arXiv:1005.1911v3 [hep-th] 13 Jul 2011

Dynamical Chern-Simons modified gravity and Friedmann-Robertson-Walker metric

C. Furtado,^1 J. R. Nascimento,^1 A. Yu. Petrov,^1 and A. F. Santos^2 1Departamento de Física, Universidade Federal da Paraíba, Caixa Postal 5008, 58051-970, João Pessoa, Paraíba, Brazil^∗ 2Instituto de Física, Universidade Federal de Mato Grosso 78060-900, Cuiabá, Mato Grosso, Brazil^†

Abstract

We study the conditions for the consistency of the Friedmann-Robertson-Walker (FRW) metric with the dynamical Chern-Simons modified gravity. It turns out to be that in this situation the accelerated expansion of the Universe takes place, with the time dependence of the scale factor turns out to be similar to the case of presence of the Chaplygin gas. Also we found that this modification changes the total density of the Universe and therefore gives a nontrivial impact to a cosmological scenario.

∗Electronic address: furtado,jroberto,petrov@fisica.ufpb.br †Electronic address: alesandroferreira@fisica.ufmt.br

Studies of the gravity, without doubts, can be treated as one of the most important lines in the modern theoretical physics. The interest to the gravity highly uprose because of the discovery of the accelerated expansion of the Universe [1], which, together with another key problem of the gravity theory, that is, the search for the consistent quantum description of the gravity, called the attention to construction of the modified gravity models. The idea of possibility for the breaking the Lorentz and CPT symmetries implied in a high interest to the Lorentz-CPT breaking modifications of the gravity, whose wide list is given in [2]. The most interesting and popular of these extensions is certainly the four-dimensional gravitational Chern-Simons term originally introduced in [3]. Many aspects of this term are discussed in [4] (see also [5] for a perturbative generation of this term).

The further development of the studies of the four-dimensional gravitational Chern- Simons term implied in a formulation of the Chern-Simons modified gravity whose action is a sum of the usual Einstein-Hilbert action and of the gravitational Chern-Simons term, and, further, in a concept of the dynamical Chern-Simons coefficient initially motivated by the fact that, while many metrics, including the spherically and cylindrically symmetric ones [6] and the Gödel one [7] solve the modified Einstein equations, the Kerr metric does not. It was shown in [6, 8, 9] that the Kerr metric, known as one of the most important solutions of the usual Einstein equations, can solve the modified ones only if, first, this metric is modified itself, second, the Chern-Simons coefficient acquires a nontrivial dynamics. As a result, the natural problem arises – whether other known metrics solve the equations of motion in the case of the dynamical Chern-Simons coefficient? In this paper, we consider this problem in the case of the Friedmann-Robertson-Walker (FRW) metric. Furthermore, we estimate the impact of the dynamical Chern-Simons coefficient to the expansion of the Universe.

The starting point of our consideration is the following action for the Chern-Simons modified gravity: S = 1 16πG ∫ d^4x [√ −gR + l 4 Θ^∗RR − 1 2 ∂^μΘ∂_μΘ ] +S_{mat}, (1) where, unlike [7], the function Θ is a dynamical variable [8]. Varying this action with respect to the metric and to the scalar field Θ, we obtain the following equations of motion: G_{μν} + lC_{μν} = 8πGT_{μν} , (2) g^{μν} ∇_μ∇_ν Θ = − l 64π ∗RR, (3) where G_{μν} is the Einstein tensor (within this formulation, the contribution from the cosmological term is absorbed into the energy-momentum tensor) and C_{μν} is the Cotton tensor defined as C^{μν} = − 1 2 √ −g [ v_σϵ^{σμαβ} D_αR^ν_β + 1 2 v_{στ} ϵ^{σναβ} R^{τ μ}_{αβ} ] + (μ ←→ ν), (4) where v_σ = D_σΘ, v_{στ} = D_σD_τ Θ, and^∗RR is the topological invariant called the Pontryagin term whose explicit form is ∗RR ≡^∗R^a_b^{cd}R^b_{acd}, (5) where R^b_{acd} is the Riemann tensor and^∗R^a_b^{cd} is the dual Riemann tensor given by ∗R^a_b^{cd} = 1 2 ϵ^{cdef} R^a_{bef} . (6) In this paper we are concentrated on the case of the Friedmann-Robertson-Walker metric which is written as

ds^2 = −dt^2 + a(t)^2 [ dr^2 1 − kr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 ] , (7)

where a(t) is the scale factor.

