arXiv:1011.4877v3 [hep-th] 7 Sep 2011

On the mass spectrum of noncommutative Schwinger model in Euclidean R^2 space

F. Ardalan^{a,b},^∗ M. Ghasemkhani^c,^† and N. Sadooghi^{a‡} aDepartment of Physics, Sharif University of Technology, P.O. Box 11155-9161, Tehran-Iran bInstitute for Studies in Theoretical Physics and Mathematics (IPM) School of Physics, P.O. Box 19395-5531, Tehran-Iran cInstitute for Studies in Theoretical Physics and Mathematics (IPM) School of Particles and Accelerators, P.O. Box 19395-5531, Tehran-Iran

The mass spectrum of the noncommutative QED in two-dimensional Euclidean R^2 space is derived first in a perturbative approach at one-loop level and then in a nonperturbative approach using the equivalent bosonized noncommutative effective action. It turns out that the mass spectrum of noncommutative QED in two dimensions reduces to a single noninteracting meson with mass M_γ =^{g√}_π , as in commutative Schwinger model.

PACS numbers: 11.10.Nx, 11.10.Lm, 11.15.Bt

I. INTRODUCTION

Noncommutative field theories [1, 2] are in general characterized by the replacement of familiar product of functions with noncommutative Moyal star-product [3], as the simplest realization of the canonical commutation relation between space-time coordinates, [x_μ, x_ν ]_⋆ = iθ_{μν} . Their deformed Lagrangian densities can therefore be written as an infinite series in terms of higher order temporal and spatial derivative of functions. From this point of view, noncommutative field theories can be understood as a class of nonlocal higher-derivative field theories, which appear in other areas of physics too. As it is argued in [4], unconstrained, nonlocal higher-derivative theories, having more degrees of freedom than lower-derivative theories, are dramatically different from their lower-derivative counterparts. Nonlocal field theories appear, in general, as effective field theories in a low-energy limit of a larger theory. In particular, space-space noncommutative field theories describe the low energy effective field theories of string theory in a background magnetic field. In [5], space-time noncommutative field theory is searched by considering open strings in a constant background electric field. It is shown that here, in contrast to the magnetic case, a critical electric field exists beyond which the theory does not

∗Electronic address: ardalan@ipm.ir †Electronic address: ghasemkhani@ipm.ir ‡Electronic address: sadooghi@physics.sharif.ir

make sense, and that this critical field prevents us from finding a limit in which the theory becomes a field theory on a noncommutative space-time. In so far, string theory does not admit a space-time noncommutative quantum field theory, as its low energy limit, with the exception of light-like noncommutativity [6]. Whereas space-space noncommutative field theories suffer from a mixing of ultraviolet and infrared singularities in their perturbative dynamics [7], space-time noncommutative theories in Minkowski space seem to be seriously acausal and inconsistent with conventional Hamiltonian evolution [5]. Besides their S-matrix fail to be unitary [8]. In [9] attempts are made to quantize theories with space-time noncommutativity, that leads, however, to inconsitencies. A path integral formulation of space-time noncommutativity using Schwinger’s action principle is introduced in [10], from which the canonical structure for higher derivative theory is recovered. Using a simple field theory non-local in time, it is shown that the quantization on the basis of a naive interaction picture is not justified if the interaction contains non-local terms in time. It is shown that a unitary S-matrix can only be defined by using a modified time ordering, but the positive energy condition is spoiled together with a smooth Wick rotation to Euclidean theory. In [11], noncommutative QED in a 1+1 dimensional Minkowski space is expanded in the order of the noncommutativity parameter θ up to O(θ^3). The resulting theory is non-local in time and can be considered as a higher derivative theory including only a finite number of time derivatives. Using the method of perturbative quantization, it is then perturbatively quantized up to O(e^2, θ^3), where e is the corresponding QED coupling constant. Recently, in [12], space-time noncommutative field theories are examined in various pictures and quantization procedures. It is shown that different quantization procedures lead to inconsistencies when time is taken as noncommutative coordinate. The results in [12] are consistent with the results in [5, 6, 8, 10] and with string theory which, as we have mentioned before, “does not admit a space-time noncommutative quantum field theory, as its low energy limit, with the exception of light-like noncommutativity” [6].

In this paper, we consider noncommutative QED in two-dimensional Euclidean space (noncommutative QED_2), where the Minkowski time x_0 = t is replaced by the Euclidean imaginary time x_2 ≡ it, and the canonical commutation relation between the coordinates is reduced to [x_i, x_j ] = iθϵ_{ij}, with i, j = 1, 2 and ϵ_{ij} the two-dimensional antisymmetric tensor. Hence, in contrast to its Minkowskian formulation, in the Euclidean space the noncommutativity is defined between two “equivalent” spatial coordinates, and the noncommutative field theory based on this formulation is therefore free of the before mentioned problems of 1 + 1 dimensional noncommutative field theories.

