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1. Introduction

A great deal is known about the statistics of record events for discrete-time processes
where the variables are independent and identically distributed; see e.g. [1]. More
recently, attention has shifted to consider records in the context of correlated time
series such as random walks but still with independent steps (increments). For symmet-
ric walks, or walks with constant drift, much progress has been made concerning the
number of records in a given observation interval, as well as details of their duration
[2-7]. Such results find many areas of application in the physical, life and even social
sciences; see e.g. [8] and references therein.

A natural extension, and the theme of this paper, is to consider records in a dis-
crete-time random walk model with strongly correlated steps resulting in positive rein-
forcement and persistence of motion, to the extent that the overall dynamics features
super-diffusivity and transience. This will impact significantly on the record statistics
as compared to random walks with independent steps. To define the model, let us
denote the position of a walker by the integer variable Ag, where S > 0 is the number
of steps taken. Starting at Ay = 0, the evolution follows,

5
Agy1 = Ag + 0541; Ag = o (1
k=1

where op = +1 is the random step variable (increment), assigned by the following
probabilistic update rule,

1 A
P(osi1 = £1|Ag) = 9 {1 + (N—SSH (2)

with N > 0 (this parameter need not be an integer). The step probabilities depend on
the current position (and hence the entire previous step history) as well as the number
of steps to date. This construct shares important features with several well-established
models which feature long-term memory [9-15]. The broader motivation behind these
models is to study mechanisms which generate anomalous diffusive behaviour at large
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scale, as found widely in the physical and life sciences [16, 17]. In that context, the issue
of record statistics is equally as interesting as for processes which are characterized by
conventional diffusive behaviour; see also the discussion at the end of the paper. The
limit N — 0 in (2) is trivial, in extremis, since every step has the same sign as the first
step (the motion is ballistic), but the behaviour when N # 0 is far from trivial. The
limit N — oo corresponds to the simple random walk (SRW) with independent and
identically distributed (i.i.d.) steps, in a sense to be made precise by various examples
below.

In what follows the focus will be on upper records; these are registered when
Ag reaches a new maximum value for the first time (see figure 1). By convention,
the first record occurs at time zero. Let us suppose for a given walk there are M
records over an observation window [0, 7] such that M € {1,2,...,T + 1}. If one defines
Apax = max{Ag; 0 < S < T}, simple counting arguments show that M = A .+ 1
[8]. The central quantity of interest is the probability Pr(M) = P(Apax = M — 1) of
there being precisely M records. The behaviour of this quantity, which is computed
explicitly for this model, is very different to the corresponding quantity for the SRW.
For example, the transient nature of the walk means that as 7" — oo the number of
records may not grow indefinitely; the formal statement here is 337_; Poo (M) = % where
Po(M) = limy_,oo Pr(M) for fixed M. The implication is that records may never be
broken however long one observes for. Moreover, one can obtain a precise result for
P, (M), which is non-zero. The corresponding result for the SRW (or indeed any recur-
rent walk) is strictly zero.

The paper is structured as follows. In section 2, the key characteristics of the model
are summarised. In section 3, exact results are derived in relation to the number of
records for any given observation window, together with the asymptotic behaviour over
a long observation window. In section 4, certain results are presented in relation to the
duration of records. Finally, in section 5, conclusions are drawn and suggestions for
future directions of enquiry are given.

2. Key characteristics of the model

Let us consider the evolution of walks under the action of (1) and (2) with starting
point Ag = 0. It will prove useful to consider walks conditioned on an intermediary
value, and (Ag|Ag) and (A%|Ar) denote conditional expectations over all realiza-
tions for a given fized value Ag, for S > R. For the former one has from (1) and (2) the
elementary difference equation,

1
N+S

(Aser | Ar) = ((As + o501) | Ag) = {H } (As|Ag).

To solve one can simply iterate to derive,

N+ S
@sl8n) = (3 3) A

3)
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Figure 1. A realization of the random walk process Ag with N =2, over an
observation window of T" = 8 steps. Here, A,.x = 2 and the solid dots denote the
points at which a new record is set. In the (Ag, Bs) reference frame, the directed
path starts at (1,1) and ends at (6,4).

