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Abstract. We investigate the relationship between the turnaround radius Rt and the virial
mass Mv of cosmic structures in the context of ΛCDM model and in an f(R) model of
modified gravity — namely, the Hu-Sawicki model. The turnaround radius is the distance
from the center of the cosmic structure to the shell that is detaching from the Hubble flow at
a given time, while the virial mass is defined, for this work, as the mass enclosed within the
volume where the density is 200 times the background density. We employ a new approach
by considering that, on average, gravitationally bound astrophysical systems (e.g., galaxies,
groups and clusters of galaxies) follow, in their innermost region, a Navarro-Frenk-White
density profile, while beyond the virial radius (Rv) the profile is well approximated by the 2-
halo term of the matter correlation function. By combining these two properties together with
the information drawn from solving the spherical collapse for the structures, we are able to
connect two observables that can be readily measured in cosmic structures: the turnaround
radius and the virial mass. In particular, we show that, in ΛCDM, the turnaround mass
at z = 0 is related to the virial mass of that same structure by Mt ' 3.07Mv, while in
terms of the radii we have that Rt ' 3.7Rv (for virial masses of 1013 h−1M�). In the
f(R) model, on the other hand, we have Mt ' 3.43Mv and Rt ' 4.1Rv, for |fR0| = 10−6

and the same mass scale. Therefore, the difference between ΛCDM and f(R) in terms of
these observable relations is of order ∼ 10 − 20% even for a relatively mild strength of the
modification of gravity (|fR0| = 10−6). For the turnaround radius itself we find a difference
of ∼ 9% between the weakly modification in gravity considered in this work (|fR0| = 10−6)
and ΛCDM for a mass of 1013 h−1M�. Once observations allow precisions of this order or
better in measurements of the turnaround Rt, as well as the virial mass Mv (and/or the virial
radius Rv), these quantities will become powerful tests of modified gravity.
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1 Introduction

The unknown cause of the accelerated expansion of the universe, observed now for more
than 20 years [1, 2], is one of the most pressing open issues in cosmology. The standard
explanation introduces a new energy density component called Dark Energy (DE) [3], and
out of the possible types of dark energy, the cosmological constant (Λ) is the simplest choice.
However, even if the ΛCDM model seems consistent with all observations, the small value
of the cosmological constant does not sit well with the rest of physics [4], and this is one
of the motivations to investigate other possible causes for the accelerated expansion. One
of the alternatives is to tweak the standard theory of gravity, General Relativity (GR), and
replace it with some theory of modified gravity (MG) [5]. The question, then, becomes how
to distinguish these theories from ΛCDM.

Here we consider the f(R) class of MG models, specifically the Hu-Sawicki (HS)
model [6, 7]. In this class of models the Ricci scalar R is replaced, in the Einstein-Hilbert
action, by R+ f(R). It has been studied in many contexts, e.g., voids [8], spherical collapse
model [9–13], structure formation [14, 15], the matter power spectrum [16], in the formation
and evolution of stars [17], in clusters of galaxies [18] and in type Ia supernovae [19]. How-
ever, our interest here is in the event of the turnaround, when an overdensity, after expanding
together with the Hubble flow, reaches a maximum size, and subsequently collapses.

The turnaround radius, Rt, defined here as the distance from the center of one such
structure up to the surface of null radial velocity, has been studied as a viable cosmological
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test in, e.g., [20–23]. Recently, [24] also explored the effects of including R2 corrections to
gravity on Rt, claiming deviations of the order of 10% from GR.

Measurements of Rt can be used, in particular, as a test of the ΛCDM model, because

in that scenario the turnaround radius has an upper limit Rt,max =
(

3GM
Λc2

)1/3
[22]. This

new observable is useful for testing the laws gravity on cosmological scales, as data on the
velocity profiles of groups and clusters can be used to compare the turnaround radius with
theoretical predictions [20]. Moreover, the turnaround moment is of particular interest for
tests of MG because it relates to mechanisms taking place in low density regions, where
screening mechanisms are expected to be sub-dominant, or at least to act only in a weak
sense [25]. This perspective has attracted even greater attention after recent claims about
apparent violations of the Rt,max limit [26, 27], and after it was shown that modifications in
the laws of gravity can affect this maximum turnaround radius [28–30].

We should emphasize that these upper bounds for Rt were derived using a definition
of turnaround which employs the null acceleration surface ( r̈|Rt

= 0), whereas the actual
observable is the turnaround radius Rt defined in terms of velocity, ṙ|Rt

= 0. Focusing on Rt
defined in this way, we have studied the properties of turnaround in the context of ΛCDM
and in the HS model [31]. Our results, obtained after some reasonable approximations (see
section 3 and appendix A), show that the density contrast at the turnaround moment, δt,
can decrease by ' 18%, and the turnaround radius can increase by ' 6.4%, at redshift z = 0
for a mass of 1013 h−1M�, with the MG parameter fR0 = 10−6 (these are, respectively, the
optimal scale of mass for comparing Rt measurements [32], and the weakest value of the
modified gravity parameter considered in ref. [31]). We also computed the dependence of
Rt with redshift and with the turnaround mass Mt (the mass within Rt), and showed that
measurements of this observable over a range of mass scales and redshifts could distinguish
the HS model from the ΛCDM model.

However, the relation between Rt and Mt is very difficult to measure — especially
since a direct measurement of Mt seems unattainable. The process of collapse happens shell
by shell: by the time the innermost shells are close to virialization, an outer shell will be
experiencing turnaround. In fact, for any given structure where we detect the place and
time of turnaround, the corresponding mass which can be most easily observed is not Mt,
but rather the mass of the region which is closest to virialization. Here we characterize this
virialized mass Mv in terms of a certain density of ∆ times the background density — and
in that respect we follow the literature, taking ∆ = 200. Hence, the goal of this paper is to
bridge the gap between calculations in ΛCDM and MG and actual observations of cosmic
structures, by relating the turnaround radius Rt with the virial mass Mv.