Using the Christoffel symbols for this metric

Γ^0_{11} = aȧ 1 − kr^2 , Γ^0_{22} = aȧr^2, Γ^1_{01} = Γ^2_{02} = Γ^3_{03} = ȧ a , Γ^1_{22} = −r(1 − kr^2), Γ^2_{12} = Γ^3_{13} = 1 r , Γ^2_{33} = − sin θ cos θ,

Γ^1_1 = kr 1 − kr^2 , Γ^0_{33} = aȧr^2 sin^2 θ, Γ^1_{33} = −r(1 − kr^2) sin^2 θ, Γ^3_{23} = cotθ, (8)

one can find that the nonzero components of the Riemann tensor are

R_{0101} = − aä 1 − kr^2 , R_{0202} = −aär^2, R_{0303} = −r^2aä sin^2 θ, (9)

R_{1212} = a^2r^2(ȧ^2 + k) 1 − kr^2 , R_{1313} = r^2a^2 sin^2 θ(ȧ^2 + k) 1 − kr^2 , R_{2323} = a^2r^4 sin^2 θ(ȧ^2 + k),

the nonzero components of the Ricci tensor are

R_{00} = −3 ä a , R_{11} = aä + 2ȧ^2 + 2k 1 − kr^2 , R_{22} = r^2(aä + 2ȧ^2 + 2k), R_{33} = r^2(aä + 2ȧ^2 + 2k) sin^2 θ, (10) and the Ricci scalar is

R = 6 [ ä a + ( ȧ a )_2 + k a^2 ] . (11)

Let us now consider the modified Einstein equations (3). First of all, we can study the Cotton tensor (4). Calculating component by component we obtain that

C^{μν} = 0, (12)

i.e., the Cotton tensor completely vanishes for the FRW metric, at any Θ(t, r, θ, ϕ).

It is easy to see that the Pontryagin invariant also vanishes for the FRW metric. Indeed, ∗RR ≡ 1 2 ϵ^{cdef} R^a_{bef} R^b_{acd}, (13) but, as we already noted, the only non-zero components of the Riemann tensor for the FRW metric have the form R_{[ab][ab]}. Hence sets of indices ab, cd, ef must coincide, and this condition annihilates the Levi-Civita tensor immediately. All this confirms the statement that the Chern-Simons term does not contribute to the cosmological part of the equations of motion [11]. However, the impact of the fact that the Chern-Simons coefficient possesses a nontrivial dynamics is essential for the energy-momentum tensor in the theory. Also, we note that in our case, unlike [11], we have both the scalar field Θ and the usual matter whose contributions to the energy-momentum tensor will be given further.

Therefore, the equations of motion are reduced to G_{μν} = 8πGT_{μν} , (14) g^{μν} ∇_μ∇_ν Θ = 0. (15)

We choose the energy-momentum tensor T_{μν} to be composed of two terms:

T_{μν} = T^M_{μν} + T^Θ_{μν} , (16)

where T^M_{μν} is the energy-momentum tensor of an usual matter, and the energy-momentum tensor for the Θ field looks like (cf. [9])

T^Θ_{μν} = (∂_μΘ)(∂_ν Θ) − 1 2 g_{μν} (∂^λΘ)(∂_λΘ), (17)

that is, it reproduces the form of the usual energy-momentum tensor for the scalar field in a curved space. Solving of these equations of motion seems to be no more difficult as in the case of absence of Θ.

