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Abstract
The nuclear matrix elements (NMEs) for the 0νββ decays from 130Te to 130Xe and
from 136Xe to 136Ba are calculated in the nuclear shell model. In order to inves-
tigate the model dependence on the NMEs, pair-truncated shell-model calculations
are also performed. It is found that the NMEs are sensitive to the ground-state
correlations. In particular, the isovector monopole-pairing interactions largely affect
the NMEs.
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(Some figures may appear in colour only in the online journal)

1. Introduction

For nuclei of mass number A∼130, various characteristic phenomena in the nuclear
structure are known. One is the appearance of the doublet bands in doubly-odd nuclei, which
are almost energetically degenerate ΔI=1 bands with the same parity [1–3]. The doublet
bands are theoretically analyzed in terms of the phenomenological particle-rotor model [4],
the projected shell model [5, 6], the quadrupole coupling model [7–10], and the pair-truncated
shell model (PTSM) [11–14]. Moreover, isomers signaling the change of nuclear structure are
present in this mass region. For example, isomers with spin-parity 10+ are systematically
present in even–even Sn isotopes [15]. Recently, new isomeric states have been found in 135La
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[16] and 136La [17], but the nature of those isomers still needs to be unveiled. These isomeric
states in this mass region were systematically analyzed in the nuclear shell model (SM) [18, 19].

Double beta decay is the process in which two successive β decays occur inside a nucleus
(see e.g. [20, 21] for reviews). This second-order process of the weak interaction can take
place through the 2ν mode ( nbb2 ) within the Glashow–Weinberg–Salam theory of electro-
weak interactions. The 2νββ decay is characterized by the emission of two electrons and two
electron anti-neutrinos. The half-lives in the 2νββ decay have been experimentally observed
in ten nuclei so far [22]. Many theoretical attempts have been made to calculate the nuclear
matrix elements (NMEs) and their half-lives [23–27].

In contrast the 0ν mode (0νββ) occurs when the first emitted electron anti-neutrino is
absorbed by another neutron as an electron neutrino. This process can take place only if the
electron neutrino is a Majorana particle and the helicity matching is satisfied. The observation
of the 0νββ decay demands an extension of the Standard Model of particle physics since it
violates the lepton number conservation. Thus, the 0νββ decay is considered as one of the
best probes for physics beyond the Standard Model. Despite intensive experimental efforts
(see e.g. [28] for a review), the 0νββ decay has not been observed yet.

The NMEs for the 0νββ decays have been calculated in several nuclear models such as
the SM [29–39], the quasi-particle random-phase approximation (QRPA) [23, 40–50], the
interacting boson model (IBM) [51–54], and energy density function (EDF) theory including
EDF-based generator coordinate method (GCM) calculations [55–60]. However, there still
remain large differences in the NMEs calculated in these models. In order to clarify the
disagreements, it is important to obtain the precise nuclear wavefunctions that reproduce not
only the experimental energy levels, but also the electromagnetic properties of the nuclei
concerned.

In the previous paper [39], SM calculations were carried out for isobaric nuclei with mass
numbers 76 and 82. The NMEs of the 0νββ decays of 76Ge and 82Se are calculated with the
use of the wavefunctions obtained in the SM. It was found in comparison to the results in the
PTSM that the NMEs are sensitive to the pairing gaps in the ground states, namely, sensitive
to the ground state correlations.

