ournal of €osmology and Astroparticle Physics

An IOP and SISSA journal

Nonlinear stability of Minkowski
spacetime in nonlocal gravity

Fabio Briscese®’¢ and Leonardo Modesto’

®Academy for Advanced Interdisciplinary Studies,
Southern University of Science and Technology,
1088 Xueyuan Avenue, Shenzhen 518055, P.R. China
®Department of Physics, Southern University of Science and Technology,
1088 Xueyuan Avenue, Shenzhen 518055, P.R. China
“Istituto Nazionale di Alta Matematica Francesco Severi,
Gruppo Nazionale di Fisica Matematica, Citta Universitaria,
P.le A. Moro 5, 00185 Rome, Italy

E-mail: briscesef@sustech.edu.cn, Imodesto@sustech.edu.cn

Received December 30, 2018
Revised June 2, 2019
Accepted June 24, 2019
Published July 4, 2019

Abstract. We prove that the Minkowski spacetime is stable at nonlinear level and to all per-
turbative orders in the gravitational perturbation in a general class of nonlocal gravitational
theories that are unitary and finite at quantum level.

Keywords: gravity, modified gravity, transplanckian physics, gravitational waves / theory

ArXiv ePrint: 1811.05117

© 2019 IOP Publishing Ltd and Sissa Medialab https://doi.org/10.1088/1475-7516/2019,/07,/009


mailto:briscesef@sustech.edu.cn
mailto:lmodesto@sustech.edu.cn
https://arxiv.org/abs/1811.05117
https://doi.org/10.1088/1475-7516/2019/07/009

A class of nonlocal generalizations of the Einstein-Hilbert theory for gravity has been pro-
posed and extensively studied in the last years [1-7], see [8] for review. A nonlocal gravi-
tational model have been proposed for the first time by Krasnikov in 1988 and studied by
Kuz’'min in 1989 [9]. More recently, it has been proved that nonlocal gravity (NLG) is finite in
odd dimension, while a slightly modification of the theory turns out to be finite in even dimen-
sion too [1-3, 8]. The unitarity issue in nonlocal field theory has been addressed in [10] where
it has been proved that perturbative unitarity is preserved at any order in the loop expansion.

At classical level, all the solutions of Einstein’s gravity in vacuum are solutions of NLG
too [11]. Moreover, it has been shown that a Ricci flat spacetime is stable under linear
perturbations if it is stable in Einstein’s gravity [12, 13] (see also [14]). Therefore, based on
the Wheeler-Regge result, it turns out that the Schwarzschild spacetime is stable in NLG at
linear level.

In the context of Einstein’s gravity, the global stability of the Minkowski spacetime
has been established long time ago [15, 16], see also [17, 18]. In particular, any Strongly
Asymptotically Flat (SAF) initial data set satisfying a Global Smallness Assumption (GSA)
evolves in a smooth, geodesically complete and asymptotically flat solution of vacuum Ein-
stein’s equations; see the appendix A for a definition of the SAF condition and the GSA, and
a discussion of the stability theorem of Minkowski spacetime in general relativity. Therefore,
the SAF condition and the GSA define the class of small perturbations under which the
Minkowski metric is stable. In this paper we show that this theorem is still valid in NLG.

We consider the following minimal nonlocal action for the gravitational field,

Sy = —;% / &2y ~g[R+ Gy (D)R™ + V(R)] . (1)

where R, R, and G, are the Ricci scalar, Ricci curvature and the Einstein tensor respec-
tively. Moreover, V(R) is a generalized potential at least cubic in the Ricci and/or Einstein’s
tensor, while R stays for scalar, Ricci or Riemann curvatures, and derivatives thereof. Finally,
the form factor () depends on the non locality scale £ = /o and is defined by
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where f(z) is an entire analytic function without zeros for finite complex z, e.g. f(z) =
exp H(z).
The equations of motion for the action (1) have been derived in [19] and read!

Euw=040v0) G+ (90VaV5 — 9auVsV0) 7 (0) G 4+ Qo (Ric) = 87GNTow , (3)

where T, = —(2/v/=9)0Sm/0g, is the matter stress-energy tensor. Moreover, Q2(Ric) is
a sum of local and nonlocal analytic terms at least quadratic in the Ricci tensor and/or the
Ricci scalar [19], e.g.

o ((00)" Rya) ((60)™" B%,)) or  0® ((00)" Ryua) ((6D)™ R%) ((00)' R), (4)

for integer n, m, [ (the label 2 stays exactly for at least quadratic in the Ricci tensor). How-
ever, regardless of the explicit form of Q2(Ric), in what follows it will be only relevant that

!"We signal an imprecision in eq. (A.22) in [19], which is valid only for the Minkowski metric, while (A.19-
A.20) are valid in general.



