ T+Q
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Definition 1. A curve ¢:R — T*Q is holonomic of type r, 1<r<k, if
F G = pi_. 01, where ¢ = X 04, ¢: R — Q; that is, the curve ) is the lifting of a
curve in Q up to T"+1Q,

Q)

v K
//////////////)7 pk—r+1
k
Pk,T+1O'¢}
_

Tk—r+1Q

'k7r+1¢

R

Id
Tk—r-i—lQ

5k7r+1

Q

In particular, a curve 1 is holonomic of type 1 if j*¢ = j’éqb, with ¢ = /3% o 1. Throughout this
paper, holonomic curves of type 1 are simply called holonomic.

Definition 2. A vector field X € X(T*Q) is a semispray of type r, 1 < r < k, if every int-
egral curve ¢ of X is holonomic of type r.

The local expression of a semispray of type r is
0 0 0 0 0
X=dyaxr tdyaa T Fdiryaa— gt R (62
Woqy, " odl, og, O rs1) ogty

where Ff_r ST ,F’,? are functions of qipi=1,... , k. Observe that semisprays of type 1 in
T*Q are the analogue to holonomic vector fields in first order mechanics. Their local expres-
sions are

0 o 0 d
X=qym +dy 7+ + 40 +F : 63
Wogl, " " oqt,) Yot Odfyy ©y

If X € X(T*Q)is a semispray of type r, a curve ¢: R — Q is said to be a path or solution of X
if j*¢ is an integral curve of X; that is, j*¢ = X o j*¢, where j*¢ denotes the canonical lifting

of j*¢ from T*Q to TT*Q.

3.4. Implicit higher order differential equations
Consider a kth order system

q.q.4,....q")=0, I=1,....r

of differential equations defined by r number equations on a configuration manifold Q.
Geometrically, the functions ® define a submanifold S of 7*Q. Using the induced coordinates
on the higher order tangent bundle, this submanifold is given locally by

S={q:=(4.4.4.....q%)| @'(q)=0}. (64)

A differentiable curve ¢ on Q whose canonical k-lifting is a curve ¥ = j’éq& on T*Q is a solu-
tion of § C T*Q if the lifted curve lies in S. The submanifold S can be understood as a first
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order differential equation defined on T7%~!Q as well. To this end we first consider the natural
embedding of 7*Q into the iterated tangent bundle 77%~'Q of T7%~'Q. This is locally described
as in (54). For s = 2, recall (56). Using the mapping in (54), image ¢(S) of S is a submanifold
of TT*"'Q. The differential equation S is called explicit if there exists a vector field X on 7%~ 'Q
such that Im(X) is ¢(S). Otherwise, S is called an implicit differential equation.

Looking for a Lagrangian function generating a differential equation is the inverse problem
of calculus of variations. See, for example, [51] for a geometric approach to this problem for
the case of s = 1. For the fourth order explicit systems, in [26], some conditions are proposed
for the existence and uniqueness of a Lagrangian function. In this work, we assume that there
exists already a Lagrangian function generating the dynamics.

4. The Hamilton—-Jacobi problem for higher order implicit systems

For regular higher order Lagrangians, the submanifold S in T7*T*~!Q projects via Trp-1g
on the whole T*T*~1Q. In the singular case, this projection is only a part of T*T*~1Q. If we
would like to construct a Hamilton—Jacobi theory in this setting, there must be a way in which
we obtain a Lagrangian submanifold of TT*T*~'Q. To find a solution, we need to find a
section y : T*T*~'Q — TT*T*~'Q. Nonetheless, starting from an implicit differential equa-
tion on 7T* Tk*IQ, by the projection Tmp«—1¢, we arrive at a submanifold in TT"_]Q. Hence,
we need to make use of Tulcyjew triple (57) to pass from the Lagrangian to Hamiltonian pic-
tures 77" 'Q and T*T*~'Q through some morphisms. In this section we develop a geometric
Hamilton—Jacobi theory for higher order implicit differential equations using two different
approaches.

The first method consists of a theory which does refer to vector fields, that we will refer to
as the Morse family method. The second is based on the construction of a local vector field
defined on the image of a section, but not defined globally on the phase space. In this case, the
definitions above apply locally, and the philosophy of the Hamilton—Jacobi approach matches
the explanation above. Let us then start first with the method which is not so related to the
usual definitions and that implements as a novelty the use of Lagrangian submanifolds gener-
ated by a Morse function. Hence, we start with our so-called Morse family method. Notice
also that we will rely on the Ostrogradski approach (59) in this subsection, but there is an
alternative, the Schmidt approach that we will introduce in the next section.

4.1. The Morse family method—general approach

Let us start with the first method. We start with a Lagrangian submanifold S of the symplec-

tic manifold 77*T*~'Q equipped with the symplectic two-form Q7 ,, exhibited in (60).
If it is a horizontal Lagrangian submanifold then it is possible to find a Hamiltonian vector
field on T*T*~'Q whose image is exactly the submanifold itself [60]. This corresponds to an
explicit dynamical system. If the Lagrangian submanifold fails to be horizontal then there is
no Hamiltonian vector field generating the Lagrangian submanifold. In this case, dynami-
cal equations governing the dynamical system can only be written in an implicit differential
equation form. We now propose a Hamilton—Jacobi formalism valid for both the explicit and
implicit systems.

Lagrangian submanifolds of 7T7*T*~'Q Consider a Lagrangian submanifold S of
TT*T*~'Q. If it is projectable, by projecting S via the mapping Tr=7k-1¢, We reach a submani-
fold of T*T*~'Q. On the other hand, if we project S with Ty, we reach a submanifold
of TT*~'Q, where we have a first order implicit differential equation. Accordingly, we can
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iteratively project these resulting bundles: from T*T*~'Q to Q. Let us summarize this in the
following diagram.

S 'y TT*TF1Q

Tﬂ-kal Q

TT*Tk:—lQ

T*T*1Q TTF1Q 1 S

k—1
ﬂ-kalQ T‘I‘Q
v TT]C—IQ

TH1Q TQ

TQ ite

Q < ¢ R

where 7—571 : TF=1Q — Q. Notice that if S is integrable, then Trpi-19(S) is integrable too.
We see this by considering the projection T77i-15(V) of an element V € S. Note that, if ¢ is
a curve lying in 7*T*~'Q and it is tangent to V € §, then -1 0 ¢ is curve on 75! that
is tangent to Tmr-15(V). This shows that the projections of the solutions of S are solutions
of Tmre-19(S). The inverse question is precisely the basis of a Hamilton—Jacobi theory, i.e. if
starting from the solutions of T77x-15(S) we are able to construct solutions of S, that is to lift
the solutions on 77" 'Q to the iterated bundle TT*T*~1Q.