In this paper we focus on the 0νββ decay from 130Te to 130Xe, and that from 136Xe to
136Ba. Recently, experimental results of 136Xe have been presented [61, 62], which give a
lower limit on the half-life of 1.07×1026 yr. Also for the 0νββ decay of 130Te, a lower limit
of 1.5×1025 yr has been reported [63]. In the first part of this paper, SM calculations are
performed for the 130Te, 130Xe, 136Xe, and 136Ba nuclei. An extended pairing plus quadrupole
interaction is employed as a shell-model effective interaction, and the one-major single-
particle orbitals between magic numbers 50 and 82 are taken into account. In the second part,
the NME of the 0νββ decay is calculated for the transition from the ground state of 130Te
(136Xe) to that of 130Xe (136Ba). In addition to the SM, the PTSM is employed to construct
the wavefunctions of the nuclei, and then to calculate the NMEs. The PTSM is helpful to
analyze the correlations between the NMEs and nuclear structure. In particular, the sensitivity
to the numbers of S pairs in the ground states is demonstrated. The NMEs obtained in the SM
and in the PTSM are compared with those in other studies. In order to investigate the
correlations of the NMEs with other physical quantities, the occupation numbers are calcu-
lated. Moreover, the sensitivity of the NMEs to the isovector monopole-pairing strengths is
investigated.

This paper is organized as follows. Section 2 provides the frameworks of the present SM
and PTSM calculations. The energy spectra in the SM and the PTSM are compared with the
experimental data. In section 3 the NMEs of the 0νββ decays in the SM and the PTSM are
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given and compared with those in other models. Discussions are given in section 4. Finally,
the present work is summarized in section 5.

2. Shell-model calculations for nuclear structure

In the present paper, 130Te, 130Xe, 136Xe, and 136Ba nuclei are studied in the nuclear shell
model (SM). For single-particle orbitals, all the five orbitals in the one major-shell between
magic numbers 50 and 82, namely, d1 3 2, h0 11 2, s2 1 2, d1 5 2, and g0 7 2 orbitals, are taken
into account for both neutrons and protons. The single-particle energies òτ (τ=ν or π) are the
same as a previous study [18].

As a nuclear effective interaction, an extended pairing plus quadrupole interaction is
employed. The SM Hamiltonian is written as

( )= + +n p npH H H H , 1

where Hν, Hπ, and npH represent the neutron interaction, the proton interaction, and the
neutron–proton interaction, respectively. The Hamiltonian among like nucleons Hτ (τ=ν or
π) consists of the single-particle energies, monopole-pairing (MP) interactions, quadrupole–
quadrupole (QQ) interactions, and higher multipole-pairing interactions, i.e.

·
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where : : denotes the normal ordering. It is assumed that the interaction between neutrons and
protons npH is just given by the QQ interaction as

· ( )k= -np np n pH Q Q . 3

The adopted two-body interaction strengths are given in table 2 of [18]. The MP strengths for
neutrons and protons are given as =nG 0.170 MeV0 and =pG 0.165 MeV0 , respectively.
The SM results reproduced using the above G0τ values are referred to as the optimized shell
model results hereafter. These values were determined to optimize the experimental energy
spectra of 46 nuclei in the mass number A∼130 region [18].

Low-lying energy levels in the SM are shown on the middle left panel in figure 1, which
are compared with the experimental data on the far left panel. The energy levels of the yrast
states are well reproduced in the SM. In particular, there is a large energy gap between the +61
and +81 states, whereas the gap between the +41 and +61 states is small. This experimental
situation is well reproduced. This arises from the fact that two protons occupying the 0g7/2
orbital can be coupled with spins up to 6.

In order to examine how the MP strengths affect the energy spectra, we artificially make
the isovector monopole strengths G0τ (τ=ν, π) larger as

( )¢ =t tG x G 40 0

by changing the parameter x (1�x�2). The strengths of other interactions are kept intact.
On the middle right panel in figure 1, the energy spectrum with x=1.3 is shown. In this case
the excitation energy of the +21 state is 1.65 times larger than that using the optimized MP
strengths.

