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Abstract. Let G be a simple, finite, and connected graph. A dominating set D is a set of
vertices such that each vertex of G is either in D or has at least one neighbor in D. The mini-
mum cardinality of such a set is called the domination number of G, denoted by γ(G). For an
ordered set W = {w1, w2, ..., wk} of vertices and a vertex v in a connected graph G, the metric
representation of v with respect to W is the k-vector r(v|W ) = (d(v, w1), d(v, w2), ..., d(v, wk)),
where d(x, y) represents the distance between the vertices x and y. The set W is a resolving
set for G if distinct vertices of G have distinct representations with respect to W . A resolving
set of minimum cardinality is called a minimum resolving set or a basis and the cardinality of
a basis for G, denoted by dim(G). A resolving domination number, denoted by γr(G), is the
minimum cardinality of the resolving dominating set. In this paper, we study the existence of
resolving domination number of special graph and its line graph L(G), middle graph M(G),
total graph T (G), and central graph C(G) of Star graph and fan graph. We have found the
minimum cardinality of those special graphs.

1. Introduction
Graph G is defined as a pair of sets (V (G), E(G)), where V (G) is a finite set that is not empty
and its members are called vertex and E(G) are sets that may be empty of unsorted pair (u, v)
of the points (u, v) ∈ V (G) called the edge [16]. Thus, a graph G does not have to have an edge
but must have at least a vertex [1, 8].

The domination number denoted by γ(G) firs introduced by [12]. Domination number is
the minimum cardinality of a dominating set. The numerical value of domination always
γ(G) ∪ V (G). Regarding the upper limit of the numbers that dominates is the number of
nodes of the graph. When at least one point required for a set of graphs that dominates, then
1 ≤ γ(G) ≤ n for each stock that has a sequence of n. let D ⊆ V , if every vertex of G without
a set of the graph that dominates the G bounded by at least one vertex of a set of graph that
dominates the G, then D is said to be a set of graphs which dominates the G [12, 20]. The
theorem regarding the upper bounds and lower bounds of the dominating set is as follows by
[13]. Let G into a graph any upper and lower bounds is

d p
1+∆(G)e ≤ γ(G) ≤ p−∆(G)
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In graph theory, the metric dimension of the graph G is the minimum cardinality of the S
subset of vertices so that all other vertices are uniquely determined by their distance to vertices
in S. For the given set W = {w1, w2, ..., wk} ⊆ V (G) and v are vertices in the graph G, then the
representation of v with respect to W is k-tuple, r(v|W ) = (d(v, w1), d(v, w2), ..., d(v, wk)). The
set W is called the set G if each vertex on G has a different representation and the minimum
set called base G. The basic cardinality is called the metric dimension G, denoted by dim(G)
[2, 3, 7]. The settlement set for the graph was introduced independently by [18] and [11], while
the concept of completion set and metric dimension was determined much earlier by [4].

The resolving domination number first introduced by [5] and [14]. Resolving domination
number, denoted by γr(G), is the minimum cardinality of the resolving dominating set.
Researches related to resolving domination number is growing quite rapidly, including [9, 17]
and many more. The corresponding parameters for all those sets satisfy by definition
max{dim(G), γ(G)} ≤ γM (G) ≤ dim(G) + γ(G) [5, 9].

In this study, the resolving domination number will be checked on the star and fan graph.
Besides, we develop a graph that will become a new graph (line graph, middle graph, total
graph, and central graph). A line graph from a simple graph of G denoted by L(G) is obtained
by associating vertices with each edge of the graph and connecting two vertices with edges if the
corresponding edges of G have the same node [10]. In [19] the middle graph denoted by M(G)
of the connected graph G is a graph whose node-set is V (G)∪E(G) where two vertices are close
together if they are edges which border G or one is the node of G and the other is an edge
incident with it. The total graph denoted by T (G) of the connected graph G is a graph whose
node-set is V (G) ∪ E(G) and two adjacent vertices each time that border or events in G [6]
and the central graph denoted by C(G) of the connected graph G is obtained by dividing each
edge of G exactly once and joining all nodes that are not next to each other from G in C(G) [15].

2. Result
In this section, we determined the γr(G) of special graph and its line graph (L(G)), middle
graph (M(G)), total graph (T (G)), and central graph (C(G)) of star graph (Sn) and fan graph
(Fn).

Theorem 1. Let Sn be a star graph with n ≥ 4. The resolving domination number of Sn is
γr(Sn) = n.

Proof. The star graph is a graph which is connected to the vertex of V (Sn) = {A}∪{xi; 1 ≤
i ≤ n} and the edge of E(Sn) = {Axi; 1 ≤ i ≤ n}. Vertex cardinality of |V (Sn)| = n + 1 and
edge cardinality of |E(Sn)| = n. Maximum degree is ∆(Sn) = n and δ(Sn) = 1. The proof
order of resolving domination number Sn consists of upper bound γr(Sn) ≤ n and lower bound
γr(Sn) ≥ n.