Q2(Ric) is at least quadratic in Ric, which implies the following perturbative expansion:
Q2 (Ric) = O(€") if Ric = O(€") for € < 1.

Since we are interested in the stability of Minkowski spacetime in vacuum, hereafter we
set 1, = 0. We start our analysis considering small perturbations of the Minkowski metric,
ie.,

G = Nuv + €Ay, with lehu| <1 (5)

where 7, is the Minkowski metric and ¢ < 1 is a small dimensionless parameter. We
then proceed to determine the vacuum solutions of (3) perturbatively. We will show that
equations (3) are verified iff the Einstein’s tensor G, vanish at any perturbative order in
€. Therefore, we conclude that the evolution of small perturbations of Minkowski spacetime
is the same in NLG and in general relativity. This implies that the stability of Minkowski
spacetime against small perturbations is the same in NLG and Einsteins gravity.

In order to obtain the perturbative expansion of the equations of motion (3), we start
expanding in power series in the small parameter e the tensors and tensor operators that
appeared in (3), see [20] for a review. We first expand h,, and then the Einstein’s tensor
G, namely

o [ee]
hyw = Z e”h/(ﬁ,) and G (guw) Z enG (6)
n=0 n=1

(0)

Notice that the leading contribution to the Einstein tensor is of order € because G,y =
Guv(n) = 0. Similarly, we can expand the covariant derivative as

Vo = i V) =9, + i v | (7)
n=0 n=1

0)

where we have shown explicitly only the first term V& = O, since the other terms will not
be needed. Now let us define and expand the following differential operator in (3)

A,uuozﬁ = (guvvocvﬁ - gauvﬁvV) Y (D) = Z nAfw)a,B
n=0
= (mwaaaﬁ nauaﬁa ( ) Z nAEZx@B? (8)

and OO = n°?0,0,. We also define and expand the following differential operator again
present in (3), namely

fleO)=1+0~(0)) = Zenf(”) =14+004 (@) + Zenf(”) = f(eO®) 4+ Ze"f(") ,
n=0 n=1 n=1

9)

From the definitions and expansions (8) and (9) it follows that

00 n—1
A = 3 30 A 0
=0

_ eA(O) G<1>aﬂ e (A0, ;6P 1 AL GIT) g (10)
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and

e’} n—1
O)Gef =Y e 37 pmgr-mead — ¢ fOGMas | (2 <f( )G@ad 4 f(1 G(laﬁ)
n=1 m=0

(11)

Let us consider the operator Q2(Ric) and express it as

Q2(Ric) = > ¢nymy 0 (D™Ric) (D" Ric)
ni,n2=0
+ > Cnimems 0 (D™MRic) (D™Ric) (D™Ric) + ... , (12)

ni,n2,n3=0

where Ric is the Ricci scalar or the Ricci curvature, D is a short notation for some operator,
e. g. D=oclor D =g, cp nyn, are dimensionless parameters, and the dots indicate a sum
of terms of order higher than third in Ric. Note that we have omitted indices in (12). We
can expand D and Ric in powers of € as

D= Z "D Ric = Z "Ric™ | (13)
n=0

n=1

where we have used the fact that Ric(®) () = 0. From eq. (12) it follows that if Ric®) = 0
Vk < n, then one has Ric = O(e"). Moreover, by means of (13) one has D = O(1), so that

Ric® =0 Vk<n = Qu(Ric)~ e, (14)

Finally, the Bianchi identity can be expressed perturbatively by the means of (6) and (7) as

VoG = Z Z VEIGET = 0,6 4 @ (0,601 + VNG 4 O()

(15)
Now we are ready to solve (3) perturbatively. At the lowest order €', eq. (15) gives 9,G1*# =
0, which also implies:

AO GO o (1,020 — 110 030,) 7 (@ O)GVY =0, (16)

where we have used the fact that the operator 4(((®)) commute with the ordinary derivates

Os. Therefore, the operator in (10) is null at order e'. Moreover, since G,(W) =0 1mphes

