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Abstract

®
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Paraxial transmission characteristic of a second-order frequency chirped finite Olver Gaussian
beam (CFOGB) in the uniaxial crystal orthogonal to the optical axial is investigated based on the
generalized Huygens—Fresnel integral equation. The exact expression for the CFOGB passing
through the uniaxial crystal is derived. The contour graph of the CFOGB intensity distribution
on some transversal cross sections, the side view of this beam propagating in three different
kinds of uniaxial crystal models are discussed, the influence of the frequency chirp parameter on
the beam evolution properties is explored as well. We make sure that the formulae and the
conclusions obtained can provide an effective and quick method to adjust and control this
CFOGB evolution path and profile through choosing the proper uniaxial crystal structure and

frequency chirp value to meet the practical usage.
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1. Introduction

As a novel type of realizable beam, the finite Airy beam
(FAiB) was first theoretical and experimental introduced by
Siviloglou et al in 2007 [1, 2]. This wave exhibits three kinds
of outstanding properties of self-acceleration, self-healing and
non-diffracting during the propagation in the different vari-
eties of media [3-5], which have been widely examined and
verified in the past few years. Just like Bessel beam is made
up various kinds of orders, the finite Olver beam (FOB)
family was proposed recently by Belafhal and his collabora-
tors as the solution of the Olver’s differential equation [6].
The zeroth-order FOB was presented theoretically and
numerically as the well-known FAiB in their work, mean-
while, the generation’s masks of the FOB in the zeroth and
first orders are given based on a computer generated holo-
grams method in that paper as well. To date, the FOB and
finite Olver Gaussian beam (FOGB) propagating in a paraxial
ABCD optical system [7], a medium of basis annular aperture
[8], an apertured misaligned ABCD optical system [9] and
double negative index slab system [10] have been intensely
discussed within the context of laser optics, besides these,
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Besieris et al newly gave a note on self-accelerating Olver
and Olver—Gauss beams [11]. For another, the frequency
chirp is a phenomenon existing in wide scopes of an ultra-
short intense laser pulse, where the signal frequency varies
over time [12]. The exploration of frequency chirped pulse in
ABCD optical system or dispersion medium has practical
significance in optical communication, because the wave
spectrum is influenced and widened when this frequency
chirp is imposed externally on the incident beam. As far as we
know, the evolution properties of the FAiB and Airy deri-
vative beams with frequency chirp term in optical slab
waveguide contained double negative material and right
handed material and optical fiber were checked [13-15] in
half a dozen years ever since the first experimental realization
of controlling the chirped laser pulse by Melinger et al [16].
In the year of 2019, Jin goes a step further to probe the
transformation of frequency chirped two-dimensional FOGB
through sandwich structured slab [17].

Uniaxial crystal like rutile displays important role in
optical communication devices design due to the polarization
state of the travelling wave goes through a conversion, many
anisotropic media, for instance, polarizer, photonic fiber,
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Figure 1. Geometry of the input CFOGB propagating in auniaxial
crystal.

switch, compensator, and etc were commercialized and
employed in a lot of experiments situation [18, 19]. Ciattoni
and Palma perform for the first time the propagation of wave
evoluting in the uniaxial crystal orthogonal to the optical axial
by solving the boundary value of the ordinary and extra-
ordinary beams, respectively, which avoids the sophisticated
mathematical computation in dealing with Maxwell’s
equations [20]. So far, the propagation of the FAiB in the
anisotropic uniaxial crystal under the paraxial approximation
and beyond have been studied by Deng et al [21, 22], the
non-paraxial propagation of the chirped Airy vortex beam,
Airy—Gaussian vortex beam and the radially polarized Airy—
Gaussian beams with different initial launch angles in uni-
axial crystals were also explored by her research group
[23-25]. What is more, the transformation characteristics of
the FOGB through a uniaxial crystal was examined by Hen-
nani et al [26], however, the input beam distribution presented
in reference [26] appears to be Gaussian profile and cannot be
used to delineate the FOGB properties entirely, therefore,
they merely finished the propagation of the FOB, without
Gaussian term, cutting through the uniaxial crystal orthogonal
to the optical axial. All in all, last time we checked, there is no
literature exploring the evolution of frequency chirped finite
Olver Gaussian beam (CFOGB) in the uniaxial crystal
orthogonal to the optical axial.

Therefore, in the rest of this letter, we systematically
explore the second-order CFOGB intensity profiles on several
transversal cross sections, and the side view of this beam
propagating in the uniaxial crystal. The remainder of the
paper is organized as follows: firstly, in section 2, the ana-
lytical expression of the CFOGB passing through the paraxial
uniaxial crystal is calculated in space domain by using the
generalized Huygens—Fresnel integral equation. In section 3,
the contour graph and side view of the FOGB propagating in
three kinds of uniaxial crystal are thoroughly studied,
respectively; meanwhile, the influence of the frequency chirp
parameter on the CFOGB intensity distribution is analyzed as
well. Finally, a simple conclusion is summarized at the end of
section 4.

