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Abstract
Recently, Hopfield and Krotov introduced the concept of dense associative
memories [DAM] (close to spin-glasses with P-wise interactions in a disordered
statistical mechanical jargon): they proved a number of remarkable features
these networks share and suggested their use to (partially) explain the success
of the new generation of Artificial intelligence. Thanks to a remarkable ante-
litteram analysis by Baldi & Venkatesh, among these properties, it is known
these networks can handle a maximal amount of stored patterns K scaling as
K ~ NP1

In this paper, once introduced a minimal dense associative network as
one of the most elementary cost-functions falling in this class of DAM, we
sacrifice this high-load regime -namely we force the storage of solely a linear
amount of patterns, i.e. K = aN (with a > 0)- to prove that, in this regime,
these networks can correctly perform pattern recognition even if pattern signal
is O(1) and is embedded in a sea of noise O(v/N), also in the large N limit. To
prove this statement, by extremizing the quenched free-energy of the model
over its natural order-parameters (the various magnetizations and overlaps),
we derived its phase diagram, at the replica symmetric level of description and
in the thermodynamic limit: as a sideline, we stress that, to achieve this task,
aiming at cross-fertilization among disciplines, we pave two hegemon routes
in the statistical mechanics of spin glasses, namely the replica trick and the
interpolation technique.

Both the approaches reach the same conclusion: there is a not-empty
region, in the noise-T versus load-a phase diagram plane, where these
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networks can actually work in this challenging regime; in particular we
obtained a quite high critical (linear) load in the (fast) noiseless case resulting
in limg_, o e (B) = 0.65.

Keywords: artificial neural networks, statistical mechanics of spin glasses,
mean field methods

(Some figures may appear in colour only in the online journal)

1. Introduction

Due to an increase in the GPU processing power [34, 44], availability of large data-sets for
training stages and the (deep) multi-layer architectures where neural networks can finally be
embedded [45, 46], their impressive skills -overall termed deep learning [38]- keep achieving
successes in the most disparate fields of science and technology [17, 33, 37, 39, 40, 48-50]
(particularly outperforming at work in biomedical imaging, where they -noawadays- detect
patterns possibly earlier than humans [29]).

Despite a number of remarkable progresses (e.g. [2, 5, 9, 13, 18, 20, 21, 23, 27, 28, 31,
32, 41-43]), these computational successes yet lack a full theoretical bulk behind (e.g. as
made available in the pairwise limit of shallow networks as Hopfield and Boltzmann machines
[19]), hence the quest for a rationale where different know-how(s) possibly merge is nowa-
days mandatory in the agenda of several research groups, ranging from computer science
to applied mathematics (possibly crossing theoretical physics at its proliferative intersection
offered by statistical mechanics of spin glasses).

In these regards, recently, Hopfield and Krotov proposed as an underlying bridge between
deep neural networks and dense associative memories [24, 35, 36] (the latter being P-spin
extensions [4, 25] of the celebrated Hopfield classical pairwise limit [30]) proving how these
higher-order cost functions are more robust against adversarial and rubbish inputs.

Furthermore, this class of neural networks was deeply analyzed by Venkatesh & Baldi
and Bovier & Niederhauser in the past [8, 16] and it is known that -calling K the number of
patterns to handle, N the amount of neurons to accomplish the task and P the order of their
interactions- their critical capacity scales as K oc N°~! (and collapses to the standard one, i.e.
K = 0.14N, in the known pairwise limit of P = 2 [7]).

Recently some of the authors addressed the statistical mechanical analysis of a generalized
RBM introduced in the literature by Terrence Sejnowski in 1984 [47] and proved that it was
able to perform pattern recognition of patterns whose intensity stays O(1) even in a sea of
noise O(v/N) in the large N limit [6]. It was also shown a dual representation of this network
in terms of a peculiar form of the class of models suggested by Hopfield and Krotov [6]: as
in the pairwise counterpart [1, 11], this duality played as a crucial step to explain this skill of
these machines as they can be obtained by keeping the network’s load away from the maxi-
mal regime (the Baldi & Venkatesh limit [8]). We stress that the inspection of the low-storage
regimes for these networks already started in [10].

