arXiv:1011.0165v2 [hep-th] 27 Jun 2011

arXiv:1011.0165

On some models of geometric noncommutative general relativity

Michał Dobrski^∗ Centre of Mathematics and Physics Technical University of Łódź, Al. Politechniki 11, 90-924 Łódź, Poland (Dated: June 28, 2011)

Abstract

Using Fedosov theory of deformation quantization of endomorphism bundle we construct several models of pure geometric, deformed vacuum gravity, corresponding to arbitrary symplectic noncommutativity tensor. Deformations of Einstein-Hilbert and Palatini actions are investigated. Coordinate covariant field equations are derived up to the second order of the deformation parameter. For some models they are solved and explicit corrections to an arbitrary Ricci-flat metric are pointed out. The relation to the theory of Seiberg-Witten map is also studied and the correspondence to the spacetime noncommutativity described by Fedosov ∗-product of functions is explained.

PACS numbers: 11.10.Nx, 02.40.Gh, 04.50.Kd

∗Electronic address: michal.dobrski@p.lodz.pl

I. INTRODUCTION

The present paper is dedicated to a study of some possible global and geometric models of relativity on noncommutative spacetimes within the framework of Fedosov deformation quantization of endomorphism bundle. The motivation for such investigation originates in the conviction that whatever “noncommutative gravity” would be, it should preserve the basic symmetry of the classical theory – the full diffeomorphism invariance. Presented analysis aims at showing that Fedosov quantization of endomorphism bundle can serve as a tool for building geometric field theories on noncommutative spacetimes.

The general strategy we are going to adopt can be summarized in the following steps.

1) Take some symplectic manifold and an action on it which leads to the general relativity.

2) Rewrite the action by representing Lagrangian as a product of endomorphisms of some bundle.

3) Replace the product of endomorphisms by Fedosov ∗-product of endomorphisms.

4) Replace the integral by Fedosov trace functional.

5) Do the variations to obtain field equations.

6) Observe that steps 3 and 4 together with results of [1] induce that the theory is locally equivalent to the theory with Seiberg-Witten map applied on endomorphisms.

There is vast literature concerning construction of noncommutative gravity by means of Moyal product and Seiberg-Witten map. Hence, one can point out series of works [2–4] based on combination of infinitesimal so(3, 1) gauging with infinitesimal coordinate transformations, preserving (at first order of deformation) constant deformation parameter θ^{ij} . Another approach is given by [5–9], where SO(4, 1) (or U(2, 2)) symmetry is investigated. In such setting gauge potential carries information about both tetrad field and the usual SO(3, 1)-connection. The standard gravity is recovered by the procedure of contraction of the gauge group. There are also investigations based on some variants of SL(2, C ) symmetry [10, 11]. The common feature of all of these approaches are vanishing first order corrections to the field equations. On the other hand, the common issue is the lack of diffeomorphism invariance^1. More general types of noncommutativity were also studied – eg. Lie algebraic one [14] or given by Kontsevich theory [15, 16]. In [17] theories based on Moyal product and Seiberg-Witten map were geometrized. The resulting structure is invariant under passive diffeomorphisms, but at the price of nonassociativity of the corresponding ∗-product. One should also mention some other approaches to noncommutative gravity related somehow to ∗-products and Seiberg-Witten map. These are [18–23], where the method of Lie algebra twisting has been used to represent deformation of diffeomorphism symmetry. One of the remarkable results of [20] is the construction of an action which is geometric (i.e. described by globally defined 4-form) being simultaneously invariant under deformed diffeomorphism symmetry. Finally there are investigations which are strictly related to some particular models emerging in the context of the string theory, e.g. [24, 25].

The paper is organized as follows. In section 2 a brief overview of results of Fedosov construction is presented, and also some further conventions are fixed. In sections 3 and 4 deformations of Einstein-Hilbert and Palatini actions are investigated. Fifth section is devoted to analysis of interrelation between presented models and the theory of Seiberg- Witten map. We also clarify, how obtained results are related to the noncommutativity of the spacetime described by Fedosov ∗-product of functions. Finally some concluding remarks (section 6) are given.

1 We are going to distinguish passive and active diffeomorphism invariance (compare e.g. [12, 13]). Here we mean noninvariance in both above senses.

II. PRELIMINARIES

A. Fedosov construction

The main tool used in this paper is Fedosov construction of deformation quantization of endomorphism bundle formulated in [26]. We are not going to concern technical or “internal” details of this theory (which are interesting and beautiful on their own) but rather to make use of some of its particular results. Interested reader may find short exposition of Fedosov construction in its simplest, suitable for present pourposes form in [1]. Further geometric and algebraic interpretations are provided by [27, 28]. Some other analysis and examples can be found in [29–31]. Thus, we limit ourselves to the very brief, notation-fixing description of Fedosov ∗-product.

The starting point is given by Fedosov manifold (M, ω, ∂^S) i.e. 2n-dimensional symplectic manifold (M, ω) with some fixed symplectic (torsionless and preserving ω) connection ∂^S [32, 33]. The corresponding Poisson tensor (given by the inverse of ω_{ij}) is going to be denoted as Λ^{ij} . These data generate^2 global, geometric and associative deformation of product of functions on M. Its explicit form can be computed up to arbitrary power of deformation parameter h (which has nothing to do with Planck constant in our context) by means of Fedosov’s recursive techniques.

For the vector bundle E over M, equipped with a connection ∂^E one can construct global, geometric and associative deformation of product of sections of End(E). Locally it can be understood as a deformation of product of matrices. Denoting by ∂ = ∂^S ⊗1+1⊗∂^E the connection in T M ⊗ E (and by the same symbol its natural extension to any other tensor product of T M, T^∗M, E and E^∗) one may calculate that for arbitrary two sections

2 Precisely, one has also to fix curvature and normalizing condition for Abelian connection generating Fedosov ∗-product [26]. Within this paper, standard normalization μ ≡ 0 and curvature Ω = −ω are used.

F, G ∈ C^∞(End(E))[[h]] the Fedosov ∗-product is given up to h^2 by the expression F ∗ G = F G − ih 2 Λ^{ab}∂_aF ∂_bG+ − h^2 8 Λ^{ab}Λ^{cd} ( {∂_bF, R^E_{ac}}∂_dG + ∂_bF {R^E_{ac}, ∂_dG} + ∂_{(a}∂_{c)}F ∂_{(b}∂_{d)}G ) + O(h^3) (1)

where R^E_{ab} =^∂_{∂xa} Γ^E_b −^∂_{∂xb} Γ^E_a + [Γ^E_a , Γ^E_b ] (for ∂^E_i =^∂_{∂xi} + Γ^E_i ) is the curvature of ∂^E , and {· , ·} stands for the anticommutator. It is clear that in above formula usual product of endomorphisms (noncommutative from the beginning) has been used. For the special case of flat ∂^E and the local frame with Γ^E ≡ 0, the Fedosov ∗-product of endomorphisms becomes product of matrices with commutative multiplication of entries replaced by noncommutative Fedosov product of functions. Such product of matrices is going to be denoted as ∗_S . (The same symbol will be used for the Fedosov product of functions). If additionally ∂^S is flat and we work in local Darboux coordinates for which coefficients of ∂^S vanish, then Fedosov product of functions becomes Moyal product ∗_T . Thus, in such special case, we are dealing with multiplication used in [34] for the description of deformed gauge transformations.

