arXiv:1007.1573v2 [hep-ph] 19 Oct 2012

THE NON-PERTURBATIVE ANALYTICAL EQUATION OF STATE FOR SU(3) GAUGE THEORY

V. Gogokhia^{1,2}, M. Vasúth^{1∗} 1WIGNER RCP, RMKI, Depart. Theor. Phys., Budapest 1121, P.O.B. 49, H-1525, Hungary and 2A. Razmadze Mathematical Inst. of I. Javakhishvili Tbilisi State University, Depart. Theor. Phys., 2 University st., 0186 Tbilisi, Georgia (Dated: October 22, 2012)

The effective potential approach for composite operators is generalized to non-zero temperature in order to derive the non-perturbative analytical equation of state for pure SU(3) Yang-Mills fields valid in the whole temperature range. The non-perturbative part of the analytical equation of state does not depend on the coupling constant, but instead introduces a dependence on the mass gap. This is responsible for the large-scale dynamical structure of the QCD ground state. Its perturbative part does analytically depend on the fine-structure constant of strong interactions, and can be found in the form of the convergent series in integer powers of a small αs. Adjusting our parametrization of the gluon plasma pressure to the lattice pressure at high temperature for SU(3) Yang-Mills case, we have reproduced well our analytical curves and numbers not only for the pressure but for all other independent thermodynamic quantities as well in the whole temperature range [0, ∞). We explicitly show that the pressure is a continuous function of the temperature across a phase transition at Tc = 266.5 MeV. The entropy and energy densities have finite jump discontinuities at Tc with latent heat ϵLH = 1.414. This is a firm evidence of the first-order phase transition in SU(3) pure gluon plasma. The heat capacity has a δ-type singularity (an essential discontinuity) at Tc, so that the velocity of sound squared becomes zero at this point. All the independent thermodynamic quantities are exponentially suppressed below Tc and rather slowly approach their respective Stefan-Boltzmann limits at high temperatures. Those thermodynamic quantities which are the ratios of their independent counterparts such as conformity, conformality and the velocity of sound squared approach their Stefan-Boltzmann limit at high temperatures rather rapidly and demonstrate the non-trivial dependence on the temperature below Tc. We predict the existence of the three massive and the two massless excitations, all of non-perturbative dynamical origin. One of the massive excitations has an effective mass 1.17 GeV and the two others have the same effective mass 0.585 GeV, but are propagating in different ways. We also calculate the gluon condensate, and hence the trace anomaly relation (which is especially sensitive to the non-perturbative effects), as a function of temperature. The trace anomaly rather differs from its lattice counterpart. The dynamical reason of these differences has to be traced back to the confining β-function used in our calculations, which linearly depends on the mass gap. Above Tc the propagation of the free massless gluons and their interaction are described by the Stefan-Boltzmann pressure and its asymptotic freedom correction. The two different types of excitations (not explicitly depending on the mass gap) propagating below Tc have to exist in the gluon plasma, at least.

PACS numbers: 11.10.Wx, 12.38.Mh, 12.38.Lg, 12.38.Aw

I. INTRODUCTION

The effective potential approach for composite operators [1, 2] turned out to be a very effective and perspective tool for the generalization of QCD to non-zero temperature [3]. In the absence of external sources it is nothing but the vacuum energy density (VED). This approach is non-perturbative (NP) from the very beginning, since it deals with the expansion of the corresponding skeleton vacuum loop diagrams, and thus allows one to calculate the VED from first principles. The key element in this program is the extension of our paper [2] to non-zero temperature [3]. This makes it possible to introduce the temperature-dependent bag constant (pressure) as a function of the mass gap [4]. It is this which is responsible for the large-scale structure of the QCD ground state. The confining dynamics in the gluon matter (GM) is therefore nontrivially taken into account directly through the mass gap and via the temperature-dependent bag constant itself, but other NP effects are also present. Being NP, the effective approach for composite operators, nevertheless, makes it possible to incorporate the thermal perturbation theory (PT) expansion

∗gogohia.vahtang@wigner.mta.hu; gogokhia@rmi.ge; vasuth.matyas@wigner.mta.hu

in a self-consistent way. In our auxiliary work [5] we have formulated and developed the analytic thermal PT which made it possible to determine the PT part of the GM equation of state (EoS) in terms of the convergent series in integer powers of the QCD fine-structure constant. This allows one to calculate the PT contributions termwise in all orders of a small α_s. We have also explicitly derived and numerically calculated the first PT contribution of the α_s-order to the NP part of the GM EoS investigated previously in [3]. In this connection, let us remind that the standard thermal PT QCD expansion is analytically known up to the α^3_s ln α_s-order, and therefore it is divergent at finite T and converges in the limit of high temperatures only (see [6] and the corresponding list of references in [7]). Contrary to this our convergent series in integer powers of a small α_s are series for the NP quantities, i.e., the coefficients of these infinite series are the NP quantities, the so-called cluster expansions [4, 5].

Up to present days, lattice QCD remains the only practical method to investigate QCD at finite temperature and baryon density [8–12]. Recently it underwent a rapid progress ([13–17] and references therein). However, lattice QCD is primarily aimed at obtaining well-defined corresponding expressions in order to get realistic numbers for physical quantities. One may therefore get numbers and curves without understanding what is the physics behind them. Such an understanding can only come from the dynamical theory, which is continuous QCD. For example, any description of the quark-gluon plasma (QGP) [11, 12] has to be formulated within the framework of a dynamical theory. The need for an analytical EoS remains, but, of course it should be essentially NP, approaching the so-called Stefan-Boltzmann (SB) limit at high temperatures. Hence the approaches of NP analytic QCD and lattice QCD to finite-temperature QCD do not exclude each other; on the contrary, they should be complementary. This is especially true at low temperatures where the thermal QCD lattice calculations suffer from big uncertainties [13–17], while any NP analytic approach has to correctly reproduce thermal QCD lattice results at high temperatures.

The main purpose of this article is to complete the derivation of the NP analytical EoS for the GM, i.e., a system consisting purely of SU(3) Yang-Mills (YM) fields without quark degrees of freedom. Its NP part which depends on the mass gap has been evaluated in [3]. It determines the thermodynamic structure of the GM at low temperatures. Its PT part together with the mass gap depends on the QCD fine-structure constant α_s, and it has been evaluated in [5]. Here we are including the free massless gluons contribution or, equivalently, the SB term to the NP analytical EoS. This term determines the thermodynamic structure of the GM at very high temperatures. Due to the initial normalization condition of the free PT vacuum to zero, this should be done in a more sophisticated way, since it cannot be simply added to the EoS at high temperatures.

The present paper is organized as follows. In section II the expression for the gluon pressure as a function of temperature is present. In section III all the results for the NP part of the gluon pressure are collected and briefly explained. In section IV the analytic thermal PT is discussed in general terms. In section V the gluon pressure up to the first α_s-order contribution is calculated. In short sections III, IV and V we describe the results obtained previously in [2, 3, 5], and they are present here only for the reader’s convenience in order to have a general picture at hand. In section VI we formulate a procedure how to include the free massless gluons contribution in a self-consistent way into the full gluon plasma (GP) pressure (i.e., after this inclusion the GM will be called GP). A method of the simulating functions is proposed and analytical formulae for the numerical simulations are introduced. This makes it possible to perform analytical and numerical simulations in order to determine the full GP pressure, satisfying the SB limit at high temperatures. In section VII we display our numerical results for all the thermodynamic quantities, such as the entropy and energy densities, the heat capacity, etc., calculated with the help of the obtained GP pressure. In section VIII a description of the dynamical structure of the GP is given. In section IX we summarize our conclusions. In appendix A the general expressions are given for the main thermodynamic quantities as functions of the pressure. In appendix B some analytical formulae for the GP thermodynamic quantities are derived. In appendix C the doublecounting in integer powers of α_s problem is formulated and resolved. In appendix D the latent heat is analytically and numerically evaluated. In appendix E the corresponding β-function for the confining effective charge is fixed. Some details of the Least Mean Squares (LMS) method, which has been used in our calculations, are present in appendix F. And finally in appendix G the analytical restoration of the lattice pressure below 0.9T_c is performed.

II. THE GLUON PRESSURE AT NON-ZERO TEMPERATURE

In the imaginary-time formalism [7, 18, 19], all of the four-dimensional integrals can be easily generalized to nonzero temperature T according to the prescription (let us remind that in [3, 5] and in the present investigation the signature is Euclidean from the very beginning) ∫ dq_0 (2π) → T +∞∑ n=−∞ , q^2 = q^2 + q^2_0 = q^2 + ω^2_n = ω^2 + ω^2_n, ω_n = 2nπT. (2.1)

In other words, each integral over q_0 of the loop momentum is to be replaced by the sum over the Matsubara frequencies labeled by n, which obviously assumes the replacement q_0 → ω_n = 2nπT for bosons (gluons).

Introducing the temperature dependence into the gluon pressure [3, 5], we obtain

P_g (T ) = P_{NP} (T ) + P_{P T} (T ) = B_{Y M} (T ) + P_{Y M} (T ) + P_{P T} (T ), (2.2)

where the corresponding terms in frequency-momentum space are:

B_{Y M} (T ) = 8 π^2 ∫_{ωef f} 0 dω ω^2 T +∞∑ n=−∞ [ ln ( 1 + 3α^{INP} (ω^2, ω^2) ) − 3 4 α^{INP} (ω^2, ω^2_n) ] , (2.3)

P_{Y M} (T ) = − 8 π^2 ∫_∞ 0 dω ω^2 T +∞∑ n=−∞ [ ln ( 1 + 3 4 α^{INP} (ω^2, ω^2_n) ) − 3 4 α^{INP} (ω^2, ω^2_n) ] , (2.4)

P_{P T} (T ) = − 8 π^2 ∫_∞ Λ_{Y M} dω ω^2 T +∞∑ n=−∞ [ ln ( 1 + 3α^{P T} (ω^2, ω^2_n) 4 + 3α^{INP} (ω^2, ω^2_n) ) − 3 4 α^{P T} (ω^2, ω^2_n) ] . (2.5)

In frequency-momentum space the intrinsically non-perturbative (INP) and PT effective charges become

α^{INP} (q^2) = α^{INP} (q^2, ω^2_n) = α^{INP} (ω^2, ω^2_n) =

Δ^2 ω^2 + ω^2_n

, (2.6) and

α^{P T} (q^2) = α^{P T} (q^2, ω^2_n) = α^{P T} (ω^2, ω^2_n) = α_s 1 + α_sb ln(ω^2 + ω^2_n/Λ^2_{Y M} )

, (2.7)

respectively. It is also convenient to introduce the following notations:

T^{−1} = β, ω = √ q^2, (2.8)

where, evidently, in all the expressions q^2 is the square of the three-dimensional loop momentum, in complete agreement with the relations (2.1).

In Eq. (2.6) Δ^2 is the Jaffe-Witten mass gap [4], mentioned above, which is responsible for the large-scale structure of the QCD vacuum, and thus for its INP dynamics. Recently we have shown that confining effective charge (2.6), and hence its β-function, is a result of the summation of the skeleton (i.e., NP) loop diagrams, contributing to the full gluon self-energy in the q^2 → 0 regime. This summation has been performed within the corresponding equations of motion [20] (and references therein). In more detail (including the interpretation of Eq. (2.6) and the explanation of all notations) the derivation of the bag constant as a function of the mass gap and its generalization to non-zero temperature has been completed in [2] and [3], respectively. Let us only note that we omit the subscript ”s” in α^{INP} (q^2) which has been used in [3].

The PT effective charge α^{P T} (q^2) (2.7) is the generalization to non-zero temperature of the renormalization group equation solution, the so-called sum of the main PT logarithms [20–23]. Here Λ^2_{Y M} = 0.09 GeV^2 [24] is the asymptotic scale parameter for SU(3) YM fields, and b = (11/4π) for these fields, while the strong fine-structure constant is α_s ≡ α_s(m_Z ) = 0.1184 [25]. In Eq. (2.7) q^2 cannot go below Λ^2_{Y M} , i.e., Λ^2_{Y M} ≤ q^2 ≤ ∞, which has already been symbolically shown in Eq. (2.5). In our previous works [2, 3] the expression (2.7) was denoted as α^{AF} (q^2). However, here we prefer to denote it as in Eq. (2.7), leaving the notation α^{AF} (q^2) for the asymptotic freedom (AF) relation α^{AF} (q^2) = 1/b ln(q^2/Λ^2_{Y M} ) itself [20–23]. One can recover it from Eq. (2.7) in the q^2 → ∞ limit.

The NP pressure P_{NP} (T ) = B_{Y M} (T ) + P_{Y M} (T ) and the PT pressure P_{P T} (T ), and hence the gluon pressure P_g (T ) (2.2), are normalized to zero when the interaction is formally switched off, i.e., letting α_s = Δ^2 = 0. This means that the initial normalization condition of the free PT vacuum to zero holds at non-zero temperature as well.

III. PNP (T ) CONTRIBUTION

One of the attractive features of the confining effective charge (2.6) is that it allows an exact summation over the Matsubara frequencies in the NP pressure P_{NP} (T ) given by the sum of the integrals (2.3) and (2.4). Collecting all analytical results obtained in our previous work [3], we can write

P_{NP} (T ) = B_{Y M} (T ) + P_{Y M} (T ) = 6 π^2

Δ^2P_1(T ) + 16 π^2

T [P_2(T ) + P_3(T ) − P_4(T )], (3.1) and

P_1(T ) = ∫_∞ ω_{ef f} dω ω e^{βω} − 1 , (3.2)

while

P_2(T ) = ∫_∞ ω_{ef f} dω ω^2 ln ( 1 − e^{−βω} ) , P_3(T ) = ∫_{ωef f} 0 dω ω^2 ln ( 1 − e^{−βω′} ) , P_4(T ) = ∫_∞ 0 dω ω^2 ln ( 1 − e^{−βω̄} ) , (3.3)

where ω_{ef f} = 1 GeV and the mass gap Δ^2 = 0.4564 GeV^2 for SU(3) gauge theory are fixed [2, 3]. ω^′ and ω̄ are then given by the relations

ω^′ = √ ω^2 + 3Δ^2 = √ ω^2 + m^{′2}_{ef f} , m^′_{ef f} = √ 3Δ = 1.17 GeV, (3.4) and

ω̄ = √ ω^2 + 3 4 Δ^2 = √ ω^2 + m̄^2_{ef f} , m̄_{ef f} = √ 3 2 Δ = 0.585 GeV, (3.5)

respectively. It is worth reminding that in the NP pressure (3.1) the bag pressure B_{Y M} (T ) (2.3) is responsible for the formation of the massive gluonic excitations ω^′ (3.4), while the YM part P_{Y M} (T ) (2.4) is responsible for the formation of the massive gluonic excitations ω̄ (3.5).