By setting R = 0 one obtains (Ag) = 0, a result which follows on grounds of symmetry.
For the expectation of the square of the displacement one has,

2
ALTA 1
v (48140 4
noting that o = 1. This is a slightly more complicated difference equation but there
are well established techniques for finding the solution (details of which may be found,
for example, in the appendix of [15]), with the result that,

(A% Ar) = ((As+0511)" [ Ag) = {1 +

9 _ (S=R)(N+S) (N+S+1>(N—I—S> 9
(A5 Ar) = virti \vrrii)\vir) S @
By setting R = 0 one obtains;
S(N +5)
ALy = " — 7
(A%) N+1 ®)

Since (A%) = O(S5?) as S — oo the behaviour is strongly super-diffusive. Note that the
limiting behaviour is dependent on N.

Concerning the strength of the correlations between steps, one can multiply (3)
through by Agr and then average over all realizations using (5);

N+S\ , 5. (N+SR
<A5AR>:(N_’—': R) <AR>=(N++1)- (©6)
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This correlator is a product of two functions, one evaluated at time S and the other at
time R, rather than a single function of the time difference S — R. However, one also
has from (5) and (6) that,

(N+S—R)(S—R)

((As —Ap)?) = N = (A% p)

which implies there is an underlying stationarity of sorts. It further follows using (6)
that for S > R,

(050R) = (Ds — As—) (Mg — Ap_y)) = — @)

SN+
It is a feature of this model that the step correlations do not decay, i.e. they remain
persistent for all times.
To characterize the asymptotic behaviour as S — oo, given that (5) implies that
typically |Ag| = O(S), it is helpful to consider the formal sequence of functions,

[ns)
Gs) = 2 0p = SApy; lim Ga(s) 5 C(s) s € [0,1]
n — n n—o00
which is associated with a given walk. Based on (3) and (4) one has for s > r > 0;
(€160 = (2) ¢t (¢(s)) =0 ®)
2 2
€@ 1er) = () e’ () = 5 ©)

From these results it follows that the conditional variance is zero;
Var [((s) [ ¢(r)] = (¢(5)*[<(r)) = (C(s) [¢(r))* =0,
The precise interpretation of this striking result is that,

. Ag
where Y € [—1,1] is a realization specific, non-degenerate random variable whose value
for a given walk is principally determined by its initial steps. As will be demonstrated

shortly, the probability density of Y is given by,
I(N) Ly g

LR N)F(%N)<1 T (11)

Py (y7 N ) 1
2
This is, up to a simple transformation, the beta distribution (and specifically not a
Gaussian). There is a transition in the density profile as N varies from being ‘concave’
(N > 2) to ‘convex’ (N < 2) at the value N = 2 (where the density is uniform)!. The
first two moments are given by,

! The explicit dependence on N is a legacy of the fact that the first few steps are strongly determining and
memory about them persists indefinitely.
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1
2
S N+
As discussed earlier, the limit N — 0 corresponds to ballistic motion with limiting den-
sity py (y, N = 0) = 36(y + 1) + 30(y — 1).

To derive (11) one can make use of a feature of this type of walk, namely the fact
that every possible walk between a given start point and end point has the same proba-
bilistic weight. If one considers the set of walks which start at Ay = 0 and finish after S
steps at a particular end point Ag = 2¢ — S, where 7 is chosen from the possible set of
values i = 0,1, ..., S, the probabilistic weight of any such realisation of the walk under
the action of (2) is given by,

(Y) = 0;

I(N) TEN+)IEAN+8—i)

W(i,S|Ay=0) =
e AN R ) a2
The end-point probability or propagator P(i, S |Ay = 0) is then simply given by,
. S| :
P(i,S|Ay=0) = TS =0 x W(i,SAy=0). (13)

The density (11) follows from (13) in the limit S — co. An insightful way to prove (12)
is to introduce the variables As and Bgs (which need not be integers) such that,

AS:%(N—FS—FAS), BS:%(N—FS—AS)