Ric® = 0 and Ric = O(e), from eq. (14) we see that the term Qo(Ric) is at least of order €2,
hence it does not contribute to the equations at the order e!. In conclusion, in vacuum and
at first perturbative order €', eq. (3) reads

FeOO)Gh) = (1 +OO (D(O))) G =, (17)

(1)

and, since f (D(O)) is invertible, this equations admits the unique solution G, = 0.
The invertibility of f(o(®) is a simple consequence of the fact that f(z) is an entire
analytic function without zeros for finite complex z. In facts, under such hypothesis we can



expand f (JD(D)) in power series of o, so that the Kernel of such operator will be given by
the solutions of the following equation

o0

Fe0)6 =3 e, (00) 0" =0 (18)

n=0

with ¢y # 0. Since (18) is analytic in o, it must vanish at any order, i.e., it must be
(@O)n ¢ = 0, ¥n > 0, which implies that ¢ = 0. Therefore, the operator f(o©) is
invertible because it is linear and its kernel is the zero function. An equivalent proof can be
given using Fourier transforms, writing

4 ~ .
FoT) 6(0) = [ 355 =k ol e (19)

where ¢(k) is the Fourier transform of ¢(z). Since f(z) has no zeros for finite z, one has
f(=ok?) # 0, Vk? < 00, and the equation f(o0®) $(z) = 0 has the only solution dg(k) =0,
that is ¢(x) = 0.

Let us here emphasize the crucial role of the invertibility of the function f(z) in our
result. In order to better understand this point, let us consider a function f(z) with a root
of order ¢ in z = m?, namely

f(UD(O))GE}V) = [i Cn (JD(O))n

n=0

(D(O) . m2)q Gy =0, (20)

v

which has mnon null solutions G/(}l,) #% 0, duo to the solutions of the equation

(D(O) — m2)q G,(}V) = 0. Therefore, if the function f(c1®) would be non invertible, we

would have G,(}V) # 0, and our proof could not be implemented.

The outcome of our analysis of (3) at first perturbative order in e is that G,(},,) must
vanish. Before generalizing this result to any order, let us repeat our analysis at second order
¢2. Using the Bianchi identity together with Gf}l,) = 0 we see that it must be 9,G28 = 0,

which in turn gives
A,l(zou)oz,@G(Z)aﬁ X (nuyaaaﬂ — na,uaﬂay) ’Y(D(O))GQ)O‘B =0. (21)

The above equation, together with G,(}V) = 0, implies that AwagGaﬂ vanishes at second order

in epsilon (see eq. (10)). Moreover, G,(}l,) = 0 implies that Ric™) = 0, indeed from eq. (14) it
also comes that Q2(Ric) ~ €*. Thus, at order €2 eq. (3) reads

F(eDO)G®) — (1 + 00 (D(O))) G2 =0, (22)

which, due to the invertibility of f(oc(®)), implies that GE?,,) =0.

Now it is easy to infer that eq. (3) implies that Ggf,) = 0, Vn > 0. This result can be
proved by induction showing that, if Gfﬁ}) = 0, Ym < n, then, eq. (3) implies G,(X,L,H) = 0.
Indeed, if Ggf,) = 0 the Bianchi identity (15) gives 9,G"*1D*¥ = 0, which implies, by the
means of (10), that A#,,agGaﬁ ~ €"*2. Moreover, since G,(f,?) =0, Vm < n implies Ric(™ = 0,
Vm < n, eq. (14) tells us that Qy(Ric) ~ €21, Finally, using (11) we conclude that at the
order ¢"*! equation (3) turns into f(UD(O))G,(fVH) = 0, which implies G,(ff,H) = 0.



Summarizing, we have proved that eq. (3) implies that, at any perturbative order in the
(n) _

gravitational perturbation, it must be G,/ = 0. This, by means of eq. (6), implies that the
Einstein’s tensor must vanish, namely

oo
G (gur) = Guv(w + ehyy) = > "G = 0. (23)
n=1

Therefore, the stability analysis for the Minkowski spacetime in NLG is exactly the same
then in Einstein’s gravity at all perturbative orders. Notice that the inverse implication is
straightforward, since GG, = 0 implies that (3) is automatically satisfied.

