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Abstract. We investigate the renormalization structure of the scalar Galileon model in flat
spacetime by calculating the one-loop divergences in a closed geometric form. The geomet-
ric formulation is based on the definition of an effective Galileon metric and allows to apply
known heat-kernel techniques. The result for the one-loop divergences is compactly expressed
in terms of curvature invariants of the effective Galileon metric and corresponds to a resum-
mation of the divergent one-loop contributions of all n-point functions. The divergent part
of the one-loop effective action therefore serves as generating functional for arbitrary n-point
counterterms. We discuss our result within the Galileon effective field theory and give a brief
outlook on extensions to more general Galileon models in curved spacetime.
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1 Introduction

Many alternative theories of gravity invoke new dynamical degrees of freedom. In the geo-
metrical framework these fields manifest themselves either through torsion or non-metricity,
whereas in the field theoretical framework they appear as additional scalar, vector and tensor
fields [1, 2]. Generalized vector field models in cosmology have been investigated in [1-11].
The renormalization structure of the generalized Proca theory in curved spacetime has been
discussed in [12-18]. The simplest models with an additional propagating degree of freedom,
are scalar-tensor theories and geometric modifications such as f(R) gravity, see e.g. [19-
22]. The renormalization structure of these models on a general curved background in the
one-loop approximation has been discussed in [23-30].

A special class of effective field theories, the Galileon model, arises in the decoupling
limit of the prominent theories of DGP [31], massive gravity [32] and generalized Proca [7-9].
The inception of the non-linear interactions of the helicity-0 mode in the decoupling limit of
the DGP model has motivated the construction of more general Galilean invariant interac-
tions [33, 34]. In the higher dimensional brane-world scenario the invariance under internal
Galilean and shift transformations is just a reminiscent of the five dimensional Poincaré



invariance. Independent of the specific embedding, from a four dimensional effective field
theory perspective, one can attempt to build the most general Lagrangian for the Galileon
scalar field, which gives rise to second-order equations of motion and is invariant under
the Galilean transformation. The absence of higher order equations of motion ensures the
absence of propagating ghost degrees of freedom. In four dimensional spacetime the con-
struction allows only five non-trivial tree-level operators of the Galileon scalar field, which
undergo a relative tuning among themselves in order to guarantee the second-order nature
of the equations of motion. For the validity of the effective field theory, a detuning of the
relative coefficients should not happen below the cutoff scale of the theory. While this is not
the case for the scalar Galileon in flat spacetime, it becomes relevant in the generalization to
curved space.

Various aspects of the scalar Galileon at the quantum level have been studied previ-
ously in [7, 27, 35-44]. The derivation of counterterms in the MS scheme only requires the
calculation of the ultraviolet (UV) divergent part for which there are very efficient special-
ized methods. In [37], the one-loop effective action in position space was expanded up to
quadratic powers of the Galileon field and the calculation reduced to a sum of universal
functional traces introduced in the context of the generalized Schwinger-DeWitt formalism
in [45]. The authors of [37] also performed a complementary calculation by traditional Feyn-
man diagrammatic methods, see e.g. [46] for a review on these Feyanman diagrammatic
methods. In, [41] the divergent part of the on-shell one-loop 4-point amplitude (which in-
cludes the on-shell contributions to the divergent 1PI one-loop diagrams) has been calculated
by modern on-shell methods, which are in particular efficient for a high number of external
legs, see e.g. [47, 48] for intorductionary reviews on these techniques. These results were
generalized in [44]. Based on the implementation of the recently proposed combinatoric algo-
rithm, specifically designed for the extraction of the UV divergent contributions of Feynman
integrals for higher derivative theories [49], the UV divergent contributions to the Galileon
off-shell one-loop n-point correlation functions have been calculated in [44] up to n = 5.

In this paper we generalize these results to arbitrary n-point functions by a geometrical
formulation. Beside diagrammatic momentum space methods, which are mainly used in the
context of particle physics related calculations in flat spacetime, a very efficient approach
to extract the one-loop divergences in curved spacetime is based on the combination of the
background field method and the heat-kernel technique [45, 50-56]. The main strengths of
this approach are its manifest covariance and its universality. Moreover, for quantum field
theories with minimal second-order fluctuation operator, the Schwinger-deWitt technique
provides a closed algorithm for the calculation of the divergent part of the one-loop effective
action [45, 57]. In the geometric reformulation of this paper, we define an effective Galileon
metric constructed from derivatives of the scalar Galileon field. This effective metric, and the
associated metric compatible connection define a generalized Laplacian in terms of which the
Galileon fluctuation operator can be written as a minimal second-order operator. For this
operator, the Schwinger-DeWitt method is directly applicable and the divergent part of the
one-loop effective action is obtained in terms of geometrical invariants constructed from the
effective Galileon metric and corresponds to a resummation of the divergent contributions of
all n-point correlation functions. The divergent part of the one-loop effective action therefore
serves as generating functional from which arbitrary n-point one-loop counterterms can be
derived by successive functional differentiation.

The article is structured as follows: in section 2 we introduce the scalar Galileon model.
In section 3 we derive the effective Galielon metric and its associated generalized Laplacian.



We express the fluctuation operator of the Galileon action as a covariant minimal second-
order operator and make use of the Schwinger-DeWitt technique to calculate the divergent
part of the one-loop effective action in terms of geometric invariants constructed from the
effective Galileon metric. In section 4 we discuss the role of the geometrically defined one-loop
effective action as generating functional for arbitrary n-point counterterms. In section 5, we
discuss how the geometrically defined effective action can be understood as a resummation
of all one-loop n-point divergences in the context of the Galileon effective field theory. We
conclude in section 6 and give a brief outlook on possible generalization in curved spacetime.

Technical details are collected in several appendices. In appendix A, we provide the
expansion of the one-loop effective action up to fourth order in the perturbation of the
inverse effective Galileon metric. Based on the results derived in appendix A, we derive
the expansion of the one-loop effective action up to fourth order in the Galileon field in
appendix B. In appendix C we perform several crosschecks with results previously obtained
in the literature.

2 Galileon model

The action functional for the Galileon scalar field 7(x) in d = 4 flat Euclidean space M with
metric g, = 0,, = diag(1,1,1,1) reads’
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The second derivatives are defined as the symmetric tensor
T = 0u0, . (2.6)
The Galileon field and the partial derivatives have mass dimension [7] = [0,] = 1 (in natural

units) and the operators (2.2)—(2.5) are expressed in units of the mass scale M such that
the coupling constants ¢; are dimensionless numbers. Since the Galileon action only involves
derivative interactions, it is obviously invariant under shift symmetries 7 — 7 + ¢ with a
constant ¢. Modulo total derivatives, (2.1) is even invariant under the larger class of Galilei
transformations with a constant vector v,

T — 7+ c+uv,at. 2.7
m

This invariance is responsible for the particular structure of the Galileon interactions (2.2)—
(2.5) and ensures that, despite the presence of higher derivative terms, the field equations
are of second-order and no ghost-like excitations appear in the spectrum.

'"We neglect tadpole contributions £1 = ¢; M7 and use the freedom in redefining (rescaling) the Galileon
field and the couplings ¢; to choose c2 = 1/12 such that the kinetic term is canonically normalized.



3 One-loop effective action
We split the Galileon field into background plus perturbation
m(x) = 7(x) + om(x). (3.1)
The one-loop contribution to the Euclidean effective action is given by
Ty [(m)] = %Trlnp(aﬂcw(x,x/). (3.2)

The scalar second-order fluctuation operator F'(9) is defined by the Hessian
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Within the one-loop approximation (3.2), the mean field (7) might be identified with the
background field 7. In what follows we omit the bar indicating a background quantity. As
indicated by the superscript, the derivatives 9 in (3.3) act on the first argument x of the
delta function. The symmetric tensor (G_l)“ " is defined in terms of the Galileon field by
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The structure of the operator (3.3) naturally suggests to identify (G_l) " with the inverse

of an “effective Galileon metric” G, defined in terms of (3.4) via
—1\pV
Gup (GTH)7 =4, (3.5)
The Galileon metric G, is assumed to be positive definite to ensure its non-degeneracy?

det(G) # 0. (3.6)

While G, is not compatible with d,,, the particular structure of (3.4) leads to the important
property that (Gil)“ " is divergence-free

9, (G™H" =o0. (3.7)

The effective Galileon metric (3.4) defines the required geometric structure for an application
of the covariant heat-kernel techniques for the fluctuation operator (3.3).