This work is organized as follows: in section 2 we review the main equations describing
gravitational collapse in the context of theories of modified gravity. In section 3 we show how
to solve the spherical collapse model, and how to detect the time, radius and density contrast
at the turnaround moment. Then, in section 4 we turn to a characterization of the density
profile in terms of the halo model with the sum of two contributions: we take the density inside
the central halo to follow the Navarro-Frenk-White profile, while the outer regions (up to
turnaround) are assumed to follow the linear halo-matter correlation function. In section 5 we
build a relation between the two shells, one which corresponds to the virialized region, and the
other which lies at the surface of turnaround. Finally, with this results in hand, we are able to
express, in section 6, the precise relation between the turnaround radius and the virial mass,
Rt(Mv), including the effects of MG. We also show, in this section, a comparison between our
results and some current observations with some comments about the future improvements
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in theory and data. We summarize our results and main conclusions in section 7. Two
appendices complement our results: appendix A, where we detail the approximations used
in the derivation of our key dynamical equation, and appendix B, which describes the effects
of modified gravity in the density profile.

2 Modified gravity equations and f(R) models

The class of models of modified gravity f(R) proposes a modification in the Einstein-Hilbert
action as

S =
1

2κ

∫
d4x
√
−g [R+ f(R)] , (2.1)

where κ = 8πG (for a review see, e.g., [33]). In particular, by replacing f(R) → −2Λ one
recovers the ΛCDM model.

The field equations which follow from eq. (2.1) are

Gµν + fRRµν −
(
f

2
−�fR

)
gµν −∇µ∇νfR = 8πGTµν , (2.2)

where fR ≡ df/dR, and the Einstein and energy-momentum tensors are Gµν and Tµν , re-
spectively. From the trace of eq. (2.2) we obtain a Klein-Gordon equation for the effective
scalar field fR, which can be regarded as an extra degree of freedom in f(R) models,

3�fR −R+ fRR− 2f = −8πGT , (2.3)

where T is the trace of the energy-momentum tensor. From this equation it can be seen that
the scalar field has an mass and effective potential given by

m2
fR

=
∂2 Veff

∂f2
R

=
1

3

(
1 + fR
fRR

−R
)

and
∂Veff

∂fR
≡ 1

3
[R− fRR+ 2f − 8πGρ] , (2.4)

where we have assumed a matter-dominated Universe. A simple expression for mfR follows
by considering the approximation |RfRR| ∼= fR � 1, and hence m2

fR
≈ 1/(3fRR).

This effective mass defines a range for the scalar field interactions through the associated
Compton wavelenght, λc ≡ 1

mfR
, and as such this interaction can be regarded as a fifth force.

The mechanism responsible for enhancing the mass of the scalar in dense regions of the
Universe, effectively eliminating this fifth force on small scales, is known as “the chameleon
mechanism” [25].

In the “quasistatic” regime, the equations that describe the evolution of the curvature
potential Ψ (the spatial component of the scalar metric perturbations) are

∇2δfR =
a2

3
[δR− 8πGδρm] , and ∇2Ψ =

16πG

3
a2δρm −

a2

6
δR(fR) , (2.5)

where δfR = fR(R) − fR(R̄), δR = R − R̄, and δρm = ρm − ρ̄m (bars represent spatial
averages). From these equations, combined with the spatial components of the Einstein
equations, we can express Ψ in terms of the Newtonian potential Φ, leading to a modified
linearized Poisson equation in Fourier space:

k2Φ(k) = −4πG [1 + ε(k, a)] a2δρm(k) , with ε(k, a) ≡ 1

3

(
1 +

a2m2
fR

(a)

k2

)−1

, (2.6)

– 3 –



J
C
A
P
0
7
(
2
0
1
9
)
0
2
6

where ε parametrizes the modifications of GR at linear order. There are two limiting cases
which describe the maximum and the absence of modifications of GR: the first case occurs
when the scales of interest λ are much smaller than the Compton wavelength λc, i.e., λ� λc,
or a2m2

fR
� k2, resulting in ε → 1/3. This is known as large-field limit. The other case

happens when λ � λc or, equivalently, a2m2
fR
� k2, and this is called the small-field limit,

in which ε→ 0 and we recover GR.
In this paper we have chosen to work with the MG model proposed by Hu & Sawicki [7],

where

f(R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (2.7)

with m2 ≡ 8πGρ̄M/3 being a characteristic mass scale of the model, and c1, c2 and n
dimensionless free parameters. In the high curvature regime R/m2 � 1, and assuming
n = 1, this model reduces to a cosmological constant plus an 1/R correction,

f(R) = −16πGρΛ − f̄R0
R̄2

0

R
, (2.8)

where fR0 corresponds to the background scalar field today, R̄0 is the present value of the
Ricci curvature in the background, and f̄R0 = fR(R̄0). The mass of the effective scalar field
can be written, following the prescription of [14], as

mfR(a) = m0

(
Ωm0 a

−3 + 4 ΩΛ0

Ωm0 + 4 ΩΛ0

)3/2

, (2.9)

with m0 = H0

√
(Ωm0 + 4 ΩΛ0)/2|fR0|. In our calculations we have used the cosmological

parameters Ωm0 = 0.31, ΩΛ0 = 0.69, σ8 = 0.86 and ns = 0.96.

