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Abstract. Let G be a graph with vertex set V and edge set E. A total labeling ¢ :
V(G)UE(G) — {1,2,3,...,a} is called a total a-labeling of a graph G. For the subgraph H C G
under the total a-labeling, H-weight is defined as wt,(H) = 3, cv () 9(V) + X e pia (€)- A
total a-labeling is called an H-irregular total a-labeling of the graph G if wt,(H') # wt,(H”)
for any two distinct subgraphs H’ and H” isomorphic to H. The minimum o for which the
graph G has a total H-irregular a-labeling is called the total H-irregularity strength of G, de-
noted by tHs(G). In this paper we initiate to study the total H-irregularity strength of G and
we have obtained the tHs of diamond ladder, three circular ladder and prism graphs.

1. Introduction

We use a simple, connected, and finite graph, especially planar graph in this research. G is
a graph which has the vertex set is given as V(G) and the edge set is given as E(G). Graph
labeling is mapping graph elements to positive or non-negative integers number. The most
common choices of domain are the set of all vertices (vertex labellings), the only edge set (edge
labellings), or the set of either vertices or edges (total labelings). Other domains are possible
[5]. The graph G contains H includes each H; isomorphic subgraph which conditions each E(G)
edge included in every one of the H; subgraphs, j =1,2,...s [4].

The total irregular vertex of a-labeling on the graph G is the assignment of the 1,2, ..., «
for vertices and edges such that the weights calculated at the different vertices. The vertex
weight v € V in G is defined as the sum of label v and labels all incident edges with v, that is
wt(v) = ANv) + > ,pep AMuv) [9]. The vertex-irregularity strength of G is the smallest o integer
on the H-irregular label of G and denoted by vhs(G, H) [3]. Indriati et al. [7] obtain a for
the total vertex irregularity strength of generalized helm graphs and prisms with outer pendant
edges.

The irregular total edge a-labeling of a graph G = (V, E) is labeling ¢ : VUE =1,2,...,«
so that the total edge weight of wit(zy) = ¢(x) + ¢(xy) + ¢(y) is different for all different edge
pairs. The minimum a where graph G has an irregular total edge a-labeling is called the total
irregular edge strength of G and denoted by vhs(G, H) [2]. Baca and Siddiqui [6] investigate
the total edge irregularity strength of generalized prism.
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Ashraf et al. in [3] introduce total H-irregularity strength as a natural extension of the tes(G)
and tvs(G) parameters. G is a graph that recognizes H-covering. For subgraph H C G under
total a-labeling ¢ associated with H-weight is defined as

wto(H) = Y o)+ > ole).
veV (H) e€E(H)
The total a-labeling is called H-irregular total a-labeling of the graph G if wt,(H') #
wt,(H") for every two different subgraphs of H' and H” isomorphic to H.
The smallest integer o for which an H-irregular total a-labeling of exists is known as the
total H-irregularity strength of G and denoted by tHs(G, H).

Theorem 1. [4] Let G be a graph that recognizes H-covering provided by the ¢ isomorphic
subgraph to H. Then

t—1
\V(H)| +[E(H)| |

tHs(G,H) > |1+

Agustin et al [1] have conducted research and obtained results from tHs(G, H) of shackle
and amalgamation graphs. Nisviasari [8] have conducted research and obtained results from
tHs(G, H) of triangular ladder and grid graphs. Ashraf et al. [3] have conducted research
and obtained results from tHs(G, H) of ladder and fan graphs. We use diamond ladder, three
circular ladders, and prism graph to get tHs(G, H).

2. Results
In this paper, we provide the results of tHs(G, H) of diamond ladder, three circular ladders,
and prism graphs, is as follows.

