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1 Introduction

The inflationary universe scenario has been generally accepted as a solution to the horizon
problem and some other related problems of the standard Big Bang cosmology. The origin
of the field that drives inflation is still unknown and is subject to speculations. Among
many models of inflation a popular class comprise tachyon inflation models [1-15]. Tachyon
models are of particular interest as in these models inflation is driven by the tachyon field
originating in M or string theory. The existence of tachyons in the perturbative spectrum of
string theory, both open and closed, indicates that the perturbative vacuum is unstable and
that there exists a true vacuum towards which a tachyon field 6 tends [16]. The basics of
this process are represented by an effective field theory model [17] with a Lagrangian of the
Dirac-Born-Infeld (DBI) form

L=—0V(0/0)\/1—g0,0,, (1.1)

where / is an appropriate length scale, 6 is a scalar field of dimension of length, and
X =g""0,0,. (1.2)

The dimensionless potential V' is a positive function of 8 with a unique local maximum at
6 = 0 and a global minimum at |§| = co at which V' vanishes.

We plan to study a braneworld inflation model in the framework of a holographic
cosmology [18-21]. By holographic cosmology we mean a cosmology based on the effec-
tive four-dimensional Einstein equations on the holographic boundary in the framework of



anti de Sitter/conformal field theory (AdS/CFT) correspondence. A connection between
AdS/CFT correspondence and cosmology has been studied in a different approach based on
a holographic renormalization group flows in quantum field theory [22, 23].

As we will argue in the next section, the holographic cosmology has a property that the
universe evolution starts from a point at which the energy density and cosmological scale
are both finite rather then from the usual Big Bang singularity of the standard cosmology.
Then the inflation phase proceeds naturally immediately after ¢ = 0. Our model is based
on a holographic braneworld scenario with an effective tachyon field on the brane. This
paper is a sequel to previous works [24-27] in which we have studied tachyon inflation on
a Randall-Sundrum type of braneworld. In the present approach a D3-brane is located at
the holographic boundary of an asymptotic ADS; bulk. We have improved the analytical
calculations of [20] in the slow role regime up to the second order in the slow role parameters.
We solve the evolution equations numerically and confront our result with the Planck data.

The remainder of the paper is organized in four sections and two appendices. In the
next section, section 2, we describe the tachyon cosmology in the framework of a holographic
braneworld scenario. The following section, section 3, is devoted to a detailed description
of inflation based on the holographic braneworld scenario with tachyon field playing the role
of the inflaton. Our numerical results and comparison with observations are presented in
section 4. In section 5 we summarize our results and give an outlook for future research.

2 Holographic tachyon cosmology

Our aim is to study tachyon inflation in the framework of holographic cosmology. We assume
that the holographic braneworld is a spatially flat FRW universe with line element

ds? = g datde’ = dt* — a®(t)(dr* + r?dQ?), (2.1)

and we employ the holographic Friedmann equations (A.16) and (A.18) derived in ap-
pendix A. If we set £k = 0 and p = 0, these equations take the form

1 K2
[ 2.2
1 L (2.2)
. 1 2
h (1 - 2h2> = —%ﬁs(p + p), (2.3)

where, following ref. [25], we have introduced a dimensionless expansion rate h = ¢H and the
fundamental dimensionless coupling

i (2.4)

K

The holographic cosmology has interesting properties. Solving the first Friedmann equa-
tion (2.2) as a quadratic equation for h? we find

h2:2<1:|:\/1—22€4p>. (2.5)

Now, because we do not want our modified cosmology to depart too much from the standard
cosmology after the inflation era, we demand that eq. (2.5) reduces to the standard Friedmann



equation in the low density limit, i.e., in the limit when x2¢*p < 1. Clearly, this demand will
be met only by the (—) sign solution in (2.5). Therefore we stick to the (—) sign and discard
the (4) sign solution as unphysical. Then, it follows that the physical range of the Hubble
expansion rate is between zero and the maximal value hp.x = V2 corresponding to the
maximal energy density pmax = 3/(k2¢%) [19, 28]. Assuming no violation of the weak energy
condition p+p > 0, the expansion rate will, according to (2.3), be a monotonously decreasing
function of time. The universe evolution starts from ¢ = 0 with an initial h; < hpmax with
energy density and cosmological scale both finite. Hence, as already noted by C. Gao [29], in
the modified cosmology described by the Friedmann equations (2.2) and (2.3) the Big Bang
singularity is avoided!

2.1 Equations of motion

Tachyon matter in the holographic braneworld is described by the Lagrangian (1.1) in which
the scale ¢ can be identified with the AdS curvature radius. The covariant Hamiltonian
associated with (1.1) is given by [25]

H=0VV1+n2, (2.6)

where
n= f4‘/_1\/ JupTHTY (27)

and the conjugate momentum 7# is, as usual, related to 6, via

oL
b= —. 2.8
= (2.8)
From the covariant Hamilton equations
OH OH
_ B
0, = pe ™= (2.9)
we obtain two first order differential equations in comoving frame
/P — (2.10)
V14 n?
. 3hn Vg
=—— — 23/1+ 72 2.11
U 7 Ty Vit (2.11)

where the subscript , 6 denotes a derivative with respect to 6. As usual, the Lagrangian and
Hamiltonian are identified with the pressure and energy density, respectively i.e.,

—4
p=L=—0"*VV1I-X= —l, (2.12)
V1+n?
(v 4
P=EH=—==0V/1+1n2 (2.13)

v1-X

and X = 62 in comoving frame.



