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Abstract. We investigate the weak cosmic censorship conjecture for Kerr-Sen black holes,
which are solutions to the four-dimensional low-energy effective field theory for the heterotic
string theory, based on the scattering of a charged scalar field. When the fluxes of the scalar
field are assumed to transfer its conserved quantities to the black hole, extremal and near-
extremal black holes cannot be over-spun and over-charged in their first-order variations,
which is sufficient to conclude that the weak cosmic censorship conjecture is valid for Kerr-
Sen black holes. We confirm our conclusion by relating it to the first, second, and third laws
of thermodynamics.
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1 Introduction

The black hole, one of the compact cosmic objects, has an event horizon. Classically, matter
passing through the horizon cannot escape to the outside of the horizon. Therefore, an
observer cannot detect any energy from the inside of a black hole, which is one of reasons why
black holes are interesting objects. The energy of a black hole is divided into irreducible mass
and reducible energy [1-3]. The irreducible mass increases with any classical process, but
the reducible energy is different. Rotational and electric energies are examples of reducible
energies that are reduced or extracted by specific processes such as the Penrose process [4].
However, when a quantum process is considered at the horizon, black holes are found to emit
radiation; therefore, black holes are considered to be thermodynamic objects with a Hawking
temperature [5, 6]. Furthermore, according to the increase in the irreducible mass of a black
hole, the Bekenstein-Hawking entropy can be defined to be proportional to the surface area
of the black hole [7, 8]. The laws of thermodynamics are accordingly constructed by these
thermodynamic variables.

The event horizon plays a role in hiding the inner structure of black holes, which is
quite important to the curvature singularity. A naked singularity, which is exposed to an
observer without the horizon, causes a breakdown of causality. However, this cannot happen,
because the singularity is hidden by the horizon. This conjecture is called the weak cosmic
censorship conjecture (WCCC) [9, 10]. In the WCCC, the horizon should be hidden inside
the black hole to prevent a naked singularity in the universe. Since the test for Kerr black
holes based on adding a particle was proposed [11], various investigations of the WCCC of
numerous black holes have been reported. Because the validity of WCCC depends on the
testing channels, the conclusions can be inconsistent. Particularly, when tested by adding
a particle, the WCCC of Reissner-Nordstrom black holes was found to be invalid [12], but
another study found that the WCCC of the black hole remains valid [13]. Furthermore, the
states of black holes affect the validity of the WCCC. The WCCC of the extremal Kerr black
hole is known to be valid. However, the WCCC of the near-extremal case has been found
to be invalid [14], but in a different analysis, the invalidity was resolved by considering the
self-force or back-reaction [15-19]. The WCCC is still actively studied in many black holes



by using various methods [20-50]. In particular, the WCCC can be investigated based on
the scattering of a scalar field, where changes in the black hole depend on the modes of the
scalar field [51-61]. Moreover, the boundary condition of the scalar field differs according
to the sign of the cosmological constant in Einstein’s gravity. Nevertheless, the WCCC was
found to be valid in a unified description of the arbitrary cosmological constant [62].

In this work, we investigate the WCCC in Kerr-Sen black holes based on the scattering
of a charged scalar field. The Kerr-Sen black hole is a solution to the four-dimensional
low-energy effective field theory for the heterotic string theory [63]. Because the Kerr-Sen
black hole involves a combination of Maxwell and antisymmetric tensor fields, its electric
potential is different from that of the Reissner-Nordstrom black hole. Thus, the Kerr-Sen
black hole is an interesting case to investigate whether the WCCC remains valid in a black
hole based on the low-energy effective field theory for the heterotic string theory. Herein,
we introduce the charged scalar field, which plays an important role in the validity of the
WCCC. Because the electric potential is different from that of Reissner-Nordstrom black
holes, the scalar field should be coupled with the rotational and electric contents of the black
hole. Note that, by particle absorption, the WCCC was previously found to be violated in
the Kerr-Sen black hole [26], but the WCCC was found to be valid in [27] when considering
the second-order variation owing to the charged particle. On the other hand, with a neutral
scalar field, the violation of the WCCC has been shown in the first order [56]. With the
Iyer-Wald formalism [64], which is a different method, the WCCC remains invalid in the
first-order perturbation, but the WCCC has been shown to be valid in [60] by considering up
to the second-order perturbation with charged matter. In the present study, with the actual
scattering process of a charged scalar field, we investigate the evolution of the black hole
according to the fluxes of the scalar field. Consequently, we prove that the WCCC is walid
in the first-order variation of the black hole. Furthermore, we ensure that our conclusion
regarding the validity of the WCCC is consistent with the first, second, and third laws of
thermodynamics.

