arXiv:1010.2434v4 [hep-th] 28 Dec 2011

Black Holes in Born-Infeld Extended New Massive Gravity

Ahmad Ghodsi^1 and Davood Mahdavian Yekta^2

Department of Physics, Ferdowsi University of Mashhad, P.O. Box 1436, Mashhad, Iran

Abstract

In this paper we find different types of black holes for the Born-Infeld extended new massive gravity. Our solutions include (un)charged warped (A)dS black holes for four and six derivative expanded action. We also look at the black holes in unexpanded BI action. In each case we calculate the entropy, angular momentum and mass of the black holes. We also find the central charges for the CFT duals.

1ahmad@ipm.ir, a-ghodsi@um.ac.ir 2da. mahdavianyekta@stu-mail.um.ac.ir

1 Introduction

The black hole solutions of three dimensional gravity have been investigated during recent years. The first black hole solutions, known as the BTZ black holes, were found in [1]. These solutions were found in the presence of a negative cosmological constant. Adding the higher derivative terms to the Einstein-Hilbert action in the presence of a cosmological constant changes the solutions and their asymptotic behaviors and their physical properties.

The topological massive gravity (TMG) describes propagation of the massive gravitons around the flat, de Sitter or anti de Sitter background metrics. This theory is constructed by adding a parity-violating Chern-Simons term to the Einstein- Hilbert action [2]. The cosmological TMG solutions contain either the BTZ black holes [1] or the warped AdS_3 black holes [3]. The charged black hole solutions for topologically massive (TMGE) presented in [4].

The new massive gravity (NMG) was found in [5]. This theory was constructed by adding a parity-preserving higher derivative term to the tree level action. In the NMG theory there are the BTZ and warped AdS_3 solution too, [6]. The charged black hole solutions for new massive gravity (NMGE) is given in [8].

Several attempts have been done to extend the three dimensional gravity theories to the higher curvature corrections. One of the most recent extensions is the Born- Infeld extension of the new massive gravity [7] S = 2m^2 κ ∫ d^3x (√ −det(g_{μν} + σ m^2

G_{μν} + aF_{μν} ) − (1 + Λ 2m^2 ) √ −detg_{μν} )

+ μ 2 ∫ d^3xϵ^{μνρ}A_μ∂_ν A_ρ, (1.1)

where we have added a gauge field strength and a Chern-Simons term in order to study the charged solutions of this theory^3. In the above action g_{μν} is the metric and G_{μν} = R_{μν} −^1_2 Rg_{μν} is the Einstein tensor for the curvature tensor R. F is the field strength for a U(1) gauge field. We consider m as a mass parameter and a and μ as two constant parameters, here κ = 8πG_N . To have a positive coefficient for the scalar curvature we choose σ = −1.

By inserting a = μ = 0, and to second order of expansion for the small curvature parameter of the above action, one finds the new massive gravity action in [5].

3One may consider other terms here. For example consider a more general form as aF_{μν} → aF_{μν} + bF^2g_{μν} + cF_μ^ρF_{ρν} . Our computations shows a similar behavior with a complicated form of solutions depending on a, b and c parameters.

The next order terms add other extensions to the new massive gravity, which are consistent with deformations of NMG obtained from AdS/CFT correspondence [9]. The other extension of the NMG using AdS/CFT method in 3D is given by [14]. The uncharged AdS black hole solutions for this theory has been found in [10] (see also [11]).

In this paper and in section two, we review a method for finding the black hole solutions for this theory. This method has been used in [6] to find the Warped solutions in new massive gravity. In sections three and four we expand the action (1.1) to four and six derivative terms. By solving the equations of motion we find the charged and uncharged black holes. We discuss the domain of validity of each solution and find the physical parameters (mass, angular momentum, temperature and entropy) of our black holes. We show that at each order of expansion the behavior of the solutions (the physical parameters) depend on different range of the parameters of the theory. In section five we do the same steps of sections three and four but for the BI action (1.1) (unexpanded action). We show that the behavior of the solutions is totally different when one considers the BI action (so we need to study the theory at each order of expansion to find the behavior of the black holes at that order). In section six we find the central charges for the CFT duals. In section seven we summarize our results.

2 How to find a black hole solution?

To find the stationary circularly symmetric solutions for the Lagrangian (1.1) at different orders we use the dimensional reduction procedure, presented in [4], [6]. We use the following ansatz for the metric and the U(1) gauge field

ds^2 = λ_{ab}(ρ) dx^adx^b + ζ^{−2}(ρ)R^{−2}(ρ) dρ^2 , A = A_a(ρ) dx^a , (2.1)

where (a, b = 0, 1) and (x^0 = t, x^1 = φ). The parameter λ can be expressed as a 2 × 2 matrix λ = ( T + X Y Y T − X ) , (2.2)

and R^2 ≡ X^2 = −T^2 + X^2 + Y^2 is the Minkowski pseudo-norm of the “vector” X(ρ) = (T, X, Y ). We do the following steps to find the solutions:

1. We insert the ansatz (2.1) into the Lagrangian and reduce the action to I = ∫ d^2x ∫ dρ L. By variation with respect to A_a, ζ, T, X and Y we find the equations of motion.

2. The black hole solutions for equations of motion in step 1 can be found by choosing the following ansatz for the vector field X and the gauge field A (this behavior is general, for example see the gauge field solutions in [4] and [8])

X = αρ^2 + βρ + γ , A = c ( 2zdt − (ρ + 2ωz) dφ ) . (2.3)

Inserting this ansatz into the equations of motion for T, X or Y or putting into the equation of motion for ζ, we always find two conditions α^2 = α · β = 0. We will find the values of c and z for the above ansatz by using the equations of motion.