3.1 Covariant reformulation in terms of a minimal second-order operator

We define V/Cj to be the torsion-free covariant derivative compatible with G, ,

[v;(j? V?](b =0, V?’Gm/ =0, (3.8)

ZPositive definitness requires all eigenvalues of G, to be positive. Since the eigenvalues are functions of
the ¢;, the condition of positive definiteness implies constraints on the c¢;.



for some scalar field ¢(z). Clearly the connection I'”,,(G) associated to V¢ reads

A G
I ,uy(G) = T (8MGJV + al/GO';L - ao'Gp,V) . (39)

From now on, we lower and raise indices exclusively with G, and (G_l)“ ", respectively. We
define the positive definite covariant Laplacian as

Ag=— (G ViVE. (3.10)
When the Laplacian Ag acts on scalars, it is related to the fluctuation operator (3.3) by

F(0) =— (G 0,0, = Ac — (G T, (G)VS. (3.11)

In addition, we define the “bundle connection” acting on scalars

D (S I X (3.12)

DN |

Combining (3.11) with (3.12), the operator (3.10) can be expressed in the covariant form
F(VY) = Ag —25°V§. (3.13)
In terms of D, := Vf + G, X", the operator (3.13) acquires the minimal second-order form
F(D)=-D,D" + P. (3.14)

The terms resulting from the redefinition V& — D are absorbed in the potential part P,
P:=Vos 45,57, (3.15)

The bundle curvature R, vanishes due to the antisymmetry and the scalar nature of ,
Ruwm = [Dy, D)1 = 0. (3.16)

3.2 Final result of the one-loop divergences in a closed form

For the minimal second-order operator (3.14), the Schwinger-DeWitt algorithm is directly ap-
plicable and the one-loop divergences are expressed in a closed form in terms of the quadratic
curvature invariants of the effective Galileon metric G, and the potential P,

el = - § [ ateder@2 {5 (67D (67 Ru(@)R(©)
1 1 1 X(M)
+1—20R2(G) — 6R(G)P(G) + 2P2(G)} ST (3.17)

In (3.17) we have absorbed the pole in dimension 1/ with the factor 1/(4m)? in the definition

(3.18)



The Euler characteristic x(M) of the manifold M in d = 4 dimensions is a topological term,
independent of the metric G, and defined in terms of the Gauss-Bonnet invariant G,

M) = 321”2 /M 4z det(G)V26(G), (3.19)
G(G) = Rypp (G)RMP7(G) — AR, (G)R™(G) + R2(G). (3.20)

The one-loop divergences (3.17) for the scalar Galileon (2.1) expressed in terms of curvature
invariants of the effective Galileon metric (3.4) constitutes our main result. It corresponds
to a particular resummation of all n-point off-shell one-loop divergences and expressed in
terms of curvature invariants of the effective Galileon metric. This generalizes previous re-
sults, obtained for the divergent part of the off-shell 2-point function [37], the on-shell 4-point
function [41] and the off-shell n-point functions for n = 1,...,5 [44]. As discussed in more
detail in section 4, the results for a given n-point function can be recovered from the geo-
metrically defined one-loop effective action by n-fold functional differentiation. Hence, (3.17)
serves as generating functional for all one-loop counterterms.

Several non-trivial checks of (3.17) are provided in appendix C by comparing the
results for n-point functions, obtained from a systematic expansion of the generating
functional (3.17), with the results obtained by direct Feynman diagrammatic calcula-
tions [37, 41, 44].

4 Generating functional of one-loop n-point counterterms

The result for the divergent part of the one-loop effective action (3.17) serves as generating
functional for the one-loop counterterms of arbitrary high n-point correlation functions

. 5nrdiv [7T]
div 1
... n = . 4.1
<7T(:L'1) ﬂ'(i' )> 57T(l‘1) o (57’((.%'”) o ( )
We first expand (3.17) up to the nth power of the perturbations of the inverse metric?
(G = (G "+ ¢rup. (4.2)
k=1

The inverse “background metric” (@_1)“ " is defined by (3.4) for vanishing mean field 7 = 0,

(G*l)/“/ = (Gil)uy |7T:0 = _&Wv G}U/ = G},Ll/’ﬂ':() = _5;“/- (43)

The one-loop divergences (3.17) expanded up to O (§") are given by the series

n

rv =3 ey

k=0

o (4.4)

3Instead of performing the expansion of (3.17) via the “chain-rule”, by using first expanding in pertur-
bations of the inverse metric (4.2) and subsequently express the inverse metric perturbations in terms of the
perturbations of the Galileon field 7, the geometric invariants in (3.17) could be first expressed in terms of the
Galileon field and the functional derivatives taken with respect to . The explicit expression for the geometric
invariants in terms of derivatives of the Galileon field can e.g. be obtained via the Cayley-Hamilton theorem.



where F‘ff,‘c’ is the k-th variation of (3.17) with respect to (G~1)" around (G—1)""

9

i 1 i
Iy = o g T (4.5)

G-1=G-1’

The k-th perturbation H}"” is expressed in terms of the linear perturbations 67 by (3.4),

HY = (@Y . Hy=H"G., k>1 (4.6)

=0

v
)

The perturbations H.” inherit the important property (3.7) of (G~1)"
9, H" = 0. (4.7)

Since the divergent part of the one-loop effective action (3.17) is quadratic in curvatures, the
zeroth and first order of the expansion F‘lif(‘)’ and F‘lifi’ vanish for 7 = 0 (corresponding to a flat
Galileon background metric). For the same reason, only perturbations up to H ,’:Zl enter the
According to (3.4), (G_l)u “ is a third-order polynomial in 7. Consequently,
the H}” are vanishing for k > 4. The explicit expressions for the non-vanishing H}” in terms
of dm read

expansion F(lh;c’.

H = 2 5 (—Pom) + (00" 6m) | (4.8)
HY = 2]\% [ — 2(810Pom) (0" 0,0m) — 2 (940" 6r) (—0%67)
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Indices in (4.8)—(4.10) are raised and lowered with ,, and —9? := —§"9,0, defines the

positive definite Laplacian. The one-loop counterterms for a given n-point function in terms
of the Galileon field 7 are obtained from the geometric result (3.17) by inserting (4.8)—(4.10)
in the expansion (4.4). We explicitly demonstrate the results of the expansion (4.4) up to
fourth order in the H ,‘: Y in appendix A and provide the off-shell one-loop n-point function
up to n = 4, i.e. up to fourth order in 7 in appendix B.

5 Renormalization and Galileon effective field theory

The Galileon theory (2.1) is perturbatively non-renormalizable and hence has to be considered
as effective field theory (EFT). It is clear that the shift symmetry @ — 7 + ¢ prevents
any monomial interactions 7"/M"~* from being radiatively generated — only derivative
interactions 9"7™/M"*+™~4 are generated. In particular, already the first loop corrections
only induce operators with at least second derivatives per field. These terms automatically



satisfy the Galileon symmetry (2.7). Moreover, since these operators carry higher derivatives
per field than the tree-level operators in the defining Galileon action (2.1), it is clear that the
operators in (2.2)—(2.5) are not renormalized. Nevertheless, the consistent renormalization
of the Galileon effective field theory requires to take these higher derivative operators into
account in a systematic way.