In conclusion, let us note that the so-called gluon mean number [7]

N_g ≡ N_g(β, ω) = 1 e^{βω} − 1 , β = T^{−1}, (3.6)

which appears in the integrals (3.2)-(3.3), describes the distribution and correlation of massless gluons in the GM. Replacing ω by ω̄ and ω^′ we can consider the corresponding gluon mean numbers as describing the distribution and correlation of the corresponding massive gluonic excitations in the GM, see integrals P_3(T ) and P_4(T ) in Eq. (3.3). They are of NP dynamical origin, since their masses are due to the mass gap Δ^2. All three different gluon mean numbers range continuously from zero to infinity [7]. We have the two different massless excitations, propagating in accordance with the integral (3.2) and the first of the integrals (3.3). However, they are not free, since in the PT Δ^2 = 0 limit they vanish (the composition [P_2(T ) + P_3(T ) − P_4(T )] becomes zero in this case). The NP pressure describes the four different gluonic excitations (for a more detailed description and discussion of NP dynamical structure of the GP see [3, 5] and section VIII). The gluon mean numbers are closely related to the pressure. Its exponential suppression in the T → 0 limit and the polynomial structure in the T → ∞ limit are determined by the corresponding asymptotics of the gluon mean numbers. The low- and high-temperature expansions for the NP pressure (3.1) are given in [5].

IV. ANALYTIC THERMAL PT

Our primary goal in the previous article [5] was to develop the analytic thermal PT. It makes it possible to calculate the PT contribution (2.5) to the gluon pressure (2.2) in terms of the convergent series in integer powers of a small α_s. For this goal, it is convenient to re-write the integral (2.5) as follows:

P_{P T} (T ) = − 8 π^2 ∫_∞ Λ_{Y M} dω ω^2 T +∞∑ n=−∞ [ ln[1 + x(ω^2, ω^2_n)] − 3 4 α^{P T} (ω^2, ω^2_n) ] , (4.1)

where

x(ω^2, ω^2_n) =

3α^{P T} (ω^2, ω^2_n) 4 + 3α^{INP} (ω^2, ω^2_n) = 3 4 (ω^2 + ω^2_n) M(ω̄^2, ω^2_n) α_s (1 + α_s ln z_n)

(4.2)

with the help of the expressions (2.6) and (2.7), and where

M(ω̄^2, ω^2_n) = ω̄^2 + ω^2_n, ln z_n ≡ ln z(ω^2, ω^2_n) = b ln[(ω^2 + ω^2_n)/Λ^2_{Y M} ], (4.3)

and ω̄^2 is given in Eq. (3.5). Let us also note that in these notations

α^{P T} (ω^2, ω^2_n) ≡ α(z_n) = α_s (1 + α_s ln z_n)

. (4.4)

Collecting all results obtained in [5], we are able to present the PT part of the gluon pressure as a sum of the three terms, namely

P_{P T} (T ) = [P_{P T} (Δ^2; T ) + P^′_{P T} (Δ^2; T )] + P̃_{P T} (T ), (4.5)

where

P_{P T} (Δ^2; T ) = ∞∑ k=1 α^k_s P_k(Δ^2; T ) (4.6)

with

P_k(Δ^2; T ) = 9 2π^2

Δ^2 ∫_∞ Λ_{Y M} dω ω^2 T +∞∑ n=−∞ [ 1 M(ω̄^2, ω^2_n)

(−1)^{k−1} ln^{k−1} z_n ] , (4.7) and

P^′_{P T} (Δ^2; T ) = − ( 9α_sΔ^2 √ 24π )_2 ∫_∞ Λ_{Y M} dω ω^2 T +∞∑ n=−∞ [_∞ ∑ m=0 (−3/4)^mα^m_s m + 2

P^{′(n)}_{m+2}(Δ^2) ∞∑ k=0 c_k(m + 2)α^k_s ln^k z_n ] , (4.8)

P̃_{P T} (T ) = − 9 2π^2 α^2_s ∫_∞ Λ_{Y M} dω ω^2 T +∞∑ n=−∞ [_∞ ∑ m=0 ( − 3 4 )_m α^m_s m + 2 ∞∑ k=0 c_k(m + 2)α^k_s ln^k z_n ] . (4.9)

In the last two expansions the explicit expressions for the polynomials P^{′(n)}_{m+2}(Δ^2) and coefficients c_k(m + 2) can be found in [5].

Here P_{P T} (Δ^2; T ) (4.6) describes the Δ^2-dependent PT contribution to the NP term P_{NP} (T ) (3.1), beginning with the α_s-order correction. The P^′_{P T} (Δ^2; T ) term (4.8) describes the additional Δ^2-dependent PT contribution, beginning with the α^2_s -order correction. These two contributions vanish at Δ^2 = 0. The P̃_{P T} (T ) term (4.9) describes the only pure PT contribution, beginning with the α^2_s-order term. It does not depend on the mass gap Δ^2 at all. All expansions (4.6), (4.8) and (4.9) differ from each other. They analytically depend on α_s and can be calculated termwise in integer powers of α_s. The convergence of the series in integer powers of a small α_s shown here has been confirmed [5]. It guarantees that any further PT contribution in powers of α_s will be numerically smaller than the previous one. It is worth emphasizing that in any case none of the PT contributions, and hence none of their sum, can be numerically bigger than the SB term, which describes the thermodynamic structure of the GM at high temperatures, see Fig. 1.

Concluding, let us emphasize that to call all these expansions (4.6), (4.8) and (4.9) the PT ones because of the explicit present of α_s is only convention. These series are, in fact, the cluster expansions, e.i., the convergent series in integer powers of a small α_s for the NP quantities [4, 5].

V. THE GLUON PRESSURE Pg (T )

Summing up all contributions, the gluon pressure (2.2) thus finally becomes

P_g (T ) = P_{NP} (T ) + P_{P T} (T ) = P_{NP} (T ) + [P_{P T} (Δ^2; T ) + P^′_{P T} (Δ^2; T )] + P̃_{P T} (T ). (5.1)

In general, both expansions P_{P T} (Δ^2; T ) (4.6) and P^′_{P T} (Δ^2; T ) (4.8) are to be considered as producing the corresponding PT corrections to the leading NP part P_{NP} (T ) (3.1) of the GM EoS (5.1). At the same time, the pure PT term P̃_{P T} (T ) (4.9) is to be considered as producing the PT corrections to the leading PT contribution which is nothing but the above-mentioned SB term. However, due to the normalization condition of the free PT vacuum to zero (i.e., normalization of P_g (T ) to zero when the interaction is switched off), it is not explicitly present in Eq. (5.1) (see discussion below). Hence none of pure PT corrections have to be calculated unless the leading SB term is restored to Eq. (5.1) in a self-consistent way. In this connection, let us remind that the SB term (A.8) or, equivalently, the pressure of a gas of massless free gluons (ideal gas) can be considered as the α^0_s = 1-order pure PT contribution to the full pressure. That is why we start the numerical calculation of the PT contributions to the gluon pressure (5.1) from its first non-trivial order, namely the α_s-order in the expansion (4.6). As emphasized above, it is the α_s-order correction to the NP term (3.1) which is already present in the GM EoS (5.1). Then, on account of Eq. (4.6), it looks like

P_g (T ) = P_{NP} (T ) + P^s_{P T} (T ) + O(α^2_s ), (5.2)

where P^s_{P T} (T ) = α_sP_1(Δ^2; T ), for P_1(Δ^2; T ) see Eq. (4.7). It is better to re-write the NP pressure (3.1) in a slightly different form, namely P_{NP} (T ) = Δ^2T^2 − (6/π^2)Δ^2P^′_1(T ) + (16/π^2)T M(T ), where M(T ) = [P_2(T ) + P_3(T ) − P_4(T )]. In the integral (4.7) for k = 1 the summation over the Matsubara frequencies can be performed analytically (i.e., exactly). For the explicit expressions of the integrals P^′_1(T ) and P^s_{P T} (T ) see below. Omitting the terms of the order O(α^2_s ), for convenience, it is instructive to gather all our results obtained previously [3, 5] for the gluon pressure as follows:

P_g (T ) = Δ^2T^2 − 6 π^2

Δ^2P^′_1(T ) + 16 π^2

T M(T ) + P^s_{P T} (T ), (5.3)

where the integrals P^′_1(T ) and P^s_{P T} (T ) are

P^′_1(T ) = ∫_{ωef f} 0 dω ω N_g(β, ω) = ∫_{ωef f} 0 dω ω e^{βω} − 1 , (5.4) and

P^s_{P T} (T ) ≡ P^s_{P T} (Δ^2; T ) = α_s × 9 2π^2

Δ^2 ∫_∞ Λ_{Y M} dω ω^2 1 ω̄ 1 e^{βω̄} − 1 , (5.5)

FIG. 1: The gluon pressure (5.3) scaled (i.e., divided) by T^4/3 is shown as a function of T /Tc. It has a maximum at Tc = 266.5 MeV (vertical solid line). The horizontal dashed line is the general SB constant (A.8).

respectively, while all other integrals P_n(T ), n = 2, 3, 4 are given in Eqs. (3.3). Here it is worth noting only that the PT term (5.5) describes the same massive gluonic excitations ω̄ (3.5), but their propagation, however, is suppressed by the α_s-order. We can consider it as a new massive excitation in the GP, denoted it as α_s · ω̄. Let us remind once more that, in fact, the term P^s_{P T} (T ) is NP, depending on the mass gap Δ^2, which is only suppressed by the α_s order. When the interaction is formally switched off, i.e., letting α_s = Δ^2 = 0, the above-defined composition M(T ) becomes zero, as it follows from Eq. (3.3), and thus the gluon pressure (5.3) itself. This is due to the normalization condition of the free PT vacuum to zero also valid at non-zero T , as emphasized above.

The gluon pressure (5.3) has been calculated and discussed in [5]. It is shown in Fig. 1. Below T_c the gluon pressure is exponentially suppressed in the T → 0 limit, which is related to the low-temperature asymptotic of the gluon mean number (3.6), as mentioned above. It has a maximum at some ”characteristic” temperature, T_c = 266.5 MeV. Close to T_c and at moderately high temperatures up to approximately 3T_c its exact functional dependence on the mass gap Δ^2 and the temperature T remains rather complicated. This means that the NP effects due to the mass gap are still important up to rather high temperature. The gluon pressure has a polynomial character in integer powers of T up to T^2 at high temperatures. The term ∼ T^2 has been first introduced and discussed in the phenomenological EoS [26] (see also [27–31] and references therein). On the contrary, in our approach both terms ∼ T^2 and ∼ T have not been introduced by hand. They naturally appear as a result of the explicit presence of the mass gap from the very beginning in the NP analytical EoS [3, 5]. Moreover, a non-analytical dependence on the mass gap in terms ∼ (Δ^2)^{1/2}T^3 ∼ ΔT^3 occurs in the low-temperature expansion for the gluon pressure (5.3), while in terms ∼ (Δ^2)^{3/2}T ∼ Δ^3T it occurs in its high-temperature expansion [5]. Let us stress that the mass gap Δ^2 is not an expansion parameter like α_s.

VI. THE FULL GP EOS

From Fig. 1 it clearly follows that the gluon pressure (5.3) will never reach the general SB constant (A.8) at high temperatures. That is not a surprise, since the SB term has been canceled in the gluon pressure from the very beginning due to the normalization condition of the free PT vacuum to zero [3, 5]. Analytically this cancelation/subtraction at high temperatures (above T_c) has been shown in [5], where it has also been shown that the massless (but not free) gluons may be present at low temperatures (below T_c) in the GP. However, their propagation in this region cannot be described by the SB term itself. All this means that the SB pressure has been already subtracted from the gluon pressure, but in a very specific way, i.e., the above-mentioned normalization condition is not simply the subtraction of SB term. The gluon pressure (5.3) may change its continuously falling off regime above T_c only in the near neighborhood of T_c in order for its full counterpart to reach the corresponding SB limit at high temperatures. The SB term is valid only at high temperatures, nevertheless, it cannot be added to Eq. (5.3) above T_c, even multiplied by the corresponding Θ((T/T_c) − 1)-function. The problem is that in this case the pressure will get a jump at T = T_c, which is not acceptable. The full pressure is always a continuous growing function of temperature at any point of its domain. This means that we should add some other terms valid below T_c in order to restore a continuous character of the full pressure across T_c. This can be achieved by imposing a special continuity condition on these terms valid just at T_c. Moreover, the gluon pressure P_g (T ) itself should be additionally multiplied by the functions which are always negative below and above T_c. Otherwise, the full pressure will approach the SB limit from above, which is not acceptable as well, since it should be approached in the AF way, i.e., slowly and from below. These terms will also contribute to the condition of continuity for the full pressure. All these problems make the inclusion of the SB term into EoS highly non-trivial. The most general way how this can be done is to add to Eq. (5.3) the term [Θ((T/T_c) − 1)H(T ) + Θ((T_c/T − 1))L(T )], valid in the whole temperature range, and the auxiliary functions H(T ) and L(T ) are to be expressed in terms of P_{SB} (T ) and P_g (T ) (see subsection A below).

The previous Eq. (5.3) then becomes

P_{GP} (T ) = P_g (T ) + Θ ( T_c T − 1 ) L(T ) + Θ ( T T_c − 1 ) H(T ), (6.1)

and its left-hand side here and below is denoted as P_{GP} (T ) (the above-mentioned full counterpart). The GP pressure (6.1) is continuous at T_c if and only if

L(T_c) = H(T_c), (6.2)

which can be easily checked. Due to the continuity condition (6.2), the dependence on the corresponding Θ-functions disappears at T_c, and the GP pressure (6.1) remains continuous at any point of its domain. The role of the auxiliary function L(T ) is to change the behavior of P_{GP} (T ) from P_g (T ) at low (L) temperatures below T_c, especially in its near neighborhood, as well as to take into account the suppression of the SB-type terms below T_c. The auxiliary function H(T ) is aimed to change the behavior of P_{GP} (T ) from P_g (T ), as well as to introduce the SB term itself and its modification due to AF at high (H) temperatures above and near T_c. These changes are necessary, since in the gluon pressure P_g (T ) the SB term is missing (as described above), and it cannot be restored in a trivial way. So the appearance of the corresponding Θ-functions in the GP pressure (6.1) is inevitable together with the functions H(T ) and L(T ), playing only an auxiliary role but still useful from the technical point of view (see Eq. (6.2) and appendices B and D).