3 Spherical collapse in f(R)

Combining the Euler equation and the continuity equation for an irrotational pressureless
perfect fluid of nonrelativistic matter with spherical symmetry, we obtain the nonlinear equa-
tion for the density contrast

δ“(r, a) +

[
3

a
+
H ′(a)

H(a)

]
δ′(r, a)− 4 [δ′(r, a)]2

3[1 + δ(r, a)]
=

1 + δ(r, a)

H2(a)a4
∇2Φ(r, a) , (3.1)

where ′ = d/da and E = H/H0. Since for modified gravity the Birkhoff theorem is broken,
we need to consider the effect of all shells in each individual shell, and for that reason we need
to keep the r-dependence in eq. (3.1), and we also need to choose an initial density profile.
A complete discussion of these issues can be found in ref. [31], and a further examination
of the approximations used in the derivation of this equation can be found in appendix A.
It is important to stress that there are two key approximations that allow us to derive our
results: first, we employ the central point (r = 0) of the density profile as the indicator of the
moment of turnaround; and second, we assume that the spatial profile of the velocity field
is fixed, v = A(t) r. As shown in appendix A, these are reasonable approximations which
extend the treatment of the top-hat density profile in General Relativity, and they remain
valid at least up to the moment of turnaround.

At this point we should comment on another potential limitation of our approach. It
is well known [9] that a top-hat density profile eventually experiences shell-crossing, which
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invalidates the fluid equations that we use. We have checked, using our equations, that for
very steep profiles which approximate a top-hat, shell-crossing does indeed take place, on
the outer layers of the profiles. However, for the smooth profiles considered in this paper,
shell-crossing does not occur prior to the moment of turnaround, which means that, for our
purposes, the fluid equations remain valid. Nevertheless, it should be stated that our results
do not apply for systems which experience shell-crossing before the moment of turnaround.

Following [14], the term ∇2Φ is obtained from the linearized modified Poisson equation

∇2Φ(r, a) =
3H2

0 Ωm

4π2

1

a

∫ ∞
0

dk [1 + ε(k, a)] δ(k, a)
k

r
sin(kr) , (3.2)

where we used the linear approximation δR = (dR/dfR) R̄δfR to combine the Poisson and
Klein-Gordon equations. Notice that the metric perturbations are always very small, even in
massive collapsed structures, because we take δ ≤ 200, so this is always an excellent approx-
imation — however, we do retain the full nonlinearity of the system in the density contrast.

Given an initial density profile we can solve eqs. (3.1)–(3.2), tracing the spherical collapse
from beginning to end. In particular, we are able to determine the scale factor at the moment
of turnaround for each shell, at, the density contrast corresponding to the matter inside that
shell, δt = δ(at), as well as the turnaround radius Rt itself, of course. In order to assess a
wider variety of real density profiles, and because shell-crossing would take place outside the
center of an initial top-hat profile anyway, we consider two idealized scenarios: a hyperbolic
tangent profile (Tanh), and a “physical” density profile (Phy) — for details see [31]. In this
approach Rt can be written as

Rt(a,Mv) = a

[
3Mt(Rt,Mv)

4πΩm0ρc(1 + δt[a,Mt(Rt,Mv)])

]1/3

, (3.3)

where Mt is the mass enclosed by Rt and Mv represents the virial mass. We also used
ρm(a) = ρ̄m(a)[1 + δ(a,Mv)], with ρ̄m(a) = ρm0 a

−3 and ρc = 2.77h−1M�/(h
−1Mpc)3. It

should be noted that the density contrast δt is a function of Mt as well.
The main results of this approach were presented in [31], but in that paper we expressed

the turnaround radius as a function of turnaround mass, not in terms of the virial mass. While
the two should be related, the virial mass is much more accessible to observations. However,
in order to construct a relation between Mv and Mt, we need to establish a density profile
which can describe the distribution of mass from the central regions of the structure all the
way to the turnaround radius.

4 Density profile

The turnaround radius can be measured, in principle, through observations of the infall
pattern of galaxies around groups and clusters of galaxies. The virial mass, on the other
hand, can be measured in a variety of ways, from richness to X-rays to the thermal Sunyaev-
Zel’dovich effect, as well as gravitational lensing. Our aim in this section is to specify the
density profile of the inner and outer regions, in a framework that allows us to consider not
only ΛCDM but also MG models [34].

4.1 NFW profile

In order to relate the turnaround mass with the virial mass of self-gravitating systems, we
start from the central regions of cosmic structures, which in a variety of scenarios seems to

– 5 –



J
C
A
P
0
7
(
2
0
1
9
)
0
2
6

be well approximated by the density profile proposed by Navarro et al. [35, 36]. This profile,
obtained by fitting stacked matter distributions of halos in cold dark matter (CDM) N-body
simulations, is given by

ρ(r) =
ρs

(r/rs)(1 + r/rs)2
, (4.1)

where ρs and rs are scale parameters. The total mass inside a radius Rmax can be written as

M(< Rmax) =

∫ Rmax

0
4πr2ρNFWdr = 4πρsr

3
s

[
ln

(
rs +Rmax

rs

)
− Rmax

rs +Rmax

]
. (4.2)

The scale radius rs, in turn, can be expressed in terms of the virial radius Rv, which is related
to the concentration parameter c as rs = Rv/c(z,Mv). In this work we use the concentration
fitted by [37], c(z,Mv) = 9 a (Mv/M

∗)−0.13, where M∗ is the mass for which σ(M∗) = δc
(the critical linear density contrast at collapse, which in the Einstein-de Sitter model is
δc = 1.686). Therefore, in terms of Mv, we can rewrite the total mass inside a radius Rmax as

M(Rmax,Mv, z) = 4πρs

[
Rv

c(z,Mv)

]3
[

ln

(
1 + c(z,Mv)

Rmax

Rv

)
− c(z,Mv)

c(z,Mv) + Rv
Rmax

]
. (4.3)

4.2 Halo model

Beyond the virial radius Rv, the matter density should asymptote to the mean density of the
Universe at the given redshift — in fact it is well known that the NFW profile is not a good fit
for radii larger thanRv [34]. However, since by assumption there is a virialized halo at the cen-
ter (with mass Mv), the matter distribution around such halos should be given in terms of the
matter correlation function — more precisely, by the halo-matter cross-correlation, ξhm(r).