The object which needs some more attention is Fedosov trace functional ([26] section 5.6). Given some Fedosov product ∗ one is able to construct trace functional tr_∗ taking values in C [[h]] and acting on compactly supported sections belonging to C^∞(End(E))[[h]], with the property tr_∗(F ∗ G) = tr_∗(G ∗ F ). (2) If one requires additionally, that for arbitrary (global or local) isomorphism M between ∗-algebras with products ∗_1 and ∗_2 (i.e. for M fulfilling M(F ∗_1 G) = M(F ) ∗_2 M(G)) the relation tr_{∗1} (F ) = tr_{∗2} (M(F )) (3) holds, then it follows that the trace functional is unique up to a constant normalizing factor. The proof of this fact relies on the observation that for the Moyal product ∗_T the trace is given by tr_{∗T} (F ) = const ∫ R^{2n} Tr(F ) ω^n n! (4) where Tr stands for the trace of a matrix, and on possibility of representing tr_∗ in terms of traces on Moyal algebras by a partition of unity {ρ_i} and a compatible set of local isomorphisms {M_i} between ∗ and the Moyal product. It turns out that tr_∗ is independent of particular choice of {ρ_i} and {A_i}. Unlike convention of [26], we fix the normalizing constant to be equal 1. Construction presented in [26] enables calculation of explicit form of tr_∗. Up to h^2 it reads^3

tr_∗(F ) = ∫ M Tr ( F + ih 2 Λ^{ab}R^E_{ab}F + h^2 ( − 3 8 Λ^{[ab}Λ^{cd]}R^E_{ab}R^E_{cd} + s_21 ) F + O(h^3) ) ω^n n! (5) where 1 is the identity endomorphism and the scalar^4

s_2 = 1 64 Λ^{[ab}Λ^{cd] S}R^k_{lab}^SR^l_{kcd} + 1 48 Λ^{ab}Λ^{cd}∂^S_e ∂^S_a^SR^e_{bcd} (6)

has been introduced for sake of simplicity of further notations. In above formula^SR^i_{jab} stands for the curvature tensor of ∂^S . It is useful to write down explicit form of tr_∗(F ∗G).

3 The computation leading to (5) is quite laborious as one has to deal with connection coefficients which in final step massively cancel and the remaining terms can be grouped to yield tensorial expressions. Large parts of this work has been performed with the significant use of xAct tensor manipulation package [35].

4 Index_2 corresponds to the presence s_2 at h^2. Such defined scalar is a symplectic part of what is called trace density in [26]. With similar conventions s_1 = 0.

Substitution of (1) into (5) after some manipulations yields^5

tr_∗(F ∗ G) = ∫ M Tr ( F G + ih 4 Λ^{ab}R^E_{ab}{F, G} + h^2 [ s_2F G + 1 8 Λ^{ab}Λ^{cd} ( R^E_{ab}[∂_cF, ∂_dG]+

− ∂_{(a}∂_{c)}F ∂_{(b}∂_{d)}G − 3 2 R^E_{[ab}R^E_{cd]}{F, G} )] + O(h^3) ) ω^n n! (7)

B. Some further conventions

The important problem related to the programme presented in the introduction is the incompatibility of the volume forms. In (5) the symplectic volume form vol_S =^{ωn}_{n!} must be used, and in general relativity the metric one vol_M = √ −gdx^1 ∧ · · · ∧ dx^{2n} more or less explicitly appears. Since the two must be proportional one can write vol_M = v vol_S defining the function v : M → R this way. The above mentioned incompatibility should be handled somehow, and in what follows two possible approaches are investigated. First, one can simply rescale one of the endomorphisms by multiplying them by v. Thus, let us fix the convention that F̆ = vF . The other option is given by introducing endomorphism V = v1 which multiplies endomorphism under the action. Both methods are completely equivalent at the undeformed level, but become different after deformation.

Let us also point out the following issue concerning the tangent bundle T M. In presented models it appears in two distinct roles. First as a ”component” of bundle E, and then as an object which carries information about the symplectic structure and the covariant derivations producing quantization formalism. This distinction becomes

5 The formula has been rearranged to explicitly exhibit symmetry tr_∗(F ∗ G) = tr_∗(G ∗ F ). For the term at h this can be done quickly using integration by parts and definition of R^E . For terms at h^2 one can proceed in a following manner. 1) Take what appears at h^2 after simple substitution of (1) into (5). Let it call h^2Q(F, G). 2) Rewrite it as h^2/2(Q(F, G) + Q(G, F )) + h^2/2(Q(F, G) − Q(G, F )). Drop the antisymmetric part. 3) Check that discarded terms are indeed equal to zero (as it should be, by the construction). When integrated by parts, the terms with single covariant derivative of R^E vanish in virtue of Bianchi identity, while the ones with double ∂ can be replaced by R^E and in turn, sum up with remaining terms to give 0. Such calculation can be treated as an additional verification of the formula (5).

important when applying covariant derivation to tensors involving indices from both copies of T M. The ∂ connection acts in such case by means of ∂^E (which is going to be chosen as a metric connection) and the symplectic connection ∂^S respectively. Thus, one needs some way of “marking” indices which should be differentiated by ∂^E and we are going to put prime at them (e.g. R^{E a′}_b′_{lm}). The ambiguity may be also postponed by using index-free notation for endomorphisms, and this approach is also used. Finally, the primes are omitted in the field equations, as they are no longer needed and may tend to obscure the result.

Finally, let us mention that all indices in subsequent sections are manipulated by means of corresponding metric tensors. (With exception of relations (10d)–(10g), (11) and (12) where the undeformed part of metric is used. This is also recalled within the text). These metric tensors are g_{ab} and also η_{AB} for the case of deformation of Palatini action. To avoid ambiguities (or even inconsistencies), we abandon convention of using symplectic form for raising or lowering indices. All formulae taken from Fedosov theory are rewritten in such manner, that they do not involve manipulation of indices by means of symplectic form.

III. EINSTEIN-HILBERT ACTION

Now, let us analyze some possible applications of Fedosov theory in the general relativity on noncommutative spacetime. We are going to proceed using programme sketched in the introduction and to assume, that symplectic form ω and compatible symplectic connection ∂^S are fixed. First, let us focus on the Einstein-Hilbert action. Thus, there is a metric g_{ab} with determinant g, its torsionless Levi-Civita connection ∇, Riemann curvature tensor R^{a′}_b′_{cd} (also used with all indices primed^6 R^{a′}_b′_c′_d′ ), Ricci tensor R_a′_b′ = R^{c′}_a′_c′_b′

6 As we use exactly the same frame (e.g. coordinate one) for both primed and unprimed indices we can consistently define primed tensors from unprimed ones and vice versa. The prime is used only as a marking for covariant derivation ∂.

and Ricci scalar R. Field equations are going to be derived by the variation of the metric.

