arXiv:1009.0107v4 [hep-th] 31 Jan 2012

YITP-10-75

No-Ghost Theorem for Neveu-Schwarz String in 0-Picture

Maiko Kohriki,^{∗)} Hiroshi Kunitomo^{∗∗)} and Masaki Murata^{∗∗∗)}

Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

Abstract

The no-ghost theorem for Neveu-Schwarz string is directly proved in 0-picture. The one-to-one correspondence between physical states in 0-picture and in the conventional (−1)-picture is confirmed. It is shown that a nontrivial metric consistent with the BRST cohomology is needed to define a positive semidefinite norm in the physical Hilbert space. As a by-product, we find a new inverse picture-changing operator, which is noncovariant but has a nonsingular operator product with itself. A possibility to construct a new gauge-invariant superstring field theory is discussed.

 ∗) E-mail: kohriki@yukawa.kyoto-u.ac.jp
 ∗∗) E-mail: kunitomo@yukawa.kyoto-u.ac.jp

∗∗∗) E-mail: masaki@yukawa.kyoto-u.ac.jp

§1. Introduction

String field theory^{1), 2), 3)} (SFT) is one of the promising candidates to provide a nonperturbative definition of string theory. For the bosonic cubic SFT,^{1)} in fact, an analytic solution describing tachyon condensation was found^{4)} and used to prove^{5)} Sen’s conjecture.^{6)} Successively, many other analytic solutions were also found and used to study nonperturbative phenomena in string theory.^{7)}–^{16)}

On the other hand, superstring field theory (SSFT) is not well understood so far. The original cubic superstring field theory^{17)} based on the Neveu-Schwarz-Ramond (NSR) formulation has the divergent contact term problem.^{18)} This problem is caused by colliding picture-changing operators inserted at the interaction point and breaks the gauge invariance. Then, in order to avoid this problem, a modified formulation based on the Neveu-Schwarz (NS) string field in 0-picture was proposed.^{19), 20)∗)} Several of techniques of solving the classical equation of motion developed in the bosonic cubic SFT can also be applicable to this modified cubic SSFT. Actually, a number of analytic solutions have been obtained.^{26)}–^{31)} However, the gauge-fixing procedure of the modified cubic SSFT is not so clear owing to the kernel of the picture-changing operator inserted in the kinetic term of the NS string field. In addition, it has recently been pointed out that there is another difficulty in the modified cubic SSFT.^{32)} We eventually encounter the same divergence as the contact term problem by repeating the gauge transformation with a Ramond gauge parameter. Hence, the finite gauge transformation cannot be defined. This divergence is inevitable as long as the conventional picture-changing operator is used.

Here, we focus on the first difficulty. One of the reasons for this difficulty is that the physical states of the 0-picture NS string are not properly clarified yet. They are known only indirectly through the relation with those in the conventional (−1)-picture. In this paper, we therefore study the structure of the physical Hilbert space of NS string and prove the noghost theorem directly in 0-picture. As its by-product, we find a new inverse picture-changing operator, which is noncovariant but has a finite operator product with itself. We propose a new SSFT using this new operator as a possible solution to the second difficulty. The gauge transformation in the new formulation can be integrated to the finite gauge transformation without any obstruction.

The modern BRST quantization of the bosonic string theory was first performed by Kato and Ogawa.^{33)} They proved that the physical Hilbert space is isomorphic to the conventional

∗) There is another candidate of SSFT, which is free from the contact term problem.^{21)} In this formulation, the picture-changing operator is absent but the gauge-invariant action is nonpolynomial. Some analytic solutions for marginal deformations in this SSFT were also found.^{22)}–^{25)}

one spanned by DDF states^{34)} and, hence, has a positive semidefinite norm. This norm of string states is, however, a little nontrivial owing to the ghost zero-modes. While we concentrate on the NS string in this paper, a similar no-ghost theorem was also proved for the NSR superstring.^{35), 36)} In these papers, string states are constructed on the oscillator ground state annihilated by negative frequency modes as usual. The no-ghost theorem can be proved in a completely parallel way to the case of the bosonic string.^{33)} However, it is known that this ground state is not unique but there are infinitely many ground states labeled by an integer, so-called picture number. They provide inequivalent representations of the canonical commutation relation for the superconformal ghosts.^{37)} The conventional ground state is the one in (−1)-picture, called natural picture in this paper. The modified cubic SSFT is constructed using this degree of freedom. The NS string field is defined using the Fock space in 0-picture. By construction, it is guaranteed that the correct on-shell physical amplitudes are reproduced because they are independent of the picture chosen to be computed. However, the total Hilbert space in 0-picture, that is, the space of the off-shell string field, seems to be quite different from the one in natural picture. It is, therefore, worthwhile to prove the no-ghost theorem directly in 0-picture. We expect that it sheds light on the gauge-fixing problem of the modified cubic SSFT.

This paper is organized as follows. In §2, the physical state conditions of the NS string are studied directly in 0-picture. We construct the physical states in a similar way to the bosonic string^{33)} and show that there is a one-to-one correspondence between 0-picture physical states and conventional ones in natural picture. The no-ghost theorem is proved in §3. A natural norm of 0-picture states is induced from an inner product defined by introducing a metric consistent with the BRST cohomology. Then, we prove that the physical states have positive semidefinite norms. A discussion is given in §4. We find a new inverse picture-changing operator and propose a new consistent SSFT. This new formulation with the new picturechanging operator is unfortunately noncovariant but still has gauge invariance. In addition, the new gauge transformation can be integrated to the finite transformation without any obstruction. The oscillator conventions are summarized in Appendix A. Appendix B is devoted to discussing the oscillator ground state and its inner product in general picture.