2. Physical model and analytical expression

The schematic diagram of a laser beamlet cutting through the
uniaxial crystal orthogonal to the optical axis is described in
figure 1. We assume that the uniaxial crystal is lossless with
its optical axis being the x-axis, y-axis being another trans-
versal direction, and the observation plane is set as the xy-

plane in the Cartesian coordinate system, whereas the z-axis is
taken to be the propagation axis. Considering that the
CFOGB is linearly in x-axis and is incident on the uniaxial
crystal, its electric field distribution at input plane z = 0
(point O) can be written as [17]

E((x0, . 2 = 0) = Om(ﬂ)exp (ao&)

Hwo Hwo
Yo Yo x5 + y02
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Ey(x()’ y(), = O) = 09 (2)

where wy is the beam waist length of the incident beam, p is
named as the corresponding adjustment factor regulating the
beam spot size, ay denotes the truncation parameter, by means
of which the pseudo non-diffracting Olver beam carries finite
energy, and C, characters the frequency chirp coefficient. The
kernel O denotes the Olver function with the subscript m (or
n) being the function order, and has been defined as
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One can easily recognize from equation (3) that the traditional
Airy function feature is acted out as long as the Olver function
order n = 0. In the frame of this reference, the relative di-
electric tensor of the uniaxial crystal is taken the form as [27]

nz 0 0
e=|0 n2 0} (%)
0 0 n?

o

where n,, and n, are the traditional ordinary and extraordinary
refractive index of this crystal, respectively. Here, we define a
notation ¢ = n,/n,, which is termed as the ratio of the
extraordinary refractive index to the ordinary refractive index.
There are three kinds of uniaxial crystal, generally, the
positive, the negative and the isotropy one, of which the ¢ is
greater than 1, less than 1 and equal to 1, respectively.

Under the paraxial approximation, the two electric field
components of the CFOGB propagating in the uniaxial crystal
can be evaluated by the following generalized Huygens—
Fresnel integral theory, which can be deduced by using the
angular spectrum method, for more information, please refer
to the literature [20, 28, 29]
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Figure 2. Incident FOGB intensity distribution with two kinds of beam order n, A = 1.55 pum, ay = 0.2, wg = 1 mm, g = 0.05 and Cy = 0;
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where k = 21/ is the wave number, with X being the input
wave length. It is easily obtained that the equation (7) exhibits
a standard Fresnel behavior, but the extraordinary expression
(6) reveals the anisotropic dynamics. Inserting equations (1)
and (2) into equations (6) and (7), separately, one obtains the
closed-form complex electric field of the CFOGB after passes
through the uniaxial crystal as
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Ey(x,y,2) = 0. (13)

Finally, the light intensity of the output CFOGB is gained
with ease by using the complex conjugate of E(x, y, z)

no
2cpg

1= |E:(x, y, D* o |Ex(x, y, 2),

(14)

where the proportional constant is connected with the
refractive index ng of the beam transmitting in free space, the
speed of light ¢ and the permeability pi in vacuum.

3. Results and analysis

3.1. Incident FOGB profile with different beam order

We begin our analysis by discussing the incident FOGB
intensity contour graph with two different beam order n, the
result is depicted in figure 2, and some specific parameters are
set as A = 1.55 um, ay = 0.2, wy = 1 mm, p = 0.05 and
Co = 0 without chirp stimulated. One can clearly see that the
lateral petals rapidly decrease with the increasing of beam
order n, and there are only a very small amount of lateral
petals when the input FOGB n = 2, but the profile outlines of
these two kinds of incident beams are more or less the same
compared with figures 2(a) and (b).