The remainder of this paper is organized as follows. In section 2, we review Kerr-Sen
black holes. In section 3, the charged-scalar-field equations are solved at the outer horizon,
and the fluxes of the scalar field are obtained. In section 4, the WCCC is investigated in
extremal and near-extremal black holes. In section 5, we confirm our conclusion regarding
the validity of the WCCC in terms of the laws of thermodynamics. Section 6 concludes
this study.

2 Kerr-Sen black holes

The Kerr-Sen black hole is a solution to the four-dimensional low-energy effective field theory
for the heterotic string theory. In the low-energy limit, the bosonic part of the heterotic string
theory is given as the four-dimensional effective action in the string frame [63].
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where @ is the dilaton field. The Maxwell and 3-form field strengths, F,, and H,,,, re-
spectively, are combinations of the Maxwell and antisymmetric tensor fields denoted as A,

and By,.
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By solving the equations of motion obtained from eq. (2.1), the charged black hole can be
generated in the heterotic string theory by the Hassan-Sen transformation [65]. The Kerr-
Sen black hole, generated from the Kerr black hole to carry an electric charge, is in the
Einstein frame
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which carries mass M, angular momentum J, and electric charge ). Because the Kerr-Sen
black hole is generated from the Kerr black hole, the rotational part of eq. (2.3) coincides with
that of the Kerr black hole, but the electric part is distinguishable according to the Hassan-
Sen transformation. This relationship is also observed in components of the Maxwell field.
Qr aQrsin? 0
Ay = ——, Ap = ———, (2.4)
Py Py
which are different from those of the Kerr-Newman black hole. Therefore, the effect of the
electric charge is important to understand the Kerr-Sen black hole. There are two horizons
in spacetime: the inner and outer horizons, which are, respectively, expressed as

r=M—b—\/(M—-b?*—a2  ry=M-—b+ /(M —0b)*— a2 (2.5)

The extremal condition and the location of the extremal horizon at this condition are, re-
spectively,

la| < |M —b,  re=M~—b. (2.6)

The angular velocity and surface area at the outer horizon explicitly depend on the charge
and spin parameters.
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The Kerr-Sen black hole can be also considered as a thermodynamic system with a Hawking
temperature. Hence, the laws of thermodynamics are applicable to the black hole. The first
law of thermodynamics is expressed as follows.

dM = TydSy + QudJ + ¢pdQ, (2.8)

where the Hawking temperature, Bekenstein-Hawking entropy, and electric potential are,
respectively, given as
Q% — 2M(M — ry,) Q
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3 Fluxes of charged scalar field

We herein consider the scattering of a massive scalar field with an electric charge by a Kerr-
Sen black hole. With the scattering, the scalar field carries energy, angular momentum, and



electric charge to the black hole. The conserved quantities of the black hole also vary as
much as those of the scalar field. Hence, to estimate changes in the black hole, we need to
find the amount of conserved quantities carried to the black hole through the outer horizon.
These are given by the fluxes of the scalar field.

The action of a massive scalar field with an electric charge is expressed as

1
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where ¢ and p are the electric charge and mass of the scalar field. Then, the equations of
motion are

fg% (V=99""D, V) — 1V =0, D! (V=g9"'Dy¥*) — p>U* =0. (3.2)

e

The equations of motion (3.2) are trivial in the separation of coordinates for ¢t and ¢. We
can construct an ansatz such that

U(t,r,0,0) = e “ R(r)O(H)e™?. (3.3)
Then, the radial and #-directional equations are separable to
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where ) is a separate variable. Here, the -directional equation is the well-studied form of
the scalar spheroidal harmonics [66, 67]. The scalar spheroidal harmonics is a generalization
of the simple harmonics for a spin-zero field. Hence, we expect that there are solutions
satisfying the #-directional equation in eq. (3.4). Then, the remaining part is the radial
equation, which is key to analyze the fluxes of the scalar field. To solve the radial equation,
we define a tortoise coordinate such as

dr*  r*+a®+2br

R S (3:5)

where the interval (ry,, 00) in the radial coordinate transforms into (—oo, +00) in the tortoise
coordinate. In the tortoise coordinate, the radial equation is given as
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By solving eq. (3.6), we can obtain the radial waveform of the scalar field in all ranges.
However, the energy, angular momentum, and electric charge of the scalar field are important
here to estimate changes in the black hole. These can be described by the fluxes of the scalar
field at the outer horizon. Hence, we need to solve for the fluxes of the scalar field at
the outer horizon. In the tortoise coordinate, the radial equation in eq. (3.6) reduces to a
Schrodinger-like equation at the outer horizon.