§2. Physical states in 0-picture

In this section, we investigate the NS string in 0-picture. After describing Fock states, the physical state condition is examined in detail. The physical states can be constructed by a similar method to that used for the bosonic string.^{33)} We explicitly give the well known map between the physical states between 0- and (−1)-pictures.

2.1. Physical state condition in 0-picture

Let us first separately consider the representations of ghost zero-modes (b_0, c_0) and the other oscillators. For the ghost zero-modes, we take a two-dimensional representation (|↓⟩ , |↑⟩) defined by^{33)} b_0 |↓⟩ = 0, b_0 |↑⟩ = |↓⟩ , (2.1a) c_0 |↓⟩ = |↑⟩ , c_0 |↑⟩ = 0 . (2.1b) The ground state of the NS string is, therefore, doubly degenerated. For the other oscillators, the ground state |0⟩_0 in 0-picture is defined by α^μ_n |0⟩_0 = b_n |0⟩_0 = c_n |0⟩_0 = 0 for n > 0 , ψ^μ_r |0⟩_0 = 0 for r > 0 , β_r |0⟩_0 = 0 for r ≥ −^1_2 , γ_r |0⟩_0 = 0 for r ≥^3_2 . (2.2) Combining with the momentum eigenstate, p^μ |k⟩ = k^μ |k⟩, it is useful to define |0, k⟩_0 = |0⟩_0 ⊗ |k⟩ . (2.3) Here, it should be noted that canonical conjugate modes β_− 1_2 and γ 1_2 exchange their role in this picture. The positive mode γ 1_2 does not annihilate the ground state |0⟩_0 but the negative mode β_− 1_2 does. The NS string state is in total written in the form of the direct product |ϕ⟩_0 = |ϕ̃⟩ ⊗ {|↓⟩ or |↑⟩} , (2.4) where |ϕ̃⟩ denotes a state in the Fock space F constructed on |0, k⟩_0.

The physical state condition of the NS string^{35), 36)} is then given by b_0 |phys⟩_0 = 0 , (2.5a) Q_B |phys⟩_0 = 0 , (2.5b) with the BRST charge Q_B = c_0L + b_0M + √ 2α^′ ~Q_B , (2.6a) where L = L^{(m)}_0 + ∑ n≠0 n : b_{−n}c_n : + ∑ r r : β_{−r}γ_r : −1 , (2.6b) M = − ∑ n≠0 nc_{−n}c_n − ∑ r γ_{−r}γ_r , (2.6c)

√ 2α^′ ~Q_B = ∑ n≠0 c_{−n}L^{(m)}_n + ∑ r γ_{−r}G^{(m)}_r + ∑ n,m≠0 n+m≠0 1 2 (n − m)b_{−n−m}c_nc_m

+ ∑ n≠0 ∑ r ( 1 2 (2r − n)β_{−n−r}c_nγ_r − b_{−n}γ_{n−r}γ_r ) , (2.6d)

with

L^{(m)}_n = 1 2 ∑ m : α^μ_{n−m}α_{μm} : + ∑ r 1 4 (2r − n) : ψ^μ_{n−r}ψ_{μr} : , (2.6e)

G^{(m)}_r = ∑ n ψ^μ_{r−n}α_{μn} . (2.6f) The normal ordering : : is taken with respect to the 0-picture ground state (2.2). The first condition (2.5a), corresponding to the Siegel gauge condition in the context of SSFT, imposes |phys⟩_0 = |ϕ̃⟩ ⊗ |↓⟩. The second condition (2.5b) on this state becomes

L|ϕ̃⟩ = 0 , (2.7a) ~Q_B |ϕ̃⟩ = 0 . (2.7b)

In what follows, we first define the subspace V_L satisfying the on-shell condition (2.7a). Then, general physical states are constructed by solving the condition (2.7b) within this subspace.

2.2. Construction of physical states

In the beginning, the ground state |0, k⟩_0 satisfies (2.7a) if the tachyonic on-shell condition α^′k^μk_μ = 1 holds. We introduce the light-cone coordinates u_± =^{1√}_2 (±u_0 + u_9) and choose a Lorentz frame in which the transverse momentum k_i (i = 1, · · · , 8) is equal to zero. In this frame, the on-shell momentum for the ground state can be written as

k^μ = k^μ_0 ≡ ( k^+ , k^− = 1 2α^′k^+

, k_i = 0 ) , (2.8)

where k^+ ≠ 0 is assumed. The subspace V_L is constructed on this on-shell ground state |0, k_0⟩_0 as the Fock space spanned by the rescaled oscillators φ̂_{−q} = e^{−i q2α′p+ x+} φ_{−q} , (2.9) where φ_{−q} denotes oscillators α^μ_{−n}, b_{−n}, c_{−n}, ψ^μ_{−r}, β_{−r} or γ_{−r}. These new oscillators commute with L and, hence, the states created by them on |0, k_0⟩_0 automatically satisfy (2.7a).

