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Abstract. Let G(V, E) be a connected and simple graphs with vertex set V and edge set E.
Define a coloring ¢ : E(G) — {1,2,3,...,k}, k € N as the edges of G, where adjacent edges
may be colored the same. If there are no two edges of path P are colored the same then a
path P is a rainbow path. The graph G is rainbow connected if every two vertices in G has a
rainbow path. A graph G is called antimagic if the vertex sum (i.e., sum of the labels assigned
to edges incident to a vertex) has a different color. Since the vertex sum induce a coloring of
their edges and there always exists a rainbow path between every pair of two vertices, we have
a rainbow antimagic coloring. The rainbow antimagic connection number, denoted by rca(G)
is the smallest number of colors that are needed in order to make G rainbow connected under
the assignment of vertex sum for every edge. We have found the exact value of the rainbow
antimagic connection number of ladder graph, triangular ladder, and diamond.

1. Introduction

The most fundamental graph-theoretical subject is connectivity. Graph theory have found many
powerful and elegant results on connectivity [11]. For example Chartrand, et al. [3] introduced
rainbow connection in 2008.

If there are no two edges of path in G are colored the same, then the path is called rainbow
path. If every pair of two vertices connected by at least one rainbow path the graph G is rainbow
connected [10]. The smallest number of color needed to color its edges is he rainbow connection
number of G denoted by rc(G). The distance between two vertices in graph G (the shortest path
of two vertices in G) is d(u,v). The shortest path from farthest v to v in G is diam(G). The
degree of the vertex with the greatest number of edge incident to it is the maximum degree of G
denoted by A(G). A shortest cycle that contains the vertices v and v is C'(u,v). Furthermore,
if G is a nontrivial connected graph of size m, then

diam(G) < rc(G) < sre(G) <m

Define a function g : E(G) — {1,2,...,|E|} in G such that the vertex sum (i.e., sum of the
labels assigned to edges incident to a vertex) for distinct vertices are different is called antimagic
[10]. When the edge weight w(e) = g(u) + g(v) induce a coloring of their edges and there always
exists a rainbow path between every pair of two vertices, we have a rainbow antimagic coloring.
The rainbow antimagic connection number, denoted by rc4(G) is the smallest number of colors
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that are needed in order to make G rainbow connected under the assignment of edge weight
w(e) = g(u) + g(v) of every edge.

We will present some research related to rainbow connection, such as rainbow coloring of
shadows graphs by Arputharnarya and Mercy [2], on the total rainbow connection of the wheel
related graphs by Hasan, et al. [8], rainbow connection number of prism and product of two
graphs by Darmawan and Dafik [5], on the (strong) rainbow vertex connection of graphs resulting
from edge comb product by Dafik, et al. [4], on rainbow k-connection number of special graphs
and it’s sharp lower bound by Agustin, et al. [1].

Next we have some research related to antimagic labeling, such as on anti-magic labeling for
graph products by Wang, et al. [13], on the local vertex antimagic total coloring of some families
tree by Putri, et al. [12], antimagic labeling of regular graphs by Feihuang, et al. [6].

2. Result
We determine the rainbow connection number r¢(G) and rainbow antimagic connection number
rca(G) of ladder Ly, triangular ladder T'L,,, and diamond D,,.

Theorem 1. Let G be any connected graph, then rca(G) > maz{A(G),rc(G)}

Proof. By property of antimagic labeling of G, we get rca(G) > A(G). Meanwhile,
by property of rainbow coloring of G, then rca(G) > re(G). We have rca(G) >
maz{A(G),rc(G)}.

Theorem 2. Let P, be a path of order n with n > 3. The rainbow antimagic connection number
of P, isn—1.

Proof. We define a function g : V(P,) — {1,2,...,n} as follows:
9(za) = a
It is clear that the edge-weights of P, under g are as follows
W(xeZTay1) =2a+ 1, for 1 <a<n

Thus, function g induces a proper edge (n — 1)-coloring of P, where the color of z,z,41 is
w(ZTqTqr1). Next, consider any two distinct vertices u,v € V(P,). Let u = z, and v = x
for each a € {1,2,...,n} and let a < b, then there exist a rainbow u — v path, namely
ZayTatl,---,Tp. Therefore, rcy <n — 1. Next we prove rca(P,) > n— 1. We know A(P,) =2
and rc¢(P,) = n — 1, based on Theorem 1 we get rca(P,) > maxz{2,n —1}. That’s mean
rea(Pp) >n—1.