A. Analytical simulations

Actual analytical and numerical simulations - one of the main subjects of this paper - need to be done in order to derive the NP analytical EoS for the GP valid in the whole temperature range. Completing this program we will be able to compare our results and achieve the agreement with those of the thermal QCD lattice calculations [29, 32]. The space of basic functions, in terms of which the auxiliary functions L(T ) and H(T ) should be found, has already been established. So on the general ground we can put

L(T ) = f_l(T )P_{SB} (T ) − ϕ_l(T )P_g(T ), H(T ) = f_h(T )P_{SB} (T ) − ϕ_h(T )P_g(T ), (6.3)

where all the dimensionless functions f_l(T ), f_h(T ) and ϕ_l(T ), ϕ_h(T ) will be called simulating functions. We call the functions P_g (T ) and P_{SB} (T ) as basic ones, since they are independent from each other and exactly known. They determine the structure of the GP pressure (6.1), while the simulating functions will mainly produce all the necessary corrections to their corresponding asymptotics (see discussion below). This also makes it possible to use in what follows the exact relations, which are resulting from our calculations shown in Fig. 1, namely [ P_{SB} (T ) − 1.84P_g(T ) ] T =T_c = 0, { ∂ ∂T [ P_{SB} (T ) − 1.84P_g(T ) ]} T =T_c = 0. (6.4)

The SB term P_{SB} (T ) may only appear below T_c if it is exponentially suppressed (the so-called SB-type term). This has to be also true for P_g (T ), since we need no additional gluon pressure in the T → 0 limit. As we already know [5], we will achieve this goal by choosing the simulating functions f_l(T ) and ϕ_l(T ) due to the asymptotic of the corresponding gluon mean number (3.6) in the T → 0 (β → ∞) limit. So putting them as functions of (T_c/T ) to the leading order (i.e., neglecting the functional dependence on the terms ∼ (T/T_c)^{λi} , where λ_i > 0), one obtains

f_l(T ) = n∑ i=1 A_ie^{−αi(Tc /T )}, α_i > 0, ϕ_l(T ) = e^{−α(Tc/T )}, α > 0, (6.5) where α and α_i are arbitrary positive numbers (in other words, we measure ω in Eq. (3.6) in terms of T_c with the help of these numbers). The constants A_i are arbitrary ones at this stage. The similar constant in the relation (6.5) for ϕ_l(T ) is put to one without loosing generality, since we need only suppression of the additional P_g (T ) in the T → 0 limit, as underlined above, while at T = T_c its additional contribution can be controlled by the parameter α only. From the GP pressure (6.1) below T_c and relations (6.3) and (6.5) it follows

P_{GP} (T ) = P_g (T ) + f_l(T )P_{SB} (T ) − ϕ_l(T )P_g(T ) ∼ [1 − e^{−α(Tc/T )}]P_g (T ) + n∑ i=1 A_ie^{−αi(Tc /T )}P_{SB} (T ) (6.6) in the T → 0 (β → ∞) limit. The additional contributions are indeed exponentially suppressed, and the asymptotic of the GP pressure P_{GP} (T ) is determined by the gluon pressure P_g(T ), as it should be. In this connection, let us note that P_g (T ) ∼ T to the leading order in the T → 0 limit [5], while P_{SB} (T ) ∼ T^4. At the same time, the corresponding gluon mean numbers (6.5) allow to change the value of the GP pressure from the gluon pressure near T_c, as it is expected.

For the simulating function f_h(T ) our general choice is

f_h(T ) = 1 − α_s(T ) = 1 − α_sν_1 1 + α_sν_2 ln(T/T_c)

, T ≥ T_c, (6.7)

where ν_1 > 0 and ν_2 > 0 are arbitrary algebraic numbers at this stage. Evidently, the first term leads to the correct SB limit for the GP pressure (6.1). The second term in this expression mimics the PT effective charge (2.7) as a function of temperature. In applications at finite temperature, the ratio (ω^2 + ω^2_n)/Λ^2_{Y M} in Eq. (2.7) is effectively replaced by the ratio T/T_c. That is the reason for the appearance of the numbers ν_1 and ν_2 in Eq. (6.7). In accordance with [33] we replaced superscript ”PT” used in Eq. (2.7) by subscript ”s” in Eq. (6.7) for α_s(T ). In other words, the SB limit at high temperatures should be reached in the AF way, i.e., due to the relation (6.7). This should be true for any other independent thermodynamic quantities, such as the energy and entropy densities, etc. There are different empirical expressions for α_s(T ) [7, 11, 19, 33–35] (and references therein). However, any such expression can be re-calculated at any given value of T_c, and thus relate the different approaches for α_s(T ) to each other. Here it is convenient to choose the expression for α_s(T ) as it is given in [33] at T_c = 172 MeV. Re-calculated at T_c = 266.5 MeV, it becomes

f_h(T ) = 1 − α_s(T ) = 1 −

0.36 1 + 0.55 ln(T/T_c)

, T ≥ T_c, (6.8)

so it is uniquely fixed (in fact, this function is not the simulating one). Let us only note that the value of α_s = 0.1184 is hidden in the numbers 0.36 and 0.55, i.e., it can be restored as follows: 0.36 = 3.04α_s and 0.55 = 4.64α_s, as it should be due to Eq. (6.7).

The simulating function ϕ_h(T ) has again to be chosen in the form of the corresponding gluon mean number (3.6), but its asymptotic has to be taken in the T → ∞ (β → 0) limit (see next subsection). It should be a regular function of T as it goes to infinity in order not to contradict the asymptotic of P_g (T ) in this limit. The asymptotic of the GP pressure (6.1) at high temperature T → ∞ thus becomes

P_{GP} (T ) = P_g (T ) + f_h(T )P_{SB} (T ) − ϕ_h(T )P_g(T ) ∼ [1 − α_s(T )]P_{SB} (T ) + [1 − ϕ_h(T )]P_g(T ), (6.9)

where [1 − ϕ_h(T )] has to be negative above T_c, so the GP pressure will approach the term [1 − α_s(T )]P_{SB} (T ) from below at high temperatures, as it is required. At the same time, the function ϕ_h(T ) allows to change the value of the GP pressure (6.1) from the gluon pressure P_g (T ) near T_c, as it is expected. Thus we have the general restriction, namely

1 − ϕ_h(T ) < 0, T ≥ T_c. (6.10)

The explicit expressions for the auxiliary functions L(T ) and H(T ) (6.3), via the chosen simulating functions (6.5), are

L(T ) = n∑ i=1 A_ie^{−αi(Tc /T )}P_{SB} (T ) − e^{−α(Tc/T )}P_g (T ), (6.11) and

H(T ) = (1 − α_s(T ))P_{SB} (T ) − ϕ_h(T )P_g (T ), (6.12)

where (1 − α_s(T )) is determined by Eq. (6.8).

The GP pressure (6.1), on account of the relations (6.11) and (6.12), then looks like

P_{GP} (T ) = P_g (T ) + Θ ( T_c T − 1 ) [_n∑ i=1 A_ie^{−αi(Tc/T )}P_{SB} (T ) − e^{−α(Tc/T )}P_g (T ) ]

+ Θ ( T T_c − 1 ) [(1 − α_s(T ))P_{SB} (T ) − ϕ_h(T )P_g(T )] ,

(6.13)

so that from now on we can forget about the auxiliary functions L(T ) and H(T ), though they are still useful from the technical point of view in the analytical evaluation of various thermodynamic quantities (see appendices B and D).

From the relations (6.11), (6.12), and using the relations (6.4), it follows that at T = T_c the relation (6.2) becomes

1.84 n∑ i=1 A_ie^{−αi} − e^{−α} = 1.84(1 − 0.36) − ϕ_h(T_c) = 1.1776 − ϕ_h(T_c). (6.14)

Due to this relation, from the previous expression (6.13) at T = T_c, one obtains

P_{GP} (T_c) = P_g (T_c) + [1.1776 − ϕ_h(T_c)]P_g (T_c)

= P_g (T_c) + [ 1.84 n∑ i=1 A_ie^{−αi} − e^{−α} ] P_g (T_c), (6.15)

which shows that it depends on the number ϕ_h(T_c) only, since the value P_g (T_c) is known from our calculations (see, for example Fig. 1). From the expression (6.15) it also follows that

2.1776 − ϕ_h(T_c) ≥ 0, (6.16)

since the full pressure (6.15) should be always positive, in particular at T_c.

B. Analytical and numerical simulation of the GP pressure above Tc

Our aim here is to find the simulating function ϕ_h(T ) by fitting lattice data at high temperatures above T_c. For this, let us derive from the GP EoS (6.13) its values at a = T/T_c, a ≥ 1 as follows:

P_{GP} (a) = f_h(a)P_{SB} (a) + [1 − ϕ_h(a)]P_g (a), (6.17)

and f_h(a) is given in Eq. (6.8), namely

f_h(a) = 1 − α_s(a) = ( 1 − 0.36 1 + 0.55 ln a ) . (6.18)

Adjusting our parametrization of the GP pressure (6.17) to that used in recent lattice simulations for the YM SU(3) case at T = aT_c in [29], one obtains

3P_{GP} (T ) T^4 = P_l(T ) T^4

× 5.2634, (6.19)

where 5.2634 = 3P_{SB}(T )/T^4 is the general SB constant (number) shown in Eq. (A.8) up to four digits only after the point. For simplicity, we will keep this for all our numbers through out this paper. At the same time, let us stress that we have carried out all our calculations keeping six digits after the point (thus we can calculate all numbers to any requested accuracy). However, where it will not cause a big mistake we will show one or two digits after the point, for convenience. The subscript ”l” in P_l(T )/T^4 is due to the above-mentioned lattice data, which, for example should read P_l(T_c)/T^4_c = 0.019676, P_l(2T_c)/(2T_c)^4 = 0.613278, P_l(3T_c)/(3T_c)^4 = 0.731751 and so on.

As we already know [5], the best way to choose the appropriate expression for the simulating function ϕ_h(a) is to mimic again the asymptotic of the gluon mean number (3.6) but in the T → ∞ (β → 0) limit, which is equivalent to the a → ∞ limit. As a function of a to the leading order, one can write

ϕ_h(a) = a^{−1} e^{(μ/a)} − 1 = a^{−1} ∑_∞ k=1(1/k!)(μ/a)^k = 1 ∑_∞ k=0 c^′_{k+1}a^{−k} = ∞∑ k=0 c_ka^{−k}, (6.20)

where c^′_k = (1/k!)μ^k and c_0c^′_1 = 1, c_n + (1/c^′_1) ∑_n k=1 c_{n−k}c^′_{k+1} = 0, n = 1, 2, 3... . So this simulating function at high temperatures becomes a series in inverse powers of a = T/T_c, starting from non-zero c_0 = μ^{−1} > 1 in agreement with the general restriction (6.10). This was the reason for the multiplication of the corresponding gluon mean number in Eq. (6.20) by a^{−1}. A possible arbitrary constant to which the initial a^{−1} has to be multiplied is set to one without loosing generality due to the arbitrariness of the constant c_0 in the initial expansion (6.20) at this stage.

First of all, we are interested in

ϕ_h(1) = ∞∑ k=0 c_k, (6.21)

as it follows from the previous Eq. (6.20). This important quantity appears in Eqs. (6.14) and (6.15), since ϕ_h(1) ≡ ϕ_h(T_c). On the other hand, the series (6.20) can be re-written as follows:

ϕ_h(a) = ∞∑ k=0 c_ka^{−k} = m∑ k=0 c_ka^{−k} + ∞∑ k=m+1 c_ka^{−k}

= ν_0(a; m) + c_{m+1}a^{−m−1} + ∞∑ k=m+2 c_ka^{−k}, (6.22)

where

ν_0(a; m) = m∑ k=0 c_ka^{−k} = c_0 + O(a^{−1}), a → ∞. (6.23)

At a = 1 Eq.(6.22) yields

c_{m+1} = [ϕ_h(1) − ν_0(1; m)] − ∞∑ k=m+2 c_k. (6.24)

Substituting it back to the previous Eq. (6.22), one obtains

ϕ_h(a) = ν_0(a; m) + [ϕ_h(1) − ν_0(1; m)]a^{−m−1} − a^{−m−1} ∞∑ k=m+2 c_k + ∞∑ k=m+2 c_ka^{−k}. (6.25)

This means that the whole expansion (6.20) or, equivalently, (6.25) can be effectively correctly replaced (approximated) by the two terms polynomial as follows:

ϕ_h(a) = c_0 + [ϕ_h(1) − c_0]a^{−m−1}, (6.26)

which has the correct limit when a goes to infinity, Eq. (6.23), and it is self-consistent at a = 1. In other words, in both limits a = [1, ∞) it behaves like the initial infinite series (6.25). For future purpose it is convenient to present this equation in the equivalent form, namely

ϕ_h(a) = c_0[1 − a^{−n}] + ca^{−n}, (6.27)

where we have put n = m + 1 and c = ϕ_h(1) in comparison with the previous equation. Let us underline that all the three parameters c_0, c = ϕ_h(1) and n > 0, which are independent from each other, remain arbitrary at this stage.

From the relation (6.16) follows the restriction, namely ϕ_h(1) = ϕ_h(T_c) ≤ 2.1776. From the relation (6.10) we also know that 1 − c_0 < [ϕ_h(a) − c_0]a^{−n} at any a. So at a = 1 then it follows that 1 < ϕ_h(1) , while when a goes to infinity this will be guaranteed if 1 − c_0 < 0 or, equivalently, c_0 > 1 itself. All the numbers in the relation (6.26) or, equivalently, (6.27) are positive. In all these restrictions the equality is only a convention, since the pressure (6.15) cannot be exactly zero at T_c, which would be at ϕ_h(T_c) = 2.1776. It is convenient to present both restrictions together as follows:

1 < c_0, 1 < c = ϕ_h(1) ≤ 2.1776. (6.28)

The fit to lattice data available from the high temperature interval in [29], namely a = 2.800744 − 3.436657 (which includes 33 data points), is to be performed with the help of the following equation

P_l(T ) T^4

× 5.2634 = 5.2634f_h(a) + [1 − ϕ_h(a)]

3P_g (T ) T^4

, (6.29)

where T = aT_c and the values of P_l(T )/T^4 have been taken from lattice data, as described above, while the values of 3P_g(T )/T^4 have been taken from our data, Fig. 1. f_h(a) and ϕ_h(a) are given in Eqs. (6.18) and (6.27), respectively.

The best fit has been achieved at

c_0 = 1.2815, c = 2.1164, n = 3 (6.30)

by using the Least Mean Squares (LMS) method [36], see Fig. 2. Let us underline that according to the LMS method the solution for these parameters c_0, c and n is a unique one, satisfying to the general restrictions (6.28). It is worth emphasizing that the average deviation is minimal at the values (6.30). Details of our calculations are briefly described in appendix F.

Hence the relation (6.27) becomes

ϕ_h(a) = 1.2815 + 0.8349a^{−3}, ϕ_h(1) = 2.1164, (6.31)

and as a function of T it finally becomes

ϕ_h(T ) = 1.2815 + 0.8349 ( T_c T )_3 , ϕ_h(T_c) = 2.1164, (6.32)

determining this function up to the leading and next-to-leading orders in the T → ∞ limit. Thus our method makes it possible to establish the behavior of the GP pressure in the temperature range a ≥ 1 as well. This is to be achieved by the help of the following equation

3P_{GP} (T )

T^4

= 5.2634f_h(T ) + [1 − ϕ_h(T )]

3P_g(T ) T^4

, (6.33)

FIG. 2: The GP pressure (the right-hand-side of Eq. (6.29)) as a function of a in the interval a = 2.800744 − 3.436657 is shown for ϕ_h(a) determined by the relation (6.31) (solid line). The lattice curve [29] for SU(3) pressure (the left-hand-side of Eq. (6.29)) is also shown (dashed line). Both lines are calculated in the same units (6.19).

where ϕ_h(T ) is already known and given in Eq. (6.32), while f_h(T ) is explicitly given in Eq. (6.8) or, equivalently, in Eq. (6.18), see Fig. 3. It is instructive to explicitly show the value of the GP pressure at T_c, which is

3P_{GP} (T_c) T^4_c

= 5.2634 × 0.64 − 1.1164 ×

3P_g(T_c) T^4_c

= 0.1738, (6.34)

since 3P_g (T_c)/T^4_c = 2.8616, as it follows from our calculations. Let us remind that lattice value at this point is

P_l(T_c) T^4_c

× 5.2634 = 0.0196 × 5.2634 = 0.1036, (6.35)

as it follows from the relation (6.19). Taking into account the completely different nature of analytical and lattice approaches to QCD at non-zero temperature these numbers are surprisingly close to each other (it is worth reminding that we have adjusted our values to those of lattice ones far away from T_c). It is quite possible that a small deviation (up to second digit after point) of analytical curve from the lattice one in Fig. 3 has to be traced back to the details of the approximation scheme for the infinite series (6.20). We consider such a good coincidence as the confirmation of our analytical calculations by lattice results and vice versa for a ≥ 1 or, equivalently, T ≥ T_c.

