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Abstract

Using multi-scale beyond all order methods, we investigate stationary
spatially localized solutions of a Schnakenberg system, a prototype reaction—
diffusion system, near the onset of a subcritical Turing bifurcation. These
solutions are homoclinic orbits to a homogeneous solution and passing near
a periodic solution. In bifurcation diagrams, branches of these solutions
commonly show two interwining snaking curves. Here we calculate the
maximal range of existence for these solutions and compare our findings
with numerical computations. We derive and optimally truncate a (divergent)
asymptotic series of a front solution. The remainder of the truncated series
is exponentially small if and only if a specific parameter range is met. This
complements work on Swift-Hohenberg equations where similar results have
been obtained.
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1. Introduction

Homoclinic snaking refers to the existence of a continuum of localized stationary solutions,
homoclinic orbits to a homogeneous solution and passing near a periodic solution, in a param-
etrized partial differential equation, which commonly forms a snaking structure in bifurcation
diagrams. This has been investigated in a variety of theoretical and experimental contexts, see
e.g. [Daw10, Desl1, Knol5, Kno08] for overviews and e.g. [MYGO07, RAB"13] for some
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concrete examples. An equation which is often used as a generic model for homoclinic snak-
ing is the Swift Hohenberg equation:

Ou = Au— (1 4+ A)u+N(u,0) (1)

with u = u(x,t) € R,x € R, and parameters \, o € R. Typical choices for the nonlinearity N
are f(u) = ou® — u’ and g(u) = ou® — u°. The trivial solution u = 0 loses stability at A, = 0
and for o > g9 > 0 with gy = \/m for N =f and oy = 0 for N = g a periodic solution
with wavenumber 1 bifurcates subcritically. In [CK09], equation (1) with nonlinearity f is
analyzed with beyond all order methods to compute the existence range for localized patterns
near the onset of the subcritical Turing bifurcation, and it is shown that the existence range
is exponentially small in parameter space. The work in [CK09] is extended in [DMCK11],
where the same method is used to investigate (1) with the nonlinearity g, and A as the bifurca-
tion parameter. In detail, constants x4 and v are derived such that

|A—AM\<§e—%if0<a<<1 ?)

describes the existence range in A\, where Ay is the so called Maxwell point. The constant v
is calculated analytically while x is computed numerically only, but it is shown that y is the
limit of a recursive series. To achieve (2), an asymptotic expansion is derived by a multi-scale
ansatz. Even though the calculation of the whole expansion and an estimate for the remain-
der is necessary to justify (2), it turns out that the result can essentially be computed with
the knowledge of the leading order solution only. In detail, the pattern wavenumber and the
behavior of the amplitude singularities closest to the real line determine v up to an integer
constant, which incorporates the lowest order nonlinearity, see also [KC13]. This indicates
that beyond all order methods can be a strong tool to calculate snaking widths as the results
can be established quite easy at least in the one dimensional case, even though the justification
needs heavy computation.

The aim of this paper is to transfer the results of [CK09] and [DMCK11] to the Schnakenberg
system

—u+utv 1\? /1
0,U=DAU+N(U,\,0), NUM\o)= +o u— (3)

A—u?v —1

1
0 d
Schnakenberg model [Sch79] (o = 0) is widely used to understand the distribution of a
morphogen, see, e.g. [GT85]. It was investigated for Turing pattern in 2D-3D, and recently
[UW14] also investigated localized patterns in 2D not only on a homogeneous background,
but also localized hexagon pattern on a background of stripes. In [UW14] the modification
(o # 0) was made to allow localized patterns between a homogeneous solution and stripes,
and thus localized patterns in 1D.

We are interested in localized steady patterns, i.e. we aim for localized solutions of the
equation

with U = (u, v)(t,x) € R?, x€ R and diffusion matrix D = . The original

0= DAU + N(U, )\, 0). 4)

The homogeneous solution U" = (X, )7 loses stability at A < A, = Vdv/3 — /8 and
a periodic solution with wavelength 27 /k.,k. = \/v/2 — 1 bifurcates subcritically for
o< o <o,<0with o, = —2.4d~2 and o —16d~2. The exact values for o, and oy are
computed, but omitted, as they are lengthy, see remark 2.3. We restrict ourself to d > dy with
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Figure 1. Homogeneous branch (black), periodic branch with wavelength Zk—’r (blue), and

in (b) a branch of localized patterns (red). The solutions are computed on the domain

—lf—_’r, llf—’r) with Neumann boundary conditions. (Numerically) stable branches as

thick lines in (a), (b), while stability is not plotted in (b) to achieve better visualization
and as we do not concern about the stability in the whole calculus. (a) o = —2.
(b)o =—1.(c)o =0.

dy = 3 + /8, which is the condition for Turing instabilities at the homogeneous solution U".
Figure 1 shows bifurcation diagrams for (3) for different values of o, including a snaking
branch of localized patterns.

Under the numerically confirmed assumption that localized patterns exist, we show that
near o, and o; there is at most an exponentially small (in o) A-range, in which this localized
patterns can exist. A numerical comparison will show that our formula approximates the exact
range for localized pattern for o close to o, and oy, respectively.

The calculations needed for this result are cumbersome, but in many parts similar to those
in [CK09] and [DMCK11]. In contrast to [CK09] and [DMCK11] we investigate a two comp-
onent system of reaction—diffusion type, which is non-variational and where the available
numerical and analytical information is limited. The non-variational nature of the system does
not have effects on the calculus itself, as non-variational effects are of smaller scale, but the
definition of objects like the Maxwell point, in a variational system the point where the energy
of both investigated solutions is the same, is less intuitive and requires the derivation of ampl-
itude equations. The system case however complicates the analysis a lot, as e.g. the nonlin-
earities need to be understood as k-linear forms now and tend to have a complicate structure.
We cope with these problems by calculating in a quite universal fashion, i.e. mostly treat the
nonlinearities as arbitrary k-linear forms. This allows one to understand our calculation as a
generalizations of these from [CK09] and [DMCKI11]. We do not give general criteria for the
calculation of ranges of localized patterns in arbitrary systems, but we have set up a Matlab
symbolic toolbox script for the crucial computations, which can be adapted for arbitrary two
component systems in a few steps. We also give a theorem-proof scheme, which supports
further investigations of localized patterns in general systems.

The paper is organized as follows. In section 2 we state our main result, linearize the
system around the homogeneous solution U and introduce some notations along with a new
parameter € in which we scale the equation. Then we derive the leading order front solution
in an amplitude equation of order five in section 3 as the starting point for the beyond all
order methods. In section 4 we construct the snaking width formula through beyond all order
asymptotics, and in section 5 we give a set of equations for the snaking bifurcation diagram.
In section 6 we compute the analytically undetermined constant p numerically and compare
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the findings with numerical computations of the model on a large, but finite domain, using
pde2path [URW 14].

2. Main result and first steps into the analysis

We investigate localized patterns at the onset of the subcritical bifurcation with wavelength
27 [k.. Lemma 2.1 describes this bifurcation, which is of particular interest, as the homoge-
neous solution loses stability here.

Lemma 2.1. Let d > 3 + /8. The trivial stationary solution ()\, %) T of (3) is stable for
X > A = Vd\/3 — V8 and at X = \. a Turing instability occurs. The critical wavenumber

isk. =2 —1.

Proof. Calculus, following e.g. [Mur89, section 14.3]. O

It is such a Turing instability where fronts and localized patterns are expected, and by the
introduction of a new parameter € we make the ansatz

1 T N .
Vsl %) = (15 # 2 U0 X) + R ), )

where X = £2x is a slow scale, to expand possible fronts in an asymptotic manner. This ansatz
leads to amplitude equations, and to allow leading order front solutions a solvability condition
for the amplitude of U; must not rise before 0(55). This forces the scaling o = 0g + e2o,,
where two values (o, and o) for o¢ are valid and describe the minimal resp. maximal o for
which a subcritical bifurcation and thus snaking can be observed. W.l.o.g. one can restrict
o, € {—1, 1}, which we use for our hypothesis 2.2, while we keep o, arbitrary in most calcul-
ations to track the o dependence.