Clearly one has As + Bs = N + S and Ag — Bs = Ag, so with each step either Ag or
Bg increases by one (figure 1 has a graphical representation for the case where N = 2).
Then (1) and (2) may be rewritten as,

P[(As, Bs) = (As + 1, Bs)] = 12%: = 115738

(14)

P [(A5'7 BS) — (AS7BS + 1)] = ASB;-SBS = A()—}—BBS()-{-S'

This has the structure of a Pdlya urn model with Ay = By = %N [18]. The evolution
of As and Bg, taken as a pair, defines a directed path in the (Ag, Bg) reference frame
(see figure 1). It is well-known that every path between two given urn states under the
action of (14) has the same weight, see e.g. [19],

I['(Ag + Bo) y ['(As)T'(Bs)

[(A0)T(By) ~ T(As + Bs)’ (15

w [(A07 BO) — (A5'7 BS)] =

After a change of variables, (12) follows. Incidentally, from (14) one can construct an
alternative proof of (10) based on martingale convergence [18].

It was pointed out earlier that the limit N — oo corresponds to the SRW, although
care is needed when the limit S — oo is also implied. Thus as N — oo one has from
(5) that (A%) = S, which is the well-known diffusive result. Likewise, (3) and (4) reduce
to (Ag|Ag) = Ag and (A%|Ar) =S — R+ A%, and (7) reduces to (osog) = 0, all as

1

expected. Further, (12) reduces to W (i, S |Ag = 0) = (5)5, again as expected. More sub-

tly, (11) reduces to py(y, N — 00) — d(y). This is an embodiment of the law of large
numbers for i.i.d. variables, i.e. limg ,,Ag/S — 0.
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3. The distribution and moments of the number of records

The goal is to determine the distribution and moments of the number of records M
over an observation window [0,7]. The presence of correlated steps means that cer-
tain mathematical tools used to analyse the independent step case, such as the Sparre
Anderson theorem [2, 20, 21] and ideas from the theory of renewal processes [5, 8], are
no longer readily applicable. However, by exploiting ideas discussed in the previous
section one can obtain exact results.

To calculate the probability Pr(M) of precisely M records up to T steps, the start-
ing point is the probability P(An. > Q) for Q =0,1,2, ..., in terms of which,

Pr(M) = P(Apax > M —2) — P(Apax > M —1). (16)

Since the weight of a given walk (12) depends only on its end point, one can write,

T
P(Apax > Q) = > N*(Q,T,i) x W(i,T Ao = 0)
i=0

where N#(Q,T,i) is the number of distinct walks which start at Ay =0 and end
at Ap =2i — T for which A, > Q. If Ar > @ then clearly all walks must satisfy
Apnax > Q. If Ar < @, then only a subset of walks will satisfy Ap.x > @, the combina-
torial evaluation of which is aided by making use of the reflection principle. After some
relatively routine algebra one has,

! . T+
. T 1z |5 +1
N#(Q.T,i) = TR L »
G—Qo-DN(T—irQiD» 'S LT
It follows in turn that,
I'(N)
P Amax > = F ,T F- ,T
where,
T rEvtor@ENer—i
F(Q,T) = F(TT—:-N) > ? z'!(T—2i)!
o[22
1752 i 4
F_ (Q7 T) . T! F(§N+1)F(§N+T71)

= TT+N) i1 —Q-DNT—i+Q+D)1"

One can show that P(Apax > —1) = 1 using the Chu-Vandermonde identity [22], as
must be the case since Ay = 0. In conjunction with (16) one can now calculate Pr(M)
and its associated moments. For the first moment of M one has;

T+1

(M)=>_ MxPp(M)=1+ Z_:P(Amax>Q)- (19)
Q=0

M=1

In the limit N — 0 this simplifies to (M) =1+ %T, which comes from there being only
two possible outcomes, M =T + 1 or M =1, depending on the initial random step,
and each outcome occurs with probability % As an illustration, results for the first few
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Table 1. The first moment of the number of records M.

