arXiv:1006.1120v2 [gr-qc] 17 Sep 2011

Accelerating universe from F(T) gravity

Ratbay Myrzakulov^∗ Eurasian International Center for Theoretical Physics, Eurasian National University, Astana 010008, Kazakhstan and Department of Physics, CSU Fresno, Fresno, CA 93740 USA

Abstract

It is shown that the acceleration of the universe can be understood by considering a F (T ) gravity models. For these F (T ) gravity models, a variant of the accelerating cosmology reconstruction program is developed. Some explicit examples of F (T ) are reconstructed from the background FRW expansion history.

1 Introduction

Recent observational data indicate that our universe is accelerating. This acceleration is explained in terms of the so-called dark energy (DE), which may be explained in modified gravity models (for a general review see Ref.[1]). DE could also result from a cosmological constant, from an ideal fluid with a different form of equation of state (EoS) and negative pressure, a scalar field with quintessence-like or phantom-like behavior (see [2] and references therein), etc. The choice of possibilities reflects the indisputable fact that the true nature and origin of DE has not been convincingly explained yet. It is not even clear what type of DE is more seemingly to explain the current epoch of the universe. Observational data point toward some kind of DE with an EoS parameter which is very close to w = −1, maybe even less than −1 (the so-called phantom case). A quite appealing possibility is the already mentioned modification of General Relativity (GR). Modifications of the Hilbert-Einstein action by introducing different functions of the Ricci scalar R have been systematically explored, the so-called F (R) gravity models, which reconstruction has been developed in Refs. [3]-[10]. As is known, F (R) gravity can be written in terms of a scalar field - quintessence or phantom like - by redefining the function F (R) with the use of a scalar field, and then performing a conformal transformation. It has been shown that, in general, for any given F (R) the corresponding scalar-tensor theory can, in principle, be obtained, although the solution is going to be very different from one case to another. Also, attention has been paid to the reconstruction of F (R) gravity from a given scalar-tensor theory. It is known, too, that the phantom case in scalar-tensor theory does not exist, in general, when starting from F (R) gravity. In fact, the conformal transformation becomes complex when the phantom barrier is crossed, and therefore the resulting F (R) function becomes complex. These situations where addressed in [10] in detail, where to avoid this hindrance, a dark fluid was used in order to produce the phantom behavior in such a way that the F (R) function reconstructed from the scalar-tensor theory continues to be real.

On the other hand, it has also been suggested in the literature (see e.g. [11] – [13]) to consider modified Gauss-Bonnet gravity, that is, a function of the GB invariant. Different cosmological

∗Email: rmyrzakulov@gmail.com, rmyrzakulov@csufresno.edu

properties of modified gravity models of this kind have been studied in [11]-[35]. Both possibilities have, in principle, the capability to explain the accelerated expansion of the Universe and even the primordial inflationary phase (see [3] and [10]), with no need to introduce a new form of energy. So, a quite appealing possibility for the gravitational origin of the DE is the modification of GR. Actually, there is no compelling reason why standard GR should be trusted at large cosmological scales.

Unfortunately, many theoretical models that anyhow describing the accelerated expansion of the universe and which appears to fit all currently available observations (Supernovae Ia, CMBR anisotropies, Large Scale Structure formation, baryon oscillations and weak lensing) are affected by significant fine-tuning problems related to the vacuum energy scale and therefore it is important to investigate alternatives to this description of the Universe. There are exist several other approaches to the theoretical description of the accelerated expansion of the universe. As we mentioned above, one of these is a modified gravity theories. Studies of the physics of these theories is however hampered by the complexity of the field equations, making it difficult to obtain both exact and numerical solutions which can be compared with observations. These problems can be reduced somewhat by using the theory of dynamical systems [36], which provides a relatively simple method for obtaining exact solutions and a description of the global dynamics of these models for a given F (R) theory. Another approach to modified gravity theories is the reconstruction method (see e.g. for review [1] and references therein). Another interesting sort of modified theories is so-called F (T ) - gravity (T is torsion) [37]-[39]. Recently, it is shown ([37]-[74]) that such F (T )-gravity theories also admit the accelerated expansion of the Universe without resorting to DE. It is remarkably that their equations of motion are always of second order in contrast with GR where the field equations are fourth order equations. Different cosmological properties of modified F (T ) gravity models have been studied in the literature (see e.g. [37]-[79]). Both possibilities have, in principle, the capability to explain the accelerated expansion of the Universe and even the primordial inflationary phase, with no need to introduce a new form of energy.