2.2 Exponential potential

Consider a potential of the form
V = Ve wlol/t, (2.14)

which has been studied extensively in the literature related to string theory and tachyons [5,
11, 15, 30-32]. The dimensionless parameters w and V| are positive and basically free. It
proves advantageous to redefine the field § — 6 — 6; and integrate equations of motion from
the initial 6; defined as 6; = —fw~'InVj instead of integrating from 6 = 0. Then, in the
physically relevant domain 6; < 6 < oo, the potential takes the form

V — e—w(91+|9—6i|)/é — e—w0/£. (215)

In this way we have traded an arbitrary maximal value Vj > 0 of the potential at the origin
for an arbitrary initial value —oo < #; < oo of the field. However, as we will discuss next,
the initial value 0; although arbitrary, will be fixed by choosing initial value for h.

The potential (2.15) has a convenient property that one can eliminate dependence on the
fundamental parameter k from the equations of motion. To demonstrate this we introduce a
dimensionless time variable ¢ = ¢/¢ and replace the function § by a dimensionless function y
defined as

52
y = ge—wg/f. (2.16)

Then, from (2.10) and (2.11) with (2.5) and (2.13), we obtain the following equations of
motion

dy _ __wyn (2.17)

dt V1 +772’
d 1/2
= _3p <2 - 2\/T \/1+n2> + w1472, (2.18)

with no k-dependence.

2.3 Remarks on initial conditions

To solve equations (2.10) and (2.11), or equations (2.17) and (2.18), numerically one has to
fix initial values of the functions 6 (or y) and 7 at an initial time. We will assume that the
evolution starts at t = 0 with a given initial expansion rate h; < v/2. Then, for a chosen
initial 7;, the initial 6; (or y;) will be fixed by the first Friedmann equation. We will seek
solutions imposing either of the two natural initial conditions: a) 7; = 0 or b) 7; = 0. As
we shall shortly see, the condition a) assures a finite initial & whereas b) yields solutions
consistent with the slow-roll regime which will be discussed in the next section.

a)n =20
In this case from (2.12) and (2.13) it follows

pi=—pi (2.19)

and, as a consequence of (2.3), h; will be finite even for h; = v/2. The initial 6; is fixed
from (2.2) and (2.13)

V(6;) = 5 <hi2—}:4>. (2.20)

K2



For example, the exponential potential (2.15) yields

4
0, = —fln [5’2 <h? - Z)} , (2.21)

which corresponds to the initial

2 i
oz 2.22
yi=hi = (2.22)
independent of k.
b) 7 =0
In this case from (2.11) it follows
(Ve /V)i

=

2.23
V92 — (tV/V)? 22

and from (2.2) we obtain

2\ 2 2
<1 — h2> =1- %V(Gi)m. (2.24)

Given V (6) these two equations can, in principle, be solved for 7; and ;. In particular,
for the potential (2.15) we find

w
= —F—, (2.25)
9h?
14 3 hi w?
0p=——In|5 (A — 1) J1——]. 2.26
W [/12 ( ' 4) Qh?] (2.26)
The corresponding
2
w
h? — 2.27
n= (=)o 220
is again k-independent. Because of (2.25) the free parameter w is restricted by 0 < w <

3v/2 and the initial h; by h; > w/3. Note that 7; is always positive non-zero and hence,
pi + pi > 0. Then, according to (2.3), for the maximal h; = /2 the expansion starts
with a negative infinite h;.

3 Inflation on the holographic brane
Tachyon inflation is based upon the slow evolution of # with the slow-roll conditions [15]
0> <1, |0] < 3HS. (3.1)

In view of (2.10) the conditions (3.1) are equivalent to

—hn, (3.2)

.3
<l Il <



so that in the slow-roll regime the factors (1 —62)~1/2 = (14 %?)"/2 in (2.12) and (2.13) may
be omitted. Then, during inflation we have

h? ~2(1 — /1 — K2V/3). (3.3)

Note that the second inequality in (3.2) is consistent with the evolution starting from the
initial 7 = 0 as discussed in section 2.3.
Combining (2.10) and (2.11) with (3.1) and (3.2) we find

Vi

f~—_2 4
TR (3-4)

. (Voh Vo\® Voo | €0

o= 3y < v) SV |3 (3:5)

As mentioned before, the evolution is constrained by the physical range of the expansion rate
0<h?<2.
The most important quantities that characterize inflation are the slow-roll inflation
parameters €; defined recursively [15, 33]
£j

6j+1 == 7HE]‘7 (3'6)

starting from g = H,/H, where H, is the Hubble rate at some chosen time. The next two
are then given by

_ H 4 — h? (Vg2
LS T T 1Rz B2 < v > ’ (8.7)
€1 2h? 202 Vo 2 Voo
=L ~og(1- 2\ ) | 3.8
2= e 81( (2—h2)(4—h2)) Tae |\v % (38)
During inflation €7 < 1, 2 < 1 and inflation ends once either of the two exceeds unity.
In the following we will study the exponential potential
V=t (3.9)

as in (2.15). As we have shown in section 2.2, this potential has a remarkable property that
the evolution does not depend on the fundamental parameter . For this potential we have

Vo 2 Vog — w?

so in this case the last term on the right-hand side of (3.8) vanishes. Note that near and at
the end of inflation h? < 1 so that we approximately have 5 ~ 2¢;. Hence, the criteria for
the end of inflation will be g9 = 1.

