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in the PF approximation, accounting for scalar, vector and tensor perturbations, as well
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attention to the impact of the frame-dragging vector potential on lensing observables and we
discuss potential ways to measure this effect in future lensing surveys.
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1 Introduction

Weak gravitational lensing (WL) — the statistical analysis of distorted galaxy images — is
a rich source of information about the evolution of the large-scale structure of the Universe.
It follows from the equivalence principle that light is bent by gravitational masses, which
consequently distorts the galaxy images along the line of sight. When distortions are small
enough such that no caustics are generated, we enter the regime of weak gravitational lensing,
where distortions can only be detected statistically. The distortions can be split into a
convergence (which changes the apparent size of galaxies), a shear and a rotation [1–3].
Cosmic shear has first been detected in the early 2000s [4–7]. Estimators for the convergence,
combining measurement of galaxies sizes and luminosities, have been constructed recently [8–
11], and a first detection at small scales was achieved in 2012 [8]. Until recently, weak lensing
surveys covered only parts of the sky, see for example DES [12] with a coverage of around
5000 square degrees. But future surveys such as Euclid [13] and LSST [14] will deliver high
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precision data on more than a third of the sky. With this vast amount of high precision data,
weak lensing is becoming a promising tool to map the Universe.

Yet, the WL analysis is challenging: while we use different approximation schemes for
large and small scales, weak lensing effects cover all scales. By integrating along the light path,
large and small scales are mixed. For example, the correlation between two galaxies far apart
is affected by relativistic effects, which distort the photon trajectory beyond the Newtonian
treatment and lead to relativistic corrections to the convergence and the shear [15–18]. A
full-sky relativistic treatment is therefore necessary to capture these effects. If in addition,
these galaxies are aligned with respect to the line of sight, their correlation will be strongly
affected by non-linear effects, since their photons’ trajectories traverse the same non-linear
structures. Similarly, since all trajectories end up at the observer, any non-linear structure
close to the observer will generate non-linear correlations between pairs of galaxies even if
those are widely separated in the sky. Analyses of weak lensing data at large scales do
therefore require modelling relativistic effects and non-linear effects at the same time.

Furthermore, an important part of the high precision data from future weak lensing
surveys will be data from small, non-linear scales. It is standard to assume that the Newto-
nian approximation is sufficient to model structure formation on those scales, e.g. in N-body
simulations. However, with Euclid aiming at 1% accuracy, it is not clear if the Newtonian
treatment is still sufficient. For example, the “frame-dragging” vector potential [19], which
is a purely relativistic effect, may affect weak lensing observables at small scales. In [20, 21],
the vector frame dragging gravito-magnetic potential was computed, showing that its mag-
nitude is small but not entirely negligible, with its power spectrum of order 10−5 that of
the non-linear scalar potential on non-linear scales.1 This is a robust result, independently
confirmed in [22, 23] by using an N-body weak-field code based on General Relativity [24]. A
similar result, with a stronger gravito-magnetic effect, was found in [25] for the Hu-Sawicki
f(R) gravity model [26]. Analyses of weak lensing data at small scales may therefore also
require a non-linear relativistic treatment.

In this paper, we use the post-Friedmann (PF) formalism developed in [27], to bridge the
gap between the small scale and large scale descriptions of weak gravitational lensing. The
PF formalism is a post-Newtonian-type approximation scheme in a cosmological setting that
combines both the fully non-linear Newtonian treatment of the dynamics on small, fully non-
linear scales and the relativistic perturbative analysis on large scales. Therefore, it seems to be
the ideal approximation for a thorough weak lensing analysis. Furthermore, the PF formalism
provides an apt framework for N-body simulations with relativistic corrections [20, 21, 25],
with a first attempt to consider WL in this formalism in [28]. Analogously to post-Newtonian
approximations, in the PF scheme the relevant variables are expanded in inverse powers of the
speed of light c, once the Robertson-Walker background has been subtracted. In this sense,
it is a weak-field approximation (aka post-Minkowskian expansion) on a Robertson-Walker
background, where variables are expanded in inverse power of c like in a post-Newtonian
expansion. In addition, it includes both vector and tensor potentials, non-linearly sourced
by the matter distribution. In particular, the frame-dragging vector potential is sourced in
cosmology by the momentum-density vector field. An example of an effect arising from this
vector potential in another context is the frame-dragging Lense-Thirring effect, which has
been measured in the Solar system by Gravity Probe B [29]. This exemplifies that this purely

1By non-linear scales we mean here those scales where the non-linear power spectrum of the scalar potential
differs from the linear power spectrum.
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relativistic effect is small, but not unmeasurable, and it can be sourced in a weak-field regime
such as that of the Earth.

In this paper we provide a detailed analysis of the convergence, shear, and rotation
up to order O

(
1
c4

)
in the PF approximation scheme. We include scalar, vector, and tensor

potentials and put a specific focus on how the vector potential affects the distorted images
of galaxies. We also consistently include the effect of galaxies’ peculiar velocities, which
contribute to our observables through redshift perturbations. Our results are expressed in
terms of the spherical spin operator and are valid in the full sky. We show how the vector
potential contributes to the shear and convergence, but not to the rotation. Furthermore,
we argue that the terms involving the vector potential violate the Kaiser-Squires relation.

The rest of the paper is organised as follows: in section 2 we introduce the PF formalism.
We discuss the metric and its features such as the validity on all scales. In section 3, we derive
the magnification matrix. Starting from the geodesic deviation equation, we derive the Jacobi
mapping up to order O

(
1
c4

)
with the PF formalism, including also redshift perturbations. In

section 4, we introduce spherical coordinates and spin operators. This allows us to extract the
convergence, shear and rotation, without relying on the flat-sky approximation. We conclude
in section 5.

2 Post-Friedmann approximation scheme

The post-Friedmann formalism is a generalisation of the post-Minkowskian (weak field) ap-
proximation to cosmology, where the Minkowski background is replaced by a Robertson-
Walker one. It was developed in [27] to consider the approximate non-linear general rel-
ativistic dynamics in ΛCDM cosmology. The aim of this formalism is to unite different
approximations on different cosmological scales, from small scales, where — at leading order
— the dynamics should be sufficiently well described by the Newtonian approximation, to
the largest scales, at which standard relativistic perturbation theory should be applicable.
In the PF scheme the metric and the 4-velocity of CDM, described as a dust fluid, are first
written as perturbations of a flat Robertson-Walker background, then they are expanded in
inverse powers of the speed of light c. In doing so, the crucial difference with a standard
post-Newtonian scheme is that the Hubble (background) flow is separated from the velocity
perturbation, and therefore the scheme is also valid on Hubble scales and beyond.2 The
matter density contrast field δ = (ρ− ρ̄)/ρ̄ (where ρ̄ denotes the background matter density)
and the velocity perturbation β = v/c are fundamental exact dimensionless variables that are
not expanded into contributions at different orders; rather other quantities, e.g. the energy
momentum tensor, contain contributions of different orders in β.

The nonlinear dynamical equations are consistently derived at different orders in inverse
powers of c by expanding the Einstein equations. When the resulting c−4 equations are
linearised, this scheme recovers standard first-order general relativistic perturbation theory
and can therefore be used to describe structure formation on the largest scales.

At leading c−2 order, however, the PF formalism yields the fully non-linear Newtonian
dynamics of CDM in a flat ΛCDM background. However, in this framework the Newtonian
dynamics are just an approximation, and the spacetime is inhomogeneous. In this Newtonian
regime for the dynamics, additionally to the Newtonian scalar potential and consistently
derived from the Einstein field equations at c−3 order, one recovers a metric gravito-magnetic

2In a traditional post-Newtonian scheme, the whole 4-velocity field is expanded in inverse powers of c; if
such a scheme is applied in cosmology, it can therefore only deal with sub-horizon scales.
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“frame-dragging” vector potential [19] as the leading-order contribution to the g0i metric
components in Poisson gauge, see below. This vector potential is sourced by the Newtonian
momentum density that can be extracted from standard Newtonian N-body simulation, and
as such it has been computed in [20, 21] in ΛCDM, and in [25] for the Hu-Sawicki [26] f(R)
gravity model.

Thus, in seeking whether the gravito-magnetic potential could also be measurable on
cosmological scales, one main motivation in this paper is to look for gravito-magnetic effects
in weak lensing. We emphasise however that the formalism developed here is purely geo-
metrical, i.e. we do not make specific assumptions about the dynamics, and as such it could
be applicable not only in ΛCDM, but also in different cosmologies, e.g. some dark energy or
modified gravity model (see [30] for a review).

2.1 The metric

The metric of the PF formalism in the Poisson gauge reads [27]

g00 = −e−
2UN
c2
− 4UP

c4 +O
(

1

c6

)
(2.1)

= −
[
1− 2UN

c2
+

1

c4

(
2U2

N − 4UP
)]

+O
(

1

c6

)
, (2.2)

g0i = − a
c3
BNi −

a

c5
BPi +O

(
1

c7

)
, (2.3)

gij = e
2VN
c2

+
4VP
c4 δij +

1

c4
hij +O

(
1

c6

)
(2.4)

= a2

[(
1 +

2VN
c2

+
1

c4

(
2V 2

N + 4VP
))

δij +
1

c4
hij

]
+O

(
1

c6

)
. (2.5)

The subscripts N and P of the metric potentials refer to Newtonian and post-Friedmann
contributions, respectively. In the Poisson gauge, the vector fields BNi and BPi are di-
vergenceless and the tensor field hij is transverse and trace-free. A Lagrangian gauge (a
generalisation of the synchronous-comoving gauge of SPT) version of the PF formalism was
derived in [31].

Validity on all scales. The PF formalism is an approximation scheme that is valid on
both small and large scales. It differs from traditional post-Newtonian (PN) approximations
in the following way: the PN formalism is derived from the post-Minkowski approximation
with the assumption that velocities are much smaller than the speed of light c [32, 33]. The
PF approximation has a FLRW background instead of a Minkowskian and only peculiar
velocities v are assumed to be small v/c � 1. The latter assumption does not restrict the
validity of the approximation to small scales: let us assume that xi are comoving, spatial
coordinates, then the physical coordinate of a fluid element is ri = axi. The time derivative
of ri yields ṙi = Hri + vi, which is the sum of the Hubble flow and the deviation from it, i.e.
the peculiar velocity. If we assume that |ṙi| � c, our approach would only be valid on scales
much smaller than the Hubble horizon. However, if we only assume that v � c, we are not
restricted to specific scales.

Newtonian regime. At leading order, the Einstein Field Equations yield the standard equa-
tions of Newtonian cosmology [27]. One obtains the Poisson equation as well as constraint
equations demanding VN = UN . However, the Einstein Field Equation involving G0

i also has
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leading order contributions, which determine the frame-dragging potential BNi. It follows
that BNi is sourced by the purely Newtonian quantities ρ̄vi. For this reason, this leading order
contribution carries the subscript N , even if frame-dragging is a purely relativistic effect.

Relativistic regime. We define “resummed variables” φ = −
(
UN + 2

c2
UP
)

and ψ = −
(
VN +

2
c2
VP
)
. When one linearises the Einstein Field Equations substituting the resummed vari-

ables, we recover the first order of standard relativistic perturbation theory (see [27] for
more detail).

The validity on all scales is especially beneficial for the analysis of weak gravitational
lensing, since as discussed in the introduction, the integral along the line of sight mixes small
scale and large scale effects.

3 Derivation of the magnification matrix

In weak lensing we study the distortion of images due to inhomogeneities between the source
and the observer. We follow the propagation of a light bundle (i.e. a collection of nearby light
rays) in a perturbed geometry [18, 34–40]. We consider two neighbouring geodesics xµ(λ)
and yµ(λ) = xµ(λ)+ξµ(λ), which start at λ = 0 at the observer O (λ is an affine parameter).
For an infinitesimal light bundle, the connection vector ξµ lies on the null surface, ξµkµ = 0,
where kµ = dxµ/dλ denotes the tangent vector to the congruence of light rays. The evolution
of the connection vector along the photon geodesics is given by the Sachs equation [36]

D2ξµ

Dλ2
= Rµναβξ

βkνkα , (3.1)

where D/Dλ ≡ kµ∇µ denotes the covariant derivative along the geodesics.
Let us assume that a light beam is emitted at the source S and measured at the

observer O. Furthermore, uµO denotes the 4-velocity of the observer. We define an orthonor-
mal spacelike basis nµa with a = 1, 2, which is orthogonal to kµ and to uµO at the observer,
and which obeys gµνn

µ
an

µ
b = δab. At the observer {nµ1 , n

µ
2 , k

µ, uµO} form a basis, which can be
parallel transported along the geodesics

Dnµa
Dλ

= 0 and
DuµO
Dλ

= 0. (3.2)

It is standard to refer to the two dimensional space spanned by nµa(λ) as the screen space.
The deviation vector expressed in this basis reads

ξµ = ξann
µ
a + ξkk

µ + ξuu
µ
O, (3.3)

with ξan(0) = 0, ξk(0) = 0, and ξu(0) = 0. From ξµkµ = 0 it follows that ξu(λ) = 0 for all
λ. Substituting (3.3) into (3.1) we obtain an evolution equation for the two components ξan
with a = 1, 2 [16, 36]:

D2ξcn
Dλ2

= Rc aξan, with Rc a = Rµναβk
νkαncµn

β
a . (3.4)

Let θaO be the vectorial angle between two neighbouring geodesics at the observer O

θaO ≡
dξan
dλ

∣∣∣∣
λ=0

. (3.5)

– 5 –



J
C
A
P
0
5
(
2
0
1
9
)
0
4
5

O

dΩO

S

dAS

Figure 1. The surface dAS is related to the solid angel dΩO at the observer O.

Since eq. (3.4) is a linear second-order differential equation, with initial conditions ξan(0) = 0,
the solution can be written as

ξan(λ) = Dab(λ)θbO . (3.6)

The matrix Dab denotes the linear Jacobi mapping, which relates the observed angle θbO be-
tween two neighbouring geodesics at the observer O to the distance ξan between the geodesics
at the source S (see figure 1). Dab is called the magnification matrix: it gives a measure of
the distortion between the shape of the observed image and the shape of the source. Note
that the indices a and b are raised and lowered with δab.

Substituting (3.6) into (3.4) we obtain an evolution equation for Dab [16, 37–39]

d2

dλ2
Dab = RacDcb , (3.7)

with initial conditions Dab(0) = 0 and dDab
dλ

∣∣∣
λ=0

= δab. The affine parameter λ is a pertur-

bative quantity. In order to take these perturbations into account, we rewrite the evolution
equation (3.7) in terms of the unperturbed parameter χ, defined as χ ≡ c (ηO − η), where η
denotes conformal time. Note that we choose our time coordinate as x0 = c (ηO − η) = χ
(see section 3.1 for a more detailed discussion). As a consequence dχ/dλ = dx0/dλ = k0.
The total derivative with respect to λ transforms then into

d

dλ
=
dχ

dλ

d

dχ
= k0 d

dχ
. (3.8)

Substituting (3.8) into (3.7) we obtain

d2

dχ2
Dab +

1

k0

dk0

dχ

d

dχ
Dab =

1

(k0)2
RacDcb . (3.9)

To solve eq. (3.9), we need to calculate k0 and Rab and solve the equation order by
order in powers of 1/c. The calculation can be simplified by using the fact that null geodesics
are not affected by conformal transformations. As a consequence, the calculation can be
performed without the Friedmann expansion, i.e. for the metric ds2 defined through

ds̃2 = a2ds2 , (3.10)
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where ds̃2 is the line element associated to the metric (2.2)–(2.5). The effect of the expansion
can then simply be taken into account at the end by rescaling the mapping by the conformal
factor [16]

D̃ab(χS) = a(χS)Dab(χS) , (3.11)

where Dab denotes the Jacobi mapping for the metric ds2, and D̃ab is the expression for the
metric ds̃2.

The matrix D̃ab(χS) represents the Jacobi mapping for sources situated at constant
conformal time χS . However, observationally we select sources at constant redshift zS . Since
the observed redshift is itself affected by perturbations, zS = z̄S + δzS , where 1 + z̄S = 1/aS ,
this will modify the expression of the Jacobi mapping.3 In particular, we can write

D̃ab (χS) = D̃ab (χS (z̄S)) = D̃ab (z̄S) = D̃ab (zS − δzS)

= D̃ab (zS)− d

dzS
D̃ab (zS) δzS +

1

2

d2

dz2
S

D̃ab (zS) δz2
S

− 1

3!

d3

dz3
S

D̃ab (zS) δz3
S +

1

4!

d4

dz4
S

D̃ab (zS) δz4
S +O

(
1

c5

)
, (3.12)

where in the second and third lines the matrix D̃ab (zS) and its derivatives4 are formally given
by eqs. (3.9) and (3.11) where χS can now be interpreted as χ(zS) and 1+ z̄S can be replaced
by 1 + zS .

The Jacobi mapping D̃ab(zS) is usually decomposed into a convergence κ, a shear
γ = γ1 + iγ2 and a rotation ω

D̃ab =
χ(zS)

1 + zS

(
1− κ− γ1 −γ2 − ω
−γ2 + ω 1− κ+ γ1

)
. (3.13)

The prefactor χ(zS)/(1 + zS) represents the magnification of images due to the background
expansion of the Universe, for sources situated at the observed redshift zS . The convergence
κ denotes the magnification or demagnification of images due to perturbations. The shear γ
is the trace-free, symmetric part of D̃ab and refers to the change in the shape. The rotation
ω, the antisymmetric part of D̃ab, represents a rotation without any change in the shape.
Note that what we observe when we measure the ellipticity of galaxies is not directly the
shear γ but rather the reduced shear g which is the ratio of the anisotropic and isotropic
deformations [16, 41, 42]

g ≡ γ

1− κ
. (3.14)

The rotation ω does in principle contribute to ellipticity orientation (see [16]). However, we
will see that the rotation is of order O

(
1
c4

)
and contributes consequently to the ellipticity at

the order O
(

1
c6

)
. Therefore our ellipticity measurement is dominated by the reduced shear.

Following [16], the convergence, shear and rotation can be expressed in terms of the
spin-0 and spin-2 components of the Jacobi mapping D̃ab

0D̃ ≡ D̃11 + D̃22 + i
(
D̃12 − D̃21

)
, (3.15)

2D̃ ≡ D̃11 − D̃22 + i
(
D̃12 + D̃21

)
. (3.16)

3Note that we normalise the scale factor to 1 today: aO = 1.
4The derivatives in eq. (3.12) are formally given by dnD̃ab(z̄S)/dz̄nS

∣∣∣
z̄S=zS

.
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The spin-0 field contains the contribution from the magnification and the rotation, whereas
the spin-2 field is related to the shear distortion. Comparing eqs. (3.15) and (3.16) with (3.13)
we obtain

κ = 1− 1 + zS
2χS

Re
[
0D̃
]
, ω = −1 + zS

2χS
Im
[
0D̃
]
, (3.17)

γ = −1 + zS
2χS

2D̃ , (3.18)

where Re and Im denote the real and imaginary parts of the spin-0 component. The reduced
shear then becomes

g = − 2D̃
Re
[
0D̃
] . (3.19)

The advantage of expressing the shear in terms of the spin-2 component of the magnification
matrix is that this allows us to expand it onto spin-weighted spherical harmonics. We can
then uniquely decompose it into an E-component (or scalar gradient) and a B-component
(or curl) [43]. Contrary to the γ1 and γ2 components, the E and B components are invariant
under a rotation of the coordinate system around the line of sight. As a consequence, this
decomposition is particularly well adapted to a full-sky survey where the line of sight direction
varies from patch to patch of the sky.

3.1 Resolution of Dab(χS) up to order 1
c4

In this section, we compute the Jacobi mapping for the orders O
(

1
c2

)
, O

(
1
c3

)
, and O

(
1
c4

)
.

We denote by a bar, f̄ , quantities associated with the background metric, and by, f (n),
quantities of order O

(
1
cn

)
. We start by computing kµ and nµa in section 3.1.1, and Rab in

section 3.1.2. Then, in section 3.1.3 we use these results to solve for the Jacobi mapping
Dab up to order O

(
1
c4

)
. From eq. (3.9) we see that we need expressions for k0 and Rab up

to order O
(

1
c4

)
. Since Rab = Rµναβk

νkαnµan
β
b , this requires us to calculate ki and nµa up to

order O
(

1
c2

)
(since Rµναβ is at least of order O

(
1
c2

)
).

We choose the coordinate system
(
x0 = c(η0−η), xi

)
, so that xµ has dimension of length.