In this paper we will study some specific F (T ) torsion gravity theories and, by using a technique developed in [7], the corresponding cosmological theory will be reconstructed for several cosmological solutions. We perform a number of explicit reconstructions which lead to a number of interesting analytical results.

2 The model

Let us we start with the following action for the F (T ) gravity [37] - [39] S = 1 2k^2 ∫ dx^4[ √ −gF (T ) + L_m], (2.1)

where T is the torsion scalar, F (T ) is general differentiable function of the torsion and L_m corresponds to the matter Lagrangian, k^2 = 8πG. Here the torsion scalar T is defined as

T = S^{μν}_ρ T^ρ_{μν} , (2.2)

where

S_ρ^{μν} = 1 2 (K^{μν}_ρ + δ^μ_ρ T^{θν}_θ − δ^ν_ρ T^{θμ}_θ), (2.3)

K^{μν}_ρ = − 1 2 (T^{μν}_ρ − T^{νμ}_ρ − T_ρ^{μν} ), (2.4)

T^λ_{μν} =^wΓ^λ_{νμ} −^wΓ^λ_{μν} = e^λ_i (∂_μe^i_ν − ∂_ν e^i_μ). (2.5)

Here we have the following formulas:

g_{μν} (x) = η_{ij} e^i_μ(x)e^j_ν (x), (2.6) where e_i · e_j = η_{ij} , η_{ij} = diag(1, −1, −1, −1). (2.7) The field equations for the action (2.1) reads [37] - [39] [e^{−1}∂_μ(eS^{μν}_i − e^λ_i T^ρ_{μλ}S^{νμ}_ρ ]F_T + S^{μν}_i ∂_μT F_{T T} + 1 4 e^ν_i F = 1 2 k^2e^ρ_i T^ν_μ , (2.8) where e = √ −g. We now will assume a flat homogeneous and isotropic FRW universe with the metric ds^2 = −dt^2 + a(t)^2 3∑ i=1 (dx^i)^2, (2.9) where t is cosmic time. For this metric e^i_μ = diag(1, a(t), a(t), a(t)), H = ȧ a , T = −6H^2 (2.10) and the modified Friedmann equations and the conservation equation reads as 12H^2F_T + F = 2k^2ρ, (2.11)

48H^2ḢF_{T T} − (12H^2 + 4Ḣ)F_T − F = 2k^2p, (2.12)

ρ̇ + 3H(ρ + p) = 0. (2.13) This set of equations we can rewrite as −2T F_T + F = 2k^2ρ, (2.14)

−8ḢT F_{T T} + (2T − 4Ḣ)F_T − F = 2k^2p, (2.15)

ρ̇ + 3H(ρ + p) = 0. (2.16) Note that the last equation can be written as d dt (a^3ρ) = −3a^3Hp. (2.17) Also we note that as F (T ) = T Eqs. (2.14)-(2.15) transform to the usual Friedmann equations of GR 3 k^2

H^2 = ρ, 1 k^2

(2Ḣ + 3H^2) = −p. (2.18) We can rewrite equations (2.14) - (2.15) as 3 k^2

H^2 = ρ + ρ_T , 1 k^2

(2Ḣ + 3H^2) = −(p + p_T ), (2.19) where ρ_T = 1 2k^2

(2T F_T − F + 6H^2), p_T = − 1 2k^2

[−8ḢT F_{T T} + (2T − 4Ḣ)F_T − F + 4Ḣ + 6H^2] (2.20) are the torsion contributions to the energy density and pressure. We also present the parameter of state

w = −1 + −8ḢT F_{T T} − 4ḢF_T −2T F_T + F . (2.21)

3 Reconstruction of a F (T ) theory: ΛCDM model

Let us reconstruct the F (T ) theories starting from the ΛCDM model. As is known, in this case

H^2 = H^2_0 + k^2ρ_0 3a^3 = − 1 6 T (3.1) or T = −6H^2_0 −

2k^2ρ_0 a^3

, a^{−1} = [ 3 k^2ρ

(H^2 − H^2_0 )]^{13} = −[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{13} . (3.2)

The solution to the homogeneous case of equation (2.14) (that is, ρ = 0) is given by F = C √ T , C = const. (3.3) The second equation (2.15) satisfies automatically and gives p = 0. Let us now explicitly reconstruct the F (T ) gravity theories for which a given matter field would obey a ΛCDM expansion history.