In this section, we show the upper bound and the lower bound of resolving domination
number Sn. First, we will prove the upper bound of resolving domination number Sn which is
γr(Sn) ≤ n. We choose S = {xi; 1 ≤ i ≤ n} so that we have vertex representation in Sn which
is different. For the detail, we can see in Table 1. S is also a dominating set because the vertex
in S dominates the vertex which is not in S, so that S is resolving dominating set. Therefore,
it can be concluded that γr(Sn) ≤ n.

Furthermore, we will prove the lower bound of resolving domination number Sn which is
γr(Sn) ≥ n. Assume that resolving domination number of γr(Sn) < n. Take |W | = n− 1. The
star graph has n+ 1 vertex covering n vertex as pendant and 1 vertex as center vertex. Because
we assume n − 1 vertex are in S so that there are several placement conditions of graph point
Sn as follows:
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(i) If n− 1 vertex are located in pedant vertex, there will be one vertex in pedant which is not
dominated by n − 1 vertex in S because the vertex in the pendant is not adjacent. Thus,
the set of S is not dominating set.

(ii) If n − 2 vertex are located in pendant vertex and 1 vertex in center vertex, there will be
two in pendant not S element so that both vertex have the same representation because 2
vertex in pendant have the same distance to several vertex in Sn. Thus, the set of S is not
resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of resolving
dominating set of Sn is n. The lower bound of resolving set number of Sn is γr(Sn) ≥ n. Gives the
result, we must have n vertex dominating in xi ∈ Sn. Because we have proven that γr(Sn) ≤ n
and γr(Sn) ≥ n, it can be concluded that γr(Sn) = n. For an example, resolving domination
number of star graph Sn can be seen in Figure 1

Table 1. Representation of v ∈ V (Sn) respect to S
v r(v|S) Condition

x1 (0, 2, ..., 2︸ ︷︷ ︸
n−1

) n ≥ 4

xi (2, ..., 2︸ ︷︷ ︸
i−1

, 0, 2, ..., 2︸ ︷︷ ︸
n−i−1

) i ≥ 2

xn (2, ..., 2︸ ︷︷ ︸
n−1

) n ≥ 4

A (1, ..., 1︸ ︷︷ ︸
n−1

) n ≥ 4

Figure 1. γr(S5) = 5

Theorem 2. Let L(Sn) be a line star graph with n ≥ 4. The resolving domination number of
L(Sn) is γr(L(Sn)) = n− 1.

Proof. The line star graph is a graph which is connected to the vertex of V (L(Sn)) =
{xi; 1 ≤ i ≤ n} and the edge of E(L(Sn)) = {xixi+k; 1 ≤ i ≤ n − 1, 1 ≤ k ≤ n − i}. Vertex

cardinality of |V (L(Sn))| = n and edge cardinality of |E(L(Sn))| = n2−n
2 . Maximum degree is

∆(L(Sn)) = n− 1 and δ(L(Sn)) = n− 1. The first order of resolving domination number L(Sn)
consists of upper bound γr(L(Sn)) ≤ n− 1 and lower bound γr(L(Sn)) ≥ n− 1.
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In this section, we show the upper bound and the lower bound of resolving domination number
L(Sn). First, we will prove the upper bound of resolving domination number L(Sn) which is
γr(L(Sn)) ≤ n − 1. We choose S = {xi; 1 ≤ i ≤ n − 1} so that we have vertex representation
in L(Sn) which is different. For the detail, we can see in Table 2. S is also a dominating set
because the vertex in S dominates all vertex in L(Sn), so that S is resolving dominating set.
Therefore, it can be concluded that γr(L(Sn)) ≤ n− 1.

Furthermore, we will prove the lower bound of resolving domination number L(Sn) which
is γr(L(Sn)) ≥ n − 1. Assume that resolving domination number of γr(L(Sn)) < n − 1. Take
|W | = n− 2. The line star graph has n vertex. Because we assume n− 2 points are in S so that
there are several placement conditions of graph vertex L(Sn) as follows:

(i) If n− 2 vertex are located in L(Sn), there will be two vertex dominated by n− 2 vertex in
S. Thus, the set of S is dominating set.

(ii) If n − 2 vertex are located in L(Sn), there will be two vertex which are not S element so
that both vertex gave the same representation. Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of L(Sn) is n − 1. The lower bound of resolving set number of L(Sn)
is γr(L(Sn)) ≥ n − 1. Gives the result, we must have n − 1 vertex dominating in xi ∈ L(Sn).
Because we have proven that γr(L(Sn)) ≤ n − 1 and γr(L(Sn)) ≥ n − 1, it can be concluded
that γr(L(Sn)) = n− 1. For an example, resolving domination number of line star graph L(Sn)
can be seen in Figure 2.