Notice that S may not be projectable, that means that S is only projectable when it is
restricted to the image space of a differential one-form v on 7%~'Q. We denote the restric-
tion of S to the image space of a one-form  as follows S|yp(). For this procedure, we need
to introduce a section v : T¥"1Q — T*T*~1Q such that for a solution 3 : R — T*~!'Q of
S7 = Trpi-19(S), we have that vy o ¢ : R — T*T*~!Q is a solution of S. We say that S and 7
are Y—related. In accordance to the usual Hamilton—Jacobi theory [5, 12, 13, 38], recall (1),
we have

k=1lo~yo
T*Tk—lQ gk toyog TT*Tk—lQ <—)S

v ﬂ—Tk*IQ Tﬂ-Tk_lQ (65)

Tk—lQ jF1og TTk—lQ ; S

Morse families. In this case, since S and S” are implicit, we do not have a vector field.
Nonetheless, as we have discussed previously, for every Lagrangian submanifold S
in TT*T*1Q, there exists a Morse family E defined over a smooth bundle structure
(R, 7, T*T*='Q) generating S. Let us recall in a diagram the Lagrangian submanifold that is
generated and the Lagrangian submanifold we need for a Hamilton—Jacobi theory:
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D S
E [ Qkafl [
R R T*T*T*1Q — "1 TT*TH1(
T*Tk—lQ T*Tk:—lQ
(66)
where the triangle is the special symplectic structure presented as the right wing of the
Tulezyjew triple (57). Here, D is the image of S under the musical mapping Qka_, o hence a

Lagrangian submanifold of 7*T*T*~'Q. Assume the local coordinates (q/(*n), p{™, A%) on the
fiber bundle R. Here (q’z‘ﬁ), pf(,”)) is the Darboux’ coordinates on T*T*~'Q since & runs from 0

to k — 1. The Lagrangian submanifold S, generated by the Morse family £ = E(q(,{),p("””), A),
can be written as

OE OE OE
p={|q ,p(“);,> eTTT'Q: —— :0}. 67)
("”v) A K @
{< 04ty op}” oA

The isomorphic image of D is the Lagrangian submanifold describing the dynamics and com-

puted to be
B )., OE  OE g1y, O _
' { (qﬁ)’pA ol 0, ) U “

The Lagrangian submanifold S generates the following systems of implicit differential
equations
OE OE OE
ihoy=——, pi = “= o,
(%) op% A oq,,, e (69)

We introduce a closed one-form ~ on 7%~'Q with local picture

Y(q(x)) = %(;K)dfl?n)’
(k)

where v, are real valued functions on 7%7'Q. See that, Im(y) is a Lagrangian submani-
fold of T*T*~1(Q, so that there is an inclusion ¢ : Im(vy) — T*T*~'Q. We use the inclusion
to pull the bundle (R, 7, T*T*'Q) back over Im(7). By this, one arrives at a fiber bundle
(V*R, v 1, Im(7)).

*(R) 2 R

. (70)

Im(y) - T*T*1Q
Here, the total space the pull-back bundle is

C(R) = {(7(q(w)).2) €Im(7) X R: 7(z) € Im(7)}
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with ¢ is the corresponding inclusion. Although restriction of the Morse family on ¢*(R)
should formally be written as E o ¢, we will abuse notation using E. The submanifold gener-

ated by E = E(q(x)» (%), \) is given by

_ (%), OE OFE k1 A OE _
S|Im(7)—{<q?)7A ,aqy),—% € TT*T Q'W_O . @D

Note that, if the Lagrangian submanifold S was explicit, and would be understood as the image
of a Hamiltonian vector field Xy, then S|y () reduces to the image space of the composition
Xy o7.

The submanifold S|y () exhibited in (71) does not depend on the momentum variables.
This enables us to project it to a submanifold S7 of 7Q by the tangent mapping T'mg as follows

87 =Tmi-10 0 Slim(y) = { (fn),

Note that the submanifold S defines an implicit differential equation on T~'Q. We state the
generalization of the Hamilton—Jacobi theorem 1 as follows.

OE

OE
(k) k—1 L
dq (,{) (q(/s) s ,>\)> eTT" ' Q: e 0} . (72)

Theorem 4 (Higher order implicit HJ theorem). The following conditions are equiva-
lent for a closed one-form -y that is a solution of the implicit higher order Hamilton—Jacobi
problem:

(i) The Lagrangian submanifold S in (67) and the submanifold S” in (72) are ~y-related, that
is
T’y(SV) = S|Im(ﬁf)
(ii) The Morse family E that generates the submanifold S fulfills the equation

dE(q(xy: 7", \) = 0. (73)

Proof. The one-formy = v, )qu ) is closed, that is, 87:) /8q(n) = Bvé”)/ an . The first
assertion in theorem 4 can be written locally as
Lo\ 0E  O0E 0
g 8qA 3p('€) 8q1(4f$)

(74)

for A=1,...,n,and &,k = 1,...,k — 1 and with the condition OE/O\* = 0. Let us now
compute

. 8E (k.3 A\
A

Note that, after the substitution of (74) into (75) and by employing the closure of the one-form,
we conclude that the exterior derivative of E vanishes when p(®) = ~(%), [ ]

4.1.1. The Morse family method—Ostrogradski momenta. Now, we come to the problem of
deciding the total space R of the bundle T*T*~'Q. We are proposing two alternative ways
for this. In this case our interest is focused in the Lagrangian submanifolds generated by a
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Lagrangian function. Accordingly, consider a Lagrangian function depending on higher order
differential terms on the higher order tangent bundle 7*Q of the configuration space Q. If Q

is an n-dimensional manifold with a local chart ( qAO) ), then T*Q is a (k + 1) x n-dimensional
manifold with the induced local chart ( qAO) qu 1y q’(*k)) Now, consider the Whitney product

W =T'Q xpu1p T*T'Q (76)

equipped with the local coordinates

(Q?n)"l?k)»P/(f)) = (4?0)’“ qu 1) qu) PA i (k V) (77)

of the higher order tangent bundle 7%Q and the iterated cotangent bundle T*T*~'Q fibered
over T""'Q. Here, we have assumed the canonical coordinates (q’(‘ﬁ), pff)) on T*T*~'Q where

x runs from O to k — 1. Note that, we can realize this Whitney product as the total space of the
smooth fiber bundle

7T X T TF1Q s TT1Q 2 (g - PYY) = () 2™,
(78)

where the base is 7*7*~'Q. In this fibration the fibers are given by (¢{;)) and they are
n-dimensional.

For a given higher order Lagrangian L = L( qAO), .. qu) ), the corresponding energy function
E is defined on the Whitney product 7*Q x 7o T* T" 10 and explicitly given by

K k— 1
Edfy dlo-05) = 0ty + 0y + -+ 08l — (79)

It is immediate to see that £ is a Morse family and that it generates a Lagrangian submani-
fold of the cotangent bundle 7*T*TQ, as it was mentioned in the theory on Morse families.
Diagrammatically, we replace the total space R with the Whitney product in (76) with the
projection (78). Hence, the Lagrangian submanifold D in (67) takes the particular form

. oL oL
(q?n ( ) _ P(O) _ ’.”’plgk 2 qu),. q?k)) (80)

?p 9
" gy dqty) an (k1)
equipped with constraints
k-1)  OL
pa =0. (81)
Odfyy

See that the Lagrangian submanifold exhibited in (80) and (81) is in T*T*T*~'Q where q’?k)
are auxiliary variables presenting the implicit character of the system. In this framework,
Ostrogradski momenta are given by

k—1 — K
dy\’ oL
(k) — _ = =
=2 (-5) (aen) @
where  runs from O to k — 1.