Having a Euclidean formulation of noncommutative QED_2, we are in particular interested in the mass spectrum of the theory, that plays the rôle of the noncommutative counterpart of the well-known Schwinger model [13]. Originally introduced as a toy model to understand the confinement properties of strong interaction, the Euclidean formulation of the Schwinger model turns out to have many applications in system where the physics is effectively reduced to two spatial dimensions. One example of such a system is 3+1 dimensional QED in the presence of constant magnetic fields. For strong enough magnetic fields, aligned in the third spatial direction, it is known that, because of the phenomenon of magnetic catalysis [14], the system is reduced to a two-dimensional surface perpendicular to the direction of the external magnetic field. The dynamics of electrons and photons is then described effectively by a two-dimensional Euclidean Schwinger model, where in a mechanism similar to the Higgs mechanism the photons acquire a finite mass m_γ ∼^e_{LB} , similar to the Schwinger’s photon mass M_γ ∼ g. Note that whereas in m_γ , e is the dimensionless coupling constant of the 3 + 1 dimensional QED, g in M_γ is the dimensionful coupling constant of the two-dimensional QED. Moreover, in m_γ , the magnetic length L_B is defined by L_B ≡ |eB|^{−1/2}. Remarkable, however, is the fact that the effective two-dimensional field theory in the presence of strong magnetic field can be effectively described by a deformed noncommutative field theory in two spatial dimensions, where, for eB > 0, the commutation relation between the coordinates is given by [x_i, x_j ] = κ_{ij} with κ_{ij} = L^2_B (iϵ_{ij} − δ_{ij} ), i, j = 1, 2 [15]. This turns out to be similar to the corresponding relation in Euclidean noncommutative Schwinger model, with the noncommutativity parameter θ ∼ L^2_B playing the rôle of the squared of the magnetic length L_B. What concerns the noncommutative version of the Euclidean Schwinger model, we therefore expect that noncommutative photons acquire a finite mass, that depends in a non-trivial way on the dimensionful coupling constant g and the noncommutativity parameter θ. It is the purpose of this paper to determine these noncommutative corrections to the commutative photon mass M_γ .

Another point, which makes this problem far from trivial, is the fact that noncommutative QED_2 has similar properties to commutative QCD_2. This is because of the presence of noncommutative star-products in the gauge kinetic term of the Lagrangian density of the theory, including cubic and quartic couplings of noncommutative gauge fields, as in commutative QCD_2. Moreover, the equation of motion of noncommutative QED_2 includes, similar to commutative QCD_2, a covariant derivative of the noncommutative field strength tensor and is therefore non-linear in the gauge field. Whereas in the commutative Schwinger model, the photon mass M_γ is determined perturbatively from the pole of photon propagator, and turns out to be one-loop exact [13], the mass spectrum of QCD_2 is nontrivial and looking for it has a long history. The mass spectrum of pure commutative two-dimensional single flavor U(N_c) model was first determined by ’t Hooft [16], where in the N_c → ∞ limit a nearly straight Regge trajectory of confined mesonic states was found. Recently, the spectrum of multiflavor commutative SU(N_c) in two dimensions is determined in [17]. Here, the authors consider first a (commutative) gauged bosonized action equivalent to QCD_2 action, that consists of a free Wess-

Zumino-Witten (WZW) part, a gauge kinetic part and an appropriate interaction part including the WZW and gauge fields. Using then the light-cone momentum operator, depending on the mesonic currents, they derive a ’t Hooft-like mass eigenvalue equation P^2|Φ⟩ = M^2|Φ⟩, where |Φ⟩ is the wave function of “currentball” states of QCD_2 in a Hilbert space which is truncated to two-current states [17]. Solving this eigenvalue equation numerically, they arrive at the mass spectrum of QCD_2, that, in particular, in the limit of large N_f ≫ N_c, reduces to a single noninteracting meson with mass m = N_f M_γ , i.e. N_f copies of the commutative Schwinger mass M_γ =^{g√}_π . In the present paper, we will closely follow the arguments of [17], and will determine the mass spectrum of noncommutative QED_2 nonperturbatively. We will arrive at the quite unexpected result that the mass-spectrum of noncommutative QED_2 does not receive any noncommutative correction and is therefore given by the spectrum of commutative QED_2, consisting of a single free meson with mass M_γ =^{g√}_π . We will show that this result is perturbatively exact in the noncommutativity parameter θ, and the noncommutative QED_2 coupling constant g. It is, however, limited to the two current sector of the Hilbert space. This is in contrast with the results arising in [18]. Here, a noncommutative 1 + 1 dimensional bosonized Schwinger model is considered. Using a perturbative Seiberg-Witten map [2] up to first order in θ, it is then mapped into an equivalent gauge invariant commutative model. It is shown that the resulting deformed theory consists of a massive boson, which is, in contrast to its noncommutative counterpart, no longer free. The same noncommutative bosonized Schwinger model, as in [18], is also considered in [19], where, in particular, the confinement-deconfienemt phase transition observed in commutative Schwinger model is investigated. It is shown that though the fuzziness of space-time introduces new features in the confinement scenario, it does not affect the deconfining limit [19]. Schwinger model on fuzzy spheres is studied in [20]. Other exactly solvable noncommutative models are discussed recently in [21] (see also the references therein).