Hence, in this work we employ the halo model description, which treats the dark matter
halos as the fundamental building blocks of the gravitational structures in the universe [38].
The halo-matter correlation function, which describes the excess of mass at a distance r
from the center of a halo, is ξhm(r) = 〈δh(x)δm(x + r)〉, where r = |r| is the distance
from the center. The correlation function ξhm(r) is, in fact, an average of the observed
overdensity around halos of similar masses, 〈ρh,obs(r)〉, since ξhm(r) = 〈ρh,obs(r)〉/ρ̄m − 1. In
the context of the halo model, the average observed overdensity is given by the sum of two
contributions [34, 38–40],

ρh,obs(r) = ρ1h(r) + ρ2h(r), (4.4)

where we have employed ρ1h(r) = ρNFW for the one-halo term that describes the contribution
of the halo itself for the density profile, while the second term, called of two-halo term,
represents the contribution from the large-scale structures exterior to the halo. The two-halo
term can be written as

ρ2h(r) = ρ̄m b
L(Mh) ξLm(r), (4.5)

where bL(Mh) is the linear halo bias for halos of mass Mh, which we have modeled using the
fit of Tinker et al.1 [41], and ξLm(r) is the linear matter correlation function calculated from
the Fourier transform of the MG linear power spectrum PLm(k) obtained from MGCAMB [42],

ξLm(r) =
1

2π2

∫
dk k2 PLm(k)

sin(kr)

kr
. (4.6)

In what follows we will identify the halo mass with the virial mass, Mh →Mv.

1In the modified gravity cases, we also use the Tinker et al. fitting function with the same parameters
values, however we use the linear power spectrum computed in MG to evaluate the relation between the mass
and the peak height.
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5 Turnaround radii and masses of structures

In the Spherical Collapse Model (SCM) the formation of gravitational structures takes place
shell by shell, with each shell reaching its turnaround and, subsequently, collapse [43]. Al-
though in GR each shell evolves independently, due to Birkhoff’s theorem, this is not true
anymore in the MG framework, since that theorem is no longer valid [44]. Hence, the behavior
of each shell will be influenced by all others, as shown by, e.g., [9, 10, 14, 31, 45].

Our goal in this section is to relate the turnaround mass Mt of the shell which is at the
turnaround moment with the virial mass Mv of the shell that, at that same moment, has
reached virialization. For that end we employ the criterium that the density inside the inner
shell should be ∆ = 200 times the density of the background. Using the expression (3.3) we
write the ratio Mt/Mv as

Mt

Mv
=

(
Rt
Rv

)3(1 + δt(at,Mt)

∆

)
. (5.1)

By considering a top-hat profile, refs. [46, 47] presented an expression for Rt/Rv, however in
those works the dependence of the collapse not only on radius, but also on the mass of the
structures, was not considered.

As discussed above, the turnaround and virial scales can be connected using the NFW
density profile and the two-halo term. In this context, the turnaround massMt, from eq. (3.3),
can be expressed as a function of the virial mass by

Mt = 4π

∫ Rt

0
dr r2 [ρNFW (r|Mv) + ρ2h(r|Mv)] , (5.2)

or, applying eqs. (4.3)–(4.5),

Mt = 4πρs

[
Rv

c(z,Mv)

]3
{

ln

[
1 + c(z,Mv)

Rt
Rv

]
−

c(z,Mv)
Rt
Rv

c(z,Mv)
Rt
Rv

+ 1

}

+ 4πρ̄m b
L(Mv)

∫ Rt

0
dr r2 ξLm(r) . (5.3)

Considering that the virial mass of the structure can be calculated through (4.3), we can now
rewrite the normalization ρs in terms of the virial mass, such that the turnaround mass is

Mt = Mv


ln
[
1 + c(z,Mv)

Rt
Rv

]
−

c(z,Mv)
Rt
Rv

c(z,Mv)
Rt
Rv

+1

ln [1 + c(z,Mv)]− c(z,Mv)
c(z,Mv)+1

+

+
2

π
Ωm0 ρcr0 b

L(Mv)Rt

∫ ∞
0

dk

[
sin(kRt)

kRt
− cos(kRt)

]
P (k) . (5.4)

Combining this last relation with eq. (3.3), we can solve the two equations to find Rt/Rv for
each value of the virial mass Mv. Additionally, we can also express Mt in terms of Mv with
the help of eq. (5.1).
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5.1 Ratio between the turnaround radius and virial radius

As previously stated, in our approach we have considered the overdensity ∆ = 200, widely
used in observational practice. Figure 1 shows how Rt/Rv depends on the mass Mv for
the Tanh (left panel) and the Physical (right panel) initial profiles, for masses ranging from
1012h−1M� (small groups of galaxies) to 1015h−1M� (massive clusters), which includes most
cosmic structures of interest. We focus on the mass 1013h−1M� (galaxy groups) because it
seems well suited to study the effects on the turnaround radius [22]: in fact, tests involving
the turnaround are more sensitive around small structures, where the effects of MG are
enhanced. On the other hand, it is also important to consider structures whose turnarounds
can be estimated with good accuracy — which is again the case for small galaxy groups [22].