As noted in [35] and later in [39, 40], the general structure of the divergent part of the
one-loop effective action in d = 4 has the schematic form (suppressing the index structure)

k
Y = [ d'e) | M*+ M?0% + 9 log PN (L (5.1)
1 k M2 M3 . .

In dimensional regularization only the last term in (5.1) survives.* Similar to the discussion
in [35, 44] and by inspection of the structure (5.1), there are two dimensionless parameters
which control the hierarchy among different operators in the Galileon effective field theory
expansion

9?2 o 0%
M2’ R VER

The “classical” parameter 052, is related to the powers of derivatives per fields, i.e. for a fixed
power of 052, the parameter g2, counts the non-linearity of the theory, while the “quantum”
parameter oy is related to the number of derivatives and hence, for a fixed power of oy,
might be associated with the loop order. In fact, for phenomenological reliability of the
Galileon model classical solutions with 9?7 /M3 ~ 1 exist, while quantum corrections are
still under control 9?/M? < 1 [35]. In terms of this classification, the one-loop result (3.17),
expressed in terms of curvature invariants of the effective Galileon metric (3.4), corresponds
to a geometric resummation of operators with an arbitrary number of fields, but a fixed
number of derivatives per fields, i.e. arbitrary powers of o2, but fixed powers of gg2. In the
absence of a UV completion or any heavy massive degree of freedom of a more fundamental
theory, which, when integrated out, would set a natural cutoff scale for the validity of the
resulting low energy effective Galileon theory, the only natural cutoff scale A in the EFT
expansion is the a priori unknown mass scale M entering the Galileon action (2.1).

Compared to the standard effective field theory expansion, the Galileon effective field
theory is organized in a rather unusual way. Neither the naive expansion in inverse powers of
the mass scale M, nor the expansion in powers of derivatives 0, nor the expansion in powers
of the field 7w provide a correct expansion scheme according to which the higher derivative
operators in the Galileon effective field theory are ordered. The relevant parameter which
organizes the Galileon EFT expansion is given by

06 = e — 1/240 (5.3)

“Dimensional regularization annihilates all power-law divergences and is only sensitive to the logarithmic
divergences. Nevertheless, power law divergences which would arise in a different regularization scheme within
the one-loop approximation of the Galileon in d = 4, might still be calculate in dimensional regularization by
“dimensional reduction”, i.e. quadratic divergences in d = 4 are formally related to logarithmic divergences
in d = 2 and quartic divergences in d = 4 to logarithmic divergences in d = 0. In terms of the heat-
kernel, logarithmically divergent contributions in lower dimensions are proportional to the integrated trace
of the coincidence limit of the lower order Schwinger-DeWitt coefficient. Thus, in the case of the Galileon
action (2.1) with effective Galileon metric (3.4), these divergences should again be expressible in a resummed
way in terms of geometric invariants proportional to [ d*zdet(G)'/? [P(G) — R(G)/6] and [ d*zdet(G)'/?,
respectively.

(5.2)
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and is determined by the structure of the corresponding operators with the number of 7
fields #, and the number of derivatives #g. Within this expansion scheme, all tree-level
derivative interactions (2.2)—(2.5), which define the low-energy limit of the Galileon EFT
and hence the propagating degrees of freedom, are on equal footing, i.e. have og = 1.°
Moreover, the higher dimensional operators induced by the one-loop divergences all have
a homogeneous power og = —2. In particular, all n-point operators which arise form the
expansion of the geometrically resummed invariants when expressed in terms of the Galileon
field m have this property, i.e. share the same og. By construction, this follows from the
homogeneous og = 0 scaling of the terms which define the effective Galileon metric (3.4)
and the fact that the resummed one-loop divergences (3.17) only involve terms proportional
to curvatures squared (the potential P also counts as curvature) and hence involve four
additional derivatives compared to the tree-level interactions, in agreement with the structure
of the logarithmic divergences in (5.1). Thus, this counting scheme is consistent with the
geometric resummation, i.e. allowing for arbitrary powers of g2, but restrict to a fixed power
of 052 consistent with the one-loop approximation.

Although different in nature, the geometric resummation discussed here in the con-
text of the Galileon theory shares some similarities to the situation in General Relativity
(GR) in the following sense: in GR, starting from the linearized theory for a spin-2 particle
propagating on flat spacetime, without knowledge of the full non-linear theory, symmetry
(diffeomorphisms) dictates how to consistently add non-linear self-interactions in an itera-
tive way. Resummation of these non-linearities into curvatures (which are invariant under
infinitessimal diffeomorphisms) recovers the full, non-linear theory of GR along with its ge-
ometric interpretation [58]. Since the linear theory is a second-order derivative theory, also
all non-linear self-interactions only include up to two derivatives (a cosmological constant re-
summes into \/—g). Since, each curvature comes with two derivatives, the resummed theory
(GR) must be linear in curvature. Since the only linear curvature invariant is the Ricci scalar,
this procedure uniquely results into the Einstein-Hilbert operator \/—gR. This resummation
of non-linearities is purely classical and leads to the exact full non-linear classical theory of
GR. It has nothing to do with the EFT description of gravity, in which classically marginal
and irrelevant higher dimensional operators (which are of course also constraint by diffeo-
morphism invariance and locality and have the form of scalar invariants constructed from
powers of curvatures and covariant derivatives thereof) are added to the Einstein-Hilbert term
and treated as perturbations. Since GR is perturbatively non-renormalizable, this implies
that at each order in the perturbative expansion new counterterms are required to cancel
the ultraviolet divergences. It can be shown that these counterterms also respect the un-
derlying diffeomorphism invariance and have the structure of local curvature invariants, see
e.g. [59-61]. Despite the formal similarity of the geometric resummation of non-linear inter-
action terms, the geometric resummation of the one-loop divergences in the Galileon (3.17)
has a different origin and results from the particular structure of the Galileon fluctuation
operator (3.3) which suggests a covariant reformulation in terms of the effective Galileon
metric (3.4). Thus, the only analogy of the resummation of the one-loop UV divergences in
the Galileon and the (classical) resummation in GR is that both resum into curvatures. A
priori, the resummation of the Galileon one-loop divergences could have been very different,

®The tree-level operators (2.2)—(2.5) are the lowest dimensional operators which satisfy the defining Galileon
symmetry (2.7) in a non-trivial way. This implies that the low-energy limit of the Galileon EFT is defined by
all kinetic operators L2 — L5 and not by the standard kinetic term Lo with the higher derivative terms L3 — L5
treated as perturbations. Otherwise, there would already be a hierarchy among the operators in (2.1).



i.e. without knowledege of the effective geometric structure defined by the Galileon met-
ric (3.4), the particular structure of the one-loop divergences in terms of quadratic curvature
invariants would not have been obvious.

Instead of a resummation of operators with arbitrary powers of og2, and fixed order
of 052, the opposite resummation with a fixed number of fields but an arbitrary number of
derivatives might also be possible. As e.g. for the covariant perturbation theory discussed
in [62, 63], the resummation with a fixed number of curvatures but an infinite number of
derivatives gives access to the non-local terms of the effective action, which, for a fixed order
in the curvature expansion, can be represented in terms of non-local form factors. It would
be interesting to study such a resummation in the context of the Galileon theory.

6 Conclusions

We have calculated the one-loop divergences for the scalar Galileon in flat spacetime. We
obtained the result in a closed form in terms of curvature invariants of an effective Galileon
metric, which appears naturally in the fluctuation operator of the Galileon. The effective
Galileon metric defines a metric-compatible connection and a covariant Laplacian in terms
of which the Galileon fluctuation operator can be written as second-order minimal opera-
tor. For such operators the Schwinger-DeWitt algorithm, which is based on a combination
of the background field method and heat-kernel techniques, provides a closed algorithm for
the calculation of the one-loop divergences. Consequently, the result for the one-loop diver-
gences is expressed in terms of quadratic curvature invariants of the effective Galileon metric.
The divergent part of the geometrically defined one-loop effective action serves as generat-
ing functional for the divergent part of all n-point correlation functions and corresponds to
a resummation of the divergent contributions of all n-point functions. Therefore, our re-
sult (3.17) generalizes previous calculations [37, 41, 44] for the first few n-point functions to
arbitrary n-point functions.