Our method, to expand the fronts with (5), does not give rigorous proof for the existence of
these, as the remainder can not be uniformly controlled in higher orders, and thus we formally
assume the existence of fronts in advance in hypothesis 2.2. The validity of hypothesis 2.2 is
convincingly supported by numerical investigations.

Hypothesis 2.2 (Existence of stationary fronts). Ford > djand (09, 07) = (0,, —1),
o, ~ —2.4d" % (case 1) respectively (0¢, 02) = (07, 1), 07 &~ — 16d~2 (case 2) there existeg > 0
and Am(e), km(e) € C((0,e0) . R) with lim ky(g) = k. and lim \y(g) = ). such that the fol-
lowing holds: =0 =0

Ve € (0,29) ICioc > 0 VX — A(e)| < Cloe 3! UZ solution! of (3) with o = 0¢ + 202
and with

L lim U!l(x) = U"(x)
X——00 .

2. T oo U2 (6) — U2 (1)) = 0 Where UE(x) = UP(x) + €Uy (x) with [[U1 . = O(1)
and minimal period 27 /km(e), i.e. Uy (x + 27 /km(€)) = Ui (x).

' Where uniqueness is modulo symmetries, i.e. reflection and translation, only.
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Figure 2. (a) Bifurcation diagram for o = —0.5. The branch of localized patterns
bifurcating from the periodic branch with wavelength 27 /k. connects back to a
periodic branch with wavelength 27/0.515. The precise wavelength depends on the
domain of computation, and is highly inaccurate in this picture, as the domain size was
reduced to 10 - 27 /k, to give a full view on the branch of localized patterns. The general
phenomenon however is described by the analysis. (b), (c) Solutions on the periodic
branches and the branch of localized patterns and a zoom on an interval of length 27 /k..
The difference in the period for point 100 and 30 is due to wavenumber variations
inside the snake, see e.g. [BD12].

Remark 2.3.

1. op is computed exactly, but we only give approximate values, as the exact expressions are
lengthy. If not stated otherwise, this holds for all constants and = describes approximated
values for notational reasons only. Calculations are always done with the exact values.

2. The point Ay, describing the center of the range for localized patterns, is the non-
variational analog of the Maxwell point in a variational system where the energy of the
homogeneous and periodic solution is the same. It is determined via a series in &, with
coefficients that are determined by solvability conditions for amplitude equations for
fronts, which we derive later.

The introduction of ky; rather than the constant wavenumber k. is necessary because the
amplitude of the front derived with (5) is complex and thus will shift the wavenumber by
o (62). As a consequence we do not construct fronts which connect a periodic solution with
wavenumber k. with the homogeneous solution for | — o¢| > 0. This is in accordance with
the numerical simulations where the branch of localized patterns bifurcating from the periodic
branch with wavenumber k. immediately changes its periods and connects to the most sub-
critical wavenumber, see figure 2. Also the wavenumber breathing within the snake, see e.g.
[BD12], forces the introduction of k.

Theorem 2.4, which is a simplified version of the main result of this work, gives an upper
bound for the constant Cjo. near o; respectively o,.In section 4.4, theorem 4.5 we give the
more precise version, which however needs the introduction of additional notations, and con-
clude its proof.

Theorem 2.4 (An upper bound for Cy). Under hypothesis 2.2 there exists an
0 < g1 < g9 and constants p, v > 0 such that for 0 < € < €| we have

1
lo — ol

where v ~ 18.550d~ 7 in case 1 and v ~ 69.721d"7 in case 2.

- v
e lo—ool,

Cloc <
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Remark 2.5.

1. v = k. /&by (3), where b, will be introduced in section 3 and scales the amplitudes
speed. The formula for b, is (very) lengthy and thus omitted here. k. is the critical wave-
number, 7 is model independent and a scalar factor, here 1, is determined by the power of
the lowest order nonzero nonlinearity (quadratic or cubic).

2. pu can only be given as a limit of a recursive series with nested sums and thus has to be
investigated numerically. For this, the recursion can be used, which is computationally
expensive, see [DMCKI11], or x can be found by a best fit with the numerical snaking
width, see section 6.

To derive theorem 2.4 we do not only need the proper scaling of 0 = o + €203, but also a
proper scaling for A which is

5]
A=A+ 254")\4,, +e* s = Mmle) + €%, (6)
n=0
where A4, 5 € N will be determined by the calculus and we will show that A\s5 can be chosen
arbitrarily in a certain range. This range will then describe the constant Cj,.. For the further
calculus, i.e. the proof of theorem 2.4, we expand (4) at the homogeneous solution, so that for
solutions U" + U (4) takes the form

0=L[ANU+ iF"[)\, o)(U"),

2
where L[A,A] = J()\) + DA with J(\) = ( 12 )\)\2) and FX(UY), U* = (U, ..., U), are

k-linear forms. With the scaling A = A\, + e*M\i + ... and 0 = 0y + €20, these forms have a
natural expansion in €, namely

FFN 0)(UY) = F§[Ae, 0] (UX) + €2 F5 A, 0] (UY) + £ Fi D Ml (UF) + - = > eTF M o] (UF).
J€E2Ny

This notation let us reformulate the expansion of (4) at the homogeneous solution and, by
A =02 +2£%0,0x +¢*0%, as U = U(x, X(x)), we have

0= (L()[ax, )\c} + €2L2 [ax, Oy, /\C] + 64L4[8X, Aes )\4] + 64(8)\.]) ()\C))\g + 0 (68)) U

S )
+ 3 S R+
jef0.2} k=2

where Ly[0;, A] = J(A.) + 02D, L5[0,, Ox, ] = 20,0xD and Ls[0x, Ae, \a] = (0xJ) (Ac) A + O3D.
The O (68) terms are from the expansion of the linear part L by the scaling of A, the ... are
higher order nonlinearities respectively higher order expansion of the nonlinearities in ¢ and
will be O(e%) in the subsequent computations, as ansatz (5) scales every non homogeneous
addend with factor . They both play no role in the subsequent calculations. For this reason it
is the system without the higher order nonlinearities, which we investigate in section 6, and
call it the ’truncated system’. The calculations are valid for both the full and the truncated
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system, as the higher order nonlinearities are only incorporated in the constant y, which we
do not calculate analytically.

The further calculations to prove theorem 2.4 are structured by additional theorems. These
aim to give an overview of the whole method rather than to depict every underlying result in
detail. We end this section by the introduction of some abbreviations.

Definition 2.6. Some commonly used abbreviations are:

o ¢ = e (x) = ek +@) where w is a constant describing the phase shift and will be arbi-
trary until the control of the remainder of the asymptotic expansion.

e c.c. denotes the complex conjugated.

e h.o.t. is used in combination with asymptotic equivalents and denotes higher order terms
in the corresponding variable.

®a(x,z) (x,z), where (x,z) e Rx Q@ C R x C"and y € RU {—00, 00}, is defined by

Rl
Ve>0VzeNII>0:|x—y| <d=lalx,z) —b(x,z2)| <¢e
and the analog for y € {—o0, 00}.
e Integration in the complex plane is always from a point X, on the imaginary axis to a
point X on the real line, and the starting point is only chosen to have no constant terms. A
possible path of integration is always the direct connection from Xj to 0 to X and thus we

only write f;i dT.

Furthermore, many constants are defined in the Theorems and their proofs. Some of these
constants are necessary in later steps of the calculation, but as these can not be motivated be-
fore their introduction we refrain from a list here.

3. Amplitude equation

As stated in the introduction, the exponential factor in the snaking width can be expressed in
terms of the leading order amplitudes complex singularities closest to the real line. We derive
this leading order amplitude now and summarize the result in theorem 3.1. For clarity we only
give the results for case 1 of hypothesis 2.2 here. The resulting constants for case 2 are given
at the end of this section.

