arXiv:1004.5333v5 [hep-ph] 13 Oct 2011

Gluon condensates and c, b quark masses from quarkonia ratios of moments

Stephan Narison^{a,∗}

aLaboratoire de Physique Théorique et Astroparticules, CNRS-IN2P3, Case 070, Place Eugène Bataillon, 34095 - Montpellier Cedex 05, France.

Abstract

We extract (for the first time) the ratio of the gluon condensate ⟨g^3 f_{abc}G^3⟩/⟨α_sG^2⟩ expressed in terms of the liquid instanton radius ρ_c from charmonium moments sum rules by examining the effects of ⟨α_sG^2⟩ in the determinations of both ρ_c and the running MS mass m_c(m_c). Using a global analysis of selected ratios of moments at different Q^2 = 0, 4m^2_c and 8m^2_c and keeping ⟨α_sG^2⟩ from 0.06 GeV^4, where the estimate of ρ_c is almost independent of ⟨α_sG^2⟩, we deduce: ρ_c = 0.98(21) GeV^{−1} corresponding to ⟨g^3 f_{abc}G^3⟩ = (31 ± 13)GeV^2⟨α_sG^2⟩. The value of m_c(m_c) is less affected (within the errors) by the variation of ⟨α_sG^2⟩, where a common solution from different moments are reached for ⟨α_sG^2⟩ ≥ 0.02 GeV^4. Using the values of ⟨α_sG^2⟩ = 0.06(2) GeV^4 from some other channels and the previous value of ⟨g^3 f_{abc}G^3⟩, we deduce: m_c(m_c) = 1261(18) MeV and m_b(m_b) = 4173(10) MeV, where an estimate of the 4-loops (O(α^3_s )) contribution has been included. Our analysis indicates that the errors in the determinations of the charm quark mass and of α_s without taking into account the ones of the gluon condensates have been underestimated. To that accuracy, one can deduce the running light and heavy quark masses and their ratios evaluated at M_Z , where it is remarkable to notice the approximate equalities: m_s/m_u ≈ m_b/m_s ≈ m_t/m_b ≈ 51(4), which might reveal some eventual underlying novel symmetry of the quark mass matrix in some Grand Unified Theories.

Keywords: QCD spectral sum rules, gluon condensates, heavy quark masses.

1. Introduction Non-zero values of the gluon condensates have been advocated by SVZ [1, 2]. Indeed, the gluon condensates play an important rôle in gluodynamics (low-energy theorems,...) and in some bag models as they are directly related to the vacuum energy density (with standard notations):

E = − β(α_s) 8α^2_s

⟨α_sG^2⟩ . (1)

Moreover, the gluon condensates enter in the OPE of the hadronic correlators [1] and then are important in the analysis of QCD spectral sum rules (QSSR), especially, in the heavy quarks and in the pure Yang-Mills gluonia channels where the light quark loops and quark condensates^1 are absent to leading order [3–5]. The SVZ value:

⟨α_sG^2⟩ ≃ 0.04 GeV^4 , (2)

extracted (for the first time) from charmonium sum rules [1] has been challenged by different authors [3–5]. Though there are strong indications that the exact value of the gluon condensate is around this value or most likely 2 times this value as obtained from heavy quarks exponential moments [3–6], heavy quark mass-splittings [7] and e^+e^− [8–10], most recent determinations from τ-decay [11–13] (see however [14]) and the previous charmonium moments [15] indicate that its value is not

∗Corresponding author Email address: snarison@yahoo.fr (Stephan Narison ) 1The heavy quark condensate contribution can be absorbed into the gluon one through the relation [1]: ⟨Q̄Q⟩ = −⟨α_sG^2⟩/(12πm_Q) + ...An analogous relation also occurs for the mixed quark-gluon condensate [3–5].

well determined. In fact, at present, the structure of the QCD vacuum is not yet under a good control. If one follows the SVZ idea based on the ordinary OPE, the QCD confinement can be parametrized by the sum of quark and gluon condensates of higher and higher dimensions^1. In order to estimate the higher dimension condensates, one usually assumes factorization using vacuum saturation (leading 1/N_c approximation). However, in many examples, this assumption appears to be badly violated [8, 9, 11–13, 18–24]. Different phenomenological works have been performed for understanding the complex structure of the QCD vacuum in the V + A and V − A channels of the light flavours [8, 9, 11–13, 18–24] and from lattice calculations [25, 27, 28]. Here, we shall estimate (for the first time) the ratio of the dimension-6 ⟨g^3 f_{abc}G^3⟩ over the dimension-4 ⟨α_sG^2⟩ gluon condensates using charmonium sum rules^2, in the aim to clarify the different inaccurate proposals from some instanton liquid models. In so doing, we find that it is convenient to introduce the instanton radius ρ_c:

⟨g^3 f_{abc}G^3⟩ ⟨α_sG^2⟩ = 4 5 12π ρ^2_c

. (3)

The value of ρ_c ranges from 1/3 fm=1.5 GeV^{−1} [29], 0.5 fm=2.5 GeV^{−1} [30] to 0.9 fm= 4.5 GeV^{−1} [1]. As ⟨g^3 f_{abc}G^3⟩ contributes like 1/ρ^2_c in the OPE analysis, a more precise value of ρ_c is crucial for checking the convergence of the OPE. The

1A possible existence of an additional 1/Q^2 term induced by large order terms of PT series has been discussed in [16, 17].

2The ⟨g^3 f_{abc}G^3⟩ condensate does not contribute in the chiral limit m_q = 0 in the vector and axial-vector channels of light flavours.

Preprint submitted to Physics Letters B October 14, 2011

estimate of ρ_c from charmonium sum rules is feasible as the light quark condensates m_q⟨q̄q⟩ contributes, to higher loop order and which are chiral suppressed are negligible, while the heavy quark condensate contribution can be absorbed into the gluon one as mentioned earlier.

