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1 Introduction

The improvement in the quality of the cosmological observations of the last years [1-4] has
reinforced the theory of cosmic inflation [5-7]. The inflationary theory gives by now the most
likely scenario for the early universe, since it provides the explanation to flatness, horizon
and monopole problems, among others, for the standard hot Bing Bang cosmology [8-14].
In other words, the inflation can set the initial conditions for the subsequent hot Big Bang,
by eliminating the fine-tuning condition needed for solving the horizon, flatness and other
problems. Besides that, the quantum fluctuations during inflation could provide the seeds for
the large scale structure and the observed CMB anisotropies [15-22]. In particular, inflation
allows as to understand how the scale-invariant power spectrum can be generated, though
it does not predict an exact scale invariant but nearly scale invariant power spectrum [22].
The deviation from scale invariance is connected with the microphysics description of the
inflationary theory which is still incomplete.

The simplest and most studied model of inflation consists of minimally-coupled scalar
field with flat enough potential to provide the necessary conditions for slow-roll [6, 7]. But
the inflation scenario can be realized in many other models like non-minimally coupled scalar
field [23-27], kinetic inflation [28], vector inflation [29-31], inflaton potential in supergrav-
ity [32-34], string theory inspired inflation [35-40], Dirac-Born-Infeld inflation model [41-44],
a-attractor models originated in supergravity [45-49]. Apart from the DBI models of infla-
tion, another class of ghost-free models has been recently considered, named “Galileon”
models [50, 51]. In spite of the higher derivative nature of these models, the gravitational
and scalar field equations contain derivatives no higher than two. The effect of these Galileon



terms is mostly reflected in the modification of the kinetic term compared to the standard
canonical scalar field, which in turn can improve (or relax) the physical constraints on the
potential. In the case of the Higgs potential, for instance, one of the effects of the higher
derivative terms is the reduction of the self coupling of the Higgs boson, so that the spectra of
primordial density perturbations are consistent with the present observational data [52, 53]
(which is not possible within the standard canonical scalar field inflation with Higgs poten-
tial). Different aspects of Galilean-inflation have been considered in [52-57]. A particular and
important case belonging to the above class of models is the scalar field with kinetic coupling
to the Einstein tensor [58-61] whose application in the context of inflationary cosmology has
been analyzed in [62-67].

In the present paper we consider a scalar-tensor model with non-minimal coupling to
scalar curvature, non-minimal kinetic coupling to the Einstein tensor and coupling of the
scalar field to the Gauss-Bonnet 4-dimensional invariant, to study the slow-roll inflation
and the observable magnitudes, the scalar espectral index and the tensor-to-scalar ratio,
derived from it. These interaction terms have direct correspondence with terms presented
in Galileon theories [57, 68]. This model is the simplest and more general scalar-tensor
theory (whose Lagrangian density contains up to first derivatives of the scalar field) leading
to second-order field equations, avoiding the appearance of Ostrogradsky instabilities and
leading to ghost-free theory. These couplings, including linear and second-order curvature
corrections, arise in the low energy effective action of string theory (in fact a remarkable
peculiarity of the string effective action is the appearance of field-dependent couplings to
curvature) [69, 70], where couplings such as Gauss-Bonnet provide the possibility of avoiding
the initial singularity [71, 72]. Given that there exist non-singular cosmological solutions
based on these couplings, it is pertinent to investigate the effect of these correction terms on
the evolution of primordial fluctuations that leave the power-spectrum nearly scale-invariant.
Also, in view of the accuracy of future observations, we expect that these corrections to the
simplest, canonical scalar field, inflation model become important in a high-curvature regime
typical of inflation. The effect of such corrections to the inflationary scenario could provide
a connection with fundamental theories like supergravity or string theory. For studies of
inflation with GB coupling and modified gravity see, for instance [72-85].

In the appendices we develop in detail the linear and quadratical perturbations for
all the interaction terms of the model and deduce the second order action for the scalar
and tensor perturbations. In appendix A we present the basic formulas for the first order
perturbations, needed for the model, in the Newtonian gauge. In appendix B we deduce the
gravitational and scalar field equations in a general background. In appendix C and D we
give the first order perturbations of the field equations in the Newtonian gauge. In appendix
E we give the details for constructing the second order action using the Xpand tool [86], and
in appendix F we give a detailed description of the slow-roll mechanism for the minimally
coupled scalar field.

The expressions for the primordial density fluctuations in terms of the slow-roll param-
eters and the corresponding power spectra were found. We have found a consistency relation
that is useful to discriminate the model from the standard inflation with canonical scalar
field. The latest observational data disfavor monomial-type models V o« ¢™ with n > 2 in
the minimally coupled scalar field. With the Introduction of additional interactions like the
non-minimal coupling, kinetic coupling and Gauss-Bonnet coupling (GB), it is shown that
the tensor-to-scalar ratio can be lowered to values that are consistent with latest observa-
tional constraints [2, 3]. This is sown in the case of quadratic potential with non-minimal and



kinetic coupling, quadratic potential with kinetic and GB coupling and the general power-law
potential with GB coupling.

The paper is organized as follows. In the next section we introduce the model, the
background field equations and define the slow-roll parameters. In section 3 we use quadratic
action for the scalar and tensor perturbations (details are given in the appendix) to evaluate
the primordial power spectra. In section 4 we work some explicit models. Some discussion
is given in section 5.

2 The model and background equations

We consider the scalar-tensor model with non-minimal coupling of the scalar field to curva-
ture, non-minimal kinetic coupling of the scalar field to the Einstein’s tensor and coupling of
the scalar field to the Gauss-Bonnet (GB) 4-dimensional invariant

1 1
5= [aev=g [2F<¢>R — 20,606 V(6) + F0)Gd66 — Ba(0)G|  (21)
where G, is the Einstein’s tensor, G is the GB 4-dimensional invariant given by

G = R* — AR, R" + Ry, R (2.2)
1
F(¢) = — + f(9), (2.3)

and k% = M, 2 = 87@. One remarkable characteristic of this model is that it yields second-
order field equations and can avoid Ostrogradski instabilities. Using the general results of
appendix B, expanded on the flat FRW background

ds® = —dt® + a(t)? (dx2 + dy* + dz2) (2.4)

one finds the following equations

3F1$?  8HF, 1. .
H?F(1-— — == —3HF 2.
3 ( = 7 ) 50+ V=3 (2.5)
. ‘2 ; . .. . .. .
2HF <1 — F}? - SiF{") =—¢* — F+ HF +8H*Fy — 8H’F, (2.6)
— 6H?F1¢? + AHF ¢ + 2H F, §?
b+3H)+V' —3F (2H2 + H) + 2412 <H2 + H) F (2.7)

+18H3F ¢+ 12HHF, ¢ + 6H2F1 ¢ + 3H2F|$2 = 0



where (") denotes derivative with respect to the scalar field. Related to the different terms
in the action (2.1) we define the following slow-roll parameters

0=, ] (29
by = % b= ;%o (2.9)
ko = 3F}17¢2, ky = ;ZO (2.10)
Ao = 8}?2, Ay = HAAOO (2.11)

The slow-roll conditions in this model are satisfied if all these parameters are much smaller
than one, and will be used in the next section. From the cosmological equations (2.5) and (2.6)

and using the parameters (2.8)—(2.11) we can write the following expressions for ¢? and V/
) ) 1
vn:H%ﬂ3—§A0—2%-10+5%+§&mm—fo+%) (2.12)
1 1
— 580 (A1 — o+ 0lo) — ko (k1 +lo — 60)}
d.)2 :H2F|:260+€0—A0—2k‘0+A0 (Al —60+£0)_ (213)

2
by (b1 — eg + 4o) + §k0 (k1 + 6o — Eo)}

where we used

.. .. FA
F:H%@mfm+%%_@:4§%m+m+%) (2.14)
It is also useful to define the variable Y from eq. (2.13) as
gf.>2
Y = 2.1

where it follows that Y = O(e). Notice that for the simplest case of minimally coupled scalar
field (F = 1/k%, F} = F, = 0), the eqs. (2.12) and (2.13) give the standard equations

1. ) .
HL—%f(f¥+VwO,,H——MG&
Under the slow-roll conditions ¢ < 3H¢ and £, ki, A; < 1, it follows from (2.5)—(2.7)
3H?F ~V, (2.16)
QHF ~ —¢* + HEF — 6H?F1¢* — 8H3F,,  (2.17)
3H$p+ V' — 6H?F' + 18H?F ¢+ 24H Fy ~ 0 (2.18)

showing that the potential V' gives the dominant contribution to the Hubble parameter, while
egs. (2.17) and (2.18) determine the dynamics of the scalar field in the slow-roll approxima-
tion. The number of e-folds can be determined from

5 q 22 H? + 6H*F

N= [ Lds= o

Y é1 2H2FI_8H4F2_§V/

where ¢; and ¢p are the values of the scalar field at the beginning and end of inflation
respectively, and the expression for ¢ was taken from (2.18). The criteria for choosing the

initial values will be discussed below.

do (2.19)



3 Quadratic action for the scalar and tensor perturbations

Scalar Perturbations. After the computation of the second order perturbations we are
able to write the second order action for the scalar perturbations as follows

552 = / dtd3za® {gsg2 - 5—2 (vg)ﬂ (3.1)

where

)y 2
_1d ja o
o= g (%) = 7r (3:3)
with
Gr = F — F1¢? — 8HF. (3.4)
Fr=F+ Fi¢? — 8L, (3.5)
©=FH+ %F — 3HF\¢> — 12H?F, (3.6)
_ 2 ; 1 12 27 2 37

Y= —3FH® —3HF + 50" + I8H 16" + 48H I} (3.7)

And the sound speed of scalar perturbations is given by
Fs

Gs

The conditions for avoidance of ghost and Laplacian instabilities as seen from the ac-
tion (3.1) are

k= (3.8)