(M) T=0 T=1 T=2 T=3 T=4 T=5 T=6
N=0 1 % 2 g 3 % 4
N =2 1 3 11 13 37 83 641
2 6 6 15 30 210
SRW 1 3 7 92 35 19 81
2 1 16 8 32
(N = 00)

values of T for the case N = 2, which is the concave/convex transition point in the
density profile (11), are given in table 1.

The corresponding values for the SRW are also given in table 1. One sees that, for
T > 1, the first moment is enhanced due to the positive correlations between steps. To
compute the SRW results one can first take the limit N — oo in (17) and (18) with T
fixed to derive from (16) the concise result,

1 T!
"~ T () @

Pr(M)

which is known by other means, see e.g. [8].

Concerning the limiting behaviour as 7' — oo, the dominant contribution to the
moments for N fixed comes from the term involving the function F(Q,T) in (18).
Regarding the first moment, one may show using (17) and (19) that,

M), = — 0N Q)
T rdmrdyy gz TN

r(N) T (1 vt iy
O e e xr2 1—x)2 dzd
il o Lo g w A=) “

(@ T(N+1)
+
%N-H)F(%N—H)T +O(1). (21)

T aNHI

In this derivation, use is made of the Euler-Maclaurin formula and the fact that
[(z+c¢)/T(z+d) ~ 2% as z — 0o. The growth is linear in T, which loosely mirrors
what happens in a random walk with independent steps but with positive (persistent)
overall drift [23].

At a fundamental level, this term is associated with walks for which Ag — 400,
and there is a more powerful embodiment of this observation. It follows from (10) that
beyond a certain number of steps (which is realization specific) the displacement Ag
is either permanently positive or negative (transient behaviour). Now if Ag — +00
(Y > 0) the number of records will grow unbounded as S — oco. More precisely, over
an observation widow [0,7], one has that P(limz_oo(Apax — Ar)/T >¢€) =0 for all
>0, i.e. Apax/T — Y. Recalling that M = A + 1, this implies that M/T — Y.
Conversely, if Ag — —oco (Y < 0) the number of records will saturate to a finite value,
which implies that M/T — 0. As a result,

lim = = T E/ y*py(y, N) dy. (22)
0

T—o0 ’_T’C

Thus, using (11), one can derive the asymptotic behaviour of all the moments, e.g.

https://doi.org/10.1088/1742-5468 /ab6a07 8
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D(N +1) ' , T2
~ONAT(IN  DLAN £ 1) W)~ sy (23)

(M)

As expected, given the strong step correlations, these are markedly different from the
corresponding results for the SRW which follow from (19) and (20);
2T

M)~ =—; M?) ~T.

(M)~ (ar2)
One cannot recover these results by taking the limit N — oo in (23) because the limit
T — oo has been taken first; in this instance the limits are not interchangeable. One
can, however, derive scaling forms which effectively interpolate by analysing (16)-
(19) from the perspective of letting T, N — oo with the ratio 7'/N held fized. After a
straightforward but lengthy calculation one finds, for example,

(M) ~VNf (]7;), fl(:E):\/12_7T[\/$(1+a:)~|—1og(\/1+93—|—\/5)}.

The logarithmic term in fi(x) arises from the term F_(Q,T) in (18), which is interesting
and is discussed further below. It is easy to check that the relevant scaling limits are
recovered in the cases where T/N >> 1 and T/N << 1.

Although the term F_(Q,T) does not contribute to the leading order asymptotic
behaviour of the moments as T — oo with N fixed, it does have an important role to
play in other regards, as evidenced above. This term is associated with walks for which
Ag — —o0. After a more challenging exercise than the derivation of (21), since greater
care is now needed to treat the twin limits 7" — oo and () — oo correctly, one can show
that the contribution of F_(Q,T) to the first moment for N fixed (after making use of
symmetry to halve the domain of the double summation) is,

-1
1 ZOF—(Q>T)

F2(N) % %_% 1N+Q Ln_g-2

— T2 1—2)2" " “dad
Torv) Jo® fo ( ) Q
(N

)
2ND(3N)I(EN) log 7'+ O(1). (24)

(M)_ = 0
I(5N)T(5N)

1
2
~ 2 X

l\')\»—uj —

Combined with (21) one therefore has,

oy T(N +1) T'(N)

_ T
AT(AN+ DI(AN +1)° | 25T(IN)I(LN)

log T+ O(1).