This paper is organized as follows: In Sec. II, after introducing the noncommutative QED_2 model, we will determine the one-loop correction to photon mass by determining the pole of the corresponding photon propagator at one-loop level. In this order, although additional diagrams relative to commutative QED_2 are to be taken into account and they can potentially contribute to the pole of the noncommutative photon propagator, the noncommutative photon mass, being the same as the commutative photon mass, receives no noncommutative corrections. To show that this result is one-loop exact, we will follow, in Sec. III, the method used in [17] and determine the mass spectrum of noncommutative QED_2 nonperturbatively. In Sec. III.A, following the method introduced in [22, 23] to bosonize commutative QCD_2, we will first present the noncommutative Polyakov-Wiegmann fermionic effective action and the full gauged bosonized action of noncommutative QED_2, that includes, in particular, a noncommutative WZW part. The latter coincides with the WZW action previously determined in [24] by explicitly computing the fermion determinant of noncommutative QED_2. In Sec. III.B, we will derive the energy-momentum tensor corresponding to the gauged bosonized action of noncommutative QED_2, which will then be used in Sec. III.C to determine the mass spectrum of noncommutative QED_2 by solving the corresponding mass eigenvalue equation. Section IV is devoted to our concluding remarks.

II. PHOTON MASS IN NONCOMMUTATIVE QED_2: PERTURBATIVE APPROACH

A. The model

The Lagrangian density of noncommutative field theories are given by their commutative counterpart with the commutative product of functions replaced by noncommutative star-product, defined by f(x) ⋆ g(x) ≡ exp ( iθ_{μν} 2 ∂ ∂ξ_μ ∂ ∂ζ_ν ) f(x + ξ)g(x + ζ) | | | ξ=ζ=0 . (II.1)

Here, θ_{μν} is an antisymmetric constant matrix reflecting the noncommutativity of space-time coordinates x_μ and x_ν , [x_μ, x_ν ]_⋆ ≡ iθ_{μν} . In two-dimensional space-time coordinates θ_{01} and θ_{10} = −θ_{01} = −θ are given in terms of antisymmetric tensor of rank two ϵ_{μν} as θ_{μν} = θϵ_{μν} . In this paper, noncommutative QED_2 will be considered in two-dimensional Euclidean space, where x^0 = −ix^2. The Lagrangian density of two-dimensional noncommutative massless QED is then given by L = −iψ̄ ⋆ γ_μ∂^μψ + gψ̄ ⋆ γ_μA^μ ⋆ ψ + 1 4 F_{μν} ⋆ F^{μν} + 1 2ξ (∂_μA^μ) ⋆ (∂_ν A^ν ) − ∂_μc̄ ⋆ (∂^μc − ie[A_μ, c]_⋆), (II.2)

with the Dirac γ-matrices γ_1 = σ_2, and γ_2 = −σ_1, satisfying {γ_μ, γ_ν } = 2δ_{μν} and [γ_μ, γ_ν ] = 2iϵ_{μν} γ_5, where γ_5 = −iγ_1γ_2 = σ_3. Here, σ_i, i = 1, 2, 3 are Pauli matrices. In (II.2), ξ is the gauge fixing parameter and the field strength tensor F_{μν} is defined by

F_{μν} = ∂_μA_ν − ∂_ν A_μ + ig[A_μ, A_ν ]_⋆, (II.3)

with [A_μ, A_ν ]_⋆ = A_μ ⋆ A_ν − A_ν ⋆ A_μ. The Lagrangian density (II.2) is invariant under global U(1) transformation δ_αψ = iαψ and δ_αψ̄ = −iαψ̄, which leads, according to the prescriptions in [25], to two different Noether currents

J_μ(x) = ψ(x) ⋆ ψ̄(x)γ_μ, (II.4) j_μ(x) = ψ̄(x)γ_μ ⋆ ψ(x). (II.5)

Depending on their transformation properties under local U(1) transformation, ψ(x) → e^{igα(x)} ⋆ ψ(x), the currents in (II.4) and (II.5) are denoted by covariant and invariant currents, respectively. They satisfy the classical continuity equations

D_μJ^μ(x) = 0, and ∂_μj^μ(x) = 0, (II.6)

with D_μJ^μ = ∂_μJ^μ − ig[A_μ, J^μ]_⋆. They arise from the equations of motion of massless fermionic fields ∂_μψ̄γ^μ = igψ̄γ^μ ⋆ A_μ, and γ^μ∂_μψ = −igA_μ ⋆ γ^μψ. (II.7) Similarly, there are two different axial vector currents