Let us next examine the second condition (2.7b). Following the conventional method,^{33), 35), 36)} we take another rescaling α^′ → α^′ ℏ^2

, p^− → ℏ^2p^− , x^+ → x^+ ℏ^2

, (2.10) introducing a formal expansion parameter ℏ. As a consequence of this rescaling, ~Q_B is separated into three pieces by the order of ℏ as

~Q_B (ℏ) = A + ℏB + ℏ^2C , (2.11a) A = ∑ n≠0 p^+c_{−n}α^−_n + ∑ r p^+γ_{−r}ψ^−_r , (2.11b)

B = 1 2 √ 2α^′ ( ∑ n,m≠0 m≠n ( c_{−n}α^μ_{n−m}α_{μm} + (n − m)b_{n−m}c_nc_m )

+ ∑ n≠0 r (1 2 (2r − n)c_{−n}ψ^μ_{n−r}ψ_{μr} + (2r + n)c_{−n}β_{n−r}γ_r

+ 2γ_rα^μ_{−n}ψ_{μn−r} − 2b_{−n}γ_{n−r}γ_r ) ) , (2.11c) C = ∑ n≠0 p^−c_{−n}α^+_n + ∑ r p^−γ_{−r}ψ^+_r . (2.11d)

Here, the symbol ^ on the oscillators is omitted because ~Q_B is invariant under the oscillator rescaling (2.9). If we assume that the state ~|ϕ⟩ can also be expanded as |ϕ̃(ℏ)⟩ = ∑_∞ n=0 ℏ^n ~|ϕ⟩^{(n)} and the condition ~Q_B (ℏ)|ϕ̃(ℏ)⟩ = 0 (2.12)

holds order by order in ℏ, equations

A ~|ϕ⟩^{(n)} + B ~|ϕ⟩^{(n−1)} + C ~|ϕ⟩^{(n−2)} = 0 , for n ≥ 0 , (2.13)

are obtained with the understanding that ~|ϕ⟩^{(n)} ≡ 0 for n < 0. The physical states can be obtained by solving Eq. (2.13) iteratively.

Let us begin with finding the physical tachyon state. In the lowest order, Eq. (2.13) is simply A ~|ϕ⟩^{(0)} = 0 . (2.14)

The on-shell ground state |0, k_0⟩_0 does not satisfy this condition because it is not annihilated by γ 1_2 in 0-picture:

A |0, k_0⟩_0 = k^+γ 1_2 ψ^−_{12} |0, k_0⟩_0 ≠ 0 . (2.15)

The physical tachyon state is in the first excited level and given in this order by

|tach⟩^{(0)}_0 = ψ̂^−_{12} |0, k_0⟩_0 . (2.16)

Equation (2.13) can then be solved in turn. The physical tachyon state, with rescaling (2.10), is finally obtained as

|tach(ℏ)⟩_0 = ( ψ̂^−_{12} − ℏ√ 2α^′k^+ b̂_{−1}γ̂_{12} + ℏ^2

4α^′(k^+)^2 ψ̂^+_{− 12} ) |0, k_0⟩_0 , = ( ψ^−_{12} − ℏ √ 2α^′k^+ b_{−1}γ 1_2 + ℏ^2 4α^′(k^+)^2 ψ^+_{− 12} ) |0, k_1⟩_0 , (2.17)

where the momentum k_1 is given by

k^μ_1 = ( k^+, 1 4α^′k^+ , 0, · · · , 0 ) , (2.18)

and satisfies the correct on-shell condition for the physical tachyon, α^′k^μ_1 k_{1μ} = 1/2.

In the lowest order, we can easily see that general physical states can be constructed on |tach⟩^{(0)}_0 as a^{i1†}_{n1} a^{i2†}_{n2} · · · ψ^{j1†}_{r1} ψ^{j2†}_{r2} · · · |tach⟩^{(0)}_0 , (2.19)

because the transverse oscillators commute with A. We introduce here the creation operators a^{i†}_n = α̂^i_{−n} √ n , (n > 0) (2.20a)

ψ^{i†}_r = ψ̂^i_{−r} , (r > 0) (2.20b)

for convenience. As in the case of the tachyon, we can iteratively solve Eq. (2.13) in principle. In fact, however, it is unnecessary because the problem is the same as the one in natural picture if we take the complete tachyon state |tach(ℏ)⟩_0 as the oscillator ground state^{∗)} without expanding in ℏ. The solutions can be immediately written as

A^{i1†}_{n1} (ℏ)A^{i2†}_{n2} (ℏ) · · · B^{j1†}_{r1} (ℏ)B^{j2†}_{r2} (ℏ) · · · |tach(ℏ)⟩_0 , (2.21)

with the well known DDF operators^{38), 39), 40)}

A^{i†}_n (ℏ) = 1 √ n ∮ dz 2πi z^{−n} ( i∂X^i − nℏ √ 2α^′p^+ ψ^+ψ^i ) e^{−i nℏ√2α′p+ X+(z)} , (n > 0) (2.22a) B^{i†}_r (ℏ) = 1 √ α^+_0 ∮ dz 2πi z^{−r} ( ψ^i(i∂X^+)^{12} − ψ^+i∂X^i (i∂X^+)^12 + 1 2 ψ^iψ^+∂ψ^+ (i∂X^+)^32 ) e^{−i rℏ√2α′p+ X+(z)} , (r > 0) (2.22b)

∗) We will see in §3 that the tachyon state should be reinterpreted as the ground state also from the study of the quartet structure.

rescaled by (2.10).^{∗)} One can easily see that the states (2.21) are really desired physical states by noting that the DDF operators (2.22) are (anti-) commutative with ~Q_B (ℏ)