For the plots of figure 1 we used values of the modified gravity parameter fR0 = 10−6

(blue), fR0 = 10−5 (red), fR0 = 10−4 (orange), as well the ΛCDM model (fR0 → 0, or ε→ 0
— black). In the case of the Tanh initial profile (left panels) we plot two slopes, s = 0.4 (solid
lines) and s = 0.8 (dotted lines), but the behavior in both cases is similar, and very close to
that of the Phy initial profile (right panels). The ratio Rt/Rv increases for smaller masses,
and is larger in MG compared with ΛCDM — for our reference mass scale M = 1013h−1M�,
we have Rt = 4.1Rv for fR0 = 10−6, and Rt = 3.7Rv for ΛCDM.

Interestingly, we obtained values of Rt/Rv which agree with the measurements of
ref. [48]. There the authors estimated the radius of the zero-velocity surface, Rt, through the
data of distances and radial velocities of galaxies on the Local Group, and for a stacking of 14
nearby groups, showing that Rt ≈ (3− 4)Rv. However, we need more accurate observations
if we wish to distinguish ΛCDM from the MG models considered in our work.

On the bottom of figure 1 we have plotted the relative differences of the ratio of the
radii as a function of the virial mass. Even for a small deviation from GR, fR0 = 10−6,
the relative difference of the two for our reference mass scale M = 1013 h−1M� is ∼ 10%,
while for fR0 = 10−5 the difference is ∼ 18%. Hence, if it becomes possible to measure the
turnaround radius and the virial radius independently, with precision of ' 10% in their ratio,
then we could use this to constrain this class of MG models down to fR0 = 10−6, which is a
very competitive result.

5.2 Ratio between the turnaround mass and virial mass

Just as was done for the turnaround and virial radii, it is also possible to obtain a relationship
between the turnaround mass and the virial mass using eq. (5.1). The results of this process
are presented in figure 2, where we can see in which way Mt/Mv depends on the virial mass
of the gravitational structures. Within the range of masses we considered, this ratio reaches
a minimum at the mass scale of M ' 1013.5 h−1M� for ΛCDM (Mt/Mv ' 2.9), and at the
mass M ' 1013.8 h−1M� for |fR0| = 10−6 (Mt/Mv ' 3.0). We also note Mt/Mv and Rt/Rv
are steeper functions of virial mass at the low end, compared with standard cosmology. For
structures of mass M = 1013 h−1M� the relation is Mt = 3.07Mv for ΛCDM, while for
|fR0| = 10−6 it is Mt = 3.43Mv. As for the difference with respect to ΛCDM, for our
reference mass scale it reaches ' 11%, ' 22% and ' 34% for |fR0| = 10−6, |fR0| = 10−5 and
|fR0| = 10−4, respectively.
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Figure 1. Top panels, from left to right: ratios Rt/Rv for the Tanh and Phy initial profiles, re-
spectively, in the range 1012 h−1M� < Mv < 1015 h−1M�, and for MG parameters |fR0| = 10−4

(orange), |fR0| = 10−5 (red), |fR0| = 10−6 (blue), and for ΛCDM, ε = 0 (Black). The Tanh profile
with a smooth slope (s = 0.8) is plotted as the dotted lines, and the hard slope (s = 0.4) is plotted
as the solid lines. Lower panels: relative differences between the values of the top panels with respect
to ΛCDM.

6 Turnaround radius for realistic structures in f(R)

6.1 Turnaround and virial mass: theory

Clearly, the most convenient variables, from an observational perspective, are the turnaround
radius and the virial mass, and this relationship can be computed with the help of eq. (3.3).
The dependence of the turnaround radius with virial mass is the central result of this paper,
and is plotted in figure 3 for ΛCDM as well as for the three MG models that we have
analyzed in this paper. That figure also presents the results in the large-field limit, which
was omitted in previous plots for the sake of brevity. The large differences with respect to
ΛCDM (mainly for the large-field limit) are generated because of the additional difference
between the density profiles (figure 7). In fact, when we focus on the spherical collapse
parameter δt, this difference is not larger than ' 20% (see figures 5 and 6 of [31]).

These results can be used for testing MG with current measurements, and they can be
checked with simulations. Indeed, from the lower panels in figure 3, which show the relative
differences with respect to ΛCDM, we notice that at our reference mass scale of 1013 h−1M�,
the turnaround radius is larger by ' 9%, ' 14% and ' 18%, for |fR0| = 10−6, |fR0| = 10−5

and |fR0| = 10−4, respectively.
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Figure 2. Top panels, from left to right: Mt/Mv for the Tanh and Phy initial profiles, respectively,
for 1012 h−1M� < Mv < 1015 h−1M�, and for MG parameters |fR0| = 10−4 (orange), |fR0| = 10−5

(red), |fR0| = 10−6 (blue), as well as ΛCDM or ε = 0 (Black). As in previous plots, the Tanh profile
with a smooth slope (s = 0.8) is plotted as the dotted lines, and the hard slope (s = 0.4) is plotted
as the solid lines. Lower panels: relative differences between the values of the top panels with respect
to ΛCDM.

6.2 Turnaround and virial mass: comparison with data

The link between the observable turnaround radius (i.e., the one we defined here, in terms
of the null velocity surface) and the virial mass of collapsed structures which was derived in
the previous section allows us to compare our results with data. We have collected different
sets of observations of cosmic flows in the nearby Universe from Rines & Diaferio 2006 [49],
Pavlidou & Tomaras 2014 [20], and Lee 2017 [27].

