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Abstract. Let G be a simple, connected and undirected graph that has a set of vertex and
edge. The degree of v € V(G) is denoted by d(v). The maximum and minimum degree of G
respectively are A(G) and §(G). The r-dynamic color of the graph G is calculated as a map
¢ from V to a color set such that if u,v € V(G) is adjacent, then c(u) # c(v), and for each
v € V(G),|c(N(v))| > min{r,d(v)}. The number of r-dynamic coloring of G denoted by x(G)
is minimum color k in G. In this paper, we have obtained the r-dynamic vertex coloring of line,
middle, total of lobster graph £, (2,1).

1. Introduction

Suppose G = (V, E) is a simple graph. The vertex and edge set G are given as V(G) and E(G),
respectively. The maximum degree denoted by A(G) and the minimum degree denoted by 6(G).
For each v € V(G), d(v) represents the degree of v, N(v) represents the relative set of V', and
¢(v) represents the color of v. The vertex coloring of graph G by k color is a surjective fuction
of ¢ : V(G) — {1,2,...,k} with this character: if u,v € V(G) and u,v € E(G), then c(u) and
¢(v) are different. The r-dynamic coloring of graph G, introduced by Montgomery [13] exactly
k implementation G coloring of graph for each of v expected only min{r,d(v)} different color.
The chromatic number of r-dynamic, x,(G) is the minimum k& so the graph G has r-dynamic k
colors. The following observation is useful for our study, proposed by Montgomery [13]:

Observation 1. Let A(G) be the maximum degree of G. It holds x,(G) > min{A(G),r} + 1.

Montgomery [13] explains the r-dynamic color of the graph G is calculated as a map ¢
from V to a color set such that if u,v € V(G) is adjacent, then c(u) # c(v), and for each
v € V(G),|e(N(v))| > min{r,d(v)}. The lobster graph is a caterpillar graph without pendant
vertices from tree graph, it is denoted by £, (I, m) [12].

A line graph of G denoted by L(G) is obtained by associating vertices with each edge of G
and connecting two vertices with edges if the corresponding edges of G have the same node [6].
In [16] the middle graph denoted by M(G) of the connected graph G is a graph whose node-set
is V(G) U E(G) where two vertices are close together if they are edges which border G or one
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is the node of G and the other is an edge incident with it. The total graph denoted by T'(G)
of the connected graph G is a graph whose node-set is V(G) U E(G) and two adjacent vertices
each time that border or events in G [4].

Montgomery [13] is uncovered the lower bound of the r-dynamic chromatic number, x,(G) >
min{r, A(G)} +1. Kang et.al [8] are discovered the r-dynamic chromatic number of the m-by-n
grid for all 7, m,n. Kristiana et.al [9] are uncovered the lower bound of the r-dynamic chromatic
number of the coronation of path as well as the several graphs. The r-dynamic chromatic number
has been inquired by several authors, it can be seen in [1, 2, 3, 5, 7, 10, 11, 14, 15].

An important application of r-dynamic vertex coloring is coloring the map. The coloring of
map is not arbitrary, the type of color is used must be minimal. In this study, the r-dynamic
vertex coloring will be examined on lobster graphs. In addition, the development of the graph
will become a new graphs (line graph, middle graph, and total graph).

2. Result

In this research, we have obtained the exact value of r-dynamic vertex coloring of line, middle,
and total of lobster graphs £,(2,1).

Theorem 1. Let £,(2,1) be a lobster graph for n > 2, the r-dynamic chromatic number of

Ln(2,1) is
2, r=1
Xr(Ln(2,1))=¢ r+1, 2<r<3
9, r>4

Proof. The vertex set of £,(2,1) is V(£,(2,1)) = {as;1 < s < n}U{zsl < s <
nfU{zs1;1 < s <npU{ys;1 < s <n}U{ys1;1 < s < n} and the edge set of £,(2,1) is
E(L,(2,1)) = {zszs1:1 < s <npU{rsas;1 < s <nfU{asyssl < s <nfU{ysys;1 < s <
n}U{asasy+1;1 < s <n—1}. The vertex and edge cardinality of £,(2,1) are |V (L,(2,1))| = 5n,
|E(Ln(2,1))] = 5n — 1 respectively. We define three cases, namely for r = 1, 2 < r < 3, and
r > 4.