In the PTSM [11–14], the full SM space is restricted within a subspace where collective
pairs with angular momenta of zero (S pair), two (D pair), and four (G pair) and non-
collective pairs associated with the h0 11 2 orbital (H pair) are used as building blocks. The
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collective S, D, and G pairs are defined as

( ) ( )† †( )å a=S A jj , 5
j

j 0
0

( ) ( )† †( )å b=D A j j , 6M
j j

j j M
2

1 2
1 2

1 2

( ) ( )† †( )å g=G A j j , 7M
j j

j j M
4

1 2
1 2

1 2

where ( )†( )A j jM
J

1 2 is the nucleon-pair creation operator defined by

( ) ( ∣ ) [ ] ( )†( ) † † † † ( )å= =A j j j m j m JM c c c c , 8M
J

m m
j m j m j j M

J
1 2 1 1 2 2

1 2
1 1 2 2 1 2

where ( ∣ )j m j m JM1 1 2 2 stands for the Clebsch–Gordan coefficients. The non-collective H
pairs are defined with the creation operator of

[ ] ( )†( ) † † ( )=H c c , 9M
K

M
K

11 2 11 2

where K=0, 2, 4, 6, 8, and 10. In contrast to the S, D, and G pairs, the H pairs are non-
collective, since they have unique structure consisting of two nucleons in the 0h11/2 orbital.

A many-body configuration is constructed by applying the above operators on the closed-
shell core ∣ ⟩- as

∣ ⟩ ( ) ( ) ( ) ( ) ∣ ⟩ ( )† † † †h = -S D G H I S D G H , 10n n n n n n n ns d g h s d g h

where ns, nd, ng, and nh represent the numbers of S, D, G, and H pairs, respectively. Here, I
represents the nuclear spin and η represents other quantum numbers to identify many-body
states. The coupling of angular momentum is completely carried out, but for simplicity the
coupling is not explicitly denoted. The Hamiltonian with the same set of the single-particle
energies and the interaction strengths as the SM calculations is diagonalized in the PTSM
subspace. On the far right panel in figure 1, the spectrum of 130Te in the PTSM is shown. The
position of the +21 state is almost reproduced, but the small energy gap between the +41 state

Figure 1. Comparison between the low-lying energy levels of 130Te in experiment
(Expt.) and those in the present shell model (SM). The SM results using the MP
strength 1.3 times larger than the optimized value (1.3G0) and the PTSM results
(PTSM) are also shown. Experimental data are taken from [64, 65].
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and the +61 state is not reproduced well. The negative parity states are out of the present PTSM
framework because the parity of all the pairs is positive.

The energy spectra of 130Xe are shown in figure 2. The experimental level spacing
between the +81 state and the +101 state is small, whereas there is a large energy gap between
the +101 state and the +121 state. The SM calculation well reproduces these features in the yrast
band. In the SM with x=1.3 (1.3G0), the excitation energy of the +21 state is high and the
spacing between the +101 state and the +121 state is wide in comparison to experiment. On the
other hand, the PTSM fairly reproduces the experimental energy spectrum. The energy
spectra of 136Xe are shown in figure 3. The 136Xe nucleus is single-closed with four valence
protons. The +61 state is an isomer with a half-life of 2.95(9) μs. The SM reproduces not
only the small energy spacing between the +41 state and the +61 state, but also the small

( )+ +B E2; 6 41 1 value [18]. The energy spectra of 136Ba are shown in figure 4. In the SM
the low-lying positive parity states with spins up to 6 are well reproduced, but the spacing
between the +81 state and the +101 state is small. In the case of the SM with G1.3 0, energy
gaps between the ground state and the +21 state and between the +21 and the +41 states are
large.

Figure 2. Same as figure 1, but for 130Xe. Experimental data are taken from [64].

Figure 3. Same as figure 1, but for 136Xe. Experimental data are taken from [66].
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3. Theoretical framework and results for neutrinoless double beta decay

The inverse of the half-life of the 0νββ decay is given as [20, 67]

⎛
⎝⎜

⎞
⎠⎟[ ] ( ) ∣ ∣ ⟨ ⟩ ( )( ) ( ) ( )=n n n n-T G g M

m

m
, 11A

e
1 2

0 1 0 4 0 2
2

where ( )nG 0 is the phase-space factor [68, 69], gA the axial coupling constant, ⟨ ⟩nm the
effective mass of the electron neutrino, me the electron mass, and ( )nM 0 the NME.