2. Moment sum rules Here, we shall be concerned with the two-point correlator of a heavy quark Q: − ( g^{μν}q^2 − q^μq^ν ) Π_Q(q^2) ≡ i ∫ d^4 x e^{−iqx}⟨0|T J^μ_Q(x) ( J^ν_Q(0)

)_†

|0⟩ , (4)

where : J^μ_Q = Q̄γ^μQ is the heavy quark neutral vector current. Im Π_c(s) can be related to the charmonium leptonic widths and masses. In a narrow width approximation (NWA):

R_c(t) ≡ 4πImΠ_c(t + iϵ) = N_c Q^2_c α^2 ∑ M_ψΓ_{ψ→e}+_e− δ( ( t − M^2_ψ ) , (5)

where N_c = 3; M_ψ and Γ_{ψ→e}+_e− are the mass and leptonic width of the J/ψ mesons; Q_c = 2/3 is the charm electric charge in units of e; α = 1/133.6 is the running electromagnetic coupling evaluated at M^2_ψ. We shall use the experimental values of the J/ψ parameters compiled in Table 1.

Table 1: Masses and electronic widths of the J/ψ family from PDG 08 [31].

Name Mass [MeV] Γ_{J/ψ→e}+_e− [keV]

J/ψ(1S ) 3096.916(11) 5.55(14) ψ(2S ) 3686.093(34) 2.33(7) ψ(3770) 3775.2(1.7) 0.259(16) ψ(4040) 4039(1) 0.86(7) ψ(4160) 4153(3) 0.83(7) ψ(4415) 4421(4) 0.58(7)

Different forms of QSSR exist in the literature [3–5]. We shall work here with the moments:

M_n ( −q^2 ≡ Q^2 ) = ∫_∞

4m^2_Q dt R_c(t, m^2_c ) (t + Q^2)^{n+1}

, (6)

and more likely with their ratios:

r_{n/n+1}(Q^2) =

M_n M_{n+1}

, r_{n/n+2}(Q^2) =

M_n M_{n+2}

, (7)

where the experimental sides are more precise than the absolute moments M_n. Also, in the ratios, partial cancellations of different perturbative as well as non-perturbative terms occur, which render the QCD approximation more precise than in the absolute moments.

The QCD sides of the sum rules are known in the literature since the original works of SVZ [1]. Their expressions at the subtraction scale ν^2 = m^2_Q are given explicitly numerically in the Appendix of [15] to 3-loops (O(α^2_s )) accuracy in terms of the running heavy quark mass^3 using the pQCD results of [32], while the Q^2 = 0 moments to 4-loops (O(α^3_s )) are given in [33] using the pQCD results in [34, 35]^4. Among the different moments given in [15], we shall select three moments where both the (α_s)^n (n = 1, 2), the gluon condensate contributions and the effects of the higher resonances plus the QCD continuum are relatively small but not negligible. These conditions can be simultaneously satisfied by the moments^5:

M_{2,3,4} for Q^2 = 0 , M_{8,9,10} for Q^2 = 4m^2_Q ,

M_{13,14,15} for Q^2 = 8m^2_Q . (8)

One may also work with more moments but these will not bring newer informations. Lower moments are more sensitive to the experimental errors and to the QCD continuum while higher moments are more sensitive to higher dimension condensates which are not under a good control^6. Moreover, one can also note from the QCD expressions given by [15] that for n larger than in our previous selected choice, the signs of the pQCD corrections start to change compared to the original ones of the two-point correlator. A such change may introduce some systematical difficulties inherent to the approach for controlling the size of higher order terms^7.

We shall work with the ratios of moments:

r_{2/3} and r_{2/4} for Q^2 = 0 r_{8/9} and r_{8/10} for Q^2 = 4m^2_c r_{13/14} and r_{13/15} for Q^2 = 8m^2_c (9)

and use as inputs, in this first step:

m_c(m_c) = 1.26(3) GeV , (10)

as given by different approaches using charmonium moments sum rules [1, 3–5, 15, 31, 33, 41–43] and which we shall reestimate later on. We shall also use:

α_s(M_τ) = 0.3249(80) =⇒ α_s(m_c)|_{n f =4} = 0.408(14) (11)

from τ-decay [14]; a value which agrees with the central value of the world average [31, 44] when runned until M_Z . The QCD expressions of the moments and their ratios are given in Table 2.

3We shall use these expressions in our analysis and we shall correct our final results on the quark masses by adding an estimate of the 4-loops (O(α^3_s )) contributions.

4Some Pade approximants are given in [36].

5However, one should note that the accuracy of the Q^2 = 0 moments is less than that of the Q^2 � 0 moments, while one cannot use higher moments due to the bad convergence of the OPE in this case.

6The contributions of the dimension-8 condensates have been evaluated in [37] and can be sizeable if one assumes factorization which might not be applied here [38].

7In [39], some low energy gluon contributions to order α^3_s to the correlator can invalidate the uses of the Q^2 = 0-moments for n > 4 (see however [40]).

Table 2: QCD expressions of the moments and their ratios normalized to the lowest order terms and given to order α^2_s and including the dimension-4 and -6 gluon condensates derived from [15]; d_4 ≡ ⟨α_sG^2 ⟩/(4m^2_c )^2 ≃ (1.49 ± 0.50) × 10^{−3} if we use m_c = 1.261 GeV from Table 3 and ⟨α_sG^2 ⟩ = 0.06 GeV^4 in Eq. 17; ρ_{64} ≡ ⟨g^3 f_{abc}G^3 ⟩/(⟨α_sG^2 ⟩4m^2_c ) ≃ (4.88 ± 2.05) is the ratio between the dimension-6 and -4 gluon condensate contributions if we use the numerical value in Eq. 13; a_s ≡ α_s /π.

