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Abstract. We present a full-sky derivation of weak lensing observables in the Post-Friedmann
(PF) formalism. Weak lensing has the characteristic of mixing small scales and large scales
since it is affected by inhomogeneities integrated along the photon trajectory. With the PF
formalism, we develop a modelling of lensing observables which encompasses both leading
order relativistic effects and effects that are due to the fully non-linear matter distribution
at small scales. We derive the reduced shear, convergence and rotation up to order 1/c*
in the PF approximation, accounting for scalar, vector and tensor perturbations, as well
as galaxies’ peculiar velocities. We discuss the various contributions that break the Kaiser-
Squires relation between the shear and the convergence at different orders. We pay particular
attention to the impact of the frame-dragging vector potential on lensing observables and we
discuss potential ways to measure this effect in future lensing surveys.
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1 Introduction

Weak gravitational lensing (WL) — the statistical analysis of distorted galaxy images — is
a rich source of information about the evolution of the large-scale structure of the Universe.
It follows from the equivalence principle that light is bent by gravitational masses, which
consequently distorts the galaxy images along the line of sight. When distortions are small
enough such that no caustics are generated, we enter the regime of weak gravitational lensing,
where distortions can only be detected statistically. The distortions can be split into a
convergence (which changes the apparent size of galaxies), a shear and a rotation [1-3].
Cosmic shear has first been detected in the early 2000s [4-7]. Estimators for the convergence,
combining measurement of galaxies sizes and luminosities, have been constructed recently [8—
11], and a first detection at small scales was achieved in 2012 [8]. Until recently, weak lensing
surveys covered only parts of the sky, see for example DES [12] with a coverage of around
5000 square degrees. But future surveys such as Euclid [13] and LSST [14] will deliver high



precision data on more than a third of the sky. With this vast amount of high precision data,
weak lensing is becoming a promising tool to map the Universe.

Yet, the WL analysis is challenging: while we use different approximation schemes for
large and small scales, weak lensing effects cover all scales. By integrating along the light path,
large and small scales are mixed. For example, the correlation between two galaxies far apart
is affected by relativistic effects, which distort the photon trajectory beyond the Newtonian
treatment and lead to relativistic corrections to the convergence and the shear [15-18]. A
full-sky relativistic treatment is therefore necessary to capture these effects. If in addition,
these galaxies are aligned with respect to the line of sight, their correlation will be strongly
affected by non-linear effects, since their photons’ trajectories traverse the same non-linear
structures. Similarly, since all trajectories end up at the observer, any non-linear structure
close to the observer will generate non-linear correlations between pairs of galaxies even if
those are widely separated in the sky. Analyses of weak lensing data at large scales do
therefore require modelling relativistic effects and non-linear effects at the same time.

Furthermore, an important part of the high precision data from future weak lensing
surveys will be data from small, non-linear scales. It is standard to assume that the Newto-
nian approximation is sufficient to model structure formation on those scales, e.g. in N-body
simulations. However, with Euclid aiming at 1% accuracy, it is not clear if the Newtonian
treatment is still sufficient. For example, the “frame-dragging” vector potential [19], which
is a purely relativistic effect, may affect weak lensing observables at small scales. In [20, 21],
the vector frame dragging gravito-magnetic potential was computed, showing that its mag-
nitude is small but not entirely negligible, with its power spectrum of order 10~° that of
the non-linear scalar potential on non-linear scales.! This is a robust result, independently
confirmed in [22, 23] by using an N-body weak-field code based on General Relativity [24]. A
similar result, with a stronger gravito-magnetic effect, was found in [25] for the Hu-Sawicki
f(R) gravity model [26]. Analyses of weak lensing data at small scales may therefore also
require a non-linear relativistic treatment.

In this paper, we use the post-Friedmann (PF) formalism developed in [27], to bridge the
gap between the small scale and large scale descriptions of weak gravitational lensing. The
PF formalism is a post-Newtonian-type approximation scheme in a cosmological setting that
combines both the fully non-linear Newtonian treatment of the dynamics on small, fully non-
linear scales and the relativistic perturbative analysis on large scales. Therefore, it seems to be
the ideal approximation for a thorough weak lensing analysis. Furthermore, the PF formalism
provides an apt framework for N-body simulations with relativistic corrections [20, 21, 25],
with a first attempt to consider WL in this formalism in [28]. Analogously to post-Newtonian
approximations, in the PF scheme the relevant variables are expanded in inverse powers of the
speed of light ¢, once the Robertson-Walker background has been subtracted. In this sense,
it is a weak-field approximation (aka post-Minkowskian expansion) on a Robertson-Walker
background, where variables are expanded in inverse power of ¢ like in a post-Newtonian
expansion. In addition, it includes both vector and tensor potentials, non-linearly sourced
by the matter distribution. In particular, the frame-dragging vector potential is sourced in
cosmology by the momentum-density vector field. An example of an effect arising from this
vector potential in another context is the frame-dragging Lense-Thirring effect, which has
been measured in the Solar system by Gravity Probe B [29]. This exemplifies that this purely

!By non-linear scales we mean here those scales where the non-linear power spectrum of the scalar potential
differs from the linear power spectrum.



relativistic effect is small, but not unmeasurable, and it can be sourced in a weak-field regime
such as that of the Earth.

In this paper we provide a detailed analysis of the convergence, shear, and rotation
up to order O (C%) in the PF approximation scheme. We include scalar, vector, and tensor
potentials and put a specific focus on how the vector potential affects the distorted images
of galaxies. We also consistently include the effect of galaxies’ peculiar velocities, which
contribute to our observables through redshift perturbations. Our results are expressed in
terms of the spherical spin operator and are valid in the full sky. We show how the vector
potential contributes to the shear and convergence, but not to the rotation. Furthermore,
we argue that the terms involving the vector potential violate the Kaiser-Squires relation.

The rest of the paper is organised as follows: in section 2 we introduce the PF formalism.
We discuss the metric and its features such as the validity on all scales. In section 3, we derive
the magnification matrix. Starting from the geodesic deviation equation, we derive the Jacobi
mapping up to order O (C%) with the PF formalism, including also redshift perturbations. In
section 4, we introduce spherical coordinates and spin operators. This allows us to extract the
convergence, shear and rotation, without relying on the flat-sky approximation. We conclude
in section 5.

2 Post-Friedmann approximation scheme

The post-Friedmann formalism is a generalisation of the post-Minkowskian (weak field) ap-
proximation to cosmology, where the Minkowski background is replaced by a Robertson-
Walker one. It was developed in [27] to consider the approximate non-linear general rel-
ativistic dynamics in ACDM cosmology. The aim of this formalism is to unite different
approximations on different cosmological scales, from small scales, where — at leading order
— the dynamics should be sufficiently well described by the Newtonian approximation, to
the largest scales, at which standard relativistic perturbation theory should be applicable.
In the PF scheme the metric and the 4-velocity of CDM, described as a dust fluid, are first
written as perturbations of a flat Robertson-Walker background, then they are expanded in
inverse powers of the speed of light ¢. In doing so, the crucial difference with a standard
post-Newtonian scheme is that the Hubble (background) flow is separated from the velocity
perturbation, and therefore the scheme is also valid on Hubble scales and beyond.? The
matter density contrast field 6 = (p — p)/p (where p denotes the background matter density)
and the velocity perturbation 5 = v/c are fundamental exact dimensionless variables that are
not expanded into contributions at different orders; rather other quantities, e.g. the energy
momentum tensor, contain contributions of different orders in 5.

The nonlinear dynamical equations are consistently derived at different orders in inverse
powers of ¢ by expanding the Einstein equations. When the resulting ¢~* equations are
linearised, this scheme recovers standard first-order general relativistic perturbation theory
and can therefore be used to describe structure formation on the largest scales.

At leading ¢~2 order, however, the PF formalism yields the fully non-linear Newtonian
dynamics of CDM in a flat ACDM background. However, in this framework the Newtonian
dynamics are just an approximation, and the spacetime is inhomogeneous. In this Newtonian
regime for the dynamics, additionally to the Newtonian scalar potential and consistently
derived from the Einstein field equations at ¢~ order, one recovers a metric gravito-magnetic

2In a traditional post-Newtonian scheme, the whole 4-velocity field is expanded in inverse powers of ¢; if
such a scheme is applied in cosmology, it can therefore only deal with sub-horizon scales.



“frame-dragging” vector potential [19] as the leading-order contribution to the go; metric
components in Poisson gauge, see below. This vector potential is sourced by the Newtonian
momentum density that can be extracted from standard Newtonian N-body simulation, and
as such it has been computed in [20, 21] in ACDM, and in [25] for the Hu-Sawicki [26] f(R)
gravity model.

Thus, in seeking whether the gravito-magnetic potential could also be measurable on
cosmological scales, one main motivation in this paper is to look for gravito-magnetic effects
in weak lensing. We emphasise however that the formalism developed here is purely geo-
metrical, i.e. we do not make specific assumptions about the dynamics, and as such it could
be applicable not only in ACDM, but also in different cosmologies, e.g. some dark energy or
modified gravity model (see [30] for a review).

2.1 The metric

The metric of the PF formalism in the Poisson gauge reads [27]

goo = A o (ch) (2.1)
=— [1 - 26@ + c% (2U% — 4Up):| +0 <016> : (2.2)
90i = —C%BNZ‘ - %BPi +0 (;) ; (2.3)
gij= e A6, 4 c%hij +O (;) (2.4)
=a’ [(1 + 2% + ci4 (2Vy + 4Vp)) dij + Cﬂhzj} +0 <016> : (2.5)

The subscripts N and P of the metric potentials refer to Newtonian and post-Friedmann
contributions, respectively. In the Poisson gauge, the vector fields By; and Bp; are di-
vergenceless and the tensor field h;; is transverse and trace-free. A Lagrangian gauge (a
generalisation of the synchronous-comoving gauge of SPT) version of the PF formalism was
derived in [31].

Validity on all scales. The PF formalism is an approximation scheme that is valid on
both small and large scales. It differs from traditional post-Newtonian (PN) approximations
in the following way: the PN formalism is derived from the post-Minkowski approximation
with the assumption that velocities are much smaller than the speed of light ¢ [32, 33]. The
PF approximation has a FLRW background instead of a Minkowskian and only peculiar
velocities v are assumed to be small v/c < 1. The latter assumption does not restrict the
validity of the approximation to small scales: let us assume that z’ are comoving, spatial
coordinates, then the physical coordinate of a fluid element is r* = az’. The time derivative
of 7 yields 7' = Hr® + v, which is the sum of the Hubble flow and the deviation from it, i.e.
the peculiar velocity. If we assume that |7!| < ¢, our approach would only be valid on scales
much smaller than the Hubble horizon. However, if we only assume that v < ¢, we are not
restricted to specific scales.