Table 2. Representation of v ∈ V (L(Sn)) respect to S
v r(v|S) Condition

x1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

)

xi (1, ..., 1︸ ︷︷ ︸
i−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−i−1

) i ≥ 2

xn (1, ..., 1︸ ︷︷ ︸
n−1

) n ≥ 4

Figure 2. γr(L(S5)) = 4



ICOPAMBS 2019

Journal of Physics: Conference Series 1465 (2020) 012015

IOP Publishing

doi:10.1088/1742-6596/1465/1/012015

5

Theorem 3. Let M(Sn) be a middle star graph with n ≥ 4. The resolving domination number
of M(Sn) is γr(M(Sn)) = n.

Proof. The middle star graph is a graph which is connected to the vertex of V (M(Sn)) =
{A} ∪ {xi, yj ; 1 ≤ i, j ≤ n} and the edge of E(M(Sn)) = {Ayj , xiyj ; 1 ≤ i, j ≤ n} ∪ {yjyj+k; 1 ≤
j ≤ n − 1, 1 ≤ k ≤ n − i}. Vertex cardinality of |V (M(Sn))| = 2n + 1 and edge cardinality of

|E(M(Sn))| = n2+3n
2 . Maximum degree is ∆(M(Sn)) = n + 1 and δ(M(Sn)) = 1. The proof

order of resolving domination number M(Sn) consists of upper bound γr(M(Sn)) ≤ n and lower
bound γr(M(Sn)) ≥ n.

In this section, we show the upper bound and the lower bound of resolving domination number
M(Sn). First, we will prove the upper bound of resolving domination number M(Sn) which is
γr(M(Sn)) ≤ n. We choose S = {yj ; 1 ≤ j ≤ n} so that we have vertex representation in M(Sn)
which is different. For the detail, we can see in Table 3. S is also a dominating set because
the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(M(Sn)) ≤ n.

Furthermore, we will prove the lower bound of resolving domination number M(Sn) which is
γr(M(Sn)) ≥ n. Assume that resolving domination number of γr(M(Sn)) < n. Take |W | = n−1.
The middle star graph has 2n+ 1 vertex. Because we assume n− 1 vertex are in S so that there
are several placement conditions of graph vertex M(Sn) as follows:

(i) If n−1 vertex are located in yj vertex, there will be one point in xi which is not dominated
by n− 1 vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is not
dominating set.

(ii) If n − 2 vertex are located in yj vertex and 1 point in center vertex, there will be two in
yj not S element so that both points have the same representation because 2 points in yj
have the same distance to several points in M(Sn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of M(Sn) is n. The lower bound of resolving set number of M(Sn) is
γr(M(Sn)) ≥ n. Gives the result, we must have n points dominating in yj ∈M(Sn). Because we
have proven that γr(M(Sn)) ≤ n and γr(M(Sn)) ≥ n, it can be concluded that γr(M(Sn)) = n.
For an example, resolving domination number of middle star graph M(Sn) can be seen in Figure
3.

Table 3. Representation of v ∈ V (M(Sn)) respect to S
v r(v|S) Condition

x1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

)

xi (2, ..., 2︸ ︷︷ ︸
i−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−i

) i ≥ 2

xn (2, ..., 2︸ ︷︷ ︸
n−1

, 1) n ≥ 4

y1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

)

yj (1, ..., 1︸ ︷︷ ︸
j−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−j

) j ≥ 2

yn (1, ..., 1︸ ︷︷ ︸
n−1

, 0) n ≥ 4

A (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4
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Figure 3. γr(M(S5)) = 5

Theorem 4. Let T (Sn) be a total star graph with n ≥ 4. The resolving domination number of
T (Sn) is γr(T (Sn)) = n.

Proof. The total star graph is a graph which is connected to the vertex of V (T (Sn)) = {A}∪
{xi, yj ; 1 ≤ i, j ≤ n} and the edge of E(T (Sn)) = {Ayj , Axi, xiyj ; 1 ≤ i, j ≤ n} ∪ {yjyj+k; 1 ≤
j ≤ n − 1, 1 ≤ k ≤ n − j}. Vertex cardinality of |V (T (Sn))| = 2n + 1 and edge cardinality of

|E(T (Sn))| = n2+5n
2 . Maximum degree is ∆(T (Sn)) = n+ 1 and δ(T (Sn)) = 2. The proof order

of resolving domination number T (Sn) consists of upper bound γr(T (Sn)) ≤ n and lower bound
γr(T (Sn)) ≥ n.

In this section, we show the upper bound and the lower bound of resolving domination number
T (Sn). First, we will prove the upper bound of resolving domination number T (Sn) which is
γr(T (Sn)) ≤ n. We choose S = {yj ; 1 ≤ j ≤ n} so that we have vertex representation in T (Sn)
which is different. For the detail, we can see in Table 4. S is also a dominating set because
the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(T (Sn)) ≤ n.