To proceed, we can find that the components of the Einstein tensor G_{μν} = R_{μν} −^1_2 Rg_{μν} look like

G_{00} = 3 a^2

(ȧ^2 + k), G_{ij} = − 1 a^2

(2aä + ȧ^2 + k)g_{ij}. (18)

Let us suppose for the sake of the simplicity (this choice also satisfies the principles of the space homogeneity and isotropy) that Θ = Θ(t). We can rewrite the equation (15) as

g^{μν} ∇_μ∇_ν Θ = g^{μν} (∂_μ∂_ν − Γ^λ_{μν} ∂_λ)Θ = 0. (19)

Taking into account that g^{ij}Γ^0_{ij} = 3^ȧ , and that Θ depends only on t, we find that

Θ̈ + 3ȧ a Θ̇ = 0. (20)

Hence, Θ is related to a as

Θ̇ = Ca^{−3}. (21)

The energy-momentum tensor for the Θ field hence is given by

T^Θ_{00} = 1 2 Θ̇^2 = C^2 2 a^{−6}, T^Θ_{ij} = 1 2 g_{ij}Θ̇^2 =

C^2 2 g_{ij}a^{−6}. (22)

The modified Einstein equations, in the relevant case μ = ν = 0, looks like 3 a^2 ( ȧ^2 + k ) = 8πG 3 ( C^2 2 a^{−6} + T^M_{00} ) . (23)

Here T^M_{μν} is an energy-momentum tensor of the usual matter (apart from the Θ field).

Also, we must take into account the equation of conservation of energy, that is given to the component ν = 0 of the equation (cf. [10])

∇_μT^{μν} = 0. (24)

Here T^{μν} is composed both by the contributions from the Θ field and from the usual matter which by our choice is described by a perfect fluid. Thus the energy-momentum tensor of the matter is

T^M_{μν} = (ρ + p)U_μU_ν + pg_{μν} , (25) where U_μ = (1, 0, 0, 0) is the four-velocity of the fluid. Substituting this expression to (24), we find that the equation of conservation of energy (24) in the modified Einstein gravity with a dynamical Chern-Simons coefficient, in the relevant 00 sector, is given by

∂_0T^{00} + Γ^μ_0T^{00} + Γ^0_{μλ}T^{μλ} = 0, (26)

which, since Γ^μ_0 = 3^ȧ , T_{00} = ρ +^1_2Θ̇^2, Γ^0_{ij} =^1_2 ∂_0g_{ij} =^ȧ g_{ij} and T^{ij} = (p +^1_2Θ̇^2)g^{ij}, thus, Γ^0_{ij}T^{ij} = Γ^0_{ij}g^{ij}(p +^1_2Θ̇^2) = 3^ȧ (p +^1_2Θ̇^2), yields d dt ( ρ + C^2 2 a^{−6} ) + 3 ȧ a ( ρ + p + C^2a^{−6} ) = 0. (27)

We note that in the case Θ = const (that is, C = 0), where the gravitational Chern- Simons term is reduced to an irrelevant total derivative, we recover the usual result (see f.e. [10]). The only impact of the dynamical Chern-Simons term in this equation arices in the presence of C^2. If we suppose that the matter in the Universe is composed by one dominant component and obeys the linear equation of state,

p = (γ − 1)ρ, (28)

where γ is a numerical factor characterizing the nature of the matter (it is equal to 1 for the dust, 4/3 for the radiation and 0 for the pure cosmological term), we can rewrite (27) as d dt ( ρ + C^2 2 a^{−6} ) + 3 ȧ a ( γρ + C^2a^{−6} ) = 0. (29)

It remains to solve the following system (we choose the case k = 0): ȧ^2 a^2 = 8πG 3 ( ρ + C^2 2 a^{−6} ) ; d dt ( ρ + C^2 2 a^{−6} ) + 3 ȧ a ( γρ + C^2a^{−6} ) = 0. (30)