Mom QCD expression

Q^2=0 M_2 1 + 2.427a_s + 6.110a^2_s − d_4 (18.61 − 0.83ρ_{64}) M_3 1 + 1.917a_s + 6.115a^2_s − d_4 (45.71 − 4.00ρ_{64}) M_4 1 + 1.100a_s + 4.402a^2_s − d_4 (90.21 − 12.76ρ_{64}) r_{2/3} 1 + 0.510a_s − 0.983a^2_s + d_4 (27.10 − 3.17ρ_{64}) r^{1/2}_{2/4} 1 + 0.664a_s − 0.095a^2_s + d_4 (35.80 − 5.97ρ_{64})

Q^2 = 4m^2_c M_8 1 + 1.118a_s + 4.253a^2_s − d_4 (77.51 − 5.02ρ_{64}) M_9 1 + 0.601a_s + 2.700a^2_s − d_4 (104.86 − 9.20ρ_{64}) M_{10} 1 + 0.045a_s + 1.136a^2_s − d_4 (137.83 − 15.63ρ_{64}) r_{8/9} 1 + 0.517a_s + 1.242a^2_s + d_4 (27.35 − 4.18ρ_{64}) r^{1/2}_{8/10} 1 + 0.537a_s + 1.390a^2_s + d_4 (30.16 − 5.31ρ_{64})

Q^2 = 8m^2_c M_{13} 1 + 0.776a_s + 3.061a^2_s − d_4 (90.37 − 5.19ρ_{64}) M_{14} 1 + 0.412a_s + 1.909a^2_s − d_4 (109.75 − 7.89ρ_{64}) M_{15} 1 + 0.031a_s + 0.770a^2_s − d_4 (137.72 − 11.53ρ_{64}) r_{13/14} 1 + 0.364a_s + 1.002a^2_s + d_4 (19.38 − 2.70ρ_{64}) r^{1/2}_{13/15} 1 + 0.373a_s + 1.065a^2_s + d_4 (23.68 − 3.17ρ_{64})

3. ρ_c from charmonium ratios of moments We shall work with the ratios of moments in Eq. 9. We parametrize the spectral function by a sum of the six J/ψ-like narrow resonances below 4.6 GeV^8 and use its pQCD expression from √ t = (4.6 ± 0.1) GeV. We extract the value of ρ_c for a large range of ⟨α_sG^2⟩.

One can see in Fig. 1 that the results are very stable for all moments for ⟨α_sG^2⟩ ≥ 0.06 GeV^4, from which we deduce the value of ρ_c given in Table 3. The errors in ρ_c come respectively from the values of m_c and of the choice of the moments at given Q^2. These errors are included in the regions given in Fig. 1. The one due to α_s and to experiments are negligible . Our final averaged result is:

ρ_c = 0.98(21) GeV^{−1} for ⟨α_sG^2⟩ ≥ 0.06 GeV^4 , (12)

which we consider as an improvement of the different estimates based on instanton liquid models [1, 29, 30] recalled in the introduction. However, our result agrees within the error with the one in [29] but is smaller by a factor of about 4 than the SVZ estimate [1]. Using Eq. 3, our result for ρ_c corresponds to^9:

⟨g^3 f_{abc}G^3⟩ = (31 ± 13) GeV^2⟨α_sG^2⟩ , (13)

8One can improve this parametrization by taking into account finite width corrections using BES data [45], but these corrections will be negligible in the moments which we shall use.

9A recent estimate using exponential sum rules and including the dimension-eight condensate leads to a lower value ⟨g^3 f_{abc}G^3⟩ = (8.3 ± 1.0) GeV^2⟨α_sG^2⟩ [46], which is still higher than the previous dilute gas instanton estimates.

Figure 1: Determinations of ρ_c in GeV^{−1} versus ⟨α_sG^2⟩ in GeV^4 from different sets of moments : Q^2 = 0 (red: dashed-dotted) ; Q^2 = 4m^2_c (green: continuous); Q^2 = 8m^2_c (blue: dotted).

Table 3: Ratio ρ_c of the ⟨g^3 f_{abc}G^3 ⟩/⟨α_sG^2⟩ as defined in Eq. 3, and value of m_c (m_c ) from charmonium moments known to 3-loops. The errors in ρ_c come from the choice of moments and from the error on m_c given in Eq. 10. The ones due to α_s , ⟨α_sG^2 ⟩ and to the data on the J/ψ family are negligible. The value of m_c is taken at ⟨α_sG^2 ⟩ = 0.06(2) GeV^4 as given in Eq. 17. The errors on m_c come respectively from the ones of ρ_c and ⟨α_sG^2 ⟩. The ones due to α_s and the data are about 1 MeV each which are negligible.

Mom ρ_c [GeV^{−1}] m_c(m_c) [MeV]

Q^2=0:

r_{2/3}, r_{2/4} 0.800(490) 1234(34)(8)

Q^2=4m^2_c :

r_{8/9}, r_{8/10} 1.025(425) 1265(29)(9)

Q^2=8m^2_c :

r_{13/14}, r_{13/15} 1.025(275) 1268(18)(7)

Average 0.98(21) 1261(15)

indicating that it is much bigger than usually assumed in the literature. It is also smaller than the lattice result in S U(2) pure Yang-Mills [25] and than a rough estimate extended to S U(3) with dynamical fermions [26] using the result in [25, 27]. One should notice that this value of the gluon condensate has been extracted by assuming that the OPE including the dimension-6 gluon condensate gives a good description of the experimental data which implicitly assumes that the contributions of higher dimension condensates are negligible in the analysis. In other words, one may also interpret this value as the one of an “effective gluon condensate” which parametrizes all higher dimension condensates contributing to the OPE. Fitted values of the higher dimensions vacuum condensates in the light quark channels have been also found to be larger than the vacuum saturation assumptions [8, 9, 18–20, 24] and our results seem to go towards this direction. However, as we shall explicitly discuss later, these values of the gluon condensates remain still a correction compared to the one of the lowest order perturbative contribution in the ratios of moments which we use here and do not break the OPE.

4. m_c(m_c) from charmonium ratios of moments

Figure 2: Determinations of m_c(m_c) in GeV versus ⟨α_sG^2⟩ in GeV^4 from different sets of moments : Q^2 = 0 (red: dashed-dotted) ; Q^2 = 4m^2_c (green: continuous); Q^2 = 8m^2_c (blue: dotted).