J^5_μ(x) = ψ(x) ⋆ ψ̄(x)γ_μγ_5, (II.8) j^5_μ(x) = ψ̄(x)γ_μγ_5 ⋆ ψ(x), (II.9)

associated with the global U_A(1) axial invariance of the Lagrangian density (II.2) under δ_αψ = iαγ_5ψ and δ_αψ̄ = iαγ_5ψ̄. They satisfy, similar to the vector currents (II.4) and (II.5), two different classical conservation laws

D^μJ^5_μ(x) = 0, and ∂^μj^5_μ(x) = 0, (II.10)

that can be derived also using the relation γ^μγ^5 = −iϵ^{μν} γ_ν , which is satisfied only in two dimensions, and the continuity relations (II.6). In Sec. III, we will use the covariant axial vector current (II.8), whose axial anomaly is given by [26]

D^μJ^5_μ = − g 2π ϵ_{μν} F^{μν} , (II.11)

to bosonize noncommutative QED_2.^1

B. One-loop correction to the photon mass in noncommutative Schwinger model

It is the purpose of this paper to determine possible noncommutative corrections to the photon mass in two-dimensional noncommutative Euclidean space. In this section, we will determine the noncommutative photon mass perturbatively, by computing the pole of noncommutative photon propagator at one-loop level. In ordinary commutative Schwinger model, the photon mass is similarly determined perturbatively from the pole of the full photon propagator D^{μν} (p) = − 1 p^2[1 + Π(p^2)] ( δ^{μν} − p^μp^ν p^2 ) − ξ p^μp^ν p^4

, (II.12)

1 For the axial anomaly of the invariant axial vector current j^A_μ in two dimensions see [27]. Nonplanar anomaly in d = 4 dimensions was first determined in [25].

where, Π(p^2) is the scalar function appearing in the photon self-energy (the vacuum polarization tensor), Π^{μν} (p) = (p^2g^{μν} − p^μp^ν )Π(p^2). At one-loop level, Π(p^2) is given by dimensionally regularized Feynman integral

Π(p^2) = −

2g^2 (4π)^d2

∫_1 0 dx x(1 − x) Γ(2 −^d_2 ) (−x(1 − x)p^2)^{2− d}2

, (II.13)

corresponding to the one-loop correction to the photon propagator from Fig. 1.

μ ν p p

k k + p

FIG. 1: Relevant one-loop photon self-energy diagram in commutative QED.

In d = 2 dimensions, the Feynman integral (II.13) turns out to be finite and yields Π(p^2) =^{g2}_{πp2} with a pole in the limit p^2 → 0. Plugging Π(p^2) in (II.12), the photon propagator reads D^{μν} (p) = − 1 p^2 − μ^2 ( δ^{μν} − p^μp^ν p^2 ) − ξ p^μp^ν p^4

, (II.14)

with the pole μ^2 =^{g2}_π , which can be interpreted as the commutative photon mass M_γ = μ, and turns out to be one-loop exact [13]. Following the same method, we will now determine the photon mass in two-dimensional noncommutative Schwinger model at one-loop level. The general structure of photon self-energy in d-dimensions is studied previously in [28], without referring directly to the photon mass in two-dimensions. In the subsequent paragraph, we will present a brief review of these results, and postpone the details of the computations to App. A.

As it is argued in [28], in d-dimensions, the general structure of the photon propagator is given by inverting the 1PI two-point function and is given by D_{μν} = − 1 p^2 + A ( δ_{μν} − p_μp_ν p^2 − p̃_μp̃_ν p̃^2 ) − 1 p^2 + A + B ( p̃_μp̃_ν p̃^2 ) − ξ p_μp_ν p^4

. (II.15)

Here, p̃^μ = θ^{μν} p_ν . Moreover, A and B are form factors arising from the vacuum polarization tensor Π^{μν} Π^{μν} = A ( δ^{μν} − p^μp^ν p^2 ) + B p̃^μp̃^ν p̃^2

. (II.16)

Perturbatively, they receive contributions from Feynman integrals corresponding to the vacuum polarization tensor Π^{μν} . They are scalar functions in p^2 and p̃. In Fig. 2, the relevant one-loop diagrams contributing to A and B in noncommutative QED are shown.

μ ν p p

k k + p

(a)

+ μ ν p p

k k + p

(b)

+ μ ν p p k

(c)

+ μ ν p p

k k + p

(d) FIG. 2: Relevant one-loop photon self-energy diagrams in noncommutative QED.