[Q̃_B (ℏ), A^{†i}_n (ℏ)] = {Q̃_B (ℏ), B^{†i}_r (ℏ)} = 0, (2.23)

and satisfy the initial condition A^{i†}_n (0) = a^{i†}_n and B^{i†}_r (0) = ψ^{i†}_r . It is also noted here that the DDF operators satisfy canonical (anti-)commutation relations, [ A^i_n(ℏ) , A^{j†}_m(ℏ) ] = { B^i_r(ℏ) , B^{j†}_s (ℏ) } = δ_{i,j}δ_{n,m} . (2.24) Because the physical states (2.21) appear similar to the conventional ones in natural picture, one may consider the relation between them. As a matter of fact, they must be identical because the physical spectrum is independent of the picture. We can answer this question with the help of the well known picture-changing operator^{∗∗)} X(z) = {Q_B , Θ(β(z))} = G(z)δ(β(z)) − ∂bδ^′(β(z)), (2.25) where G(z) = G^{(m)}(z) + c(z)∂β(z) + 3 2 ∂c(z)β(z) − 2γ(z)b(z). (2.26) Using X(z), rescaled by (2.10), one can show that √ 2α^′k^+ |tach(ℏ)⟩_0 = (√ 2α^′p^+ψ̂^−_{12} − ℏb̂_{−1}γ̂ 1_2 + ℏ^2 √ 2α^′p^−ψ̂^+_{− 12} ) δ(β̂_− 1_2 ) |0, k_1⟩_{−1}

= ℏX(0) |0, k_1⟩_{−1} , (2.27)

where |0, k_1⟩_{−1} = δ(γ 1_2 ) |0, k_0⟩_0 is the physical tachyon in (−1)-picture. Considering the fact that X(z) commutes with the DDF operators, this gives the well known map between the physical states in 0- and (−1)-pictures.^{37)} In order to prove the no-ghost theorem, however, we must also demonstrate that all the physical states have the form of (2.21), which is far from trivial.

§3. No-ghost theorem

3.1. Definition of a norm for 0-picture states

Let us first define an inner product in a manner consistent with the physical state condition (2.7). As explained in Appendix B in detail, a nontrivial metric G is needed to define

∗) Here, the fractional power of i∂X^+ is defined by expansion around the zero mode α^+_0 = √ 2α^′p^+/ℏ by assuming p^+ ≠ 0.

∗∗) A precise definition of this delta function is discussed in Appendix B.

a consistent inner product with the BRST cohomology. The inner product between two 0-picture states |α⟩_0 and |β⟩_0 is defined using the nontrivial metric G by_0⟨α| G |β⟩_0, which naturally induces a norm of |α⟩_0 as ‖ ‖ ‖ |α⟩_0 ‖ ‖ ‖ =_0⟨α| G |α⟩_0 . (3.1)

The first task is therefore to find such a metric that satisfies the conditions

[L , G] = 0 , (3.2a) [ ~Q_B , G] = 0 , (3.2b) [A^{i†}_n , G] = 0 , [B^{i†}_r , G] = 0 , (3.2c) 0⟨tach| G |tach⟩_0 ≩ 0 . (3.2d)

The first two, (3.2a) and (3.2b), are required for the consistency with the physical state condition (2.7). In particular, the condition (3.2b) guarantees that ~Q_B -exact states have zero norm and are orthogonal to any physical state. The last two, (3.2c) and (3.2d), ensure that the physical states (2.21) have positive semidefinite norms.

Similar to the analysis of the physical states in the previous section, we assume that the metric G can also be expanded in ℏ as G(ℏ) = ∑_∞ n=0 ℏ^nG^{(n)} . Consequently, the conditions (3.2) are also expanded in ℏ and must hold in each order of ℏ. In particular, from the second condition (3.2b), we obtain

[A , G^{(n)}] + [B , G^{(n−1)}] + [C , G^{(n−2)}] = 0, for n ≥ 0 , (3.3)

with the understanding that G^{(n)} ≡ 0 for n < 0. This equation becomes simply

[A , G^{(0)}] = 0 , (3.4)

for n = 0 and is satisfied by

G^{(0)} = ψ^+_{− 12} δ(γ_− 1_2 )δ(γ 1_2 )ψ^+_{12} . (3.5)

This is the most natural choice also satisfying (3.2a) and (3.2d) at the lowest order. Note here that this metric has a nontrivial kernel and therefore is degenerate. This degeneracy does not produce any difficulties but is necessary for consistency as explained later. Starting with this lowest-order solution (3.5), we can solve Eq. (3.3) one after another. The result is eventually written in a closed form as

G(ℏ) = Ψ^+_{− 12} (ℏ) δ ( Γ_− 1_2 (ℏ) ) δ ( Γ 1_2 (ℏ) ) Ψ^+_{12} (ℏ) , (3.6a) with

Ψ^+_{12} (ℏ) = ( Ψ^+_{− 12} (ℏ) )_†

= 1 ( α^+_0

) 1_2 ∮ dz 2πi z^{12} ψ^+(z) ( i∂X^+(z) ) 1_2

, (3.6b)

Γ 1_2 (ℏ) = ( Γ_− 1_2 (ℏ) )_†

= 1 ( α^+_0

) 3_2 ∮ dz 2πi z^{12} ( γ(z) ( i∂X^+(z) ) 3_2 − 1 2 γ(z)ψ^+∂ψ^+(z) ( i∂X^+(z) )_− 1_2

− 1 2z c(z)ψ^+(z) ( i∂X^+(z) ) 1_2 )

, (3.6c)

where X^+(z) is rescaled using (2.10). We note that the term including c_0 in Γ 1_2 (ℏ) is proportional to Ψ^+_{12} (ℏ) and, hence, does not appear in the metric (3.6a).