The derivative of any function f(x0, xi) with respect to x0 and xi (denoted respectively by
f,0 and f,i) does not change its order in the expansion 1/c. The photon wave vector kµ is
defined as

kµ =
dxµ

dλ
, (3.20)

where λ is an affine parameter with λO = 0. We choose λ with dimension of length so that k0

and ki are both dimensionless. The background k̄0 and k̄i are of order zero in the expansion
1/c. We have furthermore the freedom to choose λ̄ such that k̄0 = δij k̄

ik̄j = 1. In the
following we keep track however of k̄0 and k̄i as a consistency check. We know indeed that
the Jacobi mapping has to be independent of the normalisation of k̄0 and k̄i. As such it can
only depend on k̄µ through the ratio k̄i/k̄0.

Note that in the calculation of the Jacobi mapping, we do not consider the perturbations
at the observer, contrary to what is done (at linear order in standard PT) in [18]. The reason
is the following: the scalar potentials at the observer do not contribute to the shear or
rotation, because they affect all light rays around the observer in the same way. As such
they do not distort an isotropic bundle of light and are therefore irrelevant for the shear and
rotation. The scalar potentials at the observer do however contribute to the isotropic part of

– 8 –
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the Jacobi mapping. However, when one constructs estimators to measure the convergence,
one always subtracts the average size of galaxies at redshift z. Since the scalar potentials
at the observer do contribute to this average size, they are by construction removed from
the estimator. This procedure reflects the well-known fact that the monopole part of the
perturbations cannot be observationally separated from the background contribution. Hence
to consistently compare our theoretical modelling with observations, we need to remove the
scalar contributions at the observer.

The situation with the vector and tensor contributions at the observer is different: these
contributions do affect the Jacobi mapping (including the anisotropic part), and contrary to
the scalar contributions, they are not removed when one subtracts the angular average.
However, similarly to what happens with the CMB temperature, the vector contribution at
the observer is degenerate with the effect of the observer peculiar velocity, which strongly
dominates the signal. This effect generates a dipolar modulation around the observer, that
can be removed from the Jacobi mapping by fitting for a dipole. In the following we neglect
therefore both the vector contribution at the observer and the observer peculiar velocity.

Finally, the tensor contribution at the observer does contribute to the Jacobi mapping.
This contribution has been calculated in detail in [44]. Here we do not re-derive these terms
at the observer, but we emphasize that they should be added to the final expression for
consistency.

3.1.1 Calculation of the wave vector kµ and the screen-space basis nµa

We start by calculating the wave vector kµ. We use the fact that it is parallel transported
along the null geodesic

Dkµ

Dλ
= 0 . (3.21)

Analogously to the previous section, we rewrite the derivative with respect to λ as a derivative
with respect to χ = c(η0 − η). The geodesic equation (3.21) becomes

dkµ

dχ
= −Γµνα

kνkα

k0
. (3.22)

The solution for ki up to order O
(

1
c3

)
reads

ki = k̄i
(

1− 2

c2
VN

)
+

2

c2

∫ χ

0
dχ′W ,i

N k̄
0 +

1

c3
Bi
N k̄

0 − 1

c3

∫ χ

0
dχ′B ,i

Nmk̄
m , (3.23)

where we have defined the Weyl potential WA = 1
2 (UA + VA) for A = N,P .

To solve for k0 up to order O
(

1
c4

)
we need to go beyond the so-called Born approxima-

tion, and integrate eq. (3.22) along the perturbed geodesic. We have

k0(χ) = k̄0 +

∫ χ

0
dχ′G(χ′) , (3.24)

where we have defined

G = −Γ0
να

kνkα

k0
. (3.25)
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Since G is at least of order O
(

1
c2

)
, the solution at order O

(
1
c2

)
and O

(
1
c3

)
can be found by

integrating (3.24) along the background geodesic. We obtain

k0(2) =
2

c2
UN k̄

0 − 2

c2

∫ χ

0
dχ′WN,0k̄

0 , (3.26)

k0(3) = − 1

c3

∫ χ

0
dχ′BNi,j

k̄ik̄j

k̄0
. (3.27)

At order O
(

1
c4

)
on the other hand, we need to integrate along the perturbed trajectory

xµ(χ) = x̄µ(χ) + δxµ(χ). We have

G
(
xµ(χ′)

)
= G

(
x̄µ(χ′) + δxµ(χ′)

)
= G

(
x̄µ(χ′)

)
+ δxµ(χ′)∂µG

(
x̄µ(χ′)

)
+O

(
1

c6

)
. (3.28)

Since G is at least of order 1/c2, it is enough to consider only the first term of the Taylor
expansion in eq. (3.28). We need to calculate δxµ(χ) at order 1/c2. We have

dxµ

dχ
=
dxµ

dλ

dλ

dχ
=
kµ

k0
. (3.29)

Using eq. (3.23) and (3.26) we obtain

δxi = − 2

c2

∫ χ

0
dχ′WN

k̄i

k̄0
+

2

c2

∫ χ

0
dχ′
∫ χ′

0
dχ′′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)
, (3.30)

δx0 = 0 . (3.31)

Inserting this into eqs. (3.28) and (3.24) we obtain at order O
(

1
c4

)
k0(4) =

4

c4
UP k̄

0 − 4

c4

∫ χ

0
dχ′WP,0k̄

0 +
2

c4
k̄0

(
UN −

∫ χ

0
dχ′WN,0

)2

− 1

c4

1

2k̄0
hij k̄

ik̄j +
1

c4

1

2
(
k̄0
)2 ∫ χ

0
dχ′hij,mk̄

ik̄j k̄m+

− 4

c4
UN,ik̄

i

∫ χ

0
dχ′
[
WN −

(
χ− χ′

)(
k̄0W ,i

N −WN,j
k̄ik̄j

k̄0

)]
+

+
4

c4

∫ χ

0
dχ′UN,ik̄

i

[
WN −

∫ χ′

0
dχ′′

(
k̄0W ,i

N −WN,j
k̄ik̄j

k̄0

)]
+

+
4

c4

∫ χ

0
dχ′WN,0ik̄

i

∫ χ′

0
dχ′′

[
WN −

(
χ′ − χ′′

)(
k̄0W ,i

N −WN,j
k̄ik̄j

k̄0

)]
. (3.32)

We then calculate the screen vectors nµa . They are constructed at the observer to be
orthogonal to uµO(0) and kµ(0), and then parallel transported along the geodesics

Dnµa
Dλ

= 0 . (3.33)

The solutions up to order O
(

1
c2

)
are

n0
a =

1

c2

∫ χ

0
dχ′UN,in̄

i
a , (3.34)

nia =

(
1− VN

c2

)
n̄ia −

1

c2

k̄i

k̄0

∫ χ

0
dχ′VN,jn̄

j
a . (3.35)
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3.1.2 Calculation of Rab

We now compute the contracted Riemann tensor Rab up to order O
(

1
c4

)
. The Riemann

tensor is at least of order O
(

1
c2

)
. As a consequence, Rab at order O

(
1
c2

)
and O

(
1
c3

)
will

be obtained by contracting the Riemann tensor at the order O
(

1
c2

)
and O

(
1
c3

)
respectively,

with the background kµ and nµa . At the order O
(

1
c4

)
on the other hand, we will also have

contributions from kµ and nµa at order O
(

1
c2

)
.

To simplify the calcualtion we perform the following conformal transformation

ds2 =−e−
2
c2
UN− 4

c4
UP c2dη2− 2

c3
BN
i dx

icdη+

(
e

2
c2
VN+ 4

c4
VP δij+

1

c4
hij

)
dxidxj (3.36)

= e
2
c2
VN+ 4

c4
VP

[
−e−

4
c2
WN− 8

c4
WP c2dη2− 2

c3
BN
i dx

icdη+

(
δij+

1

c4
hij

)
dxidxj

]
+O

(
1

c5

)
.

We first compute the Riemann tensor in the metric ĝδβ defined through gδβ = Ω2ĝδβ, with

Ω = e
1
c2
VN+ 2

c4
VP . Then we use the relation between conformally transformed Riemann

tensors [35] to obtain the result for the metric gαβ

Rαβγδ = R̂δβαγ − 2gα[γ∇ δ]∇β ln Ω + 2gβ[γ∇ δ]∇α ln Ω− 2
(
∇[γ ln Ω

)
g δ]α∇β ln Ω

+ 2
(
∇[γ ln Ω

)
g δ]β∇α ln Ω + 2gβ[γ g δ]αg

εζ (∇ε ln Ω)∇ζ ln Ω . (3.37)

We obtain up to order O
(

1
c4

)
R(2)
ab =

(
k̄0
)2

c2

[
2n̄ian̄

j
bWN,ij + δab

d2VN
dχ2

]
, (3.38)

R(3)
ab =

(
k̄0
)2

c3
n̄ian̄

j
b

(
dBN

(i,j)

dχ
− k̄k

k̄0
BN
k,ij

)
, (3.39)

R(4)
ab =

(
k̄0
)2

c4
δab

[
2
d2

dχ2
VP −

d

dχ
VN

d

dχ
VN + 2

(
dUN
dχ
−WN,0

)
dVN
dχ

]
+

(
k̄0
)2

c4
n̄ian̄

j
b

[
4WP,ij − 4W 2

N,ij + 4WN,iWN,j − 4WN,ijVN

− 4WN,ij k̄
0
(
k̄in̄ma n̄

j
b + k̄jn̄mb n̄

i
a

)∫ χ

0
WN,mdχ

′

]

+

(
k̄0
)2

c4
n̄ian̄

j
b

1

2

[
d2

dχ2
hij −

1

k̄0

d

dχ
(hjp,i + hip,j) k̄

p + hmp,ij
k̄pk̄m(
k̄0
)2
]
. (3.40)

3.1.3 Calculation of the Jacobi mapping Dab(χS)

In subsections 3.1.1 and 3.1.2 we have derived expressions for kµ and nµa in eqs. (3.32)
to (3.35), and for Rab up to order O

(
1
c4

)
in eqs. (3.38), (3.39), and (3.40). We now use these

results and substitute them into the evolution equation (3.9), which we solve order by order
in the expansion 1/c.
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Order O
(

1
c2

)
. At this order, the evolution equation (3.9) for D(2)

ab reduces to

d2

dχ2
D(2)
ab =− 1

k̄0

dk0(2)

dχ
δab +

χ(
k̄0
)2R(2)

ab , (3.41)

where we have used that D̄ab = χδab. We integrate (3.41) two times

D(2)
ab (χS) =

1

k̄0

∫ χS

0
dχ
(

2− k0(2)
)
δab +

1(
k̄0
)2 ∫ χS

0
dχ (χS − χ)χR(2)

ab , (3.42)

and substitute (3.38) and (3.32) up to order O
(

1
c2

)
into (3.42) to obtain

D(2)
ab (χS) =

1

c2
χSVNSδab −

2

c2

∫ χS

0
dχ

[
WN + (χS − χ)WN,i

k̄i

k̄0

]
δab

+
2

c2

∫ χS

0
dχ (χS − χ)χn̄ian̄

j
bWN,ij . (3.43)

The solution (3.43) coincides with the first order solution for Dab using standard perturbation
theory (SPT) [15, 16, 45]. This follows from the fact that the metric at order O

(
1
c2

)
in the

PF formalism is mathematically identical to the metric at first order in SPT. At this order,
the difference between SPT and the PF framework becomes apparent when one uses field
equations, to relate the metric to the matter content in the Universe. While in SPT the
density and velocity are perturbative quantities, in PF these quantities are unperturbed and
e.g. the density contrast can become larger than 1.

In (3.43), the Jacobi mapping Dab involves the Weyl potential WN as well as the scalar
potential VN .5 From the metric (3.36), using the fact that null geodesics are invariant under
conformal transformations, we would expect that Dab depends only on the Weyl potential
WN . However, as previously noted in [16], the term involving VN is generated by the parallel
transport of the basis nµa , which is not conformally invariant.

Finally, let us note that, as expected, the Jacobi mapping does not depend on the choice
of normalisation for k̄µ since it depends only on the ratio k̄i/k̄0.

Order O
(

1
c3

)
. At order O

(
1
c3

)
, (3.9) yields

d2

dχ2
D(3)
ab +

1

k̄0

dk0(3)

dχ

d

dχ
D̄ab =

1

(k̄0)2
R(3)
ac D̄cb . (3.44)

Analogously to the previous order, we integrate along the background geodesic and substi-
tute (3.32) and (3.39) into (3.44) to obtain

D(3)
ab (χS) = − 1

k̄0

∫ χS

0
dχk0(3)δab +

1(
k̄0
)2 ∫ χS

0
dχ (χS − χ)χR(3)

ab

=
1

c3

∫ χS

0
dχ (χS − χ)BNi,j

k̄j k̄i(
k̄0
)2 δab

+
1

c3

∫ χS

0
dχ (χS − χ)χn̄ian̄

j
b

[
dBN

(i,j)

dχ
− k̄m

k̄0
BN
m,ij

]
. (3.45)

5At this order, the Einstein field equations yield that VN = UN and therefore WN = VN = UN . We decided
to keep UN and VN throughout the calculations in order to keep the result as general as possible. For example
in modified gravity theories the scalar potentials may differ.
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The last line in (3.45) coincides with the vector part in [16], in which the shear has been
computed up to second order in SPT. The second line in (3.45) will contribute only to the
convergence, since it is proportional to δab.

Order O
(

1
c4

)
. At order O

(
1
c4

)
, we have to go beyond Born approximation. Following [16]

we rewrite the evolution equation (3.9) as

d2

dχ2
Dab =

1

χ
Sab(χ) , (3.46)

with Sab ≡ χ
(
− 1

k0

dk0

dχ

d

dχ
Dab +

1

(k0)2
RacDcb

)
. (3.47)

Integrating eq. (3.47) by parts we obtain

Dab(χS) = χSδab +

∫ χS

0
dχ
χS − χ
χ
Sab(χ) . (3.48)

The integral in eq. (3.48) is along the perturbed geodesic, i.e. Sab(χ) = Sab
(
xµ(χ)

)
, where

xµ(χ) denotes the perturbed trajectory of the photon. Similarly to the calculation of k0 in
section 3.1.1, we write

Sab
(
xµ(χ)

)
= Sab

(
x̄µ(χ)

)
+ δxµ(χ)∂µSab

(
x̄µ(χ)

)
+O

(
1

c6

)
. (3.49)

Since Sab is at least of order 1/c2, it is enough to consider only the first term of the Taylor
expansion in eq. (3.49).

Inserting eqs. (3.30) and (3.31) into (3.49) we obtain

Sab(xµ) = Sab(x̄µ) +
χ(
k̄0
)2 δxj (R(2)

ac D̄cb
)
,j −

χ

k̄0
δxj

(
dk0(2)

dχ

)
,jδab , (3.50)

which is computed in appendix A, eqs. (A.6) to (A.8).
We can now insert (3.50) into (3.48) and integrate along the background geodesic to

obtain D(4)
ab . The Jacobi map can be divided into a part proportional to δab and a part

proportional to nian
j
b. Only the latter contributes to the shear and rotation, whereas both

parts contribute to the convergence.
At orderO

(
1
c4

)
, we group the terms of Dab according to the potentials or their couplings,

i.e. we write

D(4)
ab = D(P )

ab +D(V V )
ab +D(WW )

ab +D(UW )
ab +D(VW )

ab +D(h)
ab , (3.51)

where the subscripts refer to the couplings of the potentials. The detailed derivation is given

in appendix A, here we write only the results. The contribution D(P )
ab is a purely relativistic

contribution generated by the relativistic potentials UP , VP , and WP :

D(P )
ab =

2

c4
χSVPSδab −

4

c4

∫ χS

0
dχ

[
WP + (χS − χ)WP,i

k̄i

k̄0

]
δab

+
4

c4

∫ χS

0
dχ (χS − χ)χn̄ian̄

j
bWP,ij . (3.52)
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D(P )
ab take the same form as the Jacobi mapping D(2)

ab in (3.43), which is due to the form of

the metric (2.2)–(2.5). The D(V V )
ab contribution contains all the terms quadratic in VN :

D(V V )
ab =

1

c4

[
χS
2
V 2
NS − 2

∫ χS

0
dχ(χS − χ)χ

(
dVN
dχ

)2
]
δab . (3.53)

This terms contributes only to the convergence, since they are proportional to δab. The

D(WW )
ab contribution contains all the terms quadratic in WN . It can be split into a part

proportional to δab and a part proportional to nanb, which contributes also to the shear
and rotation:

D(WW )
ab = δab

1

c4

{∫ χS

0
dχ

[
4WN,m

∫ χ

0
dχ′WN

k̄m

k̄0
+ 2W 2

N + 2

(∫ χ

0
dχ′WN,l

k̄l

k̄0

)2

+

−4WN,m

∫ χ

0
dχ′
(
χ− χ′

)(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)

+ 4WN

∫ χ

0
dχ′WN,l

k̄l

k̄0

]
+

+ 4

∫ χS

0
dχ(χS − χ)

[
WN,m

(∫ χ

0
dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)
−WN

k̄m

k̄0

)
+

−WN,nm
k̄n

k̄0

∫ χ

0
dχ′

((
χ− χ′

)(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)
−WN

k̄m

k̄0

)
+

+
1

k̄0
WN,0i

∫ χ

0
dχ′

((
χ− χ′

)(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)
− k̄iWN

)]}
+

+ n̄ian̄
j
b

1

c4

{
−
∫ χS

0
dχ

(
4WN

∫ χ

0
dχ′χ′WN,ij

)
+

+

∫ χS

0
dχ(χS − χ)

[
−2χW 2

N,ij − 4WN,l
k̄l

k̄0

∫ χ

0
dχ′χ′WN,ij +

− 4χ
k̄l

k̄0
WN,lj

∫ χ

0
dχ′WN,i − 4χ

k̄l

k̄0
WN,il

∫ χ

0
dχ′WN,j+

− 4WN,ij

∫ χ

0
dχ′
(
WN +

(
χ− χ′

)
WN,m

k̄m

k̄0

)
+

+ 4n̄scn̄
rcWN,is

∫ χ

0
dχ′
(
χ− χ′

)
χ′WN,rj+

+χ4WN,ijm

∫ χ

0
dχ′

((
χ− χ′

)(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)
−WN

k̄m

k̄0

)]}
. (3.54)

The couplings between UN and WN are denoted by D(UW )
ab . They are all proportional to δab:

D(UW )
ab =

1

c4
δab

{
4

∫ χS

0
dχ

(
UN,i

k̄i

k̄0

∫ χ

0
dχ′WN

)
− 4

∫ χS

0
dχUN,i

k̄i

k̄0
WN+

− 4

∫ χS

0
dχ

[
UN,i

∫ χ

0
dχ′
(
χ− χ′

)(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]

+

+4

∫ χS

0
dχ(χS − χ)

[
UN,i

∫ χ

0
dχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]}

. (3.55)
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The term D(VW )
ab contains all couplings between VN and WN . Since it contains also a part

proportional to nanb it contributes also to the shear and rotation:

D(VW )
ab = δab

1

c4

{
−VNS

∫ χS

0
dχ (χS − χ)WN,m

k̄m

k̄0
− 2VNS

∫ χS

0
dχWN+

+ 2χVNS,m

∫ χS

0
dχ

(
(χS − χ)

(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)
−WN

k̄m

k̄0

)
+

+

∫ χS

0
dχ

[
2χVN,m

k̄m

k̄0
WN − 4χVN,m

∫ χ

0
dχ′

(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)]

+

∫ χS

0
dχ(χS − χ)

[
2
k̄m

k̄0
VN,mWN + 2

k̄m

k̄0
χWN

d

dχ
VN,m+

+2χVN,m

(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)]}

+

+ n̄ian̄
j
b

1

c4
2VNS

∫ χS

0
dχ(χS − χ)χWN,ij . (3.56)

Finally the term D(h)
ab contains the tensor contributions

D(h)
ab = δab

1

c4

[
1

2
(
k̄0
)2 ∫ χS

0
dχhij k̄

ik̄j − 1

2(k̄0)3

∫ χS

0
dχ(χS − χ)hij,lk̄

ik̄j k̄l

]
+

n̄ian̄
j
b

1

c4

{
1

2
χShij+

∫ χS

0
dχ

[
−hij −

χ

2
(hjp,i + hip,j)

k̄p

k̄0

]
+

+

∫ χS

0
dχ(χS − χ)

[
1

2
(hjp,i + hip,j)

k̄p

k̄0
+
χ

2
hmp,ij

kpkm(
k̄0
)2
}
. (3.57)

3.2 Redshift perturbations

In the previous section 3.1 we have calculated the Jacobi mapping Dab in an non-expanding
universe, as a function of the coordinate χS . We now use eqs. (3.11) and (3.12) to calculate
the Jacobi mapping D̃ab in an expanding universe, as a function of the observed redshift zS .
Let us start by calculating the redshift perturbations up to order O

(
1
c4

)
.