Using the relation θ^{μν} = θϵ^{μν} , which is valid only in d = 2 dimensions, it is easy to show that p̃_μp̃_ν = θ^2(p^2δ_{μν} − p_μp_ν ). Plugging this relation in the vacuum polarization tensor (II.16) and the photon propagator D^{μν} from (II.15), we get

Π^{μν} = (A + B) ( δ^{μν} − p^μp^ν p^2 ) , (II.17)

as well as D_{μν} = − 1 p^2 + (A + B) ( δ_{μν} − p_μp_ν p^2 ) − ξ p_μp_ν p^4

. (II.18)

Identifying A + B in the denominator of (II.18) with A + B ≡ p^2Π(p^2), the noncommutative photon propagator (II.18) is comparable with (II.12) from commutative QED. Thus, according to our description at the beginning of this section, in order to determine the one-loop correction to the photon mass in noncommutative field theory in two dimensions, it is enough to look at p^2 → 0 behavior of A + B. Computing the corresponding Feynman integrals to the diagrams of Fig. 2, we arrive after a lengthy but straightforward calculation at (see App. A for more details)

A + B = −μ^2 − μ^2 4 ∫_1 0 dx (x(1 − x))^{−1} { 2(1 + 2x)(sK_1(s) − 1) −(1 − ξ) [ 6 ( 2x^2 − 3x + 1)(sK_1(s) − 1 ) + ( 4x^2 − 6x + 1 ) ( s^2K_2(s) − 2 ) ] − 1 4 (1 − ξ)^2(5s^2K_2(s) − 2 − s^3K_3(s)) } , (II.19)

where μ^2 ≡^{g2}_π , and K_n(s) are the modified Bessel-function of n-th order in terms of s ≡ p^2θ √ x(1 − x). Keeping the noncommutativity parameter θ finite and taking the IR limit p^2 → 0, or equivalently s → 0, we get

lim_{p2→0} A + B = lim_{p2→0} p^2Π(p^2) = −μ^2. (II.20)

This is in particular, because of the relation s^nK_n(s) = 2^{n−1}Γ[n] + O(s^2). Plugging (II.20) in (II.18), it turns out that in noncommutative Schwinger model the photon mass at one-loop level is still given by M_γ ≡ μ = g √ π , (II.21) and does not receive any correction proportional to the noncommutative parameter θ. The question of whether this result is, as in the commutative case, exact in the orders of θ and g can not be answered within the framework of perturbation theory. In the next section, we will bosonize the theory; limiting ourselves to the two-current sector of the Hilbert space and solving the corresponding mass eigenvalue equation, we will show that the above result is indeed exact in noncommutative parameter θ and coupling constant g.

III. PHOTON MASS IN NONCOMMUTATIVE QED_2: NONPERTURBATIVE APPROACH

In the first part of this section, we will briefly review the method leading to an appropriate noncommutative bosonized action, which is equivalent to the fermionic noncommutative action. Fot this purpose, we follow closely the method introduced in [22] and [23]. In the second part, the corresponding energy-momentum tensor for the noncommutative bosonized gauged action, will be determined. Finally, we will solve the mass eigenvalue equation of the theory and determine the noncommutative photon mass nonperturbatively.

A. Polyakov-Wiegmann functional and the gauged bosonized action of noncommutative Schwinger model

In this section, we will derive the noncommutative Polyakov-Wiegmann functional.^2 Using the corresponding properties of this functional under local vector and axial vector gauge transformation, the gauged WZW action of noncommutative Schwinger model will be derived, that, after inclusion of the gauge kinetic part of noncommutative photons will eventually lead to the bosonized action of noncommutative Schwinger model. To do this, we start, as in commutative QCD_2, by choosing the gauge field A_± in the light-cone coordinates^3 in terms of two fields U and V as

A_+ = i g U^{−1} ⋆ ∂_+U, and A_− = i g V ⋆ ∂_+V^{−1}, (III.1)

where, U and V satisfy U ⋆ U^{−1} = 1 and V ⋆ V^{−1} = 1. Moreover, under noncommutative U(1) gauge transformation, U and V transform as

U → U ⋆ g^{−1}_v , and V → g_v ⋆ V, (III.2)

2 See [22, 23, 29] for the commutative counterpart of this functional in QCD2. 3 The light-cone coordinates are defined by x± = x1 ± ix2. Similarly, A± = A1 ± iA2.