We have demonstrated explicitly that for a given n, the divergent part of the n-point
correlation function can be obtained from the divergent part of the geometrically defined
one-loop effective action by n-fold functional differentiation. We performed this expansion
up to n = 4 and compared the resulting expressions with results obtained by Feynman
diagrammatic momentum space methods [37, 41, 44]. We found perfect agreement. This
provides an independent check of our result as well as of the method based on the geometrical
reformulation.

We also discussed the geometrical resummation in the Galileon effective field theory
framework. It would be interesting to extend the Galileon effective field theory to curved
spacetime [34]. In particular, it would be interesting to classify the possible structure of the
counterterms, which, in view of the geometric resummation (3.17) obtained in flat space-
time, would suggest that the one-loop divergences should be expressible in terms of scalar
contractions among (derivatives of) curvatures of the spacetime metric g,,, and the effective
Galileon metric G,
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A Expansion: inverse metric perturbations

In this appendix, we collect the first four non-vanishing orders of the expansion (4.4) in terms
of (4.2) around the background Galileon metric (4.3). These results in terms of the H}” are
further used for the subsequent expansion in terms of the Galileon fields 7, performed in ap-
pendix B. Note that integration by parts rules would allow to simplify the results provided in
this appendix already at the level of the H ,‘; Y. However, as explained in appendix C, since the
main purpose of this expansion is to obtain a non-trivial crosscheck with a previously derived
on-shell result in momentum space, the implementation of integration by parts identities is
much simpler realized in momentum space. The results for the three-point and four-point
function have been obtained with the tensor-algebra bundle xAct [64-66].

A.1 Two-point function
. 1 _ _ _
iy = oo | dbn | 202 Hl 0t H - (97H)7 . (A1)
A.2 Three-point function
paiy _ 1 A
13731320 /o
—AHMP P HMP 2 H, — Hy (9*Hy)” + 20°H,0*Hy

d'x [SH{POHYOPHY? — 40 BT 92 Hy + 20 HY 0 Y7

+ 4P HPPOLHPP 9 Hy — 0 H1 00 H10% Hy + 120> H™ 0, H 03 H?”

— 8H O*HI" 050, H — 40> HS 9°0° H\ + 40°H® H,0°0° H,

+ AHMP 2 H 0P 0% Hy + 120, H” g H° 9°9° Hy + 8H!” 030, H!” 0°0° H,

+ 2H1050, H10P 0% Hy — 4050, Hy0° 0" Hy — AH " 9307 H,0°9° H,

— 40*HP9°9° Hy — 89° H 9 H\0,H® +120°H 05 H 9° HW

— 100H,0,H 9 HY® — 4AHPP0P0° H 0P 0, Hy + 40, HL PO H,0°9° H,

— 40°H 05 H 9°0° Hy — 40° H 0, H 0P0° H, + 8H 9 H! 0,0, H”

— 8H %0 H,10,0,H" — 160> H* 03 HI 97 H™ — 895 H” 0P 0 H, 07 H™

+ 8P HM0,HP 07 HY + 80° 0% H,0,H 07 HY + 80> H " 0, HIP9° HC*

+80°0° H 0, HP 97 HY* — 80, HI 9°0° H\ 0 HI? | . (A.2)
A.3 Four-point function

div 1 A

1y =—=—— [ d*a[96H:*"0* H10"0* H13,—96 H,*" H\*° 0° H1,0* H1 5o
4411920 J

+48H, P H1° 0? Hy030* Hy po—192H, o H P 9> H, 57 0* H
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—24H, 03 H1*P0*H, )y 0> H1P° —240° Ha o, 50° Ha P +192H,“P 0> H, " 9* Hap5,,
—320°H,*P0? Hy 05— 96 H, P 0* H, " 0* Hy g, H1 +480% H, P 0 Hy 5 Hy

—120%Hy 030* Hy*P H\*4+-240% H, 030 H,*® Hy—48 Hy*P 02 H, 0,0 H,
+96H 1 " H P9 Hy 5,0° Hy —48 H,“P 9* Ho s0° Hy +48 H, *P 07 H, o5 H1 0% Hy
+12H, 0 H1 P 0? H 2 +6 H,20° Hy > —12H20° H\ > —48 H, P 0? H 0,30 Hy—24 H, 0> H, 0> H
+120% Hy*4+160% H, 9% H3+480% Hy P o H 5,0 Hy —489% H, PP H1 0, H, 5,0 Hy
+48H,PP0? H1 00 H1 5,0" H1 —192H, 7P 0? Hy 57 00 Hy o 0“ H;

+480%H,PP Do Hop,0" Hy+24H, PP 0> Hy 5,00 H 0% Hy+12H,0° H 0, H1 0% Hy
—120% Hy0o H, 0% Hy —240° H, 0o Hy0* Hy +480* H, PP D H 5,0 Ho

+14402 Hy*P 00 H1 "7 g H1 p —1440% Hy *P H1 00 H1 77 05 H1 por

—240H,“P0? H1 00 H\"° 05 Hy po +96 H1 " 0> H,P° 0 H1 0 H s

+192H,*P 52 H, 77 0, Hy "' 05 H 5, +2880% H, P 0, H,P° 05 H s

—96Hy*P 9 H17° 000 H1 po—96 H1 P 0> Hy"° D500 H por

+96H,“P0* H,"° H10500 Hy po —96 H, P 52 H, % 0500 Ha pr

—24H 030 H 0% H10° Hy —240, H,"° 0% H10p H, e 0° Hy +300 H 0% H 05 H,0° H,
—48H) o H1"° 0* Hy 0,30°0* Hy —96 Hy o5 H1”° 0* Hy 5, 0° 0“ H;

—320% H30,30° 0% Hy +480° H o g H10° 0% Hy —240° H o H, 0P 0“ H,
14802 Hy o H20P 0% H, +48 Hy 0,30° H1 0% 0° Hy —48 H, o s H1 0 H 0P 0“ H,

+48H1 050> Hy0P 0" Hy—144H, 00 H1 "% 05 Hy o 0P 0 Hy+1440, Ho O H,*° 0P 0“ H,
—5T6H,"? 0o Hy )" 05 H1 5, 0° 0% Hy 41440, H,° D H 5 0° 0“ H,

+96 H2"° 000 H 1 po0° 0* Hy—96 H,P° H10500 H 1 o 0° 0 Hy

—192H; ," H1"° 0500 H1 5,,0° 0% Hi +96 H,° 050, Hz s 0° 0% H;

—24H o H,"° 0500, H, 0P 0% Hy —12H, %030, H, 0P 0% Hy+24 Hy0500 H10° 0% H,
+48 H1000 Hy0P 0% Hy —32050, H30" 0* H1+192H, " H, 7950, H 1 ,,,0° 0“ H,
—48Hy0,050° H 8P 0% Hy +A8H, o, H1 050" H1 0P 0 Hy —96 H 1,050 Hy0° 0* H,
—480% Hy 0,307 0% Ho+480° H o, H10° 0% Ho+ASH 1,07 H 0P 0 H,
+1440, H, 7 0 Hy s 0° 0% Hy+96 H1 77 0500 H1 o 0° 0% Hy—24050,, H20" 0* Ho
3207 H} 030" 0% H3—960° Hy*P 0 H,0, H 0,5+960° H\ PP H 0 H1 0, H, o

—960% H1PP0" Hy0, Hy 05— 1440, H,"PO* H 0 H, "0, H1 5,

+288H1 5”00 H1 " 0P 0" H1 0, Hy 5, +288 Hy o 05 H 7 0P 0 H1 0, H 4
—960*H,PP0“ H,0, Ha o5 +192H, 5” H 7 8P 0% H,10,00 H1 0,