The redshift of a photon emitted at S and measured at O is given by

1 + zS =

(
g̃µν k̃

µũν
)
S(

g̃µν k̃µũν
)
O

=
1

aS

(
gµνk

µuν
)
S(

gµνkµuν
)
O

=
1

aS
(1 + δf) , (3.58)

where we have defined

δf ≡
(
gµνk

µuν
)
S(

gµνkµuν
)
O

− 1 , (3.59)
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and we have used that under conformal transformation the photon wave vector transforms
as k̃µ = kµ/a2 and the four-velocity as ũµ = uµ/a (see e.g. [45] for more detail). Note that
we normalise the scale factor to aO = 1. Using that 1 + z̄S = 1/aS we can write

1 + zS = (1 + z̄S)(1 + δf) = (1 + zS − δzS)(1 + δf) , (3.60)

leading to

δzS = (1 + zS)
δf

1 + δf
. (3.61)

The perturbation δf depends on the metric potentials and the peculiar velocity at both the
source and observer positions. However, as argued at the beginning of section 3.1 the metric
perturbations at the observer do not contribute to the observed shear, convergence and rota-
tion. The observer velocity would generate a global dipole variation in the convergence, which
is degenerated with the vector contribution at the observer. This dipole can be subtracted
from the observables, and we therefore do not consider it here.

Using eq. (3.59), the perturbation δf is calculated as a function of χS . We need to
express it in terms of the observed redshift zS . We obtain

δzS = (1 + zS)δF (χS) = (1 + zS)δF (zS − δzS) (3.62)

= (1 + zS)

[
δF (zS)− d

dzS
δF (zS)δzS +

1

2

d2

dz2
S

δF (zS)δz2
S −

1

3!

d3

dz3
S

δF (zS)δz3
S

]
+O

(
1

c5

)
,

where we have defined

δF =
δf

1 + δf
' δf − δf2 + δf3 − δf4 + . . . . (3.63)

The perturbation δf depends on the four velocity uµ. In the PF formalism it is given by [27]

ui =
vi

c
u0 (3.64)

u0 = 1 +
1

c2

(
UN +

1

2
v2

)
+

1

c4

(
1

2
U2
N + 2UP + v2VN +

3

2
v2UN +

3

8
v4 −BNivi

)
, (3.65)

where v2 =
∑

ij δijvivj . Inserting this into (3.59) and neglecting terms at the observer
we obtain

δf(χS) =
(
g00k

0u0 + g0ik
0ui + g0ik

iu0 + gijk
iuj
)

(χS)− 1

= e−2UN
1
c2
−4UP

1
c4
k0

k̄0
u0 +BNi

1

c3

k0

k̄0

1

c
viu0 +BNi

1

c3

ki

k̄0
u0

− e2VN
1
c2

+4VP
1
c4 δij

ki

k̄0

1

c
viu0 − 1 , (3.66)

where all terms are evaluated at the source position χS .

The detailed derivation of δzS is presented in appendix B. Here we show only the result
up to order O

(
1
c3

)
. The result at order O

(
1
c4

)
is very long and can be found in eq. (B.27).
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We obtain

δz
(1)
S = −(1 + zS)

1

c
vS‖ , (3.67)

δz
(2)
S = (1 + zS)

1

c2

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S − v2

S‖ +
c

HS
v′S‖vS‖

)
, and (3.68)

δz
(3)
S = (1 + zS)

1

c3

{∫ χS

0
dχBNi,0k̄

i − vS‖
(
VNS +

1

2
v2
S

)
− viSδij

∫ χS

0
dχW ,i

N

+ 2

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)
vS‖ − v3

S‖+

− c

HS
v′S‖

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S − v2

S‖ +
1

HS
v′S‖vS‖

)
+

+
c

HS

(
dUNS
dχ

− 2WNS,0 + vSv
′
S − 2vS‖v

′
S‖

)
vS‖+

+
c

2HS

[
v′S‖

(
1 +
H′Sc
H2
S

)
− c

HS
v′′S‖

]
v2
S‖

}
, (3.69)

where vS‖ ≡ δijviS
k̄j

k̄0 is the radial component of the source peculiar velocity.
We can now express the Jacobi mapping as a function of zS . Substituting the expressions

for δzS in (3.67)–(3.69) and (B.27) as well as the expressions of the derivatives (B.28)–(B.32)
into eq. (3.12), we obtain D̃ab(zS) up to order O

(
1
c4

)
.

We see that the redshift perturbations generate a new order O
(

1
c

)
in the expansion,

proportional to the galaxy peculiar velocity vS‖:

D̃(1)
ab =

(
c

HSχS
− 1

)
χS

1 + zS

vS‖

c
δab , (3.70)

withH ≡ 1
a
da
dη . Note that because we defineH using the time derivative and not the derivative

w.r.t. χ, we obtain an additional factor c: da/dη = −c da/dχ. This factor does not influence
the order of the expression. The contribution in eq. (3.70) has been called Doppler magnifica-
tion, and it is the dominant contribution to the convergence at low redshift [15, 46, 47]. Note
that in standard perturbation theory, since the peculiar velocity is a perturbative quantity it
contributes to the Jacobi mapping at the same order as the gravitational potentials. In the
PF framework however, the peculiar velocity is non-perturbative, but it is always weighted by
a factor 1/c. As such it is of lower order than the Newtonian gravitational potentials in the
expansion 1/c. This illustrates nicely the difference between the PF formalism and standard
perturbation theory. The Doppler term is usually neglected in lensing analyses, first because
at lowest order it does not contribute to the shear, and second because at high redshift, its
contribution to the convergence is subdominant with respect to the Newtonian contribution
of order 1/c2. From the PF formalism we see however that the velocity contribution will
dominate in the regime where vS‖/c is larger than the lensing potential integrated along the
photon trajectory, see eq. (3.43).

At order O
(

1
c2

)
we obtain

D̃(2)
ab = D̃(2)

ab (zS)+
1

c2

χS
1+zS

{(
1− c

HSχS

)(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S+

+v2
S‖−

c

HS
v′S‖vS‖

)
+

(
1−
H′Sc2

2χSH3
S

− 3c

2HSχS

)
v2
S‖

}
δab , (3.71)
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where a prime denotes a derivative with respect to χ. In the first line, D̃(2)
ab (zS) is obtained

from eq. (3.43) where the background coordinate χS can be replaced by its value at the
observed redshift zS . We see that at this order, the Jacobi mapping is not only affected by
the radial component of the peculiar velocity vS‖ but also by its transverse part through
v2
S = v2

S‖+ v2
S⊥. Note that since the redshift corrections at this order are proportional to δab

they will only affect the convergence, and leave the shear and rotation unchanged.
At the order O

(
1
c3

)
we obtain

D̃(3)
ab = D̃(3)

ab (zS)+
1

c3

χS
1+zS

δab

{
vS‖

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

)[
UNS−2

∫ χS

0
dχWN,0+

+
1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
+v3

S‖

(
1− 11c

6χSHS
+
H′′Sc3

6χSH4
S

− H
′2c3

2χSH5
S

−
H′Sc2

χSH3
S

)
+

−
(

c

HSχS
−1

)[∫ χS

0
dχBNi,0k̄

i−viSδij
∫ χS

0
dχW ,i

N−v
3
S‖+

+

(
2UNS−2VNS−4

∫ χS

0
dχWN,0+

1

2
v2
S

)
vS‖+

− c

HS
v′S‖

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
1

HS
v′S‖vS‖

)
+

+
c

HS

(
dUNS
dχ
−2WNS,0+vSv

′
S−2vS‖v

′
S‖

)
vS‖+

+
c

2HS

(
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

)
v2
S‖+

+vS‖

∫ χS

0
dχ

(
WN+(χS−χ)WN,i

k̄i

k̄0

)]
+

+
cvS‖

HS

(
VNS+χS

dVNS
dχS

−2WNS−2

∫ χS

0
dχWN,i

k̄i

k̄0

)}
+n̄ian̄

j
b

1

c3

χS
1+zS

vS‖

[
− 2

χS

∫ χS

0
dχ(χS−χ)χWN,ij+

c

χSHS
2

∫ χS

0
dχχWN,ij

]
. (3.72)

Without redshift perturbations, only the vector potential Bi
N contributes to the Jacobi map-

ping at the order O
(

1
c3

)
, see eq. (3.45). However, since the peculiar velocity comes at order

O
(

1
c

)
, we obtain couplings between the velocity and the Newtonian potentials that also

contribute at this order, as well as terms cubic in the velocity. Note that at this order the
peculiar velocity modifies not only the convergence, but also the shear.

Finally, at the order O
(

1
c4

)
we obtain

D̃(4)
ab = D̃(4)

ab (zS)− d

dz̄S

¯̃Dab (zS) δz
(4)
S −

d

dz̄S
D̃(2)
ab (zS) δz

(2)
S +

− d

dz̄S
D̃(3)
ab (zS) δz

(1)
S +

1

2

d2

dz̄2
S

˜̄Dab (zS)
(
δz

(2)
S

)2
+

+
1

2

d2

dz̄2
S

D̃(2)
ab (zS)

(
δz

(1)
S

)2
+

d2

dz̄2
S

¯̃Dab (zS) δz
(1)
S δz(3)

− 1

2

d3

dz̄3
S

¯̃Dab (zS) δz
(2)
S

(
δz

(1)
S

)2
+

1

4!

d4

dz̄4
S

¯̃Dab (zS)
(
δz

(1)
S

)4
, (3.73)

where we list the individual terms of (3.73) in the appendix in equation (B.37)–(B.44).
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4 Extraction of the convergence, shear and rotation

As shown in section 3, the convergence, shear and rotation can be expressed in terms of
the spin-0 and spin-2 components of the Jacobi mapping D̃ab, see eqs. (3.17) and (3.18).
Following [16, 43, 48, 49], we first introduce spin operators on the sphere. In weak lensing,
the use of these operators has the advantage that we do not rely on the small-angle or flat-sky
approximation.

4.1 Spin operators on a sphere

We want to describe the shear, convergence and rotation on the sphere of the sky. To each
image we can associate a unit vector at the observer, eir, pointing in the direction of the
image. This vector is equal to the wave vector of the photon at the observer eir = kiO = k̄i

(recall that we use χ = c(ηO − η) as time coordinate, so that kiO points from the observer to
the image). We then define at the observer the angular unit vectors in spherical coordinates
eiθ and eiφ that are orthogonal to eir. We can identify eiθ = n̄i1 and eiφ = n̄i2. Note that

eiθ and eiφ are orthogonal to the photon wave vector at the observer, and are then parallel
transported along the background geodesics. Therefore they do not live in the screen defined
by nµa along the geodesics.

A spin-s field on the sphere of the sky sX is defined as a field which transforms as

sX → eiαssX when eiθ and eiφ are rotated by an angle α around eir. We introduce the unit

vectors ei+ and ei− defined as

ei± = eiθ ± ieiφ . (4.1)

In the 2D basis (eθ, eφ), the vector e± have components ea± = (1,±i). The spin-0 and spin-2
component of Dab are then given by

2D = ea+e
b
+Dab , (4.2)

0D = ea−e
b
+Dab . (4.3)

We see immediately that any term proportional to δab will contribute only to the real part
of 0D, i.e. to the convergence since

ea+e
b
+δab = 0 , and ea−e

b
+δab = 2 . (4.4)

The terms proportional to n̄ian̄
j
b have however a more complicated structure. We have indeed

ea+e
b
+n̄

i
an̄

j
b = ei+e

j
+ , (4.5)

which contributes to 2D and
ea−e

b
+n̄

i
an̄

j
b = ei−e

j
+ , (4.6)

which contributes to both the real and imaginary part of 0D, i.e. to the convergence and
the rotation.

The vectors ei± acting on partial derivative ∂i give rise to derivative operators on the
sky 6 ∂ and ¯6 ∂, which increase and decrease the spin s by 1, respectively:

6 ∂sX ≡ − sins θ

(
∂θ +

i

sin θ
∂φ

)
sin−s θ sX = −

(
∂θ +

i

sin θ
∂φ

)
sX + s cot θ sX , (4.7)

¯6 ∂sX ≡ − sin−s θ

(
∂θ −

i

sin θ
∂φ

)
sins θ sX = −

(
∂θ −

i

sin θ
∂φ

)
sX − s cot θ sX . (4.8)
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The derivatives 6 ∂ and ¯6 ∂ are effectively angular covariant derivatives on a sphere. In particular
we have

ei+∂iX = − 1

χ
6 ∂X , ei−∂iX = − 1

χ
¯6 ∂X , (4.9)

ei+e
j
+∂i∂jX =

1

χ2
6 ∂2X , ei−e

j
−∂i∂jX =

1

χ2
¯6 ∂2
X . (4.10)

If we apply both ¯6 ∂ and 6 ∂ consecutively, the spin s remains unchanged and we obtain an ex-
pression corresponding to the angular Laplace operator in spherical coordinates ¯6 ∂6 ∂X=6 ∂¯6 ∂X.
We can show that6

ei+e
j
−∂i∂jX = ei−e

j
+∂i∂jX =

1

χ2
¯6 ∂6 ∂X +

2

χ
eir∂iX . (4.11)

Finally, let us note that the PF metric contains vector and tensor potentials, which can
be decomposed into spin fields:

Bi = Bre
i
r +

1

2
−1Be

i
+ +

1

2
1Be

i
− , (4.12)

hij = hrr

(
eire

j
r −

1

2
e

(i
+e

j)
−

)
+ −1hre

(i
+e

j)
r + 1hre

(i
−e

j)
r +

1

4
−2he

i
+e

j
+ +

1

4
2he

i
−e

j
− , (4.13)

where Br and hrr are spin-0 functions and sB, sh and shr are spin-s functions. Note that
these components are not independent, since Bi and hij are divergenceless.

In appendix C we present the derivation of 0D and 2D up to orderO
(

1
c4

)
, using eqs. (4.2)

and (4.3). Here we only display the final results for the reduced shear g, the convergence κ
and the rotation ω, which are obtained from 0D and 2D using eqs. (3.17), (3.18) and (3.19).

4.2 The reduced shear g

The reduced shear g is measured from the ellipticity of galaxies. It is given by

g =
γ

1− κ
= − 2D̃

Re
[

0D̃
] . (4.14)

At order O
(

1
c2

)
, the shear and reduced shear are equal, since κ̄ = 0. We have

g(2) = −2D̃(2)

0
¯̃D

= − 1

c2

∫ χS

0
dχ
χS − χ
χSχ

6 ∂2WN . (4.15)

This is the standard Newtonian expression for the shear, written in terms of derivatives on
the sphere.

At order O
(

1
c3

)
both 2D̃ and 0D̃ contribute to the reduced shear. Since the imaginary

part of 0D̃ is of order O
(

1
c4

)
(see appendix C) we can write

g(3) = −2D̃(2) + 2D̃(3)

0
¯̃D + 0D̃(1)

= − 1

0
¯̃D

(
−0D̃(1)

0
¯̃D

2D̃(2) + 2D̃(3)

)

=
1

c3

{∫ χS

0
dχ′

χS − χ
2χSχ

[
d

dχ
(χ6 ∂1B) + 6 ∂2Br

]
+

− c

HSχ2
S

vS‖

∫ χS

0
dχ6 ∂2WN

}
. (4.16)

6Note that there is a typo in the equivalent equation (40) in [16]. The second sign should be a +.
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We see that the dominant correction to the Newtonian expression (4.15) is due to two different
effects: the vector potential Bi

N and the peculiar velocity of the galaxies vS‖. The vector
potential in the PF approximation has been computed from N-body simulations on non-linear
scales [20, 21, 28]. It was found that the power spectrum of the vector field Bi

N/c
3 is of the

order of 10−5 the power spectrum of the scalar potential WN/c
2 over a range of scales and

redshifts. Comparing eq. (4.16) with eq. (4.15) we see that part of the vector contribution
enters in the reduced shear with exactly the same kernel as the Newtonian scalar part. As
such we expect that the impact of the vector potential on the reduced shear will be of the
order of ∼

√
10−5g(2) ∼ 3 × 10−3g(2) ∼ 3 × 10−5, since g(2) is of order 10−2 [50]. The

requirement to measure cosmological parameters from a survey like Euclid with 1% precision
is that additive systematics to the shear remain below 3× 10−4 [51]. This is only one order
of magnitude above the expected contribution from the vector modes. A careful calculation
of the reduced shear power spectrum from the vector modes is therefore necessary to assess
precisely its amplitude. In particular, since the ratio between the vector potential and the
scalar potential grows in the strongly non-linear regime (see figure 5 and 6 of [21]), the
transverse derivatives in (4.15) and (4.16) will not act in the same way and may therefore
enhance the vector contribution. We will compute this in a future work.

The second contribution at order O
(

1
c3

)
is due to the peculiar velocity of galaxies vS‖,

coupled to the standard Newtonian shear. This contribution is due to two effects. First, the
reduced shear g is measured as a function of redshift, which is affected by the source peculiar
velocity. To understand this effect, let us assume that we measure g for two different galaxies
that are at the same redshift. One of the galaxies has no peculiar velocity, whereas the
other has a velocity directed towards the observer. As a consequence, the second galaxy is
physically situated at a larger distance than the first one. The impact of a given lens on
the two galaxies will then be different, since the distance between the lens and the source is
different. The second velocity contribution to g simply comes from the fact that the shear
at second order γ(2) is divided by the convergence at first order κ(1) which is affected by
peculiar velocity. This effect reflects the fact that peculiar velocities change the apparent
size of galaxies, which has then an impact on the reduced shear. Note that in standard
perturbation theory, this term appears at the next order, i.e. at the same order as the lens-
lens coupling and Born correction, see eq. (4.18). However here since velocities are of order
O
(

1
c

)
, this coupling is already present at order O

(
1
c3

)
.

From the second line of (4.16) we see that the velocity contribution is of the order of(
c

HSχS
− 1

)
vS‖

c
g(2) ∼

(
c

HSχS
− 1

)
10−3g(2) ∼

(
c

HSχS
− 1

)
10−5 , (4.17)

where we have used that in average the peculiar velocity is of order vS‖/c ∼ 10−3 [52, 53].
We see that the importance of this contribution depends strongly on the redshift: at small
redshift, the prefactor in (4.17) becomes large and the velocity contribution dominates over
the vector contribution. For example at zS = 0.1 the prefactor is ∼ 10 so that the velocity
contribution reaches 10−4. Around redshift 1.6, the prefactor vanishes and the velocity does
not contribute at all. At larger redshift, the prefactor slowly decreases towards -1. Finally let
us mention that the vector contribution is integrated along the line of sight and therefore it
does not depend much on the size of the redshift bins in which the reduced shear is measured.
On the other hand, the velocity contribution enters at the source. As a consequence, this
contribution becomes strongly suppressed if the reduced shear is averaged over thick redshift
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bins. Hence for photometric lensing surveys, where thick redshift bins are used, we expect
the vector contribution to be the dominant contribution at order O

(
1
c3

)
.

At order O
(

1
c4

)
, the reduced shear contains contributions from the shear up to order

O
(

1
c4

)
and from the convergence up to order O

(
1
c2

)
. We obtain

g(4) = −2D̃
0D̃

= −2D̃(2) + 2D̃(3) + 2D̃(4)

0D̃(0) + 0D̃(1) + 0D̃(2)

=
1

c4

{
−
∫ χS

0
dχ
χS − χ
χSχ

6 ∂2
(
2WP +W 2

N

)
(4.18)

−
∫ χS

0
dχ
χS − χ
χSχ2

6 ∂
[
6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂WN + 6 ∂¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN

]
+

∫ χS

0
dχ
χS − χ
χSχ

6 ∂2WN ·
[∫ χS

0
dχ′

χS − χ′

χ′χS
¯6 ∂6 ∂WN −

2

χS

∫ χS

0
dχ′WN

]
+ 2

∫ χS

0
dχ
χS − χ
χSχ

[
1

χ
WN

∫ χ

0
dχ′6 ∂2WN −

1

χ
6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN

−6 ∂2

(
WN,0

∫ χ

0
WNdχ

′
)]

+
2

χS

∫ χS

0
dχ

[
WN

∫ χ

0

dχ′

χ′
6 ∂2WN +

1

χ
6 ∂2

(
WN

∫ χ

0
dχ′WN

)]
− 1

4
2hS −

1

2

∫ χS

0
dχ

(
χS − χ
χSχ

1

2
6 ∂2hrr +

1

χ
6 ∂1hr

)
+

+

[
2

∫ χS

0
dχ
χS − χ
χSχ

6 ∂2WN +
c

HSχS

∫ χS

0
dχ

1

χS
6 ∂2WN

](
UNS − 2

∫ χS

0
dχWN,0

)
+

(
v2
S +

c

HS
vS‖v

′
S‖

)∫ χS

0
dχ
χS − χ
χSχ

6 ∂2WN

+
1

2HSχ2
S

∫ χS

0
dχ6 ∂2WN

(
χS
χ

2c

HS
vS‖v

′
S‖ + v2

S

)
+ v2

S‖

[
− c2

H2
S

1

2χ2
S

6 ∂2WNS − 3

(
1− c

2HSχS
+

c2H′S
2H3

SχS

)∫ χS

0
dχ
χS − χ
χSχ

6 ∂2WN

+
1

2χS

c

HS

(
3 +
H′Sc
2H2

S

− 2c

HSχS

)∫ χS

0
dχ

1

χ
6 ∂2WN

]
+ vS‖

[∫ χS

0
dχ

(χS − χ)

χSχ

(
d

dχ

(
χ6 ∂1B

N
)

+ 6 ∂2BN
r

)
+

c

2HSχS

∫ χS

0
dχ

1

χS

(
d

dχ

(
χ6 ∂1B

N
)

+ 6 ∂2BN
r

)]}
.