In figure 4 we present the comparison between theory (solid lines) and data around the
mass scales corresponding to these systems. As usual, we show the theoretical expectations
for GR and for the Hu-Sawicky model with several strengths of the MG parameter fR0 —
including the extreme case, ε = 1/3. For completeness we also show the so-called “maximum
turnaround radius”, a bound that can be derived analytically for the ΛCDM model [28–30].

In particular, Lee 2017 [27] has measured cosmic flows around groups in the local uni-
verse with masses [0.3−1]×1014M�, reporting uncertainties in the turnaround radius of order
25−50%. Those measurements appear inconsistent with the turnaround radius in ΛCDM or
any of the MG models considered here — beside violating the maximum bound of refs. [28–
30]. Even as ref. [27] claims to measure turnaround radii which are larger compared to the
models, the systems examined by Pavlidou & Tomaras 2014 [20] seem to indicate turnaround
radii substantially below theoretical predictions. Rines and Diaferio 2006 [49], on the other
hand, estimate the turnaround radius from a large number of groups and clusters using both
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Figure 3. Top panels, from left to right: values of Rt for the Tanh and Phy profiles, respectively, for
1012h−1M� < Mv < 1015h−1M�, and for MG parameters |fR0| = 10−4 (orange), |fR0| = 10−5 (red),
|fR0| = 10−6 (blue) ΛCDM, ε = 0 (Black). The Tanh profile with a smooth slope (s = 0.8) is plotted
as the dotted lines, and the hard slope (s = 0.4) is plotted as the solid lines. Lower panels: relative
differences between the values of the top panels with respect to ΛCDM.

a theoretical fit and an estimate of the “maximal” value of the radius of the caustic region
corresponding to null peculiar velocities (and for this reason we quote as uncertainties the
interval between the theoretical fit and the maximal value of the turnaround).

From figure 4 it appears that there are systematic issues with measurements of the
turnaround radius, and for this reason we have not binned the data points. Here we must
pause and ponder that both theory and data, at this level, cannot be over-interpreted. First,
from the point of view of the simulations, realistic systems are not spherically symmetric
(a key assumption underlying our results), nor typical initial profiles are necessarily well
represented by our Phy and Tanh density profiles. This issue, however, can be addressed,
e.g., by employing N-body simulations in ΛCDM and in MG (Voivodic et al., in preparation).
Second, from the point of view of observations, often there are many systematic issues which
can only be identified and controlled with more accurate and precise measurements. These
measurements should aim at a wide range of mass scales, and ideally they should focus on
structures which are as isolated as possible. If, with these improvements, we are able to reach
uncertainties at the level of ∼ few percent for stacks of systems in a few bins of virial mass
between 1013 − 1015 h−1M�, we will be in a position of imposing robust and competitive
constraints on MG using the turnaround radius.

Another important issue, which can be addressed with the help of N-body simulations,
is the relation between the turnaround and the splashback radius. The splashback radius
determines the transition from the one-halo to the two-halo term [50], while the turnaround
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Figure 4. Theoretical predictions for the turnaround radius for ΛCDM (black solid line) and MG
(colored solid lines), including the “maximum turnaround radius” (cyan solid line; see text). Data
points taken from refs. [20, 27, 49].

radius expresses the scale where the halo decouples from the background — see, e.g., the
measurements performed by ref. [51]. In the literature is not clear what is the most suitable
radius to characterize the halos, and the splashback radius is also a good candidate [52].
Other works also show that the splashback radius has a counterpart in the velocity field
and, therefore, in the turnaround radius [53], and that this scale changes with different
gravitational and dark energy theories [54]. Therefore, the relationship between the two radii
can provide complementary information, since the turnaround radius is measured through
the velocity field, while the splashback radius is determined by the density profile.

7 Conclusions

In order to compare the results obtained in [31] with future measurements in simulations
and observations, we developed a new approach to relate a structure which is near the
virialization with an outer shell that is in the turnaround moment. As observed by [48], the
number of galaxies between Rv and Rt is approximately ∼ 15% of the number of galaxy
inside Rt, therefore the mass of the structure in the virial moment is much easier to measure
than the turnaround mass, and a relation between Rt and Mv can be a useful tool to test
models of modified gravity. We should note that an expression that links Rt and Rv was also
obtained by [47]; however that result was obtained by implementing the spherical collapse
model without considering the mass profile inside the surface of null radial velocity, as has
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been done here. In our case, we use a specific profile, the NFW profile plus the 2-halo term,
which makes our result more realistic.

Our findings show that for structures with mass of 1013 h−1M�, the turnaround radius
and virial mass are related to the same virial quantities by Rt = 3.7Rv and Mt = 3.07Mv

for the standard ΛCDM cosmology, while for modified gravity, according to the prescription
of Hu & Sawicki, parametrized by |fR0| = 10−6, these relations become Rt = 4.1Rv and
Mt = 3.43Mv — i.e., the relative difference of MG with respect to the ΛCDM model is
∼ 10% for the radii and ∼ 11% for the masses. Therefore, if we have measurements of these
quantities with accuracy of . 10%, it should be possible to use them to test modified gravity.

Moreover, as the main result of this work, we compute the direct relation between
the turnaround radius Rt and the halo mass Mv for the Hu & Sawicki model of MG. Note
that, different from the relation between the radii and masses, the turnaround radius and,
of course, the halo mass are already observables, and can be directly used to constraint MG.
We found an enhancement of 9% in the turnaround radius, for a virial mass of 1013 h−1M�,
in the context of the weakest version of MG considered here (fR0 = 10−6). Current observa-
tions are reaching the uncertainty levels necessary to put constraints in MG parameters, but
in order for the turnaround radius to become a robust and competitive test, both theoret-
ical predictions need to become more realistic, and systematic differences between different
measurements need to be addressed.