3.1 Reconstruction for dust-like matter

First we consider the case when the universe is filled with dust-like matter. Then from the energy conservation equation (2.16) we have (as w = 0)

ρ = ρ_ca^{−3} = − ρ_c 2k^2ρ_0

(T + 6H^2_0 ). (3.4)

Substituting in the modified Friedmann equation (2.14), for the unknown function F (T ), we get the equation 2T F_T − F = ρ_c ρ_0

(T + 6H^2_0 ). (3.5)

The particular solution of this equation is

F (T ) = ρ_c ρ_0

(T − 6H^2_0 ). (3.6)

3.2 Reconstruction for perfect fluid with w = −^1_3

Let us now consider the perfect fluid with w = −^1_3 . Then the energy conservation equation (2.16) gives

ρ = ρ_ca^{−2} = ρ_c[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{23} , ρ_c = const. (3.7)

The modified Friedmann equation (2.14) looks like

−2T F_T + F = 2k^2ρ_c[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{23} = α(T + β)^{23} . (3.8)

The solution of this equation is given by

F (T ) = −α{−(T + β)^{23} + 4 3 β^{− 13} T Hypergeometric2F 1[ 1 2 , 1 3 , 3 2 , − x β ]}. (3.9)

3.3 Reconstruction for stiff fluid

In this case from the energy conservation equation (2.16) we get ρ = ρ_sa^{−6} = ρ_c[ 1 2k^2ρ_0

(T + 6H^2_0 )]^2, ρ_s = const. (3.10) In this case the first modified Friedmann equation (2.14) reads −2T F_T + F = 2k^2ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^2 = α(T + β)^2, (3.11) which has the solution F (T ) = − α 3 (T^2 + 6βT − 3β^2). (3.12)

3.4 Reconstruction for two-fluids

i) Now let us consider the more complicated case when the energy density has the form ρ = ρ_ca^{−2} + ρ_sa^{−6} = ρ_c[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{23} + ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^2, (3.13) so that the first modified Friedmann equation (2.14) takes the form

−2T F_T + F = 2k^2{ρ_c[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{23} + ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^2} = α(T + β)^{23} + δ(T + β)^2. (3.14) The solution of this equation is given by F (T ) = − 1 3 [δ(T^2 + 6βT − 3β^2) − 3α(T + β)^{23} + 4αβ^{− 13} T Z], (3.15) where Z = Hypergeometric2F 1[^1_2 ,^1_3 ,^3_2 , −^x_β ].

ii) Now we consider the following example of two-fluid model ρ = ρ_ca^{−3} + ρ_sa^{−6} = ρ_c 1 2k^2ρ_0

(T + 6H^2_0 ) + ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^2 = α(T + β) + δ(T + β)^2. (3.16) The corresponding solution of the modified Friedmann equation reads F (T ) = − 1 3 [δT^2 + 3(2δβ + α)T − 3δβ^2 − 3αβ]. (3.17) iii) At last, we consider the example ρ = ρ_ca^{−3} + ρ_sa^{−4} = ρ_c 1 2k^2ρ_0

(T + 6H^2_0 ) + ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{43} . (3.18) So the first modified Friedmann equation (2.14) takes the form −2T F_T + F = ρ_c 1 2k^2ρ_0

(T + 6H^2_0 ) + ρ_s[ 1 2k^2ρ_0

(T + 6H^2_0 )]^{43} = α(T + β) + δ(T + β)^{43} , (3.19) which has the following solution: F (T ) = − 1 15 [15α(T − β) − 3δ(5β − 3T )(T + β)^{13} + 16δβ^{13} T Y ]. (3.20) Here Y = Hypergeometric2F 1[^1_2 ,^2_3 ,^3_2 , −^x_β ].

4 Reconstruction using w

Now we will come to the reconstruction problem from a slightly different position, namely, we reconstruct F (T ) for particular values of the EoS parameter w. To do it, let us consider the equation −8ḢT F_{T T} + [(1 + w)2T − 4Ḣ]F_T − (1 + w)F = 0 (4.1) that follows from (2.21). Consider examples.

4.1 w = −1

In this case equation (4.1) takes the form Ḣ(2T F_{T T} + F_T ) = 0 (4.2) This equation admits two solutions. i) Ḣ = 0. Hence H = H_0 = const. It is the de Sitter spacetime. ii) The second solution obeys the equation 2T F_{T T} + F_T = 0 (4.3) which has the solution F (T ) = 2C_1T^{12} + C_2, C_j = consts. (4.4)

4.2 w = −1/3

In this case, Eq.(4.1) transforms to the form −4ḢT F_{T T} + 2[ 1 3 T − Ḣ]F_T − 1 3 F = 0. (4.5) Let a = a_0(t − t_0)^n. Then Eq.(4.5) has the particular solution of the form F = T^n.

4.3 w = 0

For this example, the pressure is equal to zero and Eq.(4.1) takes the form −8ḢT F_{T T} + 2[T − 2Ḣ]F_T − F = 0 (4.6) Let a = a_0(t − t_0)^m. Then Eq.(4.6) has the solution F = T^{3m2} .