Theorem 3. Let L, be a ladder graph with n > 4, the rainbow connection number of L, is n.

Proof. The ladder is a connected graph with V(L) = {zsys,1 < a < n} and
E(L,) = {zarq+1,1 < a <n—1}U{yaVa+1,1 < a <n—1}U{zeya, 1 < a < n}. The cardinality
of L,, are |V(Ly,)| = 2n and |E(Ly,)| = 3n — 2.

We define a function ¢ : E — {1,2,...,|E|} as follows:

(Tqxg41) =a, forl<a<n-1
cle) = { c(YaYat+1) =a, forl<a<n-—-1
c(Tqya) = 1, forl1<a<n
Since the edge function e = x4y, reach a maximum value, thus r¢(L;,) < n. Next, we show that
re(Ly) > n. We take two vertices namely u = y, and v = x,, the vertex v and v is farthest
vertex in L,. From that fact we get diam(L,) = n. Chartrand, et al. [3] said diam(G) < rc(Q)
and we know diam(Ly,) = n. From that fact we get rc(Ly,) > n.
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Figure 1. Ladder with 4 rainbow connection

Figure 1 shows that an illustration of ladder graph with n = 4. The colored number is color
of the edge. So from the Figure 1 we know that rc(L4) = 4.

Theorem 4. Let L, be a ladder graph with n > 4. The rainbow antimagic connection number
of L, aren <rcyg <

[ n, if n=1 mod 2
rea(ln) = { n+1, if n=0mod 2
Proof. The ladder is a connected graph with V(L,) = {zs¥s,l1 < a < n} and

E(L,) = {zaxa+1,1 < a < n—1} U{yaYat1,1 <a<n—1} U{ze¥a,1 <a<n}. The car-
dinality of L,, are |V (Ly)| = 2n and |E(Ly)| = 3n — 2.
We define a function g : V. — {1,2,...,|V|} as vertex function

For n =0 mod 2,

(za) = 2a, if a=1 mod 2
(xq) =2a —1, if a=0 mod 2
(Ya) =2n —2a+2, if a=1 mod 2
(Ya) =2n—2a+1, if a=0 mod 2
For n =1 mod 2,
9(zq) a, if a=1 mod 2

(v) = 9(zq) 1—1, if a=0 mod 2
g = g(ya):2n—2a+1, if a=1 mod 2
9(Ya) =2n—2a+2, if a=0 mod 2

Clearly, that the edge weight of L,, as follows
For n =0 mod 2,

w(TqTer1) = 4a+1, forl<a<n-—-1

w(e) = W(YaYat+1) =4n—4a+1, forl<a<n-—1
w(TaYa) = 2n + 4, for 1 <a<mn-1, and a=1 mod 2
w(Tayq) = 2n, for 1 <a<n-1, and a=0 mod 2

For n =1 mod 2,

wW(YaYat+1) =4n —4da+1, forl<a<n-1
w(Teyq) = 2n + 1, forl<a<n-1

w(TeZay1) = 4a + 1, forl<a<n-1
w(e) =
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Figure 2. Ladder with 7 rainbow antimagic connection

We prove that for n =1 mod 2, rca(Ly,) < n. Assume that rca(Ly,) < n — 1. We will proof
in three cases.
Case 1. For path 21 — 20 — 23— ... — 2,
We take any two vertices in upper section of L,,, namely x; and x,,. We choose x1 and z,, because
x1 and x, is the farthest vertex in upper section of L,,. We know from x; and z,, certainly forming

a path namely z1 — 242 — 3 — ... — x, and it has diam(zy — xz2 — 23 — ... —x,) =n — 1, so
the minimum color is n — 1.
Case 2. Forpathy1 —y2 —ys — ... —yn

We take any two vertices in bottom section of L, namely y; and y,. We choose y; and v, because
y1 and ¥y, is the farthest vertex in bottom section of L,. We know from y; and 1w, certainly

forming a path namely y; —y2 —y3 — ... — y,, and it has diam(y; —y2 —ys — ... —yn) =n — 1,
so the minimum color is n — 1.
Case 3. Forpathz; —y1 —y—2— ... —yn

We take two vertices from bottom section and upper section of L,,, namely z1 and ¥,,. We choose
1 and y, because x1 and v, isthe farthest vertex of L,,. We know from z; and y,, certainly

forming a path namely z1—y; —y—2—...—y, and it has diam(z1—y1 —y—2—...—y,) = n—1+1,
so the minimum color is n. This is contradiction with the assumption rcs(L,) < n—1, so
rea(Ly) < n.