For the purpose of calculating the spectral index we will also need the third slow roll
parameter €3 given by

4h?(8 — ht)
(2 — h2)(4 — h2)(8 — 8h? + h4)51’

€3 g9 + (3.11)

= 2 -
= e =

where the second equality holds for the exponential potential in the slow-roll approximation.



Equation (3.4) with (3.9) may be easily integrated yielding the time as a function of h
in the slow-roll regime

3

t= —
w2

(3.12)

[Q(hi _py 41 G )2 h)] :

(24 hi)(2—h)

where we have chosen the integration constant so that h = h; at ¢ = 0. In our numerical
calculations we treat the initial value h? as a free parameter ranging between 0 and 2.
Another important quantity is the number of e-folds N defined as

te O¢ h2V

N = Hdt ~ —3/ ——d#, (3.13)
t 0; €2V79

where the subscripts i and f denote the beginning and the end of inflation, respectively.

Typically N ~ 50-60 is sufficient to solve the flatness and horizon problems. The second

equality in (3.13) is obtained by making use of eq. (3.4). For the potential (3.9) the integral

can be easily calculated and expressed in terms of elementary functions. With the substitution

r=1-h%/2=1/1—Kk2ew0/t/3 (3.14)

we find )
6 12 [* x%dx
N=—(0—6) — — — 3.15
S 00, wg/xi Ay (3.15)
where
zig=1—hip/2= \/1 — K2ewhie/t )3, (3.16)
The end-value of 6 is fixed by the condition g9 = 1, so that
(A}2 (/.)2 wo
~ = e/l — g 1
S oy = 3t : (3.17)
yielding
Y 2
6 = —In (3.18)
W ow
and

e =+/1—w?/3. (3.19)

Using this in (3.15) yields a functional relationship between the parameter w, the e-fold
number N, and the initial value h;

12 / w? hi2 h? w2

Expanding the expression in brackets up to the lowest order in w? we find an approximate

expression
12 [R? h?
N=—|Z4+hn{l--+])| -1 21
alzem(-9)) 62

As expected for the potential (3.9), neither N nor the slow-roll parameters depend on the
parameter .
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Figure 1. Slow-roll parameters €1 (dashed red line) and €5 (full blue line) versus time in units of ¢
calculated analytically in the slow-roll approximation (left panel) and numerically (right panel) for
w? = 0.027 and the initial value h? = 0.6 corresponding to N = 60 according to (3.20).

4 Numerical calculations

In this section we present the results obtained by numerically solving the exact equations
of motion (2.17) and (2.18) given the initial conditions at ¢ = 0 as described in section 2.3.
The numerical procedure is similar to that developed in ref. [24]. For each pair of randomly
chosen N and h; in the intervals 60 < N <90 and 0 < hi2 < 2, respectively, the parameter w
is fixed by (3.21). Then, the set of equations (2.17) and (2.18) supplemented by the equation
for N

dN = hdt (4.1)

is evolved from ¢t = 0 up to an end time of the order of a few hundreds of ¢. In figure 1
we plot the evolution of the slow roll parameters for the initial h? = 0.6 and w? = 0.027
corresponding to N = 60 according to (3.20). The inflation actually ends at a time t¢
obtained using the function ey(t) and demanding es(tf) = 1. In comparison with the end
time obtained analytically in the slow roll approximation the numerical ¢; is substantially
larger as is evident by comparing left and right panels of figure 1. As a consequence, the
numerically calculated N (t¢) turns out to be larger then the assumed N. Hence, the inflation
is assumed to begin at some time ¢; > 0, rather than at ¢ = 0, such that

N(t;) — N(;) = N. (4.2)

The time t; is then used to find the initial €;(¢;) and e2(¢;) which in turn are used to calculate
the tensor-to-scalar ratio r» and spectral index ng.

4.1 Spectral index and tensor to scalar ratio

A proper calculation of the power spectra by perturbing the Einstein equations (A.8) would
go beyond the scope of the present paper. We propose instead a simplified scheme described
in appendix B where we derive approximate expressions for the scalar and tensor power
spectra Pg and Pr, respectively.



