arXiv:1011.1473v3 [gr-qc] 25 Apr 2013

A SIMPLIFIED DERIVATION OF THE UNRUH AND HAWKING TEMPERATURE AND THERMODYNAMICS OF THE DARK ENERGY DOMINATED FRW UNIVERSE

Vladan Panković, Darko V. Kapor Department of Physics, Faculty of Sciences, 21000 Novi Sad, Trg Dositeja Obradovića 4, Serbia, vladan.pankovic@df.uns.ac.rs

PACS number: 04.70.Dy

Abstract

In this work we suggest a simple (without any explicit use of the classical or quantum statistical distributions and ”without knowing the details of quantum gravity”, we paraphrase Fursaev) theoretical formalism for description of the basic thermodynamic characteristics in quantum gravity. Firstly, we explicitly consider only quantum of the thermal radiation with average energy (from whole energetic, statistically distributed spectrum). Secondly, we suppose that circumference (of the great circle) of the large system or black hole horizon holds one reduced de Broglie wavelength of the average radiation quantum. (It is in some way similar to the Bohr orbital momentum quantization postulate for the ground state interpreted via de Broglie relation.) Thirdly, we suppose that (absolute value of the) potential energy of the gravitational interaction between large system and average radiation quantum is simply equivalent to product of the Boltzmann constant and temperature. By this formalism we formally exactly reproduce final form of the Unruh temperature for a large, i.e. massive spherical physical system and Hawking temperature, Bekenstein-Hawking entropy, Bekenstein entropy/surface quantization for a Schwarzschild black hole. Also, we reproduce satisfactorily approximately Hawking evaporation law for the Schwarzschild black hole. Finally, we apply our formalism on the consideration of the basic thermodynamic characteristics (temperature and entropy) of the flat, vacuum (dark energy) dominated FRW universe. We demonstrate that within tiny spherical shell (with surface equivalent to the universe ”surface” and width equivalent to the Planck length) mentioned FRW universe behaves practically as an ideal gas of the quantized vacuum fluctuations (whose parameters, volume, pressure, temperature and number of the fluctuations, do not depend explicitly of the cosmological constant).

Key words: Unruh temperature, Hawking temperature, dark energy, FRW universe

1 Introduction

In this work we shall suggest a simple (without any explicit use of the classical or quantum statistical distributions and ”without knowing the details of quantum gravity”, we paraphrase Fursaev [1]) theoretical formalism for description of the basic thermodynamic characteristics in quantum gravity. Firstly, we explicitly consider only quantum of the thermal radiation with average energy (from whole energetic, statistically distributed spectrum). Secondly, we suppose that circumference (of the great circle) of the large system or black hole horizon holds one reduced de Broglie wavelength of the average radiation quantum. (It is in some way similar to the Bohr orbital momentum quantization postulate for the ground state interpreted via de Broglie relation.) It admits an important prediction on the single average quantum mass and characteristic number of the quantums. Thirdly, we suppose that (absolute value of the) potential energy of the gravitational interaction between large system and average radiation quantum is simply equivalent to product of the Boltzmann constant and temperature. By this formalism we shall formally exactly reproduce final form of the Unruh temperature for a large, i.e. massive spherical physical system and Hawking temperature, Bekenstein-Hawking entropy, Bekenstein entropy/surface quantization for a Schwarzschild black hole [2]-[5]. Also, we shall reproduce satisfactorily approximately Hawking evaporation law for the Schwarzschild black hole. Finally, we shall apply our formalism on the consideration of the basic thermodynamic characteristics (temperature and entropy) of the flat, vacuum (dark energy) dominated FRW universe. We shall demonstrate that within tiny spherical shell (with surface equivalent to the ”universe surface” and width equivalent to the Planck length) mentioned FRW universe behaves practically as an ideal gas of the quantized vacuum fluctuations. Their parameters, volume equivalent to the volume of the mentioned tiny shell, temperature equivalent to the Unruh temperature, number of the quantums predicted using our theory and pressure formallynumerically equivalent to the dark energy pressure do not depend explicitly of the cosmological constant).

2 A simplified derivation of the Unruh and Hawking temperature

Consider a large, massive spherical system with mass M, characteristic radius R and surface gravity a = GM R^2 (1) where G represents the Newtonian gravitational constant. Suppose that in the general case there is no functional dependence between R and M.