The first line is the standard shear contribution, where the Newtonian potential WN has
been replaced by the relativistic potential WP and the square of WN . This term encodes the
fact that large-scale structures along the photon trajectory are not completely described by
the Newtonian potential WN , and that WP and W 2

N both give corrections to the potential
felt by the photons. The second line contains the lens-lens coupling and correction to Born
approximation [54]. These terms have four transverse derivatives of the potential, and they
are therefore expected to dominate at small scales. The third line contains the product
between the shear and the convergence at order O

(
1
c2

)
. The first term in this line also

has four transverse derivatives and is therefore of the same order of magnitude as the lens-
lens coupling and post-Born correction. Note that the boundary term in the convergence,
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proportional to VNS (see eq. (4.21)) cancels with a similar term in 2D̃ and does not contribute
to the reduced shear. Lines 4 and 5 contain various couplings along the photon trajectory.
These terms have been computed for the first time using standard perturbation theory up
to second order in [16] and the expressions agree. Line 6 contains the contribution from the
tensor modes, which also appear at second order in SPT. Finally, the last 6 lines contain
the contributions due to redshift perturbations. In line 7, we have the redshift perturbations
due to gravitational redshift and the integrated Sachs-Wolfe effect. In the following 3 lines,
we have the Doppler contributions coupled with the scalar potential. Since the velocity
is of order 1/c, the reduced shear at order O

(
1
c4

)
contains contribution from the second

order Doppler, i.e. from both vS‖ and vS⊥ through the transverse Doppler effect. Finally,
in the last two lines we have couplings between the first order Doppler contribution and the
vector potential.

4.3 The convergence κ

We now calculate the convergence, i.e. the part of the Jacobi map which modifies only the size
of the galaxy. As discussed in section 3 it is given by the real part of the spin-0 contribution

κ = 1− 1 + zS
2χS

Re
[
0D̃
]
. (4.19)

At order O
(

1
c

)
the convergence becomes

κ(1) =

(
1− c

HSχS

)
vS‖

c
. (4.20)

This contribution, called Doppler magnification, has been derived in [15] for the first time
and studied in detail in [46, 47]. Since it is directly sensitive to the galaxy peculiar velocity,
it provides an alternative way of measuring velocities, independently from redshift-space
distortions, and to test theories of modified gravity [55]. In the PF formalism, this term is
the dominant contribution to the convergence. As shown in [46, 47] this is effectively the case
at low redshift z ≤ 0.5. At high redshift however, the order O

(
1
c2

)
derived below dominates

over the Doppler magnification, because the deviations generated by ¯6 ∂6 ∂WN accumulate along
the photon trajectory, whereas the peculiar velocity decreases with redshift. Nevertheless,
the Doppler term is still measurable in this regime due to its dipole around overdensities [47].

At order O
(

1
c2

)
the convergence is given by

κ(2) =
1

c2

[
−
∫ χS

0
dχ
χS − χ
χχS

¯6 ∂6 ∂WN − VNS +
2

χS

∫ χS

0
dχWN

+

(
c

HSχS
− 1

)(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S −

c

HS
v′S‖vS‖

)
−
(

2− 5c

2HSχS
−

cH′S
2H3

SχS

)
v2
S‖

]
(4.21)

The first term in (4.21) is the standard Newtonian contribution to the convergence. Since it
contains two transverse derivatives, it dominates over the other terms when one correlates
galaxies at small separations. This term is the only one which changes the apparent size of
galaxies through a real focusing of the light beam. The other two terms in the first line modify
the length of the geodesic between the source and the observer, and consequently they change
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the apparent size of galaxies. The terms in the second and third line are due to the fact that
we observe the size of galaxies as a function of redshift, which is a perturbed quantity. In
particular, the first term in the second line is the contribution from gravitational redshift
and the second one is the integrated Sachs-Wolfe contribution. The terms proportional to
peculiar velocities in the second and third lines are second-order Doppler contributions. These
contributions are sensitive not only to the radial part of the peculiar velocity vS‖ but also
to its transverse part since v2

S = v2
S‖ + v2

S⊥. Note that one contribution depends also on the

time derivative of the peculiar velocity v′S‖, which contributes to the redshift perturbation at

second-order, see eq. (3.68).
The convergence at order O

(
1
c3

)
is given by

κ(3) =
1

c3

{∫ χS

0
dχ

[
χS − χ
2χSχ

¯6 ∂6 ∂BNr +
1

4χ

(
¯6 ∂1BN + 6 ∂−1BN

)
− 1

χS
BNr+

+

(
c

HSχS
− 1

)
BNr,0

]
+ vS‖

[(
−4 +

H′Sc2

χSH3
S

+
5c

HSχS

)
UNS

+

∫ χS

0
dχ

(
6−

2H′Sc2

χSH3
S

− 10c

HSχS
+

χ

χS
+

cχ

HSχ2
S

)
WN,0+

+

∫ χS

0
dχ

(
χS − χ
χχS

− c

χχSHS

)
¯6 ∂6 ∂WN + 2VNS +WNS+

+
c

HS

(
dUNS
dχ

− 2WNS,0

)
+

c

HSχS

[
− 3VNS +WNS+

− χS
dVNS
dχS

+

∫ χS

0
dχ

2

χS
WN +

c

H

(
dUNS
dχ

− 2WNS,0

)]]
+

+ v′S‖

(
c

HSχS
− 1

)
c

HS

(
−UNS + 2

∫ χS

0
dχWN,0

)
+

+

(
c

HSχS
− 1

)(
1

2
1vS

∫ χS

0
dχ

1

χ
¯6 ∂WN +

1

2
−1vS

∫ χS

0
dχ

1

χ
6 ∂WN

)
+

+

(
H′Sc2

χSH3
S

+
4c

HSχS
− 3

)
vS‖

1

2
v2
S +

1

2

c

HS
v2
S‖v
′
S‖

(
3
H′Sc2

χSH3
S

+

+
5c

HSχS
−
H′Sc
H2
SχS

− 3

)
−
(

c

HSχS
− 1

)
c

H
v′S‖

(
1

2
v2
S +

1

HS
v′S‖vS‖

)
+

+

(
c

HSχS
− 1

)
c

H
vS‖vSv

′
S −

(
c

HSχS
− 1

)
c2

2H2
S

v′′S‖v
2
S‖+

+ v3
S‖

(
2− 8c

HSχS
−
H′′Sc3

6χSH4
S

+
H′2c3

2χSH5
S

)}
. (4.22)

As for the reduced shear, at this order the convergence contains two types of contributions.
First, contributions from the vector potential Bi

N . The dominant contribution at small scales
is given by the first term, which contains two transverse derivatives, and is equivalent to the
shear contribution in eq. (4.16). In addition, since the convergence is a spin-0 field it contains
contributions from the spin-1 and -1 part of Bi

N , on which the transverse operators 6 ∂ and ¯6 ∂
act once. The second type of contributions to the convergence are due to the coupling between
the first order Doppler contribution and the convergence at second order. The spin-1 and
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-1 contributions 1vS and −1vS , respectively, stem from the decomposition of the peculiar
velocity field viS into viS = viS‖ + 1

2−1vSe
i
+ + 1

2 1vSe
i
− and occur when the vector field viS is

coupled with the derivative of the scalar potential WN . Finally, the convergence contains also
a pure Doppler contribution, proportional to the velocity cubed, in the last line of (4.22).

The expression for the convergence at order O
(

1
c4

)
is grouped into various terms accord-

ing to the potentials or their couplings plus various contributions from redshift perturbations:

κ(4) =κ(P ) + κ(UW ) + κ(V V ) + κ(VW ) + κ(WW ) + κ(h) + κ(δz) + κ(v) + κ(v2) + κ(v4). (4.23)

The superscripts (UW ), (VW ), (V V ), and (WW ) refer to the couplings of the Newtonian
potentials UN , VN , and WN , whereas the superscript (P ) denotes the contributions of the
post-Friedmann potentials UP , VP , and WP . The last four terms in eq. (4.23) with the
superscripts (δz), (v), (v2), and (v4) refer to the terms that are introduced via the redshift
perturbations in eq. (3.73). In particular (δz) regroups all redshift perturbations not due to
peculiar velocity, whereas the other terms regroup the velocity terms at each relevant order.

The first contribution of eq. (4.23) reads

κ(P ) =
2

c4

(∫ χS

0
dχ

2

χS
WP − VP −

∫ χS

0
dχ
χS − χ
χSχ

¯6 ∂6 ∂WP

)
, (4.24)

and is of purely relativistic origin. Note that κ(P ) takes on the same form as κ(2) in eq. (4.21)
with the relativistic potentials 2VP and 2WP replacing the Newtonian potentials VN and WN .
The terms derived from the redshift perturbations in κ(2) have their relativistic analogue
in κ(δz).

The next contributions κ(UW ), κ(V V ), κ(VW ), and κ(WW ) collect the coupling terms with
the Newtonian potentials UN , VN , and WN :

κ(UW ) =
1

χS

1

c4

{∫ χS

0
dχ

[
−4WN

(
UNS + UN + (χS − χ)

d

dχ
UN

)
+

−4UN,0

(
WN − (χS − χ)

∫ χ

0
dχ′WN

)]
+

+ 2

∫ χS

0
dχ

(
6 ∂UN

∫ χ

0
dχ′

χ− χ′

χχ′
¯6 ∂WN + ¯6 ∂UN

∫ χ

0
dχ′

χ− χ′

χχ′
6 ∂WN

)
+

−2

∫ χS

0
dχ
χS − χ
χ

(
6 ∂UN

∫ χ

0
dχ′

1

χ′
¯6 ∂WN + ¯6 ∂UN

∫ χ

0
dχ′

1

χ′
6 ∂WN

)}
, (4.25)

κ(V V ) =
1

c4

[
2

∫ χS

0
dχ

(χS − χ)χ

χS

(
d

dχ
VN

)2

− 1

4
V 2
NS

]
, (4.26)

κ(VW ) =
1

c4

{∫ χS

0
dχ

1

χS

[
WN

(
VNS + 2χ

d

dχS
VNS − 2χVNS,0 − 2χS

d

dχ
VN

)
+

+2WNχSVN,0 + 26 ∂VN
∫ χ

0
dχ′

1

χ′
¯6 ∂WN + 2¯6 ∂VN

∫ χ

0
dχ′

1

χ′
6 ∂WN

]
+

+

∫ χS

0
dχ
χS − χ
χS

[
−2χWN

(
d2

dχ2
VN −

d

dχ
VN,0

)
−6 ∂VN

1

χ
¯6 ∂WN

− ¯6 ∂VN
1

χ
6 ∂WN −6 ∂VNS

1

χ
¯6 ∂WN − ¯6 ∂VNS

1

χ
6 ∂WN − VNS

1

χ
¯6 ∂6 ∂WN+

+VNSWN,0

]}
, (4.27)
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and

κ(WW ) =
1

c4

{∫ χS

0
dχ

1

χS

[
4W 2

N − 4WNSWN + 8WN,0

∫ χ

0
dχ′WN +

− 106 ∂WN

∫ χ

0
dχ′

χ− χ′

χχ′
¯6 ∂WN − 10¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χχ′
6 ∂WN+

+ 4WN

∫ χ

0
dχ′

χ− χ′

χχ′
¯6 ∂6 ∂WN + 2WN

∫ χ

0
dχ′

1

χ′
¯6 ∂6 ∂WN+

+2
1

χ
6 ∂¯6 ∂
(
WN

∫ χ

0
dχ′WN

)]
+

∫ χS

0
dχ
χS − χ
χS

[
− 4W 2

N,0+

− ¯6 ∂6 ∂W 2
N

1

χ
− 8WNWN,0 + 2

(
d

dχ
WN

)2

− 4WN,0
d

dχ
WN+

− 4WN,00

∫ χ

0
dχ′WN −

2

χ2
WN

∫ χ

0
dχ′¯6 ∂6 ∂WN+

+ 66 ∂WN

∫ χ

0
dχ′

1

χχ′
¯6 ∂WN + 6¯6 ∂WN

∫ χ

0
dχ′

1

χχ′
6 ∂WN+

+ 86 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χχ′
¯6 ∂WN + 8¯6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χχ′
6 ∂WN+

+ 26 ∂WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
¯6 ∂WN + 2¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
6 ∂WN+

− 2¯6 ∂6 ∂
(
WN,0

∫ χ

0
dχ′

1

χ′
WN

)
+ 2¯6 ∂6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χχ′
WN+

+ 4
1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′WN − 4

1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′
(
χ− χ′

)
WN,0

− 1

2
6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
¯6 ∂2
WN −

1

2
¯6 ∂2
WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
6 ∂2WN+

− 2WN,0

∫ χ

0
dχ′

χ− χ′

χχ′
¯6 ∂6 ∂WN −6 ∂

(
¯6 ∂6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
¯6 ∂WN

)
+ (4.28)

−6 ∂¯6 ∂2
WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
6 ∂WN

]}
.

The tensor potential hij contributes to the convergence in the following way:

κ(h) =
1

c4

1

4

[
hrr (χS)−

∫ χS

0
dχ

1

χ

(
6 ∂−1hr + ¯6 ∂1hr − hrr

)
+

+

∫ χS

0
dχ
χS − χ
χSχ

(
6 ∂¯6 ∂hrr − χhrr,0

)]
. (4.29)

Finally, the redshift perturbations are split into four different groups: the first group is
denoted by κ(δz) and refers to the redshift perturbations independent of the peculiar velocity,
while the other groups κ(v), κ(v2), and κ(v4) refer to the terms dependent on the peculiar
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velocity.

κ(δz) =
1

c4

{[
1

χS

∫ χS

0
dχ

(
2WN −

(
χS − χ−

c

Hs

)
1

χ
¯6 ∂6 ∂WN

)
+

+
c

χSHS

(
χS
dVNS
dχS

− 2WNS

)](
UNS − 2

∫ χS

0
dχWN,0

)
+

−
(

1−
H′Sc2

2χSH3
S

− 3c

2HSχS

)(
UNS − 2

∫ χS

0
dχWN,0

)2

+

+

(
c

HSχS
− 1

){
2UPS − 4

∫ χS

0
dχWP,0 −

5

2
U2
NS −

1

2

∫ χS

0
dχhrr,0+

− 2

(∫ χS

0
dχWN,0

)2

+ 4

(
UNS

∫ χS

0
dχWNS

)
,0

+ 4WNS,0

∫ χS

0
dχWN+

+ 2
1

χS
¯6 ∂UNS

∫ χS

0
dχ (χS − χ)

1

χ
6 ∂WN + 2

1

χS
6 ∂UNS

∫ χS

0
dχ (χS − χ)

1

χ
¯6 ∂WN+

− 4
d

χS
UNS

∫ χS

0
dχWN + VNS

(
UNS − 2

∫ χS

0
dχWN,0

)
+

+
c

HS

(
dUNS
dχS

UNS − 2
dUNS
dχS

∫ χS

0
dχWN,0 − 2WNS,0UNS + 2WNS,02

∫ χS

0
dχWN,0

)
+

∫ χS

0
dχ

(
4WN

d

dχ
UN − 4UN,0WN − 4WN,0WN − 4WN,00

∫ χ

0
dχ′WN+

− 26 ∂UN
∫ χ

0
dχ′

1

χχ′
¯6 ∂WN − 2¯6 ∂UN

∫ χ

0
dχ′

1

χχ′
6 ∂WN+

− 26 ∂WN,0

∫ χ

0
dχ
χ− χ′

χchi′
¯6 ∂WN − 26 ∂WN

∫ χ

0
dχ
χ− χ′

χ2χ′
¯6 ∂WN+

−2¯6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χχ′
6 ∂WN − 2¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ2χ′
6 ∂WN

)}}
, (4.30)

κ(v) =
1

c4

{
vS‖

[∫ χS

0
dχ

(
χS − χ
χSχ

− c

χSχHS

)
1

2

(
2χBNr,0 −

d

dχ
(χ6 ∂1BN )−6 ∂2BNr

)
+

− c

χSHS
BNSr +

∫ χS

0
dχ

(
BNr +

(
2−
H′Sc2

χSH3
S

− 3c

χSHS

)
BNr,0

)]
+

−
(

c

HSχS
− 1

)[
1vS

(
1

2
−1BNS +

1

2

∫ χS

0
dχ

1

χ

(
¯6 ∂BNr + −1BN

))
+

+−1vS

(
1

2
1BNS +

1

2

∫ χS

0
dχ

1

χ
(6 ∂BNr + 1BN )

)]}
, (4.31)
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κ(v2) =
1

c4

{(
c

HSχS
− 1

){
v′2S‖

(
2
c2

H2
S

∫ χS

0
dχWN,0 −

c2

H2
S

UNS

)
+

+

(
vSv

′
S +

vS‖c

HS
v′′S‖

)
c

HS

(
UNS − 2

∫ χS

0
dχWN,0

)
+

− c

HS
v′S‖−1vS

1

2

∫ χS

0
dχ′

1

χ′
6 ∂WN −

c

HS
v′S‖1vS

1

2

∫ χS

0
dχ′

1

χ′
¯6 ∂WN+

+ vS‖
c

HS
−1v

′
S

1

2

∫ χS

0
dχ′

1

χ′
6 ∂WN + vS‖

c

HS
1v
′
S

1

2

∫ χS

0
dχ′

1

χ′
¯6 ∂WN+

+ vS‖−1vS
1

2

1

χS
6 ∂WNS + vS‖1vS

c

2HSχS
¯6 ∂WNS }+

+

[(
c

HSχS
− 1

)(
c

HS
dUNS
dχ

− 2
c

HS
WNS,0

)
+

2

χS

∫ χS

0
dχWN − 3VNS+

+
c

χSHS

(
χS
dVNS
dχS

+ 4WNS

)
−
∫ χS

0
dχ

(
χS − χ
χSχ

− c

χSχHs

)
¯6 ∂6 ∂WN+

+

(
4−
H′Sc2

χSH3
S

− 5c

HSχS

)
2

∫ χS

0
dχWN,0 −

(
1−
H′Sc2

χSH3
S

+
c

HSχS

)
UNS

]
1

2
v2
S+

+

[
2

χS

∫ χS

0
dχWN −

∫ χS

0
dχ

(
χS − χ
χSχ

− c

χSχHs

)
¯6 ∂6 ∂WN +

+
c

HS
dVNS
dχS

− VNS +

(
−1 +

H′Sc2

χSH3
S

+
2c

χSHS
+
H′Sc
H2
S

)
UNS+

+

(
3− 7c

HSχS
−

2H′Sc2

χSH3
S

− 2
H′Sc
H2
S

)∫ χS

0
dχWN,0

](
c

HS
v′S‖vS‖

)
+

+

[
VNS

c

2HSχS

(
1 +
H′c
H2

)
− 3VNS + 2WNS

c

HSχS

(
4 +
H′c
H2

)
+ +

+
1

2

(
χS

d

dχS
VNS

c

HSχS
+

∫ χS

0
dχ

1

χ
¯6 ∂6 ∂WN

c

HSχS

)(
1 +
H′c
H2

)
+

+

(
c

HSχS
− 1

)(
5
c

HS
+
H′Sc2

H3
S

− 1

2

c2

H2
S

d

dχS

)
1

2

dUNS
dχS

+ 3
c

HS
dWNS

dχS
+

+

(
8
c

HS
+
H′Sc2

H3
S

− 1

2

c2

H2
S

d

dχS
− 5

c2

H2
SχS

−
H′Sc3

H4
SχS

+
1

2

c3

H3
SχS

d

dχS

)
WNS,0+

+

(
−1− 7c

2χSHS
−
H′′Sc3

2χSH4
S

+
3H′2c3

2χSH5
S

−
H′Sc2

χSH3
S

)
UNS+

+

(
H′′Sc3

χSH4
S

+ 2− 3H′2c3

χSH5
S

−
H′Sc2

χSH3
S

− 2c

HSχS

)∫ χS

0
dχWN,0+

+
c2

H2
SχS

(
−2

d

dχS
WNS +

1

2
¯6 ∂6 ∂WNS −

d

dχS
VNS −

1

2
χS

d2

dχ2
S

VNS

)]
v2
S‖+

+

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

)
vS‖

(
−1vS

1

2

∫ χS

0
dχ′

1

χ′
6 ∂WN + 1vS

1

2

∫ χS

0
dχ′

1

χ′
¯6 ∂WN

)}
,

(4.32)