3.2. No-ghost theorem for 0-picture NS string

Now, we are ready to prove the no-ghost theorem for the 0-picture NS string. The following proposition is first proved as the basis of mathematical induction.

Proposition 1. Any state |ϕ⟩_0 ∈ V_L satisfying A |ϕ⟩_0 = 0 can be written as

|ϕ⟩_0 = P^{(0)} |ϕ⟩_0 + A |ρ⟩_0 , (3.7)

where P^{(0)} is the projection operator onto the subspace generated by the transverse modes

P^{(0)} = ∑ {k},{l} ∏ n,i 1 k^i_n! (a^{i†}_n )^{kin} −→∏ m,j (ψ^{j†}_r )^{ljm} |tach⟩^{(0)}_0^{(0)}_0⟨tach| G^{(0)} ←−∏ m,j (ψ^j_r)^{ljm} ∏ n,i 1 k^i_n!

(a^i_n)^{kin} , (3.8)

where the arrow above the symbol ∏ indicates the ordering of product.

The proof is almost the same as the standard one^{33), 35), 36)} but some important modification is needed. We, therefore, give a proof in some detail with careful attention to the differences.

Proof. As already mentioned, β̂_− 1_2 and γ̂ 1_2 exchange their role in 0-picture. In order to make it consistent with the quartet structure shown below, the roles of ψ̂^−_{12} and ψ̂^+_{12} must also be exchanged. As well known in the hole theory, such an exchange occurs for the fermionic oscillator if the level is occupied. For the case considered here, it is accomplished by interpreting the tachyon state

|tach⟩^{(0)}_0 = ψ̂^−_{12} |0, k_0⟩_0 , (3.9) as the Fock vacuum annihilated by ψ̂^−_{12} . The operator ψ̂^+_{12} creates a hole on this vacuum.^{∗)} In view of this, we define annihilation operators

φ_n = − i √ np^+ α̂^+_n , η_n = √ nĉ_n , (n > 0) (3.10a)

η̄_n = 1 √ n b̂_n , φ̃_n = p^+√ n α̂^−_n , (n > 0) (3.10b)

χ_r = 1 p^+ ψ̂^+_r , ω_r = γ̂_r , (r ≥^3_2 ) (3.10c)

ω̄_r = iβ̂_r , χ̃_r = p^+ψ̂^−_r , (r ≥ −^1_2 ) (3.10d)

and creation operators

φ^†_n = i √ np^+ α̂^+_{−n} , η^†_n = √ nĉ_{−n} , (n > 0) (3.11a)

η̄^†_n = 1 √ n b̂_{−n} , φ̃^†_n = p^+√ n α̂^−_n , (n > 0) (3.11b)

χ^†_r = 1 p^+ ψ̂^+_{−r} , ω^†_r = γ̂_{−r} , (r ≥ −^1_2 ) (3.11c)

ω̄^†_r = iβ̂_{−r} , χ̃^†_r = p^+ψ̂^−_r . (r ≥^3_2 ) (3.11d)

Their (anti-) commutation relations with A and themselves can be computed as

[A, φ_n] = iη_n , {A, η_n} = 0 , (3.12a) {A, η̄_n} = φ̃_n , [A, φ̃_n] = 0 , (3.12b) {A, χ_r} = ω_r , [A, ω_r] = 0 , (3.12c) [A, ω̄_r] = iχ̃_r , {A, χ̃_r} = 0 , (3.12d) and

[ϕ_i, ϕ^†_j} = φ^†_m φ̃^†_m η^†_m η̄^†_m χ^†_s χ̃^†_s ω^†_s ω̄^†_s φ_n φ̃_n η_n η̄_n χ_r χ̃_r ω_r ω̄_r

0 −iδ_{n,m} iδ_{n,m} 0 0 δ_{n,m} δ_{n,m} 0 0 δ_{r,s} δ_{r,s} 0 0 iδ_{r,s} −iδ_{r,s} 0

,

(3.12e)

∗) This hole has negative energy but causes no difficulty because it is decoupled from the physical states as a quartet.

respectively. These relations (3.12) show that the nontransverse modes form two quartets (φ_n, φ̃_n, η_n, η̄_n) and (χ_n, χ̃_n, ω_n, ω̄_n). Here, we must note that there is an asymmetry in the latter quartet. That is, annihilation operators (χ_± 1_2 , ω_± 1_2 ) and creation operators (ω̄^†_{± 12} , χ̃^†_{± 12} ) are missing. This is apparently inconsistent with the hermite conjugate relation (A.3). The states created by (χ^†_{± 12} , ω^†_{± 12} ), however, are in the kernel of the metric G^{(0)} and, hence, orthogonal to all the states in the Fock space. The remaining operators with r ≥ 3/2 are proper quartets including the inner product structure. The projection operator P^{(n)} onto the n quartet mode can be defined as

P^{(n)} = 1 n ( ∑ k ( iφ̃^†_kP^{(n−1)}φ_k − iφ^†_kP^{(n−1)}φ̃_k + η̄^†_kP^{(n−1)}η_k + η^†_kP^{(n−1)}η̄_k )

+ ∑ s ( χ̃^†_sP^{(n−1)}χ_s + χ^†_sP^{(n−1)}χ̃_s − iω̄^†_sP^{(n−1)}ω_s + iω^†_sP^{(n−1)}ω̄_s ) ) , ={A, R^{(n)}} , (n ≥ 1) (3.13a)