+96H1 P00 Hy 7" 0% H1 0,05 H1 51, +2880% H 05 H1 7" 0, H1 5,,0” Hy o, °

—144H,0* H, 05 Hy 0,p0” H1*P +-1440% Hy0p H, 00" H, *° +-2880° H, 0 Ho,,, 0" H,*”
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+120H,0°H,0, H} 030" H,*® —1200° Hy0, H1 050" H, P —2400* H1 0, H2 0,50 H, P
—48Hy5,0" 0" H 0”00 H1 +A8Hy 5, H1 0P 0% H1 0" 0o Hy — 96 Hy 5,07 0* H, 07 0o H»
—48H 0o Hy 5,0% H 0P 0° Hy +480, Ha,0" H1 00 Hy —24H, 5,00 H, 0% H 079" H,
+480, Hy 5,0 Hy0? 0 Hy+48 H1 0% H1 0 H1 1,0 0° Hy —480° H05 H1 0,0 0° H,
—480 H105 Hz.0,0° 0° Hy +48 H, 0% H1 0, H} 0,50°0° Hy 480 Hy0, Hy 0,507 0° H,
480" H10,Ha030°0° H, +4800, Hy 5,0" H1 0" 0P Hy— 480" H, 05 H1 ,0° 0" H
480" H10,Hy 000" Hy—96 Hy ,° 0" H,070° H1 0y H1 o5

+192H,%P0? Hy 37 0% H 0y H1 0p— 96 H1 57 0* H1070° H1 0 H 0
+96H,,° 0% H,0°0° H10, Hy 3,576 H P 0* H,"° 0, Hy o Oy H1 5,4

+192H,°7 0P 0% H10, H} o/ 0 H1 3, — 9605 H1 77 0P 0 H 0y Hop
19202 H,“P 0, H,"° 05 Ha 5y~ 9600 H, "7 0° 0 H, 0y Hops,,

+96Ho*P 82 H17° 0,0, H1 05 +96 H, P 0> Ho" 0,0, H1 5

—96H,*P9* H,"° H10,0,H1 05 —96 H, P H17° 0* H1 0,0, Hy 05

—96H"° 9P 0 H,050, H1 05 +96 H,"" H10° 0% H1 050, H1 0

—96H,°7 0% 0" Hy0y 0, Hy 05+384H,*P H P 0* H1 0" 050, H1 0

—96H, " H1° 0500 H1"" 05,0, H1 1, +96 H1*P 0> H1*° 0,0, Ha a3

—96H,7° 90 H,050,Ha0p—2160, H " 0" H1 P 0, Hy ,,,,0° Hyp

—19202Hy*P 05 Hy e 0° H1 0" +1920° H\*P H 05 H o 0° H1 0"

—1920>H,*P 05 Hs o 07 Hy10”+960" H 0 H1 0 0° H10° H1 0"

+96H105H1 s 0° 0% H10° Hy o —9605 Hy e 0P 0% H10° H, 0"

9605 H1 5y 0°0* Hy0° Hy ,°+960 Hy*? 0, H1 3,07 H1 "

—969*H,*P H,0,H, 5,0° Hy o —288H,*P 02 H,0, H, 5,0° H1 0"

—480°H,0° H,0,H, 5,0° Hy o —96 H10° 0% H,0, H, 5,0° H1 "
+960° 0% Hy0, H1 5,0° H " +1920* H,*P 0, Ho 5,07 Hy ”

+960°0% H10,H25,0° H1 0" +960° Hy*? 0, H1 5,0 Hy 0"

—9602H,“? H,0, Hy ,0° H1 o +480H, *? 9 H, 0, H1 5,0° Hy 0"

480" H10° H\ 0y H1 ,0° H1 0" —96H,0° 0% H1 0y H1 5,0° H1 0"

+960°0% Hy0, Hy ,0° H1 0" +1920% H,*P 8, Ha 3,0 Hy o,”

+960° 0" H10y Hap,0° Hy 0" +96 H1 0o H1 s 0° 0% H10° Hy °

960 H2 s 0% 0% H10% Hy 5 —960, H1 5, 0° 0% Hy0° Hy 5°

+960°0% H10, Hz000° H1 5 +960° 0% H1 0y H.0,,0° Hy 5"

720 H10% H10,H1 3,0° H1"P+600, H1 0" H10, Hy 5,0° H, "*

~96H o, H15,0° 0% H10° 0P Hy +48H) o H1 o 0° 0" H,0° 0 H,
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+96H, "7 Do Hy g 0P 0 H1 0, Hy po +96 H,° D5 H1 M 0P 0 H 0, H por

—192H, " H,*?0*H,°"8,0, H1 5,—96 H, P9, H, " 0" H,0,,0, H1 3,

+192H,°P 02 H, 7 0y Hy 0" Hyop— 96 H P 0> H, P 0, Hy o 0" Hy o5

—96H,770° 0" H10,, H} po 0" H1 05 +192H,77 05 H1 5,,0° 0 H1 0" H1

+384H,*P 52 H, "% 0y H1 ,0" H10p—192H,*“P0? H, 77 0, H1 0" H1 0

—192H,7°0°0“ H,0, H1 5o 0" Hy 0p—192H, 5P 0P 0 H, 0, H, 5,0" H1 ,°

—192H,°70% H,0,05 H 5,,0" Hy 0" —9605 H, ,* 0 H,*? 0, H1,,,0" H1,°

+96H,7P0% H10,0,, H1 5,0" Hy 0" +96 H, P 0% H10,,0, H1 5,0" H1”

+192H,7° 9o H1 5,0 0% H1 0" H, 5, +384H, P 0> Hy ,* 0, H1 5, 0" H1 57

+1920, H1PPO“ H10, H 5,0" Hy 57 —192H1 5,07 0% H, 0, H 5,,0" H1 57

—~1920“H10,H 5,,0" Hy o 0" Hy 57 —384H,*P 52 Hy 0" Oy H1 5, 0" H1 5°

—960, H, %P 0% H, 0, H 0" Hy 3% +1920% H, 0 H, ,* 0, Hy ,, 0" H1 5°

—384H,“P0*H, "0, H1 p 0" H1 5° —960,, H1*P 0“ H10,, Hy s 0" H1 5°

+1920%H,0° Hy "0, H, ) 0" Hy 5° —1920° H\ 05 H 1 ,,,0° Hy " 0" H1 ,°

+192H,°P 030, Hy 5,0, H1 ., 0" H1 P —288H,*P 52 H1 0,305 H 1 0" H1P°

+288H1 450" 0% H1 0 Hy 5, 0" H1 " +240H,*P 0> Hy 0,30, H1 o 0" H, 7

—240H10,30° 0" H18,, H py 0" H1 " +192H,*? 030, H1 5,0, H1 ,” O" H1*°

—192H,“P0,H, )Y 0" H1"° 0,05 H1 05— 192H,*P 0, Hy )Y 0" H1"° 0,05 H1 0

1920 H1 P 0,y Hy 11y 0° H1 00" H1 5" 1920, H1 ,° 0° H, P 0, H, 5,0" H1 5"

+3840° H,*P 07 H 0,0, H1 5,,0" Hy 5" —960,H, " 0° Hi P9, H, 5,0" Hy 5"

+3840° H1*P 07 Hy 0,0, H1 5,0" H1 5" +288 H1 P 050, H 1, 0" H1° 0" H1 por

—288H,“PO" H,7° 0,0, H1 050" H1 po—384H,"P 0500 Hy 5, 0" H, 77 0" Hy

+192H,°% 0,0, Hy 050" H1?% 8" H 5, +192H,*P 0" H, 77 0,05 H1 050" Hi 0

+5760° H*P 0y H1 11,0 Hy 050" Hy p"—2880° Hy*P 07 Hy 0,0, H1 5,0" Hy )"

—2880° H,°P 87 H\ 0,50, H1 5,,0" Hy ' —19205 H 1, 0° H, *P 07 H 0,0 Hy o

4805 H 00" H1*P 0, H, 5,0" H " —2400, H1 ,50° H, P 0, H, 5,0" H, "

+1800, H1 050" H,*?0, H} ,,0" H,"*+192H,“P H,7° 9,0 H1,,,0” 0" H1 o

—96H,*P H,7% 0,0, H1,50" 0" H1 0] - (A.3)
The derivatives in (A.1)—(A.3) are understood to act only upon the object to which they are
attached to — not on the total expression to their right. Indices are raised and lowered with

@W and the contracted derivatives are defined as 0% := (G_l)W 0,0,. While we have made
use of (4.7) in (A.1)—(A.3).