For scalar perturbations we calculate the power spectrum in the limit when the modes
are well outside the acoustic horizon characterized by the comoving wave number ¢ = aHcg *.
Here ¢ is the adiabatic sound speed defined by

Q

Pl _pPx _Pptp

c? = =
S Oply px 2Xpx

(4.3)

where the subscript , X denotes a derivative with respect to X and |9 means that the deriva-
tive is taken keeping 6 fixed, i.e., ignoring the dependence of £ on 6. This definition coincides
with the usual hydrodynamic definition of the sound speed squared as the derivative of pres-
sure with respect to the energy density at fixed entropy per particle. For the tachyon fluid
described by the Lagrangian (1.1) the sound speed squared may be expressed as

4(2 — h?)
2=l -X=1—- "t 4.4

where the first equation follows from (2.12) and (2.13) and the second equation is a conse-
quence of the modified Friedmann equations (2.2) and (2.3). This equation shows a substan-
tial deviation from the standard tachyon result [15]

Cs‘st =1- ;El. (45)
The expressions (4.4) and (4.5) agree near the end of inflation, i.e., in the limit A — 0. This is
what one would expect since the holographic cosmology described by equation (2.5) reduces
to the standard cosmology in the low density limit.
Next, using the definition (B.37) with (B.22), (B.28), and (B.30) derived in appen-
dix B.1, we evaluate the scalar spectral density at the horizon crossing, i.e., for a wave-
number satisfying ¢ = aH. Following refs. [15, 34] we make use of the expansion of the
Hankel function in the limit csg7 — 0

HO(—eugr) ~ —%r(y) (‘C;W) o (4.6)

where ¢ is the comoving wave number and 7 denotes the conformal time (7 < 0). Using this
we find at the lowest order in €1 and &9

Kk2h? Ch?
Ps ~ 87‘(‘2(1 — h2/2)cs€1 [1 -2 <1 +C+ 2—h2> E1 — CEQ:| , (4.7)
where C' = —2 +In2 + v ~ —0.72 and ~ is the Euler constant. In comparison with Pg
obtained in the standard tachyon inflation [15], our result is enhanced by a factor 1 — h?/2
in the denominator on the right side of (4.7) and the linear term in £; gets an additional
contribution proportional to h?/(2 — h?).
Similarly, from the expression (B.46) with (B.44) for tensor perturbations we obtain

2k2h?
Pr~—;

[1—2(1+ C)eil, (4.8)

™

Hence, the tensor perturbation spectrum is given by the usual expression for Py [15].



The scalar spectral index ng and tensor to scalar ratio r are then given by

_ dInPs
ng—1= dng (4.9)
Pr
= — 4.10
r= (4.10)

where Pg and Pr are evaluated at the horizon crossing.
Using (4.7)—(4.10) and keeping the terms up to the second order in ¢; we find

Ch? 2 —h?
_ 2
r=28(2—h%)e; [1+052 +2 (2—h2 - 12—3h2> 51} (4.11)
and
1 2+27h2 (24 2n*  8h*  8CH? 5
s 9 _pz)ctT 2 2_h2 3(4—h2)2 (2—h2)2 )L
8 h? 4C

—(= - . 4.12
<3+3(4—h2)+2—h2>€162 Ceges (4.12)

It is understood that the quantities h, €1, and e5 in these expressions are to be taken at the
beginning of the slow roll inflation. A comparison of (4.11) and (4.12) with the second order
predictions of the standard tachyon inflation [15]

T|st = 1651(1+C€2*61/3), (4.13)
8
nglst =1 — 267 —e9 — 25% — <3 + 20) g169 — Ceges (4.14)

shows a substantial deviation. As expected, near the end of inflation, i.e., in the limit A — 0,
expressions (4.11) and (4.12) agree with (4.13) and (4.14), respectively.

In figures 2 and 3 we plot r and 1 — ng as functions of the initial Hubble rate squared
h? for fixed N and varying w. For each pair (h?, N) the parameter w, being in a functional
relationship with NV and h;, is calculated using the approximate expression (3.21). In figure 4
we present the r versus ng diagram. The dots represent the numerical data for randomly
chosen N ranging between 60 and 90 and h? between 0 and 2. Variation of N and hi2 is
represented by color. Each point on the left panel is depicted by a color representing a value
of N and similarly on the right panel a value of h;. Clearly, the numerical data set is bounded
by the points corresponding to N = 60 from above and N = 90 from below. For each point
the parameter w is calculated using (3.21). The results obtained analytically in the slow-roll
approximation are depicted by dashed and full black lines corresponding to N = 60 and
N = 90, respectively. In figure 5 the numerical and analytical data are superimposed on
the observational constraints taken from the Planck collaboration 2018 [35]. To demonstrate
more explicitly the dependence of our theoretical predictions on N we plot r versus ng in
figure 6 for several fixed e-fold numbers N ranging between 60 and 140. Both numerical and
analytical results show that agreement with observations is better for larger values of N.

Figures 4 and 5 show that the approximate analytical results are shifted downwards
with respect to the numerical data. This shift reflects the departure of the analytical from
the numerical curve in figure 3 as a consequence of analytical calculations being subject to the
slow-roll approximation. To see this, for definiteness, consider N = 90. The corresponding

~10 -
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Figure 2. r versus initial h? calculated analytically (full lines) and numerically (dashed lines) for
fixed N = 60 (upper red lines) and N = 90 (lower blue lines). The parameter w is varying along the
lines in accordance with (3.21).
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Figure 3. 1 — ng versus initial h? calculated analytically (full lines) and numerically (dashed lines)
for fixed N = 60 (upper red lines) and N = 90 (lower blue lines). The parameter w is varying along
the lines in accordance with (3.21).

numerical results are represented in figures 4 and 5 by the points at the lower boundary
of the numerical data set and the corresponding analytical results by a two-valued function
depicted by the full line. The upper (lower) branch of that curve corresponds to the part
of the curve in figure 3 left (right) from the maximum. The departure of the analytical
from the numerical curve in figure 3 increases with h; which is consistent with the slow-roll
approximation. Clearly, the slow-roll approximation breaks down at the maximum of the
curve in figure 3 so the results represented by the lower branch of the curve in figures 4 and 5
are not physically relevant.