C. Analytical and numerical simulation of the GP pressure below Tc

For future purpose it is convenient to begin this subsection with showing explicitly that the relation (6.14), on account of the value (6.32) for ϕ_h(T_c), becomes equivalent to n∑ i=1 A_ie^{−αi} = [0.5435e^{−α} − 0.5102]. (6.36)

It makes it possible to reduce the number of independent parameters from 2n + 1 to 2n, and obviously it has been derived at a = 1.

The fit to lattice data available from the low temperature interval in [29], namely a = 0.907850 − 0.989528 has been performed in appendix G. This made it possible to restore the true lattice pressure below T_c up to zero. However, here we cannot use lattice data just below T_c, since our value and lattice one at T_c are slightly different, see Eqs. (6.34) and (6.35). This means that we can not reproduce almost identically lattice pressure just below T_c. At the same time, this can be done at sufficiently low temperatures. The above-described fit has to be achieved by the help of the following equation

FIG. 3: The GP pressure (6.33) as a function of a ≥ 1 is shown for ϕ_h(a) determined by the relation (6.32) (solid curve). The lattice curve [29] for SU(3) pressure is also shown (dashed curve). Both curves are calculated in the same units (6.19).

3P_{GP} (T ) T^4

= 5.2634 n∑ i=1 A_ie^{−αi(Tc /T )} + [1 − e^{−α(Tc/T )}] 3P_g(T ) T^4

. (6.37)

Our best values for the parameters involved are:

α = 0.0001, α_1 = 19.1, α_2 = 3.4, A_1e^{−αi} = 0.0282, A_2e^{−α2} = 0.005. (6.38)

For convenience, this fit is shown in Fig. 4 up to 0.2T_c only. On the one hand, these values show that the deep penetration of the SB-type term below T_c is indeed strongly suppressed, as expected. On the other hand, they satisfy the relation (6.36) as it should be. From Fig. 4 it clearly follows that in the interval a ≤ 0.8 these two pressures coincides. May be the fit can be slightly improved by taking into account more terms in the left-hand-side of the relation (6.36). We restrict ourselves to the two terms only, since the values of the lattice pressure below T_c are very small and there are no convincing lattice data points below 0.9T_c (see Fig. 16 in appendix G). Let us also note that we do not use the LMS method here, since we have encountered some numerical problems with its non-linear realization. However, our fit made by hand is very accurate for the interval starting below 0.8T_c, see Fig. 4. Even above this value the difference between these two curves at the same temperature is very small (it appears in the second digit after point, as expected).

D. The GP pressure in the whole temperature range

The GP pressure (6.13) in the whole temperature range T = [0, ∞) finally becomes

P_{GP} (T ) = P_g (T ) + Θ ( T_c T − 1 ) [ [0.0282e^{−α1((Tc/T )−1)} + 0.005e^{−α2((Tc/T )−1)}]P_{SB} (T ) − e^{−α(Tc/T )}P_g (T ) ]

+ Θ ( T T_c − 1 ) [(1 − α_s(T ))P_{SB} (T ) − ϕ_h(T )P_g (T )] , (6.39)

where

α_s(T ) =

0.36 1 + 0.55 ln(T/T_c)

, T ≥ T_c, (6.40)

FIG. 4: The GP pressure (6.37) as a function of a ≤ 1 is shown as a solid curve. The restored lattice curve for SU(3) pressure (appendix G) is also shown (dashed curve). Starting from 0.8Tc they becomes almost identical. Both curves are calculated in the same units (6.19).

and

ϕ_h(T ) = 1.2815 + 0.8349 ( T_c T )_3 , ϕ_h(T_c) = 2.1164. (6.41)

So the GP pressure (6.39) is completely known now, since P_g (T ) is also exactly known, Eq. (5.3), while the numbers α_1, α_2 and α are present in the relation (6.38). It is shown in Fig. 5. This means that the auxiliary functions L(T ) and H(T ) in Eq. (6.1) have finally been fixed in terms of the basic functions P_{SB} (T ) and P_g (T ) within our approach (appendix B). For simplicity, in what follows we will omit the subscript ”GP” in the GP pressure (6.39), i.e., we will put P_{GP} (T ) ≡ P (T ). The same will be done in the notations of all other thermodynamic quantities as well.

A few general remarks are in order. The request that the pressure is growing continuously (class C^0) as a function of temperature in the whole range is a rather strong restriction. This means that it is differentiable at any point of its domain, while at T_c the derivative itself may not be continuous, i.e., it may have a discontinuity at this point. At the same time, the adjustment of both terms at T_c, associated with the corresponding Θ-functions, has to be done in the above-mentioned requested way, i.e., the pressure should be a continuous function of the temperature across a possible phase transition at T_c (see Figs. 5 and 6). In principle, there are no other constraints on the parameters α_i, A_i and α apart from that all the derivatives of the GP pressure (6.39) should not gain negative values at low temperatures below T_c, i.e., they should exponentially approach zero from above.

Our only problem was how to restore the free massless gluons contribution to the full pressure P_{GP} (T ) (7.1), maintaining its continuous character across T_c. That is why we use only one type of the gluon mean numbers for each simulating function, namely the low-temperature asymptotic of their free massless type (4.6) in the form of the sum with different α_i and A_i parameters, Eq.(6.5). It is the general one for the simulating function f_l(T ) to the leading order, while for the simulating function ϕ_l(T ) the chosen expression in Eq.(6.5) is fully sufficient, as explained above. It is worth emphasizing that the values of P_{GP} (T ) below T_c are rather small, so the approximation of the simulating functions f_l(T ) and ϕ_l(T ) by their respective expressions to the leading order is justified. For the high-temperature asymptotic the resulting sum (6.20) for the simulating function ϕ_h(T ) is the general one, of course, even using the sum with different μ parameters. On the one hand, this makes it possible to achieve the above-mentioned goal. On the other hand, such choices do not distort the NP content of our EoS (6.13), i.e., P_g (T ) itself in the whole temperature range. In other words, we need the simulating function ϕ_h(T ) in order for the GP pressure and all its derivative to approach their respective SB limits at high temperatures from below. The simulating functions f_l(T ) and ϕ_l(T ) are needed in order to ensure the continuous character of the GP pressure across T_c, while all the non-trivial PT and NP physics in GP pressure is due to the basic functions P_{SB} (T ) and P_g (T ), respectively.

Concluding, let us make one important remark. All other thermodynamic quantities will be calculated just via the expression (6.39), but taking into account the prescription to omit all the derivatives of the effective charge α_s(T ), Eq. (6.40). It makes it possible to avoid the double-counting in powers of α_s problem discussed in appendix C.

FIG. 5: The GP pressure (6.39) is shown as a function of a = T /Tc (solid curve). The lattice curve [29] for SU(3) pressure is also shown (dashed curve). Both pressures are scaled in the same way in accordance with Eq. (6.19).

VII. NUMERICAL RESULTS AND DISCUSSION

A. GP pressure

We present the GP pressure (6.39) as well as the lattice pressure [29] in Fig. 5. The close shapes of both curves is remarkable, which is surprising since we have agreed our simulations procedure with the lattice data [29] at high temperature only. We can now predict the value of the GM pressure, and hence of all other thermodynamic quantities, in the region of very low temperatures, where lattice uncertainties still remain very large. This problem does not exist within our analytical approach to EoS for the GP (in other word, for any given value of temperature from this region we are able to give a concrete number for any thermodynamic quantity, see figures below). However, the most important problem of lattice simulations is solved. Now we know what is the physics behind all the lattice curves and their numbers.

One of the interesting features of all the lattice simulations (see, for example [29, 32]) is a rather slow approach to the common SB limits (A.8) at high temperatures of all the independent thermodynamic quantities. Within our formalism the regime at high temperatures is controlled by the running coupling constant α_s(T ) (6.40), which depends on T only logarithmically. As emphasized above, all the independent thermodynamic quantities correctly calculated within NP analytic EoS (6.39) should approach the ideal gas limit in the AF way, i.e., slowly and from below. It is instructive to explain this issue (for further purpose as well) in more detail. The pressure (6.39) above T_c is

P (T ) = (1 − α_s(T )) P_{SB} (T ) − 0.3P_g(T ), T > T_c, (7.1)

where we omit the next-to-leading term ∼ T^{−3} in Eq. (6.41), since this plays no role in the present discussion and replace 1.2815 by 1.3, for simplicity. In dimensionless units (6.19) it looks like

3P (T )

T^4

= [1 − α_s(T )]5.2634 − 0.3

3P_g(T ) T^4

, T > T_c, (7.2)

because of Eq. (A.8). From our numerical results it follows that the both terms in this equation are approximately of the same order of magnitude in the moderately high temperatures interval up to (3 − 4)T_c, i.e., the negative contribution of the second term plays significant role. Moreover, T_c is fixed by P_g (T ) itself, and the shape of the GP pressure in Fig. 5 just above T_c is determined by it as well. It is worth emphasizing once more that we have reproduced the lattice pressure at T_c very well, adjusting to lattice data far away from T_c (compare our value (6.34) with the lattice one (6.35)). There is no doubt that the gluon pressure P_g (T ) correctly reproduces the non-perturbative structure of the full gluon plasma pressure P_{GP} (T ) in the whole temperature range. The addition of the positive PT term (which varies very slowly in the whole temperature range above T_c) to P_g (T ) in Eq. (7.2) cannot provide such sharp change in the behavior of the GP pressure just above T_c.

FIG. 6: The GP pressure (6.39), the entropy and energy densities (A1) all properly scaled are shown as functions of T /Tc. The finite jumps in densities are clearly seen, and the LH is ϵLH = 1.414. Their common SB limit (A.8) at high temperatures (straight dashed line) is rather slowly approaching.

On the contrary, in the limit of high temperatures the first PT term will become dominant, but this is not the whole story yet. Indeed, from our previous work [5] the corresponding asymptotic of the gluon pressure P_g (T ) is as follows:

P_g (T ) ∼ B_2α_sΔ^2T^2 + [B_3Δ^3 + M^3]T, T → ∞, (7.3)

where the first leading term, which analytically depends on the mass gap Δ^2, comes from the PT part of the gluon pressure (more precisely from the NP part which is α_s-order suppressed, see remarks in appendix C). The second term, which dependence on the mass gap is not analytical, since (Δ^2)^{3/2} = Δ^3, comes from both parts of the gluon pressure (the overall numerical factors B_2 and B_3 are not important here). M^3 denotes the terms of the dimensions of the GeV^3, which depend analytically on the mass gap Δ^2. Thus in dimensionless units, one obtains

3P (T ) T^4

∼ [1 − α_s(T )]5.2634 − 0.9 [ B̄_2α_s ( T_c T )_2 + B̄_3 ( T_c T )_3] , T → ∞, (7.4) where B̄_2 = B_2(Δ/T_c)^2 and B̄_3 = B_3(Δ/T_c)^3 + (M/T_c)^3. Let us remind that the mass gap term Δ^2T^2 explicitly shown in Eq (5.3) is canceled within P_{NP} (T ) at high temperatures, and so only its α_s-suppressed counterpart explicitly shown in Eq. (8.3) survives in this limit, it comes from P^s_{P T} (T ) [5]. However, as it follows from our numerical results at moderately high temperatures the negative contribution from the second term in Eq. (7.2) still remains substantial. And only in the limit of very high temperatures the power-type corrections of the second term in Eq. (7.4) become small in comparison with the contribution of the first term, which is of a little (logarithmical) dependence on T . The combination of these two effects in the whole temperature range just explains the above-mentioned slow approach of the GP pressure (6.39) and its derivatives to the SB limit, clearly seen in Figs. 6 and 7.

B. Energy and entropy densities

The GP entropy and energy densities (A.1) are shown in Fig. 6. The size of the discontinuity in the energy density, the so-called latent heat (LH) is

ϵ_{LH} = 1.414 (7.5)

in dimensionless units (see appendices B and D for its definition and analytical/numerical evaluation, respectively). This means that the first-order phase transition in the GP is analytically confirmed for the first time, in complete

FIG. 7: The heat capacity (A2) is shown as a function of T /Tc. It has a δ-type singularity (an essential discontinuity) at Tc. It very slowly approaches the general SB constant (A.8) (horizontal dashed line) at high temperatures.

agreement with thermal SU(3) YM lattice simulations (see, for example [29, 32] and references therein). The reason of such sharp changes at T_c in the derivatives of the GP pressure is that its exponential rise below T_c is changing to the polynomial rise above T_c in order to reach finally the SB limit. The value (7.5) is in fair agreement with recent lattice ones: in [29] ϵ_{LH} = 1.4, in [37] ϵ_{LH} = 1.413 and in [38] ϵ_{LH} = 1.44, and differs from the old one, which is ϵ_{LH} ≈ 2 (see [32] and references therein). This agreement is not a trivial thing, since, as mentioned above, we have adjusted our analytical numerical simulations with those of lattice ones in [29] only for the pressure and far away from T_c. First of all, the energy and entropy densities are the independent thermodynamic variables. Secondly, the lattice results heavily depend on how the continuum limit is to be taken [38] and on other details of lattice simulations [29, 32, 37, 38], while our approach is free of such kind problems. And thirdly, which is important to remind that in all lattice simulations the β-function is completely different from ours (appendix E), which is always negative as it is required by confinement [20, 22], and it linearly depends on the mass gap. The slow approach of the energy and entropy densities to their common SB limit (Fig. 6) has already been explained in the previous subsection.

C. Heat capacity

The last independent thermodynamic quantity the heat capacity, defined in Eq. (A.2), is shown in Fig. 7. It is always a smoothly growing function of T , both below and above T_c, while at T_c it has a δ-type singularity (an essential discontinuity) due to the expression (B.5). It very slowly approaches the common SB limit (A.8) at high temperatures.

D. Conformality, conformity and the velocity of sound squared

The GP pressure versus the GP energy density, i.e., P (ϵ), is present in Fig. 8. The size of the LH and a rather rapid approach to conformality are clearly seen. We distinguish between conformality here and conformity defined in Eq. (A.4), though numerically in the limit of high temperatures they are the same. Conformity itself is shown in Fig. 9. It has a finite negative jump at T_c because of a jump in the energy density at this point, and it rather rapidly approaches its SB limit (A.9) at high temperatures. However, its most interesting feature is a non-trivial dependence on T below T_c, which has been fixed explicitly in SU(3) GP for the first time. On the one hand, it can be due to the fact that conformity is the ratio of the independent thermodynamic quantities (for it the exponential suppression at low temperature is not obligatory). On the other hand, the protuberance in the region (0.2 − 0.4)T_c is due to the complicated NP structure of the gluon pressure P_g (T ) and its derivatives. It dominates the structure of the GP pressure below T_c within the analytical approach (the SB-type terms cannot penetrate so deeply into the low-temperature region). In principle, the shape of the curve below T_c (see Figs. 9 and 10) may be changed (or not) by the more detailed approximation of P_{GP} (T ) by P_g (T ) in this region. However, the numbers are rather small, and the problem (the existence of the protuberance) seems not to be so important from the numerical point of view.

FIG. 8: P (ϵ) EoS (solid line) and rather rapid approach to conformality = 1/3 (diagonal thin line).