Here we continue along this investigation [6, 10], focusing on pattern recognition
at extremely low signal-to-noise ratios, by proving that such a skill is not peculiar to the
Sejnowski machine (see appendix C): still focusing on four-wise interactions among discrete
neurons, it holds for a broader class of Hopfield and Krotov models (w.r.t. one used in [6])
that we call minimal dense associative memory (MDAM). In particular we provide a phase
diagram for the MDAM, at the replica symmetric level of description and in the linear-storage
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regime, to show that there is a huge region in the plane of the two tunable parameters -load o
and noise - where this phenomenon happens (here limg_, o a.(3) = 0.65).

For the sake of cross-fertilization, we present our results paving at first the standard route
of the replica trick [19], then confirming the picture obtained by the RS-ansatz by suitably
adapting to the case a Guerra’s interpolation scheme [3, 12].

2. Minimal dense associative memory

Here we introduce a minimal cost function of the form suggested by Hopfield and Krotov,
namely the minimal dense associative memory (MDAM).
Definition 1.

K N 2
Hloln) = 515 > (- o) @.1)

p=1ij=1

where o; = +1,i € (1,...,N), are Ising spin and ni’; is the symmetric synaptic tensor.

Our goal is to prove how this model can retrieve patterns of information also when they are
immersed in a background of a O(y/N) Gaussian noise. This result can be achieved by requir-
ing the network to store only O(N) patterns instead of the theoretical upper limit of O(N?). In
order to do that, we introduce the following decomposition of the synaptic tensor

Definition 2. The load of the network «, as anticipated, is defined as

li s 2.2
o=y o

while, the signal+noise decomposition reads

1
"o bR, ,
n; /714—@(” i) (2.3)

where 55 is the tensor, with entries 41, constituting the ‘matrix’ signal, while the noise is
embedded in the symmetric tensor Ji’; , whose entries are i.i.d. N'(0, 1) variables.

Remark 1. The noise is given by the product vKJ*
globally scales as O(v/N), as K ~ N.

Jij» which in the thermodynamic limit

We are interested in the study of the retrieval phase of the network; for simplicity we
restrict ourselves to the study of the retrieval of pure states. The retrieved pattern is arbitrary:
we just denote it by 511’ the remaining states fu, with p > 1, will then constitute a quenched
noise for the system. Hence, we perform a quenched average over the P — 1 remaining states

together with the amphﬁed . noise, by introducing the following expectation operator

== (11 4 z) (I [on) 24

i, u>l iyl

As usual, all the thermodynamic properties can be derived from the quenched pressure’

3 Notice that the pressure is strictly related to the quenched intensive free energy fas A = —fjf.
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Definition 3. In the thermodynamic limit, the quenched pressure reads

1
Ay = lim SElnZy, 2.5)

N—o0

where Zy is the partition function, defined as

K N
Zy = Zexp (—BH) = Zexp (% Z (Z 7750,'0]')2)' (2.6)

p=1 ij=1

Remark 2. The partition function Zy can be written by introducing auxiliary Gaussian vari-
ables as follows

5 & &

Iy = /DzZexp (\/ N Z Z 7750'1'0—]'2/,1,), 2.7
o p=1ij=1

where [Dz = [ H,Ii: \ Dz,, and Dz,, the N'(0, 1) measure relative to the y component of the

vector z,,. We stress that, written in this form, the partition function is equivalent to that of
a bi-partite system, with the hidden layer z added to the visible one, o. The hidden layer is
therefore filled with real valued gaussian A/(0, 1) neurons.

In the following two sub-sections, we will tackle the problem of finding an explicit expres-
sion for the above pressure in the thermodynamic limit in terms of the natural order param-
eters of the model, defined only after having introduced n replicas of the system (as usual in
the context of replica trick and interpolation technique calculations).

Definition 4. The overlap g,, among two replicas (a, b = 1, .., n) of the system is defined as
|

Ga = 3 Zl ofof. 2.8)

Equivalently, the overlap relative to the hidden layer is defined as:
| X
a b
Pab = 17 ZZMZH- 2.9
n=2

The Mattis magnetization, for a generic pattern £, and for a generic replica a of the system,
reads:

1 N

my, =5 D&l (2.10)

i=1

We here introduce the matrix magnetization (also relative to the ath replica):

N
a l a __a
M, = 3 > &ofo. @.11)

ij=1
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2.1. Route one: replica trick

The replica trick is based on the following identity:

1 InEZ}
A= lim —ElnZy = lim lim ——
N—oco N N—oon—0 nN (2.12)

Introducing the decomposition (2.3), the EZ}; partition function becomes

e = ([13) [ (Ioe)een (| S L S e
a=1 o* a=1 =1 p=lij=I
1
(1 +a Nz ZZZJ:,-MZM)-
a=1 p=1ij=1