Theorem 2. Let DI,, be a diamond ladder graph and subgraph H; = DI,,. The total
m+1ln —3
12n -3

Proof. Let Dl,, m > 0, be a diamond ladder graph with the vertex set V(Dl,) =
{zj,y; + J = 1,2,3,....m}yU{z; : j = 1,2,3,...,2m} and the edge set E(Dl,,) =
{wjyj,ijQj_l,{L'jZQj,ijQj_l,ijQj,Z ] = 1,2,3, . .,m} U {xixi+1,yiyi+1 : j = 1,2,3, e, —
1} U{zj_222j-1 : j = 2,3,...,m}. The diamond ladder graph Dl,,, m is positive integer,
admits a DI, covering with exactly (m — n + 1) diamond ladder DI,,, where n is a positive
integer and 2 < n < m. Based on Theorem 2, we have tHs((Dl,,), Dl,) > {M—‘

12n — 3
11n —3
Put | = {77%;—2 n3 —‘ The following function of DI, -irregular total a-labeling ¢,
n_

V(Dly,) U E(Dly,) — {1,2,...,l},n = 2,3,...,m is prove that « as an upper bound for the
total Dl,-irregularity strength of Dl,,.

Hj—irregularity strength of DI, graph for 2 <n < m is

_j+20n—6 for 1 i
— rji n
ot —g | foriiseve
en(yj) = - _
j+16n —5
%’ for j is odd
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pule;) = {ﬁ;ﬂlﬁgﬂ dorje(lml,  gulz) = {%w for j € [1,m]
on(xjTis) = |7]1—}—2721n_—32-‘ JJorjel,m—1], on(zy;) = [‘m-‘ ,for j € [1,m]
on(2zjzj41) = {12“ — 3-‘ Jor jel,m—1], en(xjyri—1) = |7‘71+2:in__33-‘ ,for j € [1,m]
on(wjy2;) = {‘7;—2;71__33} Jfor j e [Lm], on(yz-17) = {‘7;—2271__33} for j € [1,m]
on(y252) = |7j1—|—22n_—33-‘ Jor je1,m],  on(yjyj+1) = |7]2—|21721n—_62-‘ ,for j is even.

We get the upper bound from the function of DI, -irregular total Dl,,-labeling. We take the

j+11n—3

largest label from ¢, (z;) = { o 3
n J—

present the upper bound of the graph in the Theorem 2, tHs((Dl,,), Dl,) <

11n -3
w for j = m @n(z;) = ml—;nfgw We get to
m+11ln —3
12n -3

Based on the labeling above, we can show the all weights are different by the following

equation:

wttpn(lefl) — wtwn(Dl%) =

Pn(j4n) + on(Y2j+2n—1) + On(Y2j+2n) + Pnlzj4n) +

Pn(Tjtn-1%j4n) + On(Y25y2j41) + on(252] + 1) + enlz;2)) +

SRS

n(Y25-1) — n(Y27) — €nl2) — on(z2i11) — On(Y2i92j41) —

(
(
on(jy2i-1) + on(@jy2;) + en(ziy2j-1) + ©n(zjy2;) — enlx;) —
(
n(2j2j4+1) = Pn(225) — on(Ty2i-1) — PnlT;y2;) —

(

on(2jy2j-1) — ©nl2Y25)

—

We respect to wt%(Dl,jI) < wtwn(DlZLH), j = 1,2,...,m — n then wtp,(DE™) —
wtpy,(DI1),) = 1. The all Hi-weights are distinct. This matter concludes that tHs((Dl,,), Dl,) =

m+ 11n — 3
12n — 3

. The example of total DI,-irregularity of diamond ladder graph labeling, we

can see on Figure 1, and we get tHs((Dlg), Dls) = 2.
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Figure 1. The Example of Total Dis-Irregularity of Dlg labeling

Theorem 3. Let T'Cl,, be a three circular ladder graph and subgraph Hy = (5. The total
3m—+5