As future work we want to test our predictions using N-body simulations, where all ob-
servables are accessible. With an N-body simulation it is possible to test the predictions made
here and those obtained in ref. [31], since we will have access to the virial and turnaround
radii, as well as the turnaround and virial masses of each halo. Moreover, with the simu-
lations it is possible to predict the accuracy of observations by populating the dark matter
halos with galaxies. With that knowledge we will be able to determine the observational
needs (such as the survey’s area, depth, and redshift accuracies) so that the resulting mea-
surements can lead to robust constraints on MG models. Finally, we want to use the data
from future spectroscopic surveys like DESI [55], as well as multi-band photometric surveys
like JPAS [56], to measure the velocity fields around clusters.
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A Approximations to the dynamical equation

In this appendix we discuss the approximation, used in the dynamical equation (3.1), that
the velocity field is related to the density profile as v = A(a)r, which is then used in the
continuity equation:

∂δ

∂t
+

1

a
∇ · [(1 + δ) v] = 0 , (A.1)

Perturbative corrections to this approximation can be written as:

A(t, r) =
1

1 + ε(t, r)

[
Ã(t) + δA(t, r)

]
, (A.2)
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Figure 5. [Left:] The radial dependence of ε(t, r) [see eq. (A.3)] at the initial (blue lines) and
turnaround moments (red lines). We show the results for general relativity (solid lines) and f(R)
with |fR0| = 10−4 (dashed lines). We used the tanh profile with s = 0.8 and rb = 7.0 Mpc/h. [Right:]
The radial dependence of δA(t, a) [eq. (A.4)] for the same cases shown in the left panel.

where Ã(t) is the expression expected from a top-hat profile with δ(a) = δ(r = 0, a), and:

ε(t, r) =
r δ

′
(t, r)

3 [1 + δ(t, r)]
, (A.3)

is the correction coming from the δ
′

= ∂δ/∂r term in the continuity equation. Therefore, we
can write:

δA(t, r) = − a

3 [1 + δ(t, r)]

∂δ

∂t
(t, r)− Ã(t) , (A.4)

where it is clear that the correction is coming from the fact that δ and δ
′
have an r dependence.

In figure 5 we show the r dependence of the two corrections at the initial (blue curves)
and turnaround (red curves) times. We also show the corrections in the general relativity case
(solid lines) and in the f(R) case with |fR0| = 10−4 (dashed lines). The curves were computed
using the tanh initial profile with s = 0.8 and assuming a Lagrangian radius of rb = 7 Mpc/h.
The results for δA(r) depend slightly on the particular choice of the initial profile. The
absolute value for the results for ε(r) will be larger for more concentrated initial profiles, i.e.
small values of s and rb. For the phy initial profile we have similar values for δA(r) and smaller
absolute values for ε(r), since that profile is less concentrated compared with the tanh profile.

The plots in figure 5 show the two corrections. They will introduce a small perturbation
on top of our zero-order results. We also notice that the two corrections have different time
behaviours: while ε(r) grows in time, starting as a negligible correction, δA(r) has almost
the same value at all times.

However, the main feature of these corrections is that both go to zero at r → 0. There-
fore, as we consider only the innermost shell for our estimation of the time of turnaround,
we have A(t, r = 0) = Ã(t), justifying our choice. Nevertheless, as the corrections become
larger and propagate to the central region of the profile, the equations we used to compute
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Figure 6. The n-th derivative of the contrast density field times rn. The initial profile and labels
are the same of figure 5.

them will not be adequate, and the approximations could fail — something that we plan to
investigate further with the help of N-body simulations.

Another important factor to take into account arises from the extra terms that will
appear in the evolution equation (we thank the referee for calling our attention to these
extra terms). We have two types of terms that contribute to the full dynamical equations,
but which drop out when considering the central point r = 0.

The first type of correction arises from the spatial derivatives of the velocity term in
Euler’s equation which, after substitution in the continuity equation, lead to the dynamical
equation (3.1). They are, in full generality:

∇i∇j
[
(1 + δ) vivj

]
= (∇i∇jδ) vivj + 2 (∇iδ)∇j

(
vivj

)
+ (1 + δ)∇i∇j

(
vivj

)
. (A.5)

In the origin (r = 0) the last term above leads to the standard results, which are reflected in
our eq. (3.1), and is of course already present in the top-hat spherical collapse description.

The other two terms in eq. (A.5) can be expressed in terms of derivatives with respect
to r:

(∇i∇jδ) vivj ∝ r2 × ∂2δ

∂r2
,

2 (∇iδ)∇j
(
vivj

)
∝ r × ∂δ

∂r
. (A.6)

In figure 6 we show the r dependence of the profile δ(r), as well the two quantities of
eq. (A.6). The plots correspond to the turnaround moment, and we used the same initial
profile and labels as figure 5. The results change little with time, remaining very similar
when we compare the three cases.