R^{(n)} = 1 n ( ∑ k ( iη̄^†_kP^{(n−1)}φ_k − iφ^†_kP^{(n−1)}η̄_k ) − ∑ s ( iω̄^†_sP^{(n−1)}χ_s − iχ^†_sP^{(n−1)}ω̄_s ) ) . (3.13b)

Using these projection operators, we can deduce that the general solution to A |ϕ⟩_0 = 0 can be written as

|ϕ⟩_0 = ∞∑ n=0 P^{(n)} |ϕ⟩_0 ,

= P^{(0)} |ϕ⟩_0 + ∞∑ n=1 {A, R^{(n)}} |ϕ⟩_0 , = P^{(0)} |ϕ⟩_0 + A |ρ⟩_0 , (3.14)

where |ρ⟩_0 = ∑_∞ n=1 R^{(n)} |ϕ⟩_0.

We can prove the following second proposition by extending this result to all orders in ℏ. Proposition 2. Any state |ϕ(ℏ)⟩_0 ∈ V_L satisfying ~Q_B (ℏ) |ϕ(ℏ)⟩_0 = 0 can be written as

|ϕ(ℏ)⟩_0 = P (ℏ) |ϕ(ℏ)⟩_0 + ~Q_B (ℏ) |ρ(ℏ)⟩_0 ∃ |ρ(ℏ)⟩_0 ∈ V_L , (3.15)

where P (ℏ) is the projection operator onto the subspace generated by the DDF operators A^i_n(ℏ) and B^i_r(ℏ),

P (ℏ) = ∑ {k},{l} ∏ n,i 1 k^i_n! (A^{i†}_n (ℏ))^{kin} −→∏ m,j (B^{j†}_r (ℏ))^{ljm} |tach(ℏ)⟩_0

×_0⟨tach(ℏ)| G(ℏ) ←−∏ m,j (B^j_r (ℏ))^{ljm} ∏ n,i 1 k^i_n!

(A^i_n(ℏ))^{kin} . (3.16)

Proof. The proof given in the case of the bosonic string^{33)} still remains valid, because all the equations obtained by expanding in ℏ are identical.

Using the Proposition 2, the no-ghost theorem can be easily proved. That is, putting ℏ = 1 in (3.15), we can see that any physical state has a positive semidefinite norm: ‖ |ϕ⟩_0 ‖ =_0⟨ϕ| G |ϕ⟩_0 =_0⟨ϕ| P^†GP |ϕ⟩_0 , =_0⟨ϕ| P^†G |ϕ⟩_0 =_0⟨ϕ| GP |ϕ⟩_0 ≥ 0 , (3.17)

using the (anti-)commutation relation (2.24) and the fact that the metric G(ℏ) commutes with DDF operators (2.22). Hence, we conclude that the physical subspace of the 0-picture NS string defined by (2.7) is free from ghost states.

§4. Discussion

In this paper, we constructed a nontrivial metric to define a consistent inner product with the BRST cohomology in 0-picture. Inspired by this metric, we find a new BRST invariant inverse picture-changing operator

Y_{nc}(z) = ψ^+(z) i∂X^+(z) δ (Γ ( z)) , (4.1a)

with Γ (z) = γ(z) + c ∂ψ^+ i∂X^+ (z) . (4.1b) This Y_{nc}(z) is a conformal primary operator and an inverse of X(z) in the sense of

lim_{z→w} Y_{nc}(z)X(w) = 1 . (4.2)

This new picture-changing operator is unfortunately Lorentz noncovariant but has an important advantage. That is, it has a finite operator product with itself:

lim_{z→w} Y_{nc}(z)Y_{nc}(w) =

∂ψ^+ψ^+ (i∂X^+)^2 δ(∂Γ )δ(Γ )(w) ≡ (Y_{nc})^2(w) . (4.3)

We can similarly obtain

(Y_{nc})^n(z) =

∂^{n−1}ψ^+ · · · ∂ψ^+ψ^+ (i∂X^+)^n δ(∂^{n−1}Γ ) · · · δ(∂Γ )δ(Γ )(z) . (4.4) This yields a possibility to construct a new SSFT described by the action S = 1 2 ∫ Y^2_{nc}A ∗ Q_B A + 1 3 ∫ Y^2_{nc}A ∗ A ∗ A + 1 2 ∫ Y^3_{nc}Ψ ∗ Q_B Ψ + ∫ Y^3_{nc}A ∗ Ψ ∗ Ψ , (4.5) where A and Ψ are 0-picture NS and^1_2 -picture Ramond string fields, respectively. The operator Y^n_{nc} is inserted at the midpoint. This action is invariant under the gauge transformation δA =Q_B λ + A ∗ λ − λ ∗ A + Y_{nc}(Ψ ∗ ϵ − ϵ ∗ Ψ), δΨ =Q_B ϵ + Ψ ∗ λ − λ ∗ Ψ + A ∗ ϵ − ϵ ∗ A, (4.6)

where λ and ϵ are 0-picture NS and^1_2 -picture Ramond gauge transformation parameters, respectively. Owing to the nonsingular operator product (4.3), this infinitesimal transformation can be integrated to the finite gauge transformation.