3. Without lose of generality we choose ζ(ρ) = 1 in all equations of motion. 4. Following to [6] we can choose a rotating frame and a length-time scale such that

α = ( 1 2 , − 1 2 , 0) , β = (ω, −ω, −1) , γ = (z + u, z − u, −2ωz) , (2.4) where u =^{β20 ρ20}_{4z} + ω^2z. By these parameters one finds R^2 = (1 − 2z)ρ^2 + γ^2 ≡ β^2_0 (ρ^2 − ρ^2_0). By the above parameters, we are able to write the metric in the warped-AdS_3 ADM form [6]

ds^2 = −β^2_0 ρ^2 − ρ^2_0 r^2 dt^2 + r^2 [ dϕ − ρ + (1 − β^2_0 )ω r^2 dt ]_2 + 1 β^2_0 ζ^2 dρ^2 ρ^2 − ρ^2_0

, (2.5)

where ρ_0 (describes the location of the horizon) together with ω are two parameters of the theory and r^2 = ρ^2 + 2ωρ + ω^2 (1 − β^2_0 ) +^{β20 ρ20}_{1−β20} .

5. As indicated in [6], in order to avoid the closed time-like solutions, we must have 0 < β^2_0 < 1 or 0 < z <^1_2 . We impose this condition in order to find the domain of validity of our solutions. For charged solutions we consider the reality condition for the gauge field strength.

6. For each black hole solution we can find the entropy according to the Wald’s formula S = 4πA_h ( δL δR_{0202}

(g^{00}g^{22})^{−1} ) h , (2.6)

where A_h =^{2π}√_{1−β20} [ρ_0 + ω(1 − β^2_0 )] is the area of the horizon.

7. The computation of the mass and angular momentum is possible if we could linearize the field equations and use the ADT approach [12] and [13]. Equivalently, we can follow the Clément’s approach in [6]. The main idea of this approach is the fact that the Lagrangian has SL(2, R) symmetry. This symmetry allows us to write the metric as (2.1). By this symmetry we can find a conserved current and its conserved charge. Under infinitesimal symmetry transformation we can find the transformations of the gravitational and electromagnetic fields. By using these transformations we can find the conserved current, called the super angular momentum vector, J. We have discussed the details of computing the super angular momentum in the appendix A.

The conserved charge is the angular momentum and it can be read from the super angular momentum by using the relation J = 2π(δJ^T − δJ^X ). Here δJ is the difference between the values of the super-angular momentum for the black hole and for the background solution. The background solution is given by the values ρ_0 = ω = c = 0. Using these values we can find from (2.5) a horizon-less background metric ds^2 = −β^2_0 dt^2 + ρ^2 ( dϕ − 1 ρ dt )_2 + 1 β^2_0 ζ^2 dρ^2 ρ^2

, (2.7)

with ᾱ = (^1_2 , −^1_2 , 0) , β̄ = (0, 0, −1) , γ̄ = (z, z, 0). To compute the mass, one could use the first law of the thermodynamics for black holes in the modified Smarr-like formula [4], which is appropriate for the warped AdS_3 black holes, i.e,

M = T_H S + 2Ω_hJ . (2.8)

Using the ADM form of the metric we can read the Hawking temperature and the horizon angular velocity (see [4])

T_H = ζβ^2_0 ρ_0 A_h , Ω_h = 2π √ 1 − β^2_0 A_h . (2.9)

Inserting (2.9) into (2.8) and by using the value of the angular momentum we can find the mass of the black holes. For every solution, we must check that, the physical parameters satisfy the differential form of the first law of the thermodynamics for black holes, i.e, dM = T_H dS + Ω_hdJ . (2.10)

In our solutions, the physical parameters of mass, entropy and angular momentum are functions of two free parameters, ρ_0 and ω, so the differentiations are with respect to these two free parameters. For more details of computations see the appendix B.

Note: For every Lagrangian we will use, we find three types of black holes. The first one is the uncharged black hole when c = μ = 0. The second one is the Maxwell charged (M-charged) black hole, where we consider a ≠ 0 but μ = 0. The third one is the Maxwell-Chern-Simons charged black hole (MCS-charged). In the later case we consider a ≠ 0 and μ ≠ 0, but to write the Lagrangian in the canonical form we choose a^2 = −^κ_{2m2} and μ = 1. Note that we are able to perform all the calculations for general values of a and μ.

3 The four derivative action

Expanding the general Lagrangian (1.1) up to four derivative terms, gives us the following Lagrangian (T r(AB) = A_{μν} B^{νμ})

L_4 =

2m^2 κ √ −g [ − σ 4m^2 R − σ^2 4m^4 ( T r(R^2) − 3 8 R^2 ) + σa^2 2m^2 ( T r(RF^2) − 3 8 RT r(F^2) )

− 1 4 a^2T r(F^2) − 1 8 a^4 ( T r(F^4) − 1 4 (T r(F^2))^2 ) − Λ 2m^2 ] + μ 2 ϵ^{μνρ}A_μ∂_ν A_ρ . (3.1)

The equations of motion coming form the variation with respect to the gauge field are δL_4 δA_t = 2c κ (a^4c^2m^2z + (z + m^2 + 1 8 )a^2 + 1 2 μκ) = 0 , δL_4 δA_φ = δL_4 δA_ρ = 0 . (3.2)

Variation with respect to ζ gives δL_4 δζ = 1 κm^2 {−a^2c^2z(2+3a^2c^2z)m^4 +( 1 4 +Λ− 7 4 a^2c^2z−4a^2c^2z^2)m^2 + 1 64 − 3 2 z−z^2 } =0, (3.3) and finally variations with respect to T, X and Y give the following equations δL_4 δT = δL_4 δX = −1 16κm^2 ( 17 + 8z − 8m^2 + 2a^2c^2m^2(8m^2 + 9 + 12z) + 16a^4c^4m^4z ) =0 , δL_4 δY = 0 . (3.4)

Uncharged solution:

In this case we find the known NMG solution [6] z = − 17 8 + m^2 , Λ = 1 16 21 − 48m^2 + 16m^4 m^2

. (3.5)

With the above values, the domain of validity of the solution for m^2 will be^{17}_8 < m^2 <^{21}_8 and for the cosmological constant it is 1.806 < Λ < 4.081 .