Furthermore, we will prove the lower bound of resolving domination number T (Sn) which is
γr(T (Sn)) ≥ n. Assume that resolving domination number of γr(T (Sn)) < n. Take |W | = n−1.
The total star graph has 2n+ 1 vertex. Because we assume n− 1 vertex are in S so that there
are several placement conditions of graph vertex T (Sn) as follows:

(i) If n−1 vertex are located in yj vertex, there will be one point in xi which is not dominated
by n− 1 vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is not
dominating set.

(ii) If n − 2 vertex are located in yj vertex and 1 point in center vertex, there will be two in
yj not S element so that both points have the same representation because 2 points in yj
have the same distance to several points in T (Sn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of T (Sn) is n. The lower bound of resolving set number of T (Sn) is
γr(T (Sn)) ≥ n. Gives the result, we must have n points dominating in yj ∈ T (Sn). Because we
have proven that γr(T (Sn)) ≤ n and γr(T (Sn)) ≥ n, it can be concluded that γr(T (Sn)) = n.
For an example, resolving domination number of total star graph T (Sn) can be seen in Figure
4.
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Table 4. Representation of v ∈ V (T (Sn)) respect to S
v r(v|S) Condition

x1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

)

xi (2, ..., 2︸ ︷︷ ︸
i−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−i

) i ≥ 2

xn (2, ..., 2︸ ︷︷ ︸
n−1

, 1) n ≥ 4

y1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

)

yj (1, ..., 1︸ ︷︷ ︸
j−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−j

) j ≥ 2

yn (1, ..., 1︸ ︷︷ ︸
n−1

, 0) n ≥ 4

A (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4

Figure 4. γr(T (S5)) = 5

Theorem 5. Let C(Sn) be a central star graph with n ≥ 4. The resolving domination number
of C(Sn) is γr(C(Sn)) = n.

Proof. The central star graph is a graph which is connected to the vertex of V (C(Sn)) =
{A} ∪ {xi, yj ; 1 ≤ i, j ≤ n} and the edge of E(C(Sn)) = {Ayj , xiyj ; 1 ≤ i, j ≤ n} ∪ {xixi+k; 1 ≤
i ≤ n − 1, 1 ≤ k ≤ n − i}. Vertex cardinality of |V (C(Sn))| = 2n + 1 and edge cardinality of

|E(C(Sn))| = n2+3n
2 . Maximum degree is ∆(C(Sn)) = n and δ(C(Sn)) = 2. The proof order of

resolving domination number C(Sn) consists of upper bound γr(C(Sn)) ≤ n and lower bound
γr(C(Sn)) ≥ n.

In this section, we show the upper bound and the lower bound of resolving domination number
C(Sn). First, we will prove the upper bound of resolving domination number C(Sn) which is
γr(C(Sn)) ≤ n. We choose S = {yj ; 1 ≤ j ≤ n} so that we have vertex representation in C(Sn)
which is different. For the detail, we can see in Table 5. S is also a dominating set because
the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(C(Sn)) ≤ n.

Furthermore, we will prove the lower bound of resolving domination number C(Sn) which is
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γr(C(Sn)) ≥ n. Assume that resolving domination number of γr(C(Sn)) < n. Take |W | = n−1.
The central star graph has 2n+ 1 vertex. Because we assume n−1 vertex are in S so that there
are several placement conditions of graph vertex C(Sn) as follows:

(i) If n−1 vertex are located in yj vertex, there will be one point in xi which is not dominated
by n− 1 vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is not
dominating set.

(ii) If n − 2 vertex are located in yj vertex and 1 point in center vertex, there will be two in
yj not S element so that both points have the same representation because 2 points in yj
have the same distance to several points in C(Sn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of C(Sn) is n. The lower bound of resolving set number of C(Sn) is
γr(C(Sn)) ≥ n. Gives the result, we must have n points dominating in yj ∈ C(Sn). Because we
have proven that γr(C(Sn)) ≤ n and γr(C(Sn)) ≥ n, it can be concluded that γr(C(Sn)) = n.
For an example, resolving domination number of central star graph C(Sn) can be seen in Figure
5.

Table 5. Representation of v ∈ V (C(Sn)) respect to S
v r(v|S) Condition

x1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

)

xi (2, ..., 2︸ ︷︷ ︸
i−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−i

) i ≥ 2

xn (2, ..., 2︸ ︷︷ ︸
n−1

, 1) n ≥ 4

y1 (0, 2, ..., 2︸ ︷︷ ︸
n−1

)

yj (2, ..., 2︸ ︷︷ ︸
j−1

, 0, 2, ..., 2︸ ︷︷ ︸
n−j

) j ≥ 2

yn (2, ..., 2︸ ︷︷ ︸
n−1

, 0) n ≥ 4

A (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4

Figure 5. γr(C(S5)) = 5
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Theorem 6. Let Fn be a fan graph with n ≥ 4. The resolving domination number of Fn is
γr(Fn) = dn3 e+ 1.