FIG. 9: Conformity (A.4) is shown as a function of T /Tc. It is zero at T = 0, and has a finite negative jump at Tc due to a jump in the energy density at this point. It shows a non-trivial dependence on T below Tc, and rather rapidly approaches the SB limit (A.9) at high temperatures.

In close connection with the previous quantities is the velocity of sound squared (A.3) shown in Fig. 10. Below T_c it behaves very similarly to conformity (Fig. 9), since the latter one mimics its properties. The principal difference from conformity is that at T_c it is zero because of the heat capacity having the above-mentioned δ-type singularity at this point. It rather rapidly approaches its SB limit (A.9) at high temperatures.

E. Trace anomaly relation

The trace anomaly, defined in Eq. (A.5), is especially sensitive to the NP effects (see discussion in appendix C). It is shown in Figs. 11,12 and 13. Its three most interesting features are:

1). The rapid rise of the peak due to the LH in the energy density (Fig. 6) is exactly placed at T_c, and it is about 2.5, see Fig. 11. In all lattice calculations it peaks at about 1.1T_c! [27–30, 32, 38], and it is about 2.6. The wrong position of the trace anomaly lattice peak can be due to an ultraviolet cutoff, the finite volume effects, etc. [15, 29, 32, 37, 38]. In this connection let us remind that in lattice simulations at any temperature it is necessary finally to go to the continuum (physical) limit, namely lattice spacing goes to zero and then the infinite volume limit should be taken. These are nothing else but the removal of the ultraviolet and infrared cutoffs which is the part of the renormalization

FIG. 10: The velocity of sound squared (A.3) is shown as a function of T /Tc. It shows a non-trivial dependence on T below Tc, while at T = 0 and at T = Tc it is zero. It rather rapidly approaches the SB limit (A.9) at high temperatures.

procedure [39, 40]. This means that lattice results for any NP quantity, in particular the trace anomaly will always be ”contaminated” by the additional contributions of the PT origin. Of course, they may produce some changes in the NP structure of the lattice trace anomaly, for example shifting effectively the position of its peak. However, we think that this problem may signify deep dynamical (i.e., NP) properties of the trace anomaly, in general, and near T_c, in particular (see discussion at the end of this subsection).

2). The second interesting feature is that even just above T_c and up to rather high temperatures the NP effects due to the mass gap are still important in the trace anomaly. This is clearly seen in Figs. 12 and 13, which demonstrate complicated dependence of the trace anomaly on the mass gap and the temperature in this interval. Both curves shown in these figures approach the corresponding constants at very high temperatures only. Indeed, the trace anomaly equation (C.8) is

ϵ(T ) − 3P (T ) = −0.3[T P^′_g(T ) − 4P_g(T )], (7.6)

where the subscript ”INP” has been omitted, for simplicity. In accordance with this equation the above-described nontrivial structure of the trace anomaly above T_c is determined by the gluon pressure P_g (T ), given now in Eq. (C.9), and its derivative. In order to calculate Fig. 12 we repeat the Pisarski trick [27], i.e., we multiply the properly scaled trace anomaly by T^2T^{−2}_c in order to maintain dimensionless, while in Fig. 13 the properly scaled trace anomaly is shown as a function of (T_c/T )^2. In Fig. 13 the constant dashed line reproduces nothing else but the lattice result [27, 30] (apart from the slightly different height and the position of the pick, as discussed above). The deviation of our curves from the lattice line in Fig. 13 and from the constant behavior in Fig. 12 above T_c is obvious. It is mainly due to the complicated dependence of the gluon pressure P_g (T ) (C.9) on the mass gap and the temperature in this region, where it cannot be approximated by some simple power-type expression.

3). However, this is possible to do in the limit of high temperatures. Substituting the asymptotic (7.3) and its derivative into the trace anomaly equation (7.6), and doing some simple algebra, one obtains

ϵ(T ) − 3P (T ) ∼ 0.6B_2α_sΔ^2T^2 + 0.9[B_3Δ^3 + M^3]T, T → ∞, (7.7)

and in dimensionless units it becomes ϵ(T ) − 3P (T ) T^4

∼ 0.6B̄_2α_s ( T_c T )_2 + 0.9B̄_3 ( T_c T )_3 , T → ∞, (7.8) and hence ϵ(T ) − 3P (T ) T^2T^2_c

∼ 0.6B̄_2α_s + 0.9B̄_3 ( T_c T ) , T → ∞, (7.9)

FIG. 11: The trace anomaly (A.5) properly scaled is shown as a function of T /Tc.

where B̄_2 = B_2(Δ/T_c)^2 and B̄_3 = B_3(Δ/T_c)^3 + (M/T_c)^3, and for the coefficients B_2, B_3 and the quantity M see discussion at the end of subsection A of this section.

In [30] the lattice results for the trace anomaly have been analyzed in detail. It has clearly been shown that lattice results exclude odd powers of (T_c/T ) and are account only for its even powers above T_c. So the last term in the expansion (7.8) cannot be taken into account by lattice simulations, only the first term in this equation. Our explanation is as follows: the first term comes from the NP part (denoted as P^s_{P T} (Δ^2; T ) in Eq. (5.5) and see discussion in appendix C) in the gluon pressure P_g(T ) (C.9), in which the analytical dependence on the mass gap is suppressed by the α_s-order. Apparently, that is a reason why lattice simulations may take it into account. The second term in Eq. (7.8) is completely of NP dynamical origin, non-analytically depending on the mass gap, and that is why it is out of reach by lattice simulations. The existence of such kind of term is a clear evidence of the complicated dynamical structure of trace anomaly not only at high temperature but near T_c as well. However, the first term is dominant in the T → ∞ limit. So the trace anomaly (7.8) falls off in this limit exactly as 1/T^2 in complete agreement with lattice simulations [27–30, 38]. And this is its third characteristic feature mentioned above. From Fig. 13 it clearly follows that the constant regime begins at rather high temperatures, since the constant term is the α_s-order suppressed, see Eq. (7.9). That is the reason why the approach to the constant regime is so slow in Fig. 12. In turn, this means that the fall off of the trace anomaly just above T_c, shown in Fig. 11, is not ∼ 1/T^2, but has much more complicated character, as emphasized above. The fall off ∼ 1/T^2 starts at rather high temperature, indeed.

Due to the complicated NP (i.e., dynamical) structure of the trace anomaly in the whole temperature range, which follows from our NP analytical approach, it is difficult indeed to believe that its simple power-type behavior starts just from T_c, and especially that it is only of T^2-type. However, the absence of the contribution proportional to odd power of (T_c/T ) in lattice results may effectively shift the position of the lattice peak from T_c to 1.1T_c. Such a possibility is clearly seen in Fig. 12, where the peak is exactly placed at 1.1T_c. In any case, the wrong position of the lattice peak is an evidence of the complicated dynamical structure of the trace anomaly near T_c, and it cannot be accounted for by lattice simulations in all details. This is our opinion on this lattice problem, which is a subject to discussion, of course. From the general point of view, we attribute all these differences to the fact that our confining effective charge, and hence the corresponding β-function (appendix E), is completely different from those used in the above-cited lattice simulations at finite temperature. Since the trace anomaly is especially sensitive to the NP effects, the role of the confining β-function (E.3) at finite temperature remains important. We think that in any case the PT ”contamination” mentioned above numerically has to be much smaller than the NP contribution(s) discussed here.

Concluding, a few remarks are in order. Only the trace anomaly defined by Eq. (C.8) agrees with lattice results at high temperatures. Otherwise it would be growing as T^2 function in this limit because of the first term in Eq. (C.7) divided by T^2T^2_c . It is the mass gap which violates the conformal symmetry from the very beginning within our approach. Due to the sensitivity of the trace anomaly to the NP effects, just it shows up explicitly the very non-trivial dynamical structure of the GP.

FIG. 12: The trace anomaly (A.5) scaled by T^2T^2_c is shown as a function of T /Tc. It demonstrates a non-trivial structure just above Tc, and it slowly approaches the corresponding constant in the limit of very high temperatures only, see Eq. (7.9).

FIG. 13: The trace anomaly (A.5) properly scaled is shown as a function of (Tc/T )^2 (solid line). It approaches the corresponding constant (dashed line) in the limit of very high temperatures only.

FIG. 14: The properly scaled gluon condensate at non-zero temperature (A.6) is shown as a function of T /Tc. It approaches zero from below at high temperatures.

F. Gluon condensate

In close connection with the trace anomaly is the gluon condensate defined by Eq. (A.6) and shown in Fig. 14. It approaches zero from below, so it gains very small negative values at high temperatures (fixed also by lattice simulations in [32]). This is due to the fact that the trace anomaly enters Eq. (A.6) with negative sign, and it falls off as 1/T^2 only in the limit of high temperatures. The gluon condensate at zero temperature has been defined and calculated by the subtraction of all types of the PT contributions (”contaminations”) in [2]. Here the temperaturedependent gluon condensate has been calculated with the help of the trace anomaly relation, which is also free of the PT contributions. Apparently, it makes sense to consider it as one of the important NP ingredients in the dynamical structure of the GM. The GP pressure has been calculated by dropping the β = 1/T -independent terms [7]. In appendix C, we have explained that dropping terms in one side of the equation means to subtract them from its other side. So adopting this prescription, the regularized (R) gluon condensate simply becomes < G^2 >^R_T =< G^2 >_T − < G^2 >_0= −[ϵ(T ) − 3P (T )]. Properly scaled it can be seen as in Fig. 11 but with an overall negative sign.

VIII. THE DYNAMICAL STRUCTURE OF SU(3) GP

A rich dynamical structure of the GP emerges in the framework of our approach. The GP pressure (6.39) describes the three different types of massive gluonic excitations. They are: ω^′ and ω̄ with the effective masses m^′_{ef f} = 1.17 GeV and m̄_{ef f} = 0.585 GeV, respectively. The third one is again ω̄ which propagation, however, is suppressed by the α_sorder. We have denoted it as α_s · ω̄. As mentioned above, we can treat it as a new massive excitation, but with the same effective mass m̄_{ef f} = 0.585 GeV. Both effective masses are due to the mass gap Δ^2, i.e., they have not been introduced by hand. The mass gap itself is dynamically generated by the nonlinear interaction of massless gluon modes [20]. The first effective mass m^′_{ef f} is comparable with the masses of scalar glueballs [41, 42]. The effective mass m̄_{ef f} might be identified with an effective gluon mass of about (500−800) MeV, which arises in different quasi-particle models [41] (and references therein). We also have the two different massless gluonic excitations ω, conventionally denoted as ω_1 and ω_2. The former describes the massless gluons, propagating in accordance with the integral P_1(T ) in Eq. (3.2). The latter one describes the massless gluons, propagating in accordance with the integral P_2(T ) in Eq. (3.3). Let us remind that the integral (3.2) should be multiplied by (6/π^2)Δ^2, and all other integrals (3.3) are to be multiplied by (16/π^2)T , when one speaks about different NP contributions to the pressure (3.1). The propagation of the massive gluonic excitation α_s · ω̄ has to be understood in the same way (i.e., the corresponding integral should be multiplied by overall numerical factor, see Eq. (5.5)).

In the low-temperature T → 0 limit all these excitations are exponentially suppressed, since the low-temperature asymptotic of the GP pressure is determined by the gluon pressure P_g (T ), see Eq. (6.6) and [5]. The dependence on the mass gap and the temperature of the terms, describing their propagation at finite temperatures, is rather complicated. In the high-temperature T → ∞ limit the suppression is only power-type, if the GP pressure is scaled by T^4/3. Hence in this limit the PT excitations play dominant role, Eq. (6.4). Let us remind that in both limits a non-analytical dependence on the mass gap occurs, but it is not an expansion parameter like α_s. So in the different temperature intervals they propagate in different ways.

It is important to understand that the above-mentioned effective masses are not the pole masses which appear in the corresponding propagators (see, for example [43]). This means that we cannot assign to the corresponding massive excitations a meaning of being physical particles. They have to be treated rather as quasi-particles (see discussion below). They appear through the corresponding gluon mean numbers, something like the quark chemical potentials. Indeed, from Eq. (3.6) one gets

N^′_g ≡ N_g(β, ω^′) = 1 e^{βω′} − 1 = 1 e^β √_{ω2 +m′2ef f} − 1 = 1 e^{β(ω−μ′g )} − 1 (8.1)

where we introduce the fictitious gluon ”chemical potential” μ^′_g . It has to satisfy the following equation μ^{′2}_g − 2ωμ^′_g −

m^{′2}_{ef f} = 0, which has the two independent solutions: μ^′_g = ω±ω^′ = ω± √ ω^2 + m^{′2}_{ef f} , leading, nevertheless, to the same

effective mass m^{′2}_{ef f} , but only the solution μ^′_g = ω−ω^′ is compatible with Eq. (8.1). By making the replacement ω^′ → ω̄ in Eq. (8.1), we can treat the massive gluonic excitation ω̄ in the same way as ω^′. Again, one has the two independent solutions for the fictitious gluon ”chemical potential” μ̄_g = ω ± ω̄ = ω ± √ ω^2 + m̄^2_{ef f} , leading, nevertheless, to the

same effective mass m̄^2_{ef f} , but only the solution μ̄_g = ω − ω̄ will be compatible with the corresponding Eq. (8.1). In the excitation α_s · ω̄ the effective mass m̄^2_{ef f} appears not only through the corresponding gluon mean number, but in a more complicated way, see Eq. (5.5). For convenience, we denote its ”chemical potential” as α_s · μ̄_g . All three gluon ”chemical potentials” μ^′_g , μ̄_g and α_s · μ̄_g differ from each other by the corresponding effective masses and by the ranges for ω (see integrals P_3(T ), P_4(T ) in Eq. (3.3) and integral in Eq. (5.5)). The corresponding gluon ”chemical potentials” for the two massless excitations ω_1 and ω_2 are zero, i.e., μ_1 = μ_2 = 0 with the same range for ω, see integral (3.2) and the first of integrals (3.3).

In principle, we can interpret our effective excitations as the gluon ”flavors”, but better to use the term ”species”. So we have the five different gluonic species, which are present in the GP. Contrary to the quark flavors, all our species are of NP dynamical origin, since in the PT Δ^2 = 0 limit they disappear from the GP spectrum (the dependence of the massive species μ^′_g, μ̄_g and α_s · μ̄_g on the range for ω only confirms this). In other words, it is better to treat our massive excitations/species as some kind of quasi-particles, created by the self-interaction of massless gluon modes at non-zero temperature, i.e., consisting of the GM only. That these masses are very close to scalar glueballs and Debye screening masses may or may not be a coincidence, but there are no any other massive excitations in the GP within our approach. At present, nobody can definitely answer the question why some gluons acquire a mass and some others not. At finite temperatures some gluon fields may intensively interact with each other, leading thus to the formation of stable gluon field configurations, the so-called ”stationary” states with the minimum of energy. A possible existence of such kind of states of purely transversal virtual gluon field configurations in the QCD vacuum at zero temperature has been discussed in detail in [2]. At non-zero temperature the above described stationary states might be also formed/created, and effectively they can be considered as the massive gluonic excitations. If the self-interaction of massless gluon modes is very intense and an effective mass is big enough then such a stable configuration can be treated as a ”glueball”. If the self-interaction is not intense then an effective mass is not so big. Such a configuration may be considered as a ”massive” gluon. If the self-interaction can be neglected, then the gluons remain massless. In any case, the different types of the massive and massless gluonic excitations of the dynamical origin will necessary appear at non-zero temperature [3, 5, 12, 34, 35, 41, 42] (and references therein).