The NME of the 0νββ decay can be written as

( )( ) ( ) ( ) ( ) ( )å= = + +n n n n nM M M M M , 12
K

K
0 0

F
0

GT
0

T
0

where K indicates either Fermi (F), Gamow–Teller (GT), or tensor (T) type. Note that we do
not follow the usual definition of the Fermi-type NME. The NME of each type is given by the
corresponding neutrino potential V̂K as [40]

⟨ ( )∣ ˆ ∣ ( )⟩ ( )( ) = Y Yn + +M V0 0 , 13K K
0

fin g.s. ini g.s.

where ∣ ( )⟩Y +0ini g.s. and ∣ ( )⟩Y +0fin g.s. stand for the wavefunctions of the ground states in the initial
(parent) and final (daughter) nuclei, respectively. The neutrino potentials are given as [51]

ˆ ( ) ( ( ) · [ ] ) ( )( ) ( ) ( ) ( ) ( )å
p

l
t t q j=

+
´ S Ä Sl

l
l l+ +V A H r Y

2 1
, , 14K s s

ij
i j K ij ij ij i

s
j
s

,1 2
1 2

where i or j represents each nucleon in a nucleus. Here, Σ(s)=1 for s=0 and ( ) sS =s for
s=1. The τ+ is the isospin raising operator and the ( )lY indicates the spherical harmonics of

Figure 4. Same as figure 1, but for 136Ba. Experimental data are taken from [66].

Table 1. The adopted parameters for each type, Fermi (F), Gamow–Teller (GT), and
tensor (T).

K F GT T

λ 0 0 2
s1 0 1 1
s2 0 1 1

( )lAs s1 2
1 - 3 2 3
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rank λ. The adopted coefficient ( )lAs s1 2
of each type (F, GT, or T) is given in table 1 together

with the parameters λ, s1, and s2.
The orbital part of the neutrino potential for each K, ( )lH rK ij, , is explicitly given in the

momentum representation as

( )
( ) ( ˜ )

( ) ( ) ( )ò p
=

+
l lH r

R

g q q A
h q j qr q q

2 2 1
d , 15K

A

K
, 2

2

where jλ is the spherical Bessel function of rank λ, and R the nuclear radius =R A1.2 1 3 (fm)
for a mass number A. The explicit forms of ( )h qK are given in appendix of [39]. The short-
range correlation is taken into account by multiplying the orbital part of the each type neutrino
potential by the Jastrow function squared, ( )f r 2, with ( ) ( )= - --f r br1 e 1ar 22

. In the
present calculation the Miller-Spencer parametrization where = -a 1.1 fm 2 and
= -b 0.68 fm 2 is adopted [70]. The explicit formula of calculating the NMEs and the

method of incorporating the short-range correlation are given in appendix of [39]. In the
following, the closure approximation is taken with the closure energies of ˜ ⟨ ⟩= -A EN

(⟨ ⟩ ⟨ ⟩)+E E 2I F . Here ⟨ ⟩EN , ⟨ ⟩EI , and ⟨ ⟩EF stand for the energies of the intermediate state,
the initial state, and the final state, respectively. The closure energies Ã are taken
as13.28MeV and 13.1MeV for mass numbers A=130 and A=136, respectively [23].