F>0, G>0

We can rewrite Gr, Fr, © and ¥ in terms of the slow-roll parameters (2.8)—(2.11) and using
egs. (2.13) and (2.14), as follows

1
gr=F <1 - gko - Ao) (3.9)
1
Fr=F <1 + §k0 AN (Al + €g + go)) (3.10)
1 3
©=FH (1—|—2f0—]€0—2A0> (311)
) 11 1
b)) :—FH2[3—60+§€0 — bky — ?Ao+§£0 (61 —eo + o) (3.12)

1 1
- gko (k1 — €0+ o) — §A0 (A1 — €0 + 4o)

The expressions for Gg and 025 in terms of the slow roll parameters can be written as
F(3Y +ko+32W2(1 — Ao — ko))
(1+5W)°
- 1+W2(%A0(A1+50+l0—1) — 1ko)+W (3ko (2 — k1 — lo)+200g0) — 3koco
Y + 2k + 3W2(1 — Ap — Lhko)

Gs = (3.13)

(3.14)



where

1— Ao — 3ko
Notice that in general Gg = FO(e) and ¢% = 1+ O(e). Also in absence of the kinetic

coupling it follows that c% = 1+ O(e?). Keeping first order terms in slow-roll parameters,
the expressions for Gg y c% reduce to

W = (3.15)

1 1
Gg=F (60 + 5[0 — 2A0> (3.16)
4 4 4
*/60 (l() — AO — *ko) — *koEo
2 3 3 3
T 2e0 + 1o — Ao (3.17)

To normalize the scalar perturbations we perform the change of variables [57] (see (F.7))

dry = %Sdt, 2 =\2a (FsGs)Vt, U =¢z (3.18)
and the action (3.1) becomes
2 1 3 L =~ 2 YT Z' )

where “prima” indicates derivative with respect to 7,. Working in the Fourier representation,
one can write

~ 3 ~ Psga
U(Z, 1) = / (%?)UE(TS)eZkI (3.20)

and the equation of motion for the action (3.19) takes the form

~i’+<k2—z~”> U:-=0 (3.21)
k 5 k )

z

From (3.18), and keeping up to first-order terms in slow-roll variables using (3.16) and (3.17),
we find the following expression for z’

3 — if |:F2 df(EOaZ()vAO)

. 1
= 2FF Lo, A —aH .22
P 7 + f (€0, 4o, 0)] + —aHz (3.22)

cs
where

1 1 2
f(€0, €0, No) = | €0 + 550 — §AO .

Then, under the approximation of slowly varying cg and up to first-order in slow-roll variables
we find the following expression for /2

z . a’H? 3 2eg€1 + Lol1 — Ao\

3
2 92— eg+ 20y + 2> } 393
z 2 [ Ot Ot ST e Tl — Ay (3.23)

This expression reduces to the one of the canonical scalar field given in appendix E, eq. (F.24),
in the case ¢y = Ay = 0 where ¢cg = 1 and €1 = 2(¢p — ), with § defined in (F.22). In what
follows the reasoning is similar to the simplest case, corresponding to minimally-coupled
scalar field, which is analyzed in detail in appendix E. So on sub-horizon scales when the k2



term dominates in eq. (3.21) we choose the same Bunch-Davies vacuum solution defined for
(3.24)

the scalar field, which leads to
- 1 A
Uk _ —ikTs
V2k
Note that from the expression
d l+e= d 1+ (3.25)
a—|—=)=-1+¢ cs— |—=)=-1+c¢€ .
dt \ aH Sdry \aH o
in the approximation of slowly varying cg and ¢y one can integrate the last equation to obtain
1 cg
- 3.26
T T UHT— e (3.26)
(3.27)

Then in the limit € — 0 for de Sitter expansion it follows that
1 TdsS

aH  cg

In this last case and neglecting the slow-roll parameters (in this limit cg = 1) we can write
(3.28)

from (3.23)
' 2a°H* 2
z c§ Tis
which allows the integration of eq. (3.21), giving the known solution for the scalar perturba-

tions in a de Sitter background. Taking into account the slow-roll parameters and using (3.26)
(3.29)

we can rewrite the eq. (3.21) in the form
Tl 277 1 2 1 7
TZ 4
Where 9 4 2 22 lol AgA
2 €o€1 + Lof1 — DpAg
=-|14- b+ = 3.30
Hs 4[+3€”+3°+3 20 + Lo — Ao } (3-30)
where we have expanded up to first order in slow-roll parameters. The general solution of
eq. (3.30) for constant ps (slowly varying slow-roll parameters) is
Uy, = \/TTS[CUCH‘L(Li)(_kTS) + CQkH;(L.Qs)(_kTS)] (3.31)

and after matching the boundary condition related with the choosing of the Bunch-Davies
(3.32)

vacuum (3.24) we find the solution
VT 503 B O (k)

Ue="y
using the asymptotic behavior of H ;(t? (z) at z > 1, we find at super horizon scales (csk < aH)
(3.33)

D=3 L) gy

L i3
I'(3/2)

Op = Lo
Ve
To evaluate the power spectra we use the relationship
1 1 1 2epe1 + Lol — DNgA\q 1 1
14+ ip o2t ]:_7 - 3.34
L Ry — o\ 2 (3:34)

Z _
5 (1 —€o)Ts



where we used (3.26) for aH, and for the last equality we have expanded up to first order in
slow-roll parameters, resulting in
3

1
Ms:§+50+§€0+

126061 + bl — AgAq
2 2¢9 + £y — Ao

(3.35)

Assuming again the approximation of slowly varying slow-roll parameters we can Integrate
this equation to find

3k
Zocrd (3.36)

which gives, in the super horizon regime, for the amplitude of the scalar perturbations the
following expression R
U,

&= —& o ke (3.37)
Z

where the 75, dependence disappears as expected from the solution (3.33) in super horizon
scales (csk < aH). The power spectra for the scalar perturbations takes the following k-

dependence
3

€= o
and the scalar spectral index becomes

|€x|? oc k32Hs (3.38)

dln Pf 2¢epe1 + Lol — AgAq
= =3—2us =—2¢e9— by —
dink 0% ot 260 + Lo — Ag

(3.39)

ng —

It is worth noticing that the slow-roll parameter kg, related to the kinetic coupling, do not
appear in the above expression for the scalar spectral index. This is because kg appears only
in second order terms (or higher) in the expressions for Gg and Fgs (see (3.13) and (3.14)).

Tensor perturbations. The second order action for the tensor perturbations takes the form
1 3 o [(i \2_ 2
68y = 5 | d*dtGra (hij> — L (Vhy) (3.40)
a

where Gr and Fr are defined in (E.2) and (E.3) (in terms of the slow-roll variables in (3.18)
and (3.19)). The velocity of tensor perturbations is given by

ﬁ_3+/€0—3A0(A1+60+£0)
Gr 3 — ko — 34 '

2 — (3.41)

As in the case of scalar perturbations, in order to canonically normalize the tensor pertur-
bations the following variables are used [57]

drr = %dt, zr = %(fTQT)1/4, vij = zrhij (3.42)

leading to the quadratic action

1 3 2 2, 2T 9
0Ss = 3 /d xdrr [(U:g) = (Vi)™ + g%‘ (3.43)

which gives the equation
i

’U;lj - VQUZ‘]' — %’l]z‘j = 0. (3.44)



Or for the corresponding Fourier modes

” K2 s = 0 (3.45)
Y(k)ij o U(kyij = Y -

which is of the same nature as the equation for the scalar perturbations, and therefore the
perturbations h;; on super horizon scales behave exactly as the solutions (F.6). For the
evaluation of the primordial power spectrum we follow the same steps as for the scalar
perturbations. To this end we write the expression for 2/./zr, up to first order in slow-roll
parameters, as follows

" 27172
Zp a“H 3
— = 2 — 4 3.46
T C%« ( € + 2 O) ( )

Then, the normalized solution of (3.45) in the approximation of slowly varying slow-roll
parameters can be written in terms of the Hankel function of the first kind as

7T k
U(k:)ij = \va _TTH,S;)(_kTT)egj) (3.47)

(k)

where the tensor € describe the polarization states of the tensor perturbations for the

k-mode, and
3

1
ur = 5 + €0 + §€0. (3.48)
At super horizon scales (crk < aH) the tensor modes (3.47) have the same functional form
for the asymptotic behavior as the scalar modes (3.33), and therefore we can write power

spectrum for tensor perturbations as

Pr=— |2 (3.49)

2m 2‘
(%)

where h;;" = v(g)i; /zr, and the sum over the polarization states must be taken into account.
Then, the tensor spectral index will be given by

nr = 3 — 2,uT = —260 — EO (3.50)

An important quantity is the relative contribution to the power spectra of tensor and scalar
perturbations, defined as the tensor/scalar ratio r

Pr(k)
r= (3.51)
Pe(k)
For the scalar perturbations, using (3.38), we can write the power spectra as
H2 gl/Q
P = 3.52
where
Ag = 122'“5_3 ) ‘2

I( 3/2)



and all magnitudes are evaluated at the moment of horizon exit when csk = aH (k75 = —1).
For z we used (3.18) with a = cgk/H. In analogous way we can write the power spectra for
tensor perturbations as
H2 g]{/ 2
2 13/2
(2m)% 72

Pr =16Ar (3.53)

where

1 our—3| Llpr) 2
Ar = 2% |
T2 r'(3/2)
Noticing that Ar/Ag ~ 1 when evaluated at the limit €g, £y, Ao, ... < 1, as follows from (3.35)
and (3.48), we can write the tensor/scalar ratio as follows

1/2 ~3/2

p o169 TS0

- 12732~ BGr
gs " Fr T

(3.54)