The logarithmic term is related to the fact that limy_ . Pr(M) # 0 for M fixed. This
is a fundamental consequence of the transience of the process and is quite different to
the case of the SRW where, due to the recurrence of the process, any fixed upper value
will eventually be exceeded given enough time and so limy_,., Pr(M) = 0, as may been
seen from (20). To explore this special feature further, as 7' — oo one can evaluate the

functions F, (Q,7T) and F_(Q,T) in (18) thus;
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=

1

1 In_ D(53N)I(5N)
F (Q, T — ) = f1xN11—a:)2N 1dx:%
1 1
FL(Q.T = 00) = [ w21 Q(1 — )2V 92y = 12" 0

(1+

These results are exact, despite the impression that approximations have been made
(the error terms vanish in the limit). It follows in conjunction with (17) that,

_ 1 ['(N) TR
A, PR > Q) = 5+ 58RI /0 1" (2)

In this way, using (16), one can define P, (M) = limy_,o Pr(M) so that,

_I(N) 2 NHM- ’(1—2)
Foo(M) = r(lzv)r(lzv)/o 1o 0)

2 2
As discussed in the Introduction, evidently this is non-zero. One can further note
based on (16) and (25) that X57_; P (M) = %, which encapsulates the transience of the
process and the symmetry of the initial condition. It is intuitively clear on physical
grounds that P, (M) must decrease to zero as M — oo and from (26) one has,

['(N) 1
2NT(AN)D(IN) M2

POO(M> ~

This limiting behaviour underpins the origin of the log7" term in (24).
One can derive alternative expressions to (25) and (26) by integrating by parts
indefinitely;

. 1 F(N+Q+ > N —1+j)
fim P(Bmax > Q) = 5 + 557 IT(IN)T z:: N+Q+]+)

T(AN 4+ M —1) s _JTV —1+5)
N-ID(AN)T(3N) S 2T(GN + M + j)°

2

Poo(M) =

By integrating by parts a different way, it is also possible to obtain a recursion which
can be solved in terms of a finite summation. In general, the resulting expression is
complicated and unwieldy but by way of illustration one has for the case N = 2 (where
a significant simplification occurs);

lim P(A Q—1 DOQ+1 LR N G Vi log 2

A P(Amas > Q) = 5+ (=1)"7(@+ 1) 2+2j§j(j+1)_0g
M-1 e 1

Po(M) = (1) ' 2M — 1) 2+§;=1 G )—log2 + 537

from whence it follows (for N = 2) that,

https://doi.org/10.1088/1742-5468 /ab6a07 10
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Po(M =1) =1—1og2 = 0.306...
Poo(M =2) = 3log2 — 2 = 0.079...
Po(M =3)=1—-5log2=0.034...

and so on.

4. The duration of records

For the case M = 1 one has from evaluating (26),

Po(M =1) = (35) | —®— (4

N=2/ [ r(aMr(zN) 2

=1—1log?2; N =2.

N-2
~1;  N#2
) : # .

As noted above, this quantity, which is the probability that there is only one record
however long one observes, is non-zero. The implication is that a given walk, starting at
zero and moving downwards at the first step, may never actually cross the line Ag =0
from below (although it may return to it without crossing).

The statement that there is only one record is the same as saying the first record
has unlimited duration. To explore this further, let us evaluate the duration I; of the
first record given unlimited observation time. Consider a walk which starts at Ag =0
and after [; = 2n + 1 steps reaches Ag =1 for the first time (first passage through
zero), where n =0,1,2,.... In the (Ag, Bg) reference frame the directed path starts at
(3N,3N) and ends at (3N +n+1,5N +n), and is constrained to satisfy Ag < Bg at
all points in-between. Adapting what was discussed in the previous section, the number
of such paths may be derived using the reflection principle and is simply the Catalan
number C,,. Since every contributing path has the same weight it follows that,