The NME of the 0νββ decay from 130Te to 130Xe is calculated in the SM using the
wavefunctions obtained in the previous section. The result is shown in the first row denoted by
SM (optimized) of table 2 and compared with other calculations in the SM [31, 35], the GCM
[60], the quasi-particle random phase approximation (QRPA) [47], and the IBM [54]. It should
be noted that our definition of the Fermi-type NME, ( )nMF

0 in equation (12), is different from

other literatures. The conventionally defined Fermi-type NMEs, [ ]
( ) ( )= -

~ n nM g g MA VF
0 2

F
0 with

gA=1.25 are also shown in table 2. The half-lives ( )nT1 2
0 multiplied by the effective neutrino

Table 2. NMEs in dimensionless units for the 0νββ decay from 130Te to 130Xe are
shown. Our results in the shell-model are denoted as SM (optimized) and those with the
monopole-pairing strengths which are 1.3 times stronger than the original ones are
denoted as SM (1.3G0). For the PTSM calculations, the results within the SDGH
subspace, those within the SDG subspace, and those within the SD subspace are
presented. They are compared with other works in several nuclear models, the SM
[31, 35], the GCM [60], the QRPA [47], and the IBM [54]. The axial coupling constant
gA adopted in each study is given in the second column. In the last column half-lives
are given in units of ·10 yr meV30 2, where the phase-space factor is taken from [68]
except for the SM(GCN50.82) [31].

Model (Interaction) gA
( )nMF
0 ( )~ n

MF
0 ( )nMGT

0 ( )nMT
0 ( )nM 0 ⟨ ⟩( )n

nT m1 2
0 2

SM (optimized) 1.25 0.567 −0.886 0.720 −0.186 1.101 6.18
SM (1.3G0) 1.25 0.929 −1.451 1.325 −0.268 1.986 1.90
PTSM-SDGH 1.25 0.845 −1.320 1.276 −0.243 1.877 2.13
PTSM-SDG 1.25 0.919 −1.436 1.558 −0.249 2.227 1.51
PTSM-SD 1.25 1.016 −1.588 1.876 −0.261 2.631 1.08
SM(SVD) [35] 1.254 −0.44 1.66 −0.01 1.94
SM(GCN50.82) [31] 1.25 2.12 1.29
GCM [60] 1.254 −0.47 2.25 −0.02 2.52
QRPA(Argonne V18) [47] 1.27 −1.546 3.478 −0.550 3.888
QRPA(CD-Bonn) [47] 1.27 −1.637 3.852 −0.496 4.373
IBM [54] 1.269 −0.65 3.43 −0.13 3.70 0.52
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mass squared ⟨ ⟩nm 2, which are inversely proportional to the NME squared, are given in the last
column. Here, the phase-space factor is taken from [68], except for the SM(GCN50.82) [31].

The NME, M(0 ν), in the SM (optimized) is smallest among the various nuclear models in
table 2. In particular the GT-type NME of 0.720 is less than half the NME of 1.66 in the SM
(SVD) [35]. On the other hand, the absolute value 0.886 of the Fermi-type NME in the SM
(optimized) is twice larger than the value of 0.44 in the SM (SVD). The Fermi-type NME
becomes much larger in the SM (1.3G0). The cause of the large absolute values of the Fermi-
type NME might be a lack of isoscalar effective interactions in the present SM calculations. It
was suggested in the QRPA calculations [41] that the NME decreases as the isoscalar pairing
strength is made stronger. However, the isoscalar pairing interaction is not taken into account
in this paper.

In order to investigate how the NME depends on the wavefunctions of the ground states,
the pair-truncated shell-model (PTSM) calculations are also carried out. In the PTSM, the SD
subspace consisting only of the S and D pairs, the SDG subspace including the G pair, and the
SDGH subspace introduced in the previous section are constructed. Subsequently, the same
Hamiltonian as the SM (optimized) is diagonalized within each subspace. The NMEs of the
0νββ decay in the PTSM are shown in table 2. It is found that the NMEs in the PTSM
gradually approach the SM results as the shell-model subspace increases from the SD to the
SDG and the SDGH subspaces. In section 4, much detailed discussions are given.