For extracting m_c(m_c), we equate the QCD and experimental sides of the ratios of moments r_{n/n+1}(Q^2) and r_{n/n+2}(Q^2) and solve exactly numerically these equations using the Mathematica subroutine FindRoot. Though the equations look simple for the Q^2=0 - moment:

F_{th}(x) ≡ ax + b + c x + d x^2 + e x^3

= F_{exp}(x) (14)

x ≡ m^2_c , they are highly non-trivial for Q^2 = 4m^2_c , 8m^2_c and for higher values of n due to the appearance of the term:

F_{exp}(x) ∼ ∑ ψ g^2_ψ

(M^2_ψ + Q^2)^{n+1}

, (15)

in the experimental side of the ratio of moments. We show in Fig. 2 the different solutions of m_c(m_c) versus ⟨α_sG^2⟩ for each ratio r_{n/n+1}(Q^2) and r_{n/n+2}(Q^2) of Q^2-moments. One can notice that common solutions of different ratios moments occur in the range of values:

⟨α_sG^2⟩ ≥ 0.02 GeV^4 , (16)

indicating that the central values of m_c(m_c) are not very sensitive to the one of ⟨α_sG^2⟩. This feature confirms the unconclusive range of values obtained for ⟨α_sG^2⟩ in [15]. However, zero and negative values of ⟨α_sG^2⟩ as obtained from some analysis of τ-decays [13]^{10} are excluded by our present result and by the one in [15]. The slight difference between [15] with our analysis is that we put implicitly the previously determined value of ⟨g^3 f_{abc}G^3⟩ and its correlation with ⟨α_sG^2⟩ in the extraction of m_c(m_c). This fact explains the increase of the errors for increasing values of ⟨α_sG^2⟩ in our analysis. In order to improve the determination of m_c, we use the values:

⟨α_sG^2⟩ = 6(2) × 10^{−2} GeV^4 , (17)

10One should notice that due to the kinematical structure of the original τdecay width [47], the gluon condensate contribution acquiers there an extra α_s coefficient compared with the one of the two-point correlator which suppresses its contribution and can render inaccurate its extraction from this observable.

obtained by enlarging the error of the average value 0.06(1) GeV^4 from the heavy quarkonia mass-splittings [7]:

⟨α_sG^2⟩ = 7.5(2.5) × 10^{−2} GeV^4 , (18)

and from e^+e^− → I = 1 hadrons sum rules [10]:

⟨α_sG^2⟩ = 6.1(0.7) × 10^{−2} GeV^4 . (19)

These previous values agree with the one about 0.069 GeV^4 obtained from S U(3) lattice with dynamical fermions [27]. Using this value, we show in Table 3 the value of m_c(m_c) from each sets of ratios of moments from which we can deduce the mean value:

m_c(m_c)|_{3−loops} = 1261(15) MeV , (20)

obtained from a 3-loop (O(α^2_s )) expression of the ratios of moments. This value is more weighted by the one from the Q^2 = 8m^2_c ratios of moments which give the most precise predictions.

5. Comments on the results

• Q^2 = 0 moments We note that our result m_c(m_c) = 1234(35) MeV from the Q^2 = 0 moments agrees within the error with the four-loops recent estimate 1279(13) MeV in [33] based on the lowest n = 1 moment. Our result is less precise due mainly to the errors induced by the presence of ⟨g^3 f_{abc}G^3⟩ and of its correlated ⟨α_sG^2⟩ condensate in our analysis and to the error induced by the choice of the ratio of moments as can be seen in Fig. 2. It is informative to compare the size of each QCD corrections in the OPE, that can be deduced from the QCD expressions given in Table 2:

– One should first notice that each perturbative and nonperturbative corrections tends to partially cancel out in the ratios of moments, which render the QCD PT series and OPE more convergent for the ratios than for the corresponding individual moments. Therefore, one expects that these ratios of moments can lead to more robust predictions.

– Using the previous values of the QCD parameters and for definiteness ⟨α_sG^2⟩ = 0.06 GeV^4, one finds that the contribution of ⟨α_sG^2⟩ in M_2(0) is about -2.8% which is comparable with the one -1.6% from −0.23α^3_s [33], while, for M_3(0), it is -6.8% which is about the one 10% from α^2_s . For M_2(0) the ⟨g^3 f_{abc}G^3⟩ contribution is about 0.6% which is about 1/3 of the α^3_s one, while for M_3(0) it is about 3% compared with 2% from 0.299α^3_s and with 10% from α^2_s . These features indicate that the non-perturbative corrections can be comparable with the PT radiative corrections and cannot be neglected like usually done in the exisiting literature (see e.g. [33] and references therein). The same remark also applies to the extraction of α_s in [48] from low-n moments.

– Finally, the leading experimental error due to the J/ψ leptonic widths, which gives a strong limitation to the accuracy of the low n moments (see e.g. [33] and references therein), partially cancel out in the ratio of moments such that the experimental error induces only a negligible error of about 1 MeV in the dermination of m_c. In the same way, the high mass states contributions to the spectral functions are more suppressed in the ratios of moments, which then avoid some difficulties induced by the present data in the high-energy regions.

• Q^2 � 0 moments With these moments, we can work at larger values of n, where the experimental sides of the sum rules become more accurate due to the increase of the weight of the lower mass resonances contributions in these moments:

– Comparing e.g. the QCD sides of the n = 2, Q^2 = 0 M_2(0) with that of the n = 8, Q^2 = 4m^2_c M_8(4m^2_c)-moments, we find from Table 2 that the sum of the PT corrections up to order α^2_s for M_8(4m^2_c ) (21%) are about 1/2 of the ones for M_2(0) (42%). Moreover, though the size of the sum of the NP terms increases from -2.2% for M_2(0) to -9.6% for M_8(4m^2_c), one can see that the ratio between the ⟨g^3 f_{abc}G^3⟩ over the ⟨α_sG^2⟩ contributions are almost unchanged of about 20%, indicating the good convergence of the OPE in the analysis. – One can also deduce from Table 2, that the PT and NP QCD corrections are much lower for the ratios of moments. The sum of PT corrections is typically 6.5% while the NP ones are 2%. A convergence of the OPE is still observed though the ratio between the ⟨g^3 f_{abc}G^3⟩ over the ⟨α_sG^2⟩ contributions is larger (0.6 ∼ 0.8) for the ratios of moments than for the moments (0.3 ∼ 0.4).