Proof. The fan graph is a graph which is connected to the vertex of V (Fn) = {A}∪{xi; 1 ≤
i ≤ n} and the edge of E(Fn) = {Axi; 1 ≤ i ≤ n} ∪ {xixi+1; 1 ≤ i ≤ n− 1}. Vertex cardinality
of |V (Fn)| = n + 1 and edge cardinality of |E(Fn)| = 2n − 1. Maximum degree is ∆(Fn) = n
and δ(Fn) = 2. The proof order of resolving domination number Fn consists of upper bound
γr(Fn) ≤ dn3 e+ 1 and lower bound γr(Fn) ≥ dn3 e+ 1.

In this section, we show the upper bound and the lower bound of resolving domination
number Fn. First, we will prove the upper bound of resolving domination number Fn which is
γr(Fn) ≤ dn3 e + 1. We choose S = {xi; 1 ≤ i ≤ n} so that we have vertex representation in Fn

which is different. For the detail, we can see in Table 6. S is also a dominating set because
the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(Fn) ≤ dn3 e+ 1.

Furthermore, we will prove the lower bound of resolving domination number Fn which is
γr(Fn) ≥ dn3 e + 1. Assume that resolving domination number of γr(Fn) < dn3 e + 1. Take
|W | = dn3 e. The fan graph has n + 1 vertex. Because we assume dn3 e vertex are in S so that
there are several placement conditions of graph vertex Fn as follows:

(i) If dn3 e vertex are located in xi vertex, there will be one point in xi which is not dominated
by dn3 e vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is not
dominating set.

(ii) If dn3 e vertex are located in xi vertex and 1 point in center vertex, there will be two in xi
not S element so that both points have the same representation because 2 points in xi have
the same distance to several points in Fn. Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of Fn is dn3 e + 1. The lower bound of resolving set number of Fn

is γr(Fn) ≥ dn3 e + 1. Gives the result, we must have dn3 e + 1 points dominating in xi ∈ Fn.
Because we have proven that γr(Fn) ≤ dn3 e+ 1 and γr(Fn) ≥ dn3 e+ 1, it can be concluded that
γr(Fn) = dn3 e + 1. For an example, resolving domination number of fan graph Fn can be seen
in Figure 6.

Figure 6. γr(F6) = 3

Theorem 7. Let L(Fn) be a line fan graph with n ≥ 4. The resolving domination number of
L(Fn) is γr(L(Fn)) = dn3 e.

Proof. The line fan graph is a graph which is connected to the vertex of V (L(Fn)) =
{xi; 1 ≤ i ≤ n} ∪ {yj ; 1 ≤ j ≤ n + 1} and the edge of E(L(Fn)) = {xixi+1; 1 ≤ i ≤
n − 1} ∪ {xiyj , xiyj+1, yjyj+1; 1 ≤ i, j ≤ n} ∪ {yjyj+k; 1 ≤ j ≤ n − 1, 2 ≤ k ≤ n − i}. Vertex

cardinality of |V (L(Fn))| = 2n + 1 and edge cardinality of |E(L(Fn))| = n2+7n−2
2 . Maximum

degree is ∆(L(Fn)) = n+ 2 and δ(L(Fn)) = 3. The proof order of resolving domination number
L(Fn) consists of upper bound γr(L(Fn)) ≤ dn3 e and lower bound γr(L(Fn)) ≥ dn3 e.
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Table 6. Representation of v ∈ V (Fn) respect to S
v r(v|S) Condition

x1 (1, 2, ..., 2︸ ︷︷ ︸
bn
2
c−1

) n ≥ 4

xi (2, ..., 2︸ ︷︷ ︸
i−2

, 0, 2, ..., 2︸ ︷︷ ︸
|dn

3
e−i+1|

) i even

xi (2, ..., 2︸ ︷︷ ︸
i−3

, 1, 1, 2, ..., 2︸ ︷︷ ︸
dn
2
e−i+1

) i odd

xn−1 (2, ..., 2︸ ︷︷ ︸
n
2
−2

, 1, 1) n even

xn−1 (2, ..., 2︸ ︷︷ ︸
dn
2
e−2

, 0) n odd

xn (2, ..., 2︸ ︷︷ ︸
n
2
−2

, 0) n even

xn (2, ..., 2︸ ︷︷ ︸
dn
2
e−2

, 1) n odd

A (1, ..., 1︸ ︷︷ ︸
dn
3
e

) n ≥ 4

In this section, we show the upper bound and the lower bound of resolving domination number
L(Fn). First, we will prove the upper bound of resolving domination number L(Fn) which is
γr(L(Fn)) ≤ dn3 e. We choose S = {yj ; 1 ≤ i ≤ n} so that we have vertex representation in L(Fn)
which is different. For the detail, we can see in Table 7. S is also a dominating set because
the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(L(Fn)) ≤ dn3 e.