Legendre transformation by means of Tulczyjew triple. Using the right wing of the

Tulczyjew’ triple (57), and referring directly to the musical isomorphism Q;k_, 0 in (61), we
map the Lagrangian submanifold in (80) and (81) to TT*T*~'Q. This reads
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(r). OL OL o OL  (k—2)
(Q?K)’pA ’q/él)""’q?k)78q?0)’aq?]) P> 8qu 1) Pa ) (83)

The submanifold in (80) and (81) is a Lagrangian submanifold of 77* T*=1Q. The dynamics
in this submanifold is represented by a systems of implicit differential equations

oL
oy =yl =l Py =
© = G- Fin =l P2 = G

.1y OL (0) (k—1) oL (k-2 (k-1 OL
Pa" =54 —Pas--osP =23 —Px - P — a1 =0
tog ! Xy " ! Odtyy )

equipped with the constraints given in (81). It is immediate now to check that the Lagrangian
submanifold (80) and (81), or the system of implicit equations (84) correspond to the higher
order Euler-Lagrange equations

oL d aL +di oL (e )kd" oL o 5)
8%) dr 85/(*1) dr? 6q/(*2) dek 8qu)

Note that these identifications are independent of the regularity of the Lagrangian functions.
Hamilton-Jacobi equations. Introduce a closed one-form ~ on T~ !Q given locally by
K 0 1 k—1
v = %g )dcf?n) = %(x )dq/?O) + %g )dq?l) +- ( )quk e (86)

Now we apply the implicit Hamilton—Jacobi theorem 4 to the first order implicit system given
in (84), which is equivalent to the higher order Euler—Lagrange system. More concretely, we
are employing the second condition (73) in theorem 4 to the present case. This reads

d(vﬁo%ﬁ Dty + %Vl — Lac)- 61(1>,~-~’61<k>)) =0.

Accordingly, we compute the following system of equations

a%"*” oL
qu) AB q?k) B 0,
aq«» 84(0) 94 ()
6’yA q4 L0 oyl oL
N ot 4 0,
04} () gty
al qA "’2)+67‘§k_1)q“‘ oL,
0y 3 '(gk n Oy Oafy,
(k=1) oL —0
W g =0 @D

Since + is a closed one-form, then in a local chart, one may take -y as the exterior derivative
dW of a real-valued function W on T¢~!Q. In this case, we integrate the system as

ow ow ow OL
Sad) + qA ot o — L9y qw) =00 s— — 5 =0
8(1‘?0) ) 3qu @ aq?k_l) (k) (0)-4(1) ( aq?k_l) 8q‘?k>

(88)
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Hamilton-Jacobi equations for nondegenerate cases. Note that, we may solve the Lagrange

multipliers q’?k) from the definition of conjugate momenta p/(\k_l) using the constraint (81) if

the matrix {82L / 8‘1?1() 84](31()} is nondegenerate. In this case, the solution has the form

q/?k) =y (q(o)’q(l)’""Q(k_1),p(l)> )

Further, in a local chart, one may take ~y as the exterior derivative dW of a real-valued function
W on T%~'Q. In this case the requirement that E is constant on the image of dW results in a
Hamilton—Jacobi equation in form

ow
+ +oot ——— S~ L(q0),9(1)s» - - - Gk—1), Z) = 0.
8ﬁ”fw 8¢)f” 8%%0 (90)- 91 G(—1)> )
(89)

4.1.2. The Morse family method—the Schmidt—Legendre transformation for second order
systems. 'We start by recalling some basics on the acceleration bundle and refer the reader to
[21] for further details.

Acceleration bundle. Consider the set K,(Q) of smooth curves passing through ¢ € O whose
first derivatives vanish at ¢, that is

Ky (Q) = {7 € Cy(Q) : D(fo7)(0) =0, Vf:Q+—R}. (90)

Define an equivalence relation on K,(Q) by saying that two curves - and +' are equivalent if
the second derivatives of v and +' are equal at the point g, that is if

Y(0)=7'(0)=q.  D*(foy)(0)=D*(for)(0), V:0—R

for all real valued functions f on Q. An equivalence class is denoted by a(0). The set of all of
these equivalence classes is called acceleration space A,Q at ¢ € Q. If Q is an n-dimensional
manifold then union of all acceleration spaces

AQ =| | A0
q€0

is a 2n-dimensional manifold called as the acceleration bundle of Q. The induced local coor-
dinates on AQ are defined to be

(q{0y @ln)) : AQ — R : av(0) — (qfy) ©7(0), D*(q/ly) 0 ¥)( (91)

We note that, the third order tangent bundle T3Q and the tangent bundle of the acceleration
bundle are isomorphic. If the induced coordinates assumed on the tangent bundle 7AQ are

(q?o), a?o) : ‘1?1) , a?l)), then the isomorphism S locally takes the form

S:TAQ = T°Q: (ﬁow“?oﬁ%r“?m) - (‘I?orff?l);“?ow“?n) : (92)

Gauge invariance of the Lagrangian formalism and Schmidt method. Consider a second
order Lagrangian function

L=L(q0)901)-490)) (93)

on T2Q. The gauge invariance of the second order Euler—Lagrange equations implies that the
equations of motion generated by L and L + (d/df)F are the same for any smooth function F
on T>Q. When we consider F, we come up with a third order Lagrangian
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. d
L (q(0)-90)-92)-43)) = L (4(0)» 61<1> 90)) + ¢ F (90-90)-92))
(94)

OF
— L (410 401-90)) + o) + oty + oy
3‘1A> 84’?) 04ty

defined in 7°Q with local coordinates (¢(o). g(1),4(2)- 4(3))- By recalling the isomorphism in
(92), we pull back the Lagrangian L to the tangent bundle 7AQ, so it results in a first order
Lagrangian function
8F

al
@qA] a0 + 5 day, ‘)

95)
defined on the first order tangent bundle TAQ. The Euler—Lagrange equations generated by L,
are computed to be

L, : TAQ— R : (q?o),a‘?o);q‘?l),a?l)) — L(q(o),q(l),a(o)) qu) +

ﬁq"‘o)

8L2 d 8L2 <9L2 d 6L2 96
~ 9 =0 Tr il (96)
9q(y,  dtoqfy dajy,  dtOaf,
The second set of equations in (96) can be rewritten as
oL  OF ) OPF
+ + (alyy — qbsy) = 0. (97)
A B \"(0) 2
<8“<o> Oqtyy ) Oagy)ay,

Assume that the second order Lagrangian function L is a nondegenerate, that is the rank of
the Hessian matrix {82L / 8(1/(‘0)8(11(30)} is maximal, and assume also that the auxiliary function

F satisfies

adly, " dql, 98)

In this case, the non-degeneracy of the matrix {GZL/ Ba?o)aa?o)] implies the non-degeneracy
of the matrix [0*F /0a’, 00 ] Given this, the equations (97) reduce to the set of constraints
a(o) — q(z) = 0. In this case the first set in (96) results in the same Euler-Lagrange equa-
tions generated by L in (93).