(2.13)

We now assume that only a single pattern (say &) is candidate for retrieval. Therefore, all
patterns with p > 2 will contribute to the noise. We can therefore factorize the signal (= 1)

from the global noise (> 1) in the partition function. Thus, the quenched average of the nth
power of the partition function reads

(HZ)Ecxp[ )E:(\FM‘Z ZJ,} f’]‘z)]

“= “n’“ = (2.14)
S (TLotehon) oo (e S 3 (6 + vawog) o)
s =

In the first line, we can simply drop out the Gaussian contribution from the signal term, since

Z jotal ~ O(1), (2.15)

foreach @ = 1,...,n% Then, the we can split the nth power of the partition function as

= ( H Z )Zsignalznoism 2.17)

a=1 o¢
where
Zsignal = exXp [% Z (1‘/1111)2 ] s
] ! (2.18)
Zoise = / (HD{Z"}#>1>Eexp ( + ) N3 ZZ Z ( 5 + m1[‘;> g'ag'aza)
a=1 a=1 p>1ij=1

First, we focus on the signal term. The matrix magnetization (2.11) measures the over-
lap of the product o;0; in the direction specified by the matrix 5,77. However, the network

©Recall that only terms that are linear extensive in N do contribute in the exponent, as lower order terms disappear
in the thermodynamic limit. The v/ NM{ term has the correct scaling

N*/z Zf&a,"a“ ~ O(NY?), (2.16)

which becomes O(N ), given the presence of the square in equation (2.14) and for this reason it cannot be ne-
glected: it represents the signal in the network.

7We omit the ‘upper’ index in EU, since it plays no role in what follows.
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configuration is fixed by specifying the value of the N variables o;, while the &; has ~ N?
degrees of freedom. This means that the network configuration could not retrieve a general
tensor®. This issue is removed by working directly with factorized information patterns, i.e. in
the form &; = &;¢;. This has an interesting consequence: the matrix magnetization factorizes
in the square of the Mattis magnetization:

( Z& ) (ma)*. (2.19)

Hence, the signal term is simply”

A . R . . 6
Ziga = [ (TTamaie) exp (=¥ o, —i 30 360t + Ny S,
‘ “ “ @ (2.90)
where 7, is the conjugated momentum of m,, and naturally arises from the Fourier representa-

tion of the Dirac delta

1= /Hdmaé(ma - %Zsia?). (2.21)

Concerning the noise term, it can be evaluated as (see appendix A.1)

Znoise = / (1"17[ dqa;,dpa;,dqa;,dﬁa;,) exp ( _ % In det(I + 21@))

X exp (1N Z Qabar =1 Z Gaofol +iaN Zpabpah ST Z qabpab)
i

(2.22)
Again, the parameters g, and p,;, are the conjugate momenta of g, and p ;. Putting together
our results, we end up with the following expression:

Ez" — / (l‘b[ dqabdpabdqabdﬁab) (H dmadma) exp ( - % In det (I + 2i)

. S R pa? ¢
+iN Z qavqap + 1N Zpabpab + 2 +a) Z DopPab
a,b ab ab=1

+iNZm,,ﬁ1u+N2(1ia);m3)
(L) (S S S ).

a=1 o¢

(2.23)
The last line in the latter equation can be written as

81t can be shown that, when the pattern &;j is not fully factorized in the product of two copies of the same vector &;,
there are no possible spin configurations o giving |[M| = 1. Roughly speaking, this is due to the fact that the matrix
&; has O(N?) degrees of freedom, in contrast to the solely O(N) of a N-spin network.

9 We neglect the irrelevant term (£-) 2", as it gives no contribution in equation (2.12).
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(HZ)exp(—lZZc]aba o! —1ZmaZ§l )

a=1 o
(2.24)
= exp [N <ln (H Z ) exp ( — iZc}aba“ab — iZﬁzafJ“)> ]
a=1 oc%==+1 a,b a ¢
where the average over £ has been defined as
(8(6)¢ = lim Zg (2.25)

Assuming the commutativity of the two limits N — oo and n — 0 (following the replica trick
paradigm [15]), we can compute the statistical pressure in the thermodynamic limit through
the saddle point method, which gives

1
= lim —Extr ¢, (2.26)
n—0n

where ¢ is the argument of the exponential in the partition function (see equations (2.23) and
(2.24)), i.e.:

. S . Ba? K, a -
¢ =1 ; qabab + 1 %pubpab + m a;] GapPab — E In det(]l - ZIP)

—}—izajmama—i— z(lia)za:mi—i— <ln;exp(—i%:qabgagb _iza:ﬁqagaa)>5.