The super angular momentum is given by J_{BH} = − (8m^2 − 21)(8m^2 − 17) 32κm^2

(1 + ω^2, 1 − ω^2, 2ω) + ρ^2_0 2κm^2 8m^2 − 21 8m^2 − 17 (1, −1, 0) . (3.6)

Using the method reviewed in section 2, we can find the entropy, the angular momentum and the mass as follows S = A_h 2m^2G_N , J = 8m^2 − 21 4G_N m^2 ( ρ^2_0 8m^2 − 17 − 8m^2 − 17 16 ω^2) , M = − (8m^2 − 21)(8m^2 − 17) 32G_N m^2 ω . (3.7)

M-charged solution:

In this case we consider a ≠ 0 and μ = 0. The equations of motion give the following solution z = −1 − 1 8m^2

, Λ = 1 16 −3 − 24m^2 + 16m^4 m^2

, c^2a^2 = 1 − 1 m^2

. (3.8)

The domain of validity of this solution for m^2 will be −^1_8 < m^2 < −^1_{12} , which looks totally different from the uncharged case. The cosmological constant is limited between −0.125 < Λ < 0.667, so it has both plus and minus signs. It changes its sign at m^2 =^3_4 −^{√3}_2 ∼= −0.116. We also find from the above solution that 9 < c^2a^2 < 13. Using the method in section 2 the super angular momentum can be found as J_{BH} = − (8m^2 + 1)(12m^2 + 1) 32κm^4

(1 + ω^2, 1 − ω^2, 2ω) + ρ^2_0 2κ 12m^2 + 1 8m^2 + 1

(1, −1, 0),(3.9)

and the entropy, angular momentum and mass are given by S = A_h 2G_N , J = 12m^2 + 1 4G_N ( ρ^2_0 8m^2 + 1 − 8m^2 + 1 16m^4 ω^2) , M = − (12m^2 + 1)(8m^2 + 1) 32m^4G_N ω. (3.10)

MCS-charged solution

In this case we consider a^2 = −^κ_{2m2} and μ = 1. We find the following parameters from the equations of motion z = − 1 12 (1 + 1 m^2

) , Λ = − 1 48 (16 + 1 m^2

) , κc^2 =

2 − m^2 1 + m^2

. (3.11)

The domain of validity of this solution will be −1 < m^2 < −^1_7 . Inserting this into the cosmological constant relation, we find that it is always negative −0.312 ∼= −^5_{16} < Λ < −^3_{16} ∼= −0.187 in this domain. Finally we find from the solution that^5_2 < κc^2.

The super angular momentum for MCS-charged black hole is given by J_{BH} = − (7m^2 + 1)(m^2 + 1) 144κm^4

(1 + ω^2, 1 − ω^2, 2ω) + ρ^2_0 4κ 7m^2 + 1 m^2 + 1

(1, −1, 0),(3.12)

and the entropy, angular momentum and mass are as follows S = A_h 4G_N , J = 7m^2 + 1 8G_N ( ρ^2_0 m^2 + 1 − m^2 + 1 36m^4 ω^2) , M = − (7m^2 + 1)(m^2 + 1) 144m^4G_N ω. (3.13)

As we see, each of the above solutions has its own domain of validity for m^2 and the cosmological constant. In all the above cases the entropy is proportional to the area of the horizon. The angular momentum and mass have the same functionality in terms of ω and ρ_0 but with different coefficients.

4 The six derivative action

By expanding the Lagrangian (1.1) up to six derivative terms we find the the following Lagrangian

L_6 = L_4 +

2m^2 κ √ −g [ σ3 6m^6 ( T r(R^3) − 9 8 RT r(R^2) + 17 64 R^3 )

− σ^2a^2 m^4 (3 4 T r(R^2F^2) − 5 8 RT r(RF^2) + 19 128 R^2T r(F^2) − 1 16 T r(R^2)T r(F^2) )

+ σa^4 2m^2 ( T r(RF^4) − 7 16 RT r(F^4) + 7 64 R(T r(F^2))^2 − 1 4 T r(RF^2)T r(F^2) )

− a^6 12 ( T r(F^6) − 3 8 T r(F^2)T r(F^4) + 1 32 (T r(F^2))^3 )] . (4.1)

The gauge field equations of motion are given by δL_6 δA_t = 3c κm^2 [ a^6c^4m^4z^2 + 2 3 a^4c^2m^2z(z + 5 8 + m^2) + (2 3 m^4 + ( 2 3 z + 1 12 )m^2 − 1 3 z^2 + 1 4 z + 1 64 ) a^2 + 1 3 m^2κμ ] = 0 , δL_6 δA_φ = δL_6 δA_ρ = 0. (4.2)

Variation with respect to ζ gives δL_6 δζ = 2 κm^4 [ z^3 +

9z^2 16 − 3z 32 + 1 1024 + (3a2c2 2 z^3 − (a^2c^2 + 1 2 )z^2 − 3 4 ( 13a^2c^2 32 + 1)z + 1 128 ) m^2 − ( 2a^4c^4(z + 29 32 )z^2 + 2a^2c^2(z + 7 16 )z− 1 8 − Λ 2 ) m^4 − (5a6c6 2 z^3 + 3a^4c^4 2 z^2 + a^2c^2z ) m^6 ] = 0 , (4.3)

and variations of the Lagrangian with respect to T, X and Y give the following relations δL_6 δT = δL_6 δX = 2 κm^4 ( 3 8 (z^2 + 5 4 z − 11 64 ) − 1 2 (3 2 a^4c^4z^2 + a^2c^2z + 1 ) a^2c^2m^6 − (5 8 a^4c^4(z + 13 10 )z + 3 4 a^2c^2(z + 3 4 ) − 1 4 ) m^4 + (1 2 (z^2 − 9 16 z − 51 128 )a^2c^2 − 17 32 − 1 4 z ) m^2 ) = 0 , δL_6 δY = 0. (4.4)