Furthermore, we will prove the lower bound of resolving domination number L(Fn) which
is γr(L(Fn)) ≥ dn3 e. Assume that resolving domination number of γr(L(Fn)) < dn3 e. Take
|W | = dn3 e − 1. The line fan graph has 2n+ 1 vertex. Because we assume dn3 e − 1 vertex are in
S so that there are several placement conditions of graph vertex L(Fn) as follows:

(i) If dn3 e−1 vertex are located in yj vertex, there will be one point in xi which is not dominated
by dn3 e − 1 vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is
not dominating set.

(ii) If dn3 e − 1 vertex are located in yj vertex, there will be two in yj not S element so that
both points have the same representation because 2 points in yj have the same distance to
several points in L(Fn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of L(Fn) is dn3 e. The lower bound of resolving set number of L(Fn)
is γr(Fn) ≥ dn3 e. Gives the result, we must have dn3 e points dominating in yi ∈ L(Fn).
Because we have proven that γr(L(Fn)) ≤ dn3 e and γr(L(Fn)) ≥ dn3 e, it can be concluded
that γr(L(Fn)) = dn3 e. For an example, resolving domination number of line fan graph L(Fn)
can be seen in Figure 7.

Theorem 8. Let M(Fn) be a middle fan graph with n ≥ 4. The resolving domination number
of M(Fn) is γr(M(Fn)) = dn3 e.

Proof. The middle fan graph is a graph which is connected to the vertex of V (M(Fn)) =
{A} ∪ {xi, yj ; 1 ≤ i, j ≤ n} ∪ {zl; 1 ≤ l ≤ n − 1} and the edge of E(M(Fn)) = {Axi, xiyj ; 1 ≤
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Table 7. Representation of v ∈ V (L(Fn)) respect to S
v r(v|S) Condition

x1 (1, 1, 2, ..., 2︸ ︷︷ ︸
n−2

)

xi (2, ..., 2︸ ︷︷ ︸
i−1

, 1, 1, 2, ..., 2︸ ︷︷ ︸
n−i−1

) i ≥ 2

xn (2, ..., 2︸ ︷︷ ︸
n−1

, 1) n ≥ 4

y1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

)

yj (1, ..., 1︸ ︷︷ ︸
j−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−j

) j ≥ 2

yn (1, ..., 1︸ ︷︷ ︸
n−1

, 0) n ≥ 4

yn+1 (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4

Figure 7. γr(L(F4)) = 3

i, j ≤ n}∪ {xixi+1, xizl, xi+1zj , yjzl, zlyj+1; 1 ≤ i, j, l ≤ n− 1}∪ {zlzl+1, xixi+2; 1 ≤ i, l ≤ n− 2}.
Vertex cardinality of |V (M(Fn))| = 3n and edge cardinality of |E(M(Fn))| = 9n−9. Maximum
degree is

∆(M(Fn)) =

{
7; for n ≤ 7
n; for n > 7

and δ(M(Fn)) = 2. The proof order of resolving domination number M(Fn) consists of upper
bound γr(M(Fn)) ≤ dn3 e and lower bound γr(M(Fn)) ≥ dn3 e.

In this section, we show the upper bound and the lower bound of resolving domination number
M(Fn). First, we will prove the upper bound of resolving domination number M(Fn) which
is γr(M(Fn)) ≤ dn3 e. We choose S = {xi; 1 ≤ i ≤ n} so that we have vertex representation
in M(Fn) which is different. For the detail, we can see in Table 8. S is also a dominating set
because the vertex in S dominates the vertex which is not in S, so that S is resolving dominating
set. Therefore, it can be concluded that γr(M(Fn)) ≤ dn3 e.

Furthermore, we will prove the lower bound of resolving domination number M(Fn) which
is γr(M(Fn)) ≥ dn3 e. Assume that resolving domination number of γr(M(Fn)) < dn3 e. Take
|W | = dn3 e − 1. The middle fan graph has 3n vertex. Because we assume dn3 e − 1 vertex are in
S so that there are several placement conditions of graph vertex M(Fn) as follows:

(i) If dn3 e−1 vertex are located in xi vertex, there will be one point in yj which is not dominated
by dn3 e − 1 vertex in S, because the vertex in the yj is not adjacent. Thus, the set of S is
not dominating set.
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(ii) If dn3 e − 2 vertex are located in xi vertex, there will be two in xi not S element so that
both points have the same representation because 2 points in xi have the same distance to
several points in M(Fn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of M(Fn) is dn3 e. The lower bound of resolving set number of M(Fn)
is γr(M(Fn)) ≥ dn3 e. Gives the result, we must have dn3 e points dominating in xi ∈ M(Fn).
Because we have proven that γr(M(Fn)) ≤ dn3 e and γr(M(Fn)) ≥ dn3 e, it can be concluded that
γr(M(Fn)) = dn3 e. For an example, resolving domination number of middle fan graph M(Fn)
can be seen in Figure 8.