Morse family generating the Lagrangian submanifold. Assuming the dual coordinates

(qAO), @y p( ), (0)) on the cotangent bundle 7*AQ, define the following Morse family

E(‘I(owa(ow’( )’W(O)»qu»am) = p{dly + il = L (g0 a): anys @)

OF OF OF
=8 aly + i) — Llgws a4 — o) ) — anl)“’?) 8a(0)aA (99)

on the Whitney sum TAQ X 4o T*AQ over the base manifold 7*AQ. The conjugate momenta
are defined by the equations

OE () oL, OE (0) oL, (0) oF 100
0= =p;y — s 0= =m, — =Ty — . ( )
o4ty oq(y) daf, daiy) day,
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If we substitute the momenta 75(‘0) in the definition of the Morse family (99) which makes the

family free of (a?l)), it results in

0 OF OF
E(g@-a@P" 7%, q0)) = pi"at) — Llgw) 90 a) — Wg)q?" - Wﬁ)a?o) (1on
0 1

defined on the Whitney sum 7*AQ x TAQ. A further reduction on the Morse family is
possible. For this, recall the assumption that the matrix [0*F/ aa?o)ﬁqla)] is nondegenerate.
So that we can, at least locally, solve ‘1?1) in terms of the momenta from the second equa-

tion 7§ = OF (q(0)» 4(1)» 4(2) /ey, in (100). Let us write this solution as
gty =2 (400 7). (102)

This results with a well-defined Hamiltonian function

0 OF oF
H (Q(O), a(O);p(O),ﬂ'(O)) :p,(A )ZA —L (q(o),Z,a(o)) - %ZA — %Cl?o)
(103)

on T"AQ.

Hamilton—Jacobi theory in the acceleration bundle framework. Now, we are ready to
write the Hamilton—Jacobi theory for second order nondegenerate Lagrangian functions. For
this, assume a real valued function W defined on the acceleration bundle AQ and a Hamiltonian
vector field Xy on T*AQ associated to the Hamiltonian function H in (103). We can define a
vector field X}, on the acceleration bundle AQ

Xjy=TrmapoXnory (104)
according to the commutativity of the diagram
X
T*AQ u TT*AQ
fy:dW TAQ TWAQ ' (105)
X
AQ TAQ

Theorem 5 (HJ theorem in the acceleration bundle). Ler v = dW be a closed one-
form on AQ, we say that ~y is a solution of the Hamilton—Jacobi problem in the acceleration
bundle if the following two equivalent conditions are satisfied

(i) The vector fields Xy and X;Y, are ~y-related
(ii) d(Ho~y) =0.

We can rewrite the second condition as an equation the function W = W(q(o), a(o)) satisfying
the partial differential equation

E,
(106)

aw> OF

alZA( 4 87W>_L( a )_aizA( g W N OF 4
oty ° 90900 401200) = a7\ 90-90- 5, ) = 5o

where E is a constant.
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Let us write the second condition explicitly for a particular case. Determine the auxiliary
function F(a(g),q(1)) = —5A3a‘3q‘(91) in (95). In the light of condition (98), the Lagrangian
is quadratic with respect to second order time derivatives. More concretely, we see that
oL/ 6a?0) = 5A3a?0 . In this case, the Hamiltonian function (103) reduces to

H( q0a0y: 0™, (o)) _ 500 (q(o),ﬁ(o),a(o)) + Oandp)aly)-
(107)
In this case, for a closed one-form

W4 aA ,
T3 ‘IAo) qA 0 T (0)

the second condition in theorem 5 provides the following Hamilton—Jacobi equation for the
nondegenerate second order Lagrangian function L

ow ow ow
AB —L ) aA
94y 8‘Iﬁ)) (q(m,a a(o) a(o)> + duac o) = (108)

4.1.3. Comparisons of HJ formalisms for nondegenerate cases. Let us consider again the
auxiliary function F = F(q(0).4(1).4(2)) on the second order tangent bundle T?Q and let
us write 72Q locally as a product space AQ x TQ. Here, the function will have a form
F = F(q(0)-4(1)» a(0))- In this case, the cotangent bundle of 7* T%Q can be identified with the
product space T*AQ x T*TQ. The image of the exterior derivative dF determines a Lagrang-
ian submanifold of T*AQ x T*TQ hence a symplectic diffeomorphism between T°AQ and
T*TQ. Explicitly, the symplectic diffeomorphism is computed to be

T*AQ = T°TQ : (o, alyysp 7l ) =

oF oF
(q?o)’ZA(q(“)’“<°>’“(o))’p/(*o) oy, (902 (a0 a0 ())’“<0>)’_azf*>' (109)

This symplectic diffeomorphism establishes the link between the Morse families (79) (when
k = 1) and (101). To see this directly, let us now pull back the Morse family E given in (79) by
the mapping (109). We compute the result as follows

P40y +pVae) — Llgwy90)-92))
oF OF
= (pq ~ % (9.2(g,a,pa) ,a)> ¢ 5 A L(q,z a)

OF  OF
= pgz— L(gz,a) — 9% B (110)

which is exactly the Hamiltonian function in (103). Here, we have employed the identification
a/(*o) = q?z)' The following examples compare the two methods we have exhibited so far.
Example. Let us consider a pure quadratic one-dimensional Lagrangian

1

_ 2
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If we first apply the Ostragradski method, the momentum p‘! is computed to be 1q(2). The
Hamilton—Jacobi equation (89) for this system is

oW 1 < oW >2
=c. (112)
9q( )q() 94q.0)

Let us now apply the Schmidt method presented in section 4.1.2 to the Lagrangian (111).
Condition (98) integrates the function F as

F = —paqy + g(q)) (113)

where g is an arbitrary function which can be chosen as zero without loss of any generality.
This enables us to use the Hamilton—Jacobi equation in (106), which is exactly
ow oW |

_ L 114
aq(o) aa(o) 2/1“ (0) ( )

and which can be solved assuming that V,W does not equal to zero, and rewrite the Hamilton—
Jacobi problem in the form

oW _ =<, (115)
%40 38“%)

where ¢, is a constant. Its solution reads:

I c
W(ae), a0) = 240) + 510 = Ao (116)

4.14. The Morse family method—the Schmidt method for the third order Lagrangians. Let
us start with a third order Lagrangian function L(g(o).q(1).4(2)4(3)) defined on 7°Q. Recall-
ing the local diffeomorphism in (92), we pull back the Lagrangian function L to the tangent
bundle TAQ of the acceleration bundle. By this, we arrive at a first order Lagrangian function
L=L (q(o), ao)s 41 a(l)). Now, we define a manifold M with local coordinates m, its tan-
gent bundle TM with coordinates (mf(‘o), mfl)) and the first order Lagrangian function

OF OF
Ly = L(q(0) a0): 4 an) + qu) + a =40) T 59 + 5 my

a0 o) ©
(117)

on the tangent bundle T(AQ x M) equipped with local coordinates

qu)’“?o 6141 1)’ 0)’ ())~

Here, the auxiliary function F depends on (q(o) g(1) @(0) (o)) The Euler Lagrange equa-
tions generated by the Lagrangian L; are equal to the Euler—Lagrange equations generated by
the third order Lagrangian function L if the requirement

det[0°F /Oy Omiy] # 0 (118)

is assumed [21].
We consider the conjugate momenta on 7*(AQ x M) determined locally by ( p/go) , ngo) , ,u/go))

and the energy function associated with Ls is
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0 0 0
E=p{qy +mialy +umly) — Ls
_OF
04

oF
' gl

0 0 0
=P} )q?l) + )a?n + 11 )m?l) —L

0 4o

OF oOF

~ 54 4 54 M-
Oay, Omfy,

Noticethatthisenergy functionisaMorse family onthe Whitneysum 7 (AQ x M) x T*(AQ x M)
and, in accordance with the following diagram.