We now try to solve the above equations of motion and find different (un)charged black hole solutions. As the previous section we will find the super angular momentum, and by computing the value of the entropy from the Wald’s formula and by using the first law of the thermodynamics for black holes we will be able to find the angular momentum and the mass of our solutions. Our calculations for all the solutions show that, there is a general behavior. In fact we find that the super angular momentum can be written as J_{BH} = 1 2κm^4 U(1 + ω^2, 1 − ω^2, 2ω) + 1 4κm^4z V ρ^2_0(1, −1, 0) , (4.5)

and the entropy, angular momentum and mass are given by S = A_h 4G_N m^4 V z −^1_2 , J = 1 4G_N m^4

(Uω^2 + 1 2z V ρ^2_0) , M = ωz(Uω − V ρ_0) G_N m^4(ρ_0 + 2ωz)

, (4.6)

where U, V, z and A_h depend on the solution.

Uncharged solution:

For uncharged black holes, when a = 0 one finds the following values for z and Λ^4

m^2 =

1311 1448 + 3 181 z ± 9 724 (11695 − 208z − 320z^2)^{12} (4.7) Λ = 1 m^4 (45 32 + 5 4 m^2 − 7 3 m^4 + 16 27 m^6 ± 5 54 (m^4 − 27 16 ) ( 81 + 144m^2 − 80m^4

) 1_2 ) . (4.8)

To have a causally regular warped black hole one needs to consider 0 < z <^1_2 , so we find the following domains by looking at equation (4.7):

The upper sign of (4.7): In this case 2.247 < m^2 < 2.250. The lower bound happens at z =^1_2 and the upper bound is located at the point of z =^1_8 . Inserting this domain into the equation (4.8), for the upper sign of (4.8) we find −0.176 < Λ < −0.167 and for the lower sign of (4.8) one obtains −0.167 < Λ < −0.034.

The lower sign of (4.7): In this case −0.420 < m^2 < −0.043. Here the lower bound happens at z =^1_2 and the upper bound is located at z = 0. Inserting again the above domain into the equation (4.8), for the upper sign of (4.8) one finds 1.348 < Λ < 1.500 and for the lower sign we have 2.368 < Λ < 3.325.

The super angular momentum (4.5) and the entropy, angular momentum and mass in (4.6) all are given by the following values for U and V

U = z(m^4 − ( 1 8 + 5z)m^2 − 1 128 − 5 8 z + 11 2 z^2) , V = (z − 1 2 )(m^4 − ( 1 8 + z)m^2 − 1 128 − 1 8 z + 3 2 z^2) . (4.9)

M-charged solution:

To find the Maxwell charged black holes we consider a ≠ 0. We find the following equation for the value of z in terms of m

6144(z + 1)^2m^8 − ( 8192z^3 + 15360z^2 + 5376z − 1792 ) m^6 + ( 8192z^4 + 14336z^3

+ 5376z^2 − 640z + 272 ) m^4 + ( 1024z^3 + 768z^2 − 16z + 24 ) m^2 − 15z^2 − 12z = 0 . (4.10)

4This special case has been found in [10]. Here we find the domain of validity of their solution and the domain of the cosmological constant.

By finding the roots of the above polynomial one is able to find the values for Λ and c. For simplicity we define Δ = ( − 20m^4 + 2(1 − 8z)m^2 + 16z^2 − 4z + 1

) 1_2 then Λ = 1 1728m^4 [ 1024m^6 − 2016m^4 + ( 1536z^2 + 768z − 336 ) m^2 − 2048z^3 − 384z^2

− 96z − 5 ∓ 32 ( 10m^4 − 4(z + 1)m^2 + 16z^2 + 5z + 1 ) Δ ] , (4.11)

c^2a^2 = 1 24zm^2 ( − 8m^2 − 8z − 5 ± 4Δ ) , (4.12)

where the plus sign in (4.11) corresponds to minus sign in (4.12) and vice versa.

To find the domain of validity for this black hole one needs to find the roots of (4.10). A numerical analysis shows that there are two real solutions for m^2. The figure 1 (left) shows the results of this numerical analysis. For the negative roots we find that −0.167 < m^2 < −0.100. For the positive roots we have 0 < m^2 < 0.038, where in this case the extremum point is near to the point z ∼= 0.180.

The numerical calculations show the following values of the cosmological constant (see the figure 2).

The upper sign: For the equation (4.11) with the upper sign the cosmological constant is always negative (left diagram in figure 2). For m^2 < 0 we have −54.821 < Λ < −0.635 and for m^2 > 0 we find Λ < −38.026, where the extremum is located at z ∼= 0.124.

The lower sign: The numerical analysis shows that for the equation (4.11) with the lower sign the cosmological constant is always positive (the right diagram of the figure 2). For m^2 < 0 we have 0.229 < Λ < 0.826 and for m^2 > 0 we have 1.763 < Λ, where the extremum is located at z ∼= 0.347.

It remains to find the behavior of c^2a^2 in equation (4.12). For the upper or lower signs of (4.12) one could find either positive or negative values (see the figure 3). Since the value of c must be real (c^2 > 0) so depending on a^2 sign one may choose either the left or the right diagram.