The GP pressure (6.39) assumes the presence of the two different PT massless excitations, propagating above T_c. The first one is described by the SB term P_{SB} (T ) itself, while the second one by its AF correction denoted as α_s(T ) · P_{SB} (T ). We necessarily also have the two types of the excitations contributing to the GP pressure below T_c, conventionally called the SB-type terms. On the one hand, they can be of the NP origin (but not explicitly depending on the mass gap) because of the exponential suppression and rise in the T → 0 and T → T_c limits, respectively. The behavior of the pure PT contributions as functions of T is completely different, in general, and in the T → T_c limit, in particular. If so then they describe the NP contributions which cannot be taken into account by the gluon pressure P_g(T ) (may be they are of topological origin?). On the other hand, they can be interpreted as massless gluonic excitations because of the explicit presence of the SB pressure P_{SB} (T ) in these terms, but, nevertheless, the propagations of which are exponentially suppressed in this region, i.e., more likely they are of the NP origin anyway. There is no possibility to clearly distinguish between these two interpretations, since we cannot fix the dynamical or other context of the parameters A_i and α_i in the relations (6.5). Within our approach we were able to fix only their numerical values (6.38), which was fully sufficient to establish the behavior of the GP pressure below T_c and at T_c with a rather good accuracy (up to second digit after point).

P_g (T ) describes the changes in the regime of the GP pressure’s behavior near T_c, namely the exponential rise transforms to the polynomial one, providing a continuous transition of the GP pressure across T_c with the help of the SB-type terms. It is necessary to admit that the SB part above T_c is empirically restored to the GP pressure (6.39), but its behavior at high temperatures is agreed with lattice simulations, as described in subsection 6.2. All the NP massive and massless gluonic excitations/species have not been introduced by hand; on the contrary, they are of the dynamical origin due to the confining effective charge (2.6). They are described and accounted for by the gluon pressure P_g (T ) within NP analytic approach to thermal QCD.

The exponential rise of all the independent thermodynamic quantities in the transition region (0.8 − 1)T_c clearly seen in Figs. 4,5,6 and 7 indicates that near T_c a dramatic increase in the number of effective gluonic degrees of freedom will appear (and we know that this is so indeed [5]). The massive excitations/species will begin to rapidly dissolve. This will lead to drastic changes in the structure of the GP. A change in this number is enough to generate pressure gradients, but not enough to affect the pressure itself. It varies slowly and therefore remains continuous in this region. At the same time, the pressure gradients such as the energy and entropy densities, etc., undergo sharp changes in their behavior, having different types of discontinuities at T_c. Thus SU(3) GP has a first-order phase transition within our approach, in complete agreement with the thermal QCD lattice calculations [29, 32] (and references therein). Of course, not all the massive excitations will be dissolved in the transition region. Some of them will remain above T_c together with other gluonic excitations and effective gluonic degrees of freedom, which may include the above-mentioned different PT contributions as well as gluon condensates. This forms a mixed phase around T_c [3, 44]. One can conclude that the NP physics of the mixed phase (the temperature interval approximately starting from 0.8T_c up to (3−4)T_c) is well understood within our approach. Moreover, the region of low temperatures, where all the independent thermodynamic variables are exponentially suppressed at T → 0, is also determined by it, which correctly takes into account all the NP effects in the GP. In the mixed phase the GP can be considered as being in the strong coupling regime. Beyond it the NP effects become small, and the GP can be considered as being in the weak coupling regime. The structure of the GP will be mainly determined by the SB relations (A.8)-(A.10) between all the thermodynamic quantities at very high temperatures only.

IX. CONCLUSIONS

The effective potential approach for composite operators [1] provides a new general analytic approach to QCD at zero [2] and non-zero temperature and density [3, 5]. It is essentially NP by origin, but incorporates the thermal PT in a self-consistent way. The NP analytical EoS for pure SU(3) YM fields has been derived within the framework of this formalism. In its NP part [3] there is no dependence on the coupling constant, only a dependence on the mass gap, which is responsible for the large-scale structure of the QCD ground state. Its PT part [5] does analytically depend on the fine-structure constant of strong interactions α_s as well. We have developed the analytic thermal PT in form of the convergent series, which made it possible to calculate the PT part of the EoS termwise in integer powers of a small α_s. Here we have completed our work by proposing and formulating a method how to include the massless free gluons contribution into the YM EoS or, equivalently, GP EoS in a self-consistent way. This concludes the derivation of the NP analytical full GP EoS, describing the dynamical structure of the GP in the whole temperature range.

Our main results are as follows:

(i). In the GP EoS the confining dynamics at non-zero temperature is taken into account through the T -dependent bag constant and the mass gap Δ^2 itself. The GP pressure (6.39) compared to lattice pressure [29] is shown in Fig. 5. It demonstrates a very little difference between them despite the completely different nature of analytical and lattice approaches to QCD at finite temperature.

(ii). Other NP effects are also taken into account via the YM and PT parts of the GP pressure, though the latter one is suppressed by the order of a small α_s.

(iii). The mass gap Δ^2 or, equivalently, ω_{ef f} and the asymptotic scale parameter for YM fields Λ^2_{Y M} are only two independent input scale parameters in our approach. They have not been introduced by hand, but they appear in the framework of the proposed formalism which is to be generalized to non-zero temperature and density.

(iv). The presence of the two different types of massive gluonic excitations ω^′ and ω̄ with an effective masses 1.17 GeV and 0.585 GeV, respectively.

(v). The presence of the massive gluonic excitation α_s · ω̄ with the same effective mass 0.585 GeV, the propagation of which, however, is suppressed by the α_s-order. There is no place for some other types of massive gluonic excitations in our picture. The massive excitations of the order α^2_s · ω̄ and higher are, in principle, possible. However, numerically they are negligibly small.

(vi). We have the two different types of massless gluonic excitations ω_1 and ω_2 which, nevertheless, are not free. All these massive and massless gluonic excitations are of NP dynamical origin. They disappear from the GP spectrum in the PT Δ^2 = 0 limit. So in total we have the five different massive and massless gluonic excitations in the GP.

(vii). We also have the two different types of the excitations propagating only below T_c, which do not depend explicitly on the mass gap. Their propagations are described by the so-called SB-type terms.

(viii). The presence of the two different PT contributions above T_c. The SB term P_{SB} (T ) itself and its AF correction α_s(T ) · P_{SB} (T ).

(ix). Below T_c all the independent thermodynamic quantities are exponentially suppressed in the T → 0 limit, Figs. 6 and 7.

(x). Conformity and the velocity of sound squared, being the ratios of the corresponding independent thermodynamic quantities, demonstrate the non-trivial dependence on the temperature below T_c, Figs. 9 and 10.

(xi). The existence of the characteristic temperature T_c = 266.5 MeV at which the first-order phase transition occurs in the GP. The exponential rise below T_c transforms to the polynomial one above it, but the GP pressure remains continuous at T_c, Figs. 5 and 6.

(xii). The energy and entropy densities have finite jumps and ϵ_{LH} = 1.414 at T_c, Fig. 6. The heat capacity has an essential discontinuity of a δ-type singularity at T_c, Fig. 7.

(xiii). The trace anomaly has a peak just at T_c (Figs. 11,12 and 13), and shows the highly non-trivial structure above T_c up to rather high temperature. It is not a simple polynomial-type in this region.

(xiv). Because of the presence of the mass gap term ∼ α_sΔ^2T^2 in the GP EoS the trace anomaly goes down as 1/T^2 in Fig. 11 and approaches the corresponding constants in Figs. 12 and 13 in the limit of very high temperatures.

(xv). However, the trace anomaly has also the next-to-leading order correction ∼ (1/T^3) to the above-mentioned leading order term ∼ (1/T^2) at high temperatures. It comes from the non-analytical dependence on the mass gap in terms ∼ Δ^3T in this limit.

(xvi). Due to such a non-trivial dynamical structure of the trace anomaly, the gluon condensate gains rather small negative values at high temperatures, Fig. 14. It can be considered as one of the important constituents saturating the NP dynamical structure of the GP at finite temperatures.

(xvii). The NP physics of the mixed phase (the temperature interval (0.8 − 4)T_c) in SU(3) GP is well understood within our approach.

(xviii). Moreover, the behavior of SU(3) GP in the region of low temperatures below 0.8T_c is also under control within our approach.

(xix). Since the NP effects are still important above T_c, the behavior of SU(3) GP in this region is different from the behavior of a gas of free massless gluons.

(xx). All the independent thermodynamic quantities approach rather slowly their respective SB limits at high temperatures, Figs. 6 and 7.

(xxi). The thermodynamic quantities which are the ratios of the corresponding independent counterparts rather rapidly approach their respective SB limits at high temperatures, Figs. 8,9 and 10.

(xxii). As a byproduct but necessary component of our calculations we have restored lattice pressure below 0.9T_c, see Fig. 16 and 17.

(xxiii). All our analytical derivations agree with our numerical results and vice-versa.

Our general conclusions are:

The NP analytic approach to thermal QCD provides a detailed numerical and dynamical description of SU(3) GP in the whole temperature range, especially in the region of low temperatures below T_c. Something that is not accessible for and is missing by lattice approach to thermal QCD. In other words, for the first time we can numerically predict the behavior of all the thermodynamic quantities far below T_c. At the same time, our approach agrees very well with lattice calculations of the independent thermodynamic quantities at finite temperatures, though we have adjusted our values to those of lattice ones for the SU(3) YM pressure in [29] only for high temperatures far away from T_c. At low temperature all the independent thermodynamic quantities are exponentially suppressed. The dependence of all the thermodynamic quantities on the mass gap and the finite temperature is rather complicated. The polynomial regime for them appears only in the limit of high temperature. The approach of the independent thermodynamic quantities to their respective SB limits is rather slow, while for their considered ratios it is rather rapid.

We report rather substantial deviations of our results from lattice ones for the trace anomaly (Figs. 11,12 and 13), which is very sensitive to the NP effects. The dynamical reason of these differences has to be traced back to the confining β-function (appendix E), and hence directly to P_g (T ), used in our calculations, which depends on the mass gap squared. As repeatedly emphasized above, the β-functions used in all lattice simulations of thermal QCD are completely different, not depending on the mass gap at all.

We also predict the existence of the three massive and the two massless excitations, all of NP dynamical origin. One of the massive excitations has an effective mass 1.17 GeV and the two others have the same effective mass 0.585 GeV, but propagating in different ways. The temperature-dependent gluon condensate is also present, playing an important role in the dynamical structure of the GM as well. The two different excitations of the so-called SB-type (not explicitly depending on the mass gap) should exist in the GP below T_c, at least. Let us emphasize that the effective masses appear through the corresponding gluon mean numbers, and they are not the pole masses which appear in the corresponding propagators (see, for example [43]). This means that we cannot assign to the corresponding massive excitations a meaning of being physical particles. They have to be treated rather as quasi-particles, indeed. The two pure PT massless gluonic excitations are necessary present above T_c as well. Their propagation are described by the SB pressure and its AF correction.

In brief, now we already know what is the physics behind all the lattice curves and their numbers and even more beyond them. Let us underline that the gluon pressure P_g (T ) is the most important part of the GP pressure (6.39). Just it is mainly responsible for the NP physics described by the analytical YM EoS derived here. Without its correct analytical derivation and numerical calculation a firm agreement of the GP pressure (6.39) with lattice pressure at finite temperature range up to approximately (3 − 4)T_c would be impossible, see Fig. 5. As described in subsection 7.1 in detail the addition of the PT contributions to P_g(T ) above T_c ensures the correct SB limit of the GP pressure and its all derivatives at high temperature only. In other words, we reproduce all the lattice curves and numbers and deviation from them (for the trace anomaly) on a general ground. For this we need first of all the mass gap Δ^2 and then Λ^2_{Y M} and α_s correctly implemented into the formalism of the effective potential approach for composite operators, which further has to be generalized to non-zero temperature as described here and in our previous publications [3, 5].

As a next step, we are going to substitute the obtained expressions for the pressure, energy and entropy densities into the relativistic hydrodynamics equations of motion in order to solve them [28, 45, 46] (and references therein). This will make it possible to conclude whether the GP, which emerges in our picture, is the perfect fluid or not. We will achieve this by the calculating the corresponding transport coefficients, such as bulk and shear viscosities and its ratio to the entropy density [47–49]. We are also planning to include the quark degrees of freedom within our approach in order to derive the NP analytical EoS for the quark-gluon plasma (QGP), and compare it with already existing lattice QGP EoS [13–15, 50–52].

Acknowledgments

This paper is dedicated to the memory of Prof. J. Zimányi, who has initiated this investigation. Support by the Hungarian National Fund OTKA - 77816 (P. Lévai) is to be acknowledged. We especially thank M. Panero for providing us with the lattice data from his paper [29]. Without his kind assistance this paper would not have been written. We also thank R. Pisarski and A.S. Kronfeld for bringing our attention to [26] and [40], respectively. We would like to thank T. Biró, T. Csorgö, P. Ván, G. Barnaföldi, A. Lukács, M. Nagy, J. Nyiri, S. Pochybova and A. Shurgaia for useful discussions, remarks and help. One of the authors (V.G.) is grateful to V.K. and A.V. Kouzushin as well as to N. Partsvania for constant support and interest.

Appendix A: Main thermodynamic quantities

Together with the pressure P (T ), the main thermodynamic quantities are the entropy density s(T ) and the energy density ϵ(T ). The general formulae which connect them are [7]

s(T ) = ∂P (T ) ∂T , ϵ(T ) = T ( ∂P (T ) ∂T ) − P (T ) = T s(T ) − P (T ) (A1)

for pure YM fields, i.e., when the chemical potential is equal to zero. Let us note that in quantum statistics the pressure P (T ) is nothing but the thermodynamic potential Ω(T ) apart from the sign, i.e., P (T ) = −Ω(T ) > 0.

Other thermodynamic quantities of interest are the heat capacity c_V (T ) and the velocity of sound squared c^2_s(T ), which are defined as follows:

c_V (T ) = ∂ϵ(T ) ∂T = T ( ∂s(T ) ∂T ) , (A2) and

c^2_s(T ) = ∂P (T ) ∂ϵ(T ) = s(T ) c_V (T )

, (A3)

i.e., they are defined through the second derivative of the pressure. The conformity

C(T ) = P (T ) ϵ(T ) (A4)

mimics the behavior of the velocity of sound squared (A3) but without involving such differentiation.

A thermodynamic quantity of special interest is the thermal expectation value of the trace of the energy momentum tensor. This trace anomaly relation measures the deviation of the difference

ϵ(T ) − 3P (T ) = T^5 ∂ ∂T ( P (T ) T^4 ) (A5)

from zero at finite temperatures, in the high temperature limit it must vanish. As a consequence it is very sensitive to the NP contributions to the EoS (see discussion in appendix C below as well).

It also assists in the temperature dependence of the gluon condensate [32, 53], namely

< G^2 >_T =< G^2 >_0 −[ϵ(T ) − 3P (T )], (A6) where < G^2 >_0≡< G^2 >_{T =0}= ⟨0|(1/4)G^a_{μν} G^a_{μν} |0⟩ = 0.1052 GeV^4 denotes the gluon condensate at zero temperature. Its numerical value is discussed in appendix B of [3]; for more detail see [2].