Equation (23) makes evident that the stability of the Minkowski spacetime is the same
in NLG and in Einstein’s gravity. Indeed, the dynamics of small perturbations around
Minkowski is the same (at any perturbative order) in the two theories, which immediately al-
lows us to infer about the evolution of small perturbations in NLG. Therefore, any Strongly
Asymptotically Flat initial data set satisfying a Global Smallness Assumption leads to a
unique smooth, geodesically complete, and asymptotically flat solution of eq. (3) in the vac-
uum, which is in facts a solution of the Einstein’s equations in the vacuum. This is a further
confirmation of the result found in [25] where it was shown that all the n-points tree-level
scattering amplitudes of NLG coincide with those in Einstein’s gravity.

Let us discuss the validity of the perturbative approach used in the derivation of eq. (23).
This is based on the assumption that, the metric and all the tensors constructed with it
can be expanded in the quantity |eh,,| < 1. Therefore we expand in powers of just one
small parameter e, that represents the amplitude of the perturbations of the Minkowski
metric, as expressed by eq. (5). This is a standard assumption — for instance it is the basis
of all the post-Newtonian and post-Minkowskian studies of the gravitational emission by
compact objects, see [21] — and it is well justified by the choice of the class of small initial
perturbations of Minkowski spacetime considered so far.

In facts, the GSA assumption implies that, at the initial time, the metric (5) must
satisfy the condition (6) for a sufficiently small p, that implies that e must be sufficiently
small. Thus, we can take ¢ small enough in order to guarantee that all the series expansions
in € are convergent at the initial time. As a consequence, equation (23) is valid, and we infer
that the evolution of hy,, in NLG is the same as in general relativity. In [17, 18] it has been
shown that, in the harmonic gauge and for asymptotically flat initial data satisfying the global
smallness assumption, the solutions of vacuum Einstein equations converges asymptotically
in time to Minkowski spacetime; and more precisely it has been shown that |h,,| < ¢~ In(t)
converges asymptotically to zero. Using this result, we conclude that all the series expansions
in |€ h,, | are convergent at any time, since they are convergent at the initial time. This proves
the validity of our perturbative scheme.

We emphasize that the condition of strong asymptotic flatness of the initial data is
crucial for the time convergence to zero of the perturbation h,, proved in [17, 18]. In facts,
in [22] it has been shown that, in the harmonic gauge, the collision of two plane gravitational
waves produces a secular divergence of h,, and the break down of the series expansion (5).
However, the occurrence of this secularity is due to the fact that plane waves do not satisfy
the condition of asymptotic spatial flatness because they are not localized in the space but
infinitely extended. We also stress that the initial asymptotic flatness condition implies that
the initial perturbation hy, (to, Z) is confined into a finite volume V of the space, say & € V.
Thus, far from that region V, i.e. for |Z| — oo, one has hy,(to,Z) — 0. On the other



hand, the asymptotic behavior h,, ~ t~11In(t) for large times means that the perturbation
hyw, initially confined in V', will be dinamically spread in all the space, to end up with the
Minkowski metric.

Let us stress again the importance that Q2(Ric) is at least quadratic in Ric in our
derivation of the stability. To clarify this point, let us consider the following EOM:

F(00) G + (9,wVaV 5 — 9apV V) 7 (0) G = 0 R, po RO + .. (24)

which is (3) with the replacement Q2. = —0Ryrpe R’ +. .., so that Q2 is now quadratic
in the Riemann curvature. If we exploit the perturbative expansion of (24) at the first order
in € we find

1) 1 0)Tpo 0 1)Tpo
G =oR) RV + oRQ RV 4 (25)
which implies GE}V) =0 and Rf}l,) = 0, but does not imply RSﬁ) w = 0. At the order € we get
G2 =oRQ RV + oRY) RP™ 4+ oRY RV 4 (26)

which does not imply Gl(fl,) = 0 because of the term RELIT),)URZ(,I)TP 7 # 0. Therefore, if Q2,,, in
eq. (3) is not assumed at least quadratic in the Ricci curvature, with the exclusion of terms
quadratic in the Riemann tensor, one does not get eq. (23), and can not conclude that small
perturbations of the Minkowski metric are stable.

Also note that the outcome of this paper is in agreement with the unitarity of the
theory (1) at quantum level [10]. Once again, unitarity is guaranteed by the invertibility of
the operator f(olJ) in eq. (18), which is crucial for the derivation of eq. (23). Therefore, the
stability of Minkowski spacetime at classical level is strongly related to the unitarity of the
quantum theory.