5 F (T ) is given

In this section, we assume that F (T ) is known (given) and find the corresponding expressions for ρ and p.

5.1 F = αT + βT^δ ln T

As the first example we consider the following F (T ) model: F = αT + βT^δ ln T. (5.1) Then the modified Friedmann equations give αT + 2βT^δ + β(2δ − 1)T^δ ln T = −2k^2ρ, (5.2)

β(2δ − 1)T^{δ−1}(T − 4δḢ) ln T − 4β(4δ − 1)ḢT^{δ−1} + 2βT^δ + αT − 4αḢ = 2k^2p. (5.3)

If δ = 0.5 then we get the more simple expressions for the energy density and pressure αT + 2βT^{0.5} = −2k^2ρ, (5.4)

−4βḢT^{−0.5} + 2βT^{0.5} + αT − 4αḢ = 2k^2p, (5.5) respectively. If we also assume that α = 0, then these formulas become 2βT^{0.5} = −2k^2ρ, (5.6)

−4βḢT^{−0.5} + 2βT^{0.5} = 2k^2p. (5.7)

5.2 F = αT +^β_T

Our next example has the form F = αT + β T . (5.8) For this case we get 2k^2ρ = −αT + 3β T , (5.9)

2k^2p = −12βḢT^{−2} − 3βT^{−1} + αT − 4αḢ. (5.10) The corresponding parameter of state reads w = −1 +

4Ḣ(3β + αT^2) T (αT − 3β) . (5.11)

5.3 F = αT + βT^n

Finally, let us consider the pedagogical example F = αT + βT^n. (5.12) We have 2k^2ρ = −αT + β(1 − 2n)T^n, (5.13)

2k^2p = αT − β(1 − 2n)T^n + β(1 − n)T^n − 4βn(2n − 1)ḢT^{n−1} − 4αḢ (5.14) and w = −1 − [β(1 − n)T^n − 4βn(2n − 1)ḢT^{n−1} − 4αḢ] αT − β(1 − 2n)T^n . (5.15) In the case n = 2 these expressions take more simple form as 2k^2ρ = −αT − 3βT^2, (5.16)

2k^2p = −24βḢT + 3βT^2 + αT − 4αḢ, (5.17)

w = −1 + 4Ḣ(6βT + α) T (α + 3βT ) . (5.18)

6 Cosmic acceleration

Let us we now consider the model p = A_{−1}(T ) ρ + A_0(T ) + A_1(T )ρ. (6.1) Note that if A_{−1} = const., A_0 = A_1 = 0, it turns to the Chaplygin gas. We study (6.1) for F = αT + βT^n. We have 2k^2ρ = −αT + β(1 − 2n)T^n (6.2)

2k^2p = W T^{n−1} + V, (6.3) where W = β(2n − 1)(T − 4nḢ), V = α(T − 4Ḣ). (6.4) Now for simplicity we assume that n = 0.5, A_k = consts and 2k^2 = 1. Then Ḣ = α^2(A^1 + 1)T^2 + A^{−1} − αA^0T 4α^2T

(6.5) or T_N = −3[ α^2(A_1 + 1)T^2 + A_{−1} − αA_0T α^2T

] = xT + y + z T , N = ln a a_0

. (6.6) This equation has the solution

(2x)^{−1}{−2y(4xz − y^2)^{− 12} ArcT an[(y + 2xT )(4xz − y^2)^{− 12} ] + Log[z + T (y + xT )]} = N − N_0. (6.7) Hence, for instance, for the case A_0 = A_1 + 1 = 0, we get the following solution T = [2z(N − N_0)]^{12} (6.8) or H = {− 1 6 [2z(N − N_0)]^{12} }^{12} . (6.9) Now let us consider the power-law solution for the scale factor: a = a_0t^m. Then for the model (6.8) - (6.9) we get the expression for the EoS parameter:

w = −1 + 4 Ḣ T = −1 − T_N 3T = −1 − z 3T^2 = −1 − 1 6(N − N_0)

. (6.10) So we can conclude that some of the above presented models admit cosmic acceleration. Finally, we present some examples of Weierstrass cosmologies. For example, the Weierstrass gas which has the following EoS p = −B[℘(ρ)]^{0.5}. (6.11) The well-known Chaplygin gas model p = − B ρ (6.12) is the limit (or particular case) of the Weierstrass gas when the Weierstrass function takes the form ℘(ρ) = ρ^{−2}. (6.13) The generalized Weierstrass gas corresponds to the EoS p = −B[℘(ρ)]^{0.5α}. (6.14)