Newtonian regime. At leading order, the Einstein Field Equations yield the standard equa-
tions of Newtonian cosmology [27]. One obtains the Poisson equation as well as constraint
equations demanding Vy = Upn. However, the Einstein Field Equation involving G% also has



leading order contributions, which determine the frame-dragging potential Bp;. It follows
that By is sourced by the purely Newtonian quantities pv;. For this reason, this leading order
contribution carries the subscript N, even if frame-dragging is a purely relativistic effect.

Relativistic regime. We define “resummed variables” ¢ = — (U N+ C%Up) and ¢ = —(VN +
C%Vp). When one linearises the Einstein Field Equations substituting the resummed vari-
ables, we recover the first order of standard relativistic perturbation theory (see [27] for
more detail).

The validity on all scales is especially beneficial for the analysis of weak gravitational
lensing, since as discussed in the introduction, the integral along the line of sight mixes small
scale and large scale effects.

3 Derivation of the magnification matrix

In weak lensing we study the distortion of images due to inhomogeneities between the source
and the observer. We follow the propagation of a light bundle (i.e. a collection of nearby light
rays) in a perturbed geometry [18, 34-40]. We consider two neighbouring geodesics z#(\)
and y*(\) = z#(\) +£#(N), which start at A = 0 at the observer O (A is an affine parameter).
For an infinitesimal light bundle, the connection vector £# lies on the null surface, {#k, = 0,
where k# = dx* /d)\ denotes the tangent vector to the congruence of light rays. The evolution
of the connection vector along the photon geodesics is given by the Sachs equation [36]

D¢k
DX?

= R, SRR (3.1)

where D/DX = k#*V,, denotes the covariant derivative along the geodesics.

Let us assume that a light beam is emitted at the source S and measured at the
observer O. Furthermore, u’é denotes the 4-velocity of the observer. We define an orthonor-
mal spacelike basis nf with a = 1, 2, which is orthogonal to k* and to u‘(‘) at the observer,
and which obeys g, nan) = dq. At the observer {nf,n}, k", uf,} form a basis, which can be
parallel transported along the geodesics

= 0. (3.2)

It is standard to refer to the two dimensional space spanned by nf()\) as the screen space.
The deviation vector expressed in this basis reads

¢ = Eaniy + &k + auo, (3.3)

with £2(0) = 0, &(0) = 0, and &,(0) = 0. From &k, = 0 it follows that £,(A) = 0 for all
A. Substituting (3.3) into (3.1) we obtain an evolution equation for the two components %
with a = 1,2 [16, 36]:

D¢

Dye = RCah, with RY, = R"

K konSnl. (3.4)

vafS

Let 62 be the vectorial angle between two neighbouring geodesics at the observer O

o _ 9n

09 = .
O dN |,




Figure 1. The surface dAg is related to the solid angel d€)p at the observer O.

Since eq. (3.4) is a linear second-order differential equation, with initial conditions £2(0) = 0,
the solution can be written as

E8(N) = Dap(N)5) . (3.6)

The matrix D, denotes the linear Jacobi mapping, which relates the observed angle Gbo be-
tween two neighbouring geodesics at the observer O to the distance {2 between the geodesics
at the source S (see figure 1). Dy is called the magnification matrix: it gives a measure of
the distortion between the shape of the observed image and the shape of the source. Note
that the indices a and b are raised and lowered with 4.

Substituting (3.6) into (3.4) we obtain an evolution equation for Dy [16, 37-39]

d2

—33Dab = RacDep (3.7)

with initial conditions D,,(0) = 0 and % N dap- The affine parameter A is a pertur-
0

bative quantity. In order to take these perturbations into account, we rewrite the evolution
equation (3.7) in terms of the unperturbed parameter x, defined as x = ¢ (no — 1), where 7
denotes conformal time. Note that we choose our time coordinate as 2° = ¢ (no — 1) = x
(see section 3.1 for a more detailed discussion). As a consequence dy/d\ = dz°/d\ = k°.
The total derivative with respect to A transforms then into

d_dxd _d

i = . 3.8
N dhdy " dy (38)
Substituting (3.8) into (3.7) we obtain
d? 1 dik° d 1
= RacDep - (3.9)

- _l’_ -

27T R Ay dy T (k0)2
To solve eq. (3.9), we need to calculate k” and R, and solve the equation order by

order in powers of 1/¢. The calculation can be simplified by using the fact that null geodesics

are not affected by conformal transformations. As a consequence, the calculation can be

performed without the Friedmann expansion, i.e. for the metric ds? defined through

ds* = a’ds? (3.10)



where d3? is the line element associated to the metric (2.2)—(2.5). The effect of the expansion
can then simply be taken into account at the end by rescaling the mapping by the conformal
factor [16]

Dab(XS) = a(XS)Dab(XS) ) (311)
where D,;, denotes the Jacobi mapping for the metric ds?, and Dy is the expression for the
metric ds?.

The matrix bab(XS) represents the Jacobi mapping for sources situated at constant
conformal time yg. However, observationally we select sources at constant redshift zg. Since
the observed redshift is itself affected by perturbations, zg = Zg + dzg, where 1+ Zg = 1/ag,
this will modify the expression of the Jacobi mapping.? In particular, we can write

Dab (xs) = Dab (x5 (25)) = Dap (25) = Dap (25 — d25)
B B 2

1 d4 -
=Du (25) — %’Dab (z5)dzs + iﬁp“b (z9) 52%
S

R S A )54+0<1> (3.12)
31dz3 ab\Z5) 025 T ) dz ab \25/ 023 )’ '
where in the second and third lines the matrix Dy, (25) and its derivatives® are formally given
by egs. (3.9) and (3.11) where xg can now be interpreted as x(zs) and 1+ Zg can be replaced
by 1+ zg.
The Jacobi mapping @ab(zg) is usually decomposed into a convergence k, a shear
v =y + iy2 and a rotation w

5 _x(s) (1-k-m —1-w
Dapy = . 3.13
@ 1+zs<—w2+w 1—k+m (3.13)

The prefactor x(zs)/(1 + zg) represents the magnification of images due to the background
expansion of the Universe, for sources situated at the observed redshift zg. The convergence
% denotes the magnification or demagnification of images due to perturbations. The shear ~y
is the trace-free, symmetric part of D,y and refers to the change in the shape. The rotation
w, the antisymmetric part of ﬁab, represents a rotation without any change in the shape.
Note that what we observe when we measure the ellipticity of galaxies is not directly the
shear v but rather the reduced shear g which is the ratio of the anisotropic and isotropic
deformations [16, 41, 42]

_ "
I=1"%
The rotation w does in principle contribute to ellipticity orientation (see [16]). However, we
will see that the rotation is of order O (%4) and contributes consequently to the ellipticity at
the order O (C%) Therefore our ellipticity measurement is dominated by the reduced shear.

Following [16], the convergence, shear and rotation can be expressed in terms of the
spin-0 and spin-2 components of the Jacobi mapping Dab

(3.14)

023 = 12511 + 2322 +1 (1512 — 1521) , (315)

oD =Dy — Dog +i (2512 + 2521) ) (3.16)

3Note that we normalise the scale factor to 1 today: ao = 1.
*The derivatives in eq. (3.12) are formally given by d" Day(Zs)/dz2

Zg=zg



The spin-0 field contains the contribution from the magnification and the rotation, whereas
the spin-2 field is related to the shear distortion. Comparing egs. (3.15) and (3.16) with (3.13)
we obtain

1+ zg ~ 1+ zg ~
k=1-— Re|oD]|, w=— Im|oD|, 3.17
2ys Relo?] 2ys 2l (3.17)
1425 =
- _ D, 3.18
v oxs 2 (3.18)

where Re and Im denote the real and imaginary parts of the spin-0 component. The reduced
shear then becomes ~

g= __2P_ (3.19)

Re [OD]

The advantage of expressing the shear in terms of the spin-2 component of the magnification
matrix is that this allows us to expand it onto spin-weighted spherical harmonics. We can
then uniquely decompose it into an E-component (or scalar gradient) and a B-component
(or curl) [43]. Contrary to the y; and y2 components, the E and B components are invariant
under a rotation of the coordinate system around the line of sight. As a consequence, this
decomposition is particularly well adapted to a full-sky survey where the line of sight direction
varies from patch to patch of the sky.

3.1 Resolution of Dy(xs) up to order ci‘l

In this section, we compute the Jacobi mapping for the orders O (C%), O (c%), and O (c%)

We denote by a bar, f, quantities associated with the background metric, and by, £,
quantities of order O (cin) We start by computing k# and nf in section 3.1.1, and R in
section 3.1.2. Then, in section 3.1.3 we use these results to solve for the Jacobi mapping
Dap up to order O (C%l) From eq. (3.9) we see that we need expressions for k0 and Rgp up
to order O (c%) Since Rqp = Rﬂmgk”kanf{nbﬁ, this requires us to calculate k* and n& up to
order O (C%) (since R a3 is at least of order O (C%))

We choose the coordinate system ( 0= c(no—n), aci), so that z* has dimension of length.
The derivative of any function f(z°, %) with respect to 2° and ° (denoted respectively by
fo and f;) does not change its order in the expansion 1/c. The photon wave vector k# is
defined as ol

u_ dx

kH = I (3.20)
where ) is an affine parameter with Ao = 0. We choose A with dimension of length so that k°
and &k’ are both dimensionless. The background k" and k* are of order zero in the expansion
1/c. We have furthermore the freedom to choose A such that k% = §,jk'k/ = 1. In the
following we keep track however of k and k° as a consistency check. We know indeed that
the Jacobi mapping has to be independent of the normalisation of k° and k*. As such it can
only depend on k* through the ratio k¢/k°.

Note that in the calculation of the Jacobi mapping, we do not consider the perturbations
at the observer, contrary to what is done (at linear order in standard PT) in [18]. The reason
is the following: the scalar potentials at the observer do not contribute to the shear or
rotation, because they affect all light rays around the observer in the same way. As such
they do not distort an isotropic bundle of light and are therefore irrelevant for the shear and
rotation. The scalar potentials at the observer do however contribute to the isotropic part of



the Jacobi mapping. However, when one constructs estimators to measure the convergence,
one always subtracts the average size of galaxies at redshift z. Since the scalar potentials
at the observer do contribute to this average size, they are by construction remowved from
the estimator. This procedure reflects the well-known fact that the monopole part of the
perturbations cannot be observationally separated from the background contribution. Hence
to consistently compare our theoretical modelling with observations, we need to remove the
scalar contributions at the observer.

The situation with the vector and tensor contributions at the observer is different: these
contributions do affect the Jacobi mapping (including the anisotropic part), and contrary to
the scalar contributions, they are not removed when one subtracts the angular average.
However, similarly to what happens with the CMB temperature, the vector contribution at
the observer is degenerate with the effect of the observer peculiar velocity, which strongly
dominates the signal. This effect generates a dipolar modulation around the observer, that
can be removed from the Jacobi mapping by fitting for a dipole. In the following we neglect
therefore both the vector contribution at the observer and the observer peculiar velocity.