We can drop out the conjugates momenta by imposing the saddle point conditions on p,q and
m respectively, which correspondingly give

(2.27)

N i fa , A /6042 ~ . B 3
ab = =T up» ab =1 abPabs =2 . 2.28
Pab 21+a%b qab I+ta ~——4abPab m 11+ama ( )
With these conditions, we obtain a simpler form for ¢, namely:
Ba 3

= 1 o Z‘Lszab ln det(I +

ﬁaz a_b
+ <aneXp (m quabpaba o = 1+ aé-zm g )> ’ (2.29)
o a, 3

where the matrix Q has been defined as Q,;, = ng.

1+ a 21

Definition 5. The replica symmetric ansatz (RS) for this network model reads
qab = 5ab + 6](1 - (;ab)’ Pab = pD(sab +P(1 - 5ab)s mg = m. (230)

We are now able to enunciate the following proposition regarding the quenched pressure
(2.5) in the RS ansatz:

Proposition 1. The replica symmetric expression of the quenched pressure related to the
model (1) reads
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2 2
ARS—IZ— ﬁO{ 2 —gl 1 — 50( 1_2 g/@a q
1+a(qp 2 2n< 1+a( q))+21+a1,1/37a(1,q2)
: o (2.31)
3 8 4 Ba 203 3
_571—1-0/” +/Dxlncosh( 21+apq —}—71_’_ m)
Proof. The details of the RS ansatz computations are reported in appendix A.2. [

2.2. Route two: interpolation method

We now proceed to check the validity of the replica trick computation with an alternative
route, i.e. the Guerra’s interpolation method. Given the expression of Zy in equation (2.7), and
substituting the explicit form of 7 (according to definition 2) in terms of signal and noise, the
statistical pressure in the thermodynamic limit reads

A= hm —EIHZ/DZ exp —i—aN‘ 225 0i0;Z,

=1lij=1

1+a (1+a)N? ZZJ'U’WZ“)'

=1ij=I

(2.32)

Again, we isolate the signal (4 = 1) from the noise (u > 1), always neglecting the irrelevant
term because of equation (2.15). Thus

A_ngr;o Ean/Dzexp 1—|—aN3ZZ§ f 0i0jZy

p>11ij=1

N
BN 1 1 4
(e X 2t e (5 6))
pu>1lij=1 ij=1
(2.33)
Notice that we already adopted the signal factorization &; = £, which allows us to directly
express everything in terms of the Mattis magnetization m; associated to the retrieved pattern
w=1
We are now ready to set up the interpolation strategy. We introduce an interpolating param-
eter t € (0, 1) such that (in its extrema) it compares the original model (recovered for t = 1)
and a simpler model at = 0. Hence we introduce the next

Definition 6. The Guerra’s interpolating pressure for the MDAM coded by the cost func-
tion (1) reads as

A(r) = Jim — EIHZ/DZGXD 1+ TTaw ZZ& ooz,

pu>1ij=1

N
(1+aNZZZ Jorjz#—i-t 16—1- )ml—i-\/ W+ (1—-1)D )
Pt (2.34)
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where W and D are defined as

B B
W= mCIZJiUi+ I +aC2;J”Zw (2.35)
=61 . ) 4(1_'_@)"11, (2.36)
and C, ..., C4are constants whose explicit values will be set later, see equation (2.45).

The interpolating variables J; and J,, are, respectively, N-component and K-component
vectors of i.i.d. A (0, 1) variables. Therefore, the expectation E is now extended to include
these new degrees of freedom.

Proposition 2. The quenched pressure related to the model (1) can thus be recovered using
the fundamental theorem of calculus:

1
A=A(t=1)=A(t=0) +/ dr 0, A(t). (2.37)
0

Following the scheme used in [12, 14, 22, 26], we can evaluate separately J,.A and .A(0).
Tackling the r-streaming first and keeping as order parameters those defined in equations (2.8),
(2.9) and (2.11), we obtain

ﬁm[a%m ~@¥pag) - G+ Cilgn) = aGlpu) + G}

—aCs(pn1) + (m}) — 2Ca(m)],

0,A(t) =

where we use the standard notation (.) for the Boltzmann average'®. The terms involving the
Mattis magnetizations for p > 1 do not appear in the streaming equation since their contrib-
ution is subleading in the thermodynamic limit.