The so-called enthalpy density [54] is defined as follows:

e(T ) = T ∂P (T ) ∂T = T s(T ) = ϵ(T ) + P (T ). (A7)

This sum is of interest and importance, since it appears in the above-mentioned relativistic hydrodynamics equations of motion [28, 45–49], making them highly non-linear ones. The curve for it is shown in Fig. 6, since from the definition (A7) it follows that 3e(T )/4T^4 = 3T s(T )/4T^4 = 3s(T )/4T^3.

The SB limit

The high-temperature behavior of all the thermodynamic quantities is governed by the SB ideal gas limit, when the matter can be described in terms of non-interacting massless particles (gluons). In this limit these quantities satisfy special relations [7, 54], namely

3P_{SB} (T ) T^4 = ϵ_{SB} (T ) T^4 = 3s_{SB}(T ) 4T^3 = c_{V (SB)}(T ) 4T^3 = 24 45 π^2 ≈ 5.2634, T → ∞, (A8) and

C_{SB} (T ) = c^2_{s(SB)}(T ) = 1 3 , T → ∞, (A9) on account of the previous relations and their definitions in Eqs. (A3) and (A4). The trace anomaly relation (A5) also satisfies the SB limit, namely

ϵ_{SB}(T ) − 3P_{SB}(T ) = 0, T → ∞, (A10)

as it comes out from the relations (A8). The right-hand side of the relations (A8) we call the common/general SB limit/constant.

Appendix B: Analytical formulae for the GP thermodynamic quantities

It is instructive to derive analytically all the necessary formulae for the thermodynamic quantities using the GP pressure (6.1). Differentiating it in accordance with the definition (A1), on account of the relation (6.2), one obtains

s(T ) = ∂P_g (T ) ∂T + Θ ( T_c T − 1 ) ∂L(T ) ∂T + Θ ( T T_c − 1 ) ∂H(T ) ∂T , (B1)

omitting here and everywhere below the subscript ”GP” in accordance with the remark made in subsection 6.D. It is easy to see that the entropy density has a jump at T_c,

Δs(T_c) = [s(T > T_c) − s(T < T_c)]_{T →Tc} = [ ∂H(T ) ∂T − ∂L(T ) ∂T ] T =T_c , (B2)

where the difference in the right-hand-side of this equation has to be positive.

In the same way for the energy density, one obtains

ϵ(T ) = T ∂P_g (T ) ∂T − P_g (T ) + Θ ( T_c T − 1 ) [ T ∂L(T ) ∂T − L(T ) ]

+ Θ ( T T_c − 1 ) [ T ∂H(T ) ∂T − H(T ) ] . (B3)

The size of the discontinuity in the energy density (the latent heat (LH)) is

ϵ_{LH} (T_c) = Δϵ(T_c) = [ϵ(T > T_c) − ϵ(T < T_c)]_{T →Tc} = T_c [ ∂H(T ) ∂T − ∂L(T ) ∂T ] T =T_c , (B4)

and thus it is in agreement with the discontinuity in the entropy density, since from Eqs. (B2) and (B4) it follows that ϵ_{LH} (T_c) = Δϵ(T_c) = T_cΔs(T_c).

The last independent thermodynamic quantity is the heat capacity defined in Eq. (A2). Differentiating the entropy density (B1), one finally obtains

c_V (T ) = T

∂^2P_g (T ) ∂T^2 + Θ ( T_c T − 1 ) T ∂^2L(T ) ∂T^2 + Θ ( T T_c − 1 ) T ∂^2H(T ) ∂T^2 − T_c T δ ( T_c T − 1 ) ∂L(T ) ∂T + T T_c δ ( T T_c − 1 ) ∂H(T ) ∂T . (B5)

The important observation is that the heat capacity has a δ-type singularity (an essential discontinuity) at T = T_c, so that the velocity of sound squared (A3) at this point is zero, namely

c^2_s(T_c) = s(T_c) c_V (T_c)

= 0. (B6)

The analytical expression for the velocity of sound squared (A3) can be found with the help of Eqs. (B1) and (B5).

On account of Eqs. (B3) and (7.1), the trace anomaly relation (A5) looks like

ϵ(T ) − 3P (T ) = T ∂P_g (T ) ∂T − 4P_g(T ) + Θ ( T_c T − 1 ) [ T ∂L(T ) ∂T − 4L(T ) ]

+ Θ ( T T_c − 1 ) [ T ∂H(T ) ∂T − 4H(T ) ] . (B7)

As mentioned above it assists in the evaluation of the temperature dependence of the gluon condensate (A6).

The sum between the pressure (6.1) and the energy density (B3), which is nothing but the above-mentioned enthalpy density (A7) is

e(T ) = T ∂P_g (T ) ∂T + Θ ( T_c T − 1 ) T ∂L(T ) ∂T + Θ ( T T_c − 1 ) T ∂H(T ) ∂T . (B8)

Let us point out that the discontinuities which appear in the derivatives of the pressure are not due to the Θfunctions in Eq. (6.1). They are due to the fact that the derivatives of the auxiliary functions L(T ) and H(T ) are different from each other and they are not zero at T_c, see Eqs. (B2), (B4) and Eq. (B5), respectively. The deep reason of these discontinuities is the principal difference between the independent basic functions P_{SB} (T ) and P_g(T ) from each other. However, the main contributions to the numerical values of these discontinuities come from P_g (T ) and its derivatives at T_c, which behave rather differently below and above T_c (see appendix D below). The auxiliary functions which have finally been found within our approach in terms of the basic functions are as follows:

L(T ) = [ 0.0282e^{−19.1((Tc/T )−1)} + 0.005e^{−3.4((Tc/T )−1)} ] P_{SB} (T ) − e^{−0.0001(Tc/T )}P_g (T ), H(T ) = ( 1 − 0.36 1 + 0.55 ln(T/T_c) ) P_{SB} (T ) − [1.2815 + 0.8349(T_c/T )^3]P_g (T ), (B9)

as it comes out from the comparison of Eqs. (6.1) and (6.39), on account of the relations (6.38), (6.40) and (6.41). The pure PT contribution P_{SB} (T ) is given in the relations (A8), while the NP contribution P_g (T ) is given in Eq. (5.3), see also discussion in appendix C.

Appendix C: Double-counting in integer powers of αs problem

Before going to the concrete calculations of all the thermodynamic quantities, it is necessary to resolve the doublecounting in integer powers of α_s problem, which has been mentioned in our previous work [5]. For our discussion it is sufficient to consider the GP pressure at T > T_c. It is given in Eq. (7.1), namely

P (T ) = [1 − α_s(T )] P_{SB} (T ) − 0.3P_g(T ), (C1)

where

α_s(T ) = 3.04α_s 1 + 4.64α_s ln(T/T_c)

, α_s = 0.1184, (C2)

as it comes out from the expression (6.40). Any derivative of the GP pressure (6.39), and hence of Eq. (C1), with respect to the temperature requires the differentiation of the running effective charge (C2). We will denote any derivative with respect to T as follows: for example P^′(T ) = (∂P (T )/∂T ) and so on, for convenience. Thus from the previous equations one finally gets

s(T ) = P^′(T ) = [1 − α_s(T )] s_{SB} (T ) + 0.3815α^2_s(T )s_{SB} (T ) − 0.3P^′_g(T ), (C3)

since

T P^′_{SB} (T ) = 4P_{SB} (T ) = s_{SB} (T )T = 4 3 ϵ_{SB} (T ) = 1 3 T c_{V (SB)}(T ), (C4)

which are consequences of the relations (A8), while

α^′_s(T ) = −

1.526 T α^2_s(T ), (C5)

so its expansion begins with the α^2_s-order term. In the same way, for the energy density (A1) one finally obtains

ϵ(T ) = [1 − α_s(T )] ϵ_{SB}(T ) + 0.508α^2_s(T )ϵ_{SB} (T ) − 0.3[T P^′_g(T ) − P_g (T )]. (C6)

The expansion in integer powers of a small α_s for the running effective charge α_s(T ) (C2) contains all powers of α_s, starting from the α_s-order term. Its derivative, which is proportional to α^2_s(T ) (C5), also contains all powers of α_s, starting from the α^2_s -order term. This means that starting from the α^2_s -order term, one obtains the double-counting in each order (apart from the α_s-order term) in the expressions for the GP entropy (C3) and energy (C6) densities. The terms containing α^2_s (T ) explicitly violate the AF way approach of the considered thermodynamic quantities to their respective SB limits, which are determined by the first two terms in the expressions (C3) and (C6). Moreover, such kind of terms are present in the gluon pressure P_g (T ) (5.1) as well, namely P^′_{P T} (Δ^2; T ) (which is not a derivative) and P̃_{P T} (T ). Their expansions (4.8) and (4.9) in integer powers of α_s just begin with the α^2_s-order terms. Thus they also will contribute to the double-counting problem, making it even more complicated.

In this connection, it is instructive to analyze the trace anomaly relation (A5) which is the INP quantity and thus has to be free of the PT contributions (”contaminations”) and, at the same time, it has to be calculated with the help of the confining effective charge (3.2) [2, 3, 20]. Combining expressions (C1) and (C6), one obtains

ϵ(T ) − 3P (T ) = 1.524α^2_s(T )P_{SB} (T ) − 0.3[T P^′_g(T ) − 4P_g(T )], (C7)

because of the relations (C4). Thus it is not free of the PT ”contaminations” due to the first term and the terms mentioned above, which are present in the gluon pressure P_g (T ). Moreover, in the presence of the first term in Eq. (C7) it is legitimate to neglect the NP contributions in the limit of high temperatures (see Eq. (7.3)). But then it violates the SB relation (A9) in this limit. Now we are in the position to explicitly formulate the following proposal.

Prescription: ”In all the thermodynamic quantities the terms whose expansions in integer powers of a small α_s begin with the α^2_s- and higher-order terms should be omitted in the whole temperature range”.

This resolves simultaneously at least five problems: 1). The above-mentioned double-counting in integer powers of α_s. 2). It restores the AF way approach of all the thermodynamic quantities to their

SB limits, i.e., they are defined now at the same (first) order of α_s(T ). 3). It automatically makes the trace anomaly relation and all other INP

quantities free of the PT contributions.

4). It is in agreement with lattice calculations of the trace anomaly at high

temperatures.

5). It makes the gluon pressure P_g (T ) a well defined object.

The points 3) and 5) require more detailed explanation. To omit the PT contributions in the right-hand side of Eq. (C7) means to subtract them from its left-hand side, and thus to define the INP quantity mentioned above. So one obtains

[ϵ(T ) − 3P (T )]_{INP} = [ϵ(T ) − 3P (T )] − 1.526α^2_s(T )P_{SB} (T ) + 0.3[T P^′_g(T ) − 4P_g(T )]_{P T}

= −0.3[T P^′_g(T ) − 4P_g(T )], (C8)

where its right-hand side is free of the terms P^′_{P T} (Δ^2; T ) and P̃_{P T} (T ), i.e., they have been included into the 0.3[T P^′_g(T ) − 4P_g (T )]_{P T} term. Evidently, this is equivalent to simply omit all the PT terms in the right-hand side of the initial equation (C7). At the same time, this means that Eq. (5.1) for the gluon pressure becomes

P_g (T ) = P_{NP} (T ) + P_{P T} (Δ^2; T ), (C9)

where each term is known: P_{NP} (T ) has already been exactly calculated (section III and [3, 5]), while P_{P T} (Δ^2; T ) is given by the expansion (4.6), and its first contribution denoted as P^s_{P T} (T ) in Eq. (5.3) has also been already calculated (sections IV, V and [5]). The remanning term P_{P T} (Δ^2; T ) produces the α_s- and higher-order corrections to its corresponding α^0_s = 1 term which is nothing but P_{NP} (T ), more precisely P_{Y M} (T ). In this connection let us note that there cannot be any PT corrections to the bag constant itself B_{Y M} (T ), since its skeleton part (2.6) has been defined from the very beginning by the subtraction of all the types of the PT contributions [2, 3]. In other words, P_{P T} (Δ^2; T ), conventionally denoted as the PT term, is, in fact, the NP contribution, which is only suppressed by integer powers of a small α_s. That is why it should be kept alive (i.e., not subtracted/omitted) in the INP trace anomaly relation (C8). Its expansion (4.6) is convergent, and thus it is uniquely defined, i.e., no ambiguity in our formalism after adopting our proposal/prescription. This means that the full GP pressure (7.39) is also exactly known.

In our previous work [5] we developed the formalism which made it possible to calculate the PT contributions to the EoS in terms of the convergent series in integer powers of a small α_s. In this way we have resolved the longterm problem of a non-analytical dependence on α_s in the initial thermal PT QCD whose expansion turned out to be divergent, though each term up to α^3_s ln α_s-order has been calculated correctly [6, 7, 12, 19, 33]. Resolving this problem, we have encountered the problem of the unnecessary terms P^′_{P T} (Δ^2; T ) and P̃_{P T} (T ) whose convergent expansions (4.8) and (4.9) in integer powers of α_s contribute to the above-discussed double-counting problem. Apparently, this is the price we have to pay for the solution of a non-analytical dependence on the coupling constant in the previous PT expansion of the EoS. However, the prescription formulated above resolves this and many other problems within our approach to QCD at non-zero temperature.

Appendix D: Analytical and numerical evaluation of the latent heat

It is instructive to calculate the auxiliary functions L(T ) and H(T ) starting from their general expressions (6.11) and (6.12). Of course, the final numerical results are consistent with their derived expressions shown in Eq. (B9). From the expression (6.11) it follows that ∂L(T ) ∂T = T_c T^2 n∑ i=1 α_iA_ie^{−αi(Tc /T )}P_{SB} (T ) + n∑ i=1 A_ie^{−αi(Tc/T )} ∂P_{SB} (T ) ∂T − α T_c T^2 e^{−α(Tc/T )}P_g (T ) − e^{−α(Tc/T )} ∂P_g (T ) ∂T , (D1)

and at T = T_c it is

( ∂L(T ) ∂T ) T_c = 1 T_c n∑ i=1 α_iA_ie^{−αi} P_{SB} (T_c) + n∑ i=1 A_ie^{−αi} ( ∂P_{SB} (T ) ∂T ) T_c − α T_c e^{−α}P_g (T_c) − e^{−α} ( ∂P_g(T ) ∂T ) T_c . (D2)

In the same way from the expressions (6.12) and (6.32) it follows that

∂H(T ) ∂T = (1 − α_s(T )) ∂P_{SB} (T ) ∂T + 2.5047 T ( T_c T )_4 P_g (T ) − ϕ_h(T ) ∂P_g(T ) ∂T , (D3)

where as pointed out above we have omitted the term α^′_s(T ) ∼ −α^2_s(T ) due to Eq. (C5), and at T = T_c it is ( ∂H(T ) ∂T ) T_c = 0.64 ( ∂P_{SB} (T ) ∂T ) T_c + 2.5047 T_c P_g (T_c) − ϕ_2(T_c) ( ∂P_g(T ) ∂T ) T_c . (D4)

Taking further into account these relations and the relations (6.4) and (6.14), the latent heat (B4) thus becomes

ϵ_{LH} (T_c) = [ 2.5047 − 1.84 n∑ i=1 α_iA_ie^{−αi} + αe^{−α} ] P_g (T_c), (D5)

and in dimensionless units it is

ϵ_{LH} ≡ ϵ_{LH} (T_c) T^4_c = [ 2.5047 − 1.84 n∑ i=i α_iA_ie^{−αi} + αe^{−α} ] × 0.9538, (D6)

where the number P_g (T_c)/T^4_c has been already substituted. Using further the numbers (6.38), one finally obtains

ϵ_{LH} = 1.414. (D7)

Let us remind that the terms depending on the parameters α_i and A_i in Eq. (D5) are of the NP origin (but not explicitly depending on the mass gap). However, putting the fitting parameters formally zero A_i = 0, the LH, nevertheless, remains finite. Thus it is not a mere consequence of the fit for the pressure, especially knowing that the fit to lattice data has been done for the region far away from T_c (subsection 6.B). Since the fitting procedure is aiming to make the pressure continuous across T_c, the fitting parameters α_i and A_i will necessary contribute to the numerical value of the GP pressure’s derivative at T_c. However, the numerical value for the LH in Eq. (D7) really comes mainly from P_g (T ) and its derivative at T_c, which behave differently below and above T_c (it is clearly seen from the derivations in this appendix, in general, and from Eq. (D5), in particular). Let us remind once more that T_c at which the LH is to be calculated is fixed by P_g (T ) itself. Concluding, we did not use the lattice data for the energy density as well as for all other thermodynamic quantities, only for the pressure.