Taking into account the expressions for Gr, Fr,Gsg,Fs up to first order obtained
from (3.9), (3.10), (3.16) and (3.17), and using the condition eq, ¢y, ko, Ag < 1, then we
can see that c¢p ~ cg ~ 1 (in fact in the limit ¢y — 0, ¢s = 1 independently of the values of
€0 and Ay) and we can make the approximation

2e0 + lop — Ao
r=8| ———— | 282e¢+4{— A 3.55
<1—,1k:0—A0 (2€0 + fo = Ao) (3.55)
3
which is a modified consistency relation due to the non-minimal and GB couplings. In the
limit £y, Ag — 0 it gives the expected consistency relation for the standard inflation

r = —8nr, (3.56)

with np = —2¢p. Taking into account the non-minimal and GB couplings we find the
deviation from the standard consistency relation in the form

r=—8nr +Jr, Ir=—8A,, (3.57)

with np given by (3.50). Thus, the consistency relation still valid in the case of non-minimal
coupling, and if there is an observable appreciable deviation from the standard consistency
relation, it can reveal the effect of an interaction beyond the simple canonical scalar field or
even non-minimally coupled scalar field models of inflation. It is worth noticing that in the
first-order formalism the kinetic-coupling related slow-roll parameter k does not appear in
the spectral index for the scalar and tensor perturbations and is also absent in the tensor-to-
scalar ratio, appearing only starting form the second order expansion in slow-roll parameters.
Nevertheless, all the couplings are involved in the definition of the slow-roll parameters trough
the field equations. Of special interest are the cases of monomial potentials V' oc ¢™. These
potentials are disfavored by the observational data for n > 2 in the minimally coupled model.
As will be shown for some cases, with the GB and (or) kinetic coupling added, the spectral
index and especially the scalar-to tensor ratio can be accommodated within the range of
values obtained from the latest observational data.

~10 -



4 Some explicit cases

Model I. First we consider the particular case of the non-minimal coupling £¢? with
quadratic potential and kinetic coupling with constant Fj.

F@)= &% V)=’ R@)=v B@=0 @1

Using the egs. (2.16) and (2.18) we can express the slow-roll parameters (2.8)—(2.11) in
therms of the potential and the coupling functions, and once we specify the model, we can
find the slow-roll parameters in terms of the scalar field and the coupling constants. For the
model (4.1) the slow-roll parameters take the form

R A7) ((mPy — (€S +2)8 + 1)
07 P (mPy — &)t ' ¢2 (14 (m2y — €)¢?)?
AP+ ) g _Am*y —26)(66* — 1) (42)
(m?y —)@* + 17 T (mPy =@+ 1) '

where ¢ is dimensionless (¢ has been rescaled as k¢ — ¢ to measure it in units of M,) and
~ has dimension of mass™2 . Additionally, the scalar field at the end of inflation can be
evaluated under the condition €y(¢g) = 1. Sitting ¢y = 1 in (4.2) it follows

C8m2y 42 — 126+ 1+26 - 1

& 2m2y — 2¢ (4.3)
From eq. 2.19 it follows that the number of e-foldings can be evaluated as
¢Ed>+ (m*y = §)¢* 1, - e
N:/ 262¢4 — 2 d@b:g?z[mﬂn(l—ﬁ¢)—2€1n(1—£¢)] o (4.4)
o1

This expression allows us to evaluate ¢ for a given N. We can make some qualitative analysis
by assuming that £¢? < 1 and m?y > €. In this case from (4.3) it is found that

, 9 \ /2
| 5 4.5
" <m27> ’ (45
and from (4.4) we find for ¢;
8N + 2\
? 4.6
g < m2y ) (+0)

giving an approximate relation between the values of the scalar field at the beginning and
end of inflation as
o1 ~ (4N +1)V4¢p

So, assuming N = 60 gives ¢; = 3.9¢p. This will have sense only if the scalar spectral index
and the tensor-to-scalar ratio behave properly. In fact from (4.2) and replacing in (3.39)
and (3.55), we find (under the condition £¢? < 1 and m2y > &)

2 12 8
8N +2)1/2(m29)1/2 8N +2 (8N + 2)3/2(m24)1/2

ns ~ 1+ ( (4.7
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Figure 1. The behavior of the scalar spectral index ng and tensor-to-scalar ratio r for the two fixed
values £ = 1/6 (red) and & = 0.2 (blue), with m?~ in the interval 2 x 10> < m?y < 5 x 102,

T T T T

0.960 0.965 0.970 0.975

Figure 2. The variation of the scalar spectral index ns and tensor-to-scalar ratio r for the two cases
m2y = 1 and m?y = 2.5, for £ in the interval [—0.04, —0.01]. The values covered by n, and r are in
the region bounded by the latest observations [3, 4].

and
32 64¢

~avae2 T (8N + 2)1/2(m2+)1/2
where we have used (4.6) for ¢;. Additional simplification can be made if we assume that the

scalar field at the beginning of inflation is of the order of M, (¢ ~ 1). This can be achieved
if m2y = 8N + 2, as follows from (4.6), which gives

. (4.8)

10 8 32 + 64¢
— TR ——
8N +2 (8N +2)%’ 8N +2

ne~1-—

(4.9)
Thus, for 60 e-foldings we find ns ~ 0.98 and r ~ 0.067 (£ = 1072). In this case the inflation
begins with ¢; = M, and ends with ¢ ~ 0.25M,. For the numerical analysis with the
exact expressions, we assume N = 60, m = 10*6Mp. In fact from egs. (4.2) follows that
the spectral index ns and the tensor-to-scalar ratio depend on the dimensionless combination
m?2y. Figure 1 shows the behavior of ns and r where ¢ takes two fixed values £ = 1/6, ¢ = 0.2
and m?y is running in the interval 2 x 10> < m?y < 5 x 102, and in figure 2 we consider the
two fixed values m?y = 1 and m?y = 2.5 while ¢ is varying in the interval —0.04 < ¢ < —0.01.

The behavior shown in figure 2 is more interesting than the one in figure 1, since the
values for ngy and r fall in a more acceptable range, according to the latest observational
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bounds [3, 4]. Thus, keeping m?y ~ 1 with & varying in the interval [—0.04, —0.01] gives the
expected values for the observables, according to latest observations.

Model II. The following example considers a model with kinetic and GB couplings
n
F=5 V@ =3m'é’, R@)=7 R)=j (4.10)

where the constant 7 has dimension of mass? and ¢ is measured in units of M,. The slow-roll
parameters from (2.8)—(2.11), necessary to evaluate ns and r, take the form

o 6 — 8m?n o 4(3 — 4m?n) (1 + 2m2~¢?)
D 3L mAg) L 3L mAg?)?
2 — 4m? — 4?2 242
Ay — 16m=n(3 — 4m=n) A= 4(3 — 4m*n)(1 4+ 2m=y¢*) (4.11)

957(1+ m* ) 3R+ m

where theproduct m?n is measured in units of Mg and the product m?y is dimensionless.
The scalar field at the end of inflation is obtained from the condition €(¢r) = 1, which gives

1
% = 62y [\/72m2’y —96miyn +9 — 3} (4.12)

And from eq. (2.19), the number of e-foldings can be evaluated as

oE
@1

3¢%(2 + m*y¢?)
N =
8(4m?2n — 3)

(4.13)

which allows to find ¢; for a given N and ¢g from (4.12). From (3.39) and (4.11) we find
the scalar spectral index as

_ 3miyg? (y¢" + 16n) + 6m>y¢*(¢® — 6) + 3¢ + 32m*n — 24

4.14
" 3¢%(1 4+ m?y¢?)? o1 (4.14)
And from (3.55) and (4.11) we find the expression for the tensor-to-scalar ratio as
30(1 2., 42
= P(1 + m*y¢?) (4.15)

8m2n—6 ¢,

For N = 60 and taking m = 10_6Mp we can find the behavior of ns and r in terms of the
dimensionless parameter m?y. In figure 3 we show the behavior of the scalar field at the
beginning and end of inflation for 1 < m?y < 5. In figure 44 we show the corresponding
behavior for ng and r.

Model ITI. The following model considers the general power-law potential and non-minimal
power-law functions for the GB and kinetic couplings

A
F=—. V(e)="¢" Fi(d)= ¢l Fy(¢) = g (4.16)
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Figure 3. The scalar field at the beginning and at the end of inflation for 1 < m?y < 5 and
m?n = 0,65, m*ny = 0.7 (in units of M,'). At the end of inflation ¢ < M,.

m?n=0.65

0.009 -
0.008 -

0.007 |
m? n=0.7
A

0.006 |-

0.005

0.9725 0.9730 0.9735 0.9740

ns

Figure 4. The behavior of the scalar spectral index n, and r for m2~y, in the interval 1 < m2?y <5
and m?n = 0,65 , m*n = 0.7 (in units of M,).