The expected Boltzmann averages (g12), {(p12), (p11) and (m; ) are difficult to compute, but
recall that we are interested in the replica symmetric evaluation of the quenched free energy
(and, thus, also of the replica symmetric expression of all the order parameters). Introducing
the fluctuations of the order parameter (centered around their quenched mean values ¢, p and
m, see equation (2.30))

Ay=q1n—q (2.39)
A, =pi—p, (2.40)
Ay =m —m, (2.41)

and recalling that, in the RS approximation, they vanish in the thermodynamic, we can rewrite
the interaction terms in equation (2.38) as

(P12ahy) = —2pq* + ¢* (p12) + 2pq(q12),

242
(m}) = =3m* + 4m>(m, ). (242

19Notice that the Boltzmann average has a functional dependence from the interpolating parameter ¢, as every ther-
modynamic observable is computed from the general interpolating pressure (2.34).

9



J. Phys. A: Math. Theor. 53 (2020) 074001 F Alemanno et al

By substitution inside the streaming equation we obtain

B

2=t a)

Elo*(pn) +20°pg* — o’ (pia) — 20°pq(qia) — Ci + Ci{qia) — aC3(pn)
+ OéC%(pu) — aC3<p11> —3m* + 4m3(m1) — 2C4(m1>]
(2.43)
Recall that we have four free parameters: Cy, C,, C3 and Cy4. They can be chosen a fortiori in
order to eliminate the expected Boltzmann averages (g12), (p12), {p11) and (m;) in favour of
their replica-symmetric expectations in the thermodynamic limit. With this idea in mind, we
rewrite the latter equation as

Ty Ele® —aC = aCa) o) + (4G = a*) i) + (€} ~ 20pg) (1) (2.44)

+ (4m® — 2C4)(my) — C3 + 20°pg* — 3m4].

3,A =

It is now clear that, with the following choice:

Ci=V2a%q, C=vVag, Ci=a(l—¢), Ci=2m’, (245)

we can achieve our goal and simplify the streaming term further, obtaining

2(1’100 [2a’pg(1 — q) + 3m*]. (2.46)

Now we are left with the one body term:

/| B B
A(0) :Nh_)ngo —Ean/DzeXp 1 +ac1 ZJ,‘O’,"F 1 +ac2 ZJ“Z“
i Iz

atA: -

2 B l
u 1
+Cy +a25i0i)~
(2.47)
It can be easily computed, returning
« Ba a fa 7
0)=-21 (1— - ) @
A0) 2" l+a( 7) +21+a1—ﬁ—“(1—q)
2 2

+/Dx 1ncosh< 216fapqx 1f 3). (2.48)

Combining equations (2.46) and (2.48), after some rearrangements we get the same result
already derived through the replica trick for the RS pressure (2.31).

2.3. Phase diagram

Before moving on, we rewrite here the RS pressure for the reader’s convenience:

2 2
RS _ 12 — Pa _ o) — 2 1_5701_2 a fa q
. 1+oz<qp 2 2n( 1+a( q))+21+a1_%(1_q2)
3 8 Ba? 28 4
_Eﬁm +/Dx lncosh( 21+apq —I—Tm) (2.49)

10
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Figure 1. (left) The phase diagram of the MDAM obtained by solving the self-
consistencies, see equations (2.50). We highlight three regions: a pure ergodic one (E), a
spin glass phase (SG) and a retrieval one (R). (right) Different critical lines Ty depicting
the E-R transition relative to different loads of the network, i.e. for « = 0.05,0.10,0.15
and 0.20, as function of N. For each load o we performed Monte Carlo simulations
for different sizes N, ranging from N = 20 to N = 160, with leaps of AN = 20, thus
obtaining the different points interpolated in the right panel of the figure. The critical
temperatures 7 (for different values of ) in the bottom right legend of the figure are so
obtained; they are consistent with our theoretical results.