– 28 –



J
C
A
P
0
5
(
2
0
1
9
)
0
4
5

and

κ(v4) =
1

c4

{(
c

HSχS
− 1

)[
1

2

(
1 +
H′Sc
H2
S

)
c

HS

(
v2
S‖vSv

′
S − v3

S‖v
′′
S‖

)
+

+
c

2HS
vSv

′
Sv

2
S −

c2

2H2
S

v2
S‖vSv

′′
S +

c3

6H3
S

v3
S‖v
′′′
S‖ −

c2

1H2
S

v′2S‖v
2
S+

− c2

H3
S

v′3S‖vS‖ −
1

2

c2

H2
S

v2
S‖v
′2
S +

c2

2H2
S

vS‖v
′′
S‖v

2
S +

3c2

2H2
S

c

HS
v2
S‖v
′
S‖v
′′
S‖+

+ v2
S‖v
′2
S‖

c

HS

∫ χS

0
dχWN,0

]
+

(
1

2
+
H′Sc2

χSH3
S

−
H′Sc2

2H2
S

)
c

HS
v′S‖vS‖v

2
S+

−
(

3−
H′Sc2

χSH3
S

− 4c

HSχS

)
1

8
v4
S −

(
3

2
+
H′Sc2

χSH3
S

−
3H′Sc
2H2

S

− c

HSχS

)
c2

H2
S

v′2S‖v
2
S‖+

+

(
H′′Sc3

2χSH4
S

− 5c

2χSHS
− 3H′2c3

2χSH5
S

−
3H′Sc2

χSH3
S

)
1

2
v2
Sv

2
S‖+

+

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

)
c

HS

[
−v′S‖vS‖

1

2
v2
S + v′2S‖v

2
S‖

1

HS
+ v2

S‖
dUNS
dχ

+

− v2
S‖2WNS,0 + v2

S‖vSv
′
S −v3

S‖
c

HS
v′′S‖

]
+

(
17c

6χSHS
− 4

3
−

2H′′Sc3

3χSH5
S

+

+
H′′Sc2

6H4
S

+
H′2c3

3χSH5
S

−
H′Sc2

2χSH3
S

+
3H′Sc
2H2

S

+
H′2S c2

6H4
S

)
c

HS
v′S‖v

3
S‖

−
(
H′Sc2

24χSH3
S

− c

12χSHS
−

c3H′′S
12χSH4

+
1H′2c3

4χSH5
S

−
H′′′S c4

24χSH5
S

+

−
15c4H′3S
24χSH7

S

+
5c4H′SH′′S
12χSH6

)
v4
S‖

}
. (4.33)

The convergence at second-order in standard perturbation theory has been computed
in [56]. We expect some of the terms in our formalism to be equivalent to the SPT result,
while others will be different, due to the different counting of perturbations.

4.4 The rotation ω

The rotation ω is related to the imaginary part of the spin-0 component 0D̃ via eq. (3.17),
which is proportional to the anti-symmetric part of D̃ab, see eq. (3.15). From eqs. (3.43),
(3.45), (3.70), (3.71) and (3.72) we see that up to order O

(
1
c3

)
, D̃ab is symmetric and that

there is therefore no rotation at those orders. At order O
(

1
c4

)
on the other hand, there is

a anti-symmetric contribution generated by the coupling R(2)
ac D(2)

cb in eq. (3.47). We obtain
(see appendix C for more detail)

ω(4) =
1

2χSc4

∫ χS

0
dχ(χS − χ)

1

χ2

(
6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂2
WN

− ¯6 ∂2
WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂2WN

)
. (4.34)

We see that the only terms that contribute to the rotation at order O
(

1
c4

)
are the lens-lens

coupling and the post-Born correction, i.e. the terms with four transverse derivatives, which
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dominate at small scales. The rotation contributes in principle to the ellipticity orientation,
as discussed in [16]. However, since the shear is at least of order O

(
1
c2

)
and the rotation is

of order O
(

1
c4

)
, the contribution to the ellipticity is of order O

(
1
c6

)
. This represents a very

small contribution to the ellipticity B-mode.

4.5 Kaiser-Squires relation

The shear and the convergence are usually assumed to obey the Kaiser-Squires relation [57],
given by

〈|γ|2〉 = 〈κ2〉. (4.35)

This relation can be related to the fact that at small scales the standard contribution to the
shear (4.14) and to the convergence (first term in (4.21)) obey

¯6 ∂2
γ = ¯6 ∂6 ∂κ . (4.36)

This relation is violated by a number of different terms. First, at order O
(

1
c

)
, the Doppler

magnification (4.20) breaks this relation. As pointed out in [15], this could provide an
alternative way of measuring the peculiar velocity, by combining the measured shear with
the measured convergence in order to isolate the Doppler contribution. At order O

(
1
c2

)
, the

relativistic effects in the convergence, as well as the redshift contributions to the convergence
also violate this relation. At order O

(
1
c3

)
, the vector potential has one term which satisfies

the Kaiser-Squires relation, and other terms which violate it. Finally, at order O
(

1
c4

)
a large

number of terms break this relation as well.
The dominant source of violation among all these terms will depend on the range of

redshift, the scales considered and the size of the redshift bins. For example, at small redshifts
and for thin redshift bins the Doppler magnification will probably be the dominant source of
violation. On the other hand, if the shear and convergence are averaged over large redshift
bins, the Doppler contribution (as well as all contributions at the source) will quickly become
negligible and other effects will come into play. In particular, in this regime the Shapiro time
delay, which contributes to the convergence (last term in the first line of eq. (4.21)) but not to
the shear at order O

(
1
c2

)
, will become relevant. In addition, the vector potential contributes

to the convergence through an integral along the line-of-sight (first two terms in eq. (4.22)) in
a different way than to the shear and therefore this violation will survive in the case of thick
redshift bins. In a future work, we will calculate in detail the amount of violation induced
by the Shapiro time delay and the vector potential to determine which one dominates and if
the violation is large enough to be detected. We expect the Shapiro time delay to dominate
at large scales, and the vector potential at small scales.

5 Conclusion

Weak gravitational lensing is becoming a powerful tool to map the Universe. It provides
a thorough insight into the distribution of matter, including dark matter, and will help us
constrain dark energy and modified gravity. Most of the weak lensing analyses use standard
perturbation theory to describe correlations on large scales, where the perturbations are
expected to be small, and non-linear prescriptions on small scales. However, weak lensing
is a gravitational effect which mixes large and small scales by integrating inhomogeneities
along the line of sight. Furthermore, future surveys will cover wide parts of the sky and
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deliver high-precision data both at small non-linear scales, and at large cosmological scales,
where relativistic effects become relevant. Hence a careful analysis of weak lensing requires
a formalism able to model at the same time relativistic effects and effects at small scales
arising from the fully non-linear matter distribution.

In this paper we computed the convergence κ, the reduced shear g, and the rotation ω
up to order O

(
1
c4

)
in the Post-Friedmann formalism. Our results provide a systematic and

consistent description of weak lensing observables, including scalar, vector and tensor modes
as well as galaxies’ peculiar velocities.

At lowest order in the PF expansion, O
(

1
c

)
, the only non-vanishing observable is the

convergence. It is affected by peculiar velocities, which modify the apparent distance between
the source and the observer, and consequently the apparent galaxy size. This effect, called
Doppler magnification [15, 46, 47], dominates at redshift z ≤ 0.5 and can be used along
redshift-space distortions to test modifications of gravity [55].

At order O
(

1
c2

)
, we recovered the standard Newtonian expression for the reduced shear

at linear order in perturbation theory, expressed in terms of two transverse derivative opera-
tors on the sphere [58]. The convergence at order O

(
1
c2

)
on the other hand contains various

contributions. First, there is the standard Newtonian expression, with two transverse deriva-
tives, similar to the one for the shear. Then we found a Sachs-Wolfe contribution and a
Shapiro time delay contribution, which modify the length of the geodesics, and consequently
the apparent size of galaxies. These terms agree with the expression at linear order in pertur-
bation theory [15, 16]. Finally, the convergence contains also redshift perturbations, which
modify the apparent distance between the source and the observer. In the PF formalism,
the square of the velocity contributes at order O

(
1
c2

)
. Hence, contrary to standard PT,

the convergence at this order is sensitive to the transverse part of the peculiar velocity v⊥,
through the transverse Doppler effect.

At order O
(

1
c3

)
, we obtained a contribution from the vector potential Bi

N . This effect
contributes both to the reduced shear and to the convergence. A quick comparison between
the vector contribution and the scalar contribution based on results from numerical simula-
tions [20, 21] seems to indicate that the contribution from the vector potential is just below
the precision on shear measurements required to measure cosmological parameters with 1%
precision. A full computation of the impact of this effect on the shear correlation function is
therefore necessary to assess its importance for future surveys.

Finally at orderO
(

1
c4

)
, we found a host of couplings contributing to gravitational lensing

observables. First, the lens-lens coupling and the post-Born corrections affect the reduced
shear, the convergence, and also the rotation. These terms contain four transverse derivatives
of the gravitational potentials and dominate therefore at small scales. Then, both the reduced
shear and the convergence are affected by various relativistic couplings. Our expression for
the relativistic couplings in the reduced shear agrees with the result obtained at second-
order in PT [16]. The convergence at second-order in PT has been computed in [56]. A
full comparison of the results is beyond the scope of this paper, due to the complexity of
the expressions. In addition, due to the difference between perturbation theory and the
PF framework, the reduced shear contains Doppler contributions at order (v/c)2, and the
convergence at order (v/c)4 that are not present at second-order in PT.

We then used our expressions for the reduced shear and the convergence to identify
violations to the Kaiser-Squires relation. In the case of thin redshift bins, the dominant
contribution which violates this relation is the Doppler magnification at order O

(
1
c

)
[15].

With thick redshift bins however, this contribution (along with all contributions at the source)
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becomes negligible and we are left with a contribution from the Shapiro time delay, which will
dominate at large scales, and a contribution from the gravito-magnetic frame-dragging vector
field, which we expect to dominate at small scales. In a future work we will investigate how
this could be used to detect the contribution from the vector potential in weak gravitational
lensing analyses.

To conclude, let us mention that our framework does not rely on General Relativity and
that it is valid for any metric theory of gravity where light propagates on null geodesics. As
such the relativistic and non-linear effects calculated in this work can in principle be used to
test the theory of gravity.
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A Derivation of D(4)
ab

The Jacobi mapping D(4)
ab is the solution of the following differential equation

d2

dχ2
D(4)
ab = −

(
1

k0

dk0

dχ

)(4)

δab −
(

1

k0

dk0

dχ

)(2)
d

dχ
D(2)
ab +

+

(
1

(k0)2R
c
a

)(4)

χδcb +

(
1

(k0)2R
c
a

)(2)

D(2)
cb (A.1)

In this section, we will derive the expressions for each term and subsequently combine them.
The first term in eq. (A.1) reads

−
(

1

k0

d

dχ
k0

)(4)

= −4
d

dχ
(UP −WP )

1

c4
− 4WP,i

k̄i

k̄0

1

c4
+

1

c4

1

2k̄0

dhij
dχ

k̄ik̄j+

− 1

c4

1

2(k̄0)2
hij,lk̄

ik̄j k̄l +
4

c4

d

dχ

(
UN,i

k̄i

k̄0

∫ χ

0
dχ′′WN

)
+

− 4

c4
UN,i

k̄i

k̄0
WN −

4

c4

(
WN,0i

k̄i

k̄0

∫ χ

0
dχ′′WN

)
+

− 4

c4

d

dχ

[
UN,i

∫ χ

0
dχ′
∫ χ′

0
dχ′′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]

+

+
4

c4
UN,i

∫ χ

0
dχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)

+

+
4

c4

1

k̄0
WN,0i

∫ χ

0
dχ′
∫ χ′

0
dχ′′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)
. (A.2)
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The second term in (A.1) becomes

−
(

1

k0

dk0

dχ

)(2)
d

dχ
D(2)
ab =− 1

k̄0

d

dχ
k0(2)

(
−k0(2)δab+

∫
dχ′Rabχ′

)
=

1

2k̄0

d

dχ

(
k0(2)

)2
δab−

1

k̄0

d

dχ
k0(2)

∫
dχ′Rabχ′

=
1

2

d

dχ

(
2UN−2WN+2

∫ χ

0
WN,l

k̄l

k̄0

)2

δab−

−4
d

dχ

[
(UN−WN )

∫
n̄ian̄

j
bχWN,ijdχ

′
]

+4(UN−WN ) n̄ian̄
j
bχWN,ij

−2
d

dχ
(UN−WN )

(
−VN+χ

d

dχ
VN

)
δab

−2WN,l
k̄l

k̄0

[∫
2n̄ian̄

j
bχWN,ijdχ

′+

(
−VN+χ

d

dχ
VN

)
δab

]
. (A.3)

The third term in (A.1) is given by(
1

k0k0Rac
)(4)

χδcb =χ

{
δab

1

c4

(
2
d2

dχ2VP−
d

dχ
VN

d

dχ
VN+2

d

dχ
(UN−WN )

dVN
dχ

+2WN,l
k̄l

k̄0

dVN
dχ

)
+

+n̄ian̄
j
b

1

c4

[
4WP,ij−4W 2

N,ij+4WN,iWN,j−4WN,ijVN −

−4WN,lj
k̄l

k̄0

∫ χ

0
WN,idχ−4WN,il

k̄l

k̄0

∫ χ

0
WN,jdχ

]
+

+
1

2

[
d2

dχ2hij−
d

dχ
(hjp,i+hip,j) k̄

p+hmp,ij
k̄pk̄m(
k̄0

)2

]}
(A.4)

The last term in (A.1) yields(
1

k0k0
Rac
)(2)

D(2)c
b =

(
d2

dχ2
VNδac+2n̄qan̄

p
cWN,qp

)[
χVNδ

c
b−2

∫ χ

0
dχ′WNδ

c
b+

−2

∫ χ

0

∫ χ′

0
dχ′dχ′′WN,m

k̄m

k̄0
δcb+ 2

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′n̄qcn̄

p
bWN,qp

]

= δab

[
χ

2

d2

dχ2
V 2
N−χ

(
dVN
dχ

)2

−2
d2

dχ2

(
VN

∫ χ

0
dχ′WN

)
+

+2
d

dχ
(VNWN )+2WN

d

dχ
VN−2

d2

dχ2

(
VN

∫ χ

0

∫ χ′

0
dχ′dχ′′WN,m

k̄m

k̄0

)

+4
d

dχ

(
VN

∫ χ

0
dχ′WN,m

k̄m

k̄0

)
−2VNWN,mk̄

m

]
+

+n̄ian̄
j
b

[
2
d2

dχ2

(
VN

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,ij

)
+

−4
d

dχ

(
VN

∫ χ

0
dχ′χ′WN,ij

)
+4VNχWN,ij−4WN,ij

∫ χ

0
dχ′WN

−4WN,ij

∫ χ

0

∫ χ′

0
dχ′dχ′′WN,m

k̄m

k̄0
+4n̄scn̄

rcWN,is

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,rj

]
(A.5)

– 33 –



J
C
A
P
0
5
(
2
0
1
9
)
0
4
5

Next, we expand Sab
(
xipert

)
= Sab(xi) + δxj · δ (Sab)j

∣∣
x
. Considering the definition of the

function Sab in (3.47), we see that we obtain two additional terms

1(
k̄0
)2 (R(2)

ac D̄cb
)
,jδx

j and − 1

k̄0
δab

(
dk0(2)

dχ

)
,jδx

j (A.6)

which read

1(
k̄0

)2

(
R(2)
ac D̄cb

)
,j
δxj =

= n̄ian̄
j
b

1

c4

[
−χ4WN,ijm

∫ χ

0
WNdχ

′ k̄
m

k̄0
+χ4WN,ijm

∫ χ

0

∫ χ′

0
dχ′′dχ′

(
W ,m
N −WN,l

k̄mk̄l(
k̄0

)2

)]
+

+δab
1

c4

{
−2

d2

dχ2

(
χVN,m

∫ χ

0
WNdχ

′ k̄
m

k̄0

)
+2

d

dχ

(
2VN,m

∫ χ

0
WNdχ

′ k̄
m

k̄0
+χVN,m

k̄m

k̄0
WN

)
+

−2
k̄m

k̄0
VN,mWN+2

k̄m

k̄0
χWN

d

dχ
VN,m+2

d2

dχ2

[
χVN,m

∫ χ

0

∫ χ′

0

(
W ,m
N −WN,l

k̄mk̄l(
k̄0

)2

)
dχ′′dχ′

]
+

−4
d

dχ

[
VN,m

∫ χ

0

∫ χ′

0

(
W ,i
N−WN,j

k̄mk̄j(
k̄0

)2

)
dχ′′dχ′+χVN,m

∫ χ

0

(
W ,m
N −WN,l

k̄mk̄l(
k̄0

)2

)
dχ′

]
+

+4VN,m

∫ χ

0
dχ

(
W ,m
N −WN,l

k̄mk̄l(
k̄0

)2

)
+2χVN,m

(
W ,m
N −WN,l

k̄mk̄l(
k̄0

)2

)}
(A.7)

and

− 1

k̄0

(
d

dχ
D̄ab

dk0(2)

dχ

)
,mδx

m = δab
1

c4

{
4
d

dχ

(
UN,m

∫ χ

0
dχ′WN

k̄m

k̄0

)
−4UN,m

k̄m

k̄0
WN+

−4
d

dχ

(
WN,m

∫ χ

0
dχ′WN

k̄m

k̄0

)
+4WN,m

k̄m

k̄0
WN+

+4WN,nm
k̄nk̄m(
k̄0
)2 ∫ χ

0
dχ′WN+

−4
d

dχ

[
UN,m

∫ χ

0

∫ χ′

0
dχ′′dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)]

+

+4UN,m

∫ χ

0
dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)

+

+4
d

dχ

[
WN,m

∫ χ

0

∫ χ′

0
dχ′′dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)]

+

−4WN,m

∫ χ

0
dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)

+

−4WN,nm
k̄n

k̄0

∫ χ

0

∫ χ′

0
dχ′′dχ′

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)}

. (A.8)
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We substitute (A.2)–(A.5) into (A.1) and add the terms (A.7) and (A.8). Furthermore, we

perform the integrals to obtain an expression for D(4)
ab . For clarity, we split D(4)

ab into two

parts, the first referring to the terms of D(4)
ab involving the delta function δab and the second

part referring to the terms with n̄ian̄
j
b:

D(4)
δabab

(χS) = δab
1

c4

{
−VNS

∫ χS

0

∫ χ

0
dχdχ′WN,m

k̄m

k̄0
−2VN

∫ χS

0
dχWN+

−2χSVNS,m

∫ χS

0
dχWN

k̄m

k̄0
+χS

(
2VPS+

1

2
V 2
NS

)
+

+2χSVNS,m

∫ χS

0
dχ(χS−χ)

(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)

+

+

∫ χS

0
dχ

[
4

(
UN,i

k̄i

k̄0

∫ χ

0
dχ′WN

)
−4WP−4

∫ χ

0
dχ′WP,i

k̄i

k̄0
+

+2W 2
N+2

(∫ χ

0
dχWN,l

k̄l

k̄0

)2

+4WN

∫ χ

0
dχWN,l

k̄l

k̄0
+

1

2k̄0
hij k̄

ik̄j+

−4UN,i

∫ χ

0
dχ′
(
χ−χ′

)(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

−4WN,m

∫ χ

0
dχ
(
χ−χ′

)(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)

+2χVN,m
k̄m

k̄0
WN

−4χVN,m

∫ χ

0
dχ′

(
W ,m
N −WN,l

k̄mk̄j(
k̄0
)2
)

+4WN,m

∫ χ

0
dχ′WN

k̄m

k̄0

]

+

∫ χS

0
dχ(χS−χ)