Theorem 3.1. Let (5) be an asymptotic expansion of a front solution U! as in hypothesis
2.2 with X scaled by (6). Then Ay ~ 0.0042d3 02 and

U1 (x, X) = A(X)q)el(x) + c.c.

where ei(x) = e*0+9) with an arbitrary constant w, ® = (1, ;) with o, ~ —3.414/d, and

X
ble_lhf

A(X) = Ry(X)e!®®) = — ——
(X) = Ro(X) (l_i_eszX)%"rlﬁ

with constants b, < 0 < by, 3 > 0.

Proof. We insert ansatz (5) in (7) and sort for powers of . This yields
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et — LU, =0
et — LU, = Fi(U})
e — LyUs = LU, + 2F(Uy, Us) + Fo(U3)
4. _ _ 2 2 2 2 3 3 2 F4 4 2 2
€'t = LoUs = LUy + 2F( (U1, Us) + Fo(Uy) + 3F (U, U2) + Fo(UY) + F,(UY)
€1 — LyUs = LyUs + LyUy + 2F3 (U, Uy) + 2F%(Ua, Us)
+3F; (UL, Us) + 3F3 (U, U3) + 4F3 (U7, Ua) + Fo (UY)
+F3(U7) +2F3 (U1, Un). (8)

The equations at €, k < 4, can be solved without assumptions on the leading order amplitude.
Via a solvability condition the equation at £ results in the amplitude equation for the leading
order solution. In detail the equation at O(e') yields

Uy = A(X) Pt 4 cc.,

where A(X) and w are arbitrary for now while ® and k are determined by the equation

0= (J(A\) — kD) ®. )

In the following we write x for x + w, as the phase shift does not influence most calculations.
In the end we however have to reverse this notation, as it is a locking of the phase shift, which
allows us to construct an (in leading order) exponentially small remainder for As # 0, and
thus w is crucial for the calculation of the snaking width.

Following [Mur89, 14.3], as for the proof of lemma 2.1, there is a unique (up to a scalar
factor) nontrivial solution for (9) if and only if kg = v/ V2 —1=:k.and A\, = VdV/3 — V8.

We fix such a solution ® = (1, ;)T with ¢, ~ —3.414/d as the kernel vector.

The set of equation (8) yields U, = >"7_ A, ;®,e***, where w.l.o.g. we assume

A, (X) scalar and @, € C?, see remark 3.2 for details. Of course A=A A = A and
®; = ®; _; = ® here. Furthermore, we introduce L(s, ;) := J()\.) — s?k*D and see that
L(s, \.) has a nontrivial kernel for s = 1 only, as mentioned above. Thus it is invertible for
s # 1, and by doing so one can calculate A, ;®,, for n < 4 and k # £1. For k = £1 one
has to ensure that the right hand side of the equations is orthogonal to the one dimensional
kernel of L(=%1, )\,.) i.e. that the solvability condition (’right hand side’, ®, ) = 0 for some
®, € Ker(L(l, /\C)T) is met. At €', €2 this is always satisfied, i.e. A 1, is arbitrary, but at &3
this is true if and only if

2F(D, ®ap) + 2F5 (D, B) 4 3F3(P%) = 0. (10)

This is the equation, which fixes oy ~ —2.4d~ for case 1 and oy R —16d~ for case 2. Fix-
ing one case, the equation at el yields A3 411P341 = iaXAl,i1<i>3,1 —i—A_;'f 1P with arbitrary
A? . |. For the loose notation see remark 3.2. Here AT, ® can w.l.o.g. be set zero, as it does
not contribute to any results. Also the equation for A4 1+1®P4 4 is solvable without additional
restrictions and as the results are not relevant for the calculation of A; +; we will not discuss
them here.
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The solvability condition arises at 3¢+ and results in an equation for A of the form

0 = coO3A + c1A + 2|APA + c3|A*A + ic,A*OxA + ics|A|*OxA (11)

with real constants co(cg, 02, \4), . . ., c5(00, 02, \g). The ansatz A = Roe'® with real func-
tions Ry, O splits this complex equation into two real ones where the equation for G

0 = 2¢coRoOp + ROy + (c5 + c4)RIR) (12)

has the particular solution of interest ©' = %RS, see remark 3.3. This yields

(cs +ca)? . t-q B
16C() 46'0 o

0 = coRy + ¢ 1Ry + 2Ry + <c3 - (13)

as the equation for Ry.
As stated in theorem 3.1 we look for a front solution, i.e. a heteroclinic orbit from zero to
a nonzero state. For this we investigate

C & C C
E(Ro,R) = —EORgZ + E'Rg + ZZR?) + é’RS

(estes)’ + G—c
16(_‘0 4C()

of E. As E(0,0) = 0 is a local maximum this implies that for the existence of localized pat-
terns a maximum (f,f’) # (0,0) with E(f,f’) = 0 must exist. This is the case if and only
if 3¢5 — 16¢1c6 = 0 and ¢y, cs < 0 < c,. Furthermore, sign(c,) = —sign(o,) for case 1 and
thus the condition ¢; > 0 implies o, < 0, which is also the condition for the bifurcation to
be subcritical. For fixed oy < 0 all conditions are fulfilled if and only if \y = c,\4d% 0’% with
¢y, ~ 0.0042 and a front solution can be found via separation of variables. Such a solution
combined with the solution for O, gives the full solution

with cg = ¢3 — , the energy of equation (13), i.e. solutions lie on the level set

X
b]ﬁtibz7

A(X) = Ry(X)e®®) = — = |
(X) = Ro(X)e (1+e—bzx)%+iﬁ

with by =~ 0.148d3 \/[03], by &~ 0.109v/do, and 8 ~ 0.119. 0

For case 2,1i.e. g ~ — 15.894d’%, the corresponding constants are

by ~ 0.0373d3 /73, by ~ 0.029Vdo,, B~ —1.174, Ay ~ 0.00029d 03
and o, > 0 is the condition for the existence of a front.

Remark 3.2. 1Itis U, =Y/ A, @, e~ with scalar A, x(X) and @, € C?forn <2
only, but for n > 3 we still can express the contribution of U, at each e; with a finite sum of
scalar functions A,’;,k (X) and éik € C?and in further calculations one summand for each tuple

(n, k) is crucial only, i.e. the others can w.l.0.g. be set to zero. Thus we stick to the loose but

simpler notation U, = > /_ Ay @, e,

—n
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Remark 3.3. The solution for the homogeneous part of (12) is 7# with v € R, but v £ 0
0
is in contradiction to Ry(X) — O for either X — —o0 or X — 0.

4. Beyond all orders calculation

The leading order solution, established in section 3, gives a basic estimate for the form of
localized patterns, but the existence range remains undetermined, even though )4 is fixed and
gives a first approximation where localized patterns or more precisely the Maxwell point can
be found. The calculation of further algebraic terms in the asymptotic expansion (5) yields
higher order A4, but is unable to determine an existence range.

In fact the series diverges and thus has to be truncated. To construct an uniformly exponen-
tially small remainder, e.g. a remainder "beyond all (algebraic) orders’, the truncation has to
be done optimally and certain conditions on \s, the deviation from the Maxwell point, have
to be met.

The error terms contributing to the remainder are the error by deviation from the Maxwell
point Ay, which is independent on the truncation point and thus denoted by R*3, and the error
by truncation R%,. For the truncation error we need to calculate the behavior of U, for n — oo,
which we do next in section 4.1. In section 4.2 we calculate the error by the deviation of the
Maxwell point and in section 4.3 the error by truncation. By the linearity of the asymptotic
calculations the final remainder Ry can then be constructed as the sum of both remainders
along with higher order terms, i.e. it is Ry = Ry 4+ R* + h.o.t.. We will see, that RY, domi-
nates for X = O(¢), i.e. in the front’s interface, and R*s dominates for X — +o0. The match-
ing of both errors yields that the full remainder is uniformly exponentially small (in o — oy)
in leading order, if and only if ¢*\s, the deviation from Ay, is exponentially small in o — .