Figure 1 is the illustration of r-dynamic vertex coloring of £,,(2,1)

1 @xi1 2 X2,1 L X3 2 X41
2 1 2 1
xq X, X3 X4
1 |a 2 |a, 1]a, 2 |ay
2 Y1 1 Y2 2 Y3 1 Ya
1 Y11 2 Y21 1 Y31 2 Yaa

Figure 1. The r-dynamic vertex coloring of £,,(2,1) for r =1

Case 1: For r =1

Based on Observation 1, since x,(G) > min{r,A} +1 = min{1,4} +1 =14 1 = 2, then the
lower bound of £,(2,1) is x-(G) > 2. We need to prove the upper bound of r-dynamic vertex
coloring of £,,(2,1) is x7(£,(2,1)) < 2. Define the function ¢ : V(G) — {1,2, ..., k} as follows:
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1 s=1mod 2
2;  s=0mod 2

olxy) = 1, s=0mod?2
712 s=1mod?2

o(ze1) = 1; s=1mod?2
U712 s=0mod 2

o(ys) = 1;  s=0mod 2
Ys) =\ 20 s=1mod?2

(1) = 1, s=1mod?2
Ysit) = 2:  s=0mod 2

It is clear that x,(£,(2,1)) < 2. We can conclude that x,(£,(2,1)) =2 for r = 1.

Case 2: For 2<r <3

Based on Observation 1, since x,(G) > min{r, A} + 1 = min{r,4} + 1 = r + 1, then the lower
bound of £,(2,1) is x»(G) > r + 1. We need to prove the upper bound of r-dynamic vertex
coloring of £,(2,1) is xr(£n(2,1)) < r + 1. Define the function ¢ : V(G) — {1,2,...,k} as

follows:
(as) = 1, s=1mod?2;2<r<3
As) =120 s=0mod2;2<r<3
1, s=0mod2;r=2
c(lzs) =4 25 s=1mod?2;r=2
4 1<s<mnr=3
c(zsn)={3 1<s<n;2<r<3

clys)={3 1<s<m2<r<3
1;, s=0mod?2;r=2
c(ys1) =< 25 s=1mod2;r =2
4, 1<s<myr=3
It is clear that x,(£,(2,1)) < r+ 1. We can conclude that x,(£,(2,1)) =r+1 for 2 <r < 3.
Case 3: For r > 4
Based on Observation 1, since x,(G) > min{r, A} + 1 = min{r,4} +1 = 4+ 1 = 5, then the

lower bound of £,,(2,1) is x,(G) > 5. We need to prove the upper bound of r-dynamic vertex
coloring of £,,(2,1) is x7(£,(2,1)) < 5. Define the function ¢ : V(G) — {1,2,...,5} as follows:

1, s=2mod3
clas) =1 2; s=1mod3
3; s=0mod3
clxzs)=5; 1<s<n
c(xs1)=4; 1<s<n

c(ys):4§ 1<s<n
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1, s=1mod3
c(ysi) =< 25 s=0mod3
3; s=2mod3
It is clear that x,(£,(2,1)) < 5. We can conclude that x,(£,(2,1)) =5 for r > 4.

Theorem 2. Let L(L£,(2,1)) be a line graph of lobster graph for n > 5, the r-dynamic chromatic
number of L(L,(2,1)) is

2, r=1
VLLa2 ) =] r+1, 2<r<3
9, r>4

Proof. The vertex set of L(L£,(2,1)) is VL(£,(2,1)) = {as;1 < s <n—-1}U{zs;1 < s <
npU{zs1;1 <s <npU{ysl <s<n}U{ys1;1 <s < n} and the edge set of L(L,(2,1)) is
EL(Ly(2,1)) = {xszs1;1 < s <npU{zsys;1 < s <n}U{zsas1<s<n—-1}U{zrsas1;2 <
s <n}U{ysas;1 <s<n—1}U{ysas—1;2 < s <n}U{ysys1;1 < s <n}. The vertex and edge
cardinality of L(L,(2,1)) are |VL(L,(2,1))] =5n—1, |[EL(L,(2,1))| = Tn — 4 respectively. We
define three cases, namely for r =1,2 <r <3, and r > 4.