Let us introduce the notation R^{a′}_b′ = R^{a′}_b′ and R^{a′b′}_{c′d′} = R^{a′b′}_c′_d′ . (This becomes convenient when distinguishing between endomorphisms R, R and the scalar R). Also, let Y^{ijk′l′} =Λ^{[ij}Λ^{ab]}R^{k′l′}_{ab} X^{i′j′k′l′} =Λ^{[ab}Λ^{cd]}R^{i′j′}_{ab}R^{k′l′}_{cd} = R^{i′j′}_{ab}Y^{abk′l′} Z = 1 √ −g Λ^{ij}Λ^{kl}∂^S_i ∂^S_k ∂^S_j ∂^S_l √ −g

A. Deformed actions and field equations

1. R̆ as an endomorphism of T M

The Einstein-Hilbert action can be quickly rewritten as S_{EH1A} = ∫ M Tr R̆ ω^n n! Thus, we are going to treat rescaled Ricci tensor R̆^{a′}_b′ = vR^{a′}_b′ as an endomorphism of E = T M. In order to define ∗-product of endomorphisms one needs some connection in E. Let us fix ∂^E = ∇ and consequently R^E is given by the Riemann tensor. The corresponding ∗-product is going to be denoted by ∗_{EH1} . Under these assumptions the deformed action is given by

^S_{EH1A} = tr_{∗EH1} (R̆) = ∫ M Tr ( R̆ + h^2 ( − 3 8 Λ^{[ab}Λ^{cd]}R^E_{ab}R^E_{cd} + s_2 ) R̆ + O(h^3) ) ω^n n! = ∫ M ( R − 3 8 h^2X^{k′ l′}_l′_m′ R^{m′}_k′ + h^2s_2R + O(h^3) ) vol_M

Variation of the metric yields the following field equations R^{ab} − 1 2 g^{ab}R + h^2 [ 3 8 ( − R^{(a}_kX^{b)kl}_l + 1 2 R^k_lX^{l m}_{m k} g^{ab} + ∇_k∇^{(a}X^{b) lk}_l − 1 2 ∇_l∇^lX^{a kb}_k − 1 2 g^{ab}∇_k∇_lX^{k ml}_m − 2∇_k∇^l ( R^{(a}_mY^{b)mk}_l ) + 2∇_k∇_l ( R^{km}Y^{l(a b)}_m ) ) − 1 2 g^{ab}Rs_2 + R^{ab}s_2 + g^{ab}∇_l∇^ls_2 − ∇^a∇^bs_2 ] + O(h^3) = 0

2. R and V as endomorphisms of T M

Now, keeping unmodified ∗-product structure given by ∗_{EH1} , we are going to investigate another possibility of forcing correct volume form at h = 0. The Einstein-Hilbert action written as S_{EH1B} = ∫ M Tr RV ω^n n! may be deformed into^7 ^S_{EH1B} = tr_{∗EH1} (R ∗_{EH1} V ) = ∫ M Tr ( RV + h^2 ( − 1 8 Λ^{ab}Λ^{cd} ( ∂_{(a}∂_{c)}R∂_{(b}∂_{d)}V + 3R^E_{[ab}R^E_{cd]}RV ) + s_2RV ) + O(h^3) ) ω^n n! = ∫ M ( R − 3 8 h^2X^{k′ l′}_l′_m′ R^{m′}_k′ − 1 8 h^2Λ^{ab}Λ^{cd}∂^S_b ∂^S_d ∂^S_a ∂^S_c R + h^2s_2R + O(h^3) ) vol_M

7 The term with ∂_{(a}∂_{c)}R∂_{(b}∂_{d)}V is integrated by parts twice, then the covariant derivatives are commuted with the trace and the torsionless property of ∂^S is used to get rid of symmetrizations.

Then, the field equations become R^{ab} − 1 2 g^{ab}R + h^2 [ 3 8 ( − R^{(a}_kX^{b)kl}_l + 1 2 R^k_lX^{l m}_{m k} g^{ab} + ∇_k∇^{(a}X^{b) lk}_l − 1 2 ∇_l∇^lX^{a kb}_k − 1 2 g^{ab}∇_k∇_lX^{k ml}_m − 2∇_k∇^l ( R^{(a}_mY^{b)mk}_l ) + 2∇_k∇_l ( R^{km}Y^{l(a b)}_m ) ) + 1 8 ( − R^{ab}Z + ∇^a∇^bZ − g^{ab}∇_l∇^lZ + 1 2 g^{ab}Λ^{jk}Λ^{lm}∂^S_k ∂^S_m∂^S_j ∂^S_l R ) − 1 2 g^{ab}Rs_2 + R^{ab}s_2

+ g^{ab}∇_l∇^ls_2 − ∇^a∇^bs_2 ] + O(h^3) = 0

3. R̆ as an endomorphism of T M ⊗ T M

This time, we start with the action S_{EH2A} = ∫ M Tr R̆ ω^n n! Here, the rescaled Riemann tensor is treated as an endomorphism of E = T M ⊗ T M whose action on l ∈ T M ⊗ T M yields (R̆l)^{a′b′} = vR^{a′b′}_c′_d′ l^{c′d′} . As a connection in E we take ∂^E = ∇ ⊗ 1 + 1 ⊗ ∇. Its curvature is given by R^E_{ab} = R^∇_{ab} ⊗ 1 + 1 ⊗ R^∇_{ab}, with R^∇_{ab} being the curvature of ∇ treated as an endomorphism of T M. Let ∗_{EH2} be the corresponding ∗-product. Thus

^S_{EH2A} = tr_{∗EH2} (R̆) = ∫ M Tr ( R̆ + h^2 ( − 3 8 Λ^{[ab}Λ^{cd]}R^E_{ab}R^E_{cd} + s_2 ) R̆ + O(h^3) ) ω^n n! = ∫ M ( R − 3 4 h^2 ( X^{k′ l′}_l′_m′ R^{m′}_k′ + X^{k′ m′}_l′_p′ R^{l′p′}_k′_m′ ) + h^2s_2R + O(h^3) ) vol_M yielding R^{ab} − 1 2 g^{ab}R + h^2 [ 3 4 ( − R^{(a}_kX^{b)kl}_l + 1 2 R^k_lX^{l m}_{m k} g^{ab} + ∇_k∇^{(a}X^{b) lk}_l − 1 2 ∇_l∇^lX^{a kb}_k − 1 2 g^{ab}∇_k∇_lX^{k ml}_m − 2∇_k∇^l ( R^{(a}_mY^{b)mk}_l ) + 2∇_k∇_l ( R^{km}Y^{l(a b)}_m ) + R^{l(a}_{km} X^{b)mk}_l + 1 2 ∇_k∇_lX^{k(ab)l} + 2∇_k∇_l ( R^{mjk(a}Y^{b)l}_{mj} ) + 1 2 R^{lm}_{jk}X^{j k}_{l m} g^{ab} ) − 1 2 g^{ab}Rs_2 + R^{ab}s_2

+ g^{ab}∇_l∇^ls_2 − ∇^a∇^bs_2 ] + O(h^3) = 0

4. R and V as endomorphisms of T M ⊗ T M

Analogously to section III A 2, one may keep the product ∗_{EH2} unchanged, but rewrite the action using V S_{EH2B} = ∫ M Tr RV ω^n n! After the deformation the action takes form ^S_{EH2B} = tr_{∗EH2} (R ∗_{EH2} V ) = ∫ M Tr ( RV + h^2 ( − 1 8 Λ^{ab}Λ^{cd} ( ∂_{(a}∂_{c)}R∂_{(b}∂_{d)}V + 3R^E_{[ab}R^E_{cd]}RV ) + s_2RV ) + O(h^3) ) ω^n n! = ∫ M ( R − 3 4 h^2 ( X^{k′ l′}_l′_m′ R^{m′}_k′ + X^{k′ m′}_l′_p′ R^{l′p′}_k′_m′ ) − 1 8 h^2Λ^{ab}Λ^{cd}∂^S_b ∂^S_d ∂^S_a ∂^S_c R + h^2s_2R