Extremizing the statistical pressure with respect to the parameters g, p and m, we end up with

the self-consistency equations

2 2
m:/Dxtanh( 2ﬂa pgx+ p m3),
e

14+«

Ba? 2
— [ Dx tann® (12
q / X tan 1+apqx+1
B
1+O;q2

( —%(1—%))2'

fa m3),

(2.50)

We numerically solve these equations and paint the phase diagram reported in figure 1(left
panel), made by three different phases: the retrieval (R), characterized by non-zero values of
the two order parameters m and ¢, i.e. m # 0 and g # 0; the spin glass phase (SG), where
m =0, g # 0, and the ergodic phase (E), with m = ¢ = 0. In the retrieval region pure states
are always global minima for the free energy. Since mixture states (which are present as well
as pure ones) are not global minima of the free energy, we refer to the R phase as a ‘pure
retrieval’ phase. We argue that this is due to the decomposition (2.3).

Furthermore we performed Monte Carlo simulations in order to check out our assumptions
(e.g. the RS ansatz). In particular, we focused on the E-R critical line (see the phase diagram,
figure 1(left)). We performed a finite size scaling analysis (see figure 1, (right)), which led to
the critical temperatures for different values of o depicted in the bottom right panel, figure 1,
(right): numerical outcomes are in excellent agreement with the theoretical predictions.

1
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3. Conclusions

Along the lines of our recent research [6, 10], in this paper we extensively relied upon tools
typical of the statistical mechanics of spin-glasses to quantify the high pattern recognition
capacity of, possibly, the simplest neural network falling in the class of dense associative
memories. The latter were recently proposed by Hopfield and Krotov [35, 36] as a candidate
benchmark to inspect for possibly explaining (part of) the impressive skills that artificial neu-
ral architectures experience nowadays.

In particular we have shown that such a network, equipped with solely a linear storage
of patterns K—in the volume N—but where patterns are split in a O(1) signal term and an
O(V/N) noisy term, is able to extensively de-noise the perceived inputs such as to accomplish
pattern recognition despite the prohibitive level of noise: this is ultimately due to the dense
connections where redundant representations of patterns are possible [6]. The critical capac-
ity in this regime of operation -at least at the replica symmetric level of description- is quite
huge, resulting in (8 — o0) ~ 0.65 (and we checked numerically that the replica symmet-
ric assumption is tolerated as shown by extensive Monte Carlo runs). In particular, at present
-to our knowledge- this is the largest critical capacity for networks presenting this high pattern
recognition skill, (the network of [6] has to respect a. < 0.5).

Furthermore the retrieval region is characterized by the fact that pure states are always
global minima for the free energy. We conjecture this is a consequence of the choice of the
decomposition (2.3). We also notice that the phase diagram resembles that of the Sherrington—
Kirkpatrick model (with the role of Jo, the mean value for the Gaussian fields J;; in the S-K
model, here played by some decreasing function of the load «); this is not casual, as, in this
model, the quenched noise given by the boolean fields £, for p > 1, is negligible in the
thermodynamic limit (see appendix A.l). Therefore, the only ‘seen’ by the network is the
Gaussian noise (given by the fields J{; , still for p# > 1). Consequently, the model can be seen
as a spin glass (a P = 4 generalization of the Sherrington—Kirkpatrick model) able to retrieve
a pattern & from the Gaussian noise.

Finally, with the aim of promoting cross-fertilization among the two disciplines of Machine
Learning and Disordered Statistical Mechanics, we collected the outlined results by using two
among the most used methods to deal with spin-glasses, namely the replica trick [19] and the
interpolation method [12], discussing both of them in great detail. The authors are grateful
to Unisalento, Istituto Nazionale di Fisica Nucleare, Sezione di Lecce, and CNR-Nanotec,
Sezione di Lecce, for partial fundings.
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Appendix A. Replica trick computations: details

In this appendix, we report some details on the replica trick computation.

A.1. Evaluation of the noise term

In this section, we evaluate the noise term in the splitted partition function (2.17), which we
report here for convenience:
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Znoise — / (TI 2t JEen (/5 + TR Z Z Z (e + VaNsg) otoss).
a=1 >1 lJ 1 (Al)
Because of the independence of the signal and noise term in the pattern decomposition (2.3),

we can perform the averages separately. We start with performing the average over the £’s,
which leads to

exp (Z In cosh ( + Ao ZU“ ) ) (A2)
ij,u>1
In the large N limit, we can expand in powers of 1/N the In cosh function, keeping only the

leading contribution (as all higher order corrections vanish in the thermodynamic limit). Then,
we are left with

o (s 32 (St

However, the exponent in the latter equation is of order O(1), thus it is a subleading contribution
w.r.t. to the Gaussian part of the noise term. Therefore, it can been neglected in the large N limit;
this is an important result, as it means that the quenched noise given by the boolean fields &, for
1 > 1, s totally hidden by the Gaussian noise, introduced by the decomposition (2.3). The result is