Its limit (or the particular case) is the generalized Chaplygin gas p = − B ρ^α . (6.15)

The modified Weierstrass gas (MWG) model is given by

p = Aρ − B[℘(ρ)]^{0.5α}. (6.16)

The MWG is some generalization of the modified Chaplygin gas p = Aρ − B ρ^α . (6.17)

Finally we would like to give the more general form of the MWG. Its EoS reads as

p = A[℘(ρ)]^{−0.5} − B[℘(ρ)]^{0.5α}. (6.18)

7 Conclusion

In the present paper, several types of DE cosmology in F (T ) gravity have been investigated. We have studied different kinds of theory, in all of which the torsion invariant plays an important role in the corresponding equations. We have shown that the modified torsion gravity provides a very powerful theory, where no sort of DE is actually needed to reproduce the standard ΛCDM cosmology.

So we can conclude that F (T ) gravity theory studied in the paper adequately reproduces any kind of cosmological solution. As a follow up, we have shown, with the help of several particular examples corresponding to explicit choices of the function F (T ), in principle, any cosmic evolution can be obtained from these models, what includes e.g. the unification of early-time inflation with the late-time acceleration coming from astronomical observations. Also it is important to study the relationship F (T ) gravity with k-essence, f-essence and g-essence (see e.g. [46], [50] and [80] - [85]). Finally we would like to note that one of interesting classes of F (T ) gravity is integrable models. These models can be constructed by using the methods of [86] - [88]. These important problems will be subjects of the future investigations. -

References

[1] Nojiri S., Odintsov S.D. Introduction to Modified Gravity and Gravitational Alternative for Dark Energy, eConf, C0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys, 4, 115 (2007)], [arXiv:hep-th/0601213]

[2] Elizalde E., Nojiri S., Odintsov S.D., Saez-Gomez D., Faraoni V. Reconstructing the universe history, from inflation to acceleration, with phantom and canonical scalar fields, Phys. Rev. D, 77, 106005 (2008), [arXiv:0803.1311]

[3] Nojiri S., Odintsov S.D. Modified gravity and its reconstruction from the universe expansion history, J. Phys. Conf. Ser, 66, 012005 (2007), [arXiv:hep-th/0611071];

[4] Nojiri S., Odintsov S.D. Modified f(R) gravity consistent with realistic cosmology: from matter dominated epoch to dark energy universe, Phys. Rev. D, 74, 086005 (2006), [arXiv:hep-th/0608008];

[5] Capozziello S., Nojiri S., Odintsov S.D., Troisi A. Cosmological viability of f(R)-gravity as an ideal fluid and its compatibility with a matter dominated phase, Phys. Lett. B, 639, 135 (2006), [arXiv:astro-ph/0604431]

[6] Nojiri S., Odintsov S., Toporensky A., Tretyakov P. Reconstruction and decelerationacceleration transitions in modified gravity, [arXiv:0912.2488]

[7] Nojiri S., Odintsov S.D., Saez-Gomez D. Cosmological reconstruction of realistic modified F (R) gravities, Phys. Lett. B, 681, 74 (2009), [arXiv:0908.1269]

[8] Nojiri S. Inverse problem - reconstruction of dark energy models, Mod. Phys. Lett. A, 25, 859-873 (2010), [arXiv:0912.5066]

[9] Cognola G., Elizalde E., Odintsov S.D., Tretyakov P., Zerbini S. Initial and final de Sitter universes from modified f(R) gravity, Phys. Rev. D, 79, 044001 (2009), [arXiv:0810.4989]

[10] Elizalde E., Sáez-Gómez D. F (R) cosmology in presence of a phantom fluid and its scalartensor counterpart:towards a unified precision model of the universe evolution, Phys. Rev. D, 80, 044030 (2009), [arXiv:0903.2732]

[11] Nojiri S., Odintsov S.D. Modified Gauss-Bonnet theory as gravitational alternative for dark energy, Phys. Lett. B, 631, 1 (2005), [arXiv:hep-th/0508049]

[12] Nojiri S., Odintsov S. D., Sasaki M. Gauss-Bonnet dark energy, Phys. Rev. D, 71, 123509 (2005), [arXiv:hep-th/0504052]

[13] Nojiri S., Odintsov S.D., Gorbunova O.G. Dark energy problem: from phantom theory to modified Gauss-Bonnet gravity, J. Phys. A, 39, 6627 (2006), [arXiv:hep-th/0510183]