(119)

#
R agxan

TT*(AQ x M) T*T*(AQ x M) T(AQ x M) x T*(AQ x M),
TT*M %m lm
T*(AQ x M) T*(AQ x M)
(120)

The family E generates a Lagrangian submanifold D of T*T*(AQ x M), and using the musical

#
(AQxM)y

of TT*(AQ x M), that is a symplectic manifold equipped with the lifted symplectic two-form

isomorphism 2 we map this Lagrangian submanifold to a Lagrangian submanifold S

Q(TAQX My This Lagrangian submanifold exactly determines the third order Euler—Lagrange
equations generated by the Lagrangian L = L(q0),4(1)>4(2)>4(3))-

Let us now apply the implicit Hamilton—Jacobi theorem to this case. Assume a closed one-
form v on AQ x M given locally by

v = Yadqy) + aadaly, + Badmly,. (121)

The restriction of the Lagrangian submanifold S to the image space of v will be denoted by
S|im(+)- Then project S|jm(4) to the tangent bundle T(AQ x M) by means of the tangent map-
ping Tmapxn- This results in a (possibly non horizontal) submanifold §7 = T, ., (S|m) of
T(AQ x M). Let us depict these in the following diagram

T*(AQ x M) TT*(AQ x M) ~— S
y=dW TAQx M TTaQx M : (122)
AO x M T(AQ x M) ——— 3"

Theorem 6 (HJ theorem for implicit third order Lagrangians in the acceleration
space). A solution of the implicit Hamilton—Jacobi problem for third order Lagrangians in
the acceleration space is a closed one-form ~y that fulfills the two following equivalent rela-
tions:

(i) The Lagrangian submanifold S|y and the submanifold S” are v-related, that is
T’y(S’Y) = S|[m(,y).
(ll) d(E(Q?O), a?())’ m?o)’ YA, CA, IBA» q?l)’ a?])’ m?]))) = O

The second condition reads the implicit HJ equation

E = ’YAQ’(AH) + aAa?l) + BAm?1) —Li=c,
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where c being a constant. Taking the exterior derivative of this equation, we arrive at the fol-
lowing local picture of the Hamilton—Jacobi equation

3% 504/4 0Ba 0Ly
qAI) aA a B m?l) 8q?0) = 0

6% 8aA 8BA A 8L3 o

at, 100+ g o gz ) = Gn - =

8%\ qA 8aA GBA A 6L3
1) + 5 M) — B 0
8m(0) 8m(0)

0) (0)

OL;

YA — =3 — 0’
)
oLy

A - A A b
861’(‘1)
OLs
B _o, (123)
5 o

where Lj is the Lagrangian function in (l 17). As a particular case, we consider that the auxil-

iary function is taken to be F' = 6ABqA]) In this case the Lagrangian function L3 reduces to

L(q0) ) (1) (1)) + 0anq(1ym{o)-

(124)
In this case, the last equation in system (123) provides the definition of the Lagrange multi-
plier as q‘?l) = 54CB¢. So that the substitution of the Lagrangian (124) into (123), we the fol-
lowing reduced Hamilton—Jacobi equations

Ls (fl(o»a(oﬁ4(1>’a<1>ém<o>,m<1>) =

6% 80&A E)BA OL
AC A _
& Can + 36]3 a?l) + an may — an =0
© %0 © O I}, =55
BWA 8aA aﬁA OL
AC A _
0 7€ 5ab + daB. D T g M) T fyB =0
© 990 © (©) gty =554
A Oa day 0Ba 4 oL o
©omB omB )T omB ") T GyB o
© © © (© b, =564
oL ' 5
YA — — agmyy =0,
gl gh =69 M
L
an— 2k —0, (125)
Oa? i
(l) q?])_é BB

Hamilton—-Jacobi theory for degenerate second order Lagrangians Notice that up to
now, the non-degeneracy condition has not been assumed. This implies that we can apply
this framework in both degenerate and nondegenerate third order Lagrangian systems. It is
also interesting to note that we can further study the second order Lagrangian systems in the
present framework. Let us study this particular case. In the definition of L3 given in (117), we
choose L = L(q(o).a(0).q(1)). and consider an auxiliary function F = F(q(o).q(1). m(0))- SO
that, we have a Lagrangian function
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OF OF oF
La-geg (4(0)- a(0): 9(1)- a1y: Moy mny) = L (4(0)-91)-a(0)) + ey ahy + 6‘1’?1>”?0> + o,

(126)
defined on the tangent bundle T(AQ x M). In this case, the energy function (119) is reduced to

oF OF oF
OF 4 OF o OF
Oqloy " Oafyy ¥ Oy

0 0 0
EZP/g)LI?l) +W/g)“?1) +#,(4)m?1) —-L- m)y.-

(127)
This Morse family generates a nonhorizontal Lagrangian submanifold of 77*(AQ x M). So
that defines an implicit Hamiltonian system. We substitute the Lagrangian L,-4e; into the
Hamilton—Jacobi equation (123). This gives the following Hamilton—Jacobi equation for
a second order degenerate Lagrangian L. The fifth equation gives us that oy = 0. Under
the light of the closure of the differential form +, this reads 4 = v4(g(0),m(0)) and that
Ba = Balq().m()) so we have

(Q)’YA qA é)ﬁA A OL azF f‘ 62F A azF
1)

—m - + aloy + 55 M)
dfy) 8‘1<0) W 9qf, " 0afy0qly, " gl datyy " Oafyomiy) ")
oL + oF

Oq,)
(‘m LN OBa 4 0*F O*F O*F wh,
N ey = gl +7aA S
mh, O Z 2 M= amfo)aq/*o) M amfo)aq/*,) am 8m(0)
g = oL qu O*F mAl
q)) aq<1>a‘on> a‘7<o> aq<1>8‘1A1> 8?1)‘9”’A W
OF
o 2 (128)

(0)

Letus study the Hamilton—Jacobi equation (128) for the particular choice of F = §4 Bqu (1Hm
As in the third order case, the last line of the system implies that q“‘ = 54 Be. Eventually
we have

O CBeya OBy 4 OL

o OL
dalyy  Odfpy "V Oapy,
oL

Da A + 5A3m 0y = =0
0Va 0B
5A65c 7 T miyy = dpcaf
(0)
6m(0) am(o)
L
Y8 = 0 + 5A3m (129)

a9 B
O
4.2. Local vector field method

The second procedure to deal with an implicit higher-order implicit Lagrangian is based on
the construction of a local vector field describing the dynamics. Consider an additional sec-
tion o : T*T*'Q — TT*T*~'Q in the same previous picture.
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S s TT*T*1Q)

g T"kalQ
TT*Tk—lQ

CnIm(y) ¢ T*T*'Q TTF1Q - S
Tpk—1¢g
Trk—1¢
Tk 1Q
ite
R

where T :T10 — Q.