Finally, we comment on the existence and occurrence of up to six extra degrees of
freedom of the NLG (1), as it has been derived in [23, 24]. This theory can be reformulated
in terms of auxiliary fields, considering the following action

1
Sl :x) = 55 d*zy/—g (27)

. [m 2 G 1 (D) ¢ ~ b 1(D) 9 + RA(D) 0 + 5070 + V(R)|

containing the extra fields ¢,,, and ¢. The EOM for the scalar ¢ and the tensor ¢,, are

08 08
] = = — = v — V- 2
6@ 0 — Y2 G R, 5¢NV 0 — ¢,LL GU’ ( 8)

Notice that the auxiliary fields coincide with the Einstein’s tensor and the Ricci scalar re-
spectively. Furthermore, one has V#¢,, = 0 and ¢ = @i, so that one is left with up to
six extra degrees of freedom. Finally, eliminating the auxiliary fields from (27) we end up
with (1), thus the two actions are equivalent.

It happens that the initial data satisfying the SAF condition and the GSA around
the Minkowski metric set to zero the extra modes ¢,, because the evolution of such initial
data obeys the Einstein’s equations in vacuum (according to the equation (23)), which set
¢ = G = 0. On the other hand, the extra degrees of freedom could arise when considering
more general initial data. However, such initial data will not be small perturbations of the



Minkowski spacetime, because they imply that the corresponding spacetime has a curvature
R = O(£72) at any time (including of course at the initial time), as we will show below.
Since ¢ = /o is the scale of nonlocality, which can be as small as the Planck length, R is
huge, and a spacetime with such a large curvature is not a globally small perturbation of
the Minkowski spacetime. This explains why we do not see the modes ¢, in our stability
analysis. We stress that the existence of classical exact solutions with ¢,, = G, # 0 in the
vacuum, makes evident that NLG is not identical to general relativity.

To explain these claims with more details, let us consider the classical exact solutions
of the theory, and let us recast the exact equations of motion in the vacuum (3) as

Wuuaﬁﬁéoﬁ = *QQ/W (¢) ; (29)

where Ric has been expressed in terms of ¢ using the relation R,, = Gog — gapG/2 =
®aB — 9ap®/2, and the operator W,,qp is defined as

W,uuozﬁ = (1 + D7 (D)) 5;wz 61/5 + (guuvoavﬁ - ga,uvﬁvu) Y (D) . (30)

From the expression (12) of the operator Q2(¢), one easily recognizes that equation (29) has
the form

Wiwagd™ =2 0(¢%), (31)

where, once more, £ is the length scale of nonlocality.

Now two situations can occur: in the first case, which is the one considered in this paper,
one has £? || < 1, so that the r.h.s. of (31) is negligible and one finds that ¢y must be
zero, as we concluded. In other words, the only possibility compatible with the assumption
that the curvature does not exceed certain value, say |R| = |¢| < 1/¢2, at the initial time,
is that curvature tensor must be zero at any time. Therefore, in that case, the equations of
motion (29) coincide with the Einstein’s equations in vacuum, i.e., ¢, = 0.

In the second case, in which ¢2 |¢| > 1, the r.h.s. of (31) cannot be neglected, and one
can have solutions of the equations of motion with ¢,, # 0, so that the extra degrees of
freedom can show up. However, in this case |R| = |¢| = 1/£2, so that the curvature of the
spacetime cannot be arbitrarily small, but it is fixed by the scale of nonlocality. Since ¢ is
very small, one understand that a spacetime with such a large curvature is not a globally
small perturbation of the Minkowski spacetime. Particularly, such a spacetime cannot fulfil
the SAF condition and the GSA around the Minkowski metric at the initial time.

Therefore, choosing the class of small initial perturbations of the Minkowski spacetime
satisfying the SAF condition and the GSA, one a automatically sets to zero the extra de-
grees of freedom of the theory. Such extra degrees of freedom can be excited only on exact
background solutions of nonlocal gravity, that are not solutions of general relativity. In facts,
if a spacetime is solution of Einstein’s equations, it must contain only the graviton. Since,
any initial data satisfying the SAF condition and the GSA evolves according to the vacuum
Finstein’s equations, such class of initial data can excite only the graviton. For the same
reason, background metrics containing the extra degrees of freedom cannot be seeded by
small (in the SAF and GSA sense) perturbations of the Minkowski spacetime.