[14] Cognola G., Elizade E., Nojiri S., Odintsov S.D., Zerbini S. Dark energy in modified GB gravity: late-time acceleration and the hierarchy problem, Phys. Rev. D, 73, 084007 (2006), [arXiv:hep-th/0601008]

[15] Nojiri S., Odintsov S.D., Sami M. Dark energy cosmology from higher-order string-inspired gravity and its reconstruction, Phys. Rev. D, 74, 046004 (2006), [arXiv:hep-th/0605039]

[16] Zhou S-Y., Copeland E.J., Saffin P.M. Cosmological Constraints on f(G) Dark Energy Models, JCAP, 0907, 009 (2009), [arXiv:0903.4610]

[17] Goheer N., Goswami R., Peter K. S., Dunsby P., Ananda K. On the co-existence of matter dominated and accelerating solutions in f(G)-gravity, Phys. Rev. D, 79, 121301 (2009), [arXiv:0904.2559]

[18] Uddin K., Lidsey J.E., Tavakol R. Cosmological scaling solutions in generalised Gauss-Bonnet gravity theories, Gen. Rel. Grav, 41, 2725 (2009), [arXiv:0903.0270]

[19] Boehmer C.G., Lobo F.S.N. Stability of the Einstein static universe in modified Gauss-Bonnet gravity, Phys. Rev. D, 79, 067504 (2009), [arXiv:0902.2982]

[20] Alimohammadi M., Ghalee A. Remarks on generalized Gauss-Bonnet dark energy, Phys. Rev.

D, 79, 063006 (2009), [arXiv:0811.1286]

[21] De Felice A., Tsujikawa S. Solar system constraints on f(G) gravity models, Phys. Rev. D, 80, 063516 (2009), [arXiv:0907.1830]

[22] De Felice A., Tsujikawa S. Construction of cosmologically viable f(G) gravity models, Phys.

Lett. B, 675, 1 (2009), [arXiv:0810.5712]

[23] Cognola G., Elizalde E., Nojiri S., Odintsov S.D., Zerbini S. String-inspired Gauss-Bonnet gravity reconstructed from the universe expansion history and yielding the transition from matter dominance to dark energy, Phys. Rev. D, 75, 086002 (2007), [hep-th/0611198]

[24] Gurses M. Gauss-Bonnet Gravity with Scalar Field in Four Dimensions, [arXiv:0707.0347]

[25] Li B., Barrow J.D., Mota D.F. The Cosmology of Modified Gauss-Bonnet Gravity, Phys. Rev.

D, 76, 044027 (2007), [arXiv:0705.3795]

[26] Nojiri S., Odintsov S.D., Tretyakov P.V. Dark energy from modified F (R)–scalar–Gauss– Bonnet gravity, Phys. Lett. B, 651, 224 (2007), [arXiv:0704.2520]

[27] Bamba K., Odintsov S.D., Sebastiani L., Zerbini S. Finite-time future singularities in modified Gauss-Bonnet and F(R, G) gravity and singularity avoidance, [arXiv:0911.4390]

[28] Cai Y.F., Wang J. Dark Energy Model with Spinor Matter and Its Quintom Scenario, Class.

Quantum Grav, 25, 165014 (2008), [arXiv:0806.3890]

[29] Capozziello S., De Laurentis M., Nojiri S., Odintsov S.D. Classifying and avoiding singularities in the alternative gravity dark energy models, Phys. Rev. D, 79, 124007 (2009), [arXiv:0903.2753]

[30] Nojiri S., Odintsov S. D. Modified gravity with negative and positive powers of the curvature:

unification of the inflation and of the cosmic acceleration, Phys. Rev. D, 68, 123512 (2003), [hep-th/0307288]

[31] Bamba K., Nojiri S., Odintsov S. D. Future of the universe in modified gravitational theories:

Approaching to the finite-time future singularity, JCAP, 0810, 045 (2008), [arXiv:0807.2575]

[32] Elizalde E., Myrzakulov R., Obukhov V.V., Saez-Gomez D. ΛCDM epoch reconstruction from F (R, G) and modified Gauss-Bonnet gravities, Classical and Quantum Gravity, 27, 095007 (2010), [arXiv:1001.3636]

[33] Myrzakulov R., Saez-Gomez D., Tureanu A. On the ΛCDM Universe in f(G) gravity, Gen.

Rel. Grav., 43, 1671-1684 (2011), [arXiv:1009.0902]

[34] Carloni S., Goswami R., Dunsby P.K.S. A new approach to reconstruction methods in f(R) gravity, [arXiv:1005.1840]

[35] Dunsby P.K.S., Elizalde E., Goswami R., Odintsov S., Saez-Gomez D. On the LCDM Universe in f(R) gravity, [arXiv:1005.2205]

[36] Wainwright J., Ellis G.F.R. (ed.). Dynamical Systems in Cosmology. Cambridge: Cambridge University Press. ISBN 0-521-55457-8.