A remark Recall that E is implicit, so there are several vectors in E projecting to the same
point. The role of o is to reduce the unknown number to one. We require that the domain of
the section is included in the intersection of Im(+y) and C. Since for implicit systems C may not
be the whole T* T"_IQ, as a result we arrive at a vector field X,, that will satisfy a Hamilton
equation of type

x, Q10 = O(7(q)) (130)

for a covector © defined at a point y(g).
The construction of these local vector field using o would imply the following diagram

T*TF1Q Xo TT*T*'Q~— 38
0l Trk—1q T"'Tk—lQ (131
TH1Q) X TT1Q < §°

Explicitly, the locally constructed vector fields X, € X(T*T*~1)Q and XJ € X(T*~'Q)in
coordinates would read:

0 0
Xo = ol (a7 ) g + 0 @ 1) g Xg = ol a0 g
o (m)\d(r)> Y A \(x) 08 » As ()\4(r) T (132)
04 ( ) Ot
If we use the one-form «y : T*"1Q — T*T*~!Q and define the projected vector field
Xy =Ty 1,0 X507, (133)

we have the following theorem.

Theorem 7 (Implicit HJ theorem with an auxiliary section). The one-form ~ will
be a solution of an implicit higher order Hamilton—Jacobi problem if it satisfies the following
relation
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K a’y(K/) K K
Tl oy 0 00 53— = 717 (g 14" (000)) (134)
()

when o is an auxiliary section o : T*T*='Q — TT*T*1Q. It is fulfilled that c='(S) = C.
Recall that since S is an implicit submanifold, it does not necessarily project on the whole
T*T*=1Q, but in a submanifold C of it.

Proof. It is straightforward using that
T,(X5) = X507 (135)

and the expressions of X and X, in coordinates as in (132). [ |

5. Applications

5.1 A (homogeneous) deformed elastic cylindrical beam with fixed ends
Let Q be a one-dimensional manifold with coordinate gy, and introduce the second order
Lagrangian
L,

L(q(0)-9(1)-9(2)) = 1) + Pa) (136)
in terms of a local coordinate system (g(o), q(1»¢(2)) On 7%Q.
The Morse family method—Ostrogradski momenta. We will first apply the Ostrogradski
method. In this method, the corresponding energy function is computed to be

(0)

1
E(Q(O),CI(I),Q(z)sp(o)’l’(l)) =p"qq) +P(1)Q(2) - 5/“1%2) = P4(0)> (137)

where g(;) € R is the fiber component and (900)-4q(1)» PO, p(l)) are the canonical coordinates
on T¥TQ. Here, q(») is a Lagrange multiplier. The Morse family E generates a Lagrangian sub-
manifold S of TT*TQ, that corresponds with

O gy q@)p—p) € TT*TQ : q) € R}.

S ={(q0)-90).P
This Lagrangian submanifold defines the following differential equation
4oy = -2 (138)
I

which is exactly the fourth order Euler—Lagrange equation generated by the Lagrangian func-
tion L. The projection of S onto the cotangent bundle 7*7Q results in the submanifold

C ={(q(0)-901):p".p"") € T°TQ : p'V) = g () € R}.

Let us now consider a closed one-form v = V(O)dq(o) + V(I)dq(l) and write the Hamilton—
Jacobi equations.

o~y oy

A oge, T4 gy, —P= 0
(0) 7 © M _
Y g a0, +40) a0 0 (139)

W — gy = 0.
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If we substitute the last equation into the Morse family (137) equal to constant, and we assume
that v = dW for some real valued function W on TQ, we arrive at that

ow 1 ( oW >2
—+ — - =0. (140)
q(1) aq(o) 20 8Q(1) £4(0)

Note that, in this case, solving the Hamilton—Jacobi equation is much more difficult than solv-
ing (138).

The Morse family method—the Schmidt method. Let us now propose the Schmidt method
section 4.1.2. In this case, we have a two-dimensional acceleration bundle AQ with coordinates
(9(0)» a(0))- Its tangent bundle TAQ is four-dimensional with coordinates (q(o), @(0); 9(1) a(1))-
We pull back the Lagrangian in (136) to TAQ by means of the isomorphism (92) which reads
that

1
L= Euafo) + pq(0)-

The compatibility condition (98) and the non-degeneracy of the Lagrangian suggests the aux-
iliary function F = —pua)q(1)- So, the extended Lagrangian (95) turns out to be

1
Ly = pgo) — EW%O) — pHamq)-

The dual coordinates on the cotangent bundle 7°AQ is given by (q(o).a(); p©, 7). The

conjugate momenta is computed to be 7(®) = — 1q(1y- According to (103), this results with the
following Hamiltonian function
1 1
H= 5/“‘%0) _ ;W(o)p(o) ~ p4(0)-

To arrive at the Hamilton-Jacobi equation, assume a closed one-form ~ = ydq o) + adag)

0y _ da
. . . Ba(o) 8q(0> . . . .
theorem asserts that the restriction of H on « is constant (139). Taking exterior derivative of

this, we have the following set of equations
O ot Oa v = i
aa(o) Ba(o) ©>

defined on the acceleration bundle AQ, that is . Recalling the Hamilton—Jacobi

(141)

9 9
940 940

Note that, this Hamilton—Jacobi problem reduces to the example studied in section 4.1.3 if

= —2p. (142)

p = 0. In this case, we solve the system as v = ¢; and o = é,uza(o) + ¢, where ¢ and ¢, are
constants.

5.2. One dimensional version of the end of a javelin
Let us consider the following Lagrangian on 72Q of the one-dimensional manifold Q equipped
with (g(0y, q(1)-g(2)) given by

1 1
L(q(0)-9(1)-9(2)) = 5‘7%1) - 56]%2)- (143)
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The Morse family method—Ostrogradski momenta. The associated energy function is
given by
1

1 2 2
292 ~ 340y

(0) (©

P

My=p

E(9(0)-9(1),9(2)>P Yy +pVap) +

Here, g(2) € R is the fiber component and (q(o), q(1)s p(o), p(l)) are the canonical coordinates

on T°TQ. The Morse function E generates the Lagrangian submanifold of TT°TQ given by

),

S ={(90)-90)-P". —a2):9(1)-42): 0.7 — q(1y) € TT*TQ : g2y € R}.

This Lagrangian submanifold defines the equations
q(0) T 4(0) = ¢

where c is a constant. The projection of S onto the cotangent bundle 7*7Q is a three dimen-
sional manifold

C ={(q()-q9):p".p") € T*TQ : p1V) = —q(5) € R}.

for a fixed g(). For a closed one-form W(O)dq(o) —i—v(])dq(l), the Hamilton—Jacobi equa-
tion according to theorem (139) turns out to be

oy O
o~
YO + gy 3 +q<2>TZ<,) —q01)=0 (144)

YV +g@) = 0.