Figure 2 is the illustration of r-dynamic vertex coloring of L(L£,(2,1))

Figure 2. The r-dynamic vertex coloring of L(£,(2,1)) for r =1

Case 1: For r =1
Based on Observation 1, since x,(G) > min{r,A} +1 = min{1,4} + 1 =1+ 1 = 2, then the
lower bound of L(£,(2,1)) is xr(G) > 2. We need to prove the upper bound of r-dynamic
vertex coloring of L(L,(2,1)) is x,L(Ln(2,1)) < 2. Define the function ¢ : V(G) — {1,2,...,k}
as follows:
clag)=1; 1<s<n-—-1

clrs) =2; 1<s<n

c(zs1)=1; 1<s<n

C(ys)ZQ; 1<s<n

c(ysy) =1; 1<s<n
It is clear that x,L(L(2,1)) < 2. We can conclude that x,L(Ly(2,1)) =2 for r = 1.
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Case 2: For 2 <r <3

Based on Observation 1, since x,(G) > min{r, A} + 1 = min{r,4} + 1 = r + 1, then the lower
bound of L(£,(2,1)) is x»(G) > r + 1. We need to prove the upper bound of r-dynamic vertex
coloring of L(L,(2,1)) is xrL(Ln(2,1)) < r+ 1. Define the function ¢ : V(G) — {1,2,...,k} as
follows:

clas) =2; 1<s<n—1;2<r<3

1; 1<s<n;r=2
c(zs) = s=0mod 2;1r=3
4;, s=1mod2;r=3

1, s=1mod?2;r=3
c(xs1) =19 25 1<s<mr=2
3; s=0mod?2;r=3

3; 1<s<n;r=2

c(ys) = s=1mod2;r=3
4; s=0mod2;r=3

—_

s=1mod2;r=3

c(ys1) =14 27 1<s<nr=2
3; s=0mod?2;r=3

It is clear that x,L(L,(2,1)) < r+1. We can conclude that x,L(L£,(2,1)) =r+1for 2 <r < 3.

Case 3: For r» > 4

Based on Observation 1, since x,(G) > min{r,A} +1 = min{r,4} + 1 = 4+ 1 = 5, then the
lower bound of L(£,(2,1)) is xr(G) > 5. We need to prove the upper bound of r-dynamic
vertex coloring of L(L£,(2,1)) is x»L(£,(2,1)) < 5. Define the function ¢ : V(G) — {1,2,..., k}
as follows:

1, s=1modb 1; s=3modb
2; s=2modb 2; s=4modb
clas) =< 3; s=3mod5 c(ys)=¢ 3; s=0mod5
4;, s=4modb 4; s=1modb
5  s=0mod5 5 s=2modb
1; s=0modb 1, s=4modb
2; s=1modb 2;  s=0modb
c(xs) =4 35 s=2modb c(ys1) =4 35 s=1mod5
4, s=3 modbH 4, s=2modb
5 s=4modb 5, s=3modb
1; s=4modb
2:  s=0mod5
c(xs1) =94 35 s=1mod5
4, s=2modb
5 s=3modb5

It is clear that x,L(L,(2,1)) < 5. We can conclude that x,L(Ly(2,1)) =5 for r > 4.
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Theorem 3. Let M(L,(2,1)) be a middle graph of lobster graph for n > 3, the r-dynamic
chromatic number of M (L, (2,1)) is
3, 1<r<2
XrM(Ln(2,1) =< r+1, 3<r<5b
7, r>6