The NME of the 0νββ decay from 136Xe to 136Ba is also calculated in the SM and in the
PTSM. The results are shown in table 3. They are compared with the results in other studies,
which are previously cited in table 2. It is noted also for 136Xe that the NME in the SM
(optimized) is smaller than any other calculations in the SM [31, 35], the GCM [60], the
QRPA [47], and the IBM [54].

4. Discussion

In this section, the sensitivity of the NMEs to the wavefunctions in the ground states is
investigated further.

First, we calculate the occupation number vj
2 of the number operator for each orbital j of

the ground state, which can be given as

Table 3. Same as table 2, but for the 0νββ decay from 136Xe to 136Ba.

Model (Interaction) gA
( )nMF
0 ( )~ n

MF
0 ( )nMGT

0 ( )nMT
0 ( )nM 0 ⟨ ⟩( )n

nT m1 2
0 2

SM (optimized) 1.25 0.478 −0.747 0.803 −0.135 1.145 5.57
SM (1.3G0) 1.25 0.712 −1.113 1.235 −0.185 1.763 2.35
PTSM-SDGH 1.25 0.630 −0.984 0.932 −0.169 1.394 3.76
PTSM-SDG 1.25 0.626 −0.978 0.818 −0.177 1.267 4.55
PTSM-SD 1.25 0.715 −1.117 1.252 −0.180 1.787 2.29
SM(SVD) [35] 1.254 −0.40 1.50 −0.01 1.76
SM(GCN50.82) [31] 1.25 1.76 1.78
GCM [60] 1.254 −0.32 2.17 −0.02 2.35
QRPA(Argonne V18) [47] 1.27 −0.806 1.959 −0.282 2.177
QRPA(CD-Bonn) [47] 1.27 −0.858 2.181 −0.254 2.460
IBM [54] 1.269 −0.52 2.83 −0.10 3.05 0.74
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⟨ ( )∣ ˆ ∣ ( )⟩ ( )º Y Y+ +v n0 0 , 16j j
2

g.s. g.s.

where n̂j is the number operator of the orbital j and ∣ ( )⟩Y +0g.s. indicates the ground state of a
specific nucleus. Figure 5 shows the numerical results of 130Te. The numerical results even
match with the experimental data for the strong monopole-pairing (MP) strengths (1.3G0) and
for largely reduced model spaces such as the SD subspace. This fact indicates that the
occupation numbers are insensitive to the nuclear structure or the correlations of the ground-
state wavefunctions. As seen in tables 2 and 3, the NMEs change considerably according to
the MP strength and the variety of the subspaces in the PTSM. Considering those results, the
theoretical realization of the occupation numbers is not directly correlated to the NME. In
other words, calculations of the NME in several nuclear models are not always supported
even if the occupation numbers are reproduced well.

Figures 6–8 show the occupation numbers in 130Xe, 136Xe, and 136Ba, respectively. We
cannot find any significant differences in the occupation numbers among any nuclear models.
Those results repeatedly indicate that the occupation numbers have little correlations with the
NMEs and the reproduction of the occupation numbers does not necessarily mean that those
wavefunctions will provide the correct NMEs. In the present study the NMEs increase

Figure 5. Occupation numbers of 130Te in the several models for neutrons (left panel)
and for protons (right panel). In each panel, the numerical results in the PTSM
containing SD, SDG, and SDGH pairs are shown on the left three columns,
respectively. Those in the SM with the optimized interaction strengths (Shell Model)
and those with the 1.3 times stronger monopole pairings (1.3G0) are shown.
Experiment data [71, 72] is shown on the far right column of each panel. The symbol
of d indicates both the d5/2 and d3/2 orbitals.

Figure 6. Same as figure 5, but for 130Xe. The experimental data is taken from [71, 72].
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monotonically as the shell-model subspace increases from the SD to the SDG and the SDGH
subspaces, even though there are less differences concerning the occupancies in valence
orbitals. This fact indicates that the occupancies have little influence on the NMEs.