Appendix E: The β-function for the confining effective charge at non-zero temperature

Let us show explicitly the corresponding β-function for the INP effective charge (2.6). From the renormalization group equation,

q^2 dα^{INP} (q^2; Δ^2) dq^2 = β(α^{INP} (q^2; Δ^2)), (E1)

it simply follows that

FIG. 15: Average deviations Δp(n) as functions of lattice data points p and n = 1, 2, 3.

β(α^{INP} (q^2; Δ^2)) = −α^{INP} (q^2; Δ^2) = −

Δ^2 q^2

. (E2)

Thus, the corresponding β-function as a function of its argument is always in the domain of attraction (i.e., negative). So it has no infrared (IR) stable fixed point indeed as it is required for the confining theory [22]. Let us remind that the confining effective charge (E2), and hence its β-function, is a result of the summation of the skeleton (i.e., NP) loop diagrams, contributing to the full gluon self-energy in the q^2 → 0 regime (the above-mentioned cluster expansion but in powers of the mass gap). This summation has been performed within the corresponding equations of motion [20] (and references therein).

In frequency-momentum space from Eqs. (2.6) and (E2) one gets

β^{INP} (ω^2, ω^2_n) = −α^{INP} (ω^2, ω^2_n) = −

Δ^2 ω^2 + ω^2_n

. (E3)

The confining effective charge with the corresponding β-function (E3) determines the structure of SU(3) GP at low and finite frequencies ω^2 and temperatures ω^2_n (mixed phase) [3, 44] within our approach. In the limit of very high frequencies and temperatures its role is substantially decreased, as expected.

Appendix F: Least Mean Squares method and the definition of the average deviation

The gluon plasma pressure P_{GP} (T ) at high temperatures above T_c, the right-hand-side of Eq. (6.29), depends on the parameters c_0, c and n. For a given n the parameters c_0 and c are determined by using the LMS method [36]. This method makes it possible to calculate the values of the parameters c_0 and c for the last p ≥ 2 number of data points available from lattice results. In this way the temperature region below 3.436657T_c was covered with an approximation curve which best fits to lattice calculations according to the LMS method. Let us note that for the accuracy of this method the number of data points p has to be sufficiently big.

However, the result of the calculations for c_0 and c depends on the number of data points p considered and the value for n, i.e., c_0 = c_0(p, n) and c = c(p, n). In order to choose which value for n is preferable, we have introduced the average deviation Δ_p(n) for the given numbers of points p. For our purpose it is convenient to define this quantity as follows:

Δ_p(n) = 1 p p∑ i=1 1 T^4_i

|5.2634 P_l(T_i) − 3P_{GP} (T_i, n)| . (F1)

Here || denotes the absolute value and T_i is the temperature at the i^{th} data point.

FIG. 16: Restored lattice pressure below 0.9Tc. Above this value it reproduces lattice pressure in [29].

FIG. 17: Restored lattice pressure in the whole temperature interval. Above 0.9Tc it reproduces lattice pressure in [29].

Our results are summarized in Fig. 15 for n = 1, 2, 3. We can conclude that the average deviation is minimal for n = 3 and at a sufficiently large number of lattice data points p = 26. This makes it possible to finally fix c_0 = 1.2815 and c = 2.1164, see Eq. (6.30). For n ≥ 4 the values of the coefficient c do not satisfy the restriction (6.28), i.e., they become bigger than its upper bound 2.1776.

Appendix G: Restoration of the lattice pressure below 0.9Tc

The lattice pressure below T_c calculated in [29] is shown in Fig. 16. It goes down to zero at 0.8T_c, more precisely there are no convincing lattice data points below this value. As we have mentioned in Introduction this is due to big uncertainties in lattice simulations at low temperatures. Our aim here to restore the true lattice pressure below 0.9T_c by reproducing lattice pressure in the region (0.907850 − 0.989528)T_c, where it is considered to be correct. Using the LMS method within our approach we have reproduced very well the lattice pressure above T_c and at T = T_c. Let us remind that there is a very little difference between our value and lattice value at this point, see Eqs. (6.34) and (6.35). On the one hand, this means that we can trust lattice pressure in the above-mentioned region. On the other hand, this means that we can expect that our method to calculate both pressures below T_c will be as good as it was in reproducing the lattice pressure above T ≥ T_c, see Fig. 3. However, within our method and for our purpose we need to know the lattice value for the parameter ϕ_h(1) = ϕ_h(T_c), since it enters the relation (6.14) and Eq. (6.15). Numerically it can be found by adjusting the left-hand-side of Eq. (6.15) to the lattice data [29] with the help of

Eq. (6.19) as follows:

P_l(T_c) T^4_c

× 5.2634 = [2.1776 − ϕ_h(T_c)]

3P_g (T_c) T^4_c

, (G1)

where all numbers are known, apart from ϕ_h(T_c) itself. Substituting lattice data as described above, i.e., using P_l(T_c)/T^4_c = 0.019676, and our value for 3P_g (T_c)/T^4_c = 2.8616, one obtains

ϕ^l_h(1) = ϕ^l_h(T_c) = 2.1415, (G2)

where superscript ”l” shows that this is the lattice value. Comparing this value with the value in (6.31), one concludes that there is a little difference between them (in the second digit after point, indeed).

Substituting this value into the Eq. (6.14), it finally becomes n∑ i=1 A_ie^{−αi} = [0.5435e^{−α} − 0.5238], (G3)

which makes it possible to reduce the number of independent parameters from 2n + 1 to 2n.

The fit to lattice data available from the low temperature interval in [29], namely a = 0.907850 − 0.989528, is to be performed with the help of the following equation (the value a = 1 has been already used in order to derive the relation (G3))

P_l(T ) T^4

× 5.2634 = 5.2634 n∑ i=1 A_ie^{−αi(Tc/T )} + (1 − e^{−α(Tc/T )}) 3P_g (T ) T^4

, (G4)

where T = aT_c and the values of P_l(T )/T^4 have been taken from lattice data [29] as described above, while the values of 3P_g(T )/T^4 have been taken from our data, Fig. 1.

The best fit has been achieved at

α = 0.0001, α_1 = 39.6, α_2 = 3.4, A_1e^{−α1} = 0.0146, A_2e^{−α2} = 0.005. (G5)

This fit is shown in Fig. 16. On the one hand, these values show that the deep penetration of the SB-type terms below T_c is indeed strongly suppressed, as expected. On the other hand, they satisfy the relation (G3) as it should be. These numbers are different from those in the relation (6.38), since they describe different intervals for a, here a = 0.907850 − 0.989528. They satisfy the different relations (6.36) and (G3), and they appear in the different equations (6.37) and (G4). May be the fit can be slightly improved by taking into account more terms in the lefthand-side of the relation (G3). We restrict ourselves to the two terms only, since the values of the lattice pressure below T_c are very small and there are no convincing lattice data points below 0.9T_c. Let us also note that we do not use the LMS method [36] here, since we have encountered some numerical problems with its non-linear realization. However, our fit made by ”hand” is very accurate for the above-mentioned considered interval, see Fig. 16.

We are able now to establish the behavior of the lattice pressure in the temperature interval a ≤ 1 as well (for convenience, in Fig. 16 it is shown up to 0.2T_c only). This should be achieved by the help of the same Eq. (G4), but where all the numbers are already known from the values (G5). Thus there is no doubt that we can reproduce the lattice curve most identically also very close below T_c. Therefore, we can consider the curve below 0.9T_c in Fig. 16 as a true lattice curve in this region. The restored lattice curve in the whole temperature range in shown in Fig. 17.

[1] J.M. Cornwall, R. Jackiw and E. Tomboulis, Phys. Rev. D 10, 2428 (1974).

[2] G.G. Barnaföldi and V. Gogokhia, J. Phys. G: Nucl. Part. Phys. 37, 025003 (2010); arXiv:0708.0163. [3] V. Gogokhia and M. Vasúth, J. Phys. G: Nucl. Part. Phys. 37, 075015 (2010); arXiv:0902.3901. [4] Jaffe A and Witten E, Yang-Mills Existence and Mass Gap,

http://www.claymath.org/prize-problems/, http://www.arthurjaffe.com [5] V. Gogokhia and M. Vasúth, arXiv:1012.4157.

[6] K. Kajantie, M. Laine, K. Rummukainen and Y. Schroder, Phys. Rev. D 67, 105008 (2003). [7] J.I. Kapusta and C. Gale, Finite-Temperature Field Theory (Cambridge University Press, 2006). [8] L. McLerran, J. Phys. G: Nucl. Part. Phys. 35, 104001 (2008). [9] R.M. Weiner, Int. Jour. Mod. Phys. E 15, 37 (2006).

[10] Quark-Gluon Plasma, Contributions from the RBRC Workshop, 14-15, May, 2004, organized by M. Gyulassy, L. McLerran and W. Busza, edited by D. Rischke and G. Levin, Nucl. Phys. A 750, 30 (2005).

[11] E.V. Shuryak, The QCD Vacuum, Hadrons and Super Dence Matter (WS, Singapore, 1988). [12] J.-P. Blaizot and E. Iancu, Phys. Rep. 359, 355 (2002).

[13] Y. Aoki, Z. Fodor, S.D. Katz and K.K. Szabo, J. High Energy Phys. 0601, 089 (2006); hep-lat/0510084. [14] C. Schmidt, Z. Fodor and S.D. Katz, PoS LAT2005 163 (2005); hep-lat/0510087.

[15] F. Karsch, J. Phys. G: Nucl. Part. Phys. 35, 104096 (2008); arXiv:0804.4148, arXiv:0711.0656, arXiv:0711.0661. [16] M. Cheng et al, Phys. Rev. D 77, 014511 (2008); arXiv:0710.0354. [17] R. Gupta et al, PoS LATTICE2008 170 (2008); arXiv:0810.1764. [18] L. Dolan and R. Jakiw, Phys. Rev. D 9, 3320 (1974). [19] A.K. Rebhan, hep-ph/0105183.

[20] V. Gogokhia, Int. J. Theor. Phys. 48, 3449 (2009); arXiv:0907.0082.

[21] M.E. Peskin and D.V. Schroeder, An Introduction to Quantum Field Theory (ABP, Westreview Press, 1995). [22] W. Marciano and H. Pagels, Phys. Rep. C 36, 137 (1978).

[23] I.V. Andreev, Chromodynamics and Hard Processes at High Energies (Moscow, ”NAUKA”, 1981). [24] Ph. Boucaud, J.P. Leroy, J. Micheli, O. Péne and C. Roiesnel, hep-ph/9810437. [25] Particle Data Group, J. Phys. G: Nucl. Part. Phys. 37, 101 (2010). [26] P.N. Meisinger, T.R. Miller and M.C. Ogilvie, Phys. Rev. D 65, 034009 (2002). [27] R.D. Pisarski, Prog. Theor. Phys. Suppl. 168, 276 (2007); hep-ph/0612191. [28] E. Shuryak, Prog. Part. Nucl. Phys. 62, 48 (2009); arXiv:0807.3033. [29] M. Panero, Phys. Rev. Lett. 103, 232001 (2009); arXiv:0907.3719. [30] E. Megías, E.R. Arriola and L.L. Salcedo, Phys. Rev. D 80, 056005 (2009). [31] T.S. Biró and J. Cleymans, Phys. Rev. C 78, 034902 (2008); hep-ph/9710463. [32] G. Boyd, J. Engels, F. Karsch, E. Laermann, C. Legeland, M. Lutgemeier and B. Petersson,

Nucl. Phys. B 469, 419 (1996); hep-lat/9602007.

[33] J. Letessier and J. Rafelski, Phys. Rev. C 67, 031902 (2003); hep-ph/0301099. [34] P. Lévai and U. Heinz, Phys. Rev. C 57, 1879 (1998); hep-ph/9710463. [35] F. Flechsig, A.K. Rebhan and H. Schulz, Phys. Rev. D 52, 2994 (1995).

[36] I.N. Bronshtein, K.A. Semendyayev, G. Musiol and H. Muehlig, Handbook of Mathematics (Springer, 2004). [37] B. Lucini, M. Teper and U. Wenger, J. High Enery Phys. 02, 003 (2005). [38] S. Datta and S. Gupta, Phys. Rev. D 82, 114505 (2010); arXiv:1006.0938. [39] A.S. Kronfeld, arXiv:hep-ph/0209231, Jour. ref.: eConfCO20620:FRBT05, 2002. [40] A.S. Kronfeld, arXiv:1203.1204, to appear in Ann. Rev. Nucl. Part. Science. [41] V. Mathieu, A.K. Kochelev and V. Vento, Int. J. Mod. Phys. E 18, 1 (2009); arXiv:0810.4453. [42] D.H. Rischke, M.I. Gorenstain, A. Schäfer, H. Stöcker and W. Greiner, Phys. Lett. B 278, 19 (1992). [43] J.-P. Blaizot and E. Iancu, Nucl. Phys. B 459, 559 (1995). [44] M. Gyulassy and L. McLerran, Nucl. Phys. A 750, 30 (2005).

[45] T.S. Biró, Is There a Temperature? (Fundamental Theories of Physics 1014, Springer, 2011). [46] M.I. Nagy, T. Csörgő and M. Csanád, Phys. Rev. C 77, 024908 (2008); arXiv:0709.3677. [47] P. Arnold, G.D. Moore and L.G. Yaffe, JHEP 0011:001, 2000: hep-ph/0010177. [48] P. Arnold, G.D. Moore and L.G. Yaffe, JHEP 0305:051, 2003: hep-ph/0302165. [49] A. Jakovac, arXiv:0911.3248v2 [hep-th].

[50] C. Bernard et al, Journal of Physics: Conference Series 69 (2007) 012029. [51] S. Borsanyi et al, J. Phys. G: Nucl. Part. Phys. 38 (2011) 124101. [52] P. Huovinen and P. Petreczky, J. Phys. G: Nucl. Part. Phys. 38 (2011) 124103.

[53] H. Leutwyler, Proceedings of the Conference QCD−20 Y EARS LAT ER, ed. by P M Zerwas and H A Kastrup (Singapore:

World Scientific, 1993) p. 693.

[54] L.P. Csernai, Introduction to Relaticistic Heavy Ion Collisions (J. Wiley and Sons, 1994).