We can solve g from the last equation and if we substitute it in the equation E = C, (where C
is a constant) under the image of v = dW for some real valued function W on 7Q, we arrive at

oW 1/ow\> 1,
—— (=) —=¢}, =0. (145)
dq) 1" " 2 (3%)) 290

There is a solution [18]

1
Waw)-a(y) = Aq) + ﬁ/ \/Aqm — 540 ~ Bdaq)

which results with a one-form ~ solving the system (144) in form

7= Adq0)+\f\/ Aq q(l)—B>dq<1)

The Morse family method—the Schmidt method. As an alternative realization of the
Hamilton—Jacobi problem, we can use the Schmidt method in section 4.1.2. As in the previous
subsection, we assume that acceleration bundle AQ is two-dimensional with local coordinates
(9(0)»a(0))> and TAQ is a four-dimensional manifold with (g0, a(0); q(1)»a(1y). We pull back
the Lagrangian L in (143) by means of the isomorphism (92) and arrive at that

1 2 1 2
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In this case, the auxiliary function is taken to be F' = a(g)q(). Note that, F satisfies the com-
patibility condition in (98). So, the first order Lagrangian function (95) is computed to be
1

1
2 2
Ly = 240y + 540 T amaq)-

The coordinates on the cotangent bundle 7°AQ are (q(o)a(o); p©, 7)) and the conjugate
momenta is computed to be (%) = q(1)- This results in the following Hamiltonian function

1 1
H=n0p0 _ E(W(O))Z _ Ea%")

The Hamilton—Jacobi theorem in the acceleration bundle (5) asserts that the restriction of H on
a closed one-form dW is constant, say c. See that this can be written as
oW oW ow N 1,
— — —dajy = c.
8(1(0) 8(](0) 2 ©

6a(0)

A solution of this equation can easily be computed to be

1 1
— 2 - 2
W= \len (a(o) + \/ %) + 26) + 2\/561(0)1 /a(o) + 2c.

5.3. A simple degenerate model

Now we consider Q as a three dimensional manifold with coordinates (x, y, z) and consider the
following degenerate second order Lagrangian

L= %(5&+&)2. (147)

The Morse family method—Ostrogradski momenta. On the cotangent bundle T°TQ, we
introduce the momenta ( py, py, pz; Px, Py» ;) and the energy function

E = puk + pyJ + pz + pik + psy + pii — 5(X+y)2- (148)

Assume a function W depending on (x,y,z;%,9,2), then the Hamilton—Jacobi problem (87)
reads

62Wx+ PW . N PW . N 82Wx+ 62W..+ PW..

Bx0x" " Oxdy’ | xdz- | Oxdx | Ox0y ' Oxdz°
aﬂ+ 82W)_C+ W . N O*wW . N 82Wjé+ 82W..+ 82W.._0
ox | oxox | dxdy’ | 0x0z- | dxox | 0x0y | 0xdi

82W),C+ PwW . N PW, N 82Wx+ PW . N PW..

ayox" " ayay’ T aydz- T ayox | aydy | ooz
ow_ow. oW, oW, OW. W, W,
dy | oyox" T ayoy’ | 9yoz- T oyox | oydy | 959z°

PW N OPW N PPW . N azw..+ 82w,.+ PPW, 0

9z0x" 828yy 9202° " 9205 8z8yy 9207
ow_ow. oW, OW. W, W OW. ()
9z " 9zox | 0z0y’ | 9207 9z0x | 0z | 920z°

0

0
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Although this system looks cumbersome, the set of constraints in (87) is simply computed as

ow _ow . ow

E I
what reduces this huge system to a more reasonable one. For example, the independece of W
to z from the last line of the system gives the independence of W to z. So that we have actually
four number of equations. Then the first two constraints lead to the following reduced system
of equations

0, (150)

PW._ W PWOW

—— =0
oxox | oxoy’ " Ox0x o
ow azwx+ 82W.+ 82W87W_0
ox | oxox | oxdy’ | 0x0x 0k ash)
82W),H_ PwW . N W oW
ayox" | 9ydy’ | oyox Ox
ow azch+ IPW N PW oW
dy " ayox " 990y’ | 9y0% 9%
Notice that a solution of this can easily be noticed as
W = ax + by. (152)

5.4. Second order Lagrangian systems with affine dependence on the acceleration

In this subsection we are employing the theoretical parts presented in the previous section to
the particular case of second order Lagrangian theories with affine dependence on the accel-
eration. To this end, we first define the following generic Lagrangian function

L(q0)-9(1)-42)) = fa(q0),9(1))4(2) + 8(@(0)» q(1)) (153)
on the second order tangent bundle 7°Q where f4 and g are functions depending only on the
position and the velocity.

The Morse family method—Ostrogradski momenta. Let us start with the first approach by
introducing the Ostrogradski momenta ( pf\o), pf,l)) as the fiber coordinates of 7*7Q. Then the
energy function take the form

E=p{qty +paby — L=pdhy + 0 aly — falawy.ao)dly — 8w aa))- (154)
Now, let us introduce an exact one-form
ow ow
=dw , = —d —d
v (9(0)-9(1)) o (o) + o qh) (155)

as given (86) and study the system of Hamilton—Jacobi equations (87). In this case we have
that
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W T+ W 8fA qA
dfyOdlyy " Oaf)0alyy @ 3‘1«)
ow Pw Pw 6fA
- Ayt a5 dy = 754+
B B [)) B 2 — 2) B
daly)  Dafy)Oa) Oq(yy0aty Oa()) 3 q(1)
oW
——— =Jalq©)q90))- (156)
A
9q(y)

Consider now the third equation in the system (156). Taking the partial derivative of this with
respect to qf]) result with the following equality

PwW fa

= (90)>9(1))- 157
anl aq}éil) aq(]) ) () ( )

Notice that the left hand side is symmetric with respect to the indices A and B whereas this is
not generally true for an arbitrary functions f4. This is the first restriction in the theory. Even
though there are numerous physical systems satisfying this symmetry criteria in the literature.
There are also interesting physical models involving affine terms violating this symmetry. We
provide two example important examples for such kind of systems in the conclusions sec-
tion by pointing out some possible future works.