Finally, the tensor contribution at the observer does contribute to the Jacobi mapping.
This contribution has been calculated in detail in [44]. Here we do not re-derive these terms
at the observer, but we emphasize that they should be added to the final expression for
consistency.

3.1.1 Calculation of the wave vector k# and the screen-space basis n}

We start by calculating the wave vector k¥*. We use the fact that it is parallel transported
along the null geodesic

Dk#
By =0 (3.21)

Analogously to the previous section, we rewrite the derivative with respect to A as a derivative
with respect to x = ¢(ng —n). The geodesic equation (3.21) becomes

dkt kY kE*

a =-T%, 0 (3.22)
The solution for & up to order © (C%) reads
i 7.0 2 2 X 17a75¢ 7.0 1 i 7.0 1 X / B Tm

where we have defined the Weyl potential W4 = % (Ua+Vy) for A= N, P.
To solve for kK up to order O (C%) we need to go beyond the so-called Born approxima-

tion, and integrate eq. (3.22) along the perturbed geodesic. We have

_ X
K00 =1+ [ a6, (3.24)
0
where we have defined
kY k*
G = —P(,LQW : (3.25)



Since G is at least of order O ( ) the solution at order O ( 2) and O (c%) can be found by
integrating (3.24) along the background geodesic. We obtain

2
k02 — gUNkO — / dX W, ok (3.26)
X Rk
k0(3) = _073 ; dX/BNi,j? . (327)

At order O (c%) on the other hand, we need to integrate along the perturbed trajectory
T(x) = 2*(x) + 02" (x). We have

G (X)) = G () + 8 ()) = G2 (X)) + 6 (x ’)aﬂG(;f“(X’))JrO(ch). (3.28)

Since G is at least of order 1/c2, it is enough to consider only the first term of the Taylor
expansion in eq. (3.28). We need to calculate dz* () at order 1/c?. We have

dxt  dztd\  kV

i 3.29
dx d\ dx kY (3.29)
Using eq. (3.23) and (3.26) we obtain
: 2 (X kK2 X X' ; k'K
ox' =—— dXY'Wyn=—+ = d// A" | Wy —Wni—— 3.30
x 2 ), X N30 + 2 /0 X ; X < N N.j (%0)2> ) (3.30)
6z’ =0. (3.31)

Inserting this into egs. (3.28) and (3.24) we obtain at order O (C%)

4, 4 X 0 27 X ’
O chpkO — 64/ dx'Wpok” + 7k0 (UN - / dX'WN,0>
0 0

11 —.—. 1 1 (X .

B Wy X %
ct 2k0 his cto (;};0)2

4 X - kikd
- CjUN,ik /0 dx’' [WN —(x—x) <kOW7 ~WNi T %0 )] +
4 [X s X' . kil
+c4/0 dx'Un ik WN—/O dy” <k0W;V—WN ~_)

5J kjo
4 X / 7.1 X " / " 7.0 K ]_fllgj
+ ! ; dx' W oik ; dx" |Wn — (X —X ) k Wy — WNJW . (3.32)

We then calculate the screen vectors nf. They are constructed at the observer to be

orthogonal to uf,(0) and k*(0), and then parallel transported along the geodesics

_l’_

Dnly
D”A =0. (3.33)
The solutions up to order O (%) are
o_ 1 (X, '
e = 5 ; dx'Un iy, (3.34)
‘ V; . 1 kb [X .



3.1.2 Calculation of R4
We now compute the contracted Riemann tensor R, up to order O (% . The Riemann
tensor is at least of order O (c%) As a consequence, Ry, at order O (—2) and O (C%) will

C
be obtained by contracting the Riemann tensor at the order O (i) and O (C%) respectively,

c2

with the background k* and nf. At the order O (C%) on the other hand, we will also have
contributions from k* and nl, at order O (c%)
To simplify the calcualtion we perform the following conformal transformation

a4 2 | Byt 1 o
ds> = —e~2UNTITUP 22 2 BN da edn+ (ec22 Vivt G Vpaij+4hij> da'da? (3.36)
C C

2 4 A8 2 : 1 o 1
= ecz VN+C4 VP —e c2 WN A WPCQd’I’/Q—fsBZJVd:L'ZCdT/“I— <6Z]+4hlj> d:L"Ldl'J:| +O <5> .
C C C

We first compute the Riemann tensor in the metric gss defined through gsg = 22gss, with

1 2
Q = e2"WTaVP . Then we use the relation between conformally transformed Riemann
tensors [35] to obtain the result for the metric gop

Rogys = Ropary — 2001, Ve VI Q + 295, Vi ValnQ — 2 (V}, InQ) g 5,V In Q2
+2(V}, InQ) g55Van Q + 2951, 9509 (Veln Q) Ve In Q. (3.37)

We obtain up to order O (C%)

70\ 2
2 _ (K)o 4 d*Vy
Réb) = c2 [QnaniWN,ij‘ + 5ab dX2 5 (338)
70)2 dBN . 1k
(3) _ (k ) —i ] i) kK" N
Ray = 3 ”a”{; dx - @ij ) (3.39)
7.0\2 2
@ (k) d d_ d dUy dViy
R = Oab 12— Vp — —VN—V] 21 ——-—-W —_—
ab A Oab iy’ P dx N dx N+ i N,0 dx
(), )
+ A ngny 4Wp’ij — 4WN,ij + 4WN7iWN’j — 4WN’ijVN
— _. . . X X
— AW B (K] + Fgas) | W mdy!
0
K . a2 1 d _ kPE™
+ i Ml chghij—@@(hjp,i+hip,j)kp+hmp,ijw : (3.40)

3.1.3 Calculation of the Jacobi mapping Dgp(Xxs)

In subsections 3.1.1 and 3.1.2 we have derived expressions for k* and nf in egs. (3.32)
to (3.35), and for R, up to order O (C%) in egs. (3.38), (3.39), and (3.40). We now use these
results and substitute them into the evolution equation (3.9), which we solve order by order
in the expansion 1/c.
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Order O (C%) At this order, the evolution equation (3.9) for Dg)) reduces to

> () 1 dk°?) X @)
— DY =— — Sa =R, 3.41
dXQ ab %0 dX b+ (k‘O)Q ab ( )
where we have used that Dy, = xJ.. We integrate (3.41) two times
@y L[ _1002) 1 / xs _ 2)
Dy (xs) = 15 /0 dx (2 k )5ab + )2 Jo dx (xs —x) xRy » (3.42)
and substitute (3.38) and (3.32) up to order O () into (3.42) to obtain
2 1 2 [Xs k'
DY (xs) = aXsVNsdab — 62/0 dx [WN + (xs — X)WN,i@ dab
9 [Xs o
a2 dx (Xs = X) X7 W ij - (3.43)

The solution (3.43) coincides with the first order solution for Dy using standard perturbation
theory (SPT) [15, 16, 45]. This follows from the fact that the metric at order O (%) in the
PF formalism is mathematically identical to the metric at first order in SPT. At this order,
the difference between SPT and the PF framework becomes apparent when one uses field
equations, to relate the metric to the matter content in the Universe. While in SPT the
density and velocity are perturbative quantities, in PF these quantities are unperturbed and
e.g. the density contrast can become larger than 1.

In (3.43), the Jacobi mapping D, involves the Weyl potential Wy as well as the scalar
potential Viy.? From the metric (3.36), using the fact that null geodesics are invariant under
conformal transformations, we would expect that D, depends only on the Weyl potential
Wy. However, as previously noted in [16], the term involving Vi is generated by the parallel
transport of the basis nf, which is not conformally invariant.

Finally, let us note that, as expected, the Jacobi mapping does not depend on the choice
of normalisation for k* since it depends only on the ratio k%/k°.

Order O (C%,,) At order O (C%), (3.9) yields

& o, LD d o ]
DET TR Ay dx T (R0)?

ROD,, . (3.44)

Analogously to the previous order, we integrate along the background geodesic and substi-
tute (3.32) and (3.39) into (3.44) to obtain

1 [Xxs 1 Xs
DC(L?)) (XS) = _@ kaO(S)(Sab + _02/ dX (XS — X) XRE;Z)
0 (k0)” Jo
1 [Xxs LIk
=3 dx (xs — X BNi, ———=0ap
03 0 ( ) J (kO)Q
1 [xs e dB];[A Em
+ 63/0 dx (xs — X) XNaT, [d(x]) — FB"]XW . (3.45)

5 At this order, the Einstein field equations yield that Vx = Un and therefore Wy = Vi = Uny. We decided
to keep Un and Vi throughout the calculations in order to keep the result as general as possible. For example
in modified gravity theories the scalar potentials may differ.
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The last line in (3.45) coincides with the vector part in [16], in which the shear has been
computed up to second order in SPT. The second line in (3.45) will contribute only to the
convergence, since it is proportional to d4p.

Order O (c%) . At order O (C%), we have to go beyond Born approximation. Following [16]
we rewrite the evolution equation (3.9) as

KPR (x) (3.46)
dX2 ab — Y ab\ X)) :
1 dkY d 1
ith S, = —-———— D, ——RaucDep | . 3.47
. ’ X( RO dy dx T (02 b) (347)
Integrating eq. (3.47) by parts we obtain
B XS Xs—X
Dab(XS) — XSéab + dX Y Sa (X) . (348)
0

The integral in eq. (3.48) is along the perturbed geodesic, i.e. Sgp(x) = Sab(:z:“(x)), where
x(x) denotes the perturbed trajectory of the photon. Similarly to the calculation of £ in
section 3.1.1, we write

Sula#(1)) = Sual(0) + 82 (09,50n(00) + 0 ) - (3.49)

Since Sy is at least of order 1/c2, it is enough to consider only the first term of the Taylor
expansion in eq. (3.49).
Inserting egs. (3.30) and (3.31) into (3.49) we obtain

- % . _ X o i dk°@
Sap(xt) = Sap(TH) + (E0)2(5:§3 (RE?C)DCZ,) §— @(5‘%] < ix i0ab (3.50)

which is computed in appendix A, egs. (A.6) to (A.8).

We can now insert (3.50) into (3.48) and integrate along the background geodesic to

obtain Dﬁ). The Jacobi map can be divided into a part proportional to d, and a part

proportional to n;ni Only the latter contributes to the shear and rotation, whereas both

parts contribute to the convergence.
At order O (C%), we group the terms of D, according to the potentials or their couplings,
i.e. we write

pW —pf) L pVV) L pOVW) L pUW) | pW) | p(®) (3.51)

ab

where the subscripts refer to the couplings of the potentials. The detailed derivation is given

in appendix A, here we write only the results. The contribution Dc(f) is a purely relativistic

contribution generated by the relativistic potentials Up, Vp, and Wp:

2 4 [Xs i
D((zf) = gXSVPS(Sab - 04/ dX |:WP + (XS — X)Wp,z@ 5ab
0
4 XS i
+ P /0 dx (xs — x) XN,y Wpj . (3.52)
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Dc(lf) take the same form as the Jacobi mapping D((z%) in (3.43), which is due to the form of
the metric (2.2)—(2.5). The D((l‘b/v) contribution contains all the terms quadratic in Vi:

1 xs dVy \?
D(VV) 74 %V]%S _ 2/(; dX(XS — X)X <d)?7) Oub - (353)

This terms contributes only to the convergence, since they are proportional to d4,. The

DC(LZVW) contribution contains all the terms quadratic in Wy. It can be split into a part

proportional to d,, and a part proportional to ngny, which contributes also to the shear
and rotation:

1 Xs m A
DWW — 5, dx | AW m dx Wy — +2W32 +2 dx Whi— | +
0 0 kO 0 kO

k™ k!