[37] Ferraro R., Fiorini F. Modified teleparallel gravity: inflation without inflaton, Phys. Rev. D, 75, 084031 (2007), [arXiv:gr-qc/0610067]

[38] Bengochea G.R., Ferraro R. Dark torsion as the cosmic speed-up, Phys. Rev. D, 79, 124019 (2009), [arXiv:0812.1205]

[39] Ferraro R., Fiorini F. On Born-Infeld Gravity in Weitzenbock spacetime, Phys. Rev. D, 78, 124019 (2008), [arXiv:0812.1981]

[40] Linder E.V. Einstein’s Other Gravity and the Acceleration of the Universe, Phys. Rev. D, 81, 127301 (2010), [arXiv:1005.3039]

[41] Wu P, Yu H. Observational constraints on f(T ) theory, Phys. Lett. B, 693, 415-420 (2010), [arXiv:1006.0674]

[42] Myrzakulov R. Accelerating universe from F (T ) gravity, Eur. Phys. J. C, 71, 1752 (2011), [arXiv:1006.1120]

[43] Yerzhanov K.K., Myrzakul Sh.R., Kulnazarov I.I., Myrzakulov R. Accelerating cosmology in F (T ) gravity with scalar field, [arXiv:1006.3879]

[44] Wu P, Yu H. The dynamical behavior of f(T ) theory, Phys. Lett. B, 692, 176-179 (2010), [arXiv:1007.2348]

[45] Yang R.-J. New types of f(T ) gravities, [arXiv:1007.3571]

[46] Tsyba P.Y., Kulnazarov I.I., Yerzhanov K.K., Myrzakulov R. Pure kinetic k-essence as the cosmic speed-up and F (T )–gravity, International Journal of Theoretical Physics, 50, 1876-1886 (2011), [arXiv:1008.0779v2]

[47] Chen S.-H., Dent J. B., Dutta S., Saridakis E.N. Cosmological perturbations in f(T ) gravity, Phys. Rev. D, 83, 023508 (2011), [arXiv:1008.1250] [48] Bengochea G.R. Observational information for f(T ) theories and Dark Torsion, Phys. Lett.

B, 695, 405-411 (2011), [arXiv:1008.3188] [49] Wu P, Yu H. f(T ) models with phantom divide line crossing, Eur. Phys. J. C, 71, 1552 (2011), [arXiv:1008.3669] [50] Myrzakulov R. F (T ) gravity and k–essence, [arXiv:1008.4486] [51] Karami K., Abdolmaleki A. Reconstructing f(T )–gravity from the polytropic and different Chaplygin gas dark energy models, [arXiv:1009.3587] [52] Li B., Sotiriou T. P., Barrow J. D. f(T ) Gravity and local Lorentz invariance, Phys. Rev. D, 83, 064035 (2011), [arXiv:1010.1041] [53] Yang R.-J. Conformal transformation in f(T ) theories, Europhys. Lett, 93, 60001 (2011), [arXiv:1010.1376] [54] Dent J.B., Dutta S, Saridakis E.N. f(T ) gravity mimicking dynamical dark energy. Background and perturbation analysis, JCAP, 1101, 009 (2011), [arXiv:1010.2215] [55] Zheng R., Huang Q.-G. Growth factor in f(T ) gravity , JCAP, 1103, 002 (2011), [arXiv:1010.3512] [56] Bamba K., Geng C.-Q., Lee C.-C., Luo L.-W. Equation of state for dark energy in f(T ) gravity, JCAP, 1101, 021 (2011), [arXiv:1011.0508] [57] Sotiriou T. P., Li B., Barrow J.D. Generalizations of teleparallel gravity and local Lorentz symmetry, Phys. Rev. D, 83, 104030 (2011), [arXiv:1012.4039] [58] Wang T. Static Solutions with Spherical Symmetry in f(T ) Theories, [arXiv:1012.4410] [59] Zhang Y., Li H., Gong Y., Zhu Z.-H. Notes on f(T ) Theories, JCAP, 07, 015 (2011), [arXiv:1103.0719] [60] Ferraro R., Fiorini F. Non trivial frames for f(T ) theories of gravity and beyond, Phys. Lett.