d’R

R (w — m — q®)? R = 0. (3.7)



Therefore, the solutions to eq. (3.7) for an ingoing scalar field are obtained as
U — e—iwte—i(w—mQh—q<1>h)7"*@(e)eimqﬁ, U* — eiwtei(w—mﬂh—q'ibh)r*@*(a)e—imqﬁ‘ (38)

The fluxes of the scalar field in eq. (3.8) represent the amount of energy, angular momentum,
and electric charge flowing into the black hole. The fluxes are obtained from the energy-
momentum tensor given by the Lagrangian in eq. (3.1). The energy-momentum tensor is
expressed as

1 1 1 1
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Then, the fluxes are

E
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Because the fluxes in eq. (3.9) show the rates of conserved quantities flowing into the black
hole, we can expect that the change in the conserved quantities of the black hole is equal to
the change in those of the ingoing scalar field. Then, during an infinitesimally small time
interval, the conserved quantities of the black hole change as

dM = 27> Mryw(w — mQy, — q®y,)dt, (3.10)
dQ = 2m* Mryq(w — mSy, — q®y,)dt,
dJ = 2772Mrhm(w — m&y — qPy)dt.

Here, superradiance, or the extraction of energy from a black hole, occurs when the frequency
of the scalar field is less than the angular velocity or electric potential of the black hole.
Explicitly,

w < m&y + qPy,. (3.11)

Thus, we consider the scattering of the scalar field including superradiance. Hence, the scalar
field can increase or decrease the conserved quantities of the black hole under the scattering.

4 Weak cosmic censorship in Kerr-Sen black holes

When the fluxes of the scalar field enter the Kerr-Sen black hole, the conserved quantities of
the black hole vary according to eq. (3.10). Because the variations of conserved quantities
are infinitesimal during an infinitesimal time interval, the outer horizon of a non-extremal
black hole remains stable under the scattering. However, the stability of the outer horizon of
extremal and near-extremal black holes can be impacted because it is tightly balanced with
the conserved quantities of the black holes under the extremal condition. Hence, with a small
perturbation originating from the scalar field, extremal and near-extremal black holes have a
possibility of being over-spun or over-charged. Consequently, the singularity will be exposed
to an outside observer, making the WCCC invalid in this case. Here, we will investigate
whether extremal and near-extremal black holes can be over-spun or over-charged by the
conserved quantities carried by the fluxes of the scalar field during an infinitesimal time
interval.



4.1 Extremal black holes

An over-spun or over-charged black hole has no horizons. Therefore, its singularity is naked.
This implies that A, has no solution in eq. (2.3), because solutions to A, correspond to the
inner and outer horizons of the Kerr-Sen black hole. Between the locations of two horizons,
A, has the minimum value at r = r;,. Particularly, the extremal black hole has one horizon
located at the minimum value. In terms of A,, the extremal black hole satisfies

A, ODwin _ o A
or Omin Or?

T=Tmin

>0, (4.1)

T=Tmin

Th = Tmin, Amin = AT" =0,

T=Tmin

where the minimum value saturates to zero for an extremal black hole. When the scalar
field carries conserved quantities to the extremal black hole, its mass, angular momentum,
and electric charge are varied owing to the fluxes in eq. (3.10). Furthermore, because A,
is a function of (M, J, @), the fluxes change A, (M, J,Q) into A, (M + dM,J + dJ,Q + dQ)
during a time interval dt. Hence, the extremal black hole is slowly varied owing to the scalar
field. Note that the fluxes of the scalar field are very small. Therefore, we can assume that
changes in the black hole are very slow during the time interval. The minimum value of
Amin (M, J, Q) moves that of A, (M +dM,J + dJ,Q + dQ). Then, by estimating the change
in the minimum value, we can find the final state of the black hole: i) if the minimum value
is zero, the final state is an extremal black hole of (M +dM, J+dJ,Q + dQ) because there is
still only one solution to the horizon; ii) if the minimum value is negative, the final state is a
non-extremal black hole having two solutions corresponding to the inner and outer horizon;
iii) if the minimum value is positive, there is no solution that has a horizon, and the final
state is a naked singularity. These cases are shown in figure 1. Because the changes in the
black hole are infinitesimally small, the first order of A,.(M + dM,J + dJ,Q + dQ) governs
its physical behaviors. Therefore,