+ O(h^3) ) vol_M

The field equations are given by R^{ab} − 1 2 g^{ab}R + h^2 [ 3 4 ( − R^{(a}_kX^{b)kl}_l + 1 2 R^k_lX^{l m}_{m k} g^{ab} + ∇_k∇^{(a}X^{b) lk}_l − 1 2 ∇_l∇^lX^{a kb}_k − 1 2 g^{ab}∇_k∇_lX^{k ml}_m − 2∇_k∇^l ( R^{(a}_mY^{b)mk}_l ) + 2∇_k∇_l ( R^{km}Y^{l(a b)}_m ) + R^{l(a}_{km} X^{b)mk}_l + 1 2 ∇_k∇_lX^{k(ab)l} + 2∇_k∇_l ( R^{mjk(a}Y^{b)l}_{mj} ) + 1 2 R^{lm}_{jk}X^{j k}_{l m} g^{ab} ) + 1 8 ( − R^{ab}Z + ∇^a∇^bZ − g^{ab}∇_l∇^lZ + 1 2 g^{ab}Λ^{jk}Λ^{lm}∂^S_k ∂^S_m∂^S_j ∂^S_l R ) − 1 2 g^{ab}Rs_2 + R^{ab}s_2

+ g^{ab}∇_l∇^ls_2 − ∇^a∇^bs_2 ] + O(h^3) = 0

B. Structure of deformed theories

Let us briefly comment formulae obtained in the previous subsection. In all cases the h^1 terms in deformed actions have vanished due to R^k_{lab}R^l_k = 0. Also, in all deformed Lagrangians one is dealing with h^{2 (2 )}L_s = h^2s_2R term, originating in the part of the trace formula (5) generated by the curvature of symplectic connection.^{(2 )}L_s gives rise to the field equations by the expression − 1 2 g^{ab}Rs_2 + R^{ab}s_2 + g^{ab}∇_l∇^ls_2 − ∇^a∇^bs_2,

and describes interaction of the metric g_{ab} with symplectic connection, which defines s_2.

Now, let us write Lagrangians (with respect to vol_M ) as

^L_{EH1A} = L_{EH} + h^{2 (2 )}L_{R̆} + h^{2 (2 )}L_s + O(h^3),

^L_{EH1B} = L_{EH} + h^{2 (2 )}L_{R∗EH1 V} + h^{2 (2 )}L_s + O(h^3),

^L_{EH2A} = L_{EH} + h^{2 (2 )}L_{R̆} + h^{2 (2 )}L_s + O(h^3),

^L_{EH2B} = L_{EH} + h^{2 (2 )}L_{R∗EH1 V} + h^{2 (2 )}L_s + O(h^3),

with L_{EH} = R. Hence,^{(2 )}L˘_R,^{(2 )}L_{R∗EH1 V} ,^{(2 )}L˘_R and^{(2 )}L_{R∗EH1 V} represent terms produced by the part of the trace generated by R^E . It follows that choosing E = T M and R̆ as the endomorphism yields^{(2 )}L˘_R = −^3_8 X^{k′ l′}_l′_m′ R^{m′}_k′ , while taking E = T M ⊗ T M and R̆ produces^{(2 )}L_{R̆} = −^3_4 ( X^{k′ l′}_l′_m′ R^{m′}_k′ + X^{k′ m′}_l′_p′ R^{l′p′}_k′_m′ ) . Thus one can write the relation

(2 )

L˘_R = 2^{(2 )}L˘_R −^3_4 X^{k′ m′}_l′_p′ R^{l′p′}_k′_m′ . Switching from endomorphism rescaling to multiplication

by V influences the deformed Lagrangians by^{(2 )}L_{R∗EH1 V} =^{(2 )}L_{R̆} −^1_8 h^2Λ^{ab}Λ^{cd}∂^S_b ∂^S_d ∂^S_a ∂^S_c R , and^{(2 )}L_{R∗EH2 V} =^{(2 )}L_{R̆} −^1_8 h^2Λ^{ab}Λ^{cd}∂^S_b ∂^S_d ∂^S_a ∂^S_c R.

The term^{(2 )}L˘_R contributes to the field equations by 3 8 ( − R^{(a}_kX^{b)kl}_l + 1 2 R^k_lX^{l m}_{m k} g^{ab} + ∇_k∇^{(a}X^{b) lk}_l − 1 2 ∇_l∇^lX^{a kb}_k − 1 2 g^{ab}∇_k∇_lX^{k ml}_m − 2∇_k∇^l ( R^{(a}_mY^{b)mk}_l ) + 2∇_k∇_l ( R^{km}Y^{l(a b)}_m ) ) . Analogously, from −^3_4 X^{k′ m′}_l′_p′ R^{l′p′}_k′_m′ one obtains 3 4 ( R^{l(a}_{km} X^{b)mk}_l + 1 2 ∇_k∇_lX^{k(ab)l} + 2∇_k∇_l ( R^{mjk(a}Y^{b)l}_{mj} ) + 1 2 R^{lm}_{jk}X^{j k}_{l m} g^{ab} ) . Finally, the expression −^1_8 h^2Λ^{ab}Λ^{cd}∂^S_b ∂^S_d ∂^S_a ∂^S_c R is responsible for 1 8 ( − R^{ab}Z + ∇^a∇^bZ − g^{ab}∇_l∇^lZ + 1 2 g^{ab}Λ^{jk}Λ^{lm}∂^S_k ∂^S_m∂^S_j ∂^S_l R ) , being the second source of terms involving symplectic connection.

C. Corrections to the metric

In all considered cases field equations are of the form G_{ab} = W_{ab} + O(h^3), where G_{ab} = R_{ab} −^1_2 Rg_{ab} is the Einstein tensor, and the term W_{ab} is of h^2 order i.e. W_{ab} = h^{2 (2 )}W_{ab} + O(h^3). Let us investigate how W_{ab} influences the metric. For this pourpose one can rewrite g_{ab} as a formal power series with respect to h

g_{ab} =^{(0 )}g_{ab} + h^{(1 )}g_{ab} + h^{2 (2 )}g_{ab} + . . .

Coefficients of Levi-Civita connection corresponding to g_{ab} can be written as

Γ^a_{bc} =^{(0 )}Γ^a_{bc} + h^{(1 )}Γ^a_{bc} + h^{2 (2 )}Γ^a_{bc} + . . .