Hy—irregularity strength of T'Cl,,, graph is

Proof. Let TCl,,, m > 0, be a three circular ladder graph with the vertex set V(T'Cl,,) =
{2 + 7 = 1,2,3,....m+ 1} U{y; : j = 1,2,3,...,m} and the edge set E(TCl;) =
{$jyja$j+1yj7yjzjvzjzj+l VS 1>2737"'7m} U {szj g = 1,2,3,...,m+ 1} U {yjzj+1 :
j=1,2,3,...,m — 1}. The three circular ladder graph T'Cl,,, m is positive integer, admits

a Cs-covering with exactly m cycles C3. Based on Theorem 3, we have tHs((TCl,,),Cs) >
[Bm +5 3m +5

Put | = . The following function of Cs-irregular total «-labeling

6
w3 V(TCly,) U E(TCl,,) — {1,2,...,1l} is prove that « as an upper bound for the total
Cs-irregularity strength of T'Cl,,.

i+ 1 . i+ 1 ,
p3(xi) = {%w,fow eLm+1],  es(u)= {]w,forj € [1,m]

p3(zj) = {;-‘ Jfor j € [1,m + 1], p3(xjy;) = {‘;-‘ ,for j € [1,m]

J . J .
03(xjp1y;) = [J JJor jel,m],  p3(y;25) = [J Jfor j € [1,m)]

4+ 1 ) j )
©3(yjzj1) = |7‘72-‘ Jor jel,m—1], ¢3(xjzj) = {;-‘ Jfor j € [1,m + 1]

903(ij]'+1) = |7‘;—‘ ,fOI‘ JE [Lm]

We get the upper bound from the function of Cs-irregular total T'Cl,,-labelling. We take the

)+ 1 2
largest label from @3(z;) = |7‘7—£w for j =m+1 @3(z;) = {m;w . We get to present the
. 3m—+5
upper bound of the graph in the Theorem 3, tHs((T'Cl,,),Cs) < { 5 W .
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Based on the labeling above, we can show the all weights are different by the following
equation:

- .
wts(C5) —wtps(CF) = ws(xj41) + @3(yjs1) + 03(2j4+1) + w3(zj41y41) +
©3(xj+12j4+1) + ©3(Yj+12541) — @3(x;) — w3(y;) —
©3(25) — w3(wjy;) — w3(x;25) — p3(yjzj)
= 3

- .
wtz(CTY) —wtws(C)) = wa(zje1) + w3(yje1) + @3(zi12) + ©3(yjr12i21) +
©3(yj112j42) + ©3(zj+12542) — w3(zj) — w3(yjz;) —
©3(y5) — @3(zj41) — ©3(yjzjr1) — @3(2j2j4+1)
= 3

- .
wtz(CTY) —wtws(C)) = wa(yjr1) + @3(xj2) + @3(zi12) + ©3(yjr1242) +
3(yj+1254+2) + w3(Tjr2zi42) — 3(y;) — @3(Tj1) —
©3(zj41) — w3(yixj41) — ©3(yizj41) — ©3(Tj112j41)
= 3

We respect to wt%(Cg) < wt%(C’gH), j=1,2,...,m then wtgon(Cngl) - wtgon(Cg) = 3.

The all Ho-weights are distinct. This matter concludes that tHs((T'Cl,,), Cs) = {3m + 51 . The

example of total Cs-irregularity of three circular ladder graph labeling, we can see on Figure 2,
and we get tHs((T'Cl,,),C3) = 5.