The slow-roll parameters (2.8)—(2.11) for this model take the form (x = 1)

. n%(3n — 8n)\) o 2n(3n — 8nA) _ 8nnA(3n — 8nA)
P 6(n+290)9? FT 3+ 29092 °T 9+ 29092
~ 2n(3n — 8nA) _ nyA(3n — 8pA)? ~ 2n(3n —8n)) (4.17)
~3(n+ 20067 D 2N EEEICE VR
The scalar field at the end of inflation (9 = 1) takes the form
nyv/3n — 8N
op = Y2 oA (4.18)
J6n + 127A
The number of e-foldings from (2.19) is given by
2 ¢
N o S t29A) ode (4.19)
2n(3n —8nA) " lg;

which, using (4.18) allows to find the exact explicit form for the scalar field N e-folds before
the end of inflation as

n TL2* n 1/2 n
¢I:<(4N+ )(3n% — 8 nA)) (4N +n)

= /2T 4.2
6n + 127\ o8 (4.20)

n
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From (3.39) and (4.17) after replacing the value of the scalar field ¢; from (4.20), we find
the scalar spectral index as
. (69X + 16nnA + 3n) ¢* — 3n® — (6 — 8nA\)n?| 4N —n—4
S 3(n + 2y\) @2 éor AN +n

(4.21)

And from (3.55), (4.17) and (4.20) we find the expression for the tensor-to-scalar ratio as

~ 8n(3n—8nA\)?|  16(3n —8nA) (4.22)
9+ 29N)¢% e, 3(4N +n) '
The slow-roll parameters N e-folds before the end of inflation take the values
N 4 A — 16mA
CTUN CTUN + T 3UN+n)
4 29A(3n — 8nA) 4
"TUAN 07 3(4N +n)(n+2yA)’ " AN +n (423)

The eq. (4.21) predicts the scalar spectral index ns in terms of the number of e-foldings N,
and the power n, which is the same result as that obtained for the standard chaotic inflation.
However, the tensor-to-scalar ratio depends additionally on the self coupling A and the GB
coupling constant 1, but not on the kinetic coupling constant. As can be seen from the
expressions (4.18) and (4.20), the kinetic coupling can lower the values of the scalar field
at the end, and therefore at the beginning, of inflation. Note also that the strong coupling
regime of the GB coupling spoils the inflation (Ag and kg break the slow-roll restrictions),
while at the strong coupling limit all slow-roll parameters and derived quantities are well
defined. Note also that all of the slow roll parameters (4.17), and therefore the quantities
derived from them, depend on coupling constants through the products nA and yA. The
dimension of 7 is mass™, the dimension of \ is mass?*~™ and the dimension of 7 is mass™ 2,
and therefore independently of n, the product nA has constant dimension [n)\] = mass* and
the corresponding dimension of Y\ is mass? . This can be used to write n\ = on;,l where
« is a dimensionless parameter that defines the behavior of » once n and N have been fixed.
While the coupling A is subject to different restrictions, depending on the power n, one can
vary the coupling 7 (and therefore «) to find the appropriate value for the tensor-to-scalar
ratio. On the other hand, the parameter 8 = v\ leads to consistent inflation in the weak
coupling, v — 0, and strong coupling, v — oo, limits and can take any value between
these limits. In table 1 we list some sample values for ng, r, for N = 60 and a range of «,
for some power-law models including models with fractional n that appear in string theory
compactification [87, 88] and are favored by Planck 2018 data [3].

It is noticeable the n = 2 case, which for minimally coupled scalar field is disfavored by
the latest observations [3, 4], but in the presence of GB coupling falls in the range favored by
the observational data. For all cases, the low tensor-to-scalar ratio is consistent with current
observations. Since the parameter 5§ = v\ is a free parameter, then one can use this freedom
to set the values ¢, and therefore ¢y, to any desired value.

Model IV. This model considers the general power-law potential and the non-minimal
kinetic coupling of the form

=g VO)=50" Fi(0) = 5. Fao) =0 (424)
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Power n Ng Parameter o range r in a range

4 0.9508 1<a<13 0.0874 > r > 0.0349
3 0.959 0.7<a<11 0.0746 > r > 0.0044
2 0.9669 03<a<0.7 0.0746 > r > 0.0088
4/3 0.9724 001 <a<04 0.0866 > r > 0.0177
1 0.9751 102 <a<0.3 0.0664 > r > 0.0133
2/3 0.9778 1074 <a <02 0.0443 > r > 0.0089

Table 1. Some values of n, and r in an appropriate range for « in each case.

The slow-roll parameters (2.8)—(2.11) take the form (k = 1)

B n? _2n®(n+4B8M¢%)
O g2 4 ABNGT ¢ P+ 2827
- Ban? B 85An?
7 e “ = e 2

from above the first equation we fond the scalar field at the end of inflation as

V2 (14 4npA) — n (4.26)

4B\

o =
The number of e-foldings from (2.19) is

PE
or

4
v Bt ¢

T om2 2

(4.27)

This equation allows to find the scalar field N e-foldings before the end of inflation as

L n+ 2nBA(n + 8N) + ny/1+ 4nsA
= 457)\ (\/in\/ - 2)

b7 3 (4.28)

Using this result we find the expression for the scalar spectral index from (3.39) and (4.25) as

B 4nBX [V2n(n +4)f(n,N, B, ) — 4]
= R N B [V2nf(n, N, g, A) — 2]’ (4.29)

where
n+2npfA(n + 8N) + ny/1 + 4npA
f(n7N75>)‘):\/ ( TL3) .
An for the tensor-to-scalar ratio it is found (from (3.55), (4.25) and (4.28))
228\
. 3228 (4.30)

f(n,N,B,\) [V2nf(n,N,3,\) — 2]

As can be seen form above results, both the slow-roll parameters and all the observable
quantities depend on the product S\, which independently of the power n, has dimensions

of (mass)*. The coupling A takes different significance and undergoes different restrictions
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Power n Ng Parameter o range r in a range

4 0.9666 < ns < 0.9667 10<a<20 0.1335 > r > 0.1339
3 0.9709 < n, <0.971 102 <a<10® 0.0998 > r > 0.0995
2 0.973 < ng <0.9744 0.1<a<1 0.0756 > r > 0.0692
4/3 0.9721 <ng < 09736 103 <a <1072 0.080 > r > 0.062
1 0.9746 < n, <0.977 1073 <a <0.05 0.06 > r > 0.04
2/3 0.9777 > ng > 09774 1074 <a <1072  0.0438 > r > 0.0313

Table 2. ng and r in an appropriate range for « in each case.

depending on n, but we have some freedom in choosing the coupling /3, so we can define the
free parameter

a =B\ (4.31)

In table 2 we list some sample values for the power-law potentials considered in table 1.
N =60 is assumed and an appropriate range of « is chosen for each power n.

Notice that ng varies in very narrow intervals, retaining almost the same value in each
case. The quartic potential presents better values for ng compared to the previous model,
but the tensor-to-scalar ratio becomes larger that in the previous model, moving away from
the values favored by the latest observations. The quadratic potential maintains its viability
in the present model, although r increases a bit with respect to the model (4.16). From
the expressions (4.29) and (4.30) we find the following behavior for n, and r in the strong
coupling limit (5 — o)

8N —n —38 . 16n

P R S (4.52)
In the weak coupling limit, 8 — 0, it is found
AN —n —4 16n
li =———— i = . 4.33
550" AN+n o0 4N+n (4.33)
From the expressions for ¢ and ¢; we find that at the strong coupling limit
3\ /4 2 1/4
n n*(8N +n)
= | —= , = | —— 4.34
oo (i) o (T ) .

and at the weak coupling limit, from the slow-roll parameter ¢y and N from (4.27), the ¢
and ¢y fields tend to the constant values

n by = nvV4N +n
— =
V2 V2

It is clear that in the strong coupling regime the scalar field at the beginning and end of
inflation takes smaller values compared to the standard chaotic inflation.

bE — (4.35)

5 Discussion

The slow-roll inflation driven by a single scalar field with non-minimal couplings of different
nature, that lead to second order field equations, have been studied. The detailed analysis
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of the linear and quadratic perturbations for all the interaction terms in the model is given.
The second oder action for scalar and tensor perturbations have been constructed, and the
expressions for the scalar and tensor power spectra in terms of the slow-roll parameters have
been obtained. In eq. (3.57) we give the consistency relation that allows to discriminate the
model from the standard inflation with minimally coupled scalar field. The results were ap-
plied to some models with power-law potential. For the scalar field with quadratic potential,
non-minimal coupling and kinetic coupling to the Einstein tensor (4.1), we have found that
the scalar spectral index and the tensor-to-scalar ratio can take values in the region favored
by the latest observational data [3, 4], as seen in figure 2. The quadratic potential is also
considered with kinetic and GB couplings (4.10). In this case ns takes values in the region
0.972 < ng < 0.974, and the range of values for 7 is of the order ~ 1072 for 60 e-foldings,
which falls in the region bounded by [3, 4]. A general monomial potential V' o ¢™ with
non-minimal kinetic coupling, F1 « ¢~" and non-minimal GB coupling F5 x ¢~", was con-
sidered (4.16). For this model it was possible to find exact analytical expressions for the
main quantities in the slow-roll approximation, and some notable values of n were analyzed.
While the predictions for ng correspond to the standard chaotic inflation, the results for r
could be improved due to the GB coupling, and particularly, for the quadratic potential it
was found that the tensor-to-scalar ratio falls in an appropriate range according to the latest
restrictions, as can be seen in table 1. Analyzing the behavior of the model (4.16) in the weak
and strong coupling limits, it was shown that the inflation is not viable in the strong GB
coupling limit, especially because A and ko break the slow-roll restrictions (see (4.23)) and
the tensor-to-scalar ratio (4.22) increases substantially, while the kinetic coupling remains
consistent with inflation in the strong coupling limit. The kinetic coupling constant, as a free
parameter, can be used to lower the value of the scalar field to any desired value at the end,
and therefore at the beginning, of inflation, avoiding in this way the problem of large fields
in chaotic inflation.

Another interesting situation is found when we consider the model (4.24) with a power-
law potential V o< ¢" and non-minimal kinetic coupling (Fy = 3/¢"2). In this case both n
and r depend on the kinetic coupling constant and the model behaves appropriately for any
value of the coupling between the weak and strong coupling regimes. In the weak coupling
limit we recover the standard chaotic inflation results, and in the strong coupling limit we can
see from (4.32) and (4.33) that ns increments with respect to its value in the weak limit, and
r decreases with respect to its value in the weak coupling limit. This effect is appreciable,
in fact, in the intermediate regime as seen in table 2. Thus, for the quadratic potential
the tensor-to-scalar ratio falls in the region favored by the latest observations [3, 4], since
ns can reach a maximum value of (4N —5)/(4N + 1) and r can reach the minimum value
of 16/(4N + 1)). For the quartic potential V = A¢*/4, ns can reach a maximum value of
(2N —3)/(2N + 1) and r reaches a minimum value of 16/(2N + 1) which, assuming N = 60
gives r = 0.1322, which is lower than in the standard chaotic inflation, but is not enough to
satisfy the restriction r < 0.1.