4.1. Behavior of the amplitude for n large

In section 3 we derived the exact form of Uy, see theorem 3.1. The next step is to derive the
form of U, for n — oo. In detail we prove the following theorem

Theorem 4.1. Let (5) be an asymptotic expansion of a front solution U/ as in hypothesis
2.2. Then

e\ T'(%+a) .
Un Do (w«*) oy () (B2 + () 2er) "

+ 2 (%) m(l +(=1)") (1 (X)® + L(X)Pe_s) + c.c. + ho.t.

where o = 3 +1if, Xo = —in /by, p1,p2 are (undetermined) real constants, and

/ X 1 . X / s 1 i©p
Il (X) = RO 7dT + IRQ R()RO fszdS e,
Xo RO Xo Xo RO

/ X 1 . X / s 1 —i0y
12 (X) = RO 8 ngT + IRQ 8 R()RO ; ngTdS € .
0 0 0

2676



Nonlinearity 32 (2019) 2667 H de Witt

This theorem shows that for n — oo the series diverges due to I (% + a), but for X large
the divergence is slow due to the factor (X; — X) — *3'+ and one can already see here that the
error by truncation will decrease rapidly for [X| — co.

Proof. Pursuing the calculation in (8) the equation for U, at " is

L5

0= Z L4s n— 4s+L2Un 2+ Z Z Z FZ;(UA-I,...,UM). (15)

s=0 m=2 sj+-tsm=n=2s
0<s;

W.lo.g., this results, see remark 3.2, in U, =32 A,x(X)P,rex(x) with almost all
A, =0 and (15) can be transformed into a recurrent set of equations for A, ;®, . As these
equations need to be solved in the limit n — oo we need a simplification to get rid of the
nested sum. The key idea is to make an ansatz for A, ;®, « in such a way, that we can derive its
leading order form by an expansion of inverse powers of n. The ansatz we use reads

(5 + o) 1 H, (X
nkénk ~ Z +1+ak (hg(X) + ;h,l(X) + ) = Z %’ (16)

"z (X - X) jez (X —X)

withoy, k € Ctobedetermined, X; = i(2j + 1)7 /by, forafixed j € Z,andh} : C — C%,1 € Ny
are functions independent of n. This is motivated by the fact that A, ; should have the same
singularities X; as Ay,;, which has the asymptotic behavior

Hy
J

with a constant H, ;. The power of (X; — X) in (16) is necessary, because the second derivative
of A,,_» 4 and forth derivative of A,_4 are used to determine A, . The independence of H,, (X)
from X; is not imposed, but a natural consequence of the 2mi periodicity of the exponential
function. The linear nature of all calculations allows us to compute the behavior separately for
each singularity and add these contributions in the end. In detail we will only need to add the
contributions of X and X_; in the limit n — o0 as these are the dominant ones on the real line
for n — oo by the factor (X; — X) *+ex_ Thus our ansatz reads for now

K'T'(2 4+ « 1 }fn X
An.kin,k ~ (2 n+1k) ‘lg(;() ”ll<<x) e ] = ’k(n+>1 . 17
ntl a ( )
n—oo (XO X) 7 [e73 n (XO X) 2 k

The calculations will show, that the contribution of A, x®, x| X, is equal to /_\,,,_kq),,,_k | X0 and
as explained above we can add that later.
Inserting (17) in the recurrent set of equation (15) and multiplying the result by

(Xo — X)"% T we get
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—2
0= LoHy + iZkkcnf—i_akDHn,z,k

n—4+on—2+ o
2 2

XYY Fi(Hys e )Xo = X) T Tt

m=2 si+-+tsm=n k;+..+kn=k
0<s;

+o(r(gf1+ak)). (18)

DHn—4,k

We divide this by I'(§ 4 i) and can start an asymptotic expansion of H,, in inverse powers
of n. The nested sum also contains different magnitudes of n, and so there are no infinite sums

—1
=30 oo

in the leading orders equations. The factors (Xo — X)_mT =1 will vanish for the

interesting values of k, which are the dominant modes and which we investigate now. These
are the modes with maximal real part of ay =: . We will see that the imaginary part of « is
not constant, and thus the notation o = « for all dominant oy seems to be misleading, but in-
deed there is an « such that all dominant contributions can be expressed with v and &, which
then justifies the loose notation. The restriction to dominant modes does not imply any extra
assumptions, as we do not restrict the total number of dominant modes.

At the dominant modes the leading order equation in (18) is

0 = (k*Lo(k, Ac) +i2kkx*D + D) By,

We seek solutions 4 2 0 as h = 0 would be equivalent to a reduction of «. Thus we need
L := (k*Lo(k, Ac) + i2kk.*D + D) to be singular. As Lo(k, \.) = J(Ac) — k*k2D this is the
case if and only if

—KHEKY + 2kkok? 4 1 = —K2KY, (19)

and £ then has the nontrivial kernel vector 49(X) = h?(X)® with a scalar function A), which
we denote by A again. The solutions to (19) are x> = i/k.(k & 1) for k # %1, fork = —1 we
have the double root x? = i/k.(k — 1) and for k = 1 we have the double root x*> = i/k.(k + 1).
This shows that k = 0, +-2 are the dominant modes, as ~ has the biggest absolute values for
these. Hence we use the ansatz ay = a4r = o, a4 = Q43 = @ — %, apg=a—1, ...
with still unknown «, to get the right balance between the modes, i.e. to eliminate the
(Xo—X)~ = gtk fctor in (18). Formally we would need to differ between x? = i/k,
and k% = —i/ke, as either k = 2 or k = —2 is the only dominant mode along with k = 0, but
our ansatz above will give the same results with clearer calculations and just yields, depending
on k, either hg =0or h‘lz =0.

The calculation of ay and h? for the dominant modes is cumbersome and does not yield
additional insights, and thus we only describe the method briefly and state the results. The
basic calculus is to investigate (18) in higher powers of % At O (%) there is exact cancellation
for arbitrary oy and A{, thus no information is gathered. At O (;5) there are two cases. For
k* = i/k, the modes 2 and 0 are dominant and hQ, 19 have to satisfy
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0 = nodgh3 + mh3 + m|AI*hS + 13AT 1 h + ma|A[*RY + ns|A[PAT  h) + ineA*Oxhl + i AhYOxA
+ ing|A|*Oxhi2° + inohYAOxA + iniohIADXA,

and its complex conjugated equation, which are the linearized amplitude equations which will
be derived in section 4.2, see (23), where we also explain the constants 7;. For Kr=—i /k. the
same equations have to hold for 4 , and /. We derive the solutions to this equation in sec-
tion 4.2 as well, and obtain

X 2 X
- KR K 1
h) = h) = KA' 4+ iKA + ( R) PR 41 L inekiRy | —dT
R/2 R2
X(] 0 XO 0
K R K
Hi2eR, / RoR) / 17+3de$
Xo Xo
with A, Ry, ©¢ from theorem 3.1, ¢ = — Ci&“, €0, €4, ¢5 from the proof of theorem 3.1 and yet
unknown constants K; in the case k2 = i /k.. The solutions to ho_z, hg for k2 = —i /k. are given

by the map (h{, h3) — (h%,, hJ). To examine the dominant contributions we investigate these
solutions in the limit X — X, and find

A~ const.(Xo — X) "8,
X—Xo

A ~ const.(XO—X)_%“ﬁ,

X—Xo

X S p2 X
R 1 A L
R/ —OdT—H RO/ ROR’/ —Odes+R0/ —dT | ] & ~ const.(Xy — X)274,
< ’ X(J Xo 0 Xo R(l)z Xo R% X=Xo ( )

X X S
1 1 A .
R} / —dT +iR / RoR} / —dTdS | e® ~ const.(X, — X)2 TP,
( ’ Xo R62 Xo ’ Xo R(l)2 X=Xo