Table 8. Representation of v ∈ V (M(Fn)) respect to S
v r(v|S) Condition

x1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

)

xi (1, ..., 1︸ ︷︷ ︸
i−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−i

) i ≥ 2

xn (1, ..., 1︸ ︷︷ ︸
n−1

, 0)

y1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

)

yj (2, ..., 2︸ ︷︷ ︸
j−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−j

) j ≥ 2

yn (2, ..., 2︸ ︷︷ ︸
n−1

, 1)

z1 (1, 1, 2, ..., 2︸ ︷︷ ︸
n−2

)

zl (2, ..., 2︸ ︷︷ ︸
l−1

, 1, 1, 2, ..., 2︸ ︷︷ ︸
n−l−1

) l ≥ 2

zn (2, ..., 2︸ ︷︷ ︸
n−2

, 1, 1)

A (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4

Theorem 9. Let T (Fn) be a total fan graph with n ≥ 4. The resolving domination number of
T (Fn) is γr(T (Fn)) = dn3 e.

Proof. The total fan graph is a graph which is connected to the vertex of V (T (Fn)) =
{A} ∪ {xi, yj ; 1 ≤ i, j ≤ n} ∪ {zl; 1 ≤ l ≤ n − 1} and the edge of E(T (Fn)) = {Axi, xiyj ; 1 ≤
i, j ≤ n} ∪ {xixi+2, zlzl+1; 1 ≤ i, l ≤ n − 2} ∪ {xixi+1, zlyj+1, yjyj+1, yjzl, xizl, xi+1zl; 1 ≤
i, j, l ≤ n − 1} ∪ {Ayj , Ayn}. Vertex cardinality of |V (T (Fn))| = 3n and edge cardinality of
|E(T (Fn))| = 10n − 8. Maximum degree is ∆(T (Fn)) = n + 2 and δ(T (Fn)) = 4. The proof
order of resolving domination number T (Fn) consists of upper bound γr(T (Fn)) ≤ dn3 e and lower
bound γr(T (Fn)) ≥ dn3 e.

In this section, we show the upper bound and the lower bound of resolving domination number
T (Fn). First, we will prove the upper bound of resolving domination number T (Fn) which is
γr(T (Fn)) ≤ dn3 e. We choose S = {xi; 1 ≤ i ≤ n} so that we have vertex representation in T (Fn)
which is different. For the detail, we can see in Table 9. S is also a dominating set because
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Figure 8. γr(M(F4)) = 4

the vertex in S dominates the vertex which is not in S, so that S is resolving dominating set.
Therefore, it can be concluded that γr(T (Fn)) ≤ dn3 e.

Furthermore, we will prove the lower bound of resolving domination number T (Fn) which
is γr(T (Fn)) ≥ dn3 e. Assume that resolving domination number of γr(T (Fn)) < dn3 e. Take
|W | = dn3 e − 1. The total fan graph has 3n vertex. Because we assume dn3 e − 1 vertex are in S
so that there are several placement conditions of graph vertex T (Fn) as follows:

(i) If dn3 e−1 vertex are located in xi vertex, there will be one point in yj which is not dominated
by dn3 e − 1 vertex in S, because the vertex in the yj is not adjacent. Thus, the set of S is
not dominating set.

(ii) If dn3 e − 2 vertex are located in xi vertex, there will be two in xi not S element so that
both points have the same representation because 2 points in xi have the same distance to
several points in T (Fn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of T (Fn) is dn3 e. The lower bound of resolving set number of T (Fn)
is γr(T (Fn)) ≥ dn3 e. Gives the result, we must have dn3 e points dominating in xi ∈ M(Fn).
Because we have proven that γr(T (Fn)) ≤ dn3 e and γr(T (Fn)) ≥ dn3 e, it can be concluded that
γr(T (Fn)) = dn3 e. For an example, resolving domination number of total fan graph T (Fn) can
be seen in Figure 9.

Theorem 10. Let C(Fn) be a central fan graph with n ≥ 4. The resolving domination number
of C(Fn) is γr(C(Fn)) = dn3 e.

Proof. The central fan graph is a graph which is connected to the vertex of V (C(Fn)) =
{A} ∪ {xi, yj ; 1 ≤ i, j ≤ n} ∪ {zl; 1 ≤ l ≤ n − 1} and the edge of E(C(Fn)) = {Axi, xiyj ; 1 ≤
i, j ≤ n} ∪ {yjzl, zlyj+1; 1 ≤ j, l ≤ n − 1} ∪ {yjyj+k : 1 ≤ j ≤ n − 2, 2 ≤ k ≤ n − i}. Vertex

cardinality of |V (T (Fn))| = 3n and edge cardinality of |E(C(Fn))| = n2+5n−2
2 . Maximum degree

is ∆(C(Fn)) = n and δ(C(Fn)) = 2. The proof order of resolving domination number C(Fn)
consists of upper bound γr(C(Fn)) ≤ dn3 e and lower bound γr(C(Fn)) ≥ dn3 e.