This system can be simplified. Indeed, it is easy to see that^d_{dt} (^{C2}_2 a^{−6}) + 3^ȧ C^2a^{−6} = 0, hence we find ȧ^2 a^2 = 8πG 3 ( ρ + C^2 2 a^{−6} ) ; dρ dt + 3 ȧ a γρ = 0. (31)

It follows from the last equation of this system that the density and the scale factor are related as

ρ = ρ_0a^{−3γ} , (32) thus, we arrive at the following Friedmann equation (modified)

ȧ^2 a^2 = 8πG 3 ( ρ_0a^{−3γ} +

C^2 2 a^{−6} ) . (33)

The formal solution of this equation is t = ∫ daa^z √ A + Ba^{2z−4} , (34)

where z =^{3γ}_2 − 1, A =^{8πGρ0}_3 , B =^{4πGC2}_3 . Evaluating this expression, we arrive at

2F_1 ( 1 2 − γ , 1 2 ; γ − 3 γ − 2 ; −2 ρ_0 C^2 a^{6−3γ} ) a^3(t) = 3C √ 4πG 3 t. (35)

The similar solution has been obtained for the Chaplygin gas which is known to be one of the possible mechanisms providing an accelerated expansion of the Universe [12].

Now, let us consider the situation where the cosmological constant differs from zero, and matter, beside of the cosmological constant and Θ field, is composed by two or more distinct components. The most important example is the Universe involving both dust-like matter and radiation. In this case, the modified Friedmann equation looks like

ȧ^2 a^2 + k a^2 = 8πG 3 ∑ i ρ_{0i}a^{−3γi} + Λ 3 + 4πG 3 C^2a^{−6}, (36)

We can introduce the Hubble parameter H =^ȧ and the density parameters for different types of matter Ω =^ρ_{ρc} , where the critical density ρ_c is ρ_c =^{3H2}_{8πG} . In particular, for the matter we have the relative densities Ω_{mi} =^{ρmi}_{ρc} , with ρ_{mi} is a density of the matter of type i, and for the cosmological constant – Ω_Λ =^{ρΛ}_{ρc} , with ρ_Λ =^Λ_{8πG} . Then, we define a density of the Θ field as ρ_Θ =^{C2a−6}_2 , with the density parameter is Ω_Θ =^{ρΘ}_{ρc} =^{4πG}_{3H2} C^2a^{−6}. Finally, the equation (36) takes the form 1 + k a^2H^2 = ( ∑ i Ω_{mi}) + Ω_Λ + Ω_Θ. (37)

Also we define the density parameter associated to the curvature as k a^2H^2

≡ −Ω_k, (38)

thus, the sum of all relative densities is 1 as it must be: ( ∑ i Ω_{mi}) + Ω_Λ + Ω_k + Ω_Θ = 1. (39)

If Ω_Θ = 0 we recuperate the usual result [14]. Thus, Chern-Simons modified gravity with a dynamic Θ field yields one more contribution to the total density of the Universe.

Now, let us divide the equation (36) by the Hubble constant today H^2_0 . Suggesting that the Universe, besides of cosmological constant, curvature and the dynamic scalar field involves two types of the usual matter, that is, dust (γ = 1) and radiation (γ = 4/3), we have that ( H H_0

)_2 + k a^2H^2_0 = 8πGρ_{0,m} 3H^2_0 a^{−3} + 8πGρ_{0,r} 3H^2_0 a^{−4} + Λ 3H^2_0 + 4πG 3H^2_0

C^2a^{−6}, (40)

where ρ_{0,d} and ρ_{0,r} are the actual densities of dust and radiation respectively. In terms of the density parameters ( H H_0

)_2 + k a^2H^2_0 = Ω_{0,d} a^3 + Ω_{0,r} a^4

+ Ω_{0,Λ} + Ω_{0,Θ}. (41)