Next step we prove rcaLy, > n. We know diam(L,) = n and A(Ly) = 3, based on Theorem
1 we get rca(Ly) > max{A(Ly),rc(Ly)}. From that we know rca(Ly,) > max{3,n}. It means
rca(Ly) > n.

Next we prove for n < rca(L,) < n+1 for n =0 mod 2, based on Theorem 1 we
know that rca(G) > maz{A(G),rc(G)}. We know A(L,) = 3 and re(L,) = n, then
rca(Ly) > max{A(Ly),rc(Ly)} then rca(Ly) > max{3,n}. It means n < rcy <n+ 1.

Figure 2 shows that an illustration of ladder graph with n = 7. The colored number is the
weight and then be the color of the edge. So from the Figure 1 we know that rca(L7) = 7.

Theorem 5. Let T'L, be a triangular ladder graph with n > 4, the rainbow connection number
of TL,, is n.

Proof.  The triangular ladder is a connected graph with V(L,) = {z.¥ya,1 < a < n}
and E(Lp,) = {z.2a+1,1 < a < n—1} U {yaYat1,1 <a<n—1} U {zq¥s, 1 <a<n} U
{ZaYa+1,1 < a <n—1}. The cardinality of TL, are |V (L,) = 2n and |E(L,) = 4n — 3. We
define a function ¢: E — {1,2,...,|E|} as follows
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Fatatt) =5 friZesn -]

c(YaYat1) = a, forl<a<n-1

C(xaya) =n, forl1<a<mn
(xaya—i—l) =1, forl1<a<n-1

c(e) =

Since the edge function e = x4y, reach a maximum value, thus, r¢(T'L,) < n. Then we prove
that rc(TLy,) > n. We take two vertices namely u = y, and v = x,, the vertex u and v is
farthest vertex in T'L,. From that fact we get diam(TL,) = n. Chartrand, et all. [3] said
diam(G) < re(G) and we know diam(T'Ly,) = n. From that fact we get rc(T'L,) > n

Theorem 6. Let TL, be a triangular ladder graph with n > 4. The rainbow antimagic
connection number of TL,, isn < rca(TL,) <n+ 2.

Proof. The triangular ladder is a connected graph with V(L,) = {z.¥ya,1 < a < n}
and E(Lp,) = {zexa+1,1 < a < n—1} U {YaYar1,1 <a<n—1} U {zays, 1 <a<n} U
{Za¥Ya+1,1 < a <n —1}. The cardinality of T'L,, are |V (L,,) = 2n and |E(L,) = 4n — 3.

We define a function g : V. — {1,2,...,|V|} as vertex function

For n =0 mod 2,

g(xq) = 2a, if a=1 mod 2
g(xq) =2a — 1, if a=0 mod 2
9(v) = 9(Ya) =2n—2a+2, if a=1 mod 2
9(Ya) =2n—2a+1, if a=0 mod 2

For n =1 mod 2,

Tq) = 2a, if a=1 mod 2
) =2a—1, if a=0 mod 2
Ya) =2n—2a+1, if a=1 mod 2
(Ya) =2n—2a+2, if a=0 mod 2

g(v) =

It is clear that the edge weight of T'L,, as follows
We define a function w : E — {1,2,...,|E|} as follows
For n =0 mod 2,

W(TeZgr1) = da + 1, forl<a<n-1

W(YaYar1) =4n—4i+1, forl1<a<n-1

w(e) =3 w(TeYatr1) =2n—1, forl<a<n-1
w(TeYa) = 20 + 4, for 1 <a<n-—1, and a=1 mod 2
w(TaYa) = 20, for1 <a<n-—1, and a=0 mod 2