In this section, we show the upper bound and the lower bound of resolving domination number
C(Fn). First, we will prove the upper bound of resolving domination number C(Fn) which is
γr(C(Fn)) ≤ dn3 e. We choose S = {yj ; 1 ≤ i ≤ n} ∪ {A} so that we have vertex representation
in T (Fn) which is different. For the detail, we can see in Table 10. S is also a dominating set
because the vertex in S dominates the vertex which is not in S, so that S is resolving dominating
set. Therefore, it can be concluded that γr(C(Fn)) ≤ dn3 e.
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Table 9. Representation of v ∈ V (T (Fn)) respect to S
v r(v|S) Condition

x1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

) n ≥ 4

xi (1, ..., 1︸ ︷︷ ︸
i−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−i

) i ≥ 2

xn (1, ..., 1︸ ︷︷ ︸
n−1

, 0)

y1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

) n ≥ 4

yj (2, ..., 2︸ ︷︷ ︸
j−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−j

) j ≥ 2

yn (2, ..., 2︸ ︷︷ ︸
n−1

, 1)

z1 (1, 1, 2, ..., 2︸ ︷︷ ︸
n−2

)

zl (2, ..., 2︸ ︷︷ ︸
l−1

, 1, 1, 2, ..., 2︸ ︷︷ ︸
n−l−1

) l ≥ 2

zn (2, ..., 2︸ ︷︷ ︸
n−2

, 1, 1)

A (1, ..., 1︸ ︷︷ ︸
n

) n ≥ 4

Figure 9. γr(T (F4)) = 4

Furthermore, we will prove the lower bound of resolving domination number C(Fn) which
is γr(C(Fn)) ≥ dn3 e. Assume that resolving domination number of γr(C(Fn)) < dn3 e. Take
|W | = dn3 e − 1. The central fan graph has 3n vertex. Because we assume dn3 e − 1 vertex are in
S so that there are several placement conditions of graph vertex TC(Fn) as follows:

(i) If dn3 e−1 vertex are located in yj vertex, there will be one point in xi which is not dominated
by dn3 e − 1 vertex in S, because the vertex in the xi is not adjacent. Thus, the set of S is
not dominating set.

(ii) If dn3 e − 2 vertex are located in yj vertex, there will be two in yj not S element so that
both points have the same representation because 2 points in yj have the same distance to
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several points in C(Fn). Thus, the set of S is not resolving set.

Based on (i) and (ii) cases S is not resolving dominating set. Thus, the cardinality of
resolving dominating set of C(Fn) is dn3 e. The lower bound of resolving set number of C(Fn)
is γr(C(Fn)) ≥ dn3 e. Gives the result, we must have dn3 e points dominating in xi ∈ M(Fn).
Because we have proven that γr(C(Fn)) ≤ dn3 e and γr(C(Fn)) ≥ dn3 e, it can be concluded that
γr(C(Fn)) = dn3 e. For an example, resolving domination number of central fan graph C(Fn) can
be seen in Figure 10.

Table 10. Representation of v ∈ V (C(Fn)) respect to S
v r(v|S) Condition

x1 (0, 1, ..., 1︸ ︷︷ ︸
n−1

) n ≥ 4

xi (1, ..., 1︸ ︷︷ ︸
i−1

, 0, 1, ..., 1︸ ︷︷ ︸
n−i

) i ≥ 2

xn (1, ..., 1︸ ︷︷ ︸
n−1

, 0)

y1 (1, 2, ..., 2︸ ︷︷ ︸
n−1

)

yj (2, ..., 2︸ ︷︷ ︸
j−1

, 1, 2, ..., 2︸ ︷︷ ︸
n−j

) j ≥ 2

yn (2, ..., 2︸ ︷︷ ︸
n−1

, 1)

z1 (1, 1, 2, ..., 2︸ ︷︷ ︸
n−2

)

zl (2, ..., 2︸ ︷︷ ︸
l−1

, 1, 1, 2, ..., 2︸ ︷︷ ︸
n−l−1

) l ≥ 2

zn (2, ..., 2︸ ︷︷ ︸
n−2

, 1, 1)

A (0, 2, ..., 2︸ ︷︷ ︸
n

) n ≥ 4

Figure 10. γr(C(F4)) = 5
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3. Conclusion
In this research, we have analyze of resolving domination number of star graph (Sn) and fan
graph (Fn). Based on research γr(Sn) = n, γr(L(Sn)) = n− 1, γr(M(Sn)) = n, γr(T (Sn)) = n,
γr(C(Sn)) = n, γr(Fn) = dn3 e + 1, γr(L(Fn)) = dn3 e, γr(M(Fn)) = dn3 e, γr(T (Fn)) = dn3 e, and
γr(C(Fn)) = dn3 e. The open problem of this research is:

Open Problem 1. Let G be any connected graph, determine the edge resolving domination
number of any graph G.
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