A(M +dM, J +dJ,Q + dQ) = Amin + dAmin (4.2)
aAmin 8Amin aAmin aAmin
= “gap M+ TR 4 = ERAQ + S i,
aAmin 8Amin aAmin
= dM + 97 dJ + 30 dQ,

where we impose the extremal condition in eq. (4.1). In addition,

8Amin 2J2 Q2 8Amin 2J aAmin 2CQT'min
= 2(1+ Prnin ==, = . (43)
oM M3 2M?2 oJ M? 0Q M
In combination with eq. (3.10), the change in the minimum value is obtained as
dAmin = —8T? M7 in(w — mQuin — ¢®min)? < 0. (4.4)

Therefore, the minimum value of the final black hole is always negative under the scattering
of the scalar field, which corresponds to the case of the blue dashed line in figure 1 (b). Con-
sequently, the extremal black hole becomes a non-extremal black hole having two horizons.
This implies that the extremal black hole cannot be over-spun or over-charged, and it can
easily decay to a non-extremal black hole with a small perturbation of a scalar field. Hence,
the WCCC is valid under the scattering for the extremal Kerr-Sen black hole.



extremal BHs naked singularities

————— near-extremal BHs extremal BHs

----- non-extremal BHs

(a) A, of the extremal and near-extremal (b) A, of black holes in three possible final states.
black holes.

Figure 1. Graphs of A, in initial and final states.

4.2 Near-extremal black holes

Herein, we generalize our discussion in section 4.1 to the case of near-extremal Kerr-Sen
black holes. The near-extremal black hole is included in the case of non-extremal black
holes, but it has a possibility of being over-spun or over-charged. To represent the near-
extremal condition, we have to introduce an additional constant such that the constant can
compete with the conserved quantities carried by the scalar field. If the carried conserved
quantities are sufficiently large compared with the constant to enable the over-spinning or
over-charging of the black hole, then the black hole can be a naked singularity. Such a
situation has already been found in [26] through testing with a particle, and the invalidity
of the WCCC was resolved in [27] by considering the second-order perturbation due to the
particle. Hence, in the present study, we investigate whether the WCCC can be invalid and
whether we still need the second-order analysis as in [27] to resolve the invalidity.
Near-extremal black holes satisfy

8Amin -0 82Amin
8Tmin Y ({97“2

min

Th > Tmin, Amin =0 < 0,

> 0, (4.5)

where we introduce a negative constant d to represent the near-extremality of the black hole.
Furthermore, because near-extremal black holes are very close to being extremal black holes,
we assume that |0| < 1. Note that the outer horizon is located at the front of the minimum in
the near-extremal black hole. Then, the change in the minimum value is investigated under
the scattering. Particularly, the sign of the changed minimum value is important to obtain
the final state of the black hole, as we have done in section 4.1 and as shown in figure 1. The
minimum value in the final state also depends on 4.

aAmin aAmin aAmin aAmin

Apin + dAmin =0 + oM dM + 57 dJ + 20 dQ + o drmin (4.6)
aAmin aAmin aAmin
= 0 Tt dM SRR o+ 50 4Q

Because the location of the minimum 7y, is very close to the outer horizon, we can rewrite
Tmin in terms of r, by introducing e.

Th —Tmin =€ >0, e<1 (47)



Hence, we can express the change in the minimum value based on the order of e.
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In combination with eq. (3.10), the change in the minimum value is obtained as

ApinFdApin = =872 My (w—mQy —q®y) 2dt+872 My (w — mQy, — ¢y ) (w — q®p)edt + O ().
(4.9)

Changes in the black hole originate from conserved quantities carried by the fluxes of the
scalar field during an infinitesimal time interval dt. Because the time interval is infinitesimal,
its scale is the same as that of €, dt ~ €. Hence, only the first-order term remains.