One can quite easily calculate that

(0 )

Γ^a_{bc} = 1 2 (0 ) g^{ak} ( ∂^{(0 )}g_{kb} ∂x^c + ∂^{(0 )}g_{kc} ∂x^b − ∂^{(0 )}g_{bc} ∂x^k ) , (8a)

(1 )

Γ^a_{bc} = 1 2 (0 ) g^{ak} (_{(0 )} ∇_c^{(1 )}g_{kb} +^{(0 )}∇_b^{(1 )}g_{kc} −^{(0 )}∇_k^{(1 )}g_{bc} ) , (8b)

(2 )

Γ^a_{bc} = 1 2 (0 ) g^{ak} (_{(0 )} ∇_c^{(2 )}g_{kb} +^{(0 )}∇_b^{(2 )}g_{kc} −^{(0 )}∇_k^{(2 )}g_{bc} ) −^{(0 )}g^{ak (1 )}g_{kl}^{(1 )}Γ^l_{bc}, (8c)

where^{(0 )}∇ denotes Levi-Civita connection of metric^{(0 )}g_{ab}. Observe that^{(1 )}Γ^a_{bc} and^{(2 )}Γ^a_{bc} are tensorial objects. Hence, for the Riemann tensor

R^a_{bcd} =^{(0 )}R^a_{bcd} + h^{(1 )}R^a_{bcd} + h^{2 (2 )}R^a_{bcd} + . . .

one obtains

(1 )

R^a_{bcd} = 2^{(0 )}∇_{[c}^{(1 )}Γ^a_{d]b}, (9a)

(2 )

R^a_{bcd} = 2^{(0 )}∇_{[c}^{(2 )}Γ^a_{d]b} + 2^{(1 )}Γ^a_{k[c}^{(1 )}Γ^k_{d]b}, (9b)

and^{(0 )}R^a_{bcd} is the Riemann tensor of metric^{(0 )}g_{ab}. Substituting above relations into field equations and analyzing terms at h^0 and h^1 one calculates that

(0 )

R_{ab} = 0, (10a)

(0 ) g^{kl} (_{(0 )} ∇_k^{(0 )}∇_a^{(1 )}g_{bl} +^{(0 )}∇_k^{(0 )}∇_b^{(1 )}g_{al} −^{(0 )}∇_k^{(0 )}∇_l^{(1 )}g_{ab} −^{(0 )}∇_a^{(0 )}∇_b^{(1 )}g_{kl} ) = 0, (10b)

where^{(0 )}R_{ab} is zeroth order term in power series expansion of R_{ab} and also Ricci tensor of

(0 )

g_{ab}. For h^2 the following relation can be derived

(0 ) g^{kl} (_{(0 )} ∇_k^{(0 )}∇_a^{(2 )}g_{bl} +^{(0 )}∇_k^{(0 )}∇_b^{(2 )}g_{al} −^{(0 )}∇_k^{(0 )}∇_l^{(2 )}g_{ab} −^{(0 )}∇_a^{(0 )}∇_b^{(2 )}g_{kl} ) = = 2^{(2 )}W_{ab} − 1 n − 1 (0 )

g_{ab}^{(2 )}W − 4^{(1 )}Γ^k_{l[k}^{(1 )}Γ^l_{b]a} + 4^{(0 )}g^{rk(0 )}∇_{[r}

(_{(1 )} Γ^l_{b]a}^{(1 )}g_{kl} ) , (10c)

where^{(2 )}W =^{(0 )}g^{rs (2 )}W_{rs}. The term^{(2 )}W_{ab} is given by the following formulae^8:

8 In equations (10d–10g) indices are manipulated by means of metric^{(0 )}g_{ab}.

– for ^S_{EH1A} (2 ) W_{ab} = − 3 8 (_{(0 )} ∇_k^{(0 )}∇_{(a}^{(0 )}X^{lk}_{b)l} − 1 2 (0 )

∇_l^{(0 )}∇^{l (0 )}X^k_{ak b} − 1 2 (0 )

g_{ab}^{(0 )}∇_k^{(0 )}∇_l^{(0 )}X^{k ml}_m )

−^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^ls_2 +^{(0 )}∇_a^{(0 )}∇_bs_2,

(10d)

– for ^S_{EH1B} (2 ) W_{ab} = − 3 8 (_{(0 )} ∇_k^{(0 )}∇_{(a}^{(0 )}X^{lk}_{b)l} − 1 2 (0 )

∇_l^{(0 )}∇^{l (0 )}X^k_{ak b} − 1 2 (0 )

g_{ab}^{(0 )}∇_k^{(0 )}∇_l^{(0 )}X^{k ml}_m )

− 1 8 (_{(0 )} ∇_a^{(0 )}∇_b^{(0 )}Z −^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^{l (0 )}Z ) −^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^ls_2 +^{(0 )}∇_a^{(0 )}∇_bs_2,

(10e)

– for ^S_{EH2A} (2 ) W_{ab} = − 3 4 (_{(0 )}

∇_k^{(0 )}∇_{(a}^{(0 )}X^{lk}_{b)l} − 1 2 (0 )

∇_l^{(0 )}∇^{l (0 )}X^k_{ak b} − 1 2 (0 )

g_{ab}^{(0 )}∇_k^{(0 )}∇_l^{(0 )}X^{k ml}_m +^{(0 )}R^l_{km (a}^{(0 )}X^{mk}_{b) l}

+ 1 2 (0 )

∇_k^{(0 )}∇_l^{(0 )}X^{k l}_{(ab)} + 2^{(0 )}∇_k^{(0 )}∇_l

(_{(0 )}

R^{mjk}_{(a}^{(0 )}Y^l_{b) mj} ) + 1 2 (0 )

R^{lm}_{jk}^{(0 )}X^{j k}_{l m}^{(0 )}g_{ab} )

−^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^ls_2 +^{(0 )}∇_a^{(0 )}∇_bs_2,

(10f)

– for ^S_{EH2B} (2 ) W_{ab} = − 3 4 (_{(0 )}

∇_k^{(0 )}∇_{(a}^{(0 )}X^{lk}_{b)l} − 1 2 (0 )

∇_l^{(0 )}∇^{l (0 )}X^k_{ak b} − 1 2 (0 )

g_{ab}^{(0 )}∇_k^{(0 )}∇_l^{(0 )}X^{k ml}_m +^{(0 )}R^l_{km (a}^{(0 )}X^{mk}_{b) l}

+ 1 2 (0 )

∇_k^{(0 )}∇_l^{(0 )}X^{k l}_{(ab)} + 2^{(0 )}∇_k^{(0 )}∇_l

(_{(0 )}

R^{mjk}_{(a}^{(0 )}Y^l_{b) mj} ) + 1 2 (0 )

R^{lm}_{jk}^{(0 )}X^{j k}_{l m}^{(0 )}g_{ab} )

− 1 8 (_{(0 )}

∇_a^{(0 )}∇_b^{(0 )}Z −^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^{l (0 )}Z ) −^{(0 )}g_{ab}^{(0 )}∇_l^{(0 )}∇^ls_2 +^{(0 )}∇_a^{(0 )}∇_bs_2,

(10g)

where^{(0 )}X^{ijkl},^{(0 )}Y^{ijkl},^{(0 )}Z are zeroth order terms in power series expansion of X_{ijkl}, Y_{ijkl} and Z, which can be expressed by means of^{(0 )}R^i_{jkl} and^{(0 )}g_{ab}.