B, 75, 702 (2011), [arXiv:1103.0824] [61] Deliduman C., Yapiskan B. Absence of Relativistic Stars in f(T ) Gravity, [arXiv:1103.2225] [62] Wanas M. I., Kamal M. M. An AP-Structure with Finslerian Flavor II: Torsion, Curvature and Other Objects, [arXiv:1103.4121] [63] Cai Y.-F., Chen S.-H., Dent J. B., Dutta S., Saridakis E. N. Matter Bounce Cosmology with the f(T ) Gravity, [arXiv:1104.4349] [64] Chattopadhyay S., Debnath U. Emergent universe in chameleon, f(R) and f(T ) gravity theories, Int. J. Mod. Phys. D, 20, 1135-1152 (2011), [arXiv:1105.1091] [65] Khatua P. B., Chakraborty S., Debnath U. Dilaton Dark Energy Model in f(R), f(T ) and Horava-Lifshitz Gravities, [arXiv:1105.3393] [66] Li M., Miao R.-X., Miao Y.-G. Degrees of freedom of f(T ) gravity, [arXiv:1105.5934] [67] Sharif M., Rani S. F (T ) Models within Bianchi Type I Universe, [arXiv:1105.6228] [68] Wei H., Ma X.-P., Qi H.-Y. f(T ) Theories and Varying Fine Structure Constant, [arXiv:1106.0102] [69] Clifton T., Ferreira P. G., Padilla A., Skordis C. Modified Gravity and Cosmology, [arXiv:1106.2476]

[70] Ferraro R., Fiorini F. Cosmological frames for theories with absolute parallelism, [arXiv:1106.6349] [71] Miao R.-X., Li M., Miao Y.-G. Violation of the first law of black hole thermodynamics in f(T ) gravity, [arXiv:1107.0515] [72] Meng X.-h., Wang Y.-b. Birkhoff’s theorem in the f(T ) gravity, [arXiv:1107.0629] [73] Oliveira M. A. Modified Theories of Gravity: Traversable Wormholes, [arXiv:1107.2703] [74] Boehmer C. G., Mussa A., Tamanini N. Existence of relativistic stars in f(T ) gravity, [arXiv:1107.4455] [75] Wei H., Qi H.-Y., Ma X.-P. Constraining f(T ) Theories with the Varying Gravitational Constant, [arXiv:1108.0859] [76] Capozziello S., Cardone V. F., Farajollahi H., Ravanpak A. Cosmography in f(T)-gravity, [arXiv:1108.2789] [77] Hamani Daouda M., Rodrigues M. E., Houndjo M. J. S. New Static Solutions in f(T) Theory, [arXiv:1108.2920] [78] Hamani Daouda M., Rodrigues M. E., Houndjo M. J. S. Static Anisotropic Solutions in f(T) Theory, [arXiv:1109.0528] [79] Bamba K., Geng C.-Q. Thermodynamics of cosmological horizons in f(T ) gravity, [arXiv;1109.1694] [80] Myrzakulov R. Fermionic K-essence, [arXiv:1011.4337] [81] Yerzhanov K.K., Tsyba P.Y., Myrzakul Sh.R., Kulnazarov I.I., Myrzakulov R. Accelerated expansion of the Universe driven by G-essence, [arXiv:1012.3031] [82] Kulnazarov I., Yerzhanov K., Razina O., Myrzakul Sh., Tsyba P., Myrzakulov R. G-essence with Yukawa Interactions, Eur. Phys. J. C, 71, 1698 (2011), [arXiv:1012.4669] [83] Tsyba P., Yerzhanov K., Esmakhanova K., Kulnazarov I., Nugmanova G., Myrzakulov R. Reconstruction of f-essence and fermionic Chaplygin gas models of dark energy, [arXiv:1103.5918] [84] Momeni D., Jamil M., Myrzakulov R. Dust f(R,T) Models, [arXiv:1107.5807] [85] Jamil M., Myrzakulov Y., Razina O., Myrzakulov R. Modified Chaplygin Gas and Solvable F-essence Cosmologies, [arXiv:1107.1008] [86] Esmakhanova K., Myrzakulov N., Nugmanova G., Myrzakulov Y., Chechin L., Myrzakulov R. Dark energy in some integrable and nonintegrable FRW cosmological models, International Journal of Modern Physics D, v. 20, N11, (2011), [arXiv:1104.3705] [87] Nugmanova G.N., Myrzakul Sh.R., Razina O.V., Esmakhanova K.R., Serikbayev N.S., Myrzakulov R. Some cosmological aspects of Horava-Lifshitz gravity: integrable and nonintegrable models, [arXiv:1104.5374] [88] Myrzakul Sh., Esmakhanova K., Myrzakulov K., Nugmanova G., Myrzakulov R. FRW cosmological models with integrable and nonintegrable differential equations of state, [arXiv:1105.2771]