Thus the solution with maximal possible « is the solution with constant K3, as for X — Xj the

ansatz (17) implies for example A,, ~ const.(Xo — X)~ "3 —o+3+8 for k2 = i/k. and we
> X—Xo
already argued that A,, ~ const.(Xy — X)~ 28, This yields @ = 3 +if. For x* = —i/k,
’ X—Xo

we obtain o = 3 — i3 with the same argument. For convenience we set & = 3 + i and write
o for the other value. In summary we have

X X S

_ 1 1 .

hS = h9 = K3 (R() /X ﬁdTJriRo /X RoR), /X RQdeS) e® +ho.t
0 0 0 0 0

for x* = i/k., and

7.0 0 X 1 : X / s 1 i©
h 9y = ]’l RO 71sz + IR() RORO 7deS e’ + hOt
Xo RO Xo Xo RO

for k? = —i/k.. Note that x? = =i /k. implies four solutions x = =+/=i/k. which have to be
investigated, but, besides the arbitrary constants, the solutions to the same ? result in a (—1)"
difference only. Furthermore we can choose A, | = 0, as there is no inhomogeneous term if we
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continue (8) to %, and thus every A, x with n 4+ k odd is zero and the arbitrary constants of both
solutions for x* = i/k. and for k* = —i/k, respectively, must match to ensure this symmetry.
We call the remaining arbitrary constant p; for K2 =1 /k. and p, for K2 = —i /k.. All in all this
yields the large n behavior

s
i

Un oo P (e 4 ) (F(gw)a(l + (=1)") (L(X)® + 11 (X)Des)

Vke) (Xg— X))
¥ I3 +a) n
+p <\/1?> m(l + (=) (H(X)® + L(X)Pe_s) + c.c.

with I; = (Rj [} 2=dT +iRo [y RoR) [5 2 des) ¢ and

. X N —i .
L= (R6 Iy, Rir,]sz +iRo [y RoRg [y Ri(,]szdS) ¢ 7190 The complex conjugated must be add-
ed by the influence of the singularity X_; by symmetry. O

As mentioned above theorem 4.1 shows that the series has to be truncated and we now discuss
its remainder. Before talking about the remainder by truncation, we take a look at the remain-
der by deviation from the Maxwell point \y;. Here we also derive the linearized version of the
amplitude equation and its solutions, already used to derive /; ».

4.2. Contribution to the remainder by the deviation from the Maxwell point

We deal with the estimation of the error of the asymptotic expansion (5) now. As noted earlier,
this has two contributions: the error R{, by truncation, and the error R*s by e*\s, the devia-
tion from the Maxwell point. The full error is given by RY + aRZ)\‘,‘S in leading order, where the
rescaling is for convenience only. The aim of this section is to estimate the error RY, i.e. to
prove the following theorem.

Theorem 4.2. Let (5) be an asymptotic expansion of a front solution U! as in hypothesis

2.2. If’R,ﬂ < }R)‘ﬁ | then RS, i.e. the error by a change in \s, satisfies

R (x,X) :ORlAj (X)®ei (x) + c.c. + ho.t.
€

where
X 2
K\R:+ K
R (X) = KoA' +iKyA + (R{) / 11‘;7;3&
Xo 0
X X S 2
1 KR+ K :
+i2¢K Ry / —dT +12¢Ry / RoR}, / 10+3de$) e
R R/2
Xo 0 Xo Xo 0
2V/15 X R? 2V/15 X SR3 :
+ ARG [ 2dT +i2¢ AsRo / RoRj / —9.d7ds | ' (20)
co o Rj Co 0 x Ko

with real constants ¢, co and (yet arbitrary) constants Ky, . . . Ky.

Note that Ry does not denote any error term, but the modulus of the leading order amplitude
A, which is calculated in section 3.
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Proof. Under the assumption of theorem 4.2 and with the A-scaling (6) equation (7), which
was derived in the leading order calculation, reduces to

— (W) AN)As (U + ...) = eL(y, €x, A )R

+ ) F e oo (UST L RY) + 22> e Fi[A ool (U™ RY) + ... 21
k=2 k=2

where L(0,,£%0x, A ) denotes all linear parts. Higher order terms in € along with O(R’\5 )
terms are denoted as ’...". We want to examine the remainder in regions where it is expo-

nential small, and thus get a good approximation for RI’\\,‘; with the leading order solution of
another multi-scale ansatz. Thus we write

Ry (x,X) = R} (%, X) + eR)® (x, X) + ... (22)

With ansatz (22) the equations at €/, < 5 in (21) are the linearized versions of the equa-
tions derived in section 3 and yield R}® = R{\‘iel + R e_; with arbitrary R1 . At €’ the

leading order of the inhomogeneous addend —&>(9xJ) ( )As (Up + ...) arises and at £%¢; we
have

—AL1 ((OA) A)As®, @ 1) = 0ORRYS + Ry, + mlAPRY, + msAT Ry, + malA*RY
+ 15 |A| ALIRA‘; 1,—1+ 1776A28XR)‘5 1,—1+ iT]7AR)‘5 1’16;(A
+ ing|A[POxRM 1 1 + ingR™ | _1AOxA + inioR™ 1 1 AOA, (23)

where 7; are real constants which can be expressed through the ¢; of section 3, see (11), by

co = Mo, €1 = N1, 3¢2 = 1M, 2¢2 = N3, 3¢3 = M4, 2¢3 = 75,

C4 = N6, 204 =117, €5 = 1), C5 = T)o, C5 = T)|0.

At e_; the complex conjugated equation arises with R)“i and R} 2 , being exchanged and
thus R>‘5 L= Ri“i For the homogeneous equation one can 1mmed1ately spot the two solu-
tions A and A’. Further solutions can be derived by reduction of order for which the complex
equation needs to be transformed into real ones via the ansatz R = (R +1Ry6,) ¢'®0 with
unknown real functions R;, ©,. The solution Rf‘i = A’ corresponds to Ry = R[,, ©; = O
and Rf“i = iA corresponds to ©; = 1, R; = 0. The full solution of the homogeneous equa-
tion thus is given by

X 2
. K\Rj+ K
(R) +1iR0©,) e = KrA' +iK,A + <R(’)/ ‘07:3&
Xo RO
X X s 2
1 KiR5+ K
+i2¢K1Ro / —dT +i2¢Ry / RoR}, / B grgs ) el
Xo RO Xo Xo RO
with real constants K; and ¢ = f%. One specific solution of the inhomogeneous equa-
tion can then be found as
2V15 X R? 2V15 S R?
)\5RO 0 dT +i2¢ )\5R0 RORO —0.dTdS |
Co 0 co Xo 0
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The term which is proportional to As is exponential growing for X — oco. Thus
Ki,...,K4 =0 is no appropriate choice. For X — oo the choice K3 = O(\s) would bound
the remainder, as Ry = O(1) for X — oo. But the factor of K3 is unbounded for X — —o0.
Thus there is no global choice of constants to bound the remainder uniformly, and indeed we
will see that the error is non dominant in an X = O(e) regime, where the error by truncation
dominates, which allows a switching from K3 = 0 for X — —oo to K3 = O()s) for X — oo.
This way a uniformly exponentially small remainder (in leading order) can be established via
a matching of the two errors for As sufficiently small.

4.3. Truncation error terms in the remainder

We derive the truncation error now, which is determined up to some arbitrary real constants
just like the deviation error. The arbitrary constants of both errors are then determined by a
matching process in section 4.4. To establish the truncation error RY, an appropriate truncation
order N has to be determined.

Lemma 4.3. Let (5) be an asymptotic expansion of a front solution U! as in hypothesis 2.2.
Then the optimal truncation point N, for which consecutive terms are of the same magnitude,
is given by

2k, |X — X,
N=N(X) ~ % —2a.
e—0 IS
Proof. At first glance we have to find n such that sﬂ;g”*‘ = 1, but if we assume that the

truncation point N — oo for € — 0, which is a natural assumption, theorem 4.1 can be ap-
plied, and shows that U,, = 0 in leading order for n odd. Thus we consider the equation

5n+2lﬂr+2

=1
=0, (24)

instead. We also w.l.o.g. choose N + 1 € 2Z for this reason. Evaluating (24) by the use of
(14) we have

2k.|Xo — X|

N+1 ;
N—oo £

2a, (25)

what had to be proven and is in accordance with our assumption, as indeed N — oo for
e—0. O

With the optimal truncation point we can formulate theorem 4.4, which describes R, the
error by truncation.