The latest observational data disfavor monomial-type models V' « ¢™ with n > 2 in
the minimally coupled scalar field. With the introduction of additional interactions like the
non-minimal coupling, kinetic coupling and Gauss-Bonnet coupling, it is shown that the
tensor-to-scalar ratio can be lowered to values that are consistent with latest observational
constraints [3, 4]. An important consequence of the kinetic coupling in (4.16) and (4.24),
is that the coupling parameter can take any value between the weak and strong coupling
limits which gives rise to the freedom to impose any physical bounds on the self-coupling A,
depending on the power n.
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It is clear that the inclusion of non-minimal kinetic and GB couplings in single scalar
field inflationary scenarios has important consequences for the observable magnitudes, as was
shown in the case of monomial potentials (see also [53, 65], [72]-[80]). Further analysis of
different single scalar field cosmological scenarios will be considered in the presence of these
couplings.

A Basic formulas for the first order perturbations

To analyze the physical phenomena during the period of inflation and make contact with
the observables that originated at that period, we start with the perturbations around the
homogeneous FRW background of the scalar field and the metric (including the geomet-
rical quantities derived from it) involved in the inflation. The metric with its first order
perturbation is written as

Guv = Guv(t) + by (Z,1) (A1)

where g,,, is the background FRW metric with components
goo=—1, Gio=30i =0, §ij =a(t)*s; (A.2)

and hy,, = hy,, is the small perturbation of the metric which satisfies the following first order

relation
RHY = —GHPG" (A.3)

that follows from the metric property g,,¢"” = 4. Writing in components we find
9 = —a(t)"*hij, R =a(t) 2hip, h°° = —hgo. (A.4)

The background Christoffel symbols are given by

. _. a = B
Yo =T0 = Eé”’ I‘?j = aadij, I =0 (A.5)

performing the first order perturbation in the Christoffel symbols for the metric (A.1) we
find the following components

i 1 .

5ij = a2 (—2aa5jkhio + Ophij + Ojhy, — 6ihjk) (A.6)
i 1 a .

5Fj0 = @ <_2ahi‘j + hij + thio — 6¢h]’0> (A7)

o0 = L (aahoesi; — Biho; — B;hos + A8
ij—§<aa00ij_i0j_j0i+ ij) (A.8)
i 1 i

0o = 55 <2hi0 - aihoo) (A.9)

i 1

0T = Zhig — 0,k Al

i0 = _hio = 50ihoo (A.10)
1.
6T = =5 hao (A.11)
and there is a useful formula for the trace of 6T°
A\ 1 1
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In what follows all the calculations will be performed in the Newtonian gauge. The first-
order perturbation formalism will be applied to all terms in the general scalar-tensor model
described bellow, and here we describe the result for the basic geometrical quantities. In
the Newtonian gauge, after the standard scalar-vector-tensor decomposition of the metric
perturbations (see [89]), it is obtained

B=F=0, E=20, A=-2V,
And the metric perturbations take the form
hoo = —29, hio = ho; = 0, hij = —2a*W5;;
h% = 20, hY = p% =0, h = 24~ 23U, (A.13)

Replacing these expressions into the results for the perturbations of the Christoffel symbols
given in eqs. (A.6)—(A.12) we find

. . 1 )
6Ty = @, ST = —0;®, 0T, = 502, STy = —2aa®6;j — 200V 6;; — a®¥dij
5F§-0 = —‘if&j, 5F§'k = —8k\1’5ij — @-\If&ik + ai\I/(Sjk (A.14)

For the curvature tensor

RS, = 0,18, — 9,14, + 0I5, —T0,T7,, (A.15)
The background components are given by
Rijo = —Ri; = — (H2 + H) ., R); = —Rjy =aidy;, Ri,=0 (A.16)
7§'kl =’ (0ik01j — dadjk) Rigo = Riyo = Rjo = Rooi = Ry = 0. (A.17)

The first order perturbations are given by
RS, = 0,015, — 8,014, + T 615, + 610,15, — TV 675, — —oT%, 17, (A.18)

Using (A.5) and (A.14) in (A.18) we find the first-order perturbations for the components of
the curvature tensor

SRl = —O6Rby; = %aiajcb + (\If Y HG + 2H\i/> 5 (A.19)
SRl = —0R%y, = 0;W6y, — 0,001, + HO; @8y — HO @3, (A.20)
SRy, = —6RY = — <2ad<1) + aad + 2ai0 + a2£1'/) 5ij — 0;0;® (A.21)
SRby = —0k0; U6y + 0,0,V 8j + 0,0;V0iy — 010, W61, — 200V 61,0,
— 20%®6;3,01; — 202 W;1,01; + 2aa W80k + 242 D5y 0y; + 20> V085 (A.22)
6R800 = 6R?00 - 5R8i0 - 5R600 - 5R80i =0 (A'23)
Contracting (A.18) we find the different components of the perturbation of Ricci tensor as

dRgo = %v% +30 4+ 3HD +6HU, (A.24)
SRio = 20,V + 2H;®, (A.25)

ORi; = — (200® + 46°® + ai + 46>V + 204 + Gaal + a*¥) 5
— 0;0;® + 0;0;¥ + V2§, (A.26)
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For the mixed components it is found
. 1 . . ..
SR) = —6H® — 6H® — —V>*® —3HP — 6HY — 30 (A.27)
a
6R?::—%%<H¢—%¢) (A.28)
. . : .. 1 1
OR) = — (6H?® + 2H® + HO + 6HY + ¥) b + — V26, — —0,0; (0~ ) (A.29)
a a
And the perturbation for the scalar curvature is given by
SR = —12 (2H2 + H) b 6HD — 7v2<1> — 24H W — 6 + - vzmy (A.30)

For the scalar-tensor models that involve non-minimal couplings of the scalar field to cur-
vatures, given by general functions f(¢), the energy momentum tensor contains covariant
derivatives of these functions of the scalar field. Here we give the perturbations for expres-
sions that involve two covariant derivatives of functions of the scalar field. Let’s consider the
following derivatives

ViV f(9) = 0,0, f(6) —Th,05f(9), V*V,f(9) = g" VAV, f(9). (A.31)
Then . .
VoVof(¢) = 0o f(¢) = ¢2f”(¢)+¢f’(¢)
VoVif(¢) = ViVof(¢) =
ViV, f(¢) = —aadf'(4)di;
VOVof(¢) = - f ”(¢)—¢f’(¢)
VOV f(¢) = —VoVif(¢) =
VIV, £(6) = —H ' (6)0; (A.32)
VAV, f(¢) = —3Hof' (¢) — ¢32f”(¢)—<5f’(¢)
VOV f (o) = 21" (9) + H.f (¢)
VOVif(g) = V' VO (¢) =0
VIVIf(¢) = ——=bf'(¢)di;.

Here ’ represents derivative w.r.t. the scalar field ¢. Let us consider the perturbations of the
above derivative terms

6| VuVuf(@)] = 0,0, |F(6)56) = 000N (6) = Thdh |F(9)00]  (A.33)

For the different components we find

8 [VoVof (@)l = 91" (8)06 + 61" (9)0¢ + 20" (#)0¢ — ©f'(¢)¢ (A.34)
5[VoVif (9)] = (86056 + F(0)D56 — ° f/(6)0106 — ['(8)d0i (4.35)
5 [vivj f(gz))} = f($):0;06 + (2aa<1> +2aa0 + a2‘i!) OF ()6

—ai(f"(6)609 + ['(8)36) 61 (A.36)
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5| VOVOF(9)] = = (£7(6)6%06 + £(0)d06 +2f"(6)936 + F'(6)56 — '(¢)90)
+2(f"(0)6* + ['(9)6) (A.37)
5| VOVif(9)] = ~1"(6)90:06 — F(€)0,56 + H ()96 + f (6)d0,% (A.38)
5[VIVi(0)] = 5 ()0s66+
(2HF/(9)00 + 1'(6)d0 — Hf"(6)d06 — H['(6)60) 65 (A.39)
6| VEVLF(9)] = —1"(8)8%56 — f(8)666 — 2f"(8)860 — '(6)36 + f'(6) b+
2f"(9)6*® +2f'(9)¢ jg?V%¢+6HfWW@+3fWW¢—
3Hf"(¢)p0¢ — 3H f'(¢)0¢ (A.40)
o[vOvs@)] = —10 (510 + 11(0)0) + 1" (@560 + 1 (01550
+2"(6)956 + 1(6)66 — f'(¢)9® (A41)

5[V 16)] = 5 (~£(0)90:66 — /(@056 + HF (9)000 + [/(9)90:2)  (A.42)

5[V ()] =~ Zap@)bwiy + (D a0500 + 21 (01000,
1)y — H ' (9)0508,; — H ' (6)006; ) (A.43)

B The scalar-tensor model and the equations of motion

Using the above basic results for the fundamental geometrical quantities, we can proceed to
evaluate the fist order perturbations for the following scalar-tensor model with non-minimal
coupling to scalar curvature R, non-minimal kinetic coupling to the Ricci and scalar curvature
through the Einstein tensor G/, and non-minimal coupling to the 4-dimensional Gauss-
Bonnet invariant G

S = [ dov=g | GFOR~ 360,00,0 - V() + F(0)G,u0"00"0 ~ Fa0)]  (B)
where
G = R* — 4Ry, R" + Ry, R,
Guw = Ry — %gWR
and

F(g)= 5 + 1(9)

To obtain the field equations we use the following basic variations
5g,uu = _gupgua(sng, (B-2)
1
5yv/—g = _5\/_*9%”59#1/7 (B.3)
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dR = R.,69"" + 9w Vo V76g"" =V, V, 09",

(B.4)

1
SRy, =~ (guagy,gV)\V/\(SgaB + 908V V 409 — g,V aV, 09 — gmvgv“(sgaﬁ) . (B.5)

2
1
ORqBrx = 3 (anﬁtsgm + VaVadgrs — VeVadgrsg — VaVgigra

+ R3n09va — RZm,\‘Sgﬁv)-

The variation of the GB term requires, additionally, the use of the following Bianchi-related

identities

vapO'/Ll/ - VHRO'V - VVRO'/L
1
VpRplu == ivuR
1
VPV’ Rqp = 0OR

1
VP’V Rupwo = VPV )Ry — 5V,NVR + Ry R — R, R

1
VOV Ry + VIV Ry = 5 ViV R+ Vo VuR) = 2R R + 2R3 B,

which can be obtained directly from the Bianchi identity.