Firstly, suppose that at distance R, i.e. at large system surface, gravitational field of large system (eventually interacting with quantum vacuum) can create some quantum excitations, or simply quantums of the some physical fields. Suppose too that average mass m = hν c = h λ (2) and corresponding average frequency ν and average wavelength λ of these quantums are determined by the following condition mcR = h̄ 2π (3) for m ≪ M, where h̄ =^h_{2π} and h represent the reduced and usual Planck constant and c - sped of light.

It implies 2πR = h̄ mc = λ_r = λ 2π (4) for m ≪ M. Here 2πR represents the circumference of the large system, i.e. circumference of a great circle at large system surface, where λ_r =^{h̄}_{mc} =^1_{2π}^h_{mc} =^λ_{2π} represents the reduced average wavelength of the quantum. Expression (4) simply means that circumference of the large system holds exactly one reduced average wavelength. (It is somewhat similar to Bohr angular momentum quantization postulate interpreted via de Broglie relation for ground state.)

According to (3) it follows too m = h̄ 2πRc = L_P 2πR M_P = 1 N M_P (5)

where L_P = (^{h̄G}_{c3} )^12 represents the Planck length and M_P = (^{h̄c}_G )^12 - Planck mass. Formally speaking here any Planck length of the circumference of the large system holds one average quantum with mass m so that complete circumference holds N = 2πR L_P = M_p m (6) average quantums with total mass equivalent to Planck mass.

Secondly, suppose now that (absolute value of the) potential energy of gravitational interaction between large system and average quantum V = GmM R (7) is equivalent to the statistical average kinetic energy kT of the average quantum in the contact with large system as the thermal reservoir at temperature T , i.e. that the following is satisfied kT = V = GmM R (8) where k represents the Boltzmann constant. It, according to (2), (3), can be transformed in kT = Gh̄M 2πR^2c = ( Gh̄ c^3 ) Mc^2 λ_rR = 8π^3

L^2_P λ^2

Mc^2. (9)

Expression (8), according to (1), (5), implies T = 1 k GmM R = 1 k h̄ 2πc ( GM R^2 ) = 1 k h̄ 2πc a (10) which has exactly the same form as the Unruh temperature in the general case [2]-[5]. It can be observed that since surface gravity (1) is constant acceleration a must be constant too. Moreover, according to general relativistic equivalence principle, any constant acceleration must behave like corresponding surface gravity so that it must cause Unruh radiation in the presented form. There is question, of course, why such radiation appears. Answer is, roughly speaking, the following. Here large system radius R equals, according to (4),^λ_{4π2} so that it is smaller than λ. In this situation, for Heisenberg uncertainty relations and for coordinate uncertainty proportional to R, there is momentum uncertainty larger than mc. It means that here a new average quantum, by gravitational interaction between large system and quantum vacuum can appear in effective form of the thermal emission.

In the especial case of the Schwarzschild black hole, for which there is an especial functional dependence between R and M R = 2GM c^2

(11)

representing the Schwarzschild radius, expressions (5), (10), turn out in m = h̄c 4πGM (12)

T = h̄c^3 k8πGM = 1 2 mc^2 k . (13)

Last expression has exactly the same form as the Hawking temperature for Schwarzschild black hole [2]-[4].

Further, Unruh radiation must satisfy thermodynamic law

dMc^2 = T dS (14)

where Mc^2 represents total energy of the large system and S - corresponding Unruh entropy. It implies dS = c^2 T dM (15)

or, according to (5), (9), dS = k 2πc^3 h̄ R^2 GM dM = k 2 4πR^2 (^{h̄G}_{c3} ) d(ln[ M M_0

]) = k 2 A L^2_P d(ln[ M M_0

]) (16) and S = k 2 4πR^2 (^{h̄G}_{c3} )

(ln[ M M_0

]) = k 2 A L^2_P ln[ M M_0

]. (17)

Here A = 4πR^2 (18) represents the surface of the large system and M_0 - some constant mass for which it can be supposed that it represents Planck mass M_P = (^{h̄c}_G )^12 . In this way Unruh entropy is practically proportional to the product of the large system surface and logarithm of the large system mass. It represents an original and interesting result.