Theorem 4.4. Let (5) be an asymptotic expansion of a front solution U/ as in hypothesis
2.2, with N from lemma 4.3, and let Xo — X = rei(%"’ﬁ), r € Ry, 0 € R. Then the truncation
error R, at \s = 0 is given by

RU(x,X) = RY(x, 7, 0) NOSo(r, 0)e; (x) + c.c. + h.o.t.

e—

with

So(r, é) ~ 77r\/§|p1 |r7%kgeik"%e*%”[ge*k"ézll (Xo—ir) erf(y/ kcré) sin(In(k.) B+ arg( p1)+w)(Ci+C_y),
e—
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where erf(x) = (2//7) [y e~ dt is the error function, w is the phase shift, already introduced
in theorem 3.1, and Cy, C_ are (yet arbitrary) constants.

Proof. The ansatz U = ZQI:] ekUy + R, yields the equation

0 = e"t12D0,0xUy—1 + eNT'DOZUy—_3 + NP DOZUy—1 + £V 'nonlinearities in U+
oo
26
(J(Ae) + OZD)RY, + 22D, 0xRY; + *DOZRY, + > F¥[\, o (U, RY) + ORL?). (26)
k=2

Neglecting the O(R#) terms, this again can be solved with a multi scales ansatz for R} for

which we need to find the leading order in € first. As N = O (%) we have dy = O(%) and
U,_1 = O(e?U,+1). Thus the leading order terms are given by
eNT120,0xDUy_ | + VT O3DUN_5 + eV PDUy . (27)

The next step is to use the asymptotic for N. As all calculations will be linear we can assume
that we have

iz \¥ Y1
e > (F(A{Jr (14 (“1)Y) (1@ + [, Dey)

U ~ e L S
NSl <\/]?C Xo — X)7to

by theorem 4.1 and add the contributions of p, and the complex conjugated later. More

precisely we will see that there is no contribution of p, at leading order and we have

to add the complex conjugated only. Then, to prepare for a multi scales ansatz, we write

eNtlun_, o (I,® + I Pe,), where i depends on N, X and €, and factor out 7 in all
— 00

contributions. We have

N—1
. S5t
eNH120,.0¢kDUN_, o ik ;07_)(7711 e, DD,
i\ —2 N—1I
N+192 ~ (& = tao I - Te) D
e 0k UN3N—><><>(\/I?C> X, _x (2t he)DP,
N-1 N+l
S ta) (5 ta
€N+38)2(DUN_1 ~ 2( 2 ) ( 22 )77([2 +1162) D®.
N— (XO — X)
We write
Xo — X = relf*im — rei(—%—i—sé)—i—iw, (28)
with 7 € Ry and f € R, where it will be motivated to write § = — 7+ b by the investigation

of the factor 7 later. With this and by applying the asymptotic for N — oo we obtain
120,0xDUN -1~ i4k2e2(—i)e "=n1,e,D® + O(n),
— 00

eNTIORDUN 3 o 12e2(=i)(—i)e %y (I, + I1e2) DB + O(1)).

EN3RDUN-1 12e2(—i)%e 20 (I, + Ley) DD + O(n).
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As € — 0 implies N — oo by (25) we can apply the above results in the limit € — 0 and use
e’ = 1 +ief + O(£?) to obtain

N0 DUy~ 3= (1 e+ 0(52)) nliexD® + O(n),
E—r
NHRDUy 3 ~ ke (1 —ieh+ 0(52)) 1 (I + Liex) D® + O(n),
e—

eNBalDUy ~, —k2e? (1 —i2e6 + 0(52)) n (L + Liey) D® + O(n).
e—
(29)
It remains to determine 7 in the limit ¢ — 0. We have

cxm o\ N—1 _ . cmo\ N+1
n:EN+]p12(el4) r(%L 4 q) _ N —2ik. (Xo — X) (eu > T +q) .
Ve (Xo—X)' 7t Mlia Ve (Xo—X) 7+

= P1

Applying Stirling’s approximation for N — oo respectively € — 0, we obtain
cxo\ N+1 27 (NTH+OL)¥+O‘
n ~ eVtlp, Z2k (Xo — X) (Xo — X) (el4> Sota ‘

Vke (Xo — X)%Jfa

e—0 % + «
With (25) and (28) this results in

e e o - _ker
Nt 2o [ € < 1 ()= e 2
n € pi12ieTe (\/E) 2e E—
_ N+ A 2005 —a —(%—a)\ﬁ -1 NG i
=" p2ietei Yk, 2re(ker) ™2 (kere™?) < e” 2 (—r)” < (&)
= 128320V 2Ok (her) T (—i) F e Fe (),
Using (28) again, this finally yields

n E:0p1253*2°‘\/ﬂi*ak§‘ (kor)~te~ e i0(E 1), (30)

The same calculation is valid for e = ei(%“é) = ieisé, but as we are interested in the be-
havior on the real line and X is in the upper half plane, only the contribution of 6 = —7 + ef
matters. At first glance the prektxious calculation suggests that the remainder is globally expo-
nential small by the factor e™ 2. But indeed

. X=Xy . T
eikex _ 6lk£§2 elw — elkcxjxo elk”)e%) elw — elke’%2 elkrz% elw
X R 31
P ,.eise ik Xfo . P ,eise _k |Xol . ( )
B = R N TN e Pl B elw,

and for 6 = 0 the exponential small factor can thus be canceled. Indeed the error R{,, as de-
rived below, is of the form So(X)e’* 4 c.c. + O(e), i.e. we have to rewrite e* in terms of X
for the contribution of p;, but e~ for the contribution of p,. Thus the exponential smallness
is only canceled for p; and the contribution of p; is not of leading order. In summary, for 6 ~ 0
and A sufficient small the error by truncation is dominant, while for |#| > 0 the error derived
in section 4.2 is dominant, and a matching of both terms will yield the condition for localized
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pattern. This matching will be made possible with the multi scales ansatz

R, =% (RN(x, 0) + eRyy1(x,0) + Ry 42 (x, 0) + .. )

in x and 6. To keep the notation simple and as we do not need the abstract form of the expan-
sions terms outside of this paragraph we named them Ry, Rwyy1,... again, even though this
is ambivalent with our notation for the whole error term. We can treat » as constant here, as
derivatives of r do not occur in leading order. As we seek for the dependence of 9, we have
to rewrite Jy in terms of this, i.e.

i

Oy = (89)()89 = _76_1089 = 89 = - '6(;,

N 2 N ~ R
—iegf —ief —ief —ief
) [eTF ) _e e ) e ) 1 1
aX - < or 89) - er ( or 8@ 1 ; (99> = 7&‘2}’2 89 +0 (€> .

Next we sort (26) for powers of ¢. For this we rewrite the leading order inhomogeneity (27) as
€Ty + 2T, + O(&?), where the scaling is given by (29) and ( 30), to obtain

e’ 0= (J(\) + 9:D) Ry
2

e't Ty = (J(\e) + 0D) Ryy1 + ;D&@;RNH + 2F3 [\, 00] (U1, Ry)
2

&2 - T, = (J(AC) + a)%D) Rynio + ;D@xaéRNH + ZF(Z)[)\C,Uo](Ul,RN+1)

0 1
— 2D 0;Ry + r—zDagRN + 2F3 [\, 00) (U, Ry) + 3F3 [\, 00] (U1, Uy, Ry). (32)

At £° this yields Ry = SoPe; + 5'0<I>671, while T, T, are nonzero at ey, e; only, and thus we
need to express the factor ek in U through X, as done in (31). Ty, T, are calculated by (27),
(29), (30), (31) and we have

ket _iop(ker _ ST

Ty = —p 2V2ri kS (ko) e~ Fe 0 E ) 2ek " gk B el (2e | — 211e) DO,
ker i Af ker PO R

Ty = 2pyV2mi Ok (ker)~te~ F e T )20k " ek B el (3Le_| — 11e) DO.