Amin + dApin = — 87T2Mrh(w — my — q<I>h)2dt < 0. (4.10)

The first-order term is always negative. Hence, the near-extremal black hole is stable under
the scattering. Moreover, it cannot be over-spun or over-charged under the process. There-
fore, the WCCC is valid for the initially near-extremal black hole. The validity of the WCCC
of the near-extremal black hole in the first order is very interesting because it has not been
reported in previous papers [56, 60]. When we consider the charged scalar field scattered by
the Kerr-Sen black hole, the WCCC is valid in the first order of variations originating from
the fluxes of the scalar field. Particularly, although the WCCC was found to be invalid in
a neutral scalar field in [56], we resolve it by adding an electric charge to the scalar field.
Furthermore, by considering the detailed fluxes of the charged scalar field, the WCCC is valid
in the first-order variation, which is a leading order compared to the second order in [60].
Note that the WCCC in Kerr-Sen black holes can be compared with that in Kerr-Newman
black holes. The rotating parts of the two black holes are coincident to Kerr black holes, but
their electric parts are different. The WCCC in Kerr black holes is known to be valid [62].
The WCCC in Kerr-Newman or Reissner-Nordstrom black holes is also valid [53]. Hence,
although the metric components of the Kerr-Sen and Kerr-Newman black holes are different,
the validity of WCCC is coincident in the two black holes.

5 Laws of thermodynamics under charged scalar field

In section 4, we have shown the validity of the WCCC with a charged scalar field. Further-
more, with the scattering of the scalar field, the extremality of extremal and near-extremal
black holes decreases because the minimum value always becomes more negative. This im-
plies that non-extremal black holes cannot evolve into extremal black holes under an external
field. The extremal black hole also behaves like an unstable point in the states of the black
hole. These phenomena may be quite similar to the third law of thermodynamics. Herein,
we discuss and attempt to understand such behaviors and the WCCC in terms of the laws
of thermodynamics.

5.1 First and second laws

Most thermodynamic properties of a black hole are based on its outer horizon. Furthermore,
the Hawking temperature and Bekenstein-Hawking entropy are defined at the location of
the outer horizon. Because all conserved quantities of the black hole vary according to the
fluxes of the charged scalar field, the location of the outer horizon also changes. Subsequent



to the changes, the balance among thermodynamic properties can vary. However, because
the variation originates from the external scalar field, it is unclear whether thermodynamic
balance is maintained under this process.

The fluxes of the charged scalar field change the location of the black hole during a
time interval. We have already identified that the final state of an initially extremal or near-
extremal black hole is a non-extremal black hole. Hence, for any initial black hole, the final
state should have an outer horizon. Thus, A, always has a solution corresponding to the
outer horizon.
0AR . [9JANN
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The above expression implies that an outer horizon exists, even if conserved quantities change
by as much as the quantities carried by the scalar field do. By solving eq. (5.1) with eq. (3.10),
we can obtain a charge at the location of the outer horizon in terms of the variables of the
scalar field.
2dtm?ry (am + qQry, — (a® + (b+ M)ry)w)(—q®y + w — mQy,)
—-b + M — Th ’
which depends on the characteristics of the scalar field and can be larger or smaller along
the modes of the scalar field. This result is quite different from what is known for Kerr-de
Sitter black holes in Einstein’s gravity [62]. Because the distance of the outer horizon is
closely related to the Bekenstein-Hawking entropy or the surface area of the black hole, we
are concerned about the second law of thermodynamics. However, when Kerr-Sen black holes
of (M, J,Q,r) change into black holes of (M +dM, J +dJ,Q + dQ,r, + dry), the change in
the entropy is obtained by combining eqgs. (3.10) and (5.2) as

dry, = (5.2)
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s, = 2 ang + 22 gy Chgg 4 Py 5.3
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dAy

which is always positive. Hence, the entropy can be irreducible for any mode of the scalar
field. This result is still consistent with the second law of thermodynamics. We can now
rewrite the change in the mass of the black hole of eq. (3.10) in terms of other thermodynamic
variables.

dM = TydSy + QdJ + $dQp. (5.4)

The above equation is exactly the first law of thermodynamics. Although the charged scalar
field obeys its scalar field equations given by eq. (3.2), rather than the equations of motion
in the heterotic string theory, the conserved quantities carried by the scalar field vary those
of the black hole according to the first law of thermodynamics in the first-order variation.
From eq. (5.4), we also expect that the energy conservation is well defined in the scattering
process. As in Kerr-Sen black holes, the first and second laws of thermodynamics are also
well obtained in Kerr-Newman black holes by the scattering of the scalar field [33, 62].