- 11 -
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Figure 4. r versus ng diagram. The dots represent the theoretical predictions obtained by solving the
equations of motion numerically for randomly chosen N ranging between 60 and 90 and h? between 0
and 2. Variation of color represents variation of N (left panel) and variation of h; (right panel). The
parameter w varies in accordance with (3.21). The analytical results of the slow roll approximation
are depicted by the black lines corresponding to N = 60 (dashed) and N = 90 (full).

4.2 Comment on primordial non-Gaussianity

The prime diagnostic of non-Gaussianity of inflationary fluctuations is described by the three-
point correlation function [36]

<éq1§q2§q3> = (27)35((11 +qgo + Q3)fNLF(QI7QZ,Q3)7 (4.15)

where éq is the operator associated with the curvature perturbation ( introduced in ap-
pendix B.1. The quantity fnr, is a dimensionless parameter defining the amplitude of non-
Gaussianity and the function F' captures the momentum dependence.

Our model belongs to the class of k-essence inflation models. In these models the La-
grangian L£(#, X) has a non-canonical dependence on the kinetic term X defined in (1.2).
As a consequence, the adiabatic sound speed ¢y defined by (4.3) in these models may sig-
nificantly deviate from 1. In the k-essence models, the largest non-Gaussianity is peaked at

the so called equilateral configuration with g1 ~ g2 ~ g3. The non-Gaussianity amplitude of
equi

equilateral triangle fyi "in a general k-essence is given by [36, 37]
2
cquil 85 (1-c2\ , 20, )
_ 35 Y 16
NL 108< c2 )+81’ (4.16)

where )
QE,XX — (1/3)£7XAC7XXX

ﬁ?X + 2X£,XE7XX
Precisely as in the string theory motivated DBI model [38], the quantity A in the tachyon

model turns out to be identically zero and the amplitude is directly proportional to 1 — c?.
In the tachyon model with standard cosmology one has

35 (1_202) , (4.18)

st:_m Cg

A=X

(4.17)

equil
NL

where ¢ is given by (4.5).

- 12 —
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Figure 5. r versus ng diagram with observational constraints from ref. [35]. As in figure 4 the
dots represent the theoretical predictions obtained by solving the equations of motion numerically for
randomly chosen N and h? and the analytical results in the slow roll approximation are depicted by
the dashed (N = 60) and full (N = 90) lines.

Now, we estimate the non-Gaussianity amplitude in our tachyon model. As the sound
speed deviates from unity most at the end of the slow roll regime, we estimate the equilateral
amplitude at the end of inflation neglecting possible post-inflationary effects. From (4.18)
and the calculation of the two point function presented in appendix B.1, where the main
difference between our model and the standard tachyon inflation is the factor 1 — h?/2 which
appears in the denominator of (4.7), we expect flf]qﬁlﬂ in our model to be of the form (4.18)
possibly multiplied by a factor (1 — h2/2) raised to some power. For the purpose of an
estimate this factor can be neglected since h? < 1 at the end of the slow roll regime. An
estimate based on (3.14), (3.19), and w? = 0.027 yields h? < 0.01 at the end of inflation.
Hence, we can use the result (4.18) with ¢ given by (4.4) and €1 = 1 yielding

equil _, 70(1 — h2/2) ~ gequil| _E

NL ™ 108(1 + h2/4) © INE g 108

This value is well within the observational constraints provided by the Planck 2015 collabora-

tion [39]: f;%ml = 2.61+61.6 from temperature data and fﬁﬁml = 15.6+£37.3 from temperature
and polarization data.

In conclusion, the estimated non-Gaussianity in our model at the end of inflationary

period cannot be distinguished from that in the standard tachyon inflation. Possible post-

(4.19)
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Figure 6. r versus ng diagram with observational constraints from ref. [35] for several fixed N
(indicated at the end of each line) and varying h? in the interval 0.01-2.

inflationary persistence of isocurvature perturbations, as discussed recently by C. van de
Bruck, T. Koivisto, and C. Longden [40], may alter this conclusion. However, a study of
such effects is beyond the scope of the present paper.

5 Conclusions

We have investigated a model of tachyon inflation based on a holographic braneworld scenario
with a D3-brane located at the boundary of the ADSs bulk. The slow-roll equations in this
model turn out to differ substantially from those of the standard tachyon inflation with the
same potential. We have studied in particular a simple exponentially attenuating potential.
For a given number of e-folds our results depend only on the initial value of the Hubble rate
and do not depend on the fundamental coupling k. A comparison of our results with the most
recent observational data [35, 41] shows reasonable agreement as demonstrated in figure 5.
Apparently, the agreement with observations is better for larger values of the numbers of
e-folds N.