The superangular momentum (4.5) and the values for the entropy, angular momentum and mass in equation (4.6) are given by the following values U = 1 3 z ( (2z − m^2)Δ + 14m^4 + 2(1 − 4z)m^2 + 8z^2 − z + 3 16 ) , V = 1 9 (z − 1 2 ) ( (2z − m^2 − 1 4 )Δ + 14m^4 + (1 − 8z)m^2 + 8z^2 − 2z + 5 16 ) .(4.13)

MCS-charged solution:

The Maxwell-Chern-Simons black holes with a^2 = −^κ_{2m2} and μ = 1 are given by the following relation

z(5z + 4) −

1024 3 ( z^3 + 3 4 z^2 − 1 64 z + 3 128 ) m^2 − 4096 ( z^4 + 5 6 z^3 − 13 384 z^2 − 77 1536 z + 7 384 ) m^4 + 4096 ( z^3 + 23 24 z^2 − 25 192 z − 11 192 ) m^6 − 1792 ( z^2 + 59 42 z + 73 336 ) m^8 − 3072 ( z + 1 12 ) m^{10} = 0, (4.14)

by finding the roots of the above polynomial again, one could find the values for Λ and c. We define Δ = ( 4m^4 + 2(1 − 8z)m^2 + 16z^2 − 4z + 1

) 1_2

, then we find Λ = 1 1728m^4 [ − 1280m^6 − (1440 + 1152z)m^4 + ( 1536z^2 + 768z − 336 ) m^2

− 2048z^3 − 384z^2 − 96z − 5 ∓ 32 ( 20m^4 + 4(z + 1)m^2 − 16z^2 − 5z − 1 ) Δ ] , (4.15) and κc^2 = 2 3z (m^2 + z + 5 8 ± 1 2 Δ) , (4.16)

where the plus sign in (4.15) corresponds to minus sign in (4.16) and vice versa.

Similar to previous sections we can find the domain of validity of our solution. Looking at the equation (4.14) one finds that this equation has two negative and one positive roots, figure 1 (right).

Inserting these roots into the relation (4.15) one finds:

The positive root: For m^2 > 0 we have Λ > 0 for upper sign of (4.15) and for the lower sign we find Λ < 0 (see the figure 4).

The negative roots: For m^2 < 0 we have both signs (depending on z). For upper sign of (4.15) we can draw the figure 5 (left) and for lower sign we find the figure 5 (right).

The U and V values in this case are given by U = 1 3 z ( (2m^4 + m^2 − 2z)Δ + 4m^6 + 4(z + 15 8 )m^4 + 2(1 − 4z)m^2 + 8z^2 − z + 3 16 ) , V = 1 9 (z − 1 2 ) ( − (2z − m^2 − 1 4 )Δ + 11m^4 + (1 − 8z)m^2 + 8z^2 − 2z + 5 16 ) . (4.17)

5 All order solution

As we saw in previous sections, at each level of expansion we have different properties for our solutions. It is interesting to consider the BI action (1.1) without expansion and find its physical properties too. If we use our ansatz then we will find the following sets of equations of motion:

The gauge field equations of motion are given by δL δA_t = c κ ( μκ + 4a^2m^3

( −1 + 4m2 + 8z 1 − 8m^2 + 16(1 − 2a^2c^2z)m^4

) 1_2 )

= 0 , δL δA_φ = δL δA_ρ = 0. (5.1) Variation with respect to ζ gives δL δζ = 2m^2 κ (1 + Λ 2m^2 ) − 16m^6 − 8(1 − (2 + a^2c^2)z − 4a^2c^2z^2)m^4 + (1 + 8z)m^2 − 3z κm ( (4m^2 + 8z − 1)(16(1 − 2a^2c^2z)m^4 − 8m^2 + 1)

) 1_2 = 0 , (5.2)

and variations of the Lagrangian with respect to T, X and Y give the following relations δL δT = δL δX = −8a^2c^2m^6 + 4(1 − 6(z +^1_4 )a^2c^2)m^4 − 10m^2 +^9_4 κm ( (4m^2 + 8z − 1)(16(1 − 2a^2c^2z)m^4 − 8m^2 + 1)

) 1_2 = 0 , δL_4 δY = 0 . (5.3)

Uncharged solution

Inserting a = μ = 0 in the above equations of motion we find (see also [10])

−4m^4 + (1 − 4z)m^2 − 3z + m(2m^2 + Λ)(4m^2 + 8z − 1)^12 κm(4m^2 + 8z − 1)^12

= 0 ,

4m^2 − 9 4κm(4m^2 + 8z − 1)^12

= 0 . (5.4)

The solution for these equations is m = ± 3 2 , Λ =

12 + 8z − 9 √ 2(z + 1) 2 √ 2(z + 1)

. (5.5)

Unlike the previous cases here the value of m is fixed. To have a regular black hole we need either −^9_2 + 3 √ 2 < Λ < 0 when 0 < z < −^{15}_{64} +^9_{64} √ 17 or 0 < Λ < −^9_2 +^8_3 √ 3 when −^{15}_{64} +^9_{64} √ 17 < z <^1_2 .

The entropy of such a black hole can be found by using the Wald formula for m = ±^3_2 S = ± A_h 3G_N √ 2(z + 1)

. (5.6)

As we see in order to have a positive value entropy we must choose m =^3_2 .

We can find the super angular momentum as before J = ± 2z 3κ 2z − 1 √ 2(z + 1) ( (1 + ω^2, 1 − ω^2, 2ω) − 1 4z^2 ρ^2_0(1, −1, 0) ) . (5.7)

Using the above results the angular momentum and the mass of the solution can be found as J = ± (2z − 1) 12G_N z √ 2(z + 1) ( ρ^2_0 − 4z^2ω^2 ) , M = ∓ 2ωz(2z − 1) 3G_N √ 2(z + 1)

. (5.8)

M-Charged solution

Solving the equations of motion when a ≠ 0 the only consistent solution to the equations of motion will be m^2 =^1_4 . Inserting this value to other equations of motion gives z = 0 and c = 0 with Λ = −^1_2 . So in this case the gauge field vanishes and we have not charged black hole.