* k
_4WN,m/O dX/ (X — X/) (W’ WN] (ko) > + 4WN/OV dX WNZ]{:O
Xs X , m kmk] /%m
+ 4/0 dX(XS - X) WN,m /0 dx WN - WN,]W - WN@ +
S N SR A
+ EOWN,Oi/O dx (X - X ) Wy — Wn; (l?:o)z —kE'Wy +

—i =7 1 xs X N
+ nanb—4 — dx [ AWy dxX'x Wnj | +
0 0

]%l
/ Xs— |: 2XWN” 4Wle0/ dX/X/WN7ij+

il
XTo Wng/ dx'Wn,; — 4Xk0WN,z‘l/ dx' W j+
0 0
X / / ]}m
— 4Wn i / dx <WN + (X - X ) WN,ka> +
0

X
+ A4S W i / dx' (x = X') X' W rj+
0

AWy 7 /Xd’ N (we w R (3.54)
+X N,ijm 0 X (X_X) N = N, (E0)2 - NEO . .

The couplings between Uy and Wy are denoted by DS{W)

(UW) 1 XS Lt /x , /Xs Lt
D = —0u < 4 dx | Uni== dx'Wn | —4 dxUn ;=W
ab e b{ /0 X( N, %0 0 X WN ) XUN i 0 N+
Xs x o ) ; ktld
0 0 (k;O)
Xs x Likd
+4 / dx(xs —x) |Un,i / d' | Wy — Wy j——— . (3.55)
o o (1)

. They are all proportional to dgp:

_l’_
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The term D(VW) contains all couplings between Vy and Wy . Since it contains also a part
ab phang

proportional to n,ng it contributes also to the shear and rotation:

.m

1 Xs k
iy = Oab g {—VNS /O dx (xs — x) W=

Xs m kMl k™
+ 2XVNS,m/ dx | (xs =) [ WX —WNi—= | — WNF +
0

()
N /OXS dy

k™ x m kit
2XVNm=WN —4XVNm | dX' Wy —WNi—=
0

XS
— QVNs/ dxWn—+
0

R (k0)*
Xsd l%mV 7% s %% dV
— 2—VNm 2— —VNm
+/0 x(xs X)[ w0 /N, N+ kOX NdX Nm+
m kit
+2XVN,m ij _WN,l,iZ +
(k°)
1 Xs
+ ﬁ;ﬁ{)c—42VNs / dx(xs — X)XWnij - (3.56)
0

Finally the term Dgg) contains the tensor contributions

1 1 Xs B 1 Xs .
DY) = 6w [_0)2 /0 dhijk'k — = /0 dx(xs — X)hij KRR | +

20 2(40)

) 1 1 Xs X ];;P
nanicj {2XShij+ /0 dx [—hij -5 (hjp,i + hz‘p,j) ]_g()] +

Poox kPkm }

XS 1
+ /0 dx(xs — x) [2 (hjp.i + hip.;) T §hmp,ijW (3.57)

3.2 Redshift perturbations

In the previous section 3.1 we have calculated the Jacobi mapping D, in an non-expanding
universe, as a function of the coordinate yg. We now use egs. (3.11) and (3.12) to calculate
the Jacobi mapping Dy in an expanding universe, as a function of the observed redshift zg.
Let us start by calculating the redshift perturbations up to order O (c%l)

The redshift of a photon emitted at S and measured at O is given by

(guvlz/‘“ay)s 1 (guktu) g _ 1

1+2zg= = = 1+6f), 3.58
zs (fiwk“ay)o as (guuk‘“ul’)o GS( f) ( )
where we have defined
vkHu”
of = (k)5 _ L, (3.59)
(guwkrur)
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and we have used that under conformal transformation the photon wave vector transforms
as k" = kM /a? and the four-velocity as @ = u*/a (see e.g. [45] for more detail). Note that
we normalise the scale factor to ap = 1. Using that 1 + zZg = 1/ag we can write

1425 = (1+25)(1+ 6f) = (1 + 25 — 625) (1 + ), (3.60)
leading to
of
dzg = (1 + Zs)l T 5f . (3.61)

The perturbation § f depends on the metric potentials and the peculiar velocity at both the
source and observer positions. However, as argued at the beginning of section 3.1 the metric
perturbations at the observer do not contribute to the observed shear, convergence and rota-
tion. The observer velocity would generate a global dipole variation in the convergence, which
is degenerated with the vector contribution at the observer. This dipole can be subtracted
from the observables, and we therefore do not consider it here.

Using eq. (3.59), the perturbation df is calculated as a function of xs. We need to
express it in terms of the observed redshift zg. We obtain

dzs = (14 28)0F (xs) = (1 + 25)0F (25 — d23) (3.62)
d 1 d? , 1 5 1

where we have defined

of
1+0of

OF = ~Of—0f2 40 —6f 4. ... (3.63)

The perturbation 0 f depends on the four velocity u#. In the PF formalism it is given by [27]

ul = —u (3.64)
c
1 1 1 /1 3 3 ;
W =14 (Unv+ 0" )+ [ SUR +20p +0°Vy + s0°Un + S0v* = Byiv' |, (3.65)
c 2 c* \ 2 2 8
where v? = >_ij 0ijvivj.  Inserting this into (3.59) and neglecting terms at the observer
we obtain

5f(xs) = (g00k°u” + goik®u’ + gosk'u® + gijk'n’) (xs) — 1

0 0 %
_ 2UNL—4Up L k 0 1K1 i 0 1k 0
e 2 t @U +BN1073@EUU +BN1073@U

Wy Ltavpl o K1 g
—e Nc2 PC4 51]@;’07’“ — 1 s (366)
where all terms are evaluated at the source position xg.
The detailed derivation of dzg is presented in appendix B. Here we show only the result
up to order O (c%) The result at order O (%4) is very long and can be found in eq. (B.27).
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We obtain

1
525) = —(1+ 25) - “us) (3.67)
@ 1 Xs 1
dzg’ = (1+ zs) Uns — 2 dxWn o+ 51)5 USH + 7-[ US”US” and (3.68)
0
Xs

(3) L[] i Lo} i i
bzg" = (1+ ZS)C?) dxBniok' —vg) | VNs + JUs ) - v50;; dxWx
0 0

XS 1
2 <UN5’ - 2/ dXWN}O + 2’(1%) ’1)5” - ’UgvH‘}‘
0

c xs L, 2 L
_ ?SUSH <UN5’ — QA dXW]\LO + 57)5 — 'USH + 7HSUSHUS” -+
C dUNS
His < dX — 2WNS7O + 'USU% — 2U5||Ug||> 'US||+
¢ ’ SC /2
s [ (145 ) ~ ] o (309

where vg) = 5ijvis% is the radial component of the source peculiar velocity.

We can now express the Jacobi mapping as a function of zg. Substituting the expressions
for 0zg in (3.67)—(3.69) and (B.27) as well as the expresswns of the derivatives (B.28)—(B.32)
into eq. (3.12), we obtain Dyy(zs) up to order O ( 7).

We see that the redshift perturbations generate a new order O( ) in the expansion,
proportional to the galaxy peculiar velocity vg):

- v
pW_ (¢ _q) XS TSl 3.70
ab <7‘[5X5 1+25 ¢ b ( )

with H = l d—a Note that because we define H using the time derivative and not the derivative
w.r.t. x, We obtam an additional factor ¢: da/dn = —cda/dx. This factor does not influence
the order of the expression. The contribution in eq. (3.70) has been called Doppler magnifica-
tion, and it is the dominant contribution to the convergence at low redshift [15, 46, 47]. Note
that in standard perturbation theory, since the peculiar velocity is a perturbative quantity it
contributes to the Jacobi mapping at the same order as the gravitational potentials. In the
PF framework however, the peculiar velocity is non-perturbative, but it is always weighted by
a factor 1/c. As such it is of lower order than the Newtonian gravitational potentials in the
expansion 1/c. This illustrates nicely the difference between the PF formalism and standard
perturbation theory. The Doppler term is usually neglected in lensing analyses, first because
at lowest order it does not contribute to the shear, and second because at high redshift, its
contribution to the convergence is subdominant with respect to the Newtonian contribution
of order 1/c?. From the PF formalism we see however that the velocity contribution will
dominate in the regime where vg /c is larger than the lensing potential integrated along the
photon trajectory, see eq. (3.43).
At order O (c%) we obtain

52 _ 72 1 xs c /XS 1,
DY =D — 1-— Uns—2 dxW, =
ab o (25)+ 2 1t 2g {( /HSXS> < NS ; X N,0+2vs+

/2
2 c s¢ 3¢ 2
+'USH— SUS”US”> + (1—2XS g_Z SXS> US”}(Sabv (371)
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where a prime denotes a derivative with respect to y. In the first line, @L(i) (zg) is obtained
from eq. (3.43) where the background coordinate xs can be replaced by its value at the
observed redshift zg. We see that at this order, the Jacobi mapping is not only affected by
the radial component of the peculiar velocity vg but also by its transverse part through
v% = véH + v% |- Note that since the redshift corrections at this order are proportional to dqp
they will only affect the convergence, and leave the shear and rotation unchanged.

At the order O (C%) we obtain

A3 _ ~3) 1 xs H%CQ 3c /XS
PE _p S XS g TtsC 3¢ 9 W
wb =Py (25)+ 3 1+255ab {Us ( WS Hsxs Uns ; dxWn o+

1le  HE  H?S HgCQ)

1
+-= Vi —v? 4+ — vl +v 1-— + —
5Us T Us| 7'[ Sl S] S||< 6xsHs 6XSH5 2XSH2 XSHg

¢ xs Ti i xs i 3
— -1 dXBNi,Ok _US(Sij dXWJ’V—US”—I-
Hsxs 0 0

XS 1
+ <2UNS_2VNS_4/ dXWN,O+2U§‘> USH""
0

c Xs 15 5 1
_7-[75”%” <UNS_2/O dXWN,oJerS—vS”Jr?_LSvg”vS) +
C dUNS ’ ,
— —2W, —2
HS( dX NS,0+Vsvg ’USH’USH US”—I-

¢ / SC C 2
s <”su (1 L >—H5”s>vsn+

XS ]E.z
+v5||/ dx <WN+(XS_X)WN,i—>] +

0
us| dVNs /XS kz>}
Vi —2Wns—2 dXWni==
e HS ( NSTXS dXS NS 0 XWN, k0
i Jl 2 XSd - c ) Xsd W 579
+147, b3 1+ZS [ XS/ X (Xxs—x)x N,¢j+7XS%S /0 XX N’Z‘j:|. (3.72)

Without redshift perturbations, only the vector potential B}V contributes to the Jacobi map-
ping at the order O (C%), see eq. (3.45). However, since the peculiar velocity comes at order
@) (%), we obtain couplings between the velocity and the Newtonian potentials that also
contribute at this order, as well as terms cubic in the velocity. Note that at this order the
peculiar velocity modifies not only the convergence, but also the shear.