which is equivalent with the familiar U(1) gauge transformation of the gauge fields A_± → g_v ⋆ A_± ⋆ g^{−1}_v + i g g_v ⋆ ∂_±g^{−1}_v , (III.3) with A_± from (III.1), and g_v ⋆ g^{−1}_v = 1. To determine J_± in terms of U and V , we use first the gauge invariance of the fermionic determinant and choose, without loss of generality, V = 1 or equivalently A_− = 0. Then, solving the continuity equation (II.6) and the anomaly equation (II.11) in the light-cone coordinates and in A_− = 0 gauge, ∂_+J_− + ∂_−J_+ − ig[A_+, J_−]_⋆ = 0, ∂_−J_+ − ∂_+J_− + ig[A_+, J_−]_⋆ = g π ∂_−A_+, (III.4) we arrive at J_± = ± i 2π U^{−1} ⋆ ∂_±U. (III.5) The effective action W [A] is then obtained using J_− =^2_g^{δW [A]}_{δA+} , δW [A] = g 2 ∫ d^2x J_−(x) ⋆ δA_+(x). (III.6) Varying A_+ from (III.1), we get − igδA_+ = D_+(U^{−1} ⋆ δU), where D_+f ≡ ∂_+f + [U^{−1} ⋆ ∂_+U, f]_⋆. (III.7) Plugging δA_+ from (III.7) together with J_− from (III.5) in (III.6), and using, after integrating (III.6) by part, the identity D_−(U^{−1} ⋆ ∂_+U) = ∂_+(U^{−1} ⋆ ∂_−U), δW can be rewritten as δW = − 1 4π ∫ d^2x (U^{−1} ⋆ δU) ⋆ ∂_−(U^{−1} ⋆ ∂_+U). (III.8) This equation may then be integrated in terms of the WZW effective action, Γ[U] = −W [A], which consists of two parts, Γ[U] = S_{PσM}[U] + S_{WZ}[U]. Here, S_{PσM}[U] is the action of the principal σ-model, which is given by

S_{PσM}[U] = 1 8π ∫ d^2x (∂_μU^{−1}) ⋆ (∂^μU) = − 1 8π ∫ d^2x ( U ⋆ ∂_μU^{−1} ) ⋆ ( U ⋆ ∂^μU^{−1} ) , (III.9) and S_{WZ}[U] is the Wess-Zumino term, that reads S_{WZ}[U] = − i 4π ∫_1 0 dr ∫ d^2x ϵ^{μν} U^{−1}_r ⋆ U̇_r ⋆ U^{−1}_r ⋆ ∂_μU_r ⋆ U^{−1}_r ⋆ ∂_ν U_r. (III.10) In (III.10), U_r is the extension of U and satisfies the boundary conditions U_r(x) | r=1 = U, and U_r(x) | |_{r=0} = 1. Moreover, U̇_r ≡ ∂_rU_r. To obtain the noncommutative Polyakov-Wiegmann functional, the effective action Γ[U] is to be redefined in terms of gauge invariant combination Σ ≡ U ⋆ V . We arrive first at Γ[Σ] = S_{PσM}[Σ] + S_{WZ}[Σ], with the principal σ-model part from (III.9), S_{PσM}[Σ] = S_{PσM}[U] + S_{PσM}[V ] + 1 4π ∫ d^2x (U^{−1} ⋆ ∂_μU) ⋆ (V ⋆ ∂^μV^{−1}), (III.11) and the Wess-Zumino part from (III.10)

S_{WZ}[Σ] = S_{WZ}[U] + S_{WZ}[V ] − i 4π ∫_1 0 dr ∫ d^2x ϵ^{μν} W_{μν} , (III.12)

with W_{μν} = d dr ( U^{−1}_r ⋆ ∂_μU_r ⋆ V_r ⋆ ∂_ν V^{−1}_r ) − ∂_μ ( V_r ⋆ ∂_ν V^{−1}_r ⋆ U^{−1}_r ⋆ U̇_r ) − ∂_ν ( U^{−1}_r ⋆ ∂_μU_r ⋆ V_r ⋆ V̇^{−1}_r ) . (III.13)

Neglecting then the last two terms in (III.13), that yield two vanishing surface integrals after inte-

grating over the coordinates in (III.12), and using the boundary conditions for U_r and V_r,^4 we arrive

at the noncommutative Polyakov-Wiegmann functional for Γ[Σ],

Γ[Σ] = Γ[U] + Γ[V ] + 1 4π ∫ d^2x (δ^{μν} − iϵ^{μν} ) ( U^{−1} ⋆ ∂_μU ) ⋆ ( V ⋆ ∂_ν V^{−1} ) , (III.14)

or equivalently in the light-cone coordinates, at

Γ[Σ] = Γ[U] + Γ[V ] + 1 4π ∫ d^2x ( U^{−1} ⋆ ∂_+U ) ⋆ ( V ⋆ ∂_−V^{−1} ) . (III.15)

Note that to derive the factorized forms (III.11) and (III.12) of S_{PσM}[Σ] as well as S_{WZ}[Σ], extensive use

is made of the trace property of the star-product of two functions under a two-dimensional integral ∫ d^2x f ⋆ g = ∫ d^2x g ⋆ f, and the relations ∂_μU ⋆ U^{−1} = −U ⋆ ∂_μU^{−1}, as well as ∂_μV ⋆ V^{−1} =

−V ⋆ ∂_μV^{−1}, arising from U ⋆ U^{−1} = 1 and V ⋆ V^{−1} = 1. Although the Polyakov-Wiegmann functional