In the especial case of the Schwarzschild black hole thermodynamic law, (14), according to (12), implies dS = k8πGM h̄c dM = d[ k4πGM^2 h̄c ] (19) and S = k4πGM^2 h̄c = k 4 A L^2_P = k M m (20)

where A represents the Schwarzschild black hole horizon surface that satisfy (18) for Schwarzschild radius (11). Expression (20), of course, has exactly the same form as the Bekenstein-Hawking entropy of the Schwarzschild black hole [2]-[5]. Moreover, (20) yields a very simple interpretation of the Schwarzschild black hole entropy according to which this entropy represents quotient of the Schwarzschild black hole total mass and average quantum mass.

Suppose that differential form of (13) is changed by corresponding finite difference form, which according to (5), (9), (20) and for ΔM supposed to be nm for n = 1, 2, , yields

ΔS_n = c^2 T ΔM = n c^2 T m = n kRc^2 GM (21)

ΔA_n = 4 k Ł^2_P ΔS_n = n4Rc2/(GM)L2P (22)

for nm ≪ M and n = 1, 2, . Expressions (21), (22) can be considered as the Unruh entropy and surface quantization.

In the especial case of the Schwarzschild black hole, according to (11)-(13), (21), (22) turn out in ΔS_n = n2k (23)

ΔA_n = 4 k Ł^2_P ΔS_n = n8Ł^2_P (24)

for nm ≪ M and n = 1, 2, , and these expressions have exactly the same form as the Bekenstein quantization of the black hole entropy and horizon surface [2]-[5].

Suppose now that power of the radiation per surface area^P_A can be expressed in the following way P A = F c 4πλ^2 = V c R4πλ^2 (25)

where F =^V_R represents the (absolute value of the) gravitational force between large system and average quantum, where 4πλ^2 represents the surface of the sphere with radius λ. It, according to (4), (8), (9), can be transformed in P A = πkT c λ^3

= 8π^4 c λ^5

L^2_P (Mc^2). (26)

In the especial case of the Schwarzschild black hole, according to (4), (12), (13), expression (26) turn out in P A = 1 π^2 k^4T 4 h̄^3c^2 = 60 π^4 ( π^2 60 k^4 h̄^3c^2

T^4 = 60 π^4 σT^4 ≃ 0.615σT^4. (27)

It, obviously, has exact form of the Stefan-Boltzmann law for a gray body, or, approximately for a black body.

Now we can suppose that large system can lose mass and energy for reason of the thermal emission in the following way − d(Mc^2) dt 1 4πR^2 = 8π^4c λ^5

L^2_P (Mc^2) (28)

i.e., according to (4), dM M = − 8π^4c λ^5

L^2_P 4πR^2dt = −

L^2_P 32π^5R^3 cdt. (29) It, after simple integration, yield

M = M_{IN} exp[−

L^2_P 32π^5R^3 ct] (30)

where M_{IN} represents the initial mass of the large system. It represents an exponential decreasing law which means that large system will never evaporate entirely in the finite time interval. Nevertheless, like by other similar (e.g. nuclear) form of the exponential decay law, we can define a mean life, e.g. mean evaporation time τ = 1 [^{L2P}_{32π5R3} c] = 32π^5R^3 cL^2_P (31)

after which large system can be approximately treated as effectively evaporated.

Then, for Schwarzschild black hole with mass M, Schwarzschild radius R (11) and Hawking temperature T (13), expression − d(Mc^2) dt 1 4πR^2 ≃ 0.615σT^4 (32)

satisfactorily corresponds to the Hawking law for Schwarzschild black hole evaporation [2]-[5].

3 Thermodynamics of the flat, vacuum (dark energy) dominated FRW universe

Consider now F RW vacuum (dark energy) dominated flat universe within which Friedman equations obtain form ( dR dt )^2 = 8πGρ 3 R^2 ≡ (

Λc^2 3 )R^2 (33)

d^2R dt^2 = 8πGρ 3 R ≡ ( Λc^2 3 )R (34)

with solution R = R_0 exp[( 8πGρ 3 )^{12 t}] = R_0 exp[ t τ ]. (35)

Here R represents the scale factor, ”radius of the universe”, with initial value R_0, τ = (^{8πGρ}_3 )^{−1}2 - a characteristic time interval, ρ - constant vacuum mass density and Λ =^{8πGρ}_{c2} -corresponding positive cosmological constant.