— 14 —



B Galileon counterterms up to four-point function

Using the results (A.1)—(A.3) for the expansion of (3.17) and inserting (4.3) as well as (4.8)—
(4.10), we express the expansion (4.4) up to fourth order in terms of the Euclidean metric
0 and the perturbation of the Galileon field 7. The results for the three point and four
point function have been obtained with the tensor-algebra bundle xAct [64-66].

B.1 Two-point function

B.2 Three-point function

. 1 A
div o
13l = 516080

/ d*z [27(95@,3 + 24e3eq)(0%7) (9M7)?
M

— 18(309¢3® + 20c3¢4) (027)%(9%T)
+ 27(159¢3% — 4deseq)(0*m) (0%7)m
+ 9(417¢3® + 28¢3c4) (9*7) ()7 |. (B.2)

In order to arrive at the final form (B.2), we used the integration by parts reduction rules

7 (00,0,0°m) (010" 000 m) = L (Pm)(0,,0,0°m) (040" 0°) — m(0,0,0°m) (00" 0'm), (B.3)
7(0,0,0'm)(010" ) = 1 [(0°m)(0,0°m)(0"0°m) — m(0,0"m) (00 m)
—7(0,0%7)(0"0%m)] (B.4)
(0%1)(9,07) (940Pm) = — %(a%)(a%)z, (B.5)
(0P7)(8,0,0%) (910" 8°7) = — (8,0°7)(0,0°7)(0"0"0) — (%) (8,0"7) (9"r), (B.6)
(0,0°) (0,0°7) (20" 0Pm) = — (0"m)(0,0°m)(0"0°), (B.7)
(0*7)(0,0°m) (00 m) = 5(6°m)(OPx)” — (97)2(°) (B.8)
7(9,0%7) (0" 9*r) = % [(0%7)%(0%n) — m(857) (9*m) — w(0%7)(9%m)] (B.9)
(0,04m)(9"0' ) = — (%) (9'm) + %(a%)(a‘*w)?. (B.10)

B.3 Four-point function

_1_a
~ 41160M9
—12(171es* — 102¢3%¢4 + 8¢4” + 25¢3¢5) (0%7) (02 7) Do (87 ) % (02 70)

+9(387c3* + T2c3% ¢4 — 16¢42) 00 (9°7) 0% (0% 1) Dp(0°7) 9P (9°7)

iy [7] /M d%[ — 6(387c3? — 162¢32cq + 8cq? + 25¢3¢5)(0°m)2 (9 r)?

,15,



+ 48(18¢c3%cy — 2¢4% — 5e3es)(0%m) 0% (0% 1) D0 (97 ) 0P (97 1)

+ 24(63c3* + 4cy®) (01 1) 0% (0% 1) D0 (0% )

— 432(30c3" — Tc3c4) 000" (0%m) 0% (0% 1) D30, w0 (%)

— 24(549¢3" — 96¢3%cy — 4cs?) 00" O w0 (0%7) D0, 0, 0P (9 )
+24(171e3* — 72¢3%cy + 4eg® 4 10¢365) (0 7)20005(8° 1) 90 (0% T)

— 24(90c3 + 24c3% ¢y — dey® — 15¢3¢5) (97 m) (04 7) D0 05w 0P 0% (0% )

— 24(81c3? — 60c3%cq + 5ea® + 10c3¢5) (97 m) 20504 (0%1) 0P 0% (92 7)
+12(—612c3* + 84cs?cy + dey® + 15c3e5) (0% 7) (0 ) D500 w0 0% (82 7)
— 48(216¢3" — 33c3%cy — 2642 — 5ezes) (02m) 00 OM w30, 0, mIP 0% (9 )
— 6(414c3? — 5dcz®cq + dey® — 25¢3¢5) (0 ) 2030, 0%

+48(99¢c3* — 15¢3% ¢y — 2¢4%)(0471) 000 0" 700,09,

— 432(33c3" — Tez?cy)(02m)9p0H (0%1) 0P 0% (07 1) D)0

+ 48(189¢c3* + 24c3%cy — 4¢4?) 000" PO (8 1) DD 0¥ 10,00,
+96(9c3? — 9ez?eq + 2¢42)0%(871)9° (8°1) 09,0500 (87)

— 48(162¢3* — 57c3%cq 4 4¢4%)0%(0* 1) D0, 0P (9% 7) O Do (0 1)

— 24c3(414e33 — 96¢3cq + 5e3) (02m) 0P 0% (9%7) 0,05 Do (0%
+12(360c3" — 168c32cs + 8cs® — 45c3¢5) (9 m) 9% 0% (0%7) 0, 0w O D0
— 864(9c3? + 2¢32¢4) 03070 1P O™ (0*7)0,,0,0, O D0

— 864(9c3? + 2¢32¢4) 0% (97 1) 0P 0 10,0,0, T D00

+ 24(42¢c3%cy — dey® — 15c3¢5)(0m)0° 0% (9° 1) D06 w0 05 (0% )
—96(8Les” + 9cz?es — 2¢4%)0,,0°0 0P 0 (97 1)0,0,0, O D
+48(765¢3" — 201c3%cy + 4es® + 15¢3¢5)(0°1) 00030, 0% (9P )M 0P (9% )
— 48(297c3" — T8c3%cq 4 2¢4% + 5ezes ) (9°1) D00, 05w (0% m) 010 (9% T)
+ (—3024c3" + 720c3%cq) (07 1) 0 (97 1) D00 0, OO (0% 1)

+ 72¢3(249¢3° — 42c3¢4 + 5¢5) 00 (07) 0% (0% 1) D0, w00 (0*T)

— 432(33¢3" — Tc3cy) (0%m) 0% (97 1) 400050 (%)

— 24(243c3* — 63c3%cy — deg® + 5ezes) 0o (0%m)0Y(0% )0, 05w 0P (0% T)
— 24(18¢3 + 12¢3% ¢4 + 4y — 25¢3¢5) (0 7) 000,057 (0% 1) 010

— 2304(3c3" — c3%¢4) (0 )0%(0%7) 050,000 OP

+ (—6048c3? + 576¢3%¢4) 00 0P 0" 7O (01)D50,,0,0, w0
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— 432(29¢3" — 6¢3%¢4)(07)(0'1) 0000, wO* PO

+12(270¢3" — 132¢3%¢4 + 8ca® + 25¢3¢5) (0°1) (0 1) 0,050 w0 P O™
+ 864(21c3? — 2¢3%¢4)0,0" 1O (9 1) " DP (8°7) D, D30,

+ (—6048c3 + 576¢3%¢4) 000" 70 (8*7) 0" 0P (9°7)D, 0,057

+96(63c3* + 15¢3% ¢ — 2¢4%)00,0P " 10 (0*7)0*0° 70, 0,0,,057

— 432¢3%¢40%(0% 1) D0, 0, " 0P (9*7) D" Do

— 1296¢3%¢40%(0%7)0,,0, 0500 (0%7) D" Do

— 1296¢32¢4050M(0%m) 07 9%(8*1) 0,0, w0 Do

+ 360c3¢50° 0% (%) 0" D (0%7) D, 0, w8 Do

+288(63c3* — 10¢3%¢4)0%(0°7)050,0, 0" (9*7) D" DM

+288(27c3* — 8c3%cq) (9 1)9°0%710),050, w0 D00

— 24(108¢3" — 12¢3%¢cy — 4ey® + 25¢3¢5) (04 m)0° 010,050, 10" D OF'