While this new SSFT is not manifestly Lorentz covariant, the noncovariance is expected to disappear in the physical quantities, which should be independent of the choice of the picture-changing operator. We hope that this new formulation gives a solution to the second difficulty^{32)} mentioned in §1. This new SSFT is now under investigation.^{41)}

Acknowledgements

The authors would like to thank Taichiro Kugo for useful discussions. This work was supported in part by the Grant-in-Aid for the Global COE program “The Next Generation of Physics, Spun from Universality and Emergence” from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan. The work of HK was supported in part by the Grant-in-Aid for Scientific Research No. 19540284 from MEXT of Japan. The works of MK (No. 21-2291) and MM (No. 21-173) were supported by Grants-in-Aid for Japan Society for the Promotion of Science (JSPS) Fellows.

Appendix A Oscillator Conventions

In this paper, we use oscillator conventions

X^μ(z, z̄) = X^μ(z) + X^μ(z̄),

X^μ(z) = 1 √ 2α^′ x^μ − i √ 2α^′p^μ log z + i ∑ n≠0 α^μ_n n z^{−n}, (A.1a)

ψ^μ(z) = ∑ r ψ^μ_r z^{−r− 12} , (A.1b) b(z) = ∑ n b_nz^{−n−2}, c(z) = ∑ n c_nz^{−n+1}, (A.1c) β(z) = ∑ r β_rz^{−r− 32} , γ(z) = ∑ r γ_rz^{−r+ 12} , (A.1d) where n ∈ Z and r ∈ Z +^1_2 . We also define a zero-mode α^μ_0 = √ 2α^′p^μ. The (anti-) commutation relations of these operators are

[x^μ, p^ν] = iη^{μν} , (A.2a) [α^μ_m, α^ν_n] = mη^{μν} δ_{n+m,0}, {ψ^μ_r , ψ^ν_s } = η^{μν} δ_{r+s,0}, (A.2b) {b_m, c_n} = δ_{n+m,0}, [γ_r, β_s] = δ_{r+s,0}, (A.2c)

with the space-time metric η^{μν} = diag(−1, +1, · · · , +1). These oscillators satisfy the hermiticity relations

(x^μ)^† = x^μ , (p^μ)^† = p^μ , (α^μ_n)^† = α^μ_{−n} , (b_n)^† = b_{−n} , (c_n)^† = c_{−n} , (ψ^μ_r )^† = ψ^μ_{−r} , (β_r)^† = −β_{−r} , (γ_r)^† = γ_{−r} . (A.3)

Appendix B General Picture and Its Inner Product

In this appendix, we consider the ground state of half-integer oscillator modes in general l-picture defined by β_r |l⟩ = 0 , for r ≥ −l − 1 2 , γ_r |l⟩ = 0 , for r ≥ l + 3 2 , (B.1)

with l ∈ Z. Note that these ground states are not the lowest-energy states except in natural picture because a number of oscillators create negative energy excitations. The ground state of the nonzero modes, introduced in (2.2) for l = 0, is the direct product of this |l⟩ and the ground state |0⟩ of integer oscillator modes defined by

α^μ_n |0⟩ = b_n |0⟩ = c_n |0⟩ = 0 for n > 0 , (B.2)

as |0⟩_l = |0⟩ ⊗ |l⟩. Except in (−1)-picture, these ground states do not have a nonzero norm without a nontrivial metric owing to the picture number anomaly.

A natural inner product is defined between the ground states in l- and (−l − 2)-pictures: ⟨−l − 2|l⟩ = 1. (B.3) This inner product can be extended to the whole Fock space because two Fock spaces are isomorphic and can be obtained by exchanging γ_{−r} and β_{−r} as seen from (B.1). Two Fock spaces are dual with respect to this natural inner product. In order to define the norm, however, we cannot use this isomorphism because the BRST charge is not invariant under this exchange.

We can construct a map between the ground states in any two pictures using delta function δ(γ_r) or δ(β_r). For example, the ground state in (l ∓ 1)-picture can be obtained from the one in l-picture as δ(γ_{l+} 1_2 ) |l⟩ = |l − 1⟩ , (B.4a) δ(β_{−l−} 3_2 ) |l⟩ = |l + 1⟩ . (B.4b) One can easily show that this mapping is consistent with the condition (B.1) using the identity γ_{l+} 1_2 δ(γ_{l+} 1_2 ) = 0, [β_{−l−} 1_2 , δ(γ_{l+} 1_2 )] ≠ 0 , (B.5a) β_{−l−} 3_2 δ(β_{−l−} 3_2 ) = 0, [γ_{l+} 3_2 , δ(β_{−l−} 3_2 )] ≠ 0 . (B.5b) The extension to the map between any two pictures is straightforward. Using these maps, the natural inner product (B.3) can be rewritten as an inner product between states in a picture with a nontrivial metric.