3.2. Each order FOGB evolution characteristics changed with
the factor t

In the next moment, we focus on the contour graph of the
second-order FOGB intensity distribution on several trans-
mission cross sections changed with the ratio of the extra-
ordinary refractive index to the ordinary refractive index ¢
while this beam transmits in the uniaxial crystal, the simula-
tion result is demonstrated in figure 3, here we choose the
parameters as n, = 1.5 fixed, the Rayleigh length of the input
beam is Zp = mfwé/ A = 0.0051 m, and other factors are
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Figure 3. Contour graph of the second-order FOGB intensity distribution on several transmission cross sections of the uniaxial crystal
changed with the ratio of the extraordinary refractive index to the ordinary refractive index ¢, n = 2, A = 1.55 pm, a9 = 0.2, wp = 1 mm,
1 =0.05, Co =0, Zg = wp*wi/A = 0.0051 m and n, = 1.5 fixed; (al) n, = 1.5, t = 1, z = 5Zg, @2) n, = 1.5, t = 1, 7 = 10Zg, (a3)
n,=15,t=1,z=15Zg; (bl) n, = 2.0, t = 1.33, 2 = 5Z, (b2) n, = 2.0, t = 1.33, z = 10Zg, (b3) n, = 2.0, t = 1.33, z = 15Z; (cl)
n,=1.0,t=0.67, z = 5Zg, (c2) n, = 1.0, t = 0.67, z = 10Zg, (c3) n, = 1.0, t = 0.67, z = 15Z.
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Figure 4. Contour graph of the zeoth-order FOGB intensity distribution on several transmission cross sections of the uniaxial crystal changed
with the ratio of the extraordinary refractive index to the ordinary refractive index ¢, n = 0, A = 1.55 pum, ap = 0.2, wp = 1 mm, p = 0.05,
Co =0, Zg = mpwi/A = 0.0051 m and n, = 1.5 fixed; (al) n, = 1.5, t = 1, 2 = 5Zg, (a2) n, = 1.5, t = 1, 7 = 10Zg; (b1) n, = 2.0,

t =133, z = 5Zg, (b2) n, = 2.0, t = 1.33, z = 10Zg; (cl) n, = 1.0, t = 0.67, z = 5Zg, (c2) n, = 1.0, t = 0.67, z = 10Zk.

completely the same as those in figure 2. By viewing these
figures, it is recognized that the second-order FOGB, too, has
the ability of self-bending, i.e. this beam curves along the
parabola with the increasing of transmission distance. When
n, = n, = 1.5 (t = 1) in isotropic medium in figure 3(a), the
beam accelerates along the /4 axis in any transversal plane,
manifesting that the bends degree in two transversal direc-
tions are always the same along with the increased distance.
Upon evolution in the positive uniaxial crystal (n, = 2.0,
t = 1.33) in figure 3(b2), the self-bends of the FOGB in the y-
direction (i.e. the transversal direction orthogonal to the
optical axis) are slower than that in the x-direction due to the
anisotropic effect of the crystal, and the central bright point
moves to the (x = 0.53wp, y = 0.17wy) when z = 157z in
figure 3(b3). However, if the uniaxial crystal is negative
(n, = 1.0, t =0.67), the acceleration of the beam in y-
direction is much faster than that in optical axis x-direction, as
shown in figures 3(c2) and (c3). What is more, it is worthy to

mention that the contour plots of the second-order FOGB
intensity distribution for three different kinds of uniaxial
crystals are approximately the same in near range (e.g.
z < 5Zp), regardless of the ratio of the extraordinary refrac-
tive index to the ordinary refractive index ¢, the reason is that
the anisotropic effect of the crystal can be neglected while
beam transmits in a very short propagation distance z. The
zeroth-order FOGB intensity outline on different intersecting
surface of the uniaxial crystal for several values of ¢ is also
depicted in figure 4. One can distinctly recognize from these
figures that the acceleration dynamics for two kinds of beams
are the same in the uniaxial crystal when the values of r are
equal. In addition, because there are much more lateral petals,
the influence of the anisotropic effect on zeroth-order FOGB
is more obvious than that of the second-order one, even in
near range, as shown in figures 4(bl) and (cl). While pro-
pagating to the distance of z = 10Z, the interference of main
lobe and side lobes is very serious in x-direction for the
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Figure 5. Side transmission view of the second-order FOGB intensity distribution while beam evoluting in the uniaxial crystal changed with
the ratio of the extraordinary refractive index to the ordinary refractive index ¢, n = 2, A = 1.55 um, ag = 0.2, wp = 1 mm, p = 0.05,

Co =0, and n, = 1.5 fixed; (al) n, = 1.5, t = 1, x-direction, (a2) n, = 1.5, t = 1, y-direction; (bl) n, = 2.0, t = 1.33, x-direction, (b2)
n, = 2.0, t = 1.33, y-direction; (cl) n, = 1.0, t = 0.67, x-direction, (c2) n, = 1.0, t = 0.67, y-direction.
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Figure 6. Contour graph of the FOGB intensity |E, (x, y, z)\2 on cross section z = 10Zx of the uniaxial crystal, A = 1.55 pum, a9 = 0.2,
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positive uniaxial crystal, as shown in figure 4(b2), otherwise The side transmission view of the second-order FOGB in
in figure 4(c2), the interference mainly appear in the y- x- and y-directions is explored in figure 5 in order to further
direction. illuminate the anisotropic effect of the uniaxial crystal. It is
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side view, n, = 1.5, t = 1, Cy = 20, y-direction; (c3) side view, n, = 1.5, t = 1, Cy = 0, x-direction; (c4) side view, n, = 1.5, t =1,
Cy = —20, x-direction; (d1) emerging beam profile, n, = 2.0, t = 1.33, Cy = 20; (d2) emerging beam profile, n, = 1.0, t = 0.67, Cy = 20.
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evident that the acceleration of the FOGB speeds up in x-
direction and slows down in y-direction while beam propa-
gates in positive uniaxial crystal from figure 5(b), and the
conclusion is the opposite when the uniaxial crystal is nega-
tive, as shown in figure 5(c), in other words, the symmetric of
the beam intensity can only be achieved in the isotropic
medium, as demonstrated in figure 5(a). Further analysis
demonstrates that the bigger the ¢ is under the event ¢ > 1, or
the smaller the ¢ is if # < 1, the stronger the asymmetry of the
beam outline is formed. These discussions verify the remark
acquired in figure 3 once more.