Pli=2n+1)=C, x W[(3N,IN) = AN +n+1,1N +n)]

where the weight function is given by (15). The probability that the first record has a
duration no greater than 2L + 1 is thus given by,

['(N) L2HITGN +5+ 1)T(5N + )

P(ly <2L+1)= PANIGN) = (G+ DTN +2j+1) (28)

2 2

The probability that the duration is finite is P(l; < oo) = Llim P(l; < 2L + 1), which
numerical evaluation shows is less than unity. This is theﬁsciognature of a defective
process, meaning the probability of unlimited duration is non-zero, and by definition?
P(l; = 0) =1 — P(l; < o). Naturally one must have P(l; = c0) = Py (M = 1), where
the latter quantity is given by (27). Comparing (27) and P(l; = 00) as derived from (28)
gives a non-trivial identity which can be confirmed numerically for general N. For the
case N = 2 one has a direct demonstration; thus,

21t should be stressed that P(l; = co) # lim P(l; =2n+1) = 0.

https://doi.org/10.1088/1742-5468 /ab6a07 11
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P(ly<2L+1) = j;O @ADE+2) ];0 g

P(l; < >0) = Llim P(l; <2L+1) =log2
—00
P(ly =00) =1—log2.

A straightforward extension of this line of reasoning shows the probability that the
duration [, of the rth record is unlimited (given the preceding records are of finite
duration) is given by P(l, = 00) = Po(M =), where the latter quantity is given by
(26). One can push the analysis to make more refined statements about the duration of
subsequent records, but the effort involved is significant for no real new insight gained
and so this is not pursued any further here.

In the limit N — oo one can again recover the relevant results for the SRW. Thus,
for fixed L (28) reduces as N — oo to,

PU <L+ 1))=Y <1>2”'“( (2))!

=\2 PSR

Using a well-known identity for the Catalan numbers one then has P(l; < co) =1 and
the process is not defective. In other words, for the SRW all records have finite dura-
tion with probability one, which reflects the recurrence of the process.

5. Conclusions

In this paper, a random walk model with correlated steps has been studied in relation
to record statistics over a given observation window, with various exact results pre-
sented, notably (22) and (26). Although relatively simple in construct, the model has
interesting behaviour and illustrates the key message that, when the step correlations
are sufficiently strong, the record statistics are distinctly different from those for a ran-
dom walk with independent steps.

One can imagine extending this work by generalising the probabilistic update rule
(2) to align more closely with the models discussed in [9-15], all of which exhibit a
transition (as an additional parameter is varied) between a regime where the behaviour
is diffusive and a regime where the behaviour is super-diffusive. As an illustration, fol-
lowing [15] one such modification of (2) is;

Pr(O-SJrl ==+1 | As) = ; {1 + o (NA—LS,S')}
with 0 < a < 1. The case a =1 corresponds to (2), the case a = 0 corresponds to the
SRW from a different perspective than the limit N — oo, whilst the limit N — 0 cor-
responds to the so-called elephant random walk model with global memory parameter
p=3(1+a) and initial step parameter ¢ =3 [9]. As before (Ag) =0 but now (5)
becomes,

https://doi.org/10.1088/1742-5468 /ab6a07 12


https://doi.org/10.1088/1742-5468/ab6a07

Record statistics for a discrete-time random walk with correlated steps

A2y _ N+S [TV +1) T(N +2a+5)
(85 = 20—1|[D(N+2a) T(N+1+5)

In the limit S — oo one has (A%) = O(S) when a < 3 but (AZ) = O(S?*) when o >
Thus, the limiting dynamics are diffusive when « < (Wlth Hurst exponent H = 2)
but super-diffusive when a > 5 (with H = ). By such means, one might study the
transition in record statistics as the strength of the step correlations changes from
being weak to being strong. In such models, however, the weight of a given walk is
typically rendered fully path dependent, whereupon much of the analysis presented
earlier breaks down. An exact calculation of the record statistics over a finite observa-
tion window [0, 7] is likely to be a much more challenging task in such circumstances.
Even to gain insight into the asymptotic behaviour as 7' — co may require fresh ideas
and techniques.

l\)\)—l
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