Finally, at the order O (C%l) we obtain

4 4 d = 4 d -~ 2
Dt(lb) = D((Lb) (25) — @Dab (zs) 5250 — FDéb) (z )(5,2(3 )—i—

d 1 d? 2
~ D (a5) 02 + D (zs) (6:) +

dzZg 2d
L d 50 o) e (15,3
5@7)@ (zs) ((57;3 > +%Dab (25)0zg 623
1 d3 = @ (.2 1 d* = (1) 4
= 5437 Do (25) 5 (528) + 522 rERe 5 (5:4)", (3.73)

where we list the individual terms of (3.73) in the appendix in equation (B.37)—(B.44).
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4 Extraction of the convergence, shear and rotation

As shown in section 3, the convergence, shear and rotation can be expressed in terms of
the spin-0 and spin-2 components of the Jacobi mapping Dgp, see egs. (3.17) and (3.18).
Following [16, 43, 48, 49|, we first introduce spin operators on the sphere. In weak lensing,
the use of these operators has the advantage that we do not rely on the small-angle or flat-sky
approximation.

4.1 Spin operators on a sphere

We want to describe the shear, convergence and rotation on the sphere of the sky. To each
image we can associate a unit vector at the observer, e, pointing in the direction of the
image. This vector is equal to the wave vector of the photon at the observer e’ = k‘io =k
(recall that we use x = c(o —n) as time coordinate, so that k}, points from the observer to
the image). We then define at the observer the angular unit vectors in spherical coordinates
e}; and efz) that are orthogonal to ei. We can identify eé = i} and efz) = n%. Note that
eé and eé) are orthogonal to the photon wave vector at the observer, and are then parallel
transported along the background geodesics. Therefore they do not live in the screen defined
by nf along the geodesics.

A spin-s field on the sphere of the sky (X is defined as a field which transforms as
X — €, X when eé and e; are rotated by an angle o around ei. We introduce the unit
vectors eﬁr and e’ defined as

el =eh+ ieé,. (4.1)
In the 2D basis (ep, e4), the vector e4 have components e} = (1, £4). The spin-0 and spin-2
component of Dy, are then given by

oD = eel Dy, (4.2)

oD =e%el Dy . (4.3)

We see immediately that any term proportional to §,;, will contribute only to the real part
of oD, i.e.to the convergence since

e‘j_ez_dlb =0, and e‘ieﬁ_éab =2. (4.4)

The terms proportional to ﬁéﬁi have however a more complicated structure. We have indeed

a bt =J _ i J
ef el ngny = e’ e, (4.5)
which contributes to 9D and
ab=izi _ i ]
el el ngny = e’ e’ (4.6)

which contributes to both the real and imaginary part of oD, i.e. to the convergence and
the rotation.
The vectors Y. acting on partial derivative 9; give rise to derivative operators on the
sky @ and @, which increase and decrease the spin s by 1, respectively:
i i
DX = —sin® 0 (89 + 8¢> sin"% 0 X = — <89 + 6¢> X +scotf X, (4.7)

sin 0 sin 0

DX = —sin—*0 <ag - Sjrzlea(,,) sin® 0, X = — <ag _ Sif“ga(ﬁ) X —scotf,X.  (4.8)
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The derivatives @ and @ are effectively angular covariant derivatives on a sphere. In particular
we have

. 1 . 1_
LOX = = PX., CLOX = ——PX, (4.9)

o 1 o 1 -
el 9;0,X = ?,92)(, e el 9;0,X = ?ﬁzX. (4.10)

If we apply both @ and @ consecutively, the spin s remains unchanged and we obtain an ex-
pression corresponding to the angular Laplace operator in spherical coordinates A2 X =PA X .
We can show that®

o o 1 - 9 .
eﬂre’,@i@jX = e’_eié?inX = ?ﬁﬁX + ;63,81)( . (4.11)
Finally, let us note that the PF metric contains vector and tensor potentials, which can
be decomposed into spin fields:

, 1 | ,
B' = Bye, + §,1Bez+ + §1Bez_ , (4.12)

g T o 1 1
h' = h,., (e;ﬁef. - 26&69) + ,1hre$ eﬂ) + 1h7«e(_l eﬂ) + Z,Qhez_ei + Zghel_e]_ , (4.13)

where B, and h,.,. are spin-0 functions and B, ;h and sh, are spin-s functions. Note that
these components are not independent, since B* and h¥ are divergenceless.

In appendix C we present the derivation of ¢D and 2D up to order O (C%), using eqs. (4.2)
and (4.3). Here we only display the final results for the reduced shear g, the convergence x
and the rotation w, which are obtained from oD and 2D using egs. (3.17), (3.18) and (3.19).

4.2 The reduced shear g
The reduced shear g is measured from the ellipticity of galaxies. It is given by
g 2D

g= 1—I€:_Re [Oﬁ} . (4.14)

At order O (C%), the shear and reduced shear are equal, since kK = 0. We have

D(2) 1 [Xs _
0

This is the standard Newtonian expression for the shear, written in terms of derivatives on

the sphere. 3 .
At order O (c%) both 9D and (D contribute to the reduced shear. Since the imaginary

part of ¢D is of order O (C%) (see appendix C) we can write

(2 (3 H(1
g = _M 1 _ODi )215@) 4 ,D®)
0D + oD oD oD

1 Xs o xs—x|d
S d' 22— | = (yp\B) + *B,
63{/0 X aysx [dx OALB)+7 }+

c Xs
_ v AP W } 4.16
Horl sn/o xXP Wi (4.16)

%Note that there is a typo in the equivalent equation (40) in [16]. The second sign should be a +.
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We see that the dominant correction to the Newtonian expression (4.15) is due to two different
effects: the vector potential B}V and the peculiar velocity of the galaxies vg|. The vector
potential in the PF approximation has been computed from N-body simulations on non-linear
scales [20, 21, 28]. It was found that the power spectrum of the vector field BY;/c? is of the
order of 107° the power spectrum of the scalar potential Wy /c? over a range of scales and
redshifts. Comparing eq. (4.16) with eq. (4.15) we see that part of the vector contribution
enters in the reduced shear with exactly the same kernel as the Newtonian scalar part. As
such we expect that the impact of the vector potential on the reduced shear will be of the
order of ~ V10=5¢®) ~ 3 x 1073¢g® ~ 3 x 107°, since ¢® is of order 10~2 [50]. The
requirement to measure cosmological parameters from a survey like Euclid with 1% precision
is that additive systematics to the shear remain below 3 x 10~% [51]. This is only one order
of magnitude above the expected contribution from the vector modes. A careful calculation
of the reduced shear power spectrum from the vector modes is therefore necessary to assess
precisely its amplitude. In particular, since the ratio between the vector potential and the
scalar potential grows in the strongly non-linear regime (see figure 5 and 6 of [21]), the
transverse derivatives in (4.15) and (4.16) will not act in the same way and may therefore
enhance the vector contribution. We will compute this in a future work.

The second contribution at order O (C%) is due to the peculiar velocity of galaxies vg,
coupled to the standard Newtonian shear. This contribution is due to two effects. First, the
reduced shear ¢ is measured as a function of redshift, which is affected by the source peculiar
velocity. To understand this effect, let us assume that we measure ¢ for two different galaxies
that are at the same redshift. One of the galaxies has no peculiar velocity, whereas the
other has a velocity directed towards the observer. As a consequence, the second galaxy is
physically situated at a larger distance than the first one. The impact of a given lens on
the two galaxies will then be different, since the distance between the lens and the source is
different. The second velocity contribution to g simply comes from the fact that the shear
at second order v(?) is divided by the convergence at first order k1) which is affected by
peculiar velocity. This effect reflects the fact that peculiar velocities change the apparent
size of galaxies, which has then an impact on the reduced shear. Note that in standard
perturbation theory, this term appears at the next order, i.e. at the same order as the lens-
lens coupling and Born correction, see eq. (4.18). However here since velocities are of order
@) (%), this coupling is already present at order O (C%)

From the second line of (4.16) we see that the velocity contribution is of the order of

¢ Ysll (2 < ¢ ) -3_(2) ( ¢ ) -5
— 1| = ~ —11]10 ~ —1)1077, 417
<7'lsXs > ¢’ Hsxs g Hsxs (4.17)

where we have used that in average the peculiar velocity is of order vg/c ~ 1072 [52, 53].
We see that the importance of this contribution depends strongly on the redshift: at small
redshift, the prefactor in (4.17) becomes large and the velocity contribution dominates over
the vector contribution. For example at zg = 0.1 the prefactor is ~ 10 so that the velocity
contribution reaches 10~*. Around redshift 1.6, the prefactor vanishes and the velocity does
not contribute at all. At larger redshift, the prefactor slowly decreases towards -1. Finally let
us mention that the vector contribution is integrated along the line of sight and therefore it
does not depend much on the size of the redshift bins in which the reduced shear is measured.
On the other hand, the velocity contribution enters at the source. As a consequence, this
contribution becomes strongly suppressed if the reduced shear is averaged over thick redshift
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bins. Hence for photometric lensing surveys, where thick redshift bins are used, we expect
the vector contribution to be the dominant contribution at order O (C%)

At order O ( ) the reduced shear contains contributions from the shear up to order
@) (C%) and from the convergence up to order O ( ) We obtain

(4) _ £ . _27)(2) +9DB) 4 ,D®

T 77D DO+ ,d0 + D@
1 X8 Xs —
— - dy Wp + W 4.18
04{ /0 X5X vl ¥) (4.18)
Xs X A _ X _
- [T e [y [C X pmwy [T
0 XS X 0 X 0 X
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XS xs—X X a2 X=X
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0 XSX X 0 X 0 X

o [ [l [ 2w o )

1 1 XS
— —2hg — / dx (XS ﬁth« + ﬁlh >
4 2 Jo XSX

XS yg—x ., c XS ) Xs
+ 2/ dx=—=—=9“Wn + / dxfﬁ Wy Uns — 2/ dXWN,O
0 XSX Hsxs Jo Xs 0

c XS Xs — X

XSX
/ deﬁQWN< Z€ gyt +112>
2Hsxg Hg SITSITTES
2 27941 XS
9 c 9 c c“Hy / XS = X 19
Wns — 3 dx=—="——=p“W,
+v5[ HE 2x Qﬁ e ( 2Hsxs * 2H?§Xs) o X xsx Wy
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2Xs’Hs< 2H% Hsxs/) Jo Xxﬁ N