— 144c¢3(36¢3% — 27czcq + 55)000,0,m0%(9*m) 0 (0*1) 0¥ D
+432(12¢3* — 5¢3%¢4)0%(8%7)0,,0,, 00 mI" P (9?) D" D

— 864(15¢3" — c32¢4)9%(0%m) 01 0° (9* 1),y 000, 0" D0

— 24(72¢3" + 18¢3% ¢y + 2¢4% — 5e3es) 0P (9P 1) 0" Do (07 7) D, 0, w0 D
— 24(9¢3? + 2¢4)20,0° 9P w05 01D, 0,0, mD" DD

— 288(12¢3% + 5c32¢4) (04 7) 00 0,0, w0 910 D0t

+48(216¢3" — 39c32cy + 4es® — 5eses) 000, 05w (0P ) P (9% 7) 0" O,
+ 144c3%(—24¢3% + ¢4)0%(0%7) 0D, D 0% (8%7) 0" D,

— 288(33c3t — 4cz?cy) 0% (0% ) 010P (0°70) D, 00 Dpmd” O,

+432(5¢3% — 2¢32¢4)00,0570° 0% (8°1) 0,0, w ¥ O (D)

— 72¢3(36¢3% — dezeyq + 5e5)050,m0° 0%(07)0,0,w0" O (9% )

+ 360c3¢50°0%(0%7) 0,050, D d” (9 1)

— 24(360c3* — 24c3%cq + 2¢4% + Hezes) 970 (97 1) 0,060, 05T I (0 1)
+24(18¢3" — 24c3%cy — 2642 + Beses)Dp0,mP 0% (0%7) 0,0, w8 O (D)
— 72c3(180¢3% — 42¢3¢4 — 5¢5)06,0° (0%7)0%(0%7) 50,0, mD" O
—192(9¢3? — ¢42)0%(0*7) 03000, 0, m0° (9*7) D" OF'm

— 24¢3(180¢3% — 42¢3¢4 — 5e5)0% (%) D0, 0, Do (9* 1) D" D'
+24(180¢3" — 12¢3%¢4 — 4es® — Beses)(07)00050,,0, w07 9% (82 1) 0 '
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— 24(468c3" — 48c3%cy — 8cy® — 15¢3¢5)(0%71) 03000, 0, w0 9% (8 1) 0 '
+ 144¢3(108¢3% — 48¢3¢4 — 5¢5)000,0,m050,0° 7P 0% (9*m) 9" O
— 48¢3(108¢3> — 48c3cy — 5¢5)000, 0P TD30,0,m0° 9% (8*1) 0¥ O
+288(39¢3* — 8c3%cq)(821)9P0%(0%7) 0,0, 00 0pmD" O
+1728(3c3* — 32¢4)04,0° (9*7)0%(9*7)D,,0, 05D I
+576(3c3" — 32¢4)0%(0°1)0° 0o (0°7)),,0,, 05D D10

+576(3c3t — ¢32¢4)0%(8°1) 0% (9%7) 9,0, 0500 wD" e

— 864(5c3" — c3%¢4)(0%m)0° 9%(8°7) 0,0, 05060 O

—96(9c3? + 3e3’ey + cs?) (9907 8,0,050,m0

— 864¢3%0,030° 0P 10" 9°70,,0,0,0,m0"

+ 288¢32¢4050,0,10° 9% (9*1)D,,0° Do mD” D'

+ 864¢32400,0, 0,70 0%(0*1) D, 0P Dgmd” D'

+ 48¢3(63¢3° — 3ces — 5e5)0a05(0%1)0°0%(9* 1), 0w '

— 48¢3(153¢3% — 21ezeq — 5e5)004(021)0° 0% (0%7) 0,0, 0" O n
+576(3c3" — c32¢4)0%0%(871) 8,00 Do D, 0,05 '

— 24c3(72¢3% — 36¢3¢4 — 505)00050,0,w0° 0 (9 1)D,0°nd”
+ 72¢3(72¢3% — 36¢3c4 — 505)05000,0,w0° 0% (9°1)D,0°nd” '

— 1728(3c3* — 32¢4)0°0%(8°71)0,0,0570, 0P Doy O

+ 3456¢310%(0%7)050,,0, 0" (9*1) D" I Do

+ 288(39c31 — 8¢3%cq)(0%7) 00,0, w07 9% (827) B O D

+ (—=5616¢3" + 576¢3%c4)0%(0%7) 0 (0%7) 0,050, D" O Doy

— 288(24c3* — 5e3%cy) (021) 9P 0% (0%7) 0,0, 05D O Do

— 48(117c3* — 24c3%cy + 4¢y?)0% (0% 1) 0P (0%7) D, 050, D" I Do
— 96(72c3" — 27c3%cy + 4 + Beses) (02m)0° 0% (9%1)D, 0,050 M Do
+288(9c3* — 2¢3%¢4)(821)00,0,,0, 70”0 (9*7) D" O D

— 72(69¢3" — 8c32¢4) 00 (0710 (8°1) 00,0, w0 D10
+12(225¢3* — 6¢3%cq 4 8¢4%)00(0°1)0%(8°1)D,, 0,057 0" 01 9°

+ 864c32¢40°0%(9°1) D, 0° 0" 0"100,0,,0005

— 288¢3%¢40°9%(8 )0, 0P 10" O 11D,0,,0500T

— 288¢3%¢4079%(8°1)0,,0° Dm0 9" 100,,0,, 0
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— 288¢3%(3c3” + ¢4)000° 050’0 (9% 1) D" 010,00,

— 864c3%(3c3” + ¢4)050° Dm0’ O™ (9*1)D” D1 0,0, 0,

+ 144c3(18¢3® + 18c3¢q — 5¢5)9°0%(9?1) 8 0#70,0,0, w0 Do g
+ 5184¢310%(0%7)050,,0,0,mO* P 10 D, 0"

— 864c32(3c3% + ¢4)0% (%) 0" 0P 18,,0,0,05T0° Do O

— 864c3%(3c3” + ¢4)0%(0*1)0"0°110,0,0,05mO Do 0¥

— 48¢3(18¢3% 4 18c3¢4 — 5¢5)0° 0% (%) 0" 9" 70,0,, 0, 1P Do
+ 5184¢310%(07)8,0,0,m0" 00, 0P 10P D 0"

+288(21c3t — 2¢3%¢4) 0,01 0P w0 (0°7) D, 0,,0,mP D"

— 5184¢310%(9% 1) 01000770, 0,,0,m O D"

+96(63c3" — 27c3%cy + 2¢42)0,010° 10 (821) 80,0, 7P 90" 1
—1728(3c3t — 32¢4)0%(9*7) 0" 00 0°100,0,,0, O D"

— 48¢3(36¢3% — 12c3¢4 + 5¢5)0° 0% (0% 1) 0" 910,80, D3m0, O
— 576(21c3? — 2¢3%¢4)0,0"0°10%(0*7)050,0,m0° D, 0"

+ 864324050, 0,07 9% (0*)OM Dm0, 0"

+ 5184¢310%(0%71) 00,0, w0 9,0° 70D, 0" 7

+288(12¢3" — ¢32¢4)00,0,0,10° 0% (8*1) " Dm0’ D, 0"

— 1728(3c3* — 32¢4)050,,0,m0°9%(8%7) 0" O DD, Do

— 864c3%c40°9%(8°1)0,0,05m0" ' 70D, Do

+ 144c3(36¢3° — 12¢3¢4 + 5¢5)9°0%(9°1) 0 070,0,,0579° D, D0
— 576(3c3" — 3%¢4)000,,0,m0° 9% (8°1) 0" ' 7D, D