MCS-Charged solution

Solving equations of motion gives the following solution z = − 1 48 4m^2 + 3 m^2

, Λ = − 1 3 , κc^2 =

9 − 4m^2 3 + 4m^2

. (5.9)

As we see in this case the value of cosmological constant is fixed. The values of m^2 are limited between −^3_4 < m^2 < −^3_{28} , also we find^{11}_3 < κc^2.

The super angular momentum for this black hole is equal to J = − 1 2304

(3 + 28m^2)(3 + 4m^2) κm^4 (1 + ω^2, 1 − ω^2, 2ω) +

3 + 28m^2 4κ(3 + 4m^2) ρ^2_0(1, −1, 0) .

(5.10) The entropy, angular momentum and mass of this black hole are given by S = A_h 4G_N , J = 3 + 28m^2 8G_N ( ρ_02

3 + 4m^2 − (3 + 4m^2)ω^2 576m^4 ) , M = − (3 + 4m^2)(3 + 28m^2) 2304G_N m^4 ω. (5.11)

6 A note on the central charges

In previous sections we found the warped AdS_3 solutions. It is natural to ask what are the properties of the 2 dimensional CFT duals to these solutions. In the pure Einstein gravity, the global SO(2, 2) symmetry is enhanced to two copies of an infinite dimensional Virasoro algebra with the SL(2, R)_L × SL(2, R)_R symmetry which has the central charge [19], c_L = c_R =^{3 l}_{2 G3} , where l is the length of AdS space. When one considers the higher derivative terms or add the gauge fields, the value of the central charge changes. Some properties of the CFT dual theories for warped AdS_3 and BTZ black holes have been found in [10], [11], [16], [18]. The isometery group of the dual CFT in the asymptotic limit of the warped AdS black hole is SL(2, R)_R × U(1)_L, [15]. To find the central charge we use the Cardy’s formula. S_{BH} = π^2 3 ( c_L T_L + c_R T_R ) , (6.1)

where T_{L/R} are the left and right temperatures which we define them for this kind of solutions as T_L ≡ 1 − 2z 2π √ 2z ρ_0 , T_R ≡ 1 − 2z 2π √ 2z 2ωz . (6.2)

One can also find the same results for central charge by using another form of the Cardy’s formula S_{BH} = 2π (√_{cL} 6 E_L + √_{cR} 6 E_R ) where E_L and E_R are the left and right energies defined in terms of physical mass and angular momentum of the black hole, i.e. E_L ≡^1_2 Mω − J , E_R ≡^1_2 Mω [20].

For each type of solution we can find separate central charges. For the uncharged solution by substituting (6.2) into (6.1) and using the entropies found in (3.7) and (5.6) we obtain

c^{(4)} = 48 G(1 − 2z)(8z + 17)

, c^{(BI)} = 4 G(1 − 2z) √ 2(z + 1)

, (6.3)

similarly for the M-charged solution we have

c^{(4)}_M = 6 G(1 − 2z) , c^{(BI)}_M = 4 G(1 − 2z) √ 2(z + 1)

, (6.4)

and finally for the MCS-charged solution they become

c^{(4)}_{MCS} = 3 G(1 − 2z) , c^{(BI)}_{MCS} = 3 G(1 − 2z) . (6.5)

For the sixth derivative Lagrangian in terms of parameter V , we find the following central charge c^{(6)} = − 6V (1 − 2z)^2 m^4

(6.6)

where V are given by (4.9),(4.13) and (4.17). Note that in this paper we have considered the case where μ = 1, but in general one can keep it in equations and find the central charges in terms of μ, [20].

7 Summary and Discussion

In this paper we have found different black hole solutions for the Born-Infeld extension of New Massive Gravity. We have extended the NMG in two directions, gravity and electromagnetism. The electromagnetic part contains Maxwell term and Chern-Simons term. We have found three types of warped (A)dS solutions. These are Uncharged, Maxwell charged and Maxwell-Chern-Simons charged black holes. For each of them we have found the domain of validity (CTC-free and reality of the gauge field strength). We have found these black holes for expanded (up to four and six derivative) and unexpanded BI action. The physical properties of the solutions in each case are totally different and one cannot find the four or six derivative properties form the BI properties.

In this theory we have two types of parameters. The first type includes parameters in the Lagrangian. The m^2 which is the mass parameter for our massive gravity theory and the cosmological constant Λ. The second type includes the parameters which are coming from the solutions. From (2.5) we see three parameters. The parameter β_0 or equivalently z which is limited by CTC free condition, and two free parameters ρ_0 and ω. There is another parameter c, in (2.3), which corresponds to the electric or magnetic charge of the solutions.

Among these parameters in all the solutions, the values of m^2, Λ and c are controlled by the value of the z parameter. Our computation shows that each of these parameters may have positive or negative values. So we may have de Sitte or anti de Sitte solutions in our theory which depends on the level of expansion and existence of the M-charges or MCS-charges in the theory. Our results is summarized as follows:

In four derivative case we have only one set of roots for m^2 which is either positive or negative depending on the solution. But in six derivative case for uncharged and

M-charged cases we have two sets of roots one positive and one negative. For MCScharged solutions we have three sets of roots, one positive and two negative. In BI case the situation is totally different. For uncharged case we find only a single point for m^2. For the BI case there is not M-charged solution and for MCS-charged black holes there is only one set of roots for m^2.