– Our results from these Q^2 � 0 ratios of moments given in Table 3 agree with the ones 1275(15) MeV obtained in [15] though less accurate due to the effect of the error on ⟨g^3 f_{abc}G^3⟩ included in our analysis.

• Concluding remarks – These previous facts indicate that a precise determination of m_c(m_c) and of α_s requires the inclusion of the non perturbative condensates which can induce large errors even for the lowest Q^2 = 0 moments and which have not been taken properly into account in the existing literature.

– One can also note from Table 3 that the best estimate of m_c(m_c) comes from the Q^2 � 0 ratio of moments where the error due to the choice of the ratio of moments is smaller than in the case Q^2 = 0.

• Error due to the subtraction point ν Our previous results in Eq. 20 have been obtained at the subtraction point ν^2 = m^2_c . If the whole series is known, the results should be independent of ν. The knowledge of the PT series to 4-loops decreases the sensitivity of the results on ν. To order α^2_s where the moments have been evaluated, one can introduce this ν-dependence through the replacement (see e.g.: [3, 5]):

α_s(m_c) → α_s(ν) × ( 1 − β_1 α_s(ν) π log ν m_c ) , (21)

where β_1 = −(1/2)(11 − 2n_f /3) for n_f -flavours. Taking 0.5 ≤ ν^2/m^2_c ≤ 2 , we deduce from the Q^2 = 8m^2_c ratio of moments:

δ_{mc} |_ν = ±6 MeV , (22) which we consider to be more conservative than the one of about 2-3 MeV given in [15]. Alternatively, one can also minimize the ν-dependence by working at large Q^2 and with low n moments and after running down the result to m_c. In this way, one would obtain a slightly smaller error of about 3-5 MeV [33].

• Shift due to Coulombic corrections The contribution due to Coulombic corrections are expected to be negligible (about 1-2 MeV [15]) because the system is still relativistic. In fact, the Coulomb radius:

r_{Coul} ≈ 2 m_cC_F α_s(m_c)

≃ 3 GeV^{−1} , (23)

(C_F = 4/3) is much larger than the confinement radius r_{con f} ≈ 1 GeV^{−1}. These corrections can even be made much smaller by working with a Q^2 � 0 moments rather than with a Q^2 = 0 one, as the quark velocity behaves for large n as: v ≈ √( 1 + Q^2/4m^2_c ) /n , (24)

which, e.g., for Q^2 = 8m^2_c and n = 14, is about 0.46. This value is not small and not inside the nonrelativistic region. We can approximately estimate this effect by working with the resummed Coulombic expression of the spectral function [49]:

R_c|_{Coul} ≃ 3 2 v x 1 − e^{−x}

, (25)

where: x ≡ πC_F α_s/v, C_F = 4/3 and v = √ 1 − 4m^2_Q/t. We compare the value of the ratio of moments using this perturbative expression for the spectral function with the one obtained from PT theory including radiative corrections. In the case Q^2 = 8m^2_c and n = 14, where the most precise result is obtained, the corrections induced by the Coulombic contributions to the value of m_c are negligible^{11} :

δ_{mc} |_{Coul} = −(0.4 ± 0.4) MeV , (26)

where we have assumed that our determination is known within 100% error.

6. m_c(m_c) to order O(α^3_s ) • Estimate of the O(α^3_s ) and higher order corrections Observing that the coefficients of the PT corrections for the moment decrease when n increases and do not flip sign compared with the lowest moments (see Table 2) and assuming that the ratio of the 3-loop over the 4-loop coefficients are approximatively the same for each moments, we can write to 4-loops:

M_{13}(8m^2_c) ∼ 1 + 0.78a_s + 3.06a^2_s − 5.6a^3_s M_{14}(8m^2_c) ∼ 1 + 0.41a_s + 1.91a^2_s − 3.5a^3_s M_{15}(8m^2_c) ∼ 1 + 0.03a_s + 0.77a^2_s − 1.4a^3_s , (27)

11Some further arguments justifying the smallness of these contributions can be found in [15].

where a_s ≡ α_s/π. We have used the 4-loops coefficient −5.6 obtained in [34, 35] for low n = 1, Q^2 = 0 moment, which we expect to be an overestimate of the coefficient of M_{13}(8m^2_c). These expressions lead to an α^2_s corrections of about 2% for both r_{13/14}(8m^2_c ) and r_{13/15}(8m^2_c) and an α^3_s correction of about -0.3% and -0.9%. Then, taking the average of the two corrections, we may expect that the α^3_s corrections can provide a maximal shift of the charm quark mass of about -0.3% leading to : δ_{mc} |_{4−loops} ≃ ±(2 × 4) MeV , (28)

a range of values expected from some alternative estimates [33]. The factor 2 in front assumes the estimate of higher order PT (O(α^n_s ) : n ≥ 4) contributions or by duality the 1/s corrections due to the tachyonic gluon mass λ^2 [16].

• Final value of m_c to order O(α^3_s ) Adding the previous estimates of new sources of contributions and errors into the 3-loops result in Eq. 20, we obtain to O(α^3_s ) : m_c(m_c)|_{4−loops} = 1261(18) MeV . (29)

This result is comparable with the existing ones obtained from moment sum rules in the literature [1, 3–5, 15, 31, 33, 41–43]. Our final result confirms and improves (reduction of errors) earlier sum rules analysis obtained using PT lower orders charmonium sum rules [1, 41, 42]^{12}. It is in agreement with the most recent results from sum rules [15, 33] mentioned previously^{13}, with the lattice determination 1268(9) MeV [50] and with the PDG 08 average [31] ( 1.27^{+0.07}_{−0.11} ) GeV.

7. Determination of m_b(m_b) We extend the previous analysis of the charmonium system to bottomium. In the following, we shall use the value:

α_s(m_b)|_{n f =5} = 0.219(4) , (30)

deduced from α_s(m_τ) in Eq. 11. We shall use as experimental

Table 4: Masses and electronic widths of the Υ family from PDG 08[31].