— 1728¢3%(3¢3% + ¢4)850,,0,0, 1 0% (9* 1) Do PO

+ 96¢4(3¢3% + €4)000,,0,0,m0° 0%(0*1) O DgmdP I

— 96(54c3* + 15¢3%¢cs — ¢4%)0P0%(9*7),,000,0, T 5w DP O
+ 288(12¢3% — ¢3%¢4)0°0%(9* 1) 9" D7D, 00, 00O " 0

+ 864¢3%c40°0%(9? 1) 9" Do D, 0,0, 05O O 0

+576(9c3* — c32¢4)9°0%(0%7)0,,0,0, w0 D5mdP D’ Dot

+ 288¢3%(—12¢3% + ¢4)0°9%(0%7) 0" 050, 0,0, Do

— 864¢3%030° 0, 10" 0° 010,05 0y w P D” Doy

— 48(72¢3* — 30c3%cy + 4ey® — Bezes) 0P 0% (%)M D, 0,0, mOP DY Do
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+ 51843107 0%(9°1) 9,0, 0, " o D°D” D

— 86432407 0%(821) 0" 00, 0,0, O D" DT

+ 144c3(—6cscy + 5e5)0°0%(021) 0F 00D )00, TP D D

— 576(3c3? — ¢3%¢4)0,0° 0, w007 01,0, 0, P I Dy

— 6048¢3 90,0570 9% (8°1) 9,0, 0,7 P D"

— 288(9c3 + 2¢32¢4) 03000 0% (8*1) 0,0, 0,7 PO '

+ 1728¢310,050,0, 10" 018, 0,0° T°O* O

+360(6c3* — c3¢5)0005m0° 0% (9°1)D,0,0, IO O

+ 24(90c3" — 24c3%cy — 4es® 4 5ezes)DpdamdP 0% (0%7)0,0,0,m0P 0" O
+576(3c3" — ¢32¢4)00050,0, 10" 0°10,0,0° TP O Ot

— 576¢32 (3¢3% + ¢4)0°0°70,0,0° TP 9 9" 1050,,0500T
—192(9¢3? — ¢43)0°0°70,0,0° 1P 9" 110, 0,,0500T

+ 3456¢30,0° 0, m" 0P 01 dP 8 51Dy 0,0y

+ 576(9c3t 4 2¢3%¢4)9"0° 0%, 0,0, m0" D50 md° 8,0

— 288(9¢3" + 2¢32¢4) 01950 050070,,0,, 05,1 0, 0P

— 96(27c3* — 3e3?cq — 2¢42)010P 010" DDy 0,0,m0° 9,0°
+ 288(9c3t + 2¢32¢4)00050,0,10° 9w HP O O 7d° D, D)0
—96(27c3* 4 15¢3%¢4 + 2¢4%)0°0°10P 0" 110003000 D, D)
— 345631 00,050,,0,m0° TP D ' D, 0

+ 576¢32(3¢32 + €4)0°0° 10,05 0500 mIP 0" O 100° D, 0y

+ 576¢3%(3¢3% + 4)0°0°m0P 0 9" 7005 0,,050670° Dy,
+1152(3c3* — ¢32¢4)0,,0" D00 0° 01D, 0,0,m0° O Dgm

— 96(—3c3? + €4)%0,0" 00" 0°0° 110, 0,0, I D

+ 576¢32(3¢32 4 €4)0°9°710),0,,0,0,m0" w9 VgD

— 96(3c32 + ¢4)20° 0% 0110y 00,0, wD° O D5

— 1728¢310,0" Dm0 0°9° 10, 0,0,m0° OO,

— 1728¢30,0" Dp70,,0,0, 70" 9P 0*1d° D, ™

— 432¢3%0,030, 1" 0P 9°7100,,0,0, 7O IO 1

— 144(15¢3" + 4c3%¢4)0,,0506 70" 0° 01D, 0,0,m0° P O”

+ (162005 — 48¢4%)0,030270" 070 70,0,0,7 0 99" x |,
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The result for the divergent one-loop off-shell contribution to the four-point function could be
drastically reduced by deriving similar integration by parts identities as for the three-point
function in (B.3)—(B.10). However, since our main intention in deriving this expression is
a check of our result for the divergent part of the one-loop effective action in terms of the
geometrical formulation (3.17) and its role as generating functional for the n-point one-loop
counterterms (4.1), the off-shell result (B.11) only provides an intermediate result, which
is further reduced to the on-shell result in momentum space in section C.7. In momentum
space, integration by parts identities correspond to the simple algebraic identities that follow
from momentum conservation. The momentum on-shell result can be checked against the
results of a previously performed diagrammatic calculation in [41, 44].

C Crosschecks

We perform chrosschecks of several limiting cases with results known in the literature

C.1 Off-shell two-point function

A non-trivial crosscheck of (3.17) is the result obtained in [37] for the terms quadratic in .
In [37], the relevant operator L3 in the Galileon Lagrangian (Lorentzian signature [J := 9,,0*)
with coupling constant ¢3 reads

ﬁg == 53 (371’)2 O . (Cl)
In contrast, our operator £3 (Euclidean signature A := —d,0") in (2.1) with coupling con-
stant c3 reads after integration by parts

L3 = %W&“"pgeaﬁpaﬁuaﬂw = —3% (87)% A, (C.2)
Comparison of (C.1) and (C.2) implies the identification

é3=—3 (C.3)

M3
Moreover, we have defined the pole in dimension as € = (4 — d)/2 while the authors of [37]

have defined the pole in dimension as & = 1672(d — 4), which implies

2
F = 322 = — . A4
5 32m“e (C.4)

The result for the one-loop counterterm of the two-point function in Lorentzian signature
obtained in equation (18) of [37] is

rdy = -3 [ dier0'r. (C.5)
’ 2 ¢ M

Inserting (C.3) and (C.4) into (C.5) and changing to Euclidean signature, we obtain

- 9 Ac?
rdy — —3/ d*z wAtr, (C.6)
1,2 4 M6 M

in agreement with (B.1) upon identification of d7 with 7. This provides a non-trivial cross
check for our general result (3.17).
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C.2 On-shell four-point function

We check the final result (3.17) for the geometrically defined divergent part of the one-loop ef-
fective action and its role as generating functional for all one-loop n-point counterterms (4.4),
by comparing the on-shell reduction of the result for the four-point counterterm (B.11) ob-
tained from the expansion (4.4) with the result of the on-shell four-point divergences obtained
in a previous Feynman diagrammatic calculation in momentum space [41, 44]. Starting
from (B.11), we perform the fourth functional derivative with respect to the m; = dm(z;)
around m = 0 and subsequently transform to Fourier space. This results in an expres-
sion involving the ten invariants (k; - k;), which can be constructed from the four external
momenta k!', i = 1,...,4. Not all of the invariants are independent. Momentum conserva-
tion 2?21 k' = 0 allows to express one external momentum in terms of all the others and
thereby reduces the independent invariants from ten to six. The four on-shell conditions
k? = (ki - k;) = 0 further reduce the independent invariants from six to two. Introducing the
Mandelstam variables s;; = (k;+k;)?, we represent the result for the divergent part of the mo-
mentum space four-point one-loop correlation function in a compact form as power-summed
symmetric polynomial in the three (redundant) Mandelstam variables si2, s23, S31,

i 243 Act 3 3 A )
di
<1a 2,3, 4>onvfshell = %Mil?; (8%2 + 8%3 + 8?31) + %ﬁ (5%2 + 8%3 + S%l)
9 Ac3ey X
tagape 200k +sd ) —3(h sk +sh)’] (@)

This expression coincides with the result obtained in [41, 44] and therefore provides a strong
check of the general result (3.17) and the expansion (4.4).
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