5.2 Third law

The third law of thermodynamics states that zero temperature cannot be achieved by a
physical process. As per the third law, because the extremal black hole is at zero temperature,
a non-extremal black hole should not become an extremal black hole under the scattering
of a charged scalar field. Under the scattering, the change in the Hawking temperature is
obtained as

aTh 8Th 8Th aTh
dTy, = B 0 AM + ﬁd{] + %dQ + —dT‘h (5.5)
B - 9 2 _ _
_ m(w—my — qPn)((a® = b + M?)w — am + (b— M)qQ)dt m(w — mQy, — q®p)%dt,
dALM

where the temperature can increase or decrease along the scalar field. However, if it is
difficult for non-extremal black holes to become extremal black holes, the temperature of a
near-extremal black hole can increase for any scalar field. Thus, we impose the near-extremal
condition to eq. (5.5). The near-extremal condition for the outer horizon is

0Ay,
— = 1. 5.6
o ¢ < (5.6)
For near-extremal black holes, the change in the outer horizon is modified from eq. (5.2).
82 Mr}
dry, = %(w —mQy, — qCIJh)th — 27r27“}21w(w —m&y — qPy), (5.7)

where the leading term is more important and the outer horizon is large in the near-extremal
black hole. By combining egs. (5.5) and (5.7), the change in the temperature of the near-
extremal black hole can be expressed as

dTy, =2mr (w — m&y, — q®p)?dt¢ + 7(w — my, — q®y) (—rMh + mQy, + 2q<I>h) dt  (5.8)

mw(w — mQy — qPyp)
+ 4M

Hence, when a black hole is close to the extremal state, the leading term in eq. (5.8) is domi-
nant; therefore, the temperature of the near-extremal black hole should increase. This result
is numerically shown in figure 2. In the figure, changes to the normalized temperature are
shown for various Kerr-Sen black holes with M = 1. The boundaries of the graphs represent
extremal black holes. Furthermore, the normalization preserves the signs of changes. Here,
we find that the changes of near-extremal black holes are all positive. Therefore, non-extremal
black holes cannot evolve into extremal black holes under such scattering. Consequently, we
conclude that the third law of thermodynamics is also valid. This is important in the WCCC
because the extremal black hole functions as a type of boundary in the evolution of the black
hole. Therefore, the black hole cannot be over-spun or over-charged by the scattering of the
charged scalar field.

dic.

6 Summary

We investigated the validity of the WCCC for the Kerr-Sen black hole, which is a solution to
the four-dimensional low-energy effective field theory for the heterotic string theory, based on
the scattering of a charged scalar field. When the scalar field is scattered by the black hole,
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(a) Forw=1,¢=1,m=1. (b) Forw=1,¢g=1,m=3. (¢) Forw=1,¢g=3,m=1.

Figure 2. Diagram for tanh(dT; /dt) in Kerr-Sen black holes scattering a given charged scalar field.

its conserved quantities, such as energy, angular momentum, and electric charge, flow into
the black hole. We found the conserved quantities flowing into the black hole through the
fluxes of the scalar field, and we estimated changes in the black hole during an infinitesimal
time interval. The scattering changed all the variables of the black hole, such as mass,
angular momentum, and electric charge, which determine the state of the black hole. Under
the process, interestingly, the outer horizon stably exists for the charged scalar field with
any mode, even if we assumed an initially extremal or near-extremal black hole. From
the estimation, we found that the black hole cannot be over-spun or over-charged, and the
singularity is stably hidden by horizons. Therefore, the WCCC is valid under the scattering.

We also studied the validity of the WCCC from a thermodynamic point of view. The
first law of thermodynamics could be constructed for changes in the black holes due to the
charged scalar field because energies such as rotational and electric energies are well balanced
and conserved in the scattering process. Although the location of the outer horizon depends
on the scalar field, the entropy of the scalar field is irreducible for any mode of the scalar
field, which is one of reasons for the validity of the WCCC. This implies that the black hole
cannot be shrunk. The other reason for the validity is the third law of thermodynamics. The
temperature depends on the mode of the scalar field in a non-extremal black hole. However,
the temperatures of near-extremal black holes increase for any mode of the scalar field.
Consequently, the extremal black hole cannot reach zero temperature through such a physical
process, and the black hole cannot be over-spun or over-charged. Thus, we confirmed that
the WCCC is consistent with the laws of thermodynamics. Furthermore, the thermodynamic
behaviors are closely related to the WCCC of the black hole.
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