Thus, in all cases equations which describe deformed metric are of the same structure. At h^0 one is dealing with arbitrary Ricci-flat metric^{(0 )}g_{ab}. The h^1 correction^{(1 )}g_{ab} can be understood as a classical^9 (undeformed) first order perturbation of^{(0 )}g_{ab}, governed by the linear homogeneous equations (10b). Noncommutativity appears for the first time at h^2. Correction^{(2 )}g_{ab} is given by linear, inhomogeneous equations (10c). The homogeneous part of (10c) is expressed by the same linear operator as that of (10b). The inhomogeneous part consists of two groups of terms – the one describing interaction with first order perturbation^{(1 )}g_{ab}, and the other given by W_{ab}, with purely noncommutative origin. Discarding first order classical perturbation by putting^{(1 )}g_{ab} = 0, we are able to point out special solution of (10c) for actions ^S_{EH1A} and ^S_{EH1B} . It reads

(2 ) g_{ab} = − 3 8 (0 ) X^k_{ak b} − 1 n − 1 ( s_2 − 3 16 (0 ) X^{km} mk )_{(0 )} g_{ab} (11)

for ^S_{EH1A} , and

(2 ) g_{ab} = − 3 8 (0 ) X^k_{ak b} − 1 n − 1 ( s_2 − 1 8 (0 ) Z − 3 16 (0 ) X^{km} mk )_{(0 )}

g_{ab} (12)

for ^S_{EH1B} . (Here, like in (10d) – (10g), indices at^{(0 )}X are manipulated by^{(0 )}g_{ab}). Let us observe that the difference between above solutions and arbitrary other solution of (10c), with^{(1 )}g_{ab} = 0, must be a solution of homogeneous variant of (10c). Thus, such a difference may be interpreted as a classical perturbation of metric^{(0 )}g_{ab}. For this reason one can regard (11) and (12) as the solutions carrying full information about considered noncommutativity at h^2.

IV. PALATINI ACTION

Now, let us switch to the Palatini formalism with the connection and the tetrad field as separate dynamical variables. Thus, one is dealing with the vector bundle L for which SO(3, 1) transformations preserve the canonical form of the Lorentzian metric η_{AB} . The bundle L is equipped with some metric-compatible connection ∂^L . Its local coefficients

9 Arguments leading to (10b) are essentially identical to standard calculations concerning small perturbations of classical vacuum relativity, e.g. in shortwave formalism ([38] §35.13).

are denoted as Γ ~ AB i and are antisymmetric in^{AB}. The corresponding curvature is given by R ~ A Bij . The bundle E is taken to be L ⊗ T M. The tetrad field θ^A_b′ induces the metric g_a′_b′ = θ^A_a′ η_{AB} θ^B_b′ and the metric connection ∇ in T M (not necessarily torsionless). Local coefficients of ∇ can be computed from the expression Γ^{i′}_j′_k = θ^{i′}_A Γ ~ A Bkθ^B_j′ + θ^{i′}_A^∂_{∂xk} θ^A_j′ . The curvature tensors are related by R^{i′}_j′_{kl} = θ^{i′}_A R ~ A Bklθ^B_j′ . As a connection in E we choose ∂^E = ∂^L ⊗ 1 + 1 ⊗ ∇. These data encode the ∗-product ∗_P .

We are going to make use of the following two endomorphisms of L ⊗ T M: R̆ ~ , i.e.

rescaled^{10} by v version of R ~ A a^′ B b^′ (defined by the curvature of ∂

L and the tetrad which raises index^{a′} ), and Θ given by Θ^{A a′}_{B b}′ = θ^{Aa′} θ_{Bb}′ . As a starting point one may take the following version of Palatini action

S_P = ∫ M Tr R̆ ~ Θ ω^n n! The deformation procedure yields particularly simple expression due to ∂_iΘ = 0, Tr(R^E_{ab}{R ~ , Θ}) = 0 and Tr(R^E_{ab}R^E_{cd}{R ~ , Θ}) = 0.

^S_P = tr_{∗P} (R̆ ~ ∗ Θ) = ∫ M Tr ( R ~ Θ + h^2s_2R ~ Θ + O(h^3) ) vol_M (13)

The variation with respect to δθ leads to the equations

(1 + h^2s_2) ( R_{ab} − 1 2 g_{ab}R ) + O(h^3) = 0 (14a)

clearly equivalent (up to h^2) to the condition R_{ab} = 0. The variation of the connection field δΓ ~ produces^{11}

(1 + h^2s_2)Q^a_{bc} = h^2 n − 1 δ^a_{[b} ∂s_2 ∂x^{c]} + O(h^3) (14b)

10 The function v modifying R ~ is taken with respect to the metric g_{ab} induced by the tetrad. Obviously vol_M and the volume form given by the determinant of θ coincide in such case.

11 The variation gives

w(Γ^c_{ab} − Γ^c_{ba}) = δ^c_a ( ∂w ∂x^b − Γ^d_{bd}w ) − δ^c_b ( ∂w ∂x^a − Γ^d_{ad}w )

with the tensor density w = √ −g(1 + h^2s_2). Contraction of this relation enables expressing Γ^d_{ad} in terms of Γ^d_{da}, leading in turn to (14b).

where Q^a_{bc} = Γ^a_{cb} − Γ^a_{bc} is the torsion tensor of the connection ∇. Thus, one obtains the theory with vanishing Ricci tensor and nonvanishing torsion generated by the scalar s_2. A quick calculation shows that the trace-free part of Q^c_{ab} is equal to zero. Equation (14b) means that for Q^a_{bc} =^{(0 )}Q^a_{bc} + h^{(1 )}Q^a_{bc} + h^{2 (2 )}Q^a_{bc} + . . .

one has^{(0 )}Q^a_{bc} =^{(1 )}Q^a_{bc} = 0 and_{(2 )} Q^a_{bc} = 1 n − 1 δ^a_{[b} ∂s_2 ∂x^{c]} . Connection coefficients for ∇ are given by

Γ^a_{bc} = 1 2 g^{ak} ( ∂g_{bk} ∂x^c + ∂g_{ck} ∂x^b − ∂g_{bc} ∂x^j + Q_{bkc} + Q_{ckb} − Q_{kbc} ) . Hence,^{(0 )}Γ^a_{bc} and^{(1 )}Γ^a_{bc} are still expressed by relations (8a) and (8b). For^{(2 )}Γ^a_{bc} one computes that

(2 )

Γ^a_{bc} = 1 2 (0 ) g^{ak} (_{(0 )}

∇_c^{(2 )}g_{kb} +^{(0 )}∇_b^{(2 )}g_{kc} −^{(0 )}∇_k^{(2 )}g_{bc} ) −^{(0 )}g^{ak (1 )}g_{kl}^{(1 )}Γ^l_{bc} + 1 2(n − 1) ( δ^a_c ∂s_2 ∂x^b −^{(0 )}g_{bc}^{(0 )}g^{ak} ∂s_2 ∂x^k ) . (15a) Corrections to Riemann tensor are again given by (9). Substituting them to R_{ab} = 0 we obtain that for h^0 and h^1 relations (10a) and (10b) remain valid. However, equations for