Name Mass [MeV] Γ_{Υ→e}+_e− [keV]

Υ(1S ) 9460.30(26) 1.340(18) Υ(2S ) 10023.26(31) 0.612(11) Υ(3S ) 10355.2(5) 0.443(8) Υ(4S ) 10579.4(1.2) 0.272(29) Υ(10860) 10865(8) 0.31(7) Υ(11020) 11019(8) 0.13(3)

12More complete references can be found in Table 53.5 page 602 of [3]. 13However, one should mention that a sum rule analysis of the D meson mass using the pseudoscalar correlator to order α^2_s leads to [52] m_c(m_c)|_{pseudo} = 1.10(4) GeV but the value of f_{Ds} agrees with the present lattice calculations. We shall reconsider this point elsewhere.

inputs the Υ-family parameters in Table 4 using NWA and parametrize the spectral function above √ t = (11.098 ± 0.079) GeV by its pQCD expression (QCD continuum), where the error in the continuum threshold is given by the total width of the Υ(11020). Using the previous moments, the dominant contributions will come from the two lowest ground states while finite width corrections will not be observable. We show in Table 5 the results from different moments known to 3-loops.

Table 5: Value of m_b(m_b) from bottomiun moments known to 3-loops. The errors on m_b come respectively from the choice of the moments, α_s , the data on the Υ family and the choice of the QCD continuum threshold. The ones due to the gluon condensates are negligible here.

Mom m_b(m_b) [MeV]

Q^2=0:

r_{2/3}, r_{2/4} 4160(4)(2)(3)(3)

Q^2=4m^2_b :

r_{8/9}, r_{8/10} 4177(2)(3)(3)(6)

Q^2=8m^2_b :

r_{13/14}, r_{13/15} 4183(2)(4)(2)(6)

Average 4173(4)

• Error due to the subtraction point We study the effect of the subtraction point by taking 0.5 ≤ ν^2/m^2_b ≤ 2 and using the expression in Eq. 21. We induce an error:

δ_{mb} |_ν = ±6 MeV . (31)

This error can be further reduced by using the 4-loops expression of the moments.

• Shift due to Coulombic corrections Using m_b(m_b) ≃ 4.24 GeV into Eq. 23, one obtains:

r_{Coul} ≃ 1.6 GeV^{−1} , (32)

which is still larger than the confinement radius r_{con f} ≈ 1 GeV^{−1}. These corrections can be render much smaller by working with a Q^2 = 4m^2_b and large n moments rather than with a Q^2 = 0 one, where the b-quark velocity is about 0.45 from Eq. 24. This value is still inside the relativistic region, where one can safely neglect these Coulombic corrections. Indeed, using the previous expression of the Coulombic corrections in Eq. 23, we obtain the shift:

δ_{mb} |_{Coul} ≃ ±6 MeV , (33)

which is about the same value as the one obtained in [43]. Due to the theoretical uncertainties on the real effect of the Coulombic corrections, we consider our previous estimate as another source of errors but not as a safe correction.

• Value of m_b(m_b) to O(α^3_s )

In the case of the b quark, our previous estimate of the 4-loops (O(α^3_s )) contribution induces an error:

δ_{mb} |_{4−loops} ≃ ±(2 × 2) MeV , (34)

where the factor 2 is assumed to include higher order or/and λ^2-tachyonic gluon mass corrections. Adding these new corrections to the one in Table 5, we deduce to 4-loops accuracy:

m_b(m_b)|_{4−loops} = 4173(10) MeV , (35)

which is relatively more precise than that of m_c as the non perturbative contributions are much smaller here, while α_s is evaluated at a higher scale. This result is in excellent agreement with the one:

m_b(m_b) = 4171(14) MeV , (36)

obtained in [51] using ratios of moments based on the criteria of stabilities versus the degree n (number of Q^2-derivatives) of moments and including α^3_s and the dimension eight condensates contributions. This result is also in good agreement with with the PDG average [31] :

m_b(m_b)|_{PDG} = ( 4.20^{+0.17}_{−0.07} ) GeV , (37)

but more precise. It also agrees with some previous results quoted in Table 53.6 (page 603) of [3]. However, it is worth mentionning that like in the case of the D-meson, the analysis of the B meson mass from the pseudoscalar sum rule to order α^2_s leads to a lower value of (4.05 ± 0.06) GeV [52] which will be reconsidered elsewhere.

8. Running light and heavy quark masses at M_Z For direct uses in some phenomenological applications and as inputs in some Grand Unified Model Buildings, it can be useful to convert these running masses m_Q(m_Q) to the ones evaluated at the Z-mass. This can be easily done after taking care on different quark threshold effects. Using, e.g., the Mathematica RunDec package [53], we deduce, to 4-loops accuracy, from Eqs. 29 and 35, the running masses evaluated at M_Z for 5 flavours:

m_c(M_Z ) = 616(9)_{mc} (6)_{αs} MeV , m_b(M_Z ) = 2920(7)_{mb} (22)_{αs} MeV . (38)

The errors are due respectively to the values of the running mass and of α_s when one performs the QCD evolutions. In a similar way, we can also deduce the ones of m_{u,d,s}(M_Z ) and m_t(M_Z ) by using respectively the average value from QSSR predictions to 4-loops[54, 55]:

m_s(2) = 96.1(4.8) MeV , m_d(2) = 5.1(2) MeV , m_u(2) = 2.8(2) MeV , (39)

and the on-shell top quark mass average to 3-loops [31]:

M_t = 171.2(2.1) GeV . (40)

We obtain for 5 flavours:

m_s(M_Z ) = 53.9(2.9)_{ms}(1.9)_{αs} MeV , m_d(M_Z ) = 2.47(10)_{md} (3)_{αs} MeV , m_u(M_Z ) = 1.30(10)_{mu}(3)_{αs} MeV , (41)

and:

m_t(M_Z ) = 168.4(2.1)_{mt} (0.1)_{αs} GeV . (42)

Combining the previous results, we obtain the ratios of running masses at M_Z :

m_b m_c

= 4.7(1) , (43)

and:

m_s m_u

= 42(5) , m_b m_s

= 54(4) , m_t m_b

= 58(2) , (44)

where it is remarkable to notice that the ratios m_s/m_u, m_b/m_s and m_t/m_b are almost equal which might reveal some eventual underlying novel symmetry of the quark mass matrix [56, 57] in some Grand Unified Theories [58]. One should also observe that when one runs the ratio m_s/m_q from 2 GeV to M_Z , the central value is not strictly constant (contrary to what expected from its renormalization group invariance) though the two values agree within the errors. This is due to different threshold effects and to the truncation of the series at a given order of PT.