Coming back to equation (39) we can obtain k a^2H^2

= Ω_d + Ω_r + Ω_Λ + Ω_Θ − 1 = Ω_0 − 1, (42)

where Ω_0 = Ω_d + Ω_r + Ω_Λ + Ω_Θ. To fix the initial conditions, we note that for the actual phase of the Universe we have k a^2_0H^2_0

= Ω_0 − 1. (43)

Thus the equation (41) becomes H H_0 = [ Ω_{0,d} a^3 + Ω_{0,r} a^4

+ Ω_{0,Λ} + Ω_{0,Θ} +

1 − Ω_0 a^2

] 1_2

, (44)

with a_0 = 1 being the actual value of the scale factor. Integrating this equation, we can calculate the age of the Universe

H_0t = ∫_a 0 a^′da^′ [Ω_{0,r} + Ω_{0,d}a^′ + (Ω_{0,Λ} + Ω_{0,Θ})a^{′4} + (1 − Ω_0)a^{′2}]^{12}

. (45)

We see that the age of the Universe in our model depends of the new contribution Ω_{0,Θ}.

Now, let us estimate a numerical value for Ω_{0,Θ}. To do it, we consider the particular case Ω_{0,r} ≈ 0 (that is, the usual dust-like matter dominates over the radiation) and Ω_0 ≈ 1 (approximately flat Universe). Thus t = 1 H_0 ∫_a 0 a^′da^′ [Ω_{0,d}a^′ + (Ω_{0,Λ} + Ω_{0,Θ})a^{′4}]^{12}

, (46) which gives a result t = 1 H_0 2 3 √ Ω_{0,Λ} + Ω_{0,Θ} log [ 2 ( a^{3/2}(Ω_{0,Λ} + Ω_{0,Θ}) + + √ Ω_{0,Λ} + Ω_{0,Θ} √ a^3(Ω_{0,Λ} + Ω_{0,Θ}) + Ω_{0,d} )] . (47)

Now we take into account that for the present Universe a = a_0 = 1, Ω_{0,Λ} ≈ 0, 7, Ω_{0,d} ≈ 0, 3, H_0 ≈ 2, 27 × 10^{−18} s^{−1} and t_0 ≈ 3, 95 × 10^{17}s ≈ 12, 5 × 10^9 years. Therefore we have log [ 2 ( Ω_{0,Θ} + √ Ω_{0,Θ} + 0, 7 √ Ω_{0,Θ} + 1 + 0, 7 )] = 1, 34223 √ Ω_{0,Θ} + 0, 7, (48)

This equation can be solved only numerically. The solutions are shown in the Figure 1.

FIG. 1: Here ξ = log [ 2 ( Ω_{0,Θ} + √ Ω_{0,Θ} + 0, 7 √ Ω_{0,Θ} + 1 + 0, 7 )] and η = 1, 34223 √ Ω_{0,Θ} + 0, 7.

From this figure we can estimate a numerical value of Ω_{0,Θ} as

Ω_{0,Θ} ≈ 2, 2 × 10^{−6}. (49)

Thus we see that in the Universe dominated by a dark matter and a dark energy the presence of the contribution Ω_{0,Θ} is small in comparison with other components of the Universe.

Let us discuss our results. Our key conclusion, with no doubts, is that the modified Einstein gravity with a dynamical Chern-Simons coefficient also admits the FRW solutions, as well as the case where the Chern-Simons coefficient Θ is treated as an external nondynamical field, see [6]. Moreover, we show that, at the certain interval of values of γ parametrizing the equation of state the scale factor displays an accelerated growth whose scenario is similar to that one emerging within the context of an essentially physically different mechanism, that is, the Chaplygin gas [13].