In this universe, for the observer with acceleration^{d2R}_{dt2} that rests at ”universe sphere surface” with area A = 4πR^2, according to (10), (34), there is the following Unruh temperature T = 1 k 4 3 h̄Gρ c R. (36)

(It can be observed that there are some references, e.g. [6], [7], where correlations between universe acceleration, dark energy and Unruh temperature are considered. However, our considerations of the same problems are original, as it is not hard to see. For example, in [6] it is supposed that universe is closed, that dark energy is time or scale factor dependent, etc.)

Now, starting from (36) and thermodynamic laws dMc^2 = T dS + pdV (37) where M = V ρ ≡ ( 4 3 πR^3)ρ (38)

represents the universe total vacuum mass in the ”universe volume” V = (^4_3 πR^3) and

p = −ρc^2 (39)

pressure of the vacuum fluid, we can determine universe entropy differential dS = k6π( c^3 h̄G )RdR (40) and entropy S = 3k 4πR^2 4L^2_P

= 3k A 4L^2_P

. (41)

Interestingly, on the one hand, in distinction from universe temperature (36) obtained universe entropy (41) is explicitly independent of the vacuum mass density or cosmological constant (universe entropy, of course, depends from the vacuum mass density or cosmological constant implicitly, over scale factor). On the other hand universe entropy (41) is exactly three times larger than entropy of a Schwarzschild black hole with Schwarzschild radius R.

Really, universe becomes Schwarzschild black hole when the following condition becomes satisfied R = 2GM c^2 = 8πGρ 3c^2

R^3 (42) or R = 3 8πGρ c = τc (43)

According to (35) critical time moment in which universe becomes Schwarzschild black hole equals t_{crit} = τ ln[ τc R_0

]. (44)

Then, universe represents a Schwarzschild black hole for any time moment larger than critical time moment, while for time moment smaller than critical time moment universe is not a Schwarzschild black hole. It implies too that for R_0 larger than τc universe represents a Schwarzschild black hole already initially, while for R_0 smaller than τc universe becomes Schwarzschild black hole in latter, non-initial time moment. But, even in case when universe represents a Schwarzschild black hole this black hole is in an eternal interaction with dark energy filled vacuum. According to this interaction, on the one hand, universe-black hole mass and horizon become eternally larger and larger, while, on the other hand, universe entropy and especially temperature stand principally different from entropy and temperature of an isolated Schwarzschild black hole.

Consider, further, equation (33) that implies ( dR dt t)^2

3c^2 8πGρR^2 = ρc^2 (45)

so that expression ρ(R) = 3c^2 8πGρR^2 = 3 1 4πR^2 1 (^{h̄G}_{c3} )^12 ( h̄c G )^{12} = 3 2 M_P AL_P (46)

can be considered as a characteristic mass density. This mass density is practically proportional to density of single Planck mass homogeneously distributed over tiny spherical shell with spherical surface equivalent to universe surface A = 4πR^2 and width equivalent to Planck length so that volume of this shell equals V_{sh} = AL_P . Moreover, this mass density is explicitly independent of the vacuum (dark energy) mass density or cosmological constant (it, of course, depends from the vacuum (dark energy) mass density or cosmological constant implicitly, over scale factor).

Thus, (45) can be transformed in ρ(R)( dR dt )^2 = ρc^2 = −p. (47)

Introduction of (46), (47) in (36) yields T = 1 k ( 4 3 )( h̄G c^3

)(ρc^2)R = 1 k L_P 2πR M_P ( dR dt )^2 (48)

that represents an expression explicitly independent of the vacuum (dark energy) mass density or cosmological constant (it, of course, depends from the vacuum (dark energy) mass density or cosmological constant implicitly, over scale factor). It implies

M_P ( dR dt )^2 = 2πR L_P kT (49)

or, according to (46), and absolute value of (47) p = 3 2 (M_P ( dR dt )^2) 1 AL_P (50) , p(AL_P ) = 3 2 2πR L_P kT. (51)

Introduce the following expression N = 2πR L_P (52)

which can be considered as the number of the vacuum fluctuations of the quantum fields over circumference of the universe ”sphere”. Then, (50) can be transformed in pV_{sh} = 3 2 NkT. (53) Obviously, it is very similar to the equation of state of an ideal gas with (absolute value of the) pressure p (50), volume V_{sh} = AL_P , (Unruh) temperature T (48), and number of the individual systems N (51), none of which depends of the vacuum (dark energy) mass density or cosmological constant explicitly (they, of course, depend of the vacuum (dark energy) mass density or cosmological constant implicitly, over scale factor).