It would be of considerable interest to perform precise calculations for other types of
tachyon potentials that are currently on the market. To this end, one would need to estimate
the phenomenologically acceptable range of the fundamental coupling parameter x and solve

— 14 —



the exact equations numerically for various potentials. Based on our experience from the
previous work [24, 27] we do not expect a substantial deviation from the present results.
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A Cosmology on the holographic brane

In this appendix we present a brief review of the holographic cosmology elaborated in [19].
The basic idea is to use the action of the second Randall-Sundrum (RSII) model [42] as a
regulator of the bulk action and derive the Friedmann equations on the AdSs boundary using
the AdS/CFT prescription and holographic renormalization [43].

A general asymptotically AdSs metric in Fefferman-Graham coordinates [44] is of

the form ,

1
ds? = Gupda®da® = = (gudatda” — sz) , (A.1)
z
where the length scale £ is the AdS curvature radius and we use the Greek alphabet for 341

spacetime indices. Near z = 0 the metric g, can be expanded as
guv(2,2) = g\ (x) + 2290 () + 21 g() (@) + - . (A2)

Explicit expressions for gf?l,n) in terms of arbitrary gg,)j) can be found in ref. [43]. The pure

gravitational on-shell bulk action is infra-red divergent and can be regularized by placing
the RSII brane near the boundary, i.e., at z = €/, ¢ < 1, so that the induced metric on the
brane is

1 1
T = 5 9u(els) = 5 (90 + 2292 + ). (A.3)
The bulk splits in two regions: 0 < z < €f and ¢/ < z < co. We can either discard the
0 < z < el region (one-sided regularization) or invoke the Z, symmetry and identify two
regions (two-sided regularization). For simplicity we shall use the one-sided regularization.
The regularized on shell bulk action is [45]

R®)
g

SreE[] = 8771G5 / PG + Sanl] + Sucll, (A4)

z>el

where Sgp is the Gibbons-Hawking boundary term which is required to make a variational
procedure well defined. The brane action is given by

Suelr] = / dizy (o + Lh]), (A.5)
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where o is the brane tension and the Lagrangian £ describes matter on the brane. The
renormalized action is obtained by adding necessary counter-terms and taking the limit ¢ — 0

ST ] = S™B[y] 4+ S1[v] + Sa[v] + S3[v], (A.6)

where the expressions for the counter-terms Sj, Sy and S3 may be found in refs. [43, 46].
Next, the variation with respect to the induced metric 7, of the regularized on shell bulk
action (RSII action) should vanish, i.e., we demand

dS™e[y] = 0. (A.7)
The variation of the action yields effective four-dimensional Einstein’s equations on the
boundary
1
R,u,l/ - §Rg;(1(1)/) = 8mGN (<T§VFT> + T,ul/) ) (A8)

where R, is the Ricci tensor associated with the metric gfg,) and the energy-momentum

tensor
1} = diag(p, —p, —p, —p) (A.9)

corresponds to the matter Lagrangian £ on the brane. According to the AdS/CFT prescrip-
tion, the expectation value of the energy-momentum tensor of the dual conformal theory is
given by

2 ggren 2 ggren
CFT\ __ .
Do) = V—g©® 9gO" 28 =g og

This expectation value has been derived explicitly in terms of gfLQ,,"), n =0,1,2, in ref. [43]

(A.10)

for an arbitrary metric gfg,) at the z = 0 boundary.
In the following we will specify the boundary geometry to be of a general FRW form

ds%o) = gl(g,)d:z:”dx” = dt? — a®(t)dQ3, (A.11)
where 2(VE
02 = dy? + SR g2 L2 a2 (A.12)

k

is the spatial line element for a closed (k = 1), open hyperbolic (k = —1), or open flat (k = 0)
space. Assuming an AdS Schwarzschild geometry in the bulk one obtains [18, 19, 47|

(TOFTY — ¢ + %TCFT% g© (A.13)

pv alIpv .

The second term on the right-hand side corresponds to the conformal anomaly

303 k
JOFTey a (g2 A
< o) = 167G5 a < * a2> ’ (A-14)

where H = a/a is the Hubble expansion rate on the boundary. The first term on the right-

hand side of (A.13) is a traceless tensor, the nonvanishing components of which are

30 EN? | 4p k
<H2—|—2> +/:—C.ZO<H2+2>
a ag  ap a

too = _3752 - 647G

, (A.15)
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where the dimensionless parameter p is related to the black hole mass [48, 49]. Then,
from (A.8) we obtain the holographic Friedmann equations [18, 19]

k )2 _ 81Gy | Py

- il Al
2 5 Pt (A.16)

From this, by making use of the energy conservation equation
p+3H(p+p) =0, (A7)
we obtain the second Friedmann equation

E o d 2 EN?| 4
a1—2<W+)]= TN (5~ 3p), (A.18)

H>+ = + -
a a

a? 3

where the pressure p and energy density p are the components of the energy-momentum
tensor as defined in (A.9).

B Cosmological perturbations

Here we derive the spectra of the cosmological perturbations for the holographic cosmol-
ogy with tachyon k-essence. Calculation of the spectra proceeds by identifying the proper
canonical field and imposing quantization of the quadratic action for the near free field. The
procedure for a general k-inflation is described in [50] and applied to the tachyon fluid in
refs. [3, 15, 34].