Variation with respect to metric gives the field equations

1
Ry — §gle = H2TNV = r’ (T/?V + T/i\l[/M T T;’(/ + Tﬁ/B) ’
where
7o — 2 9% pvu_ 2 05Nm
=g dgr’ TR T J—g Sg
TK:_L‘SSK e _ 2 5=
% =g dgrv’ T V—g dgnv’
with

5= [ dov=a |- 500,000 - v(0)].
Swar =5 [ d'av=gfO)R

Sic = [ doV=GR(0)G 060",
Son =~ [ d'z/=gF:(6)0,
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(B.13)
(B.14)
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(B.16)



where

T, = 0,0000 — 50 0p00°6 — 0,V (9), (B.17)
TaM = —f(9) (R,w — ;gWR> — VoV f(0) + VY, f(9), (B.18)

T, = F10,¢0°¢ <RW - ;gWR> + 6w VY, <F18p¢6p¢> —V,V, <F18p¢8p<b>
+ FLRO,$0,6 — 2Fy (Rupal,qﬁé?pqﬁ + Ry,ﬁu@?"’qﬁ) + P10 Rpo 0 $0%
+ VOV, (F10,60,0) + V29, (Fi0u00,0) — V7V, (F10,60,0)
— 9 V"V (F10,00,6) (B.19)

and for the variation of the GB we find the expression, valid in four dimensions
TGP = —4<[V1,VMF2]R — 9w VoV F R — 2[VOV | Ry, — 2[V?V, Fa] Ry,
+ 2V Ry + 20, [VOV By Ry — 2[V"V¢FQ]RH¢W). (B.20)

Taking into account the variations of all the terms in the action (B.1) we can write the
generalized Einstein equations in an arbitrary background as

F(0)Gpur = 040006 = 30000000 — 0V (6) = VoV 1 (6) + V01 (0)
F10,00°¢ (RW - ;gw,R> + 9V, (Flapqﬁ@pqﬁ) — V.V, (Flaqua%)
+ FiR0,60,6 — 2F1 (R0 00°6 + Rypdu00”6) + Figuy Rpod' 60" 6
+ V'V, (F10,00,0) + V'V, (Fi0,00,0) = V7V, (Fi0,00,0)
— g VPV° <F18p¢80¢>)
— 4<[VVVMF2]R — 9wV PR — 2[V?V 5| Ry, — 2(V?V, Fa] Ry,

+ 2[VAVAR Ry + 20, [VOV Fy] Ry — 2[V”V¢FQ]RH¢W). (B.21)

C First order perturbations of the field equations in the Newtonian gauge

Notice that in compact notation and using the non-minimal coupling F(¢) (instead of f(¢))
as it appears in the action (B.1) we can write the field equations, after variation of (B.1)
with respect to the metric, as

TNMC + 10, + T + TGP =0 (C.1)

where TﬁM ¢ is now defined as the energy momentum tensor for the action

Swae = [ V=IF@)R (C2)
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Expanding the equation (C.1) on the perturbed metric (A.1), up to first order we find
“NMC | 7¢ , 7K | 7GB NMC ® K GB _
T, +T5, +T, +T,° +d,"" + 6T, + 6T, +6T,;,” =0 (C.3)

where “tilde” corresponds to the expressions evaluated on the background metric. Then the
first order perturbations of the field equations satisfy the following equation

5T,ﬁ‘(¢) I 5T#(NMC) + 5T#(GB) + 5T#(K) =0. (C.4)

And now we use the Newtonian gauge to write the perturbations for the energy-momentum
tensors. For 6T} (@) we find

ST = 628 — o — V'6¢

ST = 0, (~d60)
i(@) i crk(®) _
o1 - 5(5]5T —0
0T — 1Y) = —49¢? + 4d6 — 259, (C.5)

For 5T’J(NM)

STy — _op (H(3H<I> +30) — 12v2\1v> — F(3V + 6H®)
a
+3H?6F + 3HOF — izv%sF, (C.6)
a
sTINM) — 5, (2F(H<I> +0) + B — §F + H5F> , (C.7)
STINM) _ §5;5T F(NM) _ (a 0 — %VQ) (F (-0 +®)+0F). (C.8)

sTFNM) _ sT0OWNM) — _op ((3H<I> +30) + 2H(3HD + 3%) + 6H® + v2c1>>
— F(3V 4+ 6H®) — 3Fd — 6F® + 6(H + H*)0F + 30F
L1
+3HGSF — ?V%F. (C.9)

For 5T5(K)

. 1 :
ST = —24 (—Fub <—a2v2\11 L 18DH? + 9H\P)> - %FlHVQW

+9H?F66 + 3H2¢'>6F1> , (C.10)
5T = g, [—Qgis (—2HF15¢3+3H2F15¢—H¢5F1+F1g'b (\P+3H(I>>)] . (C.11)
1 ) . . .
o7 — 5@5T’“(K) = <aiaj—35ijv2> [~ 2P, —2(Fid+ HF )56 + Fi$*(—¥ — )],

(C.12)
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ST — 10 — _19HFy$6¢ — 12HFyddd — 12HF1$6¢ + %qu's?v?cb + %dﬂv?m
+ %Flgz}?v?\y — 6HP5F, — 6HP*6F, + 2E10*(12H® + 30)
+ 2R *(12H® + 9HD + 30) + %Flaiv?w —12F H¢d
—12H G Fy + AF1dp(12H® + 3) (C.13)

For 5T’J(GB)

The perturbations of the GB energy momentum tensor from (B.20) are given by
ST = 4(S[V'V, f(9)] R+ [VIV [ (8] 0R = 8 [VIV 1 (6)] 64R — [V7V . (6)] 00 R
— 26 [VINPF(@)| Ry =2[VINPF(9)I0 Ry, = 20 [VIVL f(0)] Ry = 2[VPV, ()] 6 1)
+20 [VPV,f(®)| Rl +2[VPV , f(¢)] ORE + 25 [VPV f(¢)] ) Rypo+
2 (VP £(6)] 00 Ry — 26 [VPN7 (6)] Rl — 2 [VPV F(8)] Rl ). (C.14)
Then using (A.33) and the components (A.34)—(A.43) we find after the corresponding sim-
plifications

STOOB = 24H35 f(¢)—96 HP f () — T2Hf () ¥ — 8H2V25f(¢)+i—fo('¢)V2\P, (C.15)

STIO® = S0i0; [~ (F/(0)F + (9)3) W + HF(8)d% + (H? + H) 1/(6)50]

F8[H5£(6) — B2 (8)V%66 — 5 H/(6)V?00 + 25 () + 2HH5f(0)

- G%Hf(qb)v% — 8Hf(¢)® — SHH f(¢)® + %f("cb)v%f — 4Hf(¢)®

— 3H2f(9)d — GH () — 20 f(6)¥ — 2H f(9)¥ — 2H f(0)F 0,5, (C.16)
STROR = 2 F(6)V20 — SHI(0)V*® — g (B2 + ) V35£(6) + 24H6 f(0)+

ARH3S f(¢) + 48HHS f () — 192H? f(¢)® — 192HH f(¢)® — 96 H? f(¢)®

—T2H?f(¢)® — 144H? f(¢)¥ — 48H f(¢)V — 48H f ()W — 48H f (),  (C.17)
ST = 80; [HP3f(0) — HA0f(9) + 2H f(6)¥ +3H[(9)®] (C.15)

STICP = S50, [H231(0) ~ HY6£(0) — 2H f(0) — 3 (9)0)] . (C.19)

D First order perturbations for the scalar field equation of motion

From the action (B.1) we find the equation of motion for the scalar field as

SF(@)R+ V.V =V (¢) — i (¢)Gu V'V ¢ — 2F1(8) G V'V ¢ — B (¢)G = 0 (D.1)
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In order to calculate the perturbation of this equation we need the perturbation of the GB
invariant, which can be evaluated as follows
0G =2R0R — 869" 9"’ R,y Rps — 89" 9" 0R R ps — 4(59’“9"5}%275]%7

ouv
0 6
+ 29" g g° 5ganngR§pU —2g77g° 5Rg,y5Rﬁpg.