[
−2χ

(
dVN
dχ

)2

−4UN,i
k̄i

k̄0
WN+

−4WN,0i
k̄i

k̄0

∫ χ

0
dχ′WN+4UN,i

∫ χ

0
dχ′

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

+4WN,0i

∫ χ′

0
dχ′
(
χ−χ′

)(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

−4WN,m
k̄m

k̄0
WN+4WN,nm

k̄nk̄m(
k̄0
)2 ∫ χ

0
WNdχ

′+

+4WN,m

∫ χ

0

(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)
dχ′− 1

2(k̄0)2
hij,lk̄

ik̄j k̄l+

−4WN,nm
k̄n

k̄0

∫ χ

0
dχ′
(
χ−χ′

)(
W ,m
N −WN,j

k̄mk̄j(
k̄0
)2
)

+2
k̄m

k̄0
VN,mWN+2

k̄m

k̄0
χWN

d

dχ
VN,m+2χVN,m

(
W ,m
N −WN,l

k̄mk̄j(
k̄0
)2
)]}

(A.9)
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D(4)

n̄i
an̄j

bab
= n̄ian̄

j
b

[
2VN

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,ij +

1

2
χShij+

+

∫ χS

0
dχ

[
−4WN

∫
χWN,ijdχ

′ − hij −
χ

2
(hjp,i + hip,j)

k̄p

k̄0

]
+

+

∫ χS

0
dχ(χS − χ)

[
−4WN,l

k̄l

k̄0

∫
χWN,ijdχ

′ + 2χ
(
2WP,ij −W 2

N,ij

)
−

− 4χ
k̄l

k̄0
WN,lj

∫ χ

0
WN,idχ− 4χ

k̄l

k̄0
WN,il

∫ χ

0
WN,jdχ+

− 4WN,ij

∫ χ

0
dχ′WN − 4WN,ij

∫ χ

0

∫ χ′

0
WN,m

k̄m

k̄0
+

+ 4n̄scn̄
rcWN,is

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,rj − χ4WN,ijm

∫ χ

0
WNdχ

′ k̄
m

k̄0
+

+ χ4WN,ijm

∫ χ

0

∫ χ′

0
dχ′′dχ′

(
W ,m
N −WN,l

k̄mk̄l(
k̄0
)2
)

+
χ

2
(hjp,i + hip,j)

k̄p

k̄0
+
χ

2
hmp,ij

k̄pk̄m(
k̄0
)2
]

(A.10)

with

2

(
UN −WN +

∫ χ

0
dχWN,lk̄

l

)2

− V 2
N + 4VNWN + 4VN

∫ χ

0
dχWN,lk̄

l

= 2W 2
N + V 2

N + 2

(∫ χ

0
dχWN,lk̄

l

)2

+ 4WN

∫ χ

0
dχWN,lk̄

l (A.11)

and

d

dχ
V 2
N − 2

d

dχ
(UN −WN )

(
χ
d

dχ
VN − VN

)
− 2WN,lk̄

l

(
χ
d

dχ
VN − VN

)
+

− 2VN
d

dχ
WN − 2VNWN,mk̄

m + 2χ
d

dχ
(UN −WN )

dVN
dχ

+ 2χWN,lk̄
l dVN
dχ

= 0 (A.12)

B Redshift perturbations

In this section we will compute the different orders of δzS , δF , as well as δf using

δzS = (1 + zS)

[
δF (zS)− d

dzS
δF (zS)δzS +

1

2

d2

dz2
S

δF (zS)δz2
S −

1

3!

d3

dz3
S

δF (zS)δz3
S

]
+ (B.1)

+O
(

1

c5

)
(B.2)

and

δF =
δf

1 + δf
= δf − δf2 + δf3 − δf4 + . . . , (B.3)
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and

δf ≡ gµνk
µuν |S

gµνkµuν |O
− 1. (B.4)

δf up to order O
(

1
c4

)
reads

δf (1) = −1

c
vS‖ (B.5)

δf (2) =
1

c2

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)
(B.6)

δf (3) =
1

c3

[∫ χS

0
dχBNi,0k̄

i − vS‖
(
VNS +

1

2
v2
S

)
− viSδij

∫ χS

0
dχW ,i

N

]
(B.7)

δf (4) =
1

c4

{
2UPS − 4

∫ χS

0
dχWP,0 −

3

2
U2
NS + 2

(∫ χS

0
dχWN,0

)
− 1

2

∫ χS

0
dχhij,0

k̄ik̄j(
k̄0
)2 +

+ v2
S

(
VNS +

1

2
UNS +

3

8

)
−BNSivi + viS

∫ χ

0
dχB ,i

Nm

k̄m

k̄0
+

− 4

c4

(
UNS,i

k̄i

k̄0

∫ χ

0
dχWN

)
+

4

c4

∫ χS

0
dχUN,i

k̄i

k̄0
WN+

+
4

c4

∫ χS

0
dχ

(
WN,0i

k̄i

k̄0

∫ χ

0
dχ′WN

)
+

+
4

c4
UNS,i

∫ χS

0

∫ χ

0
dχdχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)

+

− 4

c4

∫ χS

0
dχ

[
UN,i

∫ χ

0
dχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]

+

− 4

c4

∫ χS

0
dχ

[
WN,0i

∫ χ

0

∫ χ′′

0
dχdχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]}

(B.8)

For δF up to order O
(

1
c4

)
, we obtain

δF (1) = δf (1) = −1

c
vS‖ (B.9)

δF (2) = δf (2) − δf (1)2

=
1

c2

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S − v2

S‖

)
(B.10)

δF (3) = δf (3) − 2δf (2)δf (1) + δf (1)3 (B.11)

=
1

c3

[∫ χS

0
dχBNi,0k̄

i − vS‖
(
VNS +

1

2
v2
S

)
− viSδij

∫ χS

0
dχW ,i

N

+2

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)
vS‖ − v3

S‖

]
(B.12)
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δF (4) = δf (4) − δf (2)2 + 3δf (2)δf (1)2 − δ(1)4 (B.13)

=
1

c4

{
2UPS − 4

∫ χS

0
dχWP,0 −

3

2
U2
NS + 2

(∫ χS

0
dχWN,0

)
+

− 1

2

∫ χS

0
dχhij,0

k̄ik̄j(
k̄0
)2 + v2

S

(
VNS +

1

2
UNS +

3

8

)
−BNSivi+

+ viS

∫ χ

0
dχB ,i

Nm

k̄m

k̄0
− 4

c4

(
UNS,i

k̄i

k̄0

∫ χS

0
dχWN

)
+

+
4

c4

∫ χS

0
dχUN,i

k̄i

k̄0
WN +

4

c4

∫ χS

0
dχ

(
WN,0i

k̄i

k̄0

∫ χ

0
dχ′WN

)
+

+
4

c4
UNS,i

∫ χS

0

∫ χ′

0
dχdχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)

+

− 4

c4

∫ χS

0
dχ

[
UN,i

∫ χ

0
dχ′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]

+

− 4

c4

∫ χS

0
dχ

[
WN,0i

∫ χ

0

∫ χ′

0
dχ′dχ′′

(
W ,i
N −WN,j

k̄ik̄j(
k̄0
)2
)]

+

−
(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)2

+

+3

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)
v2
S‖ − v

4
S‖

}
. (B.14)

The derivatives w.r.t. zS in (B.1) read

− d

dzS
δF (zS)(1) =−dχS

dzS

d

dχS
δF (zS)(1) =

a2
S

a′S
v′S‖

1

c
=−aS

c

HSc
v′S‖ (B.15)

− d

dzS
δF (zS)(2) =−dχS

dzS

d

χS
δF (zS)(2) =

a2
S

a′S

d

χS
δF (zS)(2)

=−aSc
HS

1

c2

(
dUNS
dχS

−2WNS,0+vSv
′
S−2vS‖v

′
S‖

)
(B.16)

− d

dzS
δF (zS)(3) =−aSc

HS
1

c3

[
BNSi,0k̄

i−v′S‖
(
VNS+

1

2
v2
S

)
+

−vS‖
(

d

dχS
VNS+vSv

′
Sv
′
S‖

)
−vi′Sδij

∫ χS

0
dχW ,i

N

−viSδijW
,i
NS+2

(
d

dχS
UNS−2WNS,0+vSv

′
S

)
vS‖+

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
v′S‖−3v2

S‖v
′
S‖

]
(B.17)

d2

dz2
S

δF (1) =
dχS
dzS

d

dχS

(
aS

c

cHS
v′S‖

)
=
a2
Sc

cHS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
(B.18)
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d2

dz2
S

δF (2) =− 1

c2

a2
Sc

HS

{(
1+
H′Sc
H2
S

)[
dUNS
dχS

−2WNS,0+vSv
′
S−2vS‖v

′
S‖

]
+

− c

HS

[
d2UNS
dχ2

S

−2
dWNS,0

dχS
+v′2S +vSv

′′
S−2v′2S‖−2vS‖v

′′
S‖

]}
(B.19)

d3

dz3
S

δF (1) =
a3
Sc

cHS

{(
2+
H′Sc
H2
S

)[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
+ (B.20)

− c

HS

[
v′′S‖

(
1+
H′Sc
H2
S

)
+v′S‖

(
H′′Sc
H2
S

+
2H′2S
H2
S

)
−
v′′′S‖c

HS
+
H′Sv′′S‖c
H2
S

]}
(B.21)

Note that the prime denotes the derivative w.r.t. the parameter χ. However, we define
H ≡ ȧ(η)/a(η) using the derivative w.r.t. the conformal time η. Since d

dχ = −1
c
d
dη , every H

comes with a factor
(
−1
c

)
. This factor c does not change the order of the expression because

it only appears due to the convention we choose for H.
Using (B.5)–(B.21), we obtain for δzS up to order O

(
1
c4

)
the following:

δz
(1)
S = (1+zS)δF (1) =−(1+zS)

1

c
vS‖ (B.22)

δz
(2)
S = (1+zS)

(
δF (2)− d

dzS
δF (1)δz(1)

)
= (1+zS)

1

c2

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
(B.23)

δz
(3)
S = (1+zS)

(
δF (3)− d

dzS
δF (1)δz(2)− d

dzS
δF (2)δz(1)+

1

2

d2

dz2
S

δF (1)δz(1)2

)
(B.24)

= (1+zS)
1

c3

{∫ χS

0
dχBNi,0k̄

i−vS‖
(
VNS+

1

2
v2
S

)
−viSδij

∫ χS

0
dχW ,i

N

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
vS‖−v3

S‖+

− c

HS
v′S‖

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
1

HS
v′S‖vS‖

]
+

+
c

HS

[
dUNS
dχ
−2WNS,0+vSv

′
S−2vS‖v

′
S‖

]
vS‖+

+
c

2HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
v2
S‖

}
(B.25)

δz
(4)
S = (1+zS)

[
δF (4)− d

dzS
δF (1)δz(3)− d

dzS
δF (2)δz(2)− d

dzS
δF (3)δz(1)+ (B.26)

+
1

2

d2

dz2
S

δF (2)δz(1)2+
d2

dz2
S

δF (1)δz(1)δz(2)− 1

6

d3

dz3
S

δF (1)δz(1)3

]
= (1+zS)

1

c4

{
2UPS−4

∫ χS

0
dχWP,0−

5

2
U2
NS−2

(∫ χS

0
dχWN,0

)2

+

+4UNS

∫ χS

0
dχWNS,0+4UNS,i

∫ χS

0
dχ(χS−χ)

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

+3

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
v2
S‖−v

4
S‖+
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− 1

2

∫ χS

0
dχhij,0

k̄ik̄j(
k̄0
)2 +v2

S

(
VNS−

1

2
UNS+

1

8
v2
S−2

∫ χS

0
dχWN,0

)
+

−BNSiviS+viS

∫ χS

0
dχB ,i

Nm

k̄m

k̄0
−4UNS,i

k̄i

k̄0

∫ χS

0
dχ′′WN+

+

∫ χS

0
dχ

[
4UN,i

k̄i

k̄0
WN+4

(
WN,0i

k̄i

k̄0

∫ χ

0
dχ′WN

)
+

−4UN,i

∫ χ

0
dχ′

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

−4WN,0i

∫ χ

0
dχ′
(
χ−χ′

)(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)]

+

− c

HS
v′S‖

{∫ χS

0
dχBNi,0k̄

i−vS‖
(
VNS+

1

2
v2
S

)
−viSδij

∫ χS

0
dχW ,i

N

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
vS‖−v3

S‖+

+
c

HS
v′S‖

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
1

HS
v′S‖vS‖

]
+

− c

HS

[
dUNS
dχ
−2WNS,0+vsv

′
S−2vS‖v

′
S‖

]
vS‖+

+
c

2HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
v2
S‖

}
+

c

HS

[
dUNS
dχ
−2WNS,0+vsv

′
S

−2vS‖v
′
S‖

][
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖−
c

HS
v′S‖vS‖

]
+

+
c

HS

[
BNSi,0k̄

i−v′S‖
(
VNS+

1

2
v2
S

)
−vS‖

(
d

dχ
VNS+vSv

′
Sv
′
S‖

)
+

−vi′Sδij
∫ χS

0
dχW ,i

N−v
i
SδijW

,i
NS+2

(
d

dχ
UNS−2WNS,0+vSv

′
S

)
vS‖+

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
v′S‖−3v2

S‖v
′
S‖

]
vS‖+

+
1

2

v2
S‖c

HS

{(
1+
H′Sc
H2
S

)[
dUNS
dχS

−2WNS,0+
(
vSv

′
S−2vS‖v

′
S‖

)]
+

− c

HS

[
d2UNS
dχ2

S

−2
dWNS,0

dχS
+
(
v′2S +vSv

′′
S−2v′2S‖−2vS‖v

′′
S‖

)]}
+

−
vS‖c

HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

][
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S+

−v2
S‖+

c

HS
v′S‖vS‖

]
+
v3
S‖

6

c

HS

{(
2+
H′Sc
H2
S

)[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
+

− c

HS

[
v′′S‖

(
1+
H′Sc
H2
S

)
+v′S‖

(
H′′Sc
H2
S

+
2H′2S
H2
S

)
−
v′′′S‖c

HS
+
H′Sv′′S‖c
H2
S

]}
. (B.27)
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From eq. (3.12) we see that to calculate D̃ab up to order O
(

1
c4

)
we need the first

derivative of D̃ab up to order O
(

1
c3

)
, the second derivative up to order O

(
1
c2

)
and the third

and fourth derivatives for the background D̃ab only.

d

dzS
D̃ab (zS) =

χS
(1 + zS)2

(
c

HSχS
− 1

)
δab (B.28)

+
1

(1 + zS)2

[
− (1 + zS) δD̃ab +

c

HS
d

dχS

(
(1 + zS)δD̃ab

)]
d2

dz2
S

D̃ab(zS) =
χS

(zS + 1)3

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

)
δab+ (B.29)

+
1

(zS + 1)3

[
2(1 + zS)δD̃ab −

d

dχS

(
(1 + zS)δD̃ab

) c

HS

(
3 +
H′c
H2

)
+

+
c2

H2
S

d2

dχ2
S

(
(1 + zS)δD̃ab

)]
(B.30)

d3

dz3
S

˜̄Dab(zS) = δab
χS

(zS + 1)4

(
11c

χSHS
− 6−

H′′Sc3

χSH4
S

+
3c3H′2

χSH5
S

+
6c2H′S
χSH3

S

)
(B.31)

d4

dz4
S

˜̄Dab(zS) = δab
χS

(zS + 1)5

(
24−

H′′′S c4

χSH5
S

+
10c3H′′S
χSH4

−
15c4H′3S
χSH7

S

−
30c3H′2S
χSH5

S

+

−
35c2H′S
χSH3

S

+
10c4H′SH′′S
χSH6

− 50c

χSH

)
. (B.32)

The expression for the Jacobi mapping D̃ab(zS) in terms of the redshift zS in (3.12) reads for
the orders O

(
1
c

)
-O
(

1
c4

)

D̃(1)
ab (χS) = D̃(1)

ab (z̄S) = − d

dz̄S

¯̃Dab (zS) δz
(1)
S (B.33)

D̃(2)
ab (χS) = D̃(2)

ab (zS)− d

dz̄S
D̄ab (zS) δz

(2)
S +

1

2

d2

dz̄2
S

¯̃Dab (zS) δz
(1)2
S , (B.34)

D̃(3)
ab (z̄S) = D̃(3)

ab (zS)− d

dz̄S

¯̃Dab (zS) δz
(3)
S −

d

dz̄S
D̃(2)
ab (zS) δz

(1)
S +

+
d2

dz̄2
S

¯̃Dab (zS) δz
(1)
S δz

(2)
S −

1

6

d3

dz̄3
S

¯̃Dab (zS) δz
(1)3
S , and (B.35)

D̃(4)
ab (z̄S) = D̃(4)

ab (zS)− d

dz̄S

¯̃Dab (zS) δz
(4)
S −

d

dz̄S
D̃(2)
ab (zS) δz

(2)
S +

− d

dz̄S
D̃(3)
ab (zS) δzS(1) +

1

2

d2

dz̄2
S

˜̄Dab (zS)
(
δz

(2)
S

)2
+

+
1

2

d2

dz̄2
S

D̃(2)
ab (zS)

(
δz

(1)
S

)2
+

d2

dz̄2
S

¯̃Dab (zS) δz
(1)
S δz(3)+

− 1

2

d3

dz̄3
S

¯̃Dab (zS) δz
(2)
S

(
δz

(1)
S

)2
+

1

4!

d4

dz̄4
S

¯̃Dab (zS)
(
δz

(1)
S

)4
. (B.36)
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Due to the length of the full expression of D̃ab(zS) in (B.36) we list the different terms in
this section of the appendix:

− d

dz̄S

¯̃Dab (zS)δz
(4)
S =

χS
(1+zS)

(
1− c

HSχS

)
δab

1

c4

{
2UPS−4

∫ χS

0
dχWP,0−

5

2
U2
NS+

−2

(∫ χS

0
dχWN,0

)2

+4UNS

∫ χS

0
dχWNS,0+

+4UNS,i

∫ χS

0
dχ(χS−χ)

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

+3

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
v2
S‖−v

4
S‖+

− 1

2

∫ χS

0
dχhij,0

k̄ik̄j(
k̄0
)2 +v2

S

(
VNS−

1

2
UNS+

1

8
v2
S−2

∫ χS

0
dχWN,0

)
+

−BNSiviS+viS

∫ χS

0
dχB ,i

Nm

k̄m

k̄0
−4UNS,i

k̄i

k̄0

∫ χS

0
dχ′′WN+

+

∫ χS

0
dχ

[
4UN,i

k̄i

k̄0
WN+4

(
WN,0i

k̄i

k̄0

∫ χ

0
dχ′WN

)
+

−4UN,i

∫ χ

0
dχ′

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)

+

−4WN,0i

∫ χ

0
dχ′
∫ χ′

0
dχ′′

(
W ,i
N−WN,j

k̄ik̄j(
k̄0
)2
)]

+

− c

HS
v′S‖

{∫ χS

0
dχBNi,0k̄

i−vS‖
(
VNS+

1

2
v2
S

)
−viSδij

∫ χS

0
dχW ,i

N

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
vS‖−v3

S‖+

+
c

HS
v′S‖

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
1

HS
v′S‖vS‖

]
+

− c

HS

[
dUNS
dχ
−2WNS,0+vSv

′
S−2vS‖v

′
S‖

]
vS‖+

+
c

2HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
v2
S‖

}
+

c

HS

[
dUNS
dχ
−2WNS,0+vSv

′
S

−2vS‖v
′
S‖

][
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖−
c

HS
v′S‖vS‖

]
+

+
c

HS

[
BNSi,0k̄

i−v′S‖
(
VNS+

1

2
v2
S

)
+

−vS‖
(
d

dχ
VNS+vSv

′
S

)
−vi′Sδij

∫ χS

0
dχW ,i

N

−viSδijW
,i
NS+2

(
d

dχ
UNS−2WNS,0+vSv

′
S

)
vS‖+

+2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
v′S‖−3v2

S‖v
′
S‖

]
vS‖+
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+
1

2

v2
S‖c

HS

{(
1+
H′Sc
H2
S

)[
dUNS
dχS

−2WNS,0+
(
vSv

′
S−2vS‖v

′
S‖

)]
+

− c

HS

[
d2UNS
dχ2

S

−2
dWNS,0

dχS
+
(
v′2S +vSv

′′
S−2v′2S‖−2vS‖v

′′
S‖

)]}
+

−
vS‖c

HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

][
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
+

+
v3
S‖

6

c

HS

{(
2+
H′Sc
H2
S

)[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
+

− c

HS

[
v′′S‖

(
1+
H′Sc
H2
S

)
+v′S‖

(
H′′Sc
H2
S

+
2H′2S
H2
S

)
−
v′′′S‖c

HS
+
H′Sv′′S‖c
H2
S

]}
, (B.37)