Proof. The vertex set of M (L£,(2,1)) is VM (Ln(2,1)) ={zs4;1 <s<m;1 <t <m}U{ys;1 <
s <n — 1} and the edge set of M(L£,(2,1)) is EM(L,(2,1)) = {xs 2511151 <s<n;1 <t <

m—1}U{Zs1Tst42;1 < s <nj2<t < {%J —1}U{zs, [%Wys; 1 <s<n—1}U{yswss1, [%Ll <
s <n—1}U{xs, [%W —1lys;1 < s <n—1}U{yszst1, [%1 —1;1<s<n—1}U{z,, {%W +1ys 1 <
s<n—1}U{ysziy1, [%W +1;1 < s <n—1}. The vertex and edge cardinality of M(L,(2,1))

are [VM(L,(2,1))| =mn+n—1, |[EM(L,(2,1))| = mn+n{%J +3n — 6 respectively. We define
three cases, namely for 1 <r <2, 3<r <5, and r > 6.
Figure 3 is the illustration of r-dynamic vertex coloring of M (L, (2,1))

Figure 3. The r-dynamic vertex coloring of M (£,(2,1)) for 1 <r <2

Case 1: For 1 <r <2

Based on Observation 1, since x,(G) > min{r,A} +1 = min{2,6} +1 = 2+ 1 = 3, then
the lower bound of M (L,,(2,1)) is x,(G) > 3. We need to prove the upper bound of r-dynamic
vertex coloring of M (L£,,(2,1)) is x, M (£ (2,1)) < 3. Define the function ¢ : V(G) — {1,2,...,k}
as follows:

clxzsp)=2; 1<s<mn
clzsp) =1, 1<s<mn
clzs3)=3; 1<s<n
clxzsa)=2; 1<s<n
clzss)=3; 1<s<n
clzse) =2; 1<s<n
clzs7)=3; 1<s<n
clzsg)=1; 1<s<n
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c(xzsg)=2; 1<s<mn
clys) =1; 1<s<n-1

It is clear that x, M (L, (2,1)) < 3. We can conclude that x,M(L£,(2,1)) =3 for 1 <r < 2.

Case 2: For 3<r <5

Based on Observation 1, since x,(G) > min{r, A} + 1 = min{r,6} + 1 = r + 1, then the lower
bound of M(L,(2,1)) is x»(G) > r+ 1. We need to prove the upper bound of r-dynamic vertex
coloring of M (L,(2,1)) is x, M (Ln(2,1)) < 7+ 1. Define the function ¢ : V(G) — {1,2,...,k}
as follows:

S 1<s<n;4<r<5hb |1 1<s<n;r=3
c(xs,1) = 4: 1<s<nr= c(xs6) = 4; 1<s<m4d4<r<5
3; 1<s<n;r=3
c(x52) = 2 lsssmr= c(xs7) =14 5 1<s<mr=4
’ ; 1<s<n;4<r<5 ' 6: l<s<nr—5
I, l<s<njr=3 2 1<s<m3<r<4
2, s=0mod2;r=>5 T -
c(x53) = ' S c(xs8) = s=0mod?2;r=>5
4 lsssmr=4 5 s=1mod?2;r=>5
6;: s=1mod?2;r=>5 ’ - o
2; 1<s<n;r=4
(Xe4) = s=1mod2;r=>5 (Xog) = 1; 1<s<n;4<r<5h
)=V 3 1<s<nr=3 X971 4 1<s<mr=3
6; s=0mod2;r=>5
1;, s=0mod3;4<r<5 1, s=1mod3;4<r<5
o(xe5) = 2, 1<s<nmr=3 olys) = 3; s=2mod3;4<r<5h
5)7 ) 3 s=1mod3:4<r<5 Y )=V 4 1<s<nr=3
5, s=2mod3;4<r<5h 5, s=0mod3;4<r<5h

It is clear that x, M (L£,(2,1)) < r+1. We can conclude that x, M (L, (2,1)) =r+1for3 <r <5.