(D.2)

Using the expressions for the perturbation of the metric (A.13) and of the curvatures (A.19)—
(A.23) and (A.24)-(A.30) in the Newtonian gauge, and after some algebra we find

8

1
0G = — H*V?® + 0 0
a

16 - . .
HVAU + - HV?U — 96H*® — 96 H>H® — 24H*®
a? a? (D.3)

—96H3W — A8SHHW — 24H?V¥

The perturbations of the Einstein tensor, using (A.27)—(A.30), are given by

: 2
6Gy =6HV + 6H*® — V¥ (D.4)
a
6GY = 20, (¥ + Ho) (D.5)
. i} : . : 1 1
6Gh = <2\p +4H® +2H® + 6HY + 6H*® + §v2 (@ — m)) — —0,0;(2-0)  (D.6)

Using the above results, the first-order perturbation for the equation of motion of the
scalar field (D.1), in the Newtonian gauge takes the form

SHEG+18F H?6¢+12F HH ¢+ 66+ 6 Fy H?6 — 6 Hp®d — 72F) H3
—A8F HH D — 2¢® — 24 Fy H> D — ¢d — 18 Fy H? 6D — 3¢ W — 54F, H? U
.. .. .1 6 4 .
—12F H¢W —12F HpW — 12F HPV — —V?6¢ — — FLH*V?6¢ — — FLHV?6¢
a a a
4 172 4 172 4 72 2 / - / AU
~ S RHV @+ S RHV U+ 5 VU +12H*OF + GHOF + 3HOF
a
. .. 1 2 . ..
+12HUF +3UF + S V?OF — S V*UF' + 18H%0¢ i + 12H Hpo o ' (D.7)
a a
+6H?pdpF) +6H?pdpF, —12H?G*OF) —6HH* U F)' + ?&’v?w{ —96H*DF
—96H*HOF) —24H ®F) —96 H*UFy —ASHHUF)' — 24 H*UFy' — %HQVQCDFQ’
a
16 16 . . .
+ S H*V?UF) + S HV*UF) —6H*0¢F" —3H6¢F" +3H?$* ¢ Fy”
a a
+24HASFy" + 24H?> Ho G Fy" 4+ 6V =0

E Second order action for the cosmological perturbations

In this section we briefly show the use of the tool Xpand [86, 90, 91] to verify the results
of the second-order action as presented in [57] and apply this tool to find the second order
action for the model (2.1) . We use the gauge of the uniform field and the expression for the
perturbed metric

ds? = —N2dt? + ~;j(dz" + N'dt)(dz? + N?dt)
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where

) . 1
N=1+A, N'=90'B, Yij = a2(t)€2§ <5ij + hij + zhikhk])

with A, B and ¢ scalar perturbations and h;; the tensor perturbation satisfying h; = 0,
hij = hj; y Oihij = 0. Let us first focus in the scalar case (h;; = 0). The above metric can
be implemented in Xpand [86] as follows: << xActxPand;

DefManifold[ M, 4, {a, B, 7, W, v, A, 0} 1;

DefMetric[ -1, gl-a,-p], CD, PrintAs — ‘‘g’’ 1;

SetSlicing[ g, n, h, cd, {"I’’, “‘D’’}, ¢‘FLFlat’’ ];

DefMetricFields[ g, dg, h 1;

DefMatterFields[u, du, h ];

$ConformalTime = False;

MyMetricRules = {dg[LI[1],—pu_,—v-] :> - 2n[—pln[—v]l¢h[LI[1]]

-ah[] (n[—v]cd[—pl@Bsh[LI[1]1]+n[—plcd[—v]1@Bsh[LI[1]1])

+2h[—p,—vI¢h[LI[1]], dglLI[2],—p-,—v] :> - 2n[—plnl—v]1¢h[LI[1]1]1"2

+2ah[]1°2 Module[{a}, n[—pln[—v]lcd[—al@Bsh[LI[1]]cd[a]@Bsh[LI[1]1]]

-4ah[1¢h[LI[1]1] (n[—v]cd[—pl@Bsh[LI[1]1]+n[—ulcd[—v]1@Bsh[LI[11])

+4h[—p,—v1¢h[LI[1]1]1°2};

killl[expr._] :=expr /.xActxPandp[xActxTensorLI[1], xActxTensorLI[_]]:>0;

kill2[expr_] :=expr /.xActxPandyp [xActxTensorLI[2], xActxTensorLI[_]]:>0;
where the scalar perturbations A, B and £ are implemented with ¢h, Bsh y ¥h, respectively,
and the scalar field ¢ is implemented with ¢. The set of rules MyMetricRules allows the
reconstruction of metric perturbations and the functions ki111 y kil12 cancel the scalar field
fluctuations (uniform field gauge). The Lagrangian density is found in the following way:

DefScalarFunction[V];
DefScalarFunction[F];
DefScalarFunction[F1];
DefScalarFunction[F2];
Lag = kill2[kill1[ExpandPerturbation@Perturbed[Conformal[g, gah2]
[Sqrt [-Detg[11((1/2)F [y [1]RicciScalarcD[] - (1/2)CD[—u] [p[11CD 1] [ (1]
- VIp[l]l + F1lp[l]1EinsteinCD[—pu,—v1CD[ul [p[11CD[v] [p[1] - F2[e[1]1(
RicciScalarCD[]"2 - 4 RicciCD[-a,-f] RicciCD[«, ]
+ RiemannCD[-«,-f3, -v,-A] RiemannCD[«,[, ~,A] ))} , 2111;
ExtractOrder [ExtractComponents [SplitPerturbations[Lag, MyMetricRules, h]
, hl, 21//Expand;
canceling a large number of the boundary terms and using egs. (2.5) y (2.6), the result
obtained with Xpand can be reduced to:

9,0, B .0;0;B
+ 2G7€

a2

552 = [ dtdea® |~ 3Gré 4 L ag0E + 542 - 204
001

a2

a?

+60AE —2Gr A
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where

Gr=F — F1¢* — 8H . (E.2)
Fp=F + F\¢* — 8F, (E.3)
1. : :
©=FH+3F - 3HF¢* — 12H?F, (E.4)
. 1. . .
— —3FH? - 3HF + §¢>2 + 18H2F1¢* 4 48H3 I, (E.5)

From (E.1) it is easy to obtain the equations of motion for A and B, which are given by

$A + 30¢€ — aaB 885 =0 (E.6)
Gr .
= — E.
g (B7)
By replacing the equation (E.7) in (E6) it is obtained
0;0;B G 0;0;
D = oGré i LAE (E)
a a

Replacing egs. (E.7) and (E.8) in (El) after simplifying it is obtained:

2
553 :/dtdgaza3 <3GT+Z<GéT> >§2 8535 2

685

Omitting total spatial derivatives in the last term, the previous expression can be rewritten as

i 2
5582:/dtd3xa3 <3GT+E<%T> >§2+agag+2G ‘92‘95 (E.9)

)

From

dt dt | ©

it follows that the last tern of (E.9) can be rewritten by using the previous expression (omit-
ting total derivative). In this manner one obtains:

(55’52 = /dtd3x [a <<3GT + Z(%T> > { —|— 858 §> d <GC§F> 81'&9@'5]

Organizing terms this expression takes the form

Gr\*\ . 1 (1d [ G3

d{ GTagag] d [ GT]agagmaGTagag,

(6582 = / dtd®za®

Defining the quantities

1d [ G2
FS = a& <a®) *FT
G 2
G :3GT+E(@T> ,
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The expression for the second order action takes the form
552 = [ dtdza® [0 - Boveoe| = [ atatzatc, [ — oo,
s = za € T2 i§0iE | = ra Gs |§ ) i§0i§

where
F.
o=t
S
In order to implement the tensor perturbations h;; in the Xpand algorithm, the
function MyMetricRules must be modified as follows:
MyMetricRules = {dg[LI[1],—pu-,—v_] :> Eth[LI[1],—pu,—2],
dglLI[2],—p_,—v] :> Module[{«}, Eth[LI[1],—p,alEth[LI[1],—v,—all};
where the fluctuations h;; are implemented with Eth. The explicit expression obtained from
the algorithm for the second-order action is:

58:% :/dtd3$ + 2a3hijﬁingH + 3@3hijhijF2H2 + a?’hijhijFQH

_ a3hijh¢jF1¢2
8

[a3hijhijF

.. ; hi ‘ hi ‘F

— 2ahijF26k8khij — 4ahijF2Hakakhz‘j — aakjgakj
adk Ja’; 19 — 2aF50;h;,0khij

FyOkOhij0,01hij B F>0;0;hi10,01hi; n 2F50,0;hit,0,0khi;

a a “

+ aF2H28khij6khij + aFgﬂakhijakhij —

+ 2a F01hijOhij +

B F26lakhijalak:hij]
a

Notice that the terms 12°, 15° and 16° are zero since J;h;; = 0 (omitting surface terms). In
addition, the terms 14° y 17° cancel each other (omitting surface terms). In this manner it
is obtained

3hih;: F - - - .
5S%Z/dtd3l‘ [CLUSZ] —|—2a3hl]hZ]F2H—|—3a3h1JhUFgH2—|—CL3hZJhZ]F2H

—7(1 J 8] 1¢ —2ahijF28k8khij —4ahijF2H8k8khij— —aak jSak J
: OrhijOphij F1 6 o
+aF2H28khij8khij +aF2H8khij8khij— a0k i g J 19 +2aF2(‘3khij8khij (E.lO)
Since
% ( 3h¢jh¢jF2H> = 3a3H2hijhijF2 + 2a3hijhingH + a?’hijhingH + a3hz~jh¢ngH

then, the fourth term of (E.10) can be rewritten by using the previous expression (up to total
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derivatives). In this way it is found:

F . Fé?\. . . ,
(SS% :/dtd?’x [a3 <8 — FQH — 1¢> hijhij — 2ahijF26k8khij — 4ahijF2H8k3khij

8
8hi.@ hi'F . 6h¢~6 hle )
_ZL%LL“MRW%%@%+Mﬁm%%%_Gk]ZJW
+ 2aF23khijakhij Y

The third and sixth terms can be expressed, taking into account the following expressions
8k <4ahijF2H8khij) = 4aF2H8kilij8khij + 4ahingH8k8khij (E.12)
d . .
% (aFQHakhijakhij) = aF2H26khij8khij + aFQHakhijakhij + aFgHakhijakhij
+ 2aF2H8khij8khij (E.13)

Omitting surface terms and total derivatives, the eq. (E.11) takes the form

F . o2\, . . )
55% :/dtdgl‘ [CL3 (8 - FQH - 18d)> hijhij — 2ahijF28k8khij + 2aF2H8khij8khij

. a@khijc’)khijF
8

adyhijOhii Fy ¢?