In four derivative action for uncharged solutions m^2 > 0 and Λ > 0. For Mcharged solutions m^2 < 0 but Λ changes its sign in a specific point z. For MCScharged black holes m^2 < 0 and Λ < 0.

In six derivative action for uncharged solutions m^2 and Λ can have both signs, this is true for M-charged solutions. For MCS-charged black holes we have the same behavior but there are situations where Λ changes its sign in a specific value of z.

In unexpanded BI action, for uncharged solutions m^2 has fixed value and the cosmological constant has both plus and minus signs. For M-charged solutions there is no solution. For MCS-charged black holes m^2 < 0 and the cosmological constant has a fixed value Λ = −^1_3 .

For all the above solutions we have found the entropy, angular momentum and mass. Our results satisfy the differential form of the first law of the thermodynamics for black holes. We have used the free parameters of the theory, ρ_0 and ω to show this.

In all of the solutions, the entropy is proportional to the area of the horizon. Using the Cardy’s formula we have found the central charges of the CFT duals. For our solutions in despite of presence of Maxwell-Chern-Simons term the left and right central charges are equal. In general as shown in [20] if there is a gravitational Chern-Simons term (TMG model) then this equality will be broken and we obtain different left and right central charges.

A The super angular momentum

To compute the angular momentum it is essential to note that the Lagrangian has SL(2, R) symmetry and the super angular momentum is a SL(2, R) conserved current. Under the infinitesimal transformation, we find the following transformation for the fields

ΔT = ϵ^1Y − ϵ^2X , ΔX = ϵ^0Y − ϵ^2T , ΔY = −ϵ^0X + ϵ^1T ,

ΔA_0 = 1 2 (ϵ^0 + ϵ^1)A_1 − 1 2 ϵ^2A_0 , ΔA_1 = 1 2 (−ϵ^0 + ϵ^1)A_0 + 1 2 ϵ^2A_1 , ΔA_2 = 0 . (A.1)

Using the above relations one can find the conserved currents (Super angular momentum). For the gravity part we find J_{Gr} = [ + ( ∂L ∂X^′ Y − ∂L ∂Y^′ X) − (( ∂L ∂X^{′′} )^′ Y − ( ∂L ∂Y^{′′} )^′ X) + ( ∂L ∂X^{′′} Y^′ − ∂L ∂Y^{′′} X^′), + ( ∂L ∂T^′ Y + ∂L ∂Y^′ T ) − (( ∂L ∂T^{′′} )^′ Y + ( ∂L ∂Y^{′′} )^′ T ) + ( ∂L ∂T^{′′} Y^′ + ∂L ∂Y^{′′} T^′), − ( ∂L ∂T^′ X + ∂L ∂X^′ T ) + (( ∂L ∂T^{′′} )^′ X + ( ∂L ∂X^{′′} )^′ T ) − ( ∂L ∂T^{′′} X^′ + ∂L ∂X^{′′} T^′) ] , (A.2)

where prims denote the derivatives with respect to ρ variable. One may write this result as^{δL}_{δX} ∧ X (see [6]). Also for the electromagnetic part one finds J_{EM} = 1 2 [ ( ∂L ∂A^′_0 A_1 − ∂L ∂A^′_1 A_0) , ( ∂L ∂A^′_0 A_1 + ∂L ∂A^′_1 A_0) , −( ∂L ∂A^′_0 A_0 − ∂L ∂A^′_1 A_1) ] . (A.3)

The total super angular momentum then will be J = J_{Gr} + J_{EM} .

B The differential form of the first law

As we mentioned in section 2 the black hole solutions in this paper have two free parameters ρ_0 and ω. In order to check that the entropy, angular momentum and mass satisfy the differential form of the first law of the thermodynamics for black holes we need to know every parameter in terms of these two free parameters.

The area of the horizon is equal to A_H =^{2π√}_{2z} (ρ_0 + 2ωz). The temperature of the black holes is given by T_H =^{(1−2z)}_{2π}^{√2zρ0}_{ρ0+2ωz} , and the angular velocity can be read from the metric and it is equal to Ω_H =^{2z}_{ρ0+2ωz} . For all solutions in this paper we must check the following relations ∂M ∂ρ_0 − T_H ∂S_{BH} ∂ρ_0 − Ω_H ∂J ∂ρ_0 = 0 , ∂M ∂ω − T_H ∂S_{BH} ∂ω − Ω_H ∂J ∂ω = 0 . (B.1)

As an example (we have checked the above relations for every solution, the computations are very lengthy in most cases) for uncharged solutions in four derivative case we find ∂M ∂ρ_0 − T_H ∂S_{BH} ∂ρ_0 − Ω_H ∂J ∂ρ_0 = − 1 2 ρ_0(8m^2 − 17 − 8z) (ρ_0 + 2ωz)Gm^2(8m^2 − 17)

= 0 , ∂M ∂ω − T_H ∂S_{BH} ∂ω − Ω_H ∂J ∂ω = − 1 4 (z −^{21}_8 + m^2)(8m^2 − 17 − 8z) (ρ_0 + 2ωz)Gm^2

= 0, (B.2)

where we have used the equation of motion z = m^2 −^{17}_8 in this case. As another example for uncharged solution in the six derivative case we find ∂M ∂ρ_0 − T_H ∂S_{BH} ∂ρ_0 − Ω_H ∂J ∂ρ_0 = − 1 64 ω^2z^3(124m^4 − 128m^2z − 272m^2 + 192z^2 + 240z − 33) (ρ_0 + 2ωz)^2Gm^4

= 0 , ∂M ∂ω − T_H ∂S_{BH} ∂ω − Ω_H ∂J ∂ω = 1 64 ωz^3 ρ_0(124m^4 − 128m^2z − 272m^2 + 192z^2 + 240z − 33) (ρ_0 + 2ωz)^2Gm^4

= 0 , (B.3)

where we have used the equation of motion again.