9. Conclusions – Firstly, our analysis has been motivated to extract (for the first time) from the sum rules, the instanton liquid model radius ρ_c in Eq. 12 , which parametrizes the ratio of the ⟨g^3 f_{abc}G^3⟩ over the ⟨α_sG^2⟩ gluon condensates, where the corresponding value of ⟨g^3 f_{abc}G^3⟩ in Eq. 13 is much larger than usually quoted in the literature. However, despite this large value, the OPE in the ratios of moments which we have used continues to present a good convergence. Because we have neglected the contributions of higher dimension condensates in our approach, one may consider this value of ⟨g^3 f_{abc}G^3⟩ as that of an “effective gluon condensate” which may include in it all the higher dimension condensates contributing to the OPE and not considered in our analysis.

– Using the previous result and thanks to the recent progresses in evaluating accurately the pQCD series of the heavy quarks vector correlators [32, 34, 35] and to more accurate measurements of the corresponding spectral functions [31, 45, 59], it becomes possible to extract with a high precision the heavy quark masses using higher n ratios of moment sum rules. The results for m_c and m_b in Eqs. 29 and 35, where different sources of errors are under a good control (see also the comments in section 5), are among the most accurate measurements available today. These results confirm and improve estimates done in the early days of sum rules [1, 3–5, 41, 42]^{14}.

14One can notice, in different papers written by the author for extracting m_c and m_b from heavy quarkonia sum rules, that their central values remain very stable since the 1st paper in 1987 [42]. This feature indicates (a posteriori) the self-consistency of the approach and the good convergence of the PT and OPE, especially when one works with the running MS masses.

– Compared with some other recent determinations based on low-n and Q^2 = 0 moments [32–35]^{15}, our approach should (a priori) be more accurate because we work with ratios of moments which are less sensitive to the continuum contribution than the individual moments. We also refrain to take too high moments where their QCD expressions can become difficult to control. The apparent accuracy of the results obtained in the current literature are also due (among others) to the neglect of the gluon condensates (see Fig. 2) which are one of the main sources of the errors in the determinations of m_c (and of α_s) from moment sum rules (see Table 3). The same remarks also apply to the higher-n moments used in [15, 43]. – The agreement of the present results with the most precise recent lattice calculation of m_c [50] confirms the robustness of the higher n ratios of moments sum rule approach and, in general, the ability of QSSR to extract reliably the QCD parameters from hadron properties. It becomes now challenging to check our estimate of m_b given in Eq. 35 using lattice calculations. – Finally, the approximate equalities of the different ratios of the quark masses in Eq. 44, when they are evaluated at M_Z with the same number of flavours might reveal some eventual underlying novel symmetry of the quark mass matrix in some Grand Unified Theories.

Acknowledgements I wish to thank Valya Zakharov for reading the preliminary draft and for some comments and Adriano Di Giacomo for some communications on the lattice results of the gluon condensates. I also thank the 2nd reviewer for a careful reading of the manuscript and for some constructive comments leading to an improvement of the paper.

References

[1] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B 147 (1979) 385, 448.

[2] For a review, see e.g.: V.I. Zakharov, talk given at the Sakurai’s Price, Int. J. Mod .Phys. A 14, (1999) 4865.

[3] For a review, see e.g.: S. Narison, Cambridge Monogr. Part. Phys. Nucl.

Phys. Cosmol. 17 (2004) 1-778 [hep-ph/0205006].

[4] For a review, see e.g.: S. Narison, World Sci. Lect. Notes Phys. 26 (1989) 1. [5] For a review, see e.g.: S. Narison, Phys. Rept. 84 (1982) 263; S. Narison, Acta Phys. Pol. B 26(1995) 687.

[6] J.S. Bell and R.A. Bertlmann, Nucl. Phys. B 227, (1983) 435; R.A. Bertlmann, Acta Phys. Austriaca 53, (1981) 305.

[7] S. Narison, Phys. Lett. B 387 (1996) 162.

[8] G. Launer, S. Narison and R. Tarrach, Z. Phys. C 26 (1984) 433. [9] R.A. Bertlmann, G. Launer and E. de Rafael, Nucl. Phys. B 250, (1985) 61 ; R.A. Bertlmann et al., Z. Phys. C 39, (1988) 231.

[10] S. Narison, Phys. Lett. B 300 (1993) 293; Phys. Lett. B 361 (1995) 121. [11] The ALEPH collaboration, S. Schael et al., Phys. Rept. 421, 191 (2005). [12] The OPAL collaboration, K. Ackerstaff et al., Eur. Phys. J C 8, 183 (1999).

[13] M. Davier et al., Eur. Phys. J. C 56, (2008) 305. [14] S. Narison, Phys. Lett. B 673 (2009) 30.

15The experimental results in the high-energy regions [31] do not strictly coïncide with the pQCD predictions. In this approach a shift of about 5% in the continuum would affect by 64, 21 and 9 MeV the value of m_b from M_{1,2,3}(0) moments.

[15] B.L. Ioffe and K.N. Zyablyuk, Eur. Phys. J. C 27 (2003) 229; B.L. Ioffe, Prog. Part. Nucl. Phys. 56 (2006) 232.

[16] K. Chetyrkin, S. Narison and V.I. Zakharov, Nucl. Phys. B 550 (1999) 353; S. Narison and V.I. Zakharov, Phys. Lett. B 522, (2001) 266; S. Narison and V.I. Zakharov, Phys. Lett. B 679, (2009) 355.

[17] For reviews, see e.g.: V.I. Zakharov, Nucl. Phys. Proc. Suppl. 164 (2007) 240; S. Narison, Nucl. Phys. Proc. Suppl. 164, 225 (2007).