− d

dz̄S
D̃(2)
ab (zS)δz̃

(2)
S = δab

χS
1+zS

[(
VNS−2

1

χS

∫ χS

0
dχ
[
WN+(χS−χ)WN,i

k̄i

k̄0

])
+

− c

χSHS

(
VNS+χS

dVNS
dχS

−2
[
WNS+

∫ χS

0
dχWN,i

k̄i

k̄0

])][
UNS−2

∫ χS

0
dχWN,0+

+
1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
+

−n̄ian̄
j
b

χS
1+zS

[
1

χS

(
2

∫ χS

0
dχ(χS−χ)χWN,ij

)
− c

χSHS
2

∫ χS

0
dχχWN,ij

][
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
, (B.38)

− d

dz̄S
D̃(3)
ab (zS)δz̃

(1)
S = δab

χS
1+zS

[
−
vS‖

χS

∫ χS

0
dχ(χS−χ)BNi,j

k̄j k̄i(
k̄0
)2

+
cvS‖

χSHS

∫ χS

0
dχBNi,j

k̄j k̄i(
k̄0
)2
]

+

+n̄ian̄
j
b

χS
1+zS

[
−
vS‖

χS

∫ χS

0
dχ(χS−χ)χ

(
dBN

(i,j)

dχ
− k̄

m

k̄0
BN
m,ij

)

+
cvS‖

χSHS

∫ χS

0
dχχ

(
dBN

(i,j)

dχ
− k̄

m

k̄0
BN
m,ij

)]
, (B.39)

1

2

d2

dz̄2
S

˜̄Dab (zS)
(
δz̃

(2)
S

)2
= δab

χS
zS+1

(
1−
H′Sc2

2χSH3
S

− 3c

2HSχS

)
[UNS+

−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]2

, (B.40)

1

2

d2

dz̄2
S

D̃(2)
ab (zS)

(
δz̃

(1)
S

)2
= δab

χS
zS+1

[
VNS−2

1

χS

∫ χS

0
dχ
[
WNS+(χS−χ)WN,i

k̄i

k̄0

]
+

−
(
VNS+χS

d

dχS
VNS−2

[
WNS+

∫ χS

0
dχWNS,i

k̄i

k̄0

]) c

2HSχS

(
3+
H′c
H2

)
+

+
c2

2H2
SχS

(
2
d

dχS
VNS+χS

d2

dχ2
S

VNS−2
[ d

dχS
WNS+WNS,i

k̄i

k̄0

])]
v2
S‖
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+n̄ian̄
j
b

χS
zS+1

[
2

1

χS

∫ χS

0
dχ(χS−χ)χWN,ij−

∫ χS

0
dχχWN,ij

c

HSχS

(
3+

H′c
2H2χS

)
+

+
c2

H2
S

χSWNS,ij

]
v2
S‖, (B.41)

d2

dz̄2
S

¯̃Dab (zS)δz
(1)
S δz(3) =− χS

zS+1
δabvS‖

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

){∫ χS

0
dχBNi,0k̄

i+

−vS‖
(
VNS+

1

2
v2
S

)
−viSδij

∫ χS

0
dχW ,i

N +2

(
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S

)
vS‖−v3

S‖+

− c

HS
v′S‖

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
1

HS
v′S‖vS‖

]
+

+
c

HS

[
dUNS
dχ
−2WNS,0+vSv

′
S−2vS‖v

′
S‖

]
vS‖+

+
c

2HS

[
v′S‖

(
1+
H′Sc
H2
S

)
− c

HS
v′′S‖

]
v2
S‖

}
, (B.42)

−1

2

d3

dz̄3
S

¯̃Dab (zS)δz
(2)
S

(
δz

(1)
S

)2
= δab

χS
zS+1

(
− 11c

2χSHS
+3+

H′′Sc3

2χSH4
S

− 3H′2c3

2χSH5
S

+

−
3H′Sc2

χSH3
S

)
v2
S‖

[
UNS−2

∫ χS

0
dχWN,0+

1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

]
, (B.43)

1

4!

d4

dz̄4
S

¯̃Dab (zS)
(
δz

(1)
S

)4
=

1

24
δab

χS
zS+1

(
24−

H′′′S c4

χSH5
S

+
10c3H′′S
χSH4

−
15c4H′3S
χSH7

S

+

−
30c3H′2S
χSH5

S

−
35c2H′S
χSH3

S

+
10c4H′SH′′S
χSH6

− 50c

χSH

)
v4
S‖. (B.44)

C The spin-0 and spin-2 fields 0D and 2D:

Previously we noted that the Jacobi mapping does not depend on the normalisation of k̄µ,
since it only depends on the ratio k̄i

k̄0 . Hence, for the following sections we choose to normalise

k̄µ such that k̄0 = k̄ik̄jδij = 1.
We begin with the spin-2 field 2D. Using (4.2), 2D reads up to order O

(
1
c4

)
the following

2D̃(2) (zS) =
1

zS + 1
2

1

c2

∫ χS

0
dχ
χS − χ
χ
6 ∂2WN , (C.1)

2D̃(3) (zS) =− 1

zS + 1

1

c3

{∫ χS

0
dχ′

χS − χ
χ

[
d

dχ
(χ6 ∂1B) + 6 ∂2Br

]
+

− 2vS‖

∫ χS

0
dχ
χS − χ
χ
6 ∂2WN+

+
2c

HS
vS‖

∫ χS

0
dχ

1

χ
6 ∂2WN

}
, and (C.2)

2D̃(4) (zS) =
1

zS + 1

1

c4

{
1

2
χS2h (χS) +

∫ χS

0
dχ

[
−4WN

∫ χ

0

1

χ′
6 ∂2WNdχ

′+

−4
1

χ
6 ∂2

(
WN

∫ χ

0
WNdχ

′
)]

+

∫ χS

0
dχ(χS − χ)

[
2

1

χ
6 ∂2
(
2WP +W 2

N

)
+

+ 2VNS
1

χ
6 ∂2WN + 2

1

χ2
6 ∂
(
6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂WN

)
+
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+ 2
1

χ2
6 ∂
(
6 ∂¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN

)
+

+
4

χ2
6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN − 4

1

χ2
WN

∫ χ

0
6 ∂2WNdχ

′+

+ 4
1

χ
6 ∂2

(
WN,0

∫ χ

0
WNdχ

′
)

+
1

2χ
6 ∂2hrr +

χS
χ
6 ∂1hr+

+

[
c

HS
2

∫ χS

0
dχ

1

χ
6 ∂2WN − 2

∫ χS

0
dχ
χS − χ
χ
6 ∂2WN

](
UNS+

− 2

∫ χS

0
dχWN,0 +

1

2
v2
S − v2

S‖ +
c

HS
v′S‖vS‖

)
+

− vS‖
∫ χS

0
dχ

(χS − χ)

χ

[
d

dχ

(
χ6 ∂1B

N
)

+ 6 ∂2BN
r

]
+

−
cvS‖

HS

∫ χS

0
dχ

1

χ

[
d

dχ

(
χ6 ∂1B

N
)

+ 6 ∂2BN
r

]
+

− v2
S‖

∫ χS

0
dχ

1

χ
6 ∂2WN

c

HS

(
3 +
H′c
2H2

)
+

+2v2
S‖

∫ χS

0
dχ
χS − χ
χ
6 ∂2WN +

v2
S‖c

2

H2
S

1

χS
6 ∂2WNS

}
(C.3)

with WN,r = WN,ik̄
i and using (D.27)–(D.29) for

ei+e
j
+4n̄scn̄

rcWN,is

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,rj =

= ei+e
j
+4

1

2

(
es+e

r
− + es−e

r
+

)
WN,is

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,rj

= 2
1

χ2
6 ∂2WN

∫ χ

0

∫ χ′

0
dχ′dχ′′

(
1

χ′′
¯6 ∂6 ∂WN + 2WN,r

)
+

+ 2

(
1

χ2
¯6 ∂6 ∂WN +

2

χ
WN,r

)∫ χ

0

∫ χ′

0
dχ′dχ′′

1

χ′′
6 ∂2WN (C.4)

and

−ei+e
j
+χ4WN,ijm

∫ χ

0
WNdχ

′k̄m =

(
− 4

χ
6 ∂2WN,r +

8

χ2
6 ∂2WN

)∫ χ

0
WNdχ

′ (C.5)

and

ei+e
j
+χ4WN,ijm

∫ χ

0

∫ χ′

0

(
W ,m
N −WN,lk̄

mk̄l
)
dχ′′dχ′ =

= ei+e
j
+χ4WN,ijm

1

2

(
em+e

n
− + em−e

n
+

) ∫ χ

0

∫ χ′

0
WN,ndχ

′′dχ′

= +
2

χ2
6 ∂3WN

∫ χ

0

∫ χ′

0
dχ′dχ′′

1

χ′′
¯6 ∂WN+

+

(
2

χ2
6 ∂¯6 ∂6 ∂WN +

8

χ
6 ∂WN,r −

4

χ2
6 ∂WN

)∫ χ

0

∫ χ′

0
dχ′dχ′′

1

χ′′
6 ∂WN . (C.6)

The last six lines in (C.3) are contributions from the redshift perturbations.

– 45 –



J
C
A
P
0
5
(
2
0
1
9
)
0
4
5

The spin-0 field 0D̃ is obtained by ea−e
b
+D̃ab. The real and imaginary part of 0D̃ is

related to the convergence and rotation, respectively. The combination of ea+ and eb− neither

lowers nor raises the spin s and thus results in a spin-0 expression. We rearrange ea−e
b
+D̃ab to

ea−e
b
+D̃ab =

1

2

(
ea+e

b
− + ea−e

b
+

)
D̃ij +

1

2

(
ea−e

b
+ − ea+eb−

)
D̃ab (C.7)

= <
(

0D̃
)

+ i=
(

0D̃
)
≡ 0D̃R + 0D̃I (C.8)

and split the expression into its real and imaginary part. First, we compute the real part

0D̃R and obtain for the background and up to order O
(

1
c3

)
:

0
¯̃DR (zS) =

1

zS + 1
2χS (C.9)

0D̃(1)
R (zS) =

1

zS + 1

1

c
2χS

(
c

HSχS
− 1

)
vS‖ (C.10)

0D̃(2)
R (zS) =

1

zS + 1

1

c2

[
χS2VNS − 2

∫ χS

0
dχ

(
2WN − (χS − χ)

1

χ
¯6 ∂6 ∂WN

)
+

+

(
1− c

HSχS

)
2χS

(
UNS − 2

∫ χS

0
dχWN,0 +

1

2
v2
S

)
+

+

(
1− 3c

2HSχS
−

c2H′S
2H3

SχS

)
2χSv

2
Sk

]
and (C.11)

0D̃(3)
R (z̄S) =

1

zS + 1

1

c3
2

{
−1

4

∫ χS

0
dχ
(
¯6 ∂1BN + 6 ∂−1BN − 4BNr

)
+

−
∫ χS

0
dχ
χS − χ

2χ

(
1

2
¯6 ∂1BN +

1

2
6 ∂−1BN + ¯6 ∂6 ∂BNr

)
+

−
(

c

HS
− χS

)∫ χS

0
dχBNr,0

+ vS‖

[(
2χS −

H′Sc2

H3
S

− 3c

HS

)(
UNS − 2

∫ χS

0
dχWN,0

)
+

−
∫ χS

0
dχ

(
χS − χ−

c

Hs

)
1

χ
¯6 ∂6 ∂WN+

− 2χSVNS + 2χSUNS − χSWNS +

∫ χS

0
dχ(χS − χ)WN,0+

− 3χS

∫ χS

0
dχWN,0 +

cχS
H

(
dUNS
dχ

− 2WNS,0

)
+

+
c

HS

[
3VNS − 2UNS −WNS + χS

dVNS
dχS

+

−
∫ χS

0
dχ (2WN − (χS − χ)WN,0) + 3

∫ χS

0
dχWN,0+

− c

H

(
dUNS
dχ

− 2WNS,0

)]]
+

+ v′S‖

(
c

HS
− χS

)
c

HS

(
UNS − 2

∫ χS

0
dχWN,0

)
+
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−
(

c

HS
− χS

)(
1

2
1vS

∫ χS

0
dχ

1

χ
¯6 ∂WN +

1

2
−1vS

∫ χS

0
dχ

1

χ
6 ∂WN

)
+

+

(
3χS −

H′Sc2

H3
S

− 4c

HS

)
vS‖

1

2
v2
S+

+

(
3

2
χS −

3

2

H′Sc2

H3
S

− 4c

HS
+

3

2

c

HS
+

1

2

H′Sc
H2
S

)
c

HS
v2
S‖v
′
S‖+

+ v3
S‖

(
−2χS +

8c

HS
+
H′′Sc3

6H4
S

− H
′2c3

2H5
S

)
+

+

(
c

HS
− χS

)
c

H
v′S‖

(
1

2
v2
S +

1

HS
v′S‖vS‖

)
+

−
(

c

HS
− χS

)
c

H
vS‖vSv

′
S +

(
c

HS
− χS

)
c2

2H2
S

v′′S‖v
2
S‖

}
. (C.12)

As at order O
(

1
c4

)
the expression for 0D̃(4)

R is very long, we split it into nine parts:

0D̃(4)
R = 0D̃(P )

R + 0D̃(VW )
R + 0D̃(UW )

R + 0D̃(WW )
R + 0D̃(h)

R +

+ 0D̃(δz)
R + 0D̃(v)

R + 0D̃(v2)
R + 0D̃(v4)

R (C.13)

where the superscripts (UW ), (VW ), and (WW ) refer to the respective couplings and the
superscripts (P ) to terms involving the quantities UP , VP , and WP . The superscript (h)
denotes terms with the tensor potential hij . The contributions of the redshift perturbations

are split into two categories, which read 0D̃(δz)
R and 0D̃(v)

R . The superscripts (v), (v2), and (v4)
refer to terms with the peculiar velocity vS or its projection along the line of sight vS‖, while
the superscript (δz) denotes all terms stemming from redshift perturbations independent of
the peculiar velocity vS .

We begin with 0D̃(P )
R . Note that due to the form of the metric (2.2)–(2.5), the contribu-

tions of the potentials VP and WP in 0D̃(4)
R will be of the same form as the potentials VN and

WN in 0D̃(2)
R in (C.11) without redshift perturbations. The terms with UP and WP , which

are derived from the redshift perturbations in (3.73), will appear in the part 0D̃(δz)
R .

0D̃P =
1

zS + 1

1

c4

[
χS4VP −

∫ χS

0
dχ

(
8WP − 4

χS − χ
χ

¯6 ∂6 ∂WP

)]
. (C.14)

0D̃(UW )
R =

1

zS + 1

1

c4

{∫ χS

0
dχ8

[
UNSWN − UNWN − UN,0

∫ χ

0
dχ′WN+

+ (χS − χ)

(
UN,0WN −WN

d

dχ
UN

)]
+ (C.15)

− 4

∫ χS

0
dχ

1

χ
6 ∂UN

∫ χ

0
dχ′
(
χ− χ′

) 1

χ
¯6 ∂WN+

− 4

∫ χS

0
dχ

1

χ
¯6 ∂UN

∫ χ

0
dχ′
(
χ− χ′

) 1

χ
6 ∂WN+

+ 4

∫ χS

0
dχ(χS − χ)

1

χ
6 ∂UN

∫ χ

0
dχ′

1

χ
¯6 ∂WN+

+4

∫ χS

0
dχ(χS − χ)

1

χ
¯6 ∂UN

∫ χ

0
dχ′

1

χ
6 ∂WN

}
. (C.16)
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For 0D̃(V V )
R and 0D̃(VW )

R , we obtain

0D̃(V V )
R =

1

c4

[
χS
2
V 2
NS − 4

∫ χS

0
dχ(χS − χ)χ′

(
d

dχ
VN

)2
]

(C.17)

and

0D̃(VW )
R =

1

zS+1
2

1

c4

{∫ χS

0
dχ

[
−2VNSWN−2χWN

d

dχ
VNS+2χVNS,0WN+2χWN

d

dχ
VN+

−2WNχVN,0−26∂VN
∫ χ

0
dχ′

1

χ′
¯6∂WN−2¯6∂VN

∫ χ

0
dχ′

1

χ′
6∂WN+VNSWN

]
+

∫ χS

0
dχ(χS−χ)

[
2WN

d

dχ
VN−2WNVN,0+2χWN

(
d2

dχ2
VN−

d

dχ
VN,0

)
+6∂VN

1

χ
¯6∂WN+¯6∂VN

1

χ
6∂WN+6∂VNS

1

χ
¯6∂WN+¯6∂VNS

1

χ
6∂WN+

+VNS
1

χ
¯6∂6∂WN−VNSWN,0

]}
. (C.18)

respectively. The next two terms contain the couplings of the lensing potentials WN −WN

as well as hij :

0D̃(WW )
R =

1

zS + 1

1

c4

{∫ χS

0
dχ

[
−8W 2

N + 8WNSWN − 16WN,0

∫ χ

0
dχ′WN +

+
24

χ
6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂WN +

24

χ
¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN+ (C.19)

− 4

χ
WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂6 ∂WN + 46 ∂¯6 ∂WN

∫ χ

0
dχ′WN

χ− χ′

χχ′
+

−4WN

∫ χ

0

1

χ′
¯6 ∂6 ∂WNdχ

′ − 46 ∂¯6 ∂
(
WN

∫ χ

0

1

χ′
WNdχ

)]
(C.20)

+

∫ χS

0
dχ(χS − χ)

[
16WNWN,0 + 8WN,00

∫ χ

0
WNdχ

′+

− 24

χ
6 ∂WN

∫ χ

0
dχ′

1

χ′
¯6 ∂WN −

24

χ
¯6 ∂WN

∫ χ

0
dχ′

1

χ′
6 ∂WN+

− 16

χ
6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂WN −

16

χ
¯6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN+

+
4

χ2
6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂WN +

4

χ2
¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂WN+

+ 4¯6 ∂6 ∂
(
WN,0

∫ χ

0

1

χ′
WNdχ

′
)
− 4¯6 ∂6 ∂WN,0

∫ χ

0

1

χ′
WNdχ

′+

+
1

χ
6 ∂WN

∫ χ

0

1

χ′
¯6 ∂WNdχ+ 4

1

χ
¯6 ∂WN

∫ χ

0

1

χ
6 ∂WNdχ+

− 4
1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′WN + 8

1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′
(
χ− χ′

)
WN,0

− 4

(
d

dχ
WN

)2

+ 8WN,0
d

dχ
WN − 4W 2

N,0 + 2¯6 ∂6 ∂W 2
N

1

χ

+
1

χ2
6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂2
WN +

1

χ2
¯6 ∂2
WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂2WN+
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+ 2
1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂6 ∂WN − 4

1

χ2
¯6 ∂6 ∂WN

∫ χ

0
dχ′WN+

− 4

χ2
WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂6 ∂WN +

4

χ
WN

∫ χ

0
dχ′

1

χ
¯6 ∂6 ∂WN+

+
4

χ
WN,0

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂6 ∂WN +

4

χ
6 ∂¯6 ∂WN,0

∫ χ

0
dχ′WN+

+
2

χ2
6 ∂¯6 ∂6 ∂WN

∫ χ

0

χ− χ′

χ′
¯6 ∂WNdχ

′ +
2

χ2
6 ∂¯6 ∂2

WN

∫ χ

0

χ− χ′

χ′
6 ∂WNdχ

′
]}

(C.21)

and

0D̃(h)
R =

1

zS + 1

1

c4

{
−χS

2
hrr (χS) +

1

2

∫ χS

0
dχ
χS
χ

(
6 ∂−1hr + ¯6 ∂1hr − hrr

)
+

+

∫ χS

0
dχ(χS − χ)

1

2χ

(
6 ∂¯6 ∂hrr − χhrr,0

)}
. (C.22)

The contributions to 0D̃(4) from the redshift perturbations are divided into 0D̃(δz)
R , 0D̃(v)

R ,

0D̃(v2)
R , and 0D̃(v4)

R , where 0D̃(δz)
R denotes the perturbations independent of the peculiar ve-

locity and 0D̃(v)
R , 0D̃(v2)

R , and 0D̃(v4)
R refer to the terms involving the peculiar velocity at

different powers:

0D̃(δz)
R =

2χS
(1 + zS)

1

c4

{[
− 1

χS

∫ χS

0
dχ

(
2WN −

(
χS − χ−

c

Hs

)
1

χ
¯6 ∂6 ∂WN

)
+

+
c

χSHS

(
−χS

dVNS
dχS

+ 2WNS

)](
UNS − 2

∫ χS

0
dχWN,0

)
+

+

(
1−

H′Sc2

2χSH3
S

− 3c

2HSχS

)(
UNS − 2

∫ χS

0
dχWN,0

)2

+

+

(
1− c

HSχS

){
2UPS − 4

∫ χS

0
dχWP,0 −

5

2
U2
NS −

1

2

∫ χS

0
dχhrr,0+

− 2

(∫ χS

0
dχWN,0

)2

+ 4

(
UNS

∫ χS

0
dχWNS

)
,0

+ 4WNS,0

∫ χS

0
dχWN+

+ 2
1

χS
¯6 ∂UNS

∫ χS

0
dχ (χS − χ)