We can further investigate more on the integrability of the Hamilton—Jacobi equations. To
this end, we substitute the last line of the system (156) into the first two equations. This reads

W g
qfyy0dly, "~ Oy,
ow  0g  Of

= — qh. (158)
B B B 1(1)
941y Odry D4

Taking the partial derivative of the second line with respect to aq‘?o) , multiplying by 4?1 y We
arrive at the following differential equation

8g 62fc
W?o) ano ah + an gy, a4ty = (159)

This is an integrability criterion for the Hamilton—Jacobi problem for second order Lagrangian
fomalisms that are affine in acceleration. Assuming that this holds, the Hamilton—Jacobi prob-
lem can be written in a relatively easy form
oW  0Og Ofa
B~ 9.,B
%) a(y 94

ow
Wh *fA(CI(O)vCI(l))

(160)

The Morse family method—the Schmidt method. In this case, we shall start with the
Lagrangian function (153) once more, but in this case we investigate the associated Hamilton—
Jacobi problem by means of the Schmidt Legendre transformation in the framework of the
acceleration bundle. By choosing the auxiliary function F = 6A3qf(‘1)m‘(30) we write the equiva-
lent Lagrangian function exhibited in (126) as follows

40



J. Phys. A: Math. Theor. 53 (2020) 075204 O Esen et al

Lo-geg = fa(q(0)-4(1))ao) + £(q(0)» 9(1)) + Oanq(rym{yy + dana(pymipy  (161)

which depends on the base components (g(),a(),m)) along with the velocities
(q(l), ay,m1y). In this case, the energy function (127) turns out to be

=pVaty + 7l + 1 my — fa(a0) 40))aloy — (a0 a01)) — Sandrymlyy — dasaioymy,

Assuming an exact one-form

ow

v = dW(q(0) aq), m)) = an qu()) t3 da?o) + 8mA ———dmy, (162)
(0)
the Hamilton—Jacobi equation (129) turns out to be
Pw Pw Pw Of Og
— =+ afy + miy = o> p—d(y) +
0o\ Dy a“f‘O)aq?0> W onfy Dafy ) Dafy) T Dy
W W W
e (R afy m{yy = fz + Sapm
B 1(1) B B (1) (0)
Oty oty ™ " 0 ol O o ot
W tom 4 0? W
qA + y+ mey) = Sapdl, 0
gy, Omby "V daly omby Om{yy Ol ) O
ow Ofs B g
y + + Sapm®
Oty Dty " Dy v
w
aa =0
afy)
ow
67 5AB‘](1) (163)
"(0)
From the fifth line we see that W does not depend on ag). So that, the second line determines
the identity fB = —5A3m 0)° From the fourth and sixth equations, we substitute the Lagrange
multipliers m(l) and q(l), in to the rest of the equations and we arrive at the following reduced
system
go W OW o W ( W . g ) o - g
0 =38 40T 5B
0oy Oafo) Omgy iy Dy \ Dalyy Dy 4(y ) ) Dy

§AC a4 ow + §AC ’w <3W Ifp P og ) Sandt
- = daBd(p)-
et Omfy) Om(s) O\ Omfy, \ qfyy 04y 04l o

In this case, we have arrived at a relatively complicated PDE system comparing with the
Ostrogradski method. Indeed, the choice of one of the two methods is important for resolving
the equations.

5.5. Third order Lagrangian systems with affine dependence on the third order derivative
term

In this subsection, in order to exhibit the application area of the theoretical framework we have
proposed, we shall investigate possible Hamilton—Jacobi realization of some class of the third
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order singular Lagrangian systems involving affine dependence to the third order derivative
terms in the following form

L(q0)-9(1)-42) = falaqy-42))4(3) + 8@ 1)) (165)
on the third order tangent bundle 7°Q.

The Morse family method—Ostrogradski momenta. The energy function generating the
dynamics of the Lagrangian (165) is

E=p{ql, + 0l + Dl — filany.a@)als) — glaw-am).  (166)

where (p©, p(M), p(?)) are the conjugate momenta defining the fiber coordinates of the cotan-
gent bundle T*T2Q. Consider an exact one-form on T2Q which is in coordinates given by

v = dW(q0).9(1)-92)) dvf‘o qul quz 167
ano) (0) 3qu q(z) 2 (167)
following (86). We write the system of Hamilton—Jacobi equations (87) as follows
W PwW W Og
qhy + Al + qly =
0q(0\ Dy an th0alyy " Oaly0afy Y Oapy,
ow W Pw PwW f Og
+ qhy + Ao + Al = qhy +
Oy Odlo)dafyy ‘9‘/A (odt 3‘1A (04()) gty Ogfy,
ow Pw Pw Pw Of
+ qhy + by + qly = qt
B B () B 1(3) — (3)
dqfy  dlo)daly) an e 9404 Day)
W _ (168)
5B —JB
94(3

Let us try to simplify this system. See that the last line reads that OW/ aq(z is independent of
q(0), and leads to the observation that Jfg/ Gqu) must be symmetric with respect to the indices
A and B. Substitution of the last identity in (168) into the second and third lines we arrive at a
fairly more simple system
ow  0Og 0*fp qA e
B~ 5 B 2)4(2)
aCI(o) aQ( anl aq (1) @%@
ow e ¢
BT T p,C 90
1) 941

W (169)

See that, this system is coupled with the first line of the system (168). So that substitution
of (169) into the first line of (168) must be identically satisfied. This compatibility condition
reads

0°g O %y
qhy + 4tyd0 4ty — s a Ay dhy = : (170)
oty " O et 0, "N T g o 1N ?m
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It is also important to know that one only needs to perform direct integration to find W after the
functions f4 and g are determined. But to do this, f4 and g can not be arbitrarily chosen since
they have to satisfy the integrability conditions arising form the system.

6. Conclusions and comments

In this paper, we propose a Hamilton—Jacobi theory for higher order Lagrangians. Our theory
works well for all non-degenerate and (a large class) of degenerate Lagrangians. The implicit
character of singular systems has been studied in two different ways: the first one consisted
on making use of Morse families that play the role of the Hamiltonian function, and that give
rise to Lagrangian submanifolds as in equivalence to the image of ~, i.e. the solution of a
Hamilton—Jacobi problem. The second method consists on the local construction of a vector
field associated to the implicit equations and defined on a proper domain compatible with the
implicit character. The higher order derivatives are studied through both the Ostrogradski—
Legendre and Schmidt-Legendre transformations. In the particular case of second order
Lagrangians, we have employed the acceleration bundle picture.

As a future endeavour, we would like to generalize this formalism in such a way that we
could be able to work with all degenerate higher order Lagrangian systems, e.g. singular
higher order Lagrangians coming from the gravitational theory. Concerning this topic, we will
be specifically interested in two examples. These examples cannot be studied in the geometry
exhibited in the present framework because of the skew-symmetric Chern—Simon term.

(1) One is the chiral oscillator in two dimensions, which accounts for mirror symmetry, and
in the non-relativistic case, we have an oscillator with a Chern—Simons term (independent
of the metric). It reads:

m
L= =eanq(nyd(z) + 5 0and(n (1) (171)

where A and m are nonvanishing constants [16]. Here, €45 is a skew-symmetric tensor
with €jp = 1. The Lagrangian (171) is quasi-invariant under the Galilean transformations.

(2) The second example is the Clément Lagrangian, which is a second order degenerate
Lagrangian function [15]. It is defined on the second order tangent bundle 72Q where Q
is a semi-Riemannian manifold equipped with the Minkowskian metric 6§ = [6,5] with
(4, —, —). The Clément Lagrangian is given by

2

L= S ualydly — 7 + gpmesscdlehty am)
where ¢ = ((#) is a function that allows arbitrary reparametrizations of the variable ¢,
whereas A and 1/2m are the cosmological and Einstein gravitational constants, respec-
tively. Here, espc is a skewsymmetric three tensor determining the triple product, so this
Lagrangian falls into the category of Lagrangians depending linearly on the acceleration
[16]. For the Hamiltonian analysis of this singular theory, we cite [10].
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