We shall closely follow J. Garriga and V.F. Mukhanov [50] and adjust their formalism
to account for the modified Friedmann equations. In the following we consider a spatially flat
background with Friedman equations of the form (2.2) and (2.3) in which the pressure and
energy density p and p corresponding to the tachyon Lagrangian (1.1) are defined in (2.12)
and (2.13). Equation (2.2) can be written in the usual Friedmann form

_ 8GN .
- 3 p7

6 [ K2
6 R
P= <1:|: 1 3€p>. (B.2)

Equation (B.1) with (B.2) suggests considering another k-essence Lagrangian L= L(X,0),
such that the effective energy density p defined in (B.2) is obtained from £ by the usual
prescription

H2

(B.1)

where

p=2XLx—L. (B.3)

Then, varying the action

= / doy=g [ +E(X,0)] (B.4)

167GN

one obtains Einstein’s equations

1 -
R, — §R9W = 87GNT L, (B.5)
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where

T;w = (]5 + ﬁ)uuuu - ﬁg,uu (B'G)
and 0
L, wu,=—X. B.7
H \/X ( )
In principle, the Lagrangian £ can be expressed as an explicit function of X and 6 by
integrating eq. (B.3) but in the following we will not need an explicit expression for L.
Assuming isotropy and homogeneity, equations (B.5) yield the Friedmann equation (B.1)
(or equivalently eq. (2.2)) and energy conservation equation

p

p+3H(p+p)=0. (B.8)

In this way we have obtained the holographic Friedman equation (A.16) (with & = 0 and
@ =0) from a standard k-essence action (B.4). Now, we can apply the procedure of ref. [50]
directly to the modified k-essence described by (B.4) keeping in mind that the background
evolution is governed by our original equations (2.10) and (2.11) with (2.2) and (2.3).

B.1 Scalar perturbations

Assuming a spatially flat background with line element (2.1), we introduce the perturbed
line element in the longitudinal gauge

ds® = (1 +2®)dt? — (1 — 2®)a?(t)(dr* + r2dQ?). (B.9)

Next, we apply directly the procedure of ref. [50] to our modified k-essence. The relevant
Einstein equations at linear order are given by

a2A® — 3H® + 3H?® = 4nGNOTY, (B.10)

(® 4+ H®); = 4nGNOTY, (B.11)

where the perturbations of the stress tensor components 7} are induced by the perturbations

of the scalar field 6(t,x) = 60(t) + 60(t,x), Using the energy conservation (A.17) and the
definition (1.2) of X one finds

5:f’g:ﬁég'5 [(?)-@] —3H(ﬁ+ﬁ)6;, (B.12)
570 = (5+ 7) (‘ff) (B.13)

)

where the quantity ¢ is the adiabatic speed of sound defined by (4.3). Using (B.12) and (B.13)
equations (B.10) and (B.11) take the form

(59)' P (B.14)
i) TP maner )Y |

00
(a®) = 4rGna(p + ,5); (B.15)

So far we have merely applied the formalism of [50] in which we have only used the energy
conservation with no need to use the modified Friedmann cosmology so equations (B.14)
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and (B.15) coincide with those derived in [50]. However, from now on we invoke the modified
Friedmann dynamics encoded in equations (2.2) and (2.3). That means, in particular, that
all background variables, such as a, H, and H are obtained by solving equations (2.10)
and (2.11) with (2.2), and, as may be easily shown, é = cs. As in ref. [50], we introduce new

functions
ad 60
= — =0+ H—. B.1
o © +H (B.16)

§
The quantity ¢ is gauge invariant and measures the spatial curvature of comoving (or
constant-6) hyper-surfaces. During slow-roll inflation ¢ is equal to the curvature perturba-
tion on uniform-density hyper-surfaces [36]. Substituting the definitions (B.16) into (B.14)
and (B.15) and using (2.3) we find

: hh
é=alTlc- e (B.17)
B c2H? h 4rGN

where h = H{. Compared with the standard equations of Garriga and Mukhanov [50],
equations (B.17) and (B.18) have additional terms on the righthand sides proportional to h
as a consequence of the modified Friedmann equations of the holographic cosmology.

In principle, one can find solutions to these equations numerically. However, for the sake
of comparison with previous calculations in other models, we prefer to look for approximate
solutions in the slow roll regime. We now show that in this regime the additional terms
in (B.17) and (B.18) are suppressed with respect to the standard terms by a factor 1 =
—H/H?. With hindsight, we approximate time derivatives by || ~ H|¢| and |¢| ~ H|¢| and
check the validity of this approximation a posteriori. With this we immediately see that the
magnitude of the last term on the right-hand side of (B.17) is smaller then the magnitude of
the left-hand side by a factor e1h?/2. Then, neglecting the last term we find an approximate
relation
a(p + p)

2
Using this we find that the magnitude of the second term on the right-hand side of (B.18) is
of the order e1h2H|(|/2 and is suppressed with respect to the left-hand side the magnitude of
which is of the order H|(|. For a consistency check we can use another relation |A¢| =~ ¢?|¢| ~
H?a?c;?|¢] approximately valid at the sound horizon crossing. Using this we find that the
magnitude of the first term on the right-hand side is of the order H|(| and it dominates the
second term and is comparable with the left hand side of (B.18).