(2 )

g_{ab} take the following form

(0 ) g^{kl} (_{(0 )} ∇_k^{(0 )}∇_a^{(2 )}g_{bl} +^{(0 )}∇_k^{(0 )}∇_b^{(2 )}g_{al} −^{(0 )}∇_k^{(0 )}∇_l^{(2 )}g_{ab} −^{(0 )}∇_a^{(0 )}∇_b^{(2 )}g_{kl} ) = = 2^{(0 )}∇_a^{(0 )}∇_bs_2 + 1 n − 1 (0 )

g_{ab}^{(0 )}g^{kl(0 )}∇_k^{(0 )}∇_ls_2 − 4^{(1 )}Γ^k_{l[k}^{(1 )}Γ^l_{b]a} + 4^{(0 )}g^{rk(0 )}∇_{[r}

(_{(1 )} Γ^l_{b]a}^{(1 )}g_{kl} ) . (15b)

Like in the case of Einstein-Hilbert action, one can easily guess special solution of (15b) by requiring that^{(1 )}g_{ab} = 0, i.e. that classical first order perturbation vanish. It reads

(2 ) g_{ab} = − 1 n − 1 s_2^{(0 )}g_{ab} (16)

For such case the correction^{(1 )}Γ^a_{bc} is equal to zero, and^{(2 )}Γ^a_{bc} is given by

(2 )

Γ^a_{bc} = − 1 2(n − 1) δ^a_b ∂s_2 ∂x^c . (17)

Repeating arguments of the previous section, one can point out that arbitrary other solution of (15b), with^{(1 )}g_{ab} = 0, differs from (16) by a classical perturbation of^{(0 )}g_{ab}. Let us observe that since deformation of the action given by (13) depends up to h^2 solely on s_2, then corrections (16), (17) are also expressible in terms of s_2. Now, s_2 is related to the curvature of ∂^S by the formula (13). In particular this means, that for the Moyal case of flat ∂^S , one is dealing with undeformed theory even at h^2.

V. RELATION TO THE THEORY OF SEIBERG-WITTEN MAP

Let us explain how proposed models can be understood in terms of the theory of Seiberg-Witten map. This becomes quite straightforward when one combines results of [1] with the property (3). Indeed, what [1] states is that Seiberg-Witten map is an local isomorphism of ∗-product algebras, while the relation (3) says that the trace functional is invariant on such isomorphisms.

More precisely, suppose that one prescribes to each frame e in E ∗-product isomorphism M_{⟨e⟩} which transforms the initial global product ∗ to the local one ∗_S . (Recall that ∗_S is nothing but matrix multiplication with commutative product of entries replaced by Fedosov ∗-product of functions). Thus M_{⟨e⟩}(F_{⟨e⟩} ∗ G_{⟨e⟩}) = M_{⟨e⟩}(F_{⟨e⟩}) ∗_S M_{⟨e⟩}(G_{⟨e⟩}) where F_{⟨e⟩}, G_{⟨e⟩} are matrices representing endomorphisms F and G in the frame e. It turns out ([1] section 3.1) that if we switch to different frame ~e = eg^{−1} then M_{⟨e⟩} and M_{⟨~e⟩} are related by M_{⟨~e⟩}(F_{⟨~e⟩}) = ^g_{⟨e⟩}(g, Γ^E ) ∗_S M_{⟨e⟩}(F_{⟨e⟩}) ∗_S ^g^{−1}_{⟨e⟩} (g, Γ^E ) (18) with ^g_{⟨e⟩}(g, Γ^E ) = g + O(h) dependent both on g and connection one-forms Γ^E_i in the frame e and their derivatives. Moreover, if we combine two gauge transformations, then ^g fulfills “consistency conditions” (compare [36, 37]) given by

^g_{⟨e⟩}(g^′g, Γ^E ) = ^g_{⟨ẽ⟩}(g^′, gΓ^E g^{−1} + gdg^{−1}) ∗_S ^g_{⟨e⟩}(g, Γ^E ). (19)

Thus, M and ^g behave exactly like Seiberg-Witten map [34]. Indeed, if M is set up with Fedosov’s techniques of generating ∗-product isomorphisms, then one can compute^{12} M and ^g, and for the case of ∗_S given by Moyal product ∗_T obtain results which are wellknown expressions for Seiberg-Witten map ([1] section 4).

We are going to rewrite investigated actions in terms of Seiberg-Witten map. Let M(F ) = ^F , as it is justified by relations (19) and (18). Also, let us separately distinguish Moyal case of ∗_S = ∗_T , for which ∂^S is flat, one works in Darboux coordinates with coefficients of ∂^S equal to zero, and the trace functional tr_{∗T} is given by the integral (4). Suppose that supports of endomorphisms under consideration are small enough to be covered by a single frame in E, and – in Moyal case – by a single Darboux coordinates. Then, due to property (3), actions considered in this paper can be locally rewritten as follows.

arbitrary ∗_S ∗_S = ∗_T ^S_{EH1A} = tr_{∗S} ( ^R̆ ) ∫ R^{2n} Tr( ^R̆ ) d^{2n}x ^S_{EH1B} = tr_{∗S} ( ^R ∗_S ^V ) ∫ R^{2n} Tr( ^R ∗_T ^V ) d^{2n}x

^S_{EH2A} = tr_{∗S} ( ^R̆ ) ∫ R^{2n} Tr( ^R̆ ) d^{2n}x ^S_{EH2B} = tr_{∗S} ( ^R ∗_S ^V ) ∫ R^{2n} Tr( ^R ∗_T ^V ) d^{2n}x

^S_P = tr_{∗S} ( ^R̆ ~ ∗_S ^Θ) ∫ R^{2n} Tr( ^R̆ ~ ∗_T ^Θ) d^{2n}x

Let us observe that such setting clarifies how considered models are related to the spacetime noncommutativity described by ∗_S . Indeed, due to (2), above mentioned local versions of action functionals are invariant with respect to gauge transformations (18) realized by means of ∗_S . Thus, one is able to reasonably claim that models considered in

12 Fedosov construction enables computation of Seiberg-Witten map, up to arbitrary order in h, by its recursive techniques. This situation is rather different from the usual framework, where the Seiberg- Witten equations must be solved.

this paper correspond to noncommutativity of spacetime generated by Fedosov product of functions ∗_S.

VI. DISCUSSION

We have obtained number of nonequivalent geometric deformations of vacuum Einstein relativity. They have been analyzed at h^2 order, starting from the action functional, through field equations, up to corrections to the metric which have been explicitly given for the case of ^S_{EH1A} , ^S_{EH1B} and ^S_P . Using results of [1], we have pointed out the relation between proposed models, the theory of Seiberg-Witten map, and the noncommutativity of the spacetime described by Fedosov ∗-product generated by symplectic form ω and symplectic connection ∂^S .

The construction scheme we have adopted, relies on the geometric deformation of product of endomorphisms, but it does not include deformations of other geometric data like connection, tensor product, exterior algebra of forms or contraction operator. (Approaches aiming at modifying various structures of classical geometry in the deformation quantization framework certainly exist. These are e.g. [41–43]). The advantage of our approach consists in immediate interpretation in terms of Seiberg-Witten map. On the other hand, the price is that the noncommutativity does not appear as a fundamental structure modifying all the geometry, but rather may seem to be a kind of “extra interaction” entering to action functionals via the procedure described in the introduction.

The multiplicity of models arises as a consequence of ambiguity in translating traditional action functionals to the language of traces of endomorphisms of some bundle. From the gauge simplicity point of view, actions ^S_{EH1A} and ^S_{EH1B} seem to be most straightforward as they correspond to the natural GL(2n, R) gauging. On the other hand, action ^S_P produces especially simple expressions for deformed field equations and for corrections to the metric.