(III.14) is invariant under gauge transformation (III.2), it is not invariant under the U_A(1) axial gauge

transformation

U → U ⋆ g^{−1}_a , and V → g^{−1}_a ⋆ V, (III.16)

or equivalently

A_+ → g_a ⋆ A_+ ⋆ g^{−1}_a + i g g_a ⋆ ∂_+g^{−1}_a ,

A_− → g^{−1}_a ⋆ A_− ⋆ g_a + i g g^{−1}_a ⋆ ∂_−g_a, (III.17)

with g_a ⋆ g^{−1}_a = 1. This non-invariance can be expressed in an equivalent gauged bosonic action for

the fermions, defined by

S_F [A, ω] ≡ Γ[Σ; ω] − Γ[Σ], (III.18)

4 Here, it is assumed that Vr satisfies the same boundary conditions as Ur .

Here, the bosonized action S_F [A, ω] remains invariant under local gauge transformation (III.2) of U and V fields and the vector gauge transformation of the WZW field ω, i.e. ω → g_v ⋆ ω ⋆ g^{−1}_v [22]. The explicit form of S[A, ω] can be found by successive use of the Polyakov-Wiegmann functional in the light-cone coordinates (III.15), and is given by

S_F [A, ω] = Γ[ω] + 1 4π ∫ d^2x W[A, ω], (III.19)

with W[A, ω] defined by

W[A, ω] ≡ g^2A_+ ⋆ A_− − g^2A_+ ⋆ ω ⋆ A_− ⋆ ω^{−1} − igA_+ ⋆ ω ⋆ ∂_−ω^{−1} − igA_− ⋆ ω^{−1} ⋆ ∂_+ω, (III.20)

where the definitions of A_± in terms of U and V from (III.1) are used. Using J_± ≡^2_g^{δSF [A,ω]}_{δA∓} , with S_F [A, ω] from (III.19)-(III.20), the corresponding currents are given by

J_+ = 1 2π ( gA_+ − gω^{−1} ⋆ A_+ ⋆ ω − iω^{−1} ⋆ ∂_+ω ) , J_− = 1 2π ( gA_− − gω ⋆ A_− ⋆ ω^{−1} − iω ⋆ ∂_−ω^{−1} ) . (III.21)

Note that in light-cone gauge A_− = 0, J_− from (III.21) is reduced to

J_− = J_−[ω] = − i 2π ω ⋆ ∂_−ω^{−1} which is of the same form as the currents J_− from (III.5) of the free theory, rewritten in terms of ω. Same result arises also in commutative QCD_2 in the light-cone gauge [30].^5 Moreover, it can be shown that since J_± satisfy the equations

∂_∓J_± = 0, (III.22)

arising from the variation of Γ[ω], J_− in light-cone gauge is, as in QCD_2, only a function of x^−. Later, we will use this fact to show that the spectrum of noncommutative QED_2 reduces to the spectrum of commutative Schwinger model. Adding, at this stage, the gauge kinetic action ∼ ∫ d^2xF^{μν} F_{μν} to (III.19), we arrive at the full gauged bosonized action of noncommutative QED_2

S_b[A, ω] = Γ[ω] + 1 4 ∫ d^2x F_{μν} ⋆ F^{μν} + 1 4π ∫ d^2x { g^2A_μ ⋆ A^μ − g^2κ^{μν}_− A_μ ⋆ ω ⋆ A_ν ⋆ ω^{−1} − igκ^{μν}_− A_μ ⋆ ω ⋆ ∂_ν ω^{−1} − igκ^{μν}_+ A_μ ⋆ ω^{−1} ⋆ ∂_ν ω } , (III.23)

5 Similarly one can show that since in the light-cone gauge SF [A, ω] from (III.19) reduces to SF [A, ω] = Γ[ω] − ig 4π ∫ d^2x A+ ⋆ ω ⋆ ∂−ω^{−1}, the only current coupled to A+ is J− =^2_g^{δSF}_{δA+} = −^i_{2π} ω ⋆ ∂−ω = J−[ω].

where κ^{μν}_± ≡ δ^{μν} ± iϵ^{μν} . In the light-cone gauge A_− = 0, the bosonized action (III.23) is further reduced to

S_b[ω] = Γ[ω] − g^2 2 ∫ d^2x J_− ⋆ 1 ∂^2_−

J_−. (III.24)

Here, J_− = −^i_{2π} ω ⋆ ∂_−ω^{−1}. To arrive at (III.24), we have replaced F_{μν} F^{μν} in (III.23) with F_{μν} F^{μν} = −^1_2 (∂_−A_+)^2 and used the equation motion of the gauge fields D_μF^{μν} = −gJ^ν , that in the light-cone gauge reduces to ∂^2_−A_+ = 2gJ_−. In the next section, the energy-momentum tensor corresponding to (III.23) will be derived.