Figure 2. The Example of Total Cs-Irregularity of T'Cl,, labeling

Theorem 4. Let Pry,, be a prism graph and subgraph Hs = C4. The total Hs—irregularity
n+7

strength of Pr,, graph for m > 3, m =0 mod 4 and m = 1 mod 4 is {

Proof. Let Pr,,, m > 3, be a prism graph with the vertex set V(Pry,) = {zj,y; : j =
1,2,3,...,m} and the edge set E(Pry,) = {z;xj41,yyj+1: 7 =1,2,3,...,m =1} U{z;y; : j =
1,2,3,...,m}U{zpnzi }U{ymy1} . The prism graph Pr,,, m > 3, contains a C4-covering with ex-

7 7
actly m cycles Cy. Based on Theorem 4, we have t Hs(Pr,),Cy) > {%-‘ . Puta = %—‘ .
The following function of Cy-irregular total a-labeling ¢4 : V(Pry,) U E(Pry,) — {1,2,...,a}
is prove that a as an upper bound for the total Cy-irregularity strength of Pr,.
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A Cy-irregular total a-labeling ¢4 : V(Pry,) U E(Pry,) — {1,2,...,a} is as follows:

m

forj=1,2,..., | =
Or] )= 7|’2 )

pa(zj) = {Tw Pa(yjyjt1) = {ﬂ
pa(y;) = {Tw pa(zjy;) = {ﬂ

|3

fori=m

o4(zm) =2, @a(Tmym) =1
(‘04(3/7”) =1, (P4(xm$1) =1
904(ymy1) =1.

We get the upper bound from the function of Cy-irregular total Pr,,-labeling. We take from
the largest label of graph . We get to present the upper bound of the graph in the Theorem 4,

tHs(Pry), Cy) < {mT”]
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Based on the labeling above, we can show the all weights are different by the following
equation:

for every j =1,2,..., |'7721-‘ , we have

- .

Wten (C1) —wtpn(CF) = @a(jzr) + pa(@ire) + pa(@jp12i42) + oayjt1) +
0a(Yj+2) + Pa(Yjr1Y+2) + Pa(Tjr1Yi41) + Pal(Tjr2yjr2) —
—pa(r5) — pa(mji1) — palzjzisr) — pa(y;) — palyjv1) —

<P4(yjyj+1) (%?Jg @4($j+1yj+1)
= 2

for every j = |77;“ +1,...,m—1, we have

- .
Wten (C1) —wtpn(C) = @a(zjzr) + pa(@ite) + oa(jp1242) + oa(yjt1) +
©a(Yj+2) + a(Yjr1Yj+2) + a(@jr1yj+1) + @a(zj12yjp2) —
a(r5) — a(Tjr1) — pa(wjzii1) — palys) — @a(yjs1) —
(

0a(Yjyje1) — ea(zy5) — ea(@jr1Y541)
— 2

for every j = m, we have

wty, (CF) = 0a(Tm) + ©a(Ym) + Pa(Tmym) + pa(Tmr1) +
0a(Ymy1) + wa(w1) + @a(yr) + pa(r1y1)

JH+27  [i+27. 1
= 2ottt [ [ [
FLH T+ 14 | |+ | |+ |

: g+m+m+m

We respect to wt,, (C)) < wt,,(C]T), j = 1,2,...,m. If every j = 1,2,..., |VT;L“ then

th(CZH)—th(CZ) =2. Ifevery j = |Vm-‘ +1,...,m—1 then wtm(CZH)—wtm(CZ) = -2.

2
If every j = m then wt,,(C}*) = 9. The all Hs-weights are distinct. This matter concludes that
7
tHs((Prm),Cs) = % . We know that example of total Cy-irregularity of prism graph on

Figure 3, and we get tHs((Prig),Cy) = 2 which j is even. But We can see the example of total
Cy-irregularity of prism graph labeling on Figure 4, and we get tHs((Pry7),C4) = 2 which j is
odd.
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Figure 4. The Example of Total Cy-Irregularity of Pri7 labeling if j is odd

3. Concluding Remarks

In this research we have obtained of the total H-irregularity strength of prism graphs, diamond
ladder graphs, and three circular ladder graphs. We recognize H-covering on prism graphs and
three circular ladder graphs for which H is cyclical. But, we recognize H-covering on diamond
ladder graph that H is a diamond ladder graph.

Open Problem 1 Find the total H-Irregularity Strength (tHs) of the Pry,, m > 3.
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