Znoise:/DJ/(HD{ZH}/4>1)GXP< +04N2 ZZZ Uo,lao_aza)
a=1 =1 pu>1lij=1 (A4)
Now, we can directly average over the J variables, obtaining

Znaisez/(i[lD{za}u>1)eXP( HWZZ (Y atores) ’)

p>lij=1 a=1

o a a b _a _b_a_b
_/(HD{Z}W)exp( IMszZZ”m“)
a=1 p>1ij=1ab=1
(A.5)

In the last line, the dependence on the order parameters g,, and p,y, is clear. Hence, we can
now introduce a product of delta functions by using

N K
= / (Hanbdpab §(qab - % ZJ?U?) 5(pab - ﬁ ZZZZZ)) (A6)
ab i=1 =2

After this manipulation, we get
n K
Znoise :/ (HD{Za},u>l) (Hanbdpab 6 Yab — Z U pah — ﬁ ZZZZZ))
a=1 n=2
2
X exp (N% Z qibpab). (A7)
a,b=1

At this point, we use the Fourier representation of the Dirac delta:
CIab - % Z U = /dqab exp (quab Gab — Z U ); (A.8)
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and similarly for p ;. Then, the noise term now reads'’

/ ( H anbdpabdéabdﬁab) (HD{Z u>l) €xXp ( —i Z ZPabZMZH
a,b pn>1 ab
. . . . a . . Ba?
+ INZ qab9ab — 1 Z Z qab0; Ujb + iaN Zpahpab + m Z qibpab) .
a,b i ab ab a,b=1
(A.9)
The integral over the z variables can be easily performed, leading to

/(HD{Z }ﬂ>1) oxp ( —iY ) Padiz ) = ﬁdet(]uzi]fb)—l/{

pu>1 ab
(A.10)

where I, = d,4p is the n X n identity matrix and If”ab = pap. We therefore end with the final
expression for the noise term

N aN =
Znoise = / (H dqabdpabdqabdpab) €xXp ( - 7 In det(]I + 2IP))
a,b

X exp (IN Z Gavqap — 1 Z Z Garof o] +iaN Zpabpab Tl Z qabpab)

(A.11)

A.2. The replica symmetric ansatz

In this section, we compute term by term the contributions appearning in (2.29) after adopting
the RS ansatz. Since the statistical pressure presents an overall factor 1/n in (2.26), only the
O(n) terms are relevant for our purposes (since we have to evaluate the n — 0 limit). For the
first term, the leading contribution is

qubpﬁb ~ n(PD *Pq2)~ (A.12)
a,b
For the second one, we have

Ba Ba Ba q
In det <H—H—a<@) ~nln< —ﬁ(l—‘i)) Tra1-22(—g)

(A.13)

The m-dependent contribution is trivial, and reads
4 4
> my=nm' (A.14)
a

Finally, the last term can be straightforwardly evaluated as follows

Ba? 2B
(3o ({5 S s 2o S
o a, a ¢

2 . )
:nlﬁ_l:a(PD—PQ)-l-nan—i-n/Dxlncosh( Zlﬂf pgx +1f m%)

(A.15)
Putting all these results in the expression for the statistical pressure, we get the result (2.31).

' Again, we neglect the irrelevant factors (%) n? (%) "Z, as they give no contribution in equation (2.12).
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0.0 0.5 1.0 15 2.0 2.5 3.0

Figure B1. Comparison between the L.h.s. (black dashed line) and r.h.s. (blue solid
curves) of equation (B.5) for a = 0.55,0.65,0.85.

Appendix B. Zero-temperature critical capacity analysis

In order to estimate the zero-temperature critical capacity a.(7T = 0), we start from the self-
consistency equations (2.50). Upon eliminating the conjugate parameter p, we get

mz/Dxtanh( B ( /2007 qz)x+2m3)>,

Itall— fo- B
= [ Dx tanh® 5 ( /20°q° x+2m3)
g l+a 1_&(1_(]2) )
1+«

In the limit 3 — oo, it is easy to check that ¢ — 1, then 1 — g> — 0 in the zero temperature
limit. The quantity C = 3(1 — ¢?), which satisfies the self-consistency equation

1+ 0 2
C=p3- ﬁ(l — Wam /Dxtanh(g(m, q))) , (B.2)

where g(m, q) is the argument of the hyperbolic tangent in (B.1), is finite in the 8 — oo limit.
Using tanh(Bx) — sgn(x) in the large 3 limit, then the self-consistency equations can be

evaluated as
£ m3 1 [e% 1

1—-2>C 2 6
C= (a+l)%—exp(f %(17 lj—lac)z).