For n =1 mod 2,

w(TqTar1) = 4a+1, forl<a<n-1

W(YalYar1) =4n —4da+1, forl<a<n-—1

w(e) = w(Taya) =20+ 1, forl<a<n-1
w(ZaYa+1) = 2n, for 1 <a <n—1, and a=1 mod 2
W(TaYatr1) = 2n — 2, for 1 <a<n-—1, and a=0 mod 2

Now we prove rca(TL,) > n. We know A(TL,) = 4 and rc¢(TL,) = n, we know that
rca(TLy) > max{A(TLy),rc(TLy)} so rca(TLy,) > maz{4,n}.

Figure 3 shows that an illustration of triangular ladder graph with n = 7. The colored
number is the weight and then be the color of the edge. So from the picture we know that
rea(T'Ly) = 9.
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Figure 3. Triangular ladder with 9 rainbow antimagic connection

Figure 4. Diamond graph with 6 rainbow antimagic coloring

Theorem 7. Let D, be a diamond graph with n > 2. The rainbow connection number of Dy, is
re(Dy,) = 2.

Proof. The diamond graph is a connected graph with V(D,) = {p} U {¢} U
{Ta,Ya, 1 <a < n}and E(Dy) = {pg}U{pra,1 < a <n}U{qze, 1 <a <n}pU{pys, 1 <a<nju
{qYa,1 < a < n}. The cardinality of D,, are |V(D,)| =2n + 2 and E(D,,) = 4n + 1.

We define a function ¢ : E — {1,2,...,|E|} as follows

c(pq) =
c(pry) = 2
c(pyn) =1
c(qryn) =1

cle) = clgyn) =2
c(pry) =1, forl1<a<n-—1
c(pys) =2, forl<a<n-—1
clqgry) =1, forl1<a<n
clqye) =2, forl1<a<n
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After that we prove for r¢(D,,) > 2. Chartrand, et al. [3] said diam(G) < r¢(G) and we know
diam(D,,) = 2, we get rc(Dy,) > 2.

Theorem 8. Let G be a diamond graph with n > 2. The rainbow antimagic connection number
of Dy is 2n+ 1 < rce(Dy) < 2n + 2.

Proof. The diamond graph is a connected graph with V(D,) = {p} U {q} U
{Za,Ya,1 <a <n}and E(D,) = {pg}U{pza,1 <a <n}U{qgre1<a<n}U{py,,1<a<n}uU
{qYa,1 < a < n}. The cardinality of D,, are |V (D,,)| = 2n+ 2 and E(D,,) = 4n + 1. We define
a function g : V. — {1,2,...,|V|} as follows

g(p) =1
_ ) gl@=2
g(v) = g(xg) =2a+1 forl1<a<n
9(ya) =2a+2, forl<a<n
We define a function w : E — {1,2,...,|E|} as follows

(pry) =2a+2, forl<a<n
(gr;) =2a+3, forl<a<n
w(e) =¢ w(pys) =2a+3, forl<a<n
(qya) =2a+4, forl<a<n
(

Now we prove rca(Dy) > 2n+1. We know A(D,) = 2n + 1 and re(Dy) = 2n + 2, we
know that rca(Dy) > max{A(Dy),rc(Dy)} so rca(Dy) > max{2n+1,2n+ 2}. It means
rca(Dy) > 2n + 1.

3. Conclusion

We have initiated to study the rainbow antimagic coloring of related ladder. The rainbow
connection number of ladder graph is r¢(Ly,) = n. The rainbow connection number of triangular
ladder graph is r¢(T'Ly,) = n. The rainbow connection number of diamond graph is re(D,,) = 2.
The rainbow antimagic coloring number of ladder graph is r¢j(Ly,) = n for n =1 mod 2 and
n < rca(Ly,) < n+1 for n =0 mod 2. The rainbow antimagic coloring number of triangular
ladder graph is n < rca(T'Ly,) < n+ 2. The rainbow antimagic coloring number of diamond
graph is 2n + 1 < rcyq < 2n 4+ 2. The open problem of this research is:

Open Problem 1. Let T'L, be a triangular ladder graph with n > 4, determine the exact value
of rainbow antimagic connection number of T'L,,.
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