XS _ d

n c /Xsd 1(d( ﬁBN)+ﬁ2BN>}
2Hsxs Jo xs \dx " ’

The first line is the standard shear contribution, where the Newtonian potential Wy has
been replaced by the relativistic potential Wp and the square of Wy. This term encodes the
fact that large-scale structures along the photon trajectory are not completely described by
the Newtonian potential Wy, and that Wp and W]%, both give corrections to the potential
felt by the photons. The second line contains the lens-lens coupling and correction to Born
approximation [54]. These terms have four transverse derivatives of the potential, and they
are therefore expected to dominate at small scales. The third line contains the product
between the shear and the convergence at order O (C%) The first term in this line also
has four transverse derivatives and is therefore of the same order of magnitude as the lens-
lens coupling and post-Born correction. Note that the boundary term in the convergence,
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proportional to Viys (see eq. (4.21)) cancels with a similar term in D and does not contribute
to the reduced shear. Lines 4 and 5 contain various couplings along the photon trajectory.
These terms have been computed for the first time using standard perturbation theory up
to second order in [16] and the expressions agree. Line 6 contains the contribution from the
tensor modes, which also appear at second order in SPT. Finally, the last 6 lines contain
the contributions due to redshift perturbations. In line 7, we have the redshift perturbations
due to gravitational redshift and the integrated Sachs-Wolfe effect. In the following 3 lines,
we have the Doppler contributions coupled with the scalar potential. Since the velocity
is of order 1/¢, the reduced shear at order O (C%) contains contribution from the second
order Doppler, i.e. from both vg and vg, through the transverse Doppler effect. Finally,
in the last two lines we have couplings between the first order Doppler contribution and the
vector potential.

4.3 The convergence Kk

We now calculate the convergence, i.e. the part of the Jacobi map which modifies only the size
of the galaxy. As discussed in section 3 it is given by the real part of the spin-0 contribution

1+ zg

Txs Re[oD] . (4.19)

k=1

At order O (%) the convergence becomes

k) = (1 - C) sl (4.20)

Hsxs) ¢

This contribution, called Doppler magnification, has been derived in [15] for the first time
and studied in detail in [46, 47]. Since it is directly sensitive to the galaxy peculiar velocity,
it provides an alternative way of measuring velocities, independently from redshift-space
distortions, and to test theories of modified gravity [55]. In the PF formalism, this term is
the dominant contribution to the convergence. As shown in [46, 47] this is effectively the case
at low redshift z < 0.5. At high redshift however, the order O (c%) derived below dominates
over the Doppler magnification, because the deviations generated by QW accumulate along
the photon trajectory, whereas the peculiar velocity decreases with redshift. Nevertheless,
the Doppler term is still measurable in this regime due to its dipole around overdensities [47].
At order O (c%) the convergence is given by

1 Xs — v - 2 Xs
kP = = [— / XXX paw — Vivs + " / dxWy
0 0

XXS
c XS 14 c ,
+ <7‘[SXS — 1) (UNS — 2/0 dXWNp + 5’1)5' — 7_[51}5”1}5”>
B O B B (4.21)
Msxs 2Hixs) °l

The first term in (4.21) is the standard Newtonian contribution to the convergence. Since it
contains two transverse derivatives, it dominates over the other terms when one correlates
galaxies at small separations. This term is the only one which changes the apparent size of
galaxies through a real focusing of the light beam. The other two terms in the first line modify
the length of the geodesic between the source and the observer, and consequently they change
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the apparent size of galaxies. The terms in the second and third line are due to the fact that
we observe the size of galaxies as a function of redshift, which is a perturbed quantity. In
particular, the first term in the second line is the contribution from gravitational redshift
and the second one is the integrated Sachs-Wolfe contribution. The terms proportional to
peculiar velocities in the second and third lines are second-order Doppler contributions. These
contributions are sensitive not only to the radial part of the peculiar velocity vg but also
to its transverse part since v% = v?g” + v% |- Note that one contribution depends also on the
time derivative of the peculiar velocity vg”, which contributes to the redshift perturbation at
second-order, see eq. (3.68).
The convergence at order O (C%) is given by
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As for the reduced shear, at this order the convergence contains two types of contributions.
First, contributions from the vector potential B}V. The dominant contribution at small scales
is given by the first term, which contains two transverse derivatives, and is equivalent to the
shear contribution in eq. (4.16). In addition, since the convergence is a spin-0 field it contains
contributions from the spin-1 and -1 part of Bk, on which the transverse operators 9 and /]
act once. The second type of contributions to the convergence are due to the coupling between
the first order Doppler contribution and the convergence at second order. The spin-1 and
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-1 contributions jvg and _jvg, respectively, stem from the decomposition of the peculiar
velocity field vfg into vg = vg“ + %,wsei + %wsei_ and occur when the vector field qu is
coupled with the derivative of the scalar potential Wy. Finally, the convergence contains also
a pure Doppler contribution, proportional to the velocity cubed, in the last line of (4.22).
The expression for the convergence at order O (C%) is grouped into various terms accord-
ing to the potentials or their couplings plus various contributions from redshift perturbations:

,{(4) :H(P) + ,{(UW) + K(VV) + K(VW) + K(WW) + ﬁ(h) + ,{(52’) + ,{(U) + H(UQ) + H(U4). (4_23)

The superscripts (UW), (VW), (VV), and (WW) refer to the couplings of the Newtonian

potentials Uy, Vy, and Wy, whereas the superscript (P) denotes the contributions of the

post-Friedmann potentials Up, Vp, and Wp. The last four terms in eq. (4.23) with the

superscripts (0z), (v), (v?), and (v*) refer to the terms that are introduced via the redshift

perturbations in eq. (3.73). In particular (dz) regroups all redshift perturbations not due to

peculiar velocity, whereas the other terms regroup the velocity terms at each relevant order.
The first contribution of eq. (4.23) reads

2 Xs 2 Xs — v _
k) = 3 </ dx—Wp —Vp —/ dXXS XﬁﬁWP> ) (4.24)
c 0 XS 0 XSX

and is of purely relativistic origin. Note that ") takes on the same form as £ in eq. (4.21)
with the relativistic potentials 2Vp and 2Wp replacing the Newtonian potentials Vi and Wy
The terms derived from the redshift perturbations in x(2) have their relativistic analogue
in k02),

The next contributions k(") k(
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and
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The tensor potential h;; contributes to the convergence in the following way:

A4

11 Xs 1 -
"f(h) = 4 [hTT (XS) - /0 dX* (/@—lhr +ﬁ1hr - hrr) +

XS
+ / dx ASX (ﬁahrr thr,O)
0 XSsX

(4.28)

(4.29)

Finally, the redshift perturbations are split into four different groups: the first group is
denoted by x(%%) and refers to the redshift perturbations independent of the peculiar velocity,
while the other groups s, /{(”2), and k") refer to the terms dependent on the peculiar
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velocity.
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The convergence at second-order in standard perturbation theory has been computed
in [56]. We expect some of the terms in our formalism to be equivalent to the SPT result,
while others will be different, due to the different counting of perturbations.

4.4 The rotation w

The rotation w is related to the imaginary part of the spin-0 component oD via eq. (3.17),
which is proportional to the anti-symmetric part of Dy, see eq. (3.15). From egs. (3.43),
(3.45), (3.70), (3.71) and (3.72) we see that up to order O (%), Dy is symmetric and that
there is therefore no rotation at those orders. At order (9( 4) on the other hand, there is

a anti-symmetric contribution generated by the coupling R((IC) g) in eq. (3.47). We obtain

(see appendix C for more detail)

1 Xs 1 X X — X/ _
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Xsc™ Jo X 0 X

_ X —
— PWy /O dX'XX,X@?WN>. (4.34)

We see that the only terms that contribute to the rotation at order O (C%) are the lens-lens
coupling and the post-Born correction, i.e. the terms with four transverse derivatives, which
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dominate at small scales. The rotation contributes in principle to the ellipticity orientation,
as discussed in [16]. However, since the shear is at least of order O (C%) and the rotation is
of order O (C%), the contribution to the ellipticity is of order O (C%) This represents a very
small contribution to the ellipticity B-mode.

4.5 Kaiser-Squires relation

The shear and the convergence are usually assumed to obey the Kaiser-Squires relation [57],
given by

(1?) = (7). (4.35)

This relation can be related to the fact that at small scales the standard contribution to the
shear (4.14) and to the convergence (first term in (4.21)) obey

Py = P (4.36)

This relation is violated by a number of different terms. First, at order O (%), the Doppler
magnification (4.20) breaks this relation. As pointed out in [15], this could provide an
alternative way of measuring the peculiar velocity, by combining the measured shear with
the measured convergence in order to isolate the Doppler contribution. At order O (C%), the
relativistic effects in the convergence, as well as the redshift contributions to the convergence
also violate this relation. At order O (C%), the vector potential has one term which satisfies
the Kaiser-Squires relation, and other terms which violate it. Finally, at order O (C%) a large
number of terms break this relation as well.

The dominant source of violation among all these terms will depend on the range of
redshift, the scales considered and the size of the redshift bins. For example, at small redshifts
and for thin redshift bins the Doppler magnification will probably be the dominant source of
violation. On the other hand, if the shear and convergence are averaged over large redshift
bins, the Doppler contribution (as well as all contributions at the source) will quickly become
negligible and other effects will come into play. In particular, in this regime the Shapiro time
delay, which contributes to the convergence (last term in the first line of eq. (4.21)) but not to
the shear at order O (C%), will become relevant. In addition, the vector potential contributes
to the convergence through an integral along the line-of-sight (first two terms in eq. (4.22)) in
a different way than to the shear and therefore this violation will survive in the case of thick
redshift bins. In a future work, we will calculate in detail the amount of violation induced
by the Shapiro time delay and the vector potential to determine which one dominates and if
the violation is large enough to be detected. We expect the Shapiro time delay to dominate
at large scales, and the vector potential at small scales.

5 Conclusion

Weak gravitational lensing is becoming a powerful tool to map the Universe. It provides
a thorough insight into the distribution of matter, including dark matter, and will help us
constrain dark energy and modified gravity. Most of the weak lensing analyses use standard
perturbation theory to describe correlations on large scales, where the perturbations are
expected to be small, and non-linear prescriptions on small scales. However, weak lensing
is a gravitational effect which mixes large and small scales by integrating inhomogeneities
along the line of sight. Furthermore, future surveys will cover wide parts of the sky and
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deliver high-precision data both at small non-linear scales, and at large cosmological scales,
where relativistic effects become relevant. Hence a careful analysis of weak lensing requires
a formalism able to model at the same time relativistic effects and effects at small scales
arising from the fully non-linear matter distribution.

In this paper we computed the convergence k, the reduced shear g, and the rotation w
up to order O (C%l) in the Post-Friedmann formalism. Our results provide a systematic and
consistent description of weak lensing observables, including scalar, vector and tensor modes
as well as galaxies’ peculiar velocities.