Hl¢| ~ [qF (B.19)

By neglecting the sub-dominant terms and keeping the leading order in €;, equa-
tions (B.17) and (B.18) can be conveniently expressed as

£ =222, (B.20)
¢ =272A¢, (B.21)
where
alp+p)'?  a | @ h?
= - = — 1 —_— . B.22
“ csH cs \| 4mGN 2 ( )
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Hence, in our approximation we basically neglect the contribution of the conformal fluid in
the perturbations and the modified Friedman dynamics is reflected in a modified definition
of the quantity z.

By introducing the conformal time 7 = [ dt/a and a new variable v = z(, it is straight-
forward to show from equations (B.20) and (B.21) that v satisfies a second order differential

equation
"

v — EAv — %v =0. (B.23)

By making use of the Fourier transformation

(T, @) = ) /d?’qeiqqu(ﬂ (B.24)

we also obtain the mode-function equation
Z//
vy + <c§q2 — z> vg = 0. (B.25)

As we are looking for a solution to this equation in the slow-roll regime, it is useful to express
the quantity 2”/z in terms of the slow-roll parameters ;. In the slow-roll regime one can use

the relation
B 1+

aH

+ O(e), (B.26)

T =

which follows from the definition of €1 (3.7) expressed in terms of the conformal time. Using
this and (B.22) we obtain at linear order in ¢;

2 v —1/4
—_— = B.27
o (B.27)
where
9 3 h? 3
2
LA R 2. B.2
v 4+2<+2_h2>81+2€2 (B.28)

We look for a solution to (B.25) which satisfies the positive frequency asymptotic limit

) e—icsq‘r
TEIEIOO ’Uq = m (B29)

Then the solution which up to a phase agrees with (B.29) is
vy = \27?(—7)1/21{,51)(—%(17), (B.30)

where H, 1(11) is the Hankel function of the first kind of rank v.
In the limit of the de Sitter background all ; vanish so v = 3/2 in which case the
solution to (B.25) with (B.27) is given by

e—iquT i
= 1-— . B.31
T e ( cqu> (B.31)
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Now, we can use this as an approximate solution in the slow-roll regime to check the validity
of our estimate which led to egs. (B.20) and (B.21). We set ( ~ v,/z at the sound horizon
crossing, i.e., we take c¢sqg = aH. Using eq. (B.26) we find

¢~ (%) ~ <aH - z> ¢, (B.32)

where a is a complex constant with magnitude of order 1. From (B.22) it follows 2/z =
H + O(£?) so |¢| = H|¢| in accord with our previously assumed relation. Then, the relation
€| ~ H|¢| also follows by virtue of egs. (B.19) and (B.20).

Next, consider the action for a scalar field v

i
S[v] = ;/de‘ga: (1/2 —(Vv)? + Zv2) . (B.33)

z

The variation of this action obviously yields (B.23) as the equation of motion for v. Applying
the standard canonical quantization [51] the field v, is promoted to an operator

by = vgitg + 07l g, (B.34)
where the operators a4 and dg satisfy the canonical commutation relation

lig, al,] = (2m)%3(q — q'). (B.35)

Then, the power spectrum of the field {; = v,/z is obtained from the two-point correlation
function

<6q§q/> = @q@q’)/fz2 = (277)35((1 + q/)‘<q|2- (B.36)
The dimensionless spectral density
3 3
q q
PS(q) = 27T2 |Cq|2 = 277'222 ’/Uq|2 ’ (B37)

with v, given by (B.30), characterizes the primordial scalar fluctuations. The difference
with respect to the standard expression is basically in a modified definition of z and in a
modification of v, owing to a new expression (B.28) for the rank v of the Hankel function.

B.2 Tensor perturbations

The tensor perturbations are related to the production of gravitational waves during inflation.
The metric perturbation are defined as

ds? = dt* — a*(t) (6;5 + hij) da'da?, (B.38)

where h;; is traceless and transverse. In the absence of anisotropic stress the gravitational
waves are decoupled from matter and the relevant Einstein equations at linear order are

h;’] + 2aHh;j — Ah;; = 0. (B.39)
To solve this one uses the standard Fourier decomposition

(@) = o [0 gt a) (B.40)
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. . s . i.s s Sl _ . .
where the polarization tensor eij(q) satisfies ¢ €; =0, and €€ = 20, With comoving wave

number ¢ and two polarizations s = +, x. The amplitude hy(t) then satisfies
2
hy 4+ 2aHh; 4 q°hg = 0, (B.41)

where we have suppressed the dependence on s for simplicity and bear in mind that we
have to sum over two polarizations in the final expression. As before, we introduce a new,
canonically normalized variable

a
= h B.42
Uq 167TGN q ( )
which satisfies the equation
"
vy + (q2 - C;) vg = 0. (B.43)

This equation is of the same form as (B.25) with ¢ = 1 and z replaced by a. Then, the
properly normalized solution v, is given by

T
vy — \g(_ﬂm HO(—qr), (B.44)
with v2 = 9/4 + 3e1. The quantization proceeds in a similar way as in the scalar case and
the power spectrum of the field hy = (16mGx/a)v, is obtained from the two-point correlation

function

- . (167Gx)?
(hghg) = <quq’>m = (2m)%0(q + ) |hy|*. (B.45)

The dimensionless spectral density which characterizes the primordial tensor fluctuations is

given by
2

16mGN (B.46)

a

3
4
2

6]3 2
Pr(q) = p’hq’ = Vq

with v, given by (B.44).
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