The relevance between the occupancies in valence orbitals and the NMEs has been
already discussed in some previous studies. In [74], the values of vacancies were investigated
for 76Ge and 76Se. The disagreement in neutron occupancy between QRPA and experiment
was reported. However, it was not clear whether the disagreement was relevant on the matrix
element for 0νββ decay. In [60], it was reported that for 124Sn, 124Te and 136Ba, the occu-
pancies obtained with their GCM calculations were close to the values calculated by the SM.
Still the deferences between the NMEs of the GCM and the SM are not negligible. In [75], it
was reported that for 76Ge, 82Se, 128Te, 130Te and 136Xe only in some cases the orbital
occupancies play a decisive role for the size of the NME, whereas the inclusion of all the
spin–orbit partners is essential to achieve a NME of reasonable quality.

In our calculation the overall agreement with the experimental data for the various results
is good and there are fewer differences among the number occupancies in the various models.
This fact indicates that the single-particle number occupancy does not depend sensitively on
the precise structure or correlations of the ground-state wavefunctions. As seen in tables 2 and

Figure 7. Same as figure 5, but for 136Xe. The experimental data is taken from [72].

Figure 8. Same as figure 5, but for 136Ba. The experimental data is taken from [72, 73].
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3, the NMEs in the various models change considerably according to the different models.
This suggests that theoretical realization of the experimental number occupancies is not
directly correlated to the NMEs. In other words, calculations of NMEs are not always sup-
ported even if the experimental occupancies are reproduced by the ground-state correlations.
In this work we find no correlation between the occupation number and the NME and indeed
find that the occupation number is insensitive to the calculation. This problem should be
further pursued.

Figure 9 shows the dependence of the NMEs on the MP strengths in the shell model
(SM). The MP strengths ¢tG0 are artificially changed as ¢ =t tG x G0 0 (1�x�2), where G0τ

indicates the optimized values (x= 1). It is found that the NMEs are remarkably increased as
the MP strengths are larger. If the MP strengths are 1.3 times larger than the optimized values,
the NMEs become 1.8 times (1.5 times) larger for 130Te to 130Xe decay (for 136Xe to 136Ba
decay). In fact the NMEs with x=1.3 already exceed the results in the other SM calculations,
and those with x=2 exceed the results in the other models except the IBM.

The NMEs can be decomposed with the angular momentum J of two decaying
neutrons as

( ) ⟨ ( )∣ ˆ ∣ ( )⟩ ( )( ) ( )
= Y Yn + +M J V0 0 , 17K K

J0
fin g.s. ini g.s.

where ˆ ( )
VK

J
is the neutrino potential V̂K decomposed with the coupled pair angular momentum

J as

ˆ ˆ ( )( )
å=V V 18K

J
K

J

with

ˆ ( )([ ] · [ ] ) ( )( ) ( ) † † ( ) ( ) å= l
p p n nV V j j j j J c c c c; . 19K

J

j j j j
s s j j

J
j j

J
, 1 2 3 4

1 2 3 4

1 2 1 2 3 4

The two-body matrix elements ( )( )lV j j j j J;s s, 1 2 3 41 2
are given in [39, 51]. Our results shown in

figure 10 are consistent with another SM study [30], where the J=0 components give the
largest contributions and the second largest contributions arise from the J=2 components.

Figure 9. The dependence of NMEs on the pairing-interaction strengths for 130Te to
130Xe decay (left panel), and for 136Xe to 136Ba decay (right panel). The Fermi (Fermi),
Gamow–Teller (GT) and Tensor (Tensor) NME components are given as functions of x
(1�x�2). The sum (sum) indicates the sum of all the contributions.
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The sensitivity of the NMEs on the MP strengths as shown in figure 9 can be understood from
the fact that the J=0 contributions are enhanced by the strong MP strengths.