In order to validate the paraxial theory of the FOGB
propagating in the uniaxial crystal orthogonal to the optical
axis, the non-paraxial beam intensity distribution |Ey (x,y, z)|2
is portrayed in figure 6, here, we choose the maximum beam
intensity in figure 3(a2) as the normalized factor, other
parameters are in accord with those in figure 2 except
n,=n,=15 (t=1) and z = 10Z; fixed. It is explicitly
seen from the colour bar of figures 6(a) and (b) that the
intensity distribution of the y-component for both the second-
order FOGB and zeroth-order one are extremely weaker
compared with that of the x-component in figure 3(a2),
manifesting that the paraxial approach is accurate enough
when the beam waist size wg is much larger than the wave-
length A.

3.3. Influence of frequency chirp on beam evolution properties

In this subsection, we are interested in the influence of the
frequency chirp Cy on the beam evolution, the numerical
draw is demonstrated in figure 7. By comparing figure 7(a)
with figure 2(a), we find that both the incident beam intensity
profiles do not vary with chirp Cy, however, it is not the case
for the second-order CFOGB propagating in the uniaxial
crystal orthogonal to the optical axial. The emerging beam
intensity distribution after passing through the whole crystal
with three different values of Cp is demonstrated in
figure 7(b), by observing figures 7(b1)—(b3), it comes to the
conclusion that the bigger the Cj is, the larger the beam size,
no matter the main lobe and the size lobes, is formed on the
output plane, and vice versa. The CFOGB side views shown
in figure 7(c) manifest that the acceleration property of the
wave can be affected by the frequency chirp Cy in both two
transversal directions, when Cy = 20 > 0 in figures 7(cl) and
(c2), the self-bending of the CFOGB slows down to some
extent than that of the Cyo =0 (seen from figure 7(c3)),
leading to the emerging beam profile close to the original
point; on the contrary, the wave accelerates much faster while
Cop = —20 < 0, as shown in figure 7(c4). We also delineate
the CFOGB profile evoluting in the anisotropic uniaxial
crystals with different kinds of the ratio of the extraordinary
refractive index to the ordinary refractive index ¢ in
figure 7(d), it is turned out that the emerging beam outline is a
result of mutual effect of frequency chirp Cy and factor ¢,
therefore, we can adjust and control this CFOGB evolution
path and profile through choosing the proper uniaxial crystal
structure and chirp C, value to meet the practical use.

4. Conclusions

In summary, we have thoroughly investigated the evolution
characteristics of the second-order CFOGB propagating in the
uniaxial crystal orthogonal to the optical axial based on the
generalized Huygens—Fresnel integral equation, the closed-
form formulae for the CFOGB passing through the uniaxial
crystal has been derived since it provides an effective method
for analyzing the contour graph of the CFOGB intensity
distribution on several transmission cross sections and the
side view of this beam propagating in all kinds of uniaxial
crystals, and avoids the sophisticated mathematical compu-
tation in dealing with Maxwell’s equations. We found that the
acceleration magnitude of the FOGB in the transversal
direction orthogonal to the optical axis is typically different to
that in the optical axis direction due to the anisotropic effect
of the crystal, and the bigger the ratio of the extraordinary
refractive index to the ordinary refractive index ¢ is under the
event ¢ > 1, or the smaller the 7 is if # < 1, the stronger the
asymmetry of the beam outline is formed. The influence of
the frequency parameter C, on the beam evolution has been
studied as well, it is concluded that C, plays an important role
on the intensity profile evolution of the CFOGB when wave
propagates in the uniaxial crystal that makes the beam outline,
no matter the main lobe and the size lobes, towards the larger
size when it is a bigger value, and vice versa, manifesting that
the acceleration property of the wave can be affected by the
frequency chirp Cy in both two transversal directions, there-
fore, we can adjust and control this CFOGB evolution path
and profile through choosing the proper uniaxial crystal
structure and chirp C,, value to meet the practical usage.
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