The remarkable problem related to presented models concerns incompatibility of the volume forms – metric and symplectic ones. Both proposed solutions (rescaling one of the endomorphisms and multiplication by V ) seem to be a bit unnatural. One can suspect that this problem is related to fixing symplectic structure as a nondynamical background. Notice however, that Fedosov construction provides natural framework for the variation of the symplectic data. Moreover, it could turn out that some refinements to the Fedosov theory should be made, to put the metric into the internal structure of the deformation quantization procedure. Such considerations are hoped to be covered in author’s subsequent work.

Let us briefly discuss diffeomorphism invariance of proposed models. Clearly they are diffeomorphism invariant in the passive sense, since all actions, field equations and derived corrections to the metrics are given in either explicitly global or coordinate covariant manner. However, they are not invariant under active diffeomorphisms. Again, this issue originates in fixing symplectic data as a nondynamical background. Such observation is a further argument for considering dynamics of ω and ∂^S as a natural next step within Fedosov formalism.

Due to the symmetries of the Riemann tensor, in all considered cases imaginary terms at h^1 have vanished. It must be stressed however, that we have no clear evidence that the same stays true for other odd powers of h. Thus, some further analysis of the reality of proposed actions should be performed. This suggests deeper investigation of the structure of the trace functional, which seems to be rather hard task (but not hopless, as it can inferred from Fedosov’s results [39, 40] on relating tr_∗(1) to integrals of characteristic classes of T M and End(E)). On the other hand, construction of some appropriate involution operator in the Fedosov algebra may be useful and it is also matter of author’s further interest.

Finally one could be interested, how the present work is related to the well known existence of closed ∗-products (compare e.g. [44]). First of all, the existence of such products has been investigated for functions but not for endomorphisms (to the best of author’s knowledge). Moreover, if one is going to treat Seiberg-Witten map in more or less fundamental manner, then nontriviality of the trace is what should be expected. Indeed, as it was argumented in the previous section, the nontrivial trace could be interpreted as the object carrying information about the globalization of Seiberg-Witten map.

Acknowledgments

I am very grateful to professor Maciej Przanowski for his thorough interest in my work and many helpful remarks. I am also indebted to professors Piotr Kosiński and Anatol Odzijewicz for a number of valuable comments.

[1] M. Dobrski, Int. J. Geom. Meth. Mod. Phys. 8, 411 (2011), arXiv:0904.4409 [2] X. Calmet and A. Kobakhidze, Phys. Rev. D 72, 045010 (2005) [3] X. Calmet and A. Kobakhidze, Phys. Rev. D 74, 047702 (2006) [4] P. Mukherjee and A. Saha, Phys. Rev. D 74, 027702 (2006) [5] A.H. Chamseddine, Phys. Lett. B 504, 33 (2001) [6] A.H. Chamseddine, J.Math.Phys. 44, 2534 (2003) [7] M. A. Cardella and D. Zanon, Class. Quant. Grav. 20, L95-L104 (2003) [8] M. Chaichian, A. Tureanu and G. Zet, Phys. Lett. B 660, 573 (2008) [9] P. Mukherjee and A. Saha, Phys. Rev. D 77, 064014 (2008) [10] A.H. Chamseddine, Phys. Rev. D 69, 024015 (2004) [11] H. Garcia-Compean, O. Obregon, C. Ramirez and M. Sabido, Phys. Rev. D 68, 044015 (2003) [12] C. Rovelli and M. Gaul in Towards Quantum Gravity, proceedings of the XXXV International Winter School on Theoretical Physics, Polanica, Poland, edited by J. Kowalski- Glikman (Springer, Berlin/Heidelberg, 2000) [13] C. Heinicke in Compendium of Quantum Physics edited by D. Greenberger, K. Hentschel and F. Weinert (Springer, Berlin/Heidelberg, 2009)

[14] R. Banerjee, P. Mukherjee and S. Samanta, Phys Rev. D 75, 125020 (2007) [15] Y.-G. Miao and S.-J. Zhang, Phys Rev. D. 82, 084017 (2010) [16] Y.-G. Miao, Z. Xue and S.-J. Zhang, Phys Rev. D. 83, 024023 (2011) [17] S. Marculescu and F. Ruiz Ruiz, Phys. Rev. D 79, 025004 (2009) [18] P. Aschieri, C. Blohmann, M. Dimitrijević, F. Meyer, P. Schupp and J. Wess, Class. Quant.

Grav. 22, 3511 (2005) [19] P. Aschieri, M. Dimitrijević, F. Meyer and J. Wess, Class. Quant. Grav. 23, 1883 (2006) [20] P. Aschieri and L. Castellani, JHEP 0906, 086 (2009) [21] P. Aschieri and L. Castellani, J. Geom. Phys. 60, 375 (2010) [22] F. Meyer, hep-th/0510188 [23] S. Estrada-Jiménez, H. García-Compeán, O. Obregón, and C. Ramírez, Phys. Rev. D 78, 124008 (2008) [24] H. Steinacker, JHEP 0712, 049 (2007) [25] H. Steinacker, Nucl. Phys. B 810, 1 (2009) [26] B. V. Fedosov, Deformation quantization and index theory (Akademie Verlag, Berlin, 1996) [27] C. Emmrich and A. Weinstein, in Lie Theory and Geometry. In Honor of Bertram Kostant, (Birkhäuser 1994), hep-th/9311094 [28] D. R. Farkas, Lett. Math. Phys. 51, 161 (2000) [29] M. Gadella, M. A. del Olmo and J. Tosiek, J. Geom. Phys. 55, 316 (2005) [30] M. Gadella, M. A. del Olmo and J. Tosiek, Annals Phys. 307, 272 (2003) [31] J. Tosiek, arXiv:0907.4911 [32] I. Gelfand, V. Retakh and M. Shubin, Adv. Math. 136, 104 (1998) [33] P. Bieliavsky, M. Cahen, S. Gutt, J. Rawnsley and L. Schwachhöfer, Int. J. Geom. Meth.

Mod. Phys. 3, 375 (2006) [34] N. Seiberg and E. Witten, JHEP 9909, 032 (1999) [35] http://www.exact.es [36] B. Jurčo, L. Möller S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 21, 383 (2001)

[37] P. Schupp, Fortschr. Phys. 54, 165 (2006) [38] C. Misner, K. Thorne and J. A. Wheeler, Gravitation, (W.H. Freeman and Company, San Francisco, 1973) [39] B.V. Fedosov, in Deformation quantization: proceedings of the meeting of theoretical physicists and mathematicians, Strasbourg, May 31-June 2, 2001, (de Gruyter, Berlin 2002),

MPIM2001-75

[40] B. V. Fedosov, Comm. Math. Phys. 209, 691 (2000) [41] S. McCurdy and B. Zumino, AIP Conf. Proc. 1200, 204 (2010), arXiv:0910.0459 [42] M. Chaichian, M. Oksanen, A. Tureanu and G. Zet, Phys. Rev. D 81, 085026 (2010) [43] D. V. Vassilevich, Class. Quantum Grav. 27 095020 (2010) [44] G. Felder and B. Shoikhet, Lett. Math. Phys. 53, 75 (2000)