Case 3: Forr > 6

Based on Observation 1, since x,(G) > min{r,A} +1 = min{r,6} +1 = 6 +1 = 7, then
the lower bound of M (L, (2,1)) is x,(G) > 7. We need to prove the upper bound of r-dynamic
vertex coloring of M (L£,,(2,1)) is x, M (£ (2,1)) < 7. Define the function ¢ : V(G) — {1,2,...,k}
as follows:

4, s=1mod?2
c(xs1)=1; 1<s<n c(Xs,6) :{ 7 s=0mod2
o(xs9) = 4; s=0mod 2 o(xs7) = 2;  s=0mod 2

¥s,2) = 7: s=1mod 2 *s.7) = 7, s=1mod?2
o(xs3) = 2;  s=0mod 2 o(xs8) = 4;  s=0mod?2
371 6;  s=1mod?2 871 6;  s=1mod?2
2;  s=1mod 2
C(X574):{ 6 s=0mod2 c(xs9)=1; 1<s<n
1, s=0mod3 1, s=1mod3
c(xs5) =14 37 s=1mod3 c(ys)=4 3; s=2mod3
5, s=2mod3 5 s=0mod3
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It is clear that x,M (L, (2,1)) < 7. We can conclude that x,M(L,(2,1)) =7 for r > 6.

Theorem 4. Let T'(L,(2,1)) be a total graph of lobster graph for n > 6, the r-dynamic chromatic
number of T(L,(2,1)) is

3, 1<r<2
XrT(Ln(2,1)) =4 r+1, 3<r<7
9, r>8

Proof. The vertex set of T'(£,(2,1)) is VT'(£,(2,1)) = {xs;1 <s <n;1 <t <m} U{ys1 <
s < n — 1} and the edge set of T(E (2,1)) is ET(ﬁn( 1)) = {xstxstHJ <s<n;1<t<

m—1 U{xs17442;1 <5 <njl <t <m—23U{xs, [%W lys; 1 < s <n—1}U{xs, Pﬂ_uys; 1<
s <n—1}U{z, {ﬂ —lys;1 <i <n—1}U{zs41, —W +1ys;1 < s <n—1}U{zs, [m—‘ys;l <
s <n—1}U{zsp, [%—‘ys;l <s<n—1}U{z,, {2—‘30%1[2} 1 < s <n—1}. The vertex and
edge cardinality of T'(£,,(2,1)) are |VT(L,(2,1))| =nm+n—1, |[ET(L,(2,1))| =2nm+4n—7

respectively. We define three cases, namely for 1 <r <2,3<r <7, ,and r > 8.
Figure 4 is the illustration of r-dynamic vertex coloring of T'(£,(2,1))

—|

Figure 4. The r-dynamic vertex coloring of T'(£,,(2,1)) for 1 <r <2

Case 1: For 1 <r <2

Based on Observation 1, since x,(G) >
lower bound of T(£,(2,1)) is x.(G) >
vertex coloring of T'(£,(2,1)) is x,T(Ly

min{r, A} +1 = min{2,8} +1 =2+ 1 = 3, then the
3. We need to prove the upper bound of r-dynamic
(2,1)) < 3. Define the function c¢: V(G) — {1,2,...,k}

as follows:
c(zsn)=2; 1<s<mn
c(xsp)=3; 1<s<mn
clzsz) =1, 1<s<n
clxzsa)=2; 1<s<n
clzss)=3; 1<s<n
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clzse) =2; 1<s<mn
clzs7) =1, 1<s<mn
clzsg) =3; 1<s<mn
c(xzsg)=2; 1<s<n

It is clear that x,T'(£,(2,1)) < 3. We can conclude that x,T(L£,(2,1)) =3 for 1 <r < 2.

Case 2: For3<r<7

Based on Observation 1, since x,(G) > min{r, A} + 1 = min{r,8} + 1 = r + 1, then the lower
bound of T'(£,(2,1)) is x»(G) > r+ 1. We need to prove the upper bound of r-dynamic vertex
coloring of T'(L,(2,1)) is x,T(£Ln(2,1)) < r + 1. Define the function ¢ : V(G) — {1,2,...,k} as
follows:

1; s=1mod?2;r=4 1, s=1mod2;s#1;r="7
s=0mod2;r=5 2, s=0mod2;4<r<5
2, s=0mod?2;r=4 3; 1<s<n,r=3
s=1,6<r<7 s=1mod?2;4<r<5
c(xs1) =14 3; s=1mod2;r=5 c(xs6) =14 4; s=3mod6;r =06
4, 1<s<mr=3 5 s=1mod6;r=26
s=2mod3;6<r<7 s=1r=7
5 s=0mod3;6<r<7 6; s=5mod6;r==6
6; s=1mod3;6<r<7s#1 7. s=0mod2;6<r<7
1; 1<s<n;r=4
s=0mod2;r="17
2, s=0mod3;6<r<7 2, 1<s<nmr=3
3; 1<s<mr=3 s=1mod2;s#1;r=6
c(x52) = s=1mod2;r=4 c(xs7) =4 35 s=0mod?2;r=6
s=0mod2;6<r<7 4; s=0mod2;r=>5
4;, s=0mod2;4<r<5h 5 s=1mod2;r=>5
6; s=1;r=6
7 s=1mod2;r=17
1, 1<s<mr=3
1, 1<s<mr=3 s=0mod2;r=56
s=0mod2;r=4,6 2, s=1mod2;s#1;r="17
3; s=0mod?2;r=5 3; s=0mod?2;r=25,7
c(xs3) =4 5 s=1mod?2;r=4 c(xs8) =4 4 s=0mod2;r=4
6; s=1mod2;r=>5 5 s=1mod2;r=4
7, s=1mod?2;r=6 6; s=1mod?2;r=25
8 1<s<mr="7 s=Lir="7
7. s=1mod?2;r==6
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1;, s=3mod4;r=6
2, 1<s<n;r=3
3. z;ézgzg’iizg5 1; s=0mod?2;r=5
’ 851m0d4?r:6 2, s=1mod2;4<r<5
s:l,r:’?’ s=16<r<7
c(xs4) =19 4 SmeodG;r:6 c(xs9) = i: i;gg?;lf,:r?) 4
s=0mod 3;,r="7 —
_ s=2mod3;6<rT7
5 s=4mod6;r==6 —
s=1mod3; s 1ir=T 5 s=0mod3;6<r<7
6: s=0mod2r—=75 6; s=1mod3;6<r<T7,1#1
s=2mod6;r=06
s=2mod3;r="17
1, s=1mod4;6<r<7
2, s=0mod2;6<r<7 1, 1<s<n;3<r<5
o(xs5) = 3; s=3mod46<r<T o(ys) = 4, s=1mod3;6<r<7
" 4, 1<s<nr=3 Vs 5 s=2mod3;6<r<T7
s=1mod2;4<r<5 6; s=0mod3;6<r<7
5, s=0mod2;4<r<5

It is clear that x,T(L£,(2,1)) < r+1. We can conclude that x,T(L£,(2,1)) =r+1for3 <r <T.

Case 3: For » > 8

Based on Observation 1, since x,(G) > min{r,A} +1 = min{r,8} +1 =841 =9, then the
lower bound of T'(£,(2,1)) is x»(G) > 9. We need to prove the upper bound of r-dynamic
vertex coloring of T'(£,(2,1)) is x,T(£,(2,1)) < 9. Define the function c¢: V(G) — {1,2,....,k}
as follows:

3; s=2mod3
5 s=0mod3 5, s=1
o(xs1) = 6; s=1mod3;s+#1 ¢(¥s6) :{ 7, 1<s<n,s#1
7, s=1
1, s=2mod3
52 =1 5 s imedssp1l e =(9% 1<s<n
6; s=1
1; s=2mod3
o(Xs3) =8 l<s<n oXs8) = ?): zz(l)zgsg;s;él
6; s=1
Z’ z;%)mod?) 3; s=2mod3
c(Xs4) = ' _ ) c(xs9) =4 5; s=0mod3
’ 5 s=1mod3;s#1 : 6 s=1mod3 s#1
6; s=2mod3 ’ - ’
1, s=1mod3 4, s=1mod3
c(xs75):{2; s=2mod 3 c(ys)—{5; s =2mod 3
3; s=0mod3 6; s=0mod3

It is clear that x,7'(£,(2,1)) < 9. We can conclude that x,T(L,(2,1)) =9 for r > 8.
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3. Conclusion
In this study, we obtained of the r-dynamic vertex coloring of line, middle, total of lobster graph

Ln(2,1).
Open Problem 1. Find the r-dynamic chromatic number of L, (l,m) for | > 3 and m > 2.
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