Our result can be resumed as follows: the NLG (1) is stable under the same class of
initial conditions under which GR is stable too, namely those satisfying the SAF condition
and the GSA around Minkowski spacetime. Furthermore, such initial conditions do not
excite the extra degrees of freedom contained in the theory, and the graviton is the only
propagating mode in the evolution of the initial data. The extra modes ¢, can be nonzero



in the vacuum, but their occurrence implies that the curvature of the spacetime must be very
large R = O(¢~2) at any time, including the initial time. This is why initial states containing
the ¢, modes are not small perturbations of the Minkowski spacetime.

We stress that, since one is left with the two polarizations of general relativity, the evo-
lution of gravitational waves on a Minkowski background in NLG is the same as in Einstein’s
gravity. Thus, NLG is in agreement with the recent observations of gravitational radiation
from binary systems achieved in gravitational interferometers [26, 27].

The results presented in this paper can be extended to more general classes of metrics,
including Ricci flat and (A)dS spacetimes as will be proved elsewhere [28]. So that, such
spacetimes, e.g., (A)dS, will be stable in NLG provided they are stable in GR; for a review
of (A)dS stability in general relativity see [29-33].

A Stability of the Minkowski spacetime in general relativity

In this appendix we recall the notions of Strongly Asymptotically Flat (SAF) condition and
Global Smallness Assumption (GSA) of initial data sets, and the stability theorem for the
Minkowski spacetime in GR, as given in [15, 16].

Let us first consider a foliation of the spacetime Y- depending on a the time parameter 7,
such that D7 is always time-like. Indeed, the spacetime is diffeomorphic to a product manifold
R x ¥, where ¥ is a three dimensional manifold. Such a spacetime can be parameterized by
the points of a slice ¥, by following the integral curves of D7, so that the metric in such
reference frame takes the form

ds® = ¢*(7,€) dr* + x5 (7, €) d&' d&7 . (1)

where x;; is a 3 x 3 Riemannian metric. Moreover, we define the following quantity, corre-
sponding to the extrinsic curvature of the leaves ¥ as

Kij = (20) " Orxij - (2)

An initial data set for the Einstein’s equations is given by a set (X, x, k) corresponding to
initial conditions at some initial time 75. We define the class of initial data satisfying the
SAF condition as follows.

Definition (SAF): we say that the initial data set (X, x, k) satisfies the SAF condition if
there is a coordinate system (51, £ 53) on X, such that, asymptotically for [¢]2 = Y, (fi)2

oo one has
Xij = <1 + J\g) Sij + 04 (5—3/2> ’
Kij = 03 (5_5/2) : (3)

where a function is said to be 0,,(§7™) if 8'f (&) = o (r™"7!) for [¢]? — occ.
In order to express the GSA, we define the following quantity:

Q () :Sup{(d0+1 / Z 22 1 1) | g2
s g =0
l+3
/ Z (d5 + IV!B;|?, (4)
2 =0



where do(§) = d(&o,§) is the Riemannian geodesic distance between & € ¥, and £ € ¥,,.

Moreover, the curvature Rg’) and the covariant derivatives are constructed with the 3-metric
Xij, and Bj; is the symmetric and traceless 2-tensor

1

Bij = €'V} <R§§) - 4XibR(3)> : (5)

Now we can give the following definition (GSA): the metric x;; satisfies the GSA con-
dition if there is a sufficiently small positive parameter p such that

inf < [ 6

goezfoQ(&)) [ (6)

The stability of the Minkowski metric in general relativity GR is established by the
following [15, 16].

Theorem: any SAF initial data set which satisfies the GSA leads to a unique, globally
hyperbolic, maximal, smooth, and geodesically complete solution of the Einstein Vacuum
Equations foliated by a normal, maximal time foliation. Moreover, this development is
globally asymptotically flat.

This theorem in facts means that it exists a pg such that, if the initial data satisfies
the SAF condition and the GSA with u < pg, such initial data have a regular evolution (see
for instance the discussion in [17, 18]). Therefore, the stability of Minkowski spacetime is
inferred proving the existence of such ug, without determining its size. Finally, note that
the GSA (6) for the metric (5) (gu = Muw + €hy) implies that € must be sufficiently small.
Therefore, the stability theorem means that it exists a positive ¢y < 1 such that, if € < €,
the perturbations have a regular evolution.
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