As we can see from figure 6 the terms rn × ∂nδ/∂rn vanish for r → 0, for any n > 0.
This means that the extra terms presented in (A.5) can be neglected if we only consider the
evolution of the innermost shell.
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Therefore, in our case eq. (A.5) becomes:

∇i∇j
[
(1 + δ) vivj

]∣∣
r=0

= (1 + δ)∇i∇j
(
vivj

)∣∣
r=0

=
4a2

3 (1 + δ)

(
∂δ

∂t

)2

. (A.7)

The second type of correction that we need to consider comes from the gravitational
potential which appears in the right-hand side of the evolution equation:

∇i
[
(1 + δ)∇iΨ

]
= (∇iδ)

(
∇iΨ

)
+ (1 + δ)∇2Ψ , (A.8)

where the second term is the one appearing in the right-hand side of our eq. (3.1).
We can write the additional contribution in eq. (A.8) in spherical coordinates as:

(∇iδ)
(
∇iΨ

)
=
∂δ

∂r
× ∂Ψ

∂r
. (A.9)

We can now express the r derivative of the gravitational potential, using the Poisson equation,
as:

∂Ψ

∂r
(a, r) ∝ ∂

∂r

∫
d3k exp (ik · x) k−2 [1 + ε(k, a)] δ(k, a) ,

∝ ∂

∂r

∫ ∞
0

dk
sin (kr)

kr
[1 + ε(k, a)] δ(k, a) ,

=

∫ ∞
0

dk

[
kr cos (kr)− sin (kr)

kr2

]
[1 + ε(k, a)] δ(k, a) . (A.10)

However, since [kr cos (kr)− sin (kr)]/(kr2)→ 0 when r → 0, we have that:

∂Ψ

∂r
(a, r = 0) = 0 ⇒ ∇i

[
(1 + δ)∇iΨ

]∣∣
r=0

= (1 + δ)∇2Ψ
∣∣
r=0

. (A.11)

Therefore, the full equation for the perturbations, which reads

∂2δ

∂t2
+ 2H

∂δ

∂t
− 1

a2
∇i∇j

[
(1 + δ) vivj

]
=

1

a2
∇i
[
(1 + δ)∇iΨ

]
, (A.12)

becomes, for the innermost shell (r = 0):

∂2δ

∂t2
+ 2H

∂δ

∂t
− 4

3 (1 + δ)

(
∂δ

∂t

)2

=
1

a2
(1 + δ)∇2Ψ , (A.13)

which is exactly our equation (3.1), with t as the time variable.
In General Relativity eq. (A.13) is simply the equation for the collapse of a spherical

top-hat perturbation. In modified gravity we have the ε correction in the Poisson equation:2

∇2Ψ(r, a) ∝
∫ ∞

0
dk [1 + ε(a, k)] δ(k, a)

k

r
sin (kr)

⇒ ∇2Ψ(r = 0, a) ∝
∫ ∞

0
dk [1 + ε(a, k)] δ(k, a) k2 . (A.14)

Therefore, the approximations made in this paper will affect our results through per-
turbative corrections in the density profile for r > 0 that affect the evolution of δ(r = 0, a)

2In f(R) models ε(k, a) is always ≤ 1/3.
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Figure 7. Top panel: the density profile composed by the NFW profile and the 2-halo term for
Mv = 1014h−1M� and z = 0, considering the MG parameters |fR0| = 10−4 (orange), |fR0| = 10−5

(red), |fR0| = 10−6 (blue), the small-field limit ε = 0 (ΛCDM, black) and the large-field limit ε = 1/3
(gray). The vertical orange line corresponds to Rv. Lower panel: relative differences between the
values of the top panel with respect to ΛCDM.

only through the integral in eq. (A.14). On the other hand, the dominant contribution to
that integral comes from the GR term (the 1 inside the brackets), which does not depend
on the full shape of the profile because

∫∞
0 dk δ(k, a) k2 ∝ δ(r = 0, a) — i.e., the corrections

from outer shells are even more suppressed in this expression.
In other words, in this paper we computed the first-order corrections for spherical col-

lapse in modified gravity. We analyzed the effects of the environment in the halo evolution,
and in particular the turnaround radius, by taking into account the effect of the external
shells in the innermost one. These approximations are also consistent with the linear cor-
rections used in the modified Poisson’s equation and are an improvement on the thin shell
approximation, since we consider the full shape of some initial density profile up to first-order
corrections.

B Density profile

In figure 7 we present the density profile (4.4) for a halo with mass 1014h−1M� at z = 0.
We show the profiles for the five different MG parameters used in this paper, including the
small and large field limits. On the bottom panel is the relative difference of the profiles with
respect to the ΛCDM case.

There are two effects of MG in the density profiles: the change inM? of the concentration
relation of Bullock et al. [37], and the change in the two halo term because of the different
linear matter power spectrum.

The change in M? occurs because, in MG, the collapse parameter δc depends on the
halo mass, however, the variance of the linear field S(M) = σ2(M) will also change due to
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the modified linear matter power spectrum. These changes will increase M? as the strength
of modified gravity grows, which in turn implies a more concentrated halo. This effect can
be seen in figure 7, where the inner parts of the halo profiles differ by ≈ 10%.

The change in the linear matter power spectrum also affects the 2-halo term, where the
new σ(R) relation gives a new linear halo bias (even using the same parameters of ΛCDM) and
directly gives a new two-point correlation function. The linear bias will be larger for stronger
modifications of gravity, while the correlation function will be smaller, on large scales, to
compensate the more concentrated matter on small scales, implying that the net effect of MG
does not vary monotonically with r. These differences can be seen in the outer parts of the
halo in figure 7, where r > Rv (vertical orange line), with a difference of ≈ 20% for large radii.

Through inspection of figure 7 it is clear that the density profiles in MG have a small,
but not negligible, difference with respect to the ΛCDM profiles, and that the modified
profiles should be taken into account in order to compute the mass inside some given radius.
Moreover, with the results of this works, it is clear that we need to consider the correct
density profile for our observables that, in principle, could depends of the tracer, but a new
profile is easy to implement in the approach developed in this work.
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