As Ty, T, € span (D®), i.e. (T, ®,) = (T»,®, ) = 0, there is no solvability condition at &',
and T, does not occur in the solvability condition at €2, i.e. in the calculation of Sy. Also note
that (10) holds and thus

2F§[Ac, 00) (U, Ry) + 3F3[Ae, 00] (Ur, U, Ry)|, = —2F5[Ae, 00)(Ur, Rv41)] . s

CES €+l

where 1~3N+1 denotes the eg, e+ parts of Ry, . In summary (32) is solvable if and only if

2 0 1
0= (J(A) + D) Ry12 + =DO:0sRy 11 — i2-DO:0zRy + — I>DRy;,
r r r

which itself is solvable if and only if

’¢L> ) (33)
=
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as again (D®,® ) = 0. To solve (33) we need the orthogonal projection of Ry, | ., onto

span {®} ", which is

] T:,,DP
(:6é50+ 7< L >

et1

) (1)3’161 + c.c..
1

Thus the equation for Sy is

<T1,D<I>>

0= ( ke —8250+ ik, a ) (D3, D).

T,,D®
<:>65S0 ird; < L >

Obviously Sy can be calculated by integrating twice, but before that we derive the 6 depend-
ence of r% ate;:

T,,DP . kS _igh e
r4§k1\|D7<I>|>| = ip VI K () e e R e ae (x)e,
c el
=—p /27Tilfo¢kg+%r%ef%efiaé(gfl)e:—,(ﬂrls@ €20’ 40(&* )) Zzelwl ( )
1 ke 2\ o X0
~0 p1\/27ri1_ak21+2 r%e?(fszez)e‘k‘?g%‘wll (Xo —ir)e
E—

1 oo X
= —P12\/ﬁil_ak?+2r%e_kfreze'k"e%e‘“11 (Xo —ir)er, (34)

where I ,(X) = I 2(Xo — ir) 4+ O(e) by the Taylor series in 6, as X = X, — reid. This then
finally yields

:

= —p12\/711 “ke +2 elk‘ Ze‘“’ll (X() — 1r) </ efkf”‘zdx + C])
0

= — pinV2il ket e (X — ir) (erf(\/kcré) + cl) ,

with constants C1, C_1 and where we set the first constant of integration to zero, as we always
seek a bounded solution. At £2e_; a solvability condition for Sy arises in exactly the same
matter and yields Sy = —Sp.

Now recall that we simplified the calculation by ignoring the c.c. in U, and thus for the
real Sy we have to add that again. As mentioned above, the linearity of the calculations yields
that we just have to add the complex conjugate, i.e. the full solution at e, is given by Sy + So,
and as I; = I, for real X, see theorem 4.1, the full contribution at ¢; on the real line is given by

. X . A —
Sy (fplmfzilfakge”‘fﬁeM) L(Xo — ir) ( erf(v/kerf) + (Cy + C_l))
5 . X
=—m/2e7° 1 kée‘k"?ge_%ﬂﬁll Xy —ir
p

sin(In(k.)8 + arg(p1) — 2In(e)f + w (erf (Vker0) + (C1 + C‘,])> ,
(35
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as & = 3 4 1. Remember that w was the arbitrary phase shift in the leading order, which we
reintroduced here, because it is crucial for the upcoming matching process. O

4.4. Matching of the remainder terms and the snaking width formula

The leading order forcing by truncation, calculated in (34), is exponential decaying in 0. As
X—-Xy= reif the forcing by truncation thus is relevant in an X = O(¢) range, the Stokes
layer, only. Thus the error of truncation is the leading order error outside of the Stokes layer,
and both errors have to match at this border.

The matching progress leads to the following theorem, from which theorem 2.4 is a direct
corollary, and thus yields our main result.

Theorem 4.5. Let (5) be an asymptotic expansion of a front solution Ul as in hypoth-
esis 2.2. Then the leading order remainder RY + R is uniformly exponentially small in
€20y = 0 — o if and only if

A —Am| = ’84)\5| < %e_k‘*“d (36)

o — oyl

where v = 18.550% and 0¢ ~ —2.4/d in case 1, while v ~ 69.721 %= and oy ~ —16V/d in

v,
case 2.

The linear nature of the method makes it unable to determine i, which will thus be deter-
mined by a numerical fit in section 6. Indeed (18) can be used to establish p via an recurrent
limit, but it is cumbersome to approximate this limit, see [DMCK11], why we omit this step
here.

Proof. Now that we found the error by truncation R} and the Maxwell point deviation
error R* we can match both at the Stokes layer borders, i.e. for 0= 0(%) Afterwards we

investigate the remainder in the limit X — oo and derive conditions for uniform exponential
smallness. In section 4.2 we showed

<2f R 2\F

R, = K3l + AsRY, —,2+2

AsRo / RoR}, / R’2> e =: K31) + A5y,

(37)

where we already set the constants K, K, and K4 to zero, as a nonzero factor K; would yield
an unbounded solution and nonzero factors K, or K4 correspond to infinitesimal translations
in X resp. x. As I} — oo and I; — 0 for X —+ —oo we have K3 = 0 for X < 0. Furthermore
I,,(0) = 0 and Sy — const. - (Cy + C_; — 1) for § — —oo which yields C; + C—; =1 to
match at the left hand side of the Stokes layer.

At the right hand side of the Stokes layer we thus require

X
K3 = —e%4|p|[V2i3e* B e~ 178 sin(In(k,)B — 21n(e) B + arg(p) + w),

to match Sp, see (35) with (37). The missing ¢ factor is due to our scaling RY, + eR*s for the
leading order remainder. Continuity is recovered by adding both error terms and subtracting
matched parts. For conditions on As we only need to investigate the limit X — oo where
1,1, — oc. Therefore, recall that
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X X s
1 1 b
Il = (R6/ R’2 —dr + 12CR()/X RORO/ R/2 dtdS) e' and RO = m
0

with b, < 0 < b; from theorem 3.1. For X — oo we have

ebzX
ROX—>Noob1 <1— ) )

and thus
b 1 AN
I ~ —ze_bzx i2¢-Le=02X ) g0 — — 1 —i2¢2L ) 002X
X—o00 b1b2 b2 b1b2 b2

and
2v/1 X R2 i 2 b b\ |
V15 As (Rg 0dT+12cR0 / RoR) / /2) o,  2V15 el I ( e )elegeszx.
Co 0 Xo R X—o00 (g b,

This yields the exponentially growing term

(==l V2K H e sin(In(k.) 8 — 2In(e)8 + arg(p1) + w)

/15 38
L + — 2 bl 1-— 2cb el@oe =X 9
blb% Co bz

Thus, there is only a small range of A5 for which we can find w to cancel the exponential fac-
tor, i.e. where we have a uniform exponentially small remainder and thus a front. The precise
range for case 1 is

X
_ kX 1
€ (’7r|p1|\fk31 e 2™ comst. 1 yox
p— e ‘E

As| < =
il by b3 213 et e
2 6
const. 1 1Xol const. 18550
- 7767&7 ~ —e¢ Vid|o—o| .
et o — oy e*lo — oy

Importantly, most constants in the exponential decay, namely Xy and k. are determined direct-
ly by the leading order solution A and thus can be calculated without the heavy computations
of the beyond all order methods, as already noted in the introduction. Besides justification the
beyond all order calculations also yield the dominant wavenumbers in U, for n — oo, which
results in an integer factor in the exponential decay (which is 1 here), and is determined by the
lowest order nonlinearity in the underlying model, i.e. can be guessed without the calculations
as well. |

5. Construction of the snakes

The Schnakenberg model is local and invariant under translation and the symmetry x — —x,
which together implies that the existence of fronts is in a one to one correspondence to the
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existence of localized patterns with sufficient width. Still the actual gluing of two fronts to
form a localized pattern yields some additional insights. We therefore give a brief summary of
this method and discuss its consequences for the snaking branch. This is not formulated in a
theorem, as we skip some details and thus do not derive the gluing rigorously.