We also show that in this modified theory there is one more contribution to the matter density, that is, the density parameter of the Universe associated with the dynamical field Θ. Using the known parameters of the Universe, we estimate a numerical value for this parameter which turns to be much more small than the value of density parameter of radiation today, Ω_{0,r} ≈ 8, 4 × 10^{−5} [15] (where we find Ω_{0,Θ} ≈ 2, 2 × 10^{−6}), i.e., this contribution, as well as the radiation, does not jeopardize the actual dominance of the dark matter and the dark energy in our Universe.

Acknowledgments. This work was partially supported by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) and Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES: AUX-PE-PROCAD 579/2008). A. Yu. P. has been supported by the CNPq project No. 303461-2009/8, and A. F. S. has been supported by the CNPq project, No. 473571/2010-2.

[1] A. Riess et al., Astron. J. 116, 1009 (1998), astro-ph/9805201. [2] V. A. Kostelecky, Phys. Rev. D 69, 105009 (2004), hep-th/0312310. [3] R. Jackiw, S.-Y. Pi, Phys. Rev. D 68, 104012 (2003), gr-qc/0308071. [4] S. Alexander, N. Yunes, Phys. Rept. 480, 1 (2009), arXiv: 0907.2562. [5] T. Mariz, J. R. Nascimento, E. Passos, R. F. Ribeiro, Phys. Rev. D 70, 024014 (2004), hep-th/0403205; T. Mariz, J. R. Nascimento, A. Yu. Petrov, L. Y. Santos, A. J. da Silva, Phys. Lett. B 661, 312 (2008), arXiv: 0708.3348 [hep-th]; M. Gomes, T. Mariz, J. R. Nascimento, A. Yu. Petrov, E. Passos, A. J. da Silva, Phys. Rev. D 78, 025029 (2008), arXiv: 0805.4409 [hep-th].

[6] D. Grumiller and N. Yunes, Phys. Rev. D 77, 044015 (2008), arXiv: 0711.1868 [hep-th]. [7] C. Furtado, T. Mariz, J. R. Nascimento, A. Yu. Petrov, A. F. Santos, Phys. Rev. D 79, 124039 (2009), arXiv: 0906.0554.

[8] T. Smith, A. Erickcek, R. Caldwell, M. Kamionkowski, Phys.Rev. D 77, 024015 (2008), arXiv:

0708.0001 [astro-ph].

[9] K. Konno, T. Matsuyama, Y. Asano, S. Tanda, Phys. Rev. D 78, 024037 (2008), arXiv:

0807.0679 [gr-qc]; K. Konno, T. Matsuyama, S. Tanda, Prog. Theor. Phys. 122, 561 (2009), arXiv: 0902.4767 [gr-qc].

[10] S. M. Carroll, An Introduction to General Relativity Spacetime and Geometry, Addison- Wesley 2004.

[11] M. Satoh, S. Kanno and J. Soda, Phys. Rev. D 77, 023526 (2008), arXiv:0706.3585 [astro-ph];

M. Satoh and J. Soda, JCAP 0809, 019 (2008), arXiv:0806.4594 [astro-ph]. [12] U. Debnath, A. Banerjee, S. Chakroborty, Class. Quant. Grav. 21, 5609 (2004), gr-qc/0411015;

S. S. Costa, M. Ujevic, A. F. Santos, Gen. Rel. Grav. 40, 1683 (2008), gr-qc/0703140; S. S. Costa, Mod. Phys. Lett. A 24, 531 (2009), arXiv:0803.4006 [gr-qc].

[13] M. Bento, O. Bertolami, A. Sen, Phys. Rev. D 66, 043507 (2002), gr-qc/0202064; H. Benaoum, “Accelerated Universe from modified Chaplygin gas and tachyonic fluid”, hep-th/0205140; A. Dev, D. Jain, J. Alcaniz, Phys. Rev. D 67, 023515 (2003), astro-ph/0209379.

[14] A. Liddle, An Introduction to Modern Cosmology, John Wiley & Sons 2003. [15] B. Ryden, Introduction to Cosmology, Addison-Wesley 2003.