[18] S. Narison and V.I. Zakharov, Phys. Lett. B 522, (2001) 266. [19] S. Friot, D. Greynat and E. de Rafael, JHEP 10, (2004) 043; M.

Gonzalez-Alonso, A. Pich and J. Prades, arXiv: 1004.4987 [hep-ph] (2010).

[20] S. Narison, Phys. Lett. B 624, (2005) 223.

[21] J. Bordes, V. Gimenez, J.A. Penarrocha, Phys. Lett. B 201 (1988) 365. [22] M.B. Causse and G. Mennessier, Z. Phys. C 47 (1990) 611. [23] C.A. Dominguez and J. Solá, Z. Phys. C 40 (1988) 63. [24] Y. Chung et al., Phys. Lett. B 102 (1981) 175; Nucl. Phys. B 197 (1982) 55; H.G. Dosch, Non-Perturbative Methods (Montpellier 1985); H.G. Dosch, M. Jamin and S. Narison, Phys. Lett. B 220 (1989) 251.

[25] A. Di Giacomo, Non-pertubative Methods, ed. Narison, World Scientific (1985); M. Campostrini, A. Di Giacomo, Y. Gunduc Phys. Lett. B 225 (1989) 393; A. Di Giacomo and G.C. Rossi, Phys. Lett. B 100 (1981) 481.

[26] Private communication from A. Di Giacomo.

[27] M. D’Elia, A. Di Giacomo and E. Meggiolaro, Phys. Lett. B 408 (1997) 315.

[28] P.E. Rakow, arXiv:hep-lat/0510046 ; G. Burgio, F. Di Renzo, G. Marchesini and E. Onofri, Phys. Lett. B 422 (1998) 219; R. Horley, P.E.L. Rakow and G. Schierholz, Nucl. Phys. (Proc. Sup.) B 106 (2002) 870.

[29] T. Schafer and E.V. Shuryak, Rev. Mod. Phys. 70 (1998) 323. [30] B.L. Ioffe and A.V. Samsonov, Phys. At. Nucl. 63 (2000) 1448. [31] PDG, C. Amsler et al., Phys. Lett. B 667 (2008) 1.

[32] K. Chetyrkin, J.H. Kuhn and M. Steinhauser, Nucl. Phys. B 505 (1997) 40. [33] K.G. Chetyrkin et al., Phys. Rev D 80 (2009) 074010; J.H. Kuhn, M.

Steinhauser and C. Sturm, Nucl. Phys. B 778 (2007) 192; A. Maier, P. Mairhofer and P.Marquard, Phys. Lett. B 669 (2008) 88; A. Signer, Phys. Lett. B 672 (2009) 333.

[34] K. Chetyrkin, J.H. Kuhn and C. Sturm, Eur. Phys. C 48 (2006) 107. [35] R. Boughezal, M. Czakon and T. Schutzmeier, Phys. Rev D 74 (2006) 074006.

[36] A. Hoang, V. Mateu and S.M. Zebarjad, Nucl. Phys. B 813 (2009) 349;

Y. Kiyo, A. Maier, P. Maierhoefer, P. Marquard, Nucl. Phys. B 823 (2009) 269.

[37] S.N. Nikolaev and A.V. Radyushkin, Phys. Lett. B 124 (1983) 243; Nucl.

Phys. B 213 (1983) 285.

[38] E. Bagan, J. I. Latorre, P. Pascual and R. Tarrach, Nucl. Phys. B 254 (1985) 55; D. J. Broadhurst and S. C. Generalis, Phys. Lett. B 139 (1984) 85; V. A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B 237 (1984) 525.

[39] S. Groote and A. Pivovarov, JETP Lett. 75 (2002) 221. [40] A. Signer, Phys. Lett. B 654 (2007) 206.

[41] L. J. Reinders, H. Rubinstein and S. Yazaki, Phys. Rept. 127 (1985) 1. [42] S. Narison, Phys. Lett. B 197 (1987) 405; Phys. Lett. B 216 (1989) 191;

Phys. Lett. B 341 (1994) 73.

[43] M. Jamin and A. Pich, Nucl. Phys. 507 (1997) 334; M. Jamin and A.

Hoang, Phys. Lett. B 594 (2004) 127.

[44] S. Bethke, Prog. Part. Nucl. Phys. 58 (2007) 351.

[45] The BES collaboration, J. Z. Dai et al., Phys. Rev. Lett. 88 (2002) 101802.

[46] S. Narison, arXiv:1105.5070 [hep-ph] (2011).

[47] E. Braaten, S. Narison and A. Pich, Nucl. Phys. B 373, 581 (1992). [48] J.H. Kuhn and M. Steinhauser, Nucl. Phys. B 619 (2001)588; Erratumibid.B 640 (2002)415.

[49] E. Eichten et al.,Phys. Rev D 21 (1980) 203. [50] I. Allison et al., Phys. Rev. D 78 (2008) 054513. [51] S. Narison, arXiv:1105.2922 [hep-ph] (2011). [52] S. Narison, Phys. Lett. B 520 (2001) 115.

[53] K. Chetyrkin, J.H. Kuhn and M. Steinhauser, Comput. Phys. Commun.

133 (2000) 43.

[54] S. Narison, Phys.Rev. D 74 (2006) 034013; Phys. Lett. B 626 (2005) 101; Phys. Lett. B 466 (1999) 345; Phys. Lett. B 358 (1995) 113.

[55] For earlier reviews, see e.g. S. Narison, arXiv:hep-ph 0202200; Nucl.

Phys. Proc. Suppl. 86 (2000) 242; Riv. Nuovo Cim. 10N2 (1987) 1. [56] H. Fritzsch, Phys. Lett. B 73 (1978) 317; Int. J. Mod. Phys. A 25 (2010) 597.

[57] C. Jarlskog, Z. Phys. C 29 (1985) 491; Phys.Rev. D 35 (1987) 1685; P.

Frampton and C. Jarlskog, Phys. Lett. B 154 (1985) 421.

[58] See e.g., H. Georgi and D.V. Nanopoulos, Nucl. Phys. B 155 (1979) 52. [59] The BABAR collaboration, B. Aubert et al. Phys. Rev. Lett. 102 (2009) 012001.