- aFQHakhuakh” - 3

+ 2aF28khij8khij (E.14)

The second term can be rewritten if taking into account the following expressions

8k (2a'flijF28lchij) == 2a8kﬁijF26khij + QCL'f.Lingakakhij
d

% (a&khingakhij) = aH&khingakhij + a@kﬁingakhij + aakhingakhij

+ aakhingakhij

After which, the action (E.14) becomes

F . o2\ . . OuhiiOphii F
(55’% :/dtd3x [a?’ (8 — FQH — 18(25) hz'jhij — 2a8khijF28khij — ak]%
: OhijOrhij F16?
—aFgHakhijc'?khij — 4%k J g J 1¢ (E.15)

The fourth term can be rewritten if taking into account that

d . . .. ..
% (aFgé?khijé?khij> = aFgHakh,;jé?khij + aFgakhZ‘jakhij + 2aF28khZ‘j8khij

using this expression and simplifying, it follows that

1
652 = 3 / dtd®za®

(F — 8FyH — F1¢32>hijhij — % (F — 8Fy + F1¢2) 3khz‘j3khz’j] :
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and using the definitions (E.2) y (E.3), the final expression for the second-order action takes
the form

1 .o F
057 = / dtd*za® | Grhijhi; — —5 OxhigOhig (E.16)

which gives the velocity of the tensor perturbations as

Fr
F The slow-roll inflation for the minimally coupled scalar field
In general for a second order action
(2) 3.3 ) Cg 2
S = | dtd’zxa”Gs | &7 — E(VS) (F.1)
one finds the equation of motion of the scalar perturbation as
d 3 Ly 30 ¢ 2 2
7 (a°Gs) £+ a°G€ — ac;GVZE =0 (F.2)
which can be written as )
. 3 . CS 2
el ) E— = = F.
§+a3gsdt(ag) a2v€ 0 (F.3)
or in Fourier modes (V? — —k?)
& + Ld (a®Gs) & + Cjk%k =0 (F.4)
a3G, dt s a? '

where k is the wave number k& = 27/A. For small k beyond the horizon, i.e. csk < aH one
can neglect the third term and write

PG+ 0 (@06) b= & (#90.6) = 0 (F.5)

which gives

ékzcik — §k=dk+0k/ dt (F.6)

ad Gs ’ a3gs
where ¢, and dj, are integration constants. Note that dj corresponds to the constant (ob-
servable) mode and the integral gives the decaying mode, under the assumption that during
inflation Gy is slowly varying. To canonical normalize the curvature perturbations (F.1) we
make the following change of variables

v = 28, 2z =a\/2Gs, dt =adr (F.7)
then,
: dédr 1, 1w, 1 [, 72
g_det_ag_a(z)_az(v P
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where ” denotes derivative w.r.t. 7. The second order action (F.1) transforms as

2 2
2) _ 3, 4| Ys 7 5Ys 2
5@ = /de xa [a2z2 <v' — Zv> ~ 2,2 (Vo) ]

3,1 , 7 ? 2 2
= [ drd vy (v - —c:(VV)

which finally gives after integration by parts

1 1
5 = /d7d3x2 [0'2 b2 cg(Vv)2] (F.8)
z
The equation of motion for v that follows from the above action is
"

v — AV — =0 (F.9)
z

which is the Mukhanov equation. One can also define the Fourier expansion of the field v as

v(z,T) —/d?’kv (7’)6“2'5 (F.10)
9 - (27T)3 k b .
leading to
1!
vy + (c%kzz — Z) v = 0. (F.11)
z

The difficulty in solving this equation lies in the function 2”/z and the velocity of the scalar
perturbations c¢g which encode the dynamics of the model on the given inflationary back-
ground. Nevertheless, appropriate analytical solutions can be obtained in the de Sitter limit
and under the slow-roll approximation.

The minimally coupled scalar field. For the canonical scalar field the Friedman and
field equations can be reduced to

H? = ﬁ (;g% + V(¢)> (F.12)
p
- 1,
H = —2M5¢ (F.13)

To analyze the second order action in this case we set F' = 1//<c2 = MS, F, = F, =0
in (E.2)—(E.5), which gives

1.
Y= -3FH"+¢% ©=MH, Fr=DM, Gr=DM,. (F.14)
Therefore .
(Z)Z
Gs = 5Y7e] (F.15)
and 2 ]
d /a H
I i S T 2 — _ 2 0
Fo=—2_ (H) M2 = —M}—, (F.16)
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giving ¢2 = 1. The second order action for this simplified case takes the form

¢ [ 1
which in the Mukhanov variables becomes

1 "
S@ — /d7d3x2 |:U,2 + Z;v2 - (Vv)g] (F.18)

The Mukhanov equation (F.9) for the case of canonical scalar field simplifies taking into
account (F.15) and

¢
=a—. F.19
Then,
_de_dz_ (.0 6 oH
fTar  Ya T\ T HE )
On the other hand, the standard slow roll parameters for this case are defined as
i
__ F.2
T TH2 T 2M2H? (¥-20)
and . .
é 2¢ H
=—=—-—"——-—==2(—-9¢ F.21
1= = gy =2 (F.21)
where .
_¢ (F.22)
oH
so, if €,0 < 1 then n < 1.
Then z’/z may be written as
2’ é H

Taking the derivative with respect to 7 one finds

d (7 2" Z\? d
d'r(z> 22—(2> :aa[aH(l—é‘FG)]

:a2H2[1—5+6—6(1—5+6) c 6]

"HTH
~ a*H? |:1—5+6—6(1—(5+6>+;I:|

where we have used @ = aH and in the last equality we have neglected 4. Then, using (F.23),
up to first order in slow roll parameters one can write

Z//

— = a?H? (2 4 2¢ — 30). (F.24)
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Note that form the equality

L) =1,
]

if we consider that e varies very slowly with time, i.e. is quasi constant, then one finds

1 1

(aH)'=(e-1)7 = T:Em

(F.25)

which is the conformal time. Note that in de Sitter e = 0 and one has

1

TS = ———
s aH

so the comovil horizon is equal to the conformal time, and then neglecting the slow roll
parameters, the following approximation

" 3 2
o~ 2a2H? <1—|—6— 5) ~ 2a’H? = —
z 2 Tl
takes place in de Sitter. But taking into account the slow roll parameters and using (F.25)
we find T 1242-30 1 1
z + 2¢ — 2
— = — - = F.26
z 12 (1—¢)? 72 (,u 4> (F.26)
where 1 242 -35 9
2 €~
=4+ ———5— ~ — + 6e — 30.
W=t Ta—ez “17°
Then

3
peg +2—0
Using (F.26) in the Mukhanov equation (F.11) with ¢ = 1 we find in the Fourier modes

1 1
" 2 2 _
Uk—i—k:vk—TQ(u —4>vk—0. (F.27)
First note that deep inside the horizon, when the condition k > aH or 7 — —oo is fulfilled,
the mode equation becomes
vy 4 kv, =0 (F.28)

which allows the quantization of the mode function in complete analogy with the quantization
of (massless) scalar field on Minkowski background. Then, the choice of vacuum as the
minimum energy state and the positivity of the normalization condition for the fluctuations
vg [10, 12, 92, 93] leads to the unique plane-wave solution

1
) = —
" V2K

This solution can be used as a boundary condition (at k > aH) for the general solution
of eq. (F.27). Assuming p? constant for slowly varying slow-roll parameters, the general
solution to the equation (F.27) is given by

e kT, (F.29)

v = \/jT[clkHlsl)(—k:T) + CQkH}(LQ)(—kT) (F.30)
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where H, ;(}) and H, ,32) are the Hankel functions of the first and second kind respectively. These
functions have the following asymptotic behavior

2 - ™ ™

H (x> 1) ~ Eel(:”*f“*z) (F.31)
2 ia—zp-x

HP (x> 1) ~ —e (@=3n=7%) (F.32)

Taking x = —k7, if £ > 1 then k > aH which corresponds to sub horizon scales. Then
imposing (F.29) as the boundary condition at —k7 > 1, it is found that

Clk = \é%eig(ﬂ+§)7 cor =0
and the general solution takes the form

e = \fez';(w;)ﬁHS)(_kT) (F.33)

On the other hand, on super horizon scales where k < aH (z < 1), the Hankel function has
the following asymptotic behavior

2 _yno,3l(p)
1 _ %
Hp(x)_\/;e z oM 2@95 " (F.34)
and replacing in (F.33) we find the solution
_ it b3 ) U —
v = e'2WT2)2K T2 V=7 (—kT) (F.35)
r')v2

To evaluate the power spectra we find from (F.23) and (F.25)

2 1-60+4¢€)1
- )T (F-36)
for slowly varying slow roll parameters one finds
zocrah (F.37)
where
W= ; + 2e¢ — 6.

Assuming g~ 3/2 in 273 and T'(u) in (F.35) gives

1

2\ (k)T )
eI (k) (F.38)

Ve =

Then in the super horizon regime

L Sy e (F.39)
z
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depending only on k, which agrees with the solution &, = const. on super horizon scales
(see (F.6)). Then for the power spectra we find

3
P = %o kP F.4
3 (27[_)2 ’fk‘ X ( 0)
and the scalar spectral index is given by
dln P(§)
—1l=—>=2/—-4 F.41
s dink ‘ (F.41)

where the scale invariance corresponds to ng = 1.
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