(B.3)
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By introducing the quantity

3

m o
tz—l—il—c>, B.4
a’/? ( 1+ a( ) B4
after some rearrangements, we end up with a single equation

2t 2
exp(—17).
Tar p(=1)
Then, the critical storage capacity is the value of « leading to non-trivial solutions for equa-
tion (B.5). A comparison between the two sides of the equation for various « values is reported

in figure B1. By numerically solving the equation (B.5), we found a critical storage capacity
a.(T = 0) ~ 0.651, which is in perfect agreement with the phase diagram.

P VRN
z_a erf’ (1) (B.5)

Appendix C. Signal-to-noise analysis

We here perform a signal-to-noise analysis, motivating the decomposition equation (2.3).
Introducing the ‘internal’ field %; seen by the ith spin ¢, defined as

K N
1
h; = N E E 0Tk, (C.1)
p=1jki=1

we can write the hamiltonian of the model as:

N
H=-Y ho;. (C.2)
i=1
By virtue of the pattern decomposition, this field can be rewritten as

K N
1
hi=sm D D (&rgreper + VR + VRELE T + KILIL ) oyonan.

y b
p=1jki=1
(C.3)
Probing the alignment to the pattern ﬁl = (&],..&)), we set o = I3 by which the following
standard decomposition holds (we simply separate the ‘signal’ characterized by p = 1 from
the ‘noise’ px > 1):
hiO',' =S +N (C4)

where

1, VK VK K
§=3 (1455 uielel + 35 S dkelel + 13 S elelelelab
j k|l ikl
(C.5)

is the ‘signal’ and

1 K N
N =553 3 (erelergeelerel + VRehelel g aells + VREL G elele It + Kelg elel L)
u>1jkl=1
(C.6)

the ‘noise’. Recall that the Ji’j‘ tensors are all i.i.d. variables distributed as N (0, 1). In order to
compute the signal-to-noise ratio S /N, we firstly perform the standard Gaussian expectation
[E over the signal S. This results in
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E[S]:;(1+Il\;>—>; (C.7)
as N — oo in the thermodynamic limit. In order to get this result we consider that

E[J}] =E [}y =0 (C.8)
and

E [J5J4] = 6udi (C.9)

and the fact that the products similar to Jj¢/ €] give new i.i.d N(0, 1) variables as the J's are.

Consider now the noise . The first term in the parenthesis (C.6) can be decomposed in
a sum of various contributions, given the four summations in p,j, k, . We get a contribution
by setting j = k = [ = i, which is of order O(N~2) given the overall factor 1/N* in front of
each term in the noise; we have several contributions from / # k with k =j = i, and cyclic
permutations (i.e. [ # j with k = j = i and so on), which overall give a contribution of order
O(N~2); then we have to consider the terms coming from [ # i,k # i,j = i and similar, giving
O(N—3/?) contributions and, the remaining ones coming from I # i,k # i,j # i and similar,
which are O(N~!). We see therefore that, in the thermodynamic limit, the first term in the
noise is zero.

The remaining terms have to be evaluated via the Gaussian expectation operator, therefore
we can easily apply similar considerations to those used in the evaluation of E [S]. This results
in vanishing contributions from the second and the third term in the noise decomposition in
the thermodynamic limit. The only non-zero contribution comes from the last term, the fourth,
which however is non-zero only for k = i,j = [, giving o? /2.

The ratio S/N can now easily computed, giving 1/a?, which is of order O(1). It can be
shown that this is the minimal S /A value given the decomposition in equation (2.3): attempt-
ing to overtake the linear load K = a/N (e.g. by considering super-linear regimes such as
K ~ N?) leads to a vanishing signal to noise ratio in the thermodynamic limit. Hence, in
super-linear regimes the network cannot retrieve any pattern of information: our decomposi-
tion equation (2.3) is therefore the worst scenario from the network’s point of view, i.e. it gives
the maximal noise to the network maintaining its retrieval capability.
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