At lowest order in the PF expansion, O (%), the only non-vanishing observable is the
convergence. It is affected by peculiar velocities, which modify the apparent distance between
the source and the observer, and consequently the apparent galaxy size. This effect, called
Doppler magnification [15, 46, 47], dominates at redshift z < 0.5 and can be used along
redshift-space distortions to test modifications of gravity [55].

At order O (C%), we recovered the standard Newtonian expression for the reduced shear
at linear order in perturbation theory, expressed in terms of two transverse derivative opera-
tors on the sphere [58]. The convergence at order O (c%) on the other hand contains various
contributions. First, there is the standard Newtonian expression, with two transverse deriva-
tives, similar to the one for the shear. Then we found a Sachs-Wolfe contribution and a
Shapiro time delay contribution, which modify the length of the geodesics, and consequently
the apparent size of galaxies. These terms agree with the expression at linear order in pertur-
bation theory [15, 16]. Finally, the convergence contains also redshift perturbations, which
modify the apparent distance between the source and the observer. In the PF formalism,
the square of the velocity contributes at order O (C%) Hence, contrary to standard PT,
the convergence at this order is sensitive to the transverse part of the peculiar velocity v,
through the transverse Doppler effect.

At order O (C%), we obtained a contribution from the vector potential BY;. This effect
contributes both to the reduced shear and to the convergence. A quick comparison between
the vector contribution and the scalar contribution based on results from numerical simula-
tions [20, 21] seems to indicate that the contribution from the vector potential is just below
the precision on shear measurements required to measure cosmological parameters with 1%
precision. A full computation of the impact of this effect on the shear correlation function is
therefore necessary to assess its importance for future surveys.

Finally at order O (C%), we found a host of couplings contributing to gravitational lensing
observables. First, the lens-lens coupling and the post-Born corrections affect the reduced
shear, the convergence, and also the rotation. These terms contain four transverse derivatives
of the gravitational potentials and dominate therefore at small scales. Then, both the reduced
shear and the convergence are affected by various relativistic couplings. Our expression for
the relativistic couplings in the reduced shear agrees with the result obtained at second-
order in PT [16]. The convergence at second-order in PT has been computed in [56]. A
full comparison of the results is beyond the scope of this paper, due to the complexity of
the expressions. In addition, due to the difference between perturbation theory and the
PF framework, the reduced shear contains Doppler contributions at order (v/c)?, and the
convergence at order (v/c)* that are not present at second-order in PT.

We then used our expressions for the reduced shear and the convergence to identify
violations to the Kaiser-Squires relation. In the case of thin redshift bins, the dominant
contribution which violates this relation is the Doppler magnification at order O (%) [15].
With thick redshift bins however, this contribution (along with all contributions at the source)
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becomes negligible and we are left with a contribution from the Shapiro time delay, which will
dominate at large scales, and a contribution from the gravito-magnetic frame-dragging vector
field, which we expect to dominate at small scales. In a future work we will investigate how
this could be used to detect the contribution from the vector potential in weak gravitational
lensing analyses.

To conclude, let us mention that our framework does not rely on General Relativity and
that it is valid for any metric theory of gravity where light propagates on null geodesics. As
such the relativistic and non-linear effects calculated in this work can in principle be used to
test the theory of gravity.
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A Derivation of ’Dl(;é)

The Jacobi mapping D((;é) is the solution of the following differential equation

o (LAY (1N d e
dy2 b kO dy @ kO dy dy

) @) ) @
+ (WR(;:) X(Scb + ((k0)2R5> 'Dg?)) (Al)

In this section, we will derive the expressions for each term and subsequently combine them.
The first term in eq. (A.1) reads

1d \W d 1 Bl 1 1 dhij--
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The second term in (A.1) becomes
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The third term in (A.1) is given by
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The last term in (A.1) yields
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Next, we expand Sup (2)er) = Sap(") + 627 - 6 (Sap) j ‘x Considering the definition of the
function S,p in (3.47), we see that we obtain two additional terms
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We substitute (A.2)-(A.5) into (A.1) and add the terms (A.7) and (A.8). Furthermore, we

(4)

perform the integrals to obtain an expression for Dai . For clarity, we split D’ into two

(4)

parts, the first referring to the terms of D" involving the delta function 6., and the second

part referring to the terms with ﬁfzﬁiz
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B Redshift perturbations

In this section we will compute the different orders of dzg, dF, as well as ¢ f using
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and
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Note that the prime denotes the derivative w.r.t. the parameter y. However, we define

H = a(n)/a(n) using the derivative w.r.t. the conformal time 7. Since % = —%d%, every H

comes with a factor (—7) This factor ¢ does not change the order of the expression because
it only appears due to the convention we choose for H.

Using (B.5)—(B.21), we obtain for dzg up to order O (%4) the following;:
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From eq. (3.12) we see that to calculate Dy, up to order O (C%) we need the first
derivative of Dy, up to order O (c%), the second derivative up to order O (c%) and the third
and fourth derivatives for the background Dy only.
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The expression for the Jacobi mapping Dgy(zs) in terms of the redshift zg in (3.12) reads for
the orders O (%)—O (C%)
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Due to the length of the full expression of Dgy(zg) in (B.36) we list the different terms in
this section of the appendix:
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HS dXS dxs

ose (14 Hse) Uns—2 [ dxWyot -
_’HS S” +7_[2 _H US|| NS— 0 X N0+2U5 US”+H 1}5”1}5”
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4 =2 @ _ ¢ Xs 1 xs k!
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dV; ki Xs
— Vg +xs —22 2 [WNS"‘ dXWN,iTO} Uns—2 dxWn o+
xXsHts dxs 0 k 0

1
+2US US||+H US||US||:|
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M™% 14+25 | xs
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~ xsHs .
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pE b(25)0zg 02 L VsHE  Hsxs - dxBrio +
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Xs 1 1
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. d3 _ o " 9 xS 11c 7‘[” 3 37_[/203
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(B.44)

C The spin-0 and spin-2 fields (D and ,D:

Previously we noted that the J acobi mapping does not depend on the normalisation of k*,
since it only depends on the ratlo . Hence, for the following sections we choose to normalise
k* such that k0 = kaJ(SZ] =1.

We begin with the spin-2 field o D. Using (4.2), 9D reads up to order O (%4) the following

) 1 1 [xs

2D (25) =25 [ dx X8 = Xy, (C.1)
- 1 1 Xs _ d
DB _ 1L / XS —X | @ B 2Br

D0 (e5) = - L { [T ) + 2|+

Xs _
—21}5”/0 dXXSX XﬁQWN—F

2c Xs1 o
+—vg dx—pP“Wn ¢, and (C.2)
Hs 0 X

DW (zg) = L 1/1 h( )+/X5d —4W, /Xlﬁzwflur
2 S T+ 1 2XS2 XS ; X N Y Nax

—4>1<@2 (WN /0 ) WNdx’ﬂ + /0 v dx(xs — X) [2>1<@2 (2Wp + WR) +

Lo 1 2 XXX
0

— 44 —



P (ﬁBWN / “ X _,X/ﬁWN> +
X 0 X

4 X oox—x 1 X 9 /
+ 72ﬁWN dX ; ,@WN — 47WN ﬁ WNdX +
X 0 X 0
1 X 1
+ 4;ﬁ2 <WN,0/ WNdX,> + 7/82}““7“ + Xiﬁlhr+
0
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Hs Jo X 0 X
9 XSd W 1 2 2 c
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CUS” Xs 1

dx— [di (x?1 B™) +ﬁ235~v] +

Hs Jo X
H'e
—US/ ClX ﬁW /H<3+2/H2>+
2
XS SH

with Wy, = W ;k* and using (D.27)7(D.29) for
e+e+4n nTCWNw/ / dx'dx" X" W rj =
— 4 s T STW‘ X X/d/d/I//W i
€+€+ 5 (€+€7 +67€+) N.,is o Jo X ax X WNrj
1 X x 1.
=2—P*Wx dx'dx" | —P@PWn +2Wn, | +
X2 o Jo X" ’
1 2 X X / " 1 2
+2| 5PPWN + —Wh, dx dx"—; "Wy
X X 0 Jo X
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i X 1Tm 49 8 2o X '
e AW N i / Wd'F™ = (= 292Wi, + —9*Wy / Widx
0 X X 0
and
o x X -
e el XAWN ijm / / (ijm — Wi k™ ) Ay dy =
o Jo
i J 1 m.n m _n XX "3l
= 6+€+X4WN,ijm§ (6+ e +e’ €+) o W ndx" dx

2 3 X X N/ 12
=+59"Wy dx dx"—;PWn+
X 0o Jo X

2 8 4 oo
+ | P9PWN + —PWN, — 5IWN dx'dx" — Wy
X X X 0 Jo X

The last six lines in (C.3) are contributions from the redshift perturbations.
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The spin-0 field 075 is obtained by e‘ieiﬁab. The real and imaginary part of oﬁ is
related to the convergence and rotation, respectively. The combination of e¢ and e’ neither
lowers nor raises the spin s and thus results in a spin-0 expression. We rearrange e‘ie’iDab to

. 1 . 1 .
e el Dy = 3 (eieb, + eciei) D;; + 3 (e‘iei - eiel’,) Dab (C.7)
=R (025) + i (0{)) = OﬁR + 0151 (08)

and split the expression into its real and imaginary part. First, we compute the real part
oDr and obtain for the background and up to order O (C%)

1

Dr (z5) = 2 ‘
0&R (ZS) 29+ 1 XS (C 9)
= (1) 1 1 c
5 _ 1, . C.10
0Dy’ (25) S 1cXs (’sts )”S ( )
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0 X 2 2

c XSd B
- <HS _XS>/0 XDNr0
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XS XS
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Hs 2 0 X 2 0 X
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S\ T 90 T eHE T 2ns
1

+ © R (e +iv’ v +
Hs ) H I 2% T g SIS

. c , ¢ o C.12
~ G TS g tsivsts T\ g T XS ) gz Vs si ( o

(4)
R

vg| §Us+

/
Vs F

As at order O (C%) the expression for ¢Dy is very long, we split it into nine parts:

Oﬁg) _ O@EP) + Obl(ng) + Oﬁ%UW) + 0ZSI(DLWW) + Obgl)‘i‘

+0'Dgz) —l—oﬁl({)) —i—oﬁgQ) +075§)4) (C.13)

where the superscripts (UW), (VW), and (WW) refer to the respective couplings and the

superscripts (P) to terms involving the quantities Up, Vp, and Wp. The superscript (h)

denotes terms with the tensor potential h;;. The contributions of the redshift perturbations

are split into two categories, which read oﬁg %) and 0751({} ). The superscripts (v), (v?), and (v?)

refer to terms with the peculiar velocity vg or its projection along the line of sight vg|, while

the superscript (dz) denotes all terms stemming from redshift perturbations independent of
the peculiar velocity vg.