A localized pattern, constructed by the gluing of two fronts, is—for a sufficient pattern
length—approximated well by front solutions at the borders, and a matching of these gives the
existence range and the asymptotlcs of the snaking branch for o — 0. By (38) the remainder
has the two exponential terms e —ik: 3 and e =X, As Xy = i /k., exponential growing terms
are switched on for X = O ( ) Thus a matching of an up- and down-front is possible, i.e.
growing terms are of the same size, if the patterns length is O ( ) We denote the patterns
length by L/e*, L € R.

An asymptotic expansion for the up-front was constructed in the previous sections. By the
reflection (x,X) — (—x, —X) we have a down-front solution as well. To construct a local-
ized pattern p(x, X) centered at L/2¢* we shift the down-front by L/e*. For1 < X < 1/&?
we can approximate p by eU; + Ry and simplify this in the limit X — oo, as we match at
X = 0( ) Precisely we have

L 1 1
p(eX) ~ byeib2PX gk () (1 - (E +iﬁ> e  + (1 —i2p) 1725( w)e bzX) +c.c. (39)

—00

with

Ew) = (—5_67r|p1|\ﬁk3eikff2’e—§"5 sin(In(k.)3 — 21In(e) B + arg(p1) + w)— ! 2V15 bl) .

bib o B2

This approximates p at the left border of the pattern, i.e. the up-front. By symmetry the right
border, i.e. the down-front, is approximated well for 1 < L/e? — X < 1/£% by

pwxnggmﬁwﬁfﬂﬂﬂiﬁﬁﬁ<17<%+w>wﬁfﬂ+ufaml£@k*%%ﬂ>+Qa

= pe (B X) k() +) (1 - (% - 15) 0 (14 129) 2 @)e <7>> +ec
(40)
where we introduced @ as the phase-shift of the down-front, because both fronts are not
enforced to have the same phase-shift, and indeed we find precise matching conditions
between both phase shifts for different snaking branches.
Following [CKO09], a substantially better approximation would be given by
p ~ Uy + €*U, + Ry in the up-front region and similarly in the down-front region, because
U, yields the term C = e2Xe”, and £?X = O (1) in the matching regime X = O (&), i.e.
C has to be included in the matching process. This would then stop the approximations (39)
and (40) from being uniformly valid at X = O ( ) and therefore require to recalculate the
asymptotic expansion of the front with a super slow scale ¢ = *x. Additionally, one would
need to derive a series for the periodic solution itself and treat the fronts as borders. But, as
the amplitude to the periodic solution can, in view of (39), be expected to be a constant plus
an exponential small correction in X, i.e. to be of the form

ble—ibzﬁXeikc(x-i-sz) (ao + aiei(bzx-&-’ﬂb)) +cc.

with constants ag, a+ and -y, this would result in negligible corrections only.
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Figure 3. (a) Excerpt of the numerical snaking branch of localized patterns for the
truncated system (7) with d = 100 and o = —0.5. Stability is not plotted for clarity;
computations show that every second winding is stable. (b) Some solution plots on the
snake. Only the first component of U = (u,v) is shown. (c) As (b) for the fold points,
which are continued to compute the snaking width. The parameter ¢ = —0.5 is far
away from the range where our method is expected to give good results, which is also
indicated by the O(1) amplitudes of the solutions and was chosen for visual reasons, as
even here the snaking width is of magnitude 1073 only, also see figure 4.

The matching itself is done by equating like terms in (39) and (40). The constant terms in
X yield

L L
Equating the exponential terms then yields
1_],_A7172L2 ]’_‘ _lbz%
5= blu(w)e <, blu(w) =5e7e

Thus Z(w) = E(w) is required. This has the two solution branches

Case l: w=w+ 277,
Case2: w=—-w+m—2(In(k.)8 —21In(e)B + arg(p1)) + 27Z,

and requires

kem

ne? gin(p, — 2B1In(e) +w) + As, (42)

b
2
where p;(Jo — oo|) and p, now condense the angular respectively absolute value of the
numerically determined constant p; along with some further constants for clarity.
Suppose that case 1 holds now. Then

by L 4~
e”7 = *pie

by (41) and thus (42) yields

by pn 4 bSL kL
As = e —eTpie 7 sin(py — 281n(e) + == — o o k) )
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Figure 4. (a) Fold point continuation of fpt19 (blue) and fpt20 (black) in o. (b)
Numerically estimated snaking width (black) and analytical predictions (blue, red
lines) with a best fit for u. Numerical snaking widths in the regimes o < —1.2 and
o > —0.342 have not been taken into account, as the computed widths are below
numerical resolution. (c) Relative errors with regard to the numerical estimate of the
snaking width, where the turning point for the range of localized patterns is roughly at
o= —0.6.

with k € {0, 1}. This corresponds to the two snaking curves, one with a maximum at the pat-

terns center and one with a minimum. As b, < 0 the term %ebz < is negligible for L > k.7

and (42) transforms into the formula for the width of existence again. Additionally one can
observe in (43) that a change of L by 4me* /k. roughly, i.e. in leading order, implies the snake

to go up one turn. More precise, as by ~ 0.029Vdo» = §0.029\/;1 (o — 09) the increase of
L by 47e*/ (kc +0.029v/d |03 — 00| ﬂ) will give the snake another turn and corresponds to

two bumbs being added to the pattern, as the wavenumber is manipulated by the complex
amplitude.

If case 2 holds, (41) fixes L while w stays arbitrary and thus for all As in an exponentially
small range one can find w to solve (42). For large L one can again ignore the e "2 factor and
see that this case describes the ladders, horizontal branches of asymmetric solutions connect-
ing the two snaking curves close to their fold points. However, these are expected to slowly
travel in time in non-variational systems, see e.g. [BD12, BKL" 09, BK07], which is an effect
on an even slower scale, and thus ladders can not be observed in this system.

6. Numerics and comparison with the analysis

The numerical results for all calculations are computed with pde2path [URW14] on the
interval [ = (—252,(—”,252](—”) with Neumann boundary conditions. For plots the domain is
sometimes reduced, but for computations like the fit of x4 the domain [ is used. Front solutions

2691



Nonlinearity 32 (2019) 2667 H de Witt

on this domain with interface size smaller than 50 periods can then, by mirroring and gluing
together, be identified with localized patterns on the real line. While boundary effects for
localized patterns are rapidly decreasing the huge domain size is necessary to track localized
patterns for |o — op| small, because the slow scale of the interface yields a very large interface
section. The diffusion parameter d was set to 100, as there is a trade-off between the existence
range of localized patterns and thus non-linear forcing on the snaking width and the number
of unstable wavelengths for A = A\, + O (54), which makes the numerics somewhat delicate.
Another difficulty for small d is the high exponential forcing, which scales with d— 2, see theo-
rem 4.5, and results in snaking widths below numerical resolution for o — a9 = O(1).

We present the numerics for the truncated system (7) as it contains every information used
in our analysis. Figure 3 shows the snaking branch of localized patterns for o = 0.5 along
with some solutions on that branch. The fold points fpt19 and £pt20 are tracked by a fold
continuation in o, which results in figure 4(a), and the snaking width is determined by the
difference of both fold positions. The numerical snaking width and the analytical estimate
are shown in figure 4(b), where p is chosen as a best fit in the regime, where the differential
of the numerical snaking width increases, respectively decreases. The calculations show that,
even though the snaking width differs from our estimate, the relative error is small for width
variations of order 10%.

Similar results are obtained for the full system, with different p, which incorporates the
higher order nonlinearities, and we omit plots for the sake of brevity.
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