On the other hand expression (49) implies kT = L_P 2πR M_P ( dR dt )^22 (54)

which, in full agreement with our initial supposition in form (5), can be simply transformed in kT = m( dR dt )^2. (55)

Further, introduction of (46) in (34) implies

d^2R dt^2 = ( 1 L_P )( 1 c^2 )( GM_P R )( dR dT )^2 (56)

i.e. L_P d^2R dt^2 = ( 1 c^2

)(G( 3 2 ) M_P R )( dR dT )^2( 2 3 ). (57)

Left hand of (57) can be considered as the work done by Newtonian force (per mass unit)

d^2R dt^2 along trajectory LP .

Also, according to (46), mass distributed over tiny spherical shell equals 3 2 M_P = ρ(R)AL_P (58)

so that expression ΔΦ = (G( 3 2 ) M_P R ) (59)

can be considered as the difference of the Newtonian gravitational potential within this shell, while ( dR dT )^2( 2 3 ) ≃ ( dR dT )^2( 1 2 ) ≡ E_{kin} (60)

can be considered as the Newtonian kinetic energy (per mass unit) at initial ”universe sphere” with radius R. It admits that right hand of (57) can be satisfactorily approximated in the following way ( 1 c^2

)(G( 3 2 ) M_P R )( dR dt )^2( 2 3 ) ≃ E_{kin} ΔΦ c^2

(61) representing well-known general relativistic expression for the energy dilatation in the weak gravitational field.

In this way both Friedmann equations (33), (34) with explicit use of the cosmological constant can be changed by equation (61) representing general relativistic form of the energy conservation in a weak gravitational field, i.e. weak form of the equivalence principle without any explicit use of the cosmological constant and with explicit use of the Planckian units characteristic for any quantum field theory.

4 Conclusion

In conclusion we can shortly repeat and point out the following. In this work we suggest a simple (without any explicit use of the classical or quantum statistical distributions and ”without knowing the details of quantum gravity”, we paraphrase Fursaev) theoretical formalism for description of the basic thermodynamic characteristics in quantum gravity. Firstly, we explicitly consider only quantum of the thermal radiation with average energy (from whole energetic, statistically distributed spectrum). Secondly, we suppose that circumference (of the great circle) of the large system or black hole horizon holds one reduced de Broglie wavelength of the average radiation quantum. (It is in some way similar to the Bohr orbital momentum quantization postulate for the ground state interpreted via de Broglie relation.) Thirdly, we suppose that (absolute value of the) potential energy of the gravitational interaction between large system and average radiation quantum is simply equivalent to product of the Boltzmann constant and temperature. By this formalism we formally exactly reproduce final form of the Unruh temperature for a large, i.e. massive spherical physical system and Hawking temperature, Bekenstein-Hawking entropy, Bekenstein entropy/surface quantization for a Schwarzschild black hole. Also, we reproduce satisfactorily approximately Hawking evaporation law for the Schwarzschild black hole. Finally, we apply our formalism on the consideration of the basic thermodynamic characteristics (temperature and entropy) of the flat, vacuum (dark energy) dominated FRW universe. We demonstrate that within tiny spherical shell (with surface equivalent to the universe ”surface” and width equivalent to the Planck length) mentioned FRW universe behaves practically as an ideal gas of the quantized vacuum fluctuations (whose parameters, volume, pressure, temperature and number of the fluctuations, do not depend explicitly of the cosmological constant).

5 References

[1 ] D. V. Fursaev, Can One Understand Black Hole Entropy without Knowing Much about Quantum Gravity?, gr-qc/0404038

[2 ] R. M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics (University of Chicago press, Chicago, 1994)

[3 ] R. M. Wald, The Thermodynamics of Black Holes, gr-qc/9912119

[4 ] D. N. Page, Hawking Radiation and Black Hole Thermodynamics, hep-th/0409024

[5 ] P. M. Alsing, P. W. Milloni, Simplified Derivation of the Hawking-Unruh temperature for an accelerating observer in vacuum, Am. J. Phys. 72 (2004) 1524 ; quant-ph/0401170 v2 [6 ] D. S. Hajdukovic, A Few Provoking Relations between Dark Energy, Dark Matter and Pions, gen-phys/0908.1047

[7 ] H.Zhang, Z-H.Zhu, Does Unruh Radiation accelerate the Universe? A Novel Approach to Dark Energy, astro-ph/0607531.