⟨l| δ(γ_{−l−} 1_2 ) · · · δ(γ_{l+} 1_2 ) |l⟩ = 1, for l > 0 , (B.6a) ⟨l| δ(β_{l+} 3_2 ) · · · δ(β_{−l−} 3_2 ) |l⟩ = 1, for l < −1 . (B.6b) One can also give a rigorous definition of these delta functions of oscillator modes using the relations (B.4) and the natural inner product (B.3): δ(γ_{l+} 1_2 ) = |l − 1⟩ ⟨−l − 2| , (B.7a) δ(β_{−l−} 3_2 ) = |l + 1⟩ ⟨−l − 2| . (B.7b) The delta function of a local field can also be defined using these delta functions of oscillator modes. Let us explain it by taking δ(β(z)) as an example. This definition depends on the picture of the state on which the delta function acts. For example, if it acts on the state in natural picture, it is defined by expanding around β_− 1_2 as δ(β(z)) = ∞∑ n=0 1 n! ( ∑ r≠−^1_2 β_rz^{−r− 12} )_n zδ(β_− 1_2 )^{(n)}, (B.8)

with δ(β_− 1_2 )^{(n)} = [γ 1_2 , [γ 1_2 , · · · , [γ 1_2 , δ(β_− 1_2 )]]] , = n∑ m=0 (−1)^mn! (n − m)!m! (γ 1_2 )^{n−m} |0⟩ ⟨−1| (γ 1_2 )^m . (B.9)

On the other hand, the theta function in (2.25) has no precise definition. This is a realization of the fact that the picture-changing operator X(z) is nontrivial, while it is written in the BRST exact form.

References

1) E. Witten, Nucl. Phys. B 268 (1986), 253.

2) H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, Phys. Rev. D 34 (1986), 2360.

3) A. Neveu and P. C. West, Nucl. Phys. B 278 (1986), 601. 4) M. Schnabl, Adv. Theor. Math. Phys. 10 (2006), 433 [hep-th/0511286]. 5) I. Ellwood and M. Schnabl, J. High Energy Phys. 02 (2007), 096 [hep-th/0606142]. 6) A. Sen, Int. J. Mod. Phys. A 14 (1999), 4061 [hep-th/9902105]. 7) Y. Okawa, J. High Energy Phys. 04 (2006), 055 [hep-th/0603159]. 8) E. Fuchs and M. Kroyter, J. High Energy Phys. 05 (2006), 006 [hep-th/0603195]. 9) Y. Okawa, L. Rastelli and B. Zwiebach, hep-th/0611110.

10) T. Erler and M. Schnabl, J. High Energy Phys. 10 (2009), 066 [arXiv:0906.0979]. 11) E. Fuchs, M. Kroyter and R. Potting, J. High Energy Phys. 09 (2007), 101 [arXiv:0704.2222].

12) M. Schnabl, Phys. Lett. B 654 (2007), 194 [hep-th/0701248].

13) M. Kiermaier, Y. Okawa, L. Rastelli and B. Zwiebach, J. High Energy Phys. 01 (2008), 028 [hep-th/0701249].

14) M. Kiermaier and Y. Okawa, J. High Energy Phys. 11 (2009), 041 [arXiv:0707.4472]. 15) I. Ellwood, J. High Energy Phys. 12 (2007), 028 [arXiv:0705.0013]. 16) S. Hellerman and M. Schnabl, arXiv:0803.1184. 17) E. Witten, Nucl. Phys. B 276 (1986), 291. 18) C. Wendt, Nucl. Phys. B 314 (1989), 209.

19) C. R. Preitschopf, C. B. Thorn and S. A. Yost, Nucl. Phys. B 337 (1990), 363. 20) I. Y. Arefeva, P. B. Medvedev and A. P. Zubarev, Phys. Lett. B 240 (1990), 356. 21) N. Berkovits, Nucl. Phys. B 450 (1995), 90 [Erratum-ibid. B 459 (1996), 439] [hep-th/9503099].

22) T. Erler, J. High Energy Phys. 07 (2007), 050 [arXiv:0704.0930]. 23) Y. Okawa, J. High Energy Phys. 09 (2007), 084 [arXiv:0704.0936]. 24) Y. Okawa, J. High Energy Phys. 09 (2007), 082 [arXiv:0704.3612]. 25) M. Kiermaier and Y. Okawa, J. High Energy Phys. 11 (2009), 042 [arXiv:0708.3394]. 26) T. Erler, J. High Energy Phys. 01 (2008), 013 [arXiv:0707.4591].

27) I. Y. Aref’eva, R. V. Gorbachev and P. B. Medvedev, Theor. Math. Phys. 158 (2009), 320 [arXiv:0804.2017].

28) I. Y. Aref’eva, R. V. Gorbachev and P. B. Medvedev, J. Phys. A 42 (2009), 304001 [arXiv:0903.1273].

29) I. Y. Aref’eva, R. V. Gorbachev, D. A. Grigoryev, P. N. Khromov, M. V. Maltsev and P. B. Medvedev, J. High Energy Phys. 05 (2009), 050 [arXiv:0901.4533].

30) E. A. Arroyo, arXiv:1004.3030.

31) I. Y. Aref’eva and R. V. Gorbachev, arXiv:1004.5064. 32) M. Kroyter, J. High Energy Phys. 10 (2009), 044 [arXiv:0905.1168]. 33) M. Kato and K. Ogawa, Nucl. Phys. B 212 (1983), 443. 34) E. Del Giudice, P. Di Vecchia and S. Fubini, Ann. of Phys. 70 (1972), 378. 35) N. Ohta, Phys. Rev. D 33 (1986), 1681.

36) M. Ito, T. Morozumi, S. Nojiri and S. Uehara, Prog. Theor. Phys. 75 (1986), 934. 37) D. Friedan, E. J. Martinec and S. H. Shenker, Nucl. Phys. B 271 (1986), 93. 38) R. C. Brower and K. A. Friedman, Phys. Rev. D 7 (1973), 535. 39) P. Goddard and C. B. Thorn, Phys. Lett. B 40 (1972), 235. 40) J. H. Schwarz, Nucl. Phys. B 46 (1972), 61.

41) M. Kohriki, T. Kugo, H. Kunitomo and M. Murata, work in progress.