We begin with 0751(353). Note that due to the form of the metric (2.2)-(2.5), the contribu-

tions of the potentials Vp and Wp in of)g ) will be of the same form as the potentials Vi and

Wy in Of?g ) in (C.11) without redshift perturbations. The terms with Up and Wp, which
are derived from the redshift perturbations in (3.73), will appear in the part (ﬂsgz).
- 1 Xs v
Dp = — | xs4Vp — / dy (8Wp — 425 " Xaaw, | . (C.14)
zg+1c 0 X
. 1 1 [xs X
ODI(;{UW) =—= / dx8 |UnsWy — UnWn — UN,()/ dxX' W+
zs+1c Lo 0
d
+(xs — x) (UN,OWN - WNdXUN>] + (C.15)

Xs 1 X -
—4/ dxﬁUN/ dx' (x — xX') —PWn+
0 X 0 X
Xs 1. X N1
4 / dx L pUy / ax (x — X') ~pWy+
0 X 0 X
Xs 1 X ,1 _
+4 dx(xs — x)—PUn / dx'—PWn+
0 X 0 X

+4 /OXS dx(xs — X)iﬁUN /OX dX,iﬁWN} : (C.16)
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For Oﬁ]E{VV) and of)gw), we obtain

~vv)y 1 X5 .9 xS i d 2
oPr "=+ 2VN5—4/0 dx(xs — x)x <dXVN>

A (C.17)

and

< (VW) T 1 xS d d
oD = 2— dx | —2VNsWn—=2XWN—VNs+2XVNsoWN+2XWN—VN+
zs+1 ¢ 0 dx dx

X 1 - _ X 1
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0 0
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1- _ 1 1-_ _ 1
‘l‘aVN;@WN +f3VN;@WN +QVNS;@WN "‘aVNS;@WN‘F
1.
+VNSX(MWN—VNSWN,0] } . (C.18)

respectively. The next two terms contain the couplings of the lensing potentials Wy — Wy
as well as h;;:

~ 11 ( [Xs X
ODI()LWW) = — {/ dx |:—8W]%[ +8WnsWn — 16WN,O/ dx'Wn +
zs+1c 0 0

24 X —' = 24 _ X -
+ 2wy / X Xpwy + Zpwy / XX gyt (C.19)
X 0 X X 0 X

4 X ) _ X o
Ay / i X=X Gawy + 49pWy / a Wy XX
X 0 X 0 XX
X1 ;o X1
AWy / Lopwndx' — 499 (W / L Wy (C.20)
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1 X oox—x X
+ 25 DOWy / o powy 4 L aowy / ax' W+
0 0

4 _
Ly / i X=X gy + 4 WN / i LW+
X 0 X' 0 X

4 X X=X 4 = X
+ Lo / i MWNWMWN,O / W+
0 0

X
2 X —x 2 )72 x =X '
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and

= (h) 1 1 XS 1 /XS Xs _
Dy’ = — < —"Zhp + = dx== (D_1h + D1hy — hpr) +
0LR Zs+ 1A { 9 (XS) 2 Jo X X ( 1 1 )

+ /OXS dx(xs — X)21X (ﬁahw - thr,o)} . (C.22)

The contributions to D™ from the redshift perturbations are divided into of)l(fz), 0751({) ),
~ (02 ~ (24 ~
ng ), and ODS ), where ODgz) denotes the perturbations independent of the peculiar ve-

~ ~ (12 ~ (4
locity and ODS ), ODS ), and ODS ) refer to the terms involving the peculiar velocity at
different powers:
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Now we compute the imaginary part 0251 of ij. Note that 0751 comprises only terms off
the diagonal of the Jacobi mapping ﬁab and therefore only consists of terms involving 7’ _i
At both order O (C%) and order O ( ) the Jacobi mapping D, is symmetric in the indices
a and b. Consequently, using (D. 27) and (D.35) the rotation w vanishes at these orders.

At order O (c%) the only term that contributes to 0751(4) stems from the product of the

second order contracted Riemann with the second order Jacobi mapping R(Qa)bD(b2 C) Note
4)

that all contributions from the redshift perturbations in f)ab in (3.73) are symmetric and
consequently do not contribute to the rotation w.

8 11 Xs 1
DY = /0 dx(xs = X)3 (6“ e —efel ) 4™ W as / / dx'dx"xX" Wi

cAzg+1
1 Xs _ X
_ / X5 (,9 Wi / XX gt
zs+ 1 Jo X2 0 X
X _
Wy /0 dy' % X,X ﬁZWN) . (C.27)

D Spin operators

D.1 Real and imaginary contributions using spherical spin operators

n (3.17) and (3.18), the convergence x, the shear 7, and the rotation w have been defined
via the real and imaginary part of ¢D and 9D. In this section, we examine the derivatives
# and @, and its application on scalars, vectors, and tensors in order to understand which
contributions of ¢D and 9D are real or complex. We start with various combinations of the
derivatives applied on the scalar functions X and Y:

@ﬁX:<8g—str198¢+cot9>< > (ag+cot9+ 93¢> (D.1)
—ApsX €R (D.2)

aXaX = (89+Sifl6’a¢> <89—8¢>
) eR (D.4)

(D.3)

PXPY +QY )X =2 (

PPX = <ag+_lea¢—cot 9) (ag+,lga¢> X (D.5)
1
= _Slneag < m98 > 98¢3¢—|—Z2 84589} XeC (D.6)
—_ 7 )
o .
= _@89 (sinf0y) — 6¢8¢ 98¢89:| XeC (D.8)

PXPY =0pX0pY —

(DX 0,Y +0,Y 9, X) € C (D.9)

We will find combinations like (D.1)—(D.4) in the expression for gﬁg) and oﬁg) in (C.11)
and (C.13), respectively. In sections 3 we discuss the physical interpretations of the real
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and the imaginary part of 025 and 215. While Re [275] and Im [275] are both related to the
shear (3.18), Re [075] and Im [075] are proportional to the convergence x and rotation w (3.17),
respectively.

Next we discuss the slashed derivatives applied to vectors. In (D®) (C.12) and
»D®) (C.2) we find the following combinations:

alB-_—-<&y—'108@+{Dt9>(B9+iB¢) (D.10)
1 . 1
[sm 0p ( 51n939)—|—98¢B¢] +1 [ Smeag (81n93¢)+sim98¢39] eC
(D.11)
A 1B=— <89+8¢+C0t9> (Bp—iBy) (D.12)
1
|:Sln9a6 51n939)—|—93¢3¢] +1 |:Sln08 (SIDGB¢) :| eC
(D.13)
_ 1
P/ B+@P 1B=-2 (69B9+Sin€6¢3¢> cR (D.14)
NhB=— (89+Si208¢—00t0> (Bp+iBy) (D.15)
= — |:S1n989 < 9B9> bln98¢B¢:| —1 [Slneag ( GBd)) +8¢BQ] eC
(D.16)

There are slashed derivatives of the tensor potential in both ¢D (C.13) and D (C.3).
However, the combinations only involve h,,, which is a scalar function of spin-0 like X and Y
n (D.1)-(D.9), and 41h,,” which is a spin-41 function such as 41 B in (D.10)~(D.16). Thus,
we can use the above relations to compute the real and imaginary part.

D.2 Useful relations

In this subsection, we list useful relatlons using the spin-weighted formalism. First we look

at derivatives of the basis vectors e, , e' , and el
1.
ek = geﬂr (D.17)
dﬂ:ld (D.18)
’ X
o 1 .
el el , = —cot O, (D.19)
’ X
o 1 A
e’ el .= —cotfel (D.20)
’ X
ehel .= —lcot fel. — zEj (D.21)
ERL X + X
o 1
eielel = 2 cot fe’}’ (D.22)

" ih, expressed in terms of spherical coordinates yields 4+1h, = hy¢ £th,¢ analogously to +1B = By £iB.
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For the scalar function X we find the following relations useful:

eel X = 2;92)( (D.23)
Xy = —X, 4 — DX D.24
et ,w——?@ m*'?@ (D.24)
. 1. 1 -
eZ_k:JX,ij = —*ﬁXﬂn + TﬁX (D25)
X X
o 1 -
el X=X (D.26)
X
o o 1 - 2
ele! X;i=e e X = 2 DX + ;Xﬂ« (D.27)
S 1 2
e e k"X jjm = ?@QX,T — ?WX (D.28)
o o 1 - 4 2
el e X jim = el el e X i = —?ﬁﬁﬁX - ?ﬁXﬂa + ?ﬁX (D.29)
o o 1., - 4 _ 2 -
et el el X jim =c el el X i = —;ﬁﬁﬁX — ?ﬁXﬂq + ?ﬁX (D.30)
Lo C o 1 - 2 - 1 2
63'_6‘7_kaij = ez_ei_k;mXﬂ-jm = 72@@)(’7. — 7@&){ — 272X77- + 7X,TT (D31)
X X X X
i §om 1 20 4 - 4 -
ehel e X jjm = ——=P0" X — 50X, + —5PX (D.32)
X X X
o 1 - 4 4
e el el X ijm = _73;9,92)( — 7@)@ + ?ﬁX (D.33)
» 1
X'X;= (k:zk:j + 2e+e + 26_6+> XX
1 _
=X, X,+ ?ﬁXﬁX. (D.34)

Let Y? be a vector field. We can express Y* in terms of the basis {l_fi,eﬁr,e"_} as V! =
Y, kb + %_1Y63r + %1Yei_. Then, the following relations can be found:

e B0y = = (BOYs + 2+ 1Y +P1Y —2%)) (D.35)
et 6+EJ = —i@lY + ;QY,« (D.36)
el Y= )1(;9 Y+ 2Y (D.37)
e+e+Y” = —ii?lY (D.38)

eieil%mYm,ij = Xl2ﬁer (D.39)

1. . 1. .
Yiy; (k;zk;ﬂ 2616]_4-26161_) Y;Y;

= Y}Yvr + 71Y1Y (D.40)
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For a tensor field Z;;, which can be expressed as 74 = Z,. [Ei/%j — i (eiej, + ei_eiﬂ +

_1ZT% (eil%j + fc’éﬂ) + 1Z,«% (ei_lz:j + l_ﬂiej,) + %_QZeiei + igZei_ej the following relations

hold:
eileZij = QZ (D.41)
el Zij=—Zpn, (D.42)
- 1 1
eieﬂrkaimJ == ——ﬁer - *QZ (D43)
X X
i, J m 15 3
6_,_6_/? Zim,j = ——;/91Z,, + —Zpr (D.44)
X X
i J m 1 3
6’_€+k‘ Zz’m,j = —*@1ZT + —Zpr (D.45)
X X
i J mun 1 2 1 2
6+6+k5 k Zmn,z’j = 7@ er + 4—2@er + 7222 (D46)
X X X
i J miun 2 1,2 2 2
e el K"K" Zipngj = ? iﬁﬁ —x0r — 3| Zpr + ? (ﬁ_er —|—ﬁ1ZT) . (D.47)
Let ,T be a function of spin s. The operators @ and @ obey the following commutation
rule
(PP — PP), T = 2s,T. (D.48)
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