For charged solutions, for example consider the M-charged solution at four derivative case, we find ∂M ∂ρ_0 − T_H ∂S_{BH} ∂ρ_0 − Ω_H ∂J ∂ρ_0 = − 4ρ_0(m^2 + zm^2 +^1_8 ) (ρ_0 + 2ωz)G(8m^2 + 1)

= 0 , ∂M ∂ω − T_H ∂S_{BH} ∂ω − Ω_H ∂J ∂ω = 2ρ_0((z −^3_2 )m^2 −^1_8 )(m^2 + zm^2 +^1_8 ) (ρ_0 + 2ωz)Gm^4

= 0.(B.4)

In all cases in this paper, by using the equations of motion one can show that the equations (B.1) are correct.

Acknowledgment

We would like to thank Mohammad Moghaddasi for discussion. We would like to thank Shahin Sheikh-Jabbari for his comments. This work was supported by Ferdowsi University of Mashhad under the grant 2/15734 (30/08/1389).

References

[1] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in three-dimensional space-time,” Phys. Rev. Lett. 69, 1849 (1992) [arXiv:hep-th/9204099]. M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, “Geometry of the (2+1) black hole,” Phys. Rev. D 48, 1506 (1993) [arXiv:gr-qc/9302012].

[2] S. Deser, R. Jackiw and S. Templeton, “Three-Dimensional Massive Gauge Theories,” Phys. Rev. Lett. 48, 975 (1982).

[3] K. A. Moussa, G. Clement and C. Leygnac, “The black holes of topologically massive gravity,” Class. Quant. Grav. 20, L277 (2003) [arXiv:gr-qc/0303042]. A. Bouchareb and G. Clement, “Black hole mass and angular momentum in topologically massive Class. Quant. Grav. 24, 5581 (2007) [arXiv:0706.0263 [grqc]]. D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, “Warped AdS_3 Black Holes,” JHEP 0903, 130 (2009) [arXiv:0807.3040 [hep-th]].

[4] K. A. Moussa, G. Clement, H. Guennoune and C. Leygnac, “Three-dimensional Chern-Simons black holes,” Phys. Rev. D 78, 064065 (2008) [arXiv:0807.4241 [gr-qc]].

[5] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimensions,” Phys. Rev. Lett. 102, 201301 (2009) [arXiv:0901.1766 [hep-th]].

[6] G. Clement, “Warped AdS_3 black holes in new massive gravity,” Class. Quant.

Grav. 26, 105015 (2009) [arXiv:0902.4634 [hep-th]].

[7] I. Gullu, T. C. Sisman and B. Tekin, “Born-Infeld extension of new massive gravity,” Class. Quant. Grav. 27, 162001 (2010) [arXiv:1003.3935 [hep-th]]. I. Gullu, T. C. Sisman and B. Tekin, “c-functions in the Born-Infeld extended New Massive Gravity,” Phys. Rev. D 82, 024032 (2010) [arXiv:1005.3214 [hepth]].

[8] A. Ghodsi and M. Moghadassi, “Charged Black Holes in New Massive Gravity,” Phys. Lett. B 695, 359 (2011) [arXiv:1007.4323 [hep-th]].

[9] A. Sinha, “On the new massive gravity and AdS/CFT,” JHEP 1006, 061 (2010) [arXiv:1003.0683 [hep-th]].

[10] S. Nam, J. D. Park and S. H. Yi, “AdS Black Hole Solutions in the Extended New Massive Gravity,” JHEP 1007, 058 (2010) [arXiv:1005.1619 [hep-th]].

[11] M. Alishahiha, A. Naseh and H. Soltanpanahi, “On Born-Infeld Gravity in Three Dimensions,” Phys. Rev. D 82, 024042 (2010) [arXiv:1006.1757 [hepth]].

[12] L. F. Abbott and S. Deser, “Stability Of Gravity With A Cosmological Constant,” Nucl. Phys. B 195, 76 (1982).

[13] S. Deser and B. Tekin, “Gravitational energy in quadratic curvature gravities,” Phys. Rev. Lett. 89, 101101 (2002) [arXiv:hep-th/0205318].

[14] M. F. Paulos, “New massive gravity, extended,” arXiv:1005.1646 [hep-th].

[15] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, “Warped AdS_3 Black Holes,” JHEP 0903, 130 (2009) [arXiv:0807.3040 [hep-th]].

[16] A. Garbarz, G. Giribet and Y. Vasquez, “Asymptotically AdS_3 Solutions to Topologically Massive Gravity at Special Values of the Coupling Constants,” Phys. Rev. D 79, 044036 (2009) [arXiv:0811.4464 [hep-th]].

[17] J. M. Maldacena and A. Strominger, “AdS(3) black holes and a stringy exclusion principle,” JHEP 9812, 005 (1998) [arXiv:hep-th/9804085].

[18] R. Fareghbal, “Hidden Conformal Symmetry of Warped AdS_3 Black Holes,” Phys. Lett. B 694, 138 (2010) [arXiv:1006.4034 [hep-th]].

[19] J. D. Brown and M. Henneaux, “Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207 (1986).

[20] A. Ghodsi and D. M. Yekta, “On asymptotically AdS-like solutions of three dimensional massive gravity,” arXiv:1112.5402 [hep-th].

Figure 1: Left: Real roots of equation (4.10). Right: Real roots of equation (4.14).

Figure 2: Cosmological constant for upper (left) and lower (right) signs of (4.11).

Figure 3: a^2c^2 in equation (4.12) for domain of 0 < z <^1_2 .

Figure 4: Values of cosmological constant in equation (4.15) for domain of 0 < z <^1_2 and positive roots of (4.14).

Figure 5: Values of cosmological constant in equation (4.15) for domain of 0 < z <^1_2 and negative roots of (4.14).