1

χ
6 ∂WN + 2

1

χS
6 ∂UNS

∫ χS

0
dχ (χS − χ)

1

χ
¯6 ∂WN+

− 4
d

χS
UNS

∫ χS

0
dχ′′WN + VNS

(
UNS − 2

∫ χS

0
dχWN,0

)
+

+
c

HS

(
dUNS
dχS

UNS − 2
dUNS
dχS

∫ χS

0
dχWN,0 − 2WNS,0UNS + 2WNS,02

∫ χS

0
dχWN,0

)
+

∫ χS

0
dχ

(
4WN

d

dχ
UN − 4UN,0WN − 4WN,0WN − 4WN,00

∫ χ

0
dχ′WN+

− 2
1

χ
6 ∂UN

∫ χ

0
dχ′

1

χ′
¯6 ∂WN − 2

1

χ
¯6 ∂UN

∫ χ

0
dχ′

1

χ′
6 ∂WN+

− 2
1

χ
6 ∂WN,0

∫ χ

0
dχ
χ− χ′

χ
¯6 ∂WN − 2

1

χ2
6 ∂WN

∫ χ

0
dχ
χ− χ′

χ
¯6 ∂WN+

−2
1

χ
¯6 ∂WN,0

∫ χ

0
dχ′

χ− χ′

χ
6 ∂WN − 2

1

χ2
¯6 ∂WN

∫ χ

0
dχ′

χ− χ′

χ
6 ∂WN

)}}
, (C.23)

– 49 –



J
C
A
P
0
5
(
2
0
1
9
)
0
4
5

0D̃(v)
R =

2χS
(1 + zS)

1

c4

{
vS‖

χS

[∫ χS

0
dχ
χS − χ− c

HS
χ

1

2

(
d

dχ
(χ6 ∂1BN ) + 6 ∂2BNr − 2χBNr,0

)
+

+
c

HS
BNSr −

∫ χS

0
dχ

(
BNr +

(
2χS −

H′Sc2

H3
S

− 3c

HS

)
BNr,0

)]
+

+

(
1− c

HSχS

){
−1vS

[
1

2
−1BNS +

1

2

∫ χS

0
dχ

1

χ

(
¯6 ∂BNr + −1BN

)
+

]
+

− −1vS

[
1

2
1BNS +

1

2

∫ χS

0
dχ

1

χ
(6 ∂BNr + 1BN )

]
+

+vS‖v
′
S‖

c

HS

[
VNS −

∫ χS

0
dχWN,0 −

(
3 +
H′Sc
H2
S

)(
UNS − 2

∫ χS

0
dχWN,0

)]}}
,

(C.24)

0D̃(v2)
R =

2χS
(1+zS)

1

c4

{(
1− c

HSχS

){
v2
S

(
3

2
VNS−

1

2
UNS +

−2

∫ χS

0
dχWN,0+

1

2

c

HS
dUNS
dχ
− c

HS
WNS,0

)
+v2

S‖

[
3UNS−VNS+

−6

∫ χS

0
dχWN,0−3

c

HS
dWNS

dχ
+3

c

HS
WNS,0+

+

(
5
c

HS
+
H′Sc2

H3
S

− 1

2

c2

H2
S

d

dχS

)(
1

2

dUNS
dχS

−WNS,0

)]
+

+vS‖v
′
S‖

c

HS

[
VNS−

∫ χS

0
dχWN,0−

(
3+
H′Sc
H2
S

)(
UNS−2

∫ χS

0
dχWN,0

)]
+v′2S‖

(
2
c2

H2
S

∫ χS

0
dχWN,0−

c2

H2
S

UNS

)
+vSv

′
S

c

HS

(
UNS−2

∫ χS

0
dχWN,0

)
+

− c

HS
v′S‖−1vS

1

2

∫ χS

0
dχ′

1

χ′
6∂WN−

c

HS
v′S‖1vS

1

2

∫ χS

0
dχ′

1

χ′
¯6∂WN+

+vS‖
c

HS
−1v

′
S

1

2

∫ χS

0
dχ′

1

χ′
6∂WN+vS‖

c

HS
1v
′
S

1

2

∫ χS

0
dχ′

1

χ′
¯6∂WN+

+vS‖−1vS
1

2

1

χS
6∂WNS+vS‖1vS

c

2HSχS
¯6∂WNS+

+
vS‖c

2

H2
S

v′′S‖

(
UNS−2

∫ χS

0
dχWN,0

)}
+

+

[
− 1

χS

∫ χS

0
dχ

(
2WN−

(
χS−χ−

c

Hs

)
1

χ
¯6∂6∂WN

)
+

+
c

χSHS

(
−χS

dVNS
dχS

+2WNS

)](
1

2
v2
S−v2

S‖+
c

HS
v′S‖vS‖

)
+

+

(
2−
H′Sc2

χSH3
S

− 3c

HSχS

)(
UNS−2

∫ χS

0
dχWN,0

)(
1

2
v2
S+

c

HS
v′S‖vS‖

)
+

−
(

2−
H′Sc2

χSH3
S

− 3c

HSχS

)
c

HS

[
−v′S‖vS‖UNS+2v′S‖vS‖

∫ χS

0
dχWN,0

]
+
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+

{
4VNS−2

1

χS

∫ χS

0
dχ
[
WNS−(χS−χ)

1

2χ
¯6∂6∂WN

]
+

−
(
VNS+χS

d

dχS
VNS+4WNS+

∫ χS

0
dχ

1

χ
¯6∂6∂WN

)
c

2HSχS

(
3+
H′c
H2

)
+

+

(
13c

2χSHS
+
H′′Sc3

2χSH4
S

− 3H′2c3

2χSH5
S

−2+
H′Sc2

χSH3
S

)
UNS+

+

(
4−
H′′Sc3

χSH4
S

+
3H′2c3

χSH5
S

+
H′Sc2

χSH3
S

− 4c

HSχS

)∫ χS

0
dχWN,0+

+
c2

H2
SχS

(
d

dχS
VNS+

1

2
χS

d2

dχ2
S

VNS−
d

dχS
WNS−

1

2
¯6∂6∂WNS

)}
v2
S‖+

−
(

2−
H′Sc2

χSH3
S

− 3c

HSχS

)
vS‖

(
−1vS

1

2

∫ χS

0
dχ′

1

χ′
6∂WN+

+1vS
1

2

∫ χS

0
dχ′

1

χ′
¯6∂WN

)}
, (C.25)

and

0D̃(v4)
R =

2χS
(1 + zS)

1

c4

{(
1− c

HSχS

){3

2
v2
S‖v

2
S − v4

S‖ +
1

8
v4
S +

1

2
vS‖

c

HS
vS‖vSv

′
S

+
H′Sc
H2
S

1

2

v2
S‖c

HS
vSv

′
S +

(
2 + 3

H′Sc
H2
S

−
H′2S c2

H4
S

−
H′′Sc2

H4
S

) v3
S‖

6

c

HS
v′S‖ −

1

2

v2
S‖c

2

H2
S

v′2S +

−
vS‖c

HS
v′S‖

(
3 +
H′Sc
H2
S

)
1

2
v2
S +

c

HS
vSv

′
S

1

2
v2
S −

1

2

v2
S‖c

2

H2
S

vSv
′′
S+

− c2

H2
S

v′2S‖
1

2
v2
S −

c2

H2
S

v′3S‖
1

HS
vS‖ − 3

(
1 +
H′Sc
H2
S

) v3
S‖

6

c2

H2
S

v′′S‖+

+
v3
S‖

6

c2

H2
S

v′′′S‖c

HS
+
v2
S‖c

HS
v′2S‖

(
1

2
− 3

2

H′Sc
H2
S

)
c

HS
+

+ vS‖
c2

H2
S

v′′S‖
1

2
v2
S +

3c2

2H2
S

c

HS
v2
S‖v
′
S‖v
′′
S‖ + +v2

S‖
c

HS
v′2S‖

∫ χS

0
dχWN,0

}
+

+

(
1−

H′Sc2

2χSH3
S

− 3c

2HSχS

)[
1

4
v4
S +

c2

H2
S

v′2S‖v
2
S‖ +

c

HS
v′S‖vS‖v

2
S

]
+

−
(
− 11c

2χSHS
+ 3 +

H′′Sc3

2χSH4
S

− 3H′2c3

2χSH5
S

−
3H′Sc2

χSH3
S

)
1

2
v2
Sv

2
S‖+

−
(

2−
H′Sc2

χSH3
S

− 3c

HSχS

)
c

HS

[
−v′S‖vS‖

1

2
v2
S − v′2S‖v

2
S‖

1

HS
+

+ v2
S‖
dUNS
dχ

− v2
S‖2WNS,0 + v2

S‖vSv
′
S + −v3

S‖
c

HS
v′′S‖

]
+

+

(
− 5c

2χSHS
+ 1 +

H′′Sc3

2χSH4
S

− H
′2c3

2χSH5
S

+
H′Sc2

χSH3
S

− 2
H′Sc
H2
S

)
c

HS
v′S‖v

3
S‖

+

(
1 +

H′Sc2

24χSH3
S

− 13c

12χSHS
−

c3H′′S
12χSH4

+
1H′2c3

4χSH5
S

−
H′′′S c4

24χSH5
S

+

−
15c4H′3S
24χSH7

S

+
5c4H′SH′′S
12χSH6

)
v4
S‖

}
(C.26)
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Now we compute the imaginary part 0D̃I of 0D̃. Note that 0D̃I comprises only terms off
the diagonal of the Jacobi mapping D̃ab and therefore only consists of terms involving n̄ian̄

j
b.

At both order O
(

1
c2

)
and order O

(
1
c3

)
the Jacobi mapping Dab is symmetric in the indices

a and b. Consequently, using (D.27) and (D.35) the rotation ω vanishes at these orders.

At order O
(

1
c4

)
the only term that contributes to 0D̃(4)

I stems from the product of the

second order contracted Riemann with the second order Jacobi mapping R(2)b
a D(2)

bc . Note

that all contributions from the redshift perturbations in D̃(4)
ab in (3.73) are symmetric and

consequently do not contribute to the rotation ω.

0D̃(4)
I =

1

c4

1

zS + 1

∫ χS

0
dχ(χS − χ)

1

2

(
ea−e

b
+ − ea+eb−

)
4n̄scn̄

crWN,as

∫ χ

0

∫ χ′

0
dχ′dχ′′χ′′WN,rb

=
1

zS + 1

∫ χS

0
dχ
χS − χ
χ2

(
¯6 ∂2
WN

∫ χ

0
dχ′

χ− χ′

χ′
6 ∂2WN+

−6 ∂2WN

∫ χ

0
dχ′

χ− χ′

χ′
¯6 ∂2
WN

)
. (C.27)

D Spin operators

D.1 Real and imaginary contributions using spherical spin operators

In (3.17) and (3.18), the convergence κ, the shear γ, and the rotation ω have been defined
via the real and imaginary part of 0D and 2D. In this section, we examine the derivatives
6 ∂ and ¯6 ∂, and its application on scalars, vectors, and tensors in order to understand which
contributions of 0D and 2D are real or complex. We start with various combinations of the
derivatives applied on the scalar functions X and Y :

¯6∂6∂X =

(
∂θ−

i

sinθ
∂φ+cotθ

)(
∂θ+

i

sinθ
∂φ

)
X =

(
∂2
θ+cotθ+

1

sin2 θ
∂2
φ

)
X (D.1)

= ∆θφX ∈R (D.2)

6∂X¯6∂X =

(
∂θ+

i

sinθ
∂φ

)
X

(
∂θ−

i

sinθ
∂φ

)
X = ∂θX∂θX+

1

sin2 θ
∂φX∂φX ∈R (D.3)

6∂X¯6∂Y +6∂Y ¯6∂X = 2

(
∂θX∂θY +

1

sin2 θ
∂φX∂φY

)
∈R (D.4)

6∂6∂X =

(
∂θ+

i

sinθ
∂φ−cotθ

)(
∂θ+

i

sinθ
∂φ

)
X (D.5)

=

[
sinθ∂θ

(
1

sinθ
∂θ

)
− 1

sin2 θ
∂φ∂φ+i2

1

sinθ
∂φ∂θ

]
X ∈C (D.6)

¯6∂¯6∂X =

(
∂θ−

i

sinθ
∂φ+cotθ

)(
∂θ−

i

sinθ
∂φ

)
X (D.7)

=

[
1

sinθ
∂θ (sinθ∂θ)−

1

sin2 θ
∂φ∂φ−i2

1

sinθ
∂φ∂θ

]
X ∈C (D.8)

6∂X6∂Y = ∂θX∂θY −
1

sin2 θ
∂φX∂φY +

i

sinθ
(∂θX∂φY +∂θY ∂φX)∈C (D.9)

We will find combinations like (D.1)–(D.4) in the expression for 0D̃(2)
R and 0D̃(4)

R in (C.11)
and (C.13), respectively. In sections 3 we discuss the physical interpretations of the real
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and the imaginary part of 0D̃ and 2D̃. While Re
[
2D̃
]

and Im
[
2D̃
]

are both related to the

shear (3.18), Re
[
0D̃
]

and Im
[
0D̃
]

are proportional to the convergence κ and rotation ω (3.17),
respectively.

Next we discuss the slashed derivatives applied to vectors. In 0D̃(3) (C.12) and

2D̃(3) (C.2) we find the following combinations:

¯6∂1B=−
(
∂θ−

i

sinθ
∂φ+cotθ

)
(Bθ+iBφ) (D.10)

=−
[

1

sinθ
∂θ (sinθBθ)+

1

sinθ
∂φBφ

]
+i

[
− 1

sinθ
∂θ (sinθBφ)+

1

sinθ
∂φBθ

]
∈C

(D.11)

6∂−1B=−
(
∂θ+

i

sinθ
∂φ+cotθ

)
(Bθ−iBφ) (D.12)

=−
[

1

sinθ
∂θ (sinθBθ)+

1

sinθ
∂φBφ

]
+i

[
1

sinθ
∂θ (sinθBφ)− 1

sinθ
∂φBθ

]
∈C

(D.13)

¯6∂1B+6∂−1B=−2

(
∂θBθ+

1

sinθ
∂φBφ

)
∈R (D.14)

6∂1B=−
(
∂θ+

i

sinθ
∂φ−cotθ

)
(Bθ+iBφ) (D.15)

=−
[
sinθ∂θ

(
1

sinθ
Bθ

)
− 1

sinθ
∂φBφ

]
−i
[
sinθ∂θ

(
1

sinθ
Bφ

)
+

1

sinθ
∂φBθ

]
∈C

(D.16)

There are slashed derivatives of the tensor potential in both 0D̃ (C.13) and 2D̃ (C.3).
However, the combinations only involve hrr, which is a scalar function of spin-0 like X and Y
in (D.1)–(D.9), and ±1hr,

7 which is a spin-±1 function such as ±1B in (D.10)–(D.16). Thus,
we can use the above relations to compute the real and imaginary part.

D.2 Useful relations

In this subsection, we list useful relations using the spin-weighted formalism. First we look
at derivatives of the basis vectors ei+, ei−, and eir.

ei+k̄
j
,i =

1

χ
ej+ (D.17)

ei−k̄
j
,i =

1

χ
ej− (D.18)

ei+e
j
+,i =

1

χ
cot θej+ (D.19)

ei−e
j
−,i =

1

χ
cot θej− (D.20)

ei±e
j
∓,i = − 1

χ
cot θej∓ −

2

χ
k̄j (D.21)

ei+e
j
+e

m
r,ij =

1

χ2
cot θem+ (D.22)

7
±1hr expressed in terms of spherical coordinates yields ±1hr = hrθ± ihrθ analogously to ±1B = Bθ± iBφ.
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For the scalar function X we find the following relations useful:

ei+e
j
+X,ij =

1

χ2
6 ∂2X (D.23)

ei+k̄
jX,ij = − 1

χ
6 ∂X,r +

1

χ2
6 ∂X (D.24)

ei−k̄
jX,ij = − 1

χ
¯6 ∂X,r +

1

χ2
¯6 ∂X (D.25)

ei−e
j
−X,ij =

1

χ2
¯6 ∂2
X (D.26)

ei+e
j
−X,ij = ei−e

j
+X =

1

χ2
¯6 ∂6 ∂X +

2

χ
X,r (D.27)

ei+e
j
+k̄

mX,ijm =
1

χ2
6 ∂2X,r −

2

χ3
6 ∂2X (D.28)

ei+e
j
−e

m
+X,ijm = ei+e

j
+e

m
−X,ijm = − 1

χ3
6 ∂¯6 ∂6 ∂X − 4

χ2
6 ∂X,r +

2

χ3
6 ∂X (D.29)

ei−e
j
+e

m
−X,ijm = ei−e

j
−e

m
+X,ijm = − 1

χ3
¯6 ∂6 ∂¯6 ∂X − 4

χ2
¯6 ∂X,r +

2

χ3
¯6 ∂X (D.30)

ei+e
j
−k̄

mX,ijm = ei−e
j
+k̄

mX,ijm =
1

χ2
6 ∂¯6 ∂X,r −

2

χ3
6 ∂¯6 ∂X − 2

1

χ2
X,r +

2

χ
X,rr (D.31)

ei+e
j
−e

m
−X,ijm = − 1

χ3
6 ∂¯6 ∂2

X − 4

χ2
¯6 ∂X,r +

4

χ3
¯6 ∂X (D.32)

ei−e
j
+e

m
+X,ijm = − 1

χ3
¯6 ∂6 ∂2X − 4

χ2
6 ∂X,r +

4

χ3
6 ∂X (D.33)

X ,iX,i =

(
k̄ik̄j +

1

2
ei+e

j
− +

1

2
ei−e

j
+

)
X,iX,j

= X,rX,r +
1

χ2
6 ∂X¯6 ∂X. (D.34)

Let Y i be a vector field. We can express Y i in terms of the basis
{
k̄i, ei+, e

i
−
}

as Y i =
Yrk̄

i + 1
2−1Y e

i
+ + 1

2 1Y e
i
−. Then, the following relations can be found:

ei+e
j
−k̄

mYm,ij =
1

χ2

(
¯6 ∂6 ∂Yr + 2χYr,r + ¯6 ∂1Y + 6 ∂−1Y − 2Yr

)
(D.35)

ei−e
j
+Yi,j = − 1

χ
¯6 ∂1Y +

1

χ
2Yr (D.36)

ei+e
j
−Yi,j = − 1

χ
6 ∂−1Y +

1

χ
2Yr (D.37)

ei+e
j
+Yi,j = − 1

χ
6 ∂1Y (D.38)

ei+e
j
+k̄

mYm,ij =
1

χ2
6 ∂2Yr (D.39)

Y iYi =

(
k̄ik̄j +

1

2
ei+e

j
− +

1

2
ei−e

j
+

)
YiYj

= YrYr + −1Y 1Y. (D.40)
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For a tensor field Zij , which can be expressed as Zij = Zrr

[
k̄ik̄j − 1

4

(
ei+e

j
− + ei−e

j
+

)]
+

−1Zr
1
2

(
ei+k̄

j + k̄iej+

)
+ 1Zr

1
2

(
ei−k̄

j + k̄iej−

)
+ 1

4−2Ze
i
+e

j
+ + 1

4 2Ze
i
−e

j
− the following relations

hold:

ei+e
j
+Zij = 2Z (D.41)

ei+e
j
−Zij = −Zrr (D.42)

ei+e
j
+k̄

mZim,j = − 1

χ
6 ∂1Zr −

1

χ
2Z (D.43)

ei+e
j
−k̄

mZim,j = − 1

χ
¯6 ∂1Zr +

3

χ
Zrr (D.44)

ei−e
j
+k̄

mZim,j = − 1

χ
6 ∂1Zr +

3

χ
Zrr (D.45)

ei+e
j
+k̄

mk̄nZmn,ij =
1

χ2
6 ∂2Zrr + 4

1

χ2
6 ∂1Zr +

2

χ2 2Z (D.46)

ei+e
j
−k̄

mk̄nZmn,ij =
2

χ2

(
1

2
6 ∂¯6 ∂ − χ∂r − 3

)
Zrr +

2

χ2

(
6 ∂−1Zr + ¯6 ∂1Zr

)
. (D.47)

Let sT be a function of spin s. The operators 6 ∂ and ¯6 ∂ obey the following commutation
rule (

¯6 ∂6 ∂ −6 ∂¯6 ∂
)
s
T = 2ssT. (D.48)
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