Recently, experimental results [76] for the cosmic microwave background provided the
upper limit on the effective neutrino mass that ⟨ ⟩n m 0.12 eV. In contrast, lower limits on
the 0νββ decay half-life of 136Xe [61, 62] and that of 130Te [63] have been reported. The
lower limits are 1.07×1026 yr for 136Xe and 1.5×1025 yr for 130Te so far. Using the results
of the precise experiments and the NMEs calculated in the various nuclear models, the upper
limits on the effective neutrino mass are given in tables 4 and 5. The upper limits in the SM
with the optimized interactions are consistent with the experimental results [76], whereas the
IBM result for 136Xe gives the stronger constraint for the effective neutrino mass.

Figure 10. Contributions to the NME from spin J pair for 130Te to 130Xe decay (left
panel), and for 136Xe to 136Ba decay (right panel).

Table 4. Upper limits (last column) for the effective neutrino mass in unit of eV using
the 130Te theoretical half life ( )nT1 2

0 times the effective neutrino mass ⟨ ⟩nm (second
column) in units of ·10 yr eV25 2.

Models M(0 ν) ⟨ ⟩( )n
nT m1 2

0 2 ⟨ ⟩nm

SM (optimized) 1.101 0.618 �0.64
SM (1.3G0) 1.986 0.190 �0.31
PTSM (SD) 2.631 0.108 �0.27
ISM(Jastrow) [31] 2.12 0.129 �0.29
IBM [54] 3.70 0.052 �0.19

Table 5. Same as table 5, but for 136Xe decay.

Models M(0 ν) ⟨ ⟩( )n
nT m1 2

0 2 ⟨ ⟩nm

SM (optimized) 1.145 0.557 �0.228
SM (1.3G0) 1.763 0.235 �0.148
PTSM (SD) 1.787 0.229 �0.146
ISM(Jastrow) [31] 1.76 0.178 �0.129
IBM [54] 3.05 0.074 �0.083
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5. Summary and conclusions

In the present study, nuclear shell-model (SM) calculations are carried out for the 130Te, 130Xe,
136Xe, and 136Ba nuclei. The NMEs of the neutrinoless double beta ( nbb0 ) decays from 130Te
to 130Xe and from 136Xe to 136Ba are calculated with the use of the wavefunctions of the
ground states in the SM. Comparing our results with other SM studies, the quasi-particle
random phase approximation (QRPA), the interacting boson model (IBM), and the GCM, the
NMEs in the present SM study are found to be considerably smaller.

In order to investigate the dependence of the NMEs on the wavefunctions, the SM
calculations with the isovector monopole-pairing (MP) strengths which are artificially made
larger than the optimized values are also performed. It is found that the NMEs have strong
correlations on the MP strengths since the NMEs monotonically increase as the MP strengths
are larger. In addition, the PTSM is applied for the evaluation of the NME where the SM
space is truncated to the subspace consisting of collective pairs and a non-collective pair
associated with the 0h11/2 orbital. It is shown that by expanding the model space in the PTSM
from SD to SDG and SDGH subspaces, the NMEs gradually approach the SM results. Those
results suggest that the ground-state correlations are important for the NMEs of the neu-
trinoless double beta decay.

The occupation number of the number operator for each orbital j has been calculated in
the ground states. The experimental results are reproduced well in the SM and there are little
differences among the various models such as the SM with the 1.3 times stronger MP
strengths and the PTSM. This fact indicates that the occupation number does not depend
sensitively on the precise structure or correlations of the ground-state wavefunctions. In other
words calculations of NMEs are not always supported even if the experimental occupancies
are reproduced by the ground-state wavefunctions.

In the present approach the sensitivity of the NMEs to the isovector MP strengths is
investigated. However, it was reported in recent papers [60, 77] that the isoscalar MP
strengths play an important role in predicting the NME of the 0νββ decay. We have not
treated the isoscalar pairing interactions in this study because of the lack of our formulation in
the SM code. In our future work we will consider effects of these interactions on the NMEs by
expanding our formulation.
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