B. Energy-momentum tensor

To determine the mass spectrum of noncommutative Schwinger model, we have to solve the eigenvalue equation P^2|Φ⟩ = M^2|Φ⟩, that in light-cone space reduces to P^+P^−|Φ⟩ = M^2|Φ⟩, with P^± ∼ ∫ dx^−T^{+±}. Here, T^{+±} are the components of the total energy-momentum tensor T^{μν} corresponding to the full bosonized action (III.23) in the light-cone coordinates. In this section, we use the general definition of T^{μν}

T^{μν} = 2 √ −g δS δg_{μν} (x) | | g_{μν} =δ_{μν} , (III.25)

to determine the total energy momentum tensor

T^{μν} = T^{μν}_{PσM} + T^{μν}_{WZ} + T^{μν}_{gauge} + T^{μν}_W . (III.26)

Plugging first the action of the principal σ-model S_{PσM}[ω] from (III.9) in (III.25), the corresponding energy momentum-tensor T^{μν}_{PσM} in a Sugawara form [31] reads

T^{μν}_{PσM} = π 2 ( J^μ(x) ⋆ J^ν (x) + J^ν (x) ⋆ J^μ(x) − δ^{μν} J_λ(x) ⋆ J^λ(x) ) . (III.27)

In the light-cone gauge A_− = 0, where J^+ = J_− = −^i_{2π} ω ⋆ ∂_−ω^{−1}, the components of T^{μν}_{PσM} are given by T^{++}_{PσM} = πJ^+ ⋆ J^+, and T^{+−}_{PσM} = T^{−−}_{PσM} = T^{−+}_{PσM} = 0. (III.28)

Similarly, the energy-momentum tensor T^{μν}_{WZ}, corresponding to the Wess-Zumino part of the effective action S_{WZ}[ω] from (III.10) is determined using (III.25) and reads

T^{μν}_{WZ} = − i 4π ∫_1 0 dr ∫ d^2x ( − δ^{μν} ϵ^{ρσ}ω^{−1}_r ⋆ ω̇_r ⋆ ω^{−1}_r ⋆ ∂_ρω_r ⋆ ω^{−1}_r ⋆ ∂_σω_r +ϵ^{μσ}ω^{−1}_r ⋆ ω̇_r ⋆ ω^{−1}_r ⋆ ∂^ν ω_r ⋆ ω^{−1}_r ⋆ ∂_σω_r + ϵ^{σμ}ω^{−1}_r ⋆ ω̇_r ⋆ ω^{−1}_r ⋆ ∂_σω_r ⋆ ω^{−1}_r ⋆ ∂^ν ω_r ) . (III.29)

As it turns out, in the light-cone coordinates, all the components of the WZ part of the energymomentum tensor vanish, in particluar T^{++}_{WZ} = T^{+−}_{WZ} = 0. As for the noncommutative energymomentum tensor corresponding to the gauge kinetic action ∼ ∫ d^2xF^2_{μν} from (III.23), it is previously determined in [32], using the (III.25). It is given by

T^{μν}_{gauge} = 1 2 ( F^{να} ⋆ F^μ_α + F^{μα} ⋆ F^ν_α − 1 2 δ^{μν} F^{αβ} ⋆ F_{αβ} ) , (III.30)

and reduces in the light-cone gauge to

T^{++}_{gauge} = T^{−−}_{gauge} = 0, T^{+−}_{gauge} = T^{−+}_{gauge} = 1 8 (∂^+A^−) ⋆ (∂^+A^−). (III.31)

Finally, the corresponding energy-momentum tensor to W from (III.20) [or in μ, ν coordinates from the last term of (III.23)] is given by

T^{μν}_W = 1 4π { δ^{μν} W(x) − g^2(A^μ ⋆ A^ν + A^ν ⋆ A^μ) + g^2(A^μ ⋆ ω ⋆ A^ν ⋆ ω^{−1} + A^ν ⋆ ω ⋆ A^μ ⋆ ω^{−1})

−ig^2(ϵ^{μσ} A^ν ⋆ ω ⋆ A_σ ⋆ ω^{−1} + ϵ^{σμ}A_σ ⋆ ω ⋆ A^ν ⋆ ω^{−1}) + ig(A^μ ⋆ ω ⋆ ∂^ν ω^{−1} + A^ν ⋆ ω ⋆ ∂^μω^{−1})

+g(ϵ^{μσ} A^ν ⋆ ω ⋆ ∂_σω^{−1} + ϵ^{σμ}A_σ ⋆ ω ⋆ ∂^ν ω^{−1}) + ig(A^μ ⋆ ω^{−1} ⋆ ∂^ν ω + A^ν ⋆ ω^{−1} ⋆ ∂^μω) −g(ϵ^{μσ} A^ν ⋆ ω^{−1} ⋆ ∂_σω + ϵ^{σμ}A_σ ⋆ ω^{−1} ⋆ ∂^ν ω) } . (III.32)

It can be checked that in the light-cone gauge all the components of T^{μν}_W vanish, in particular T^{++}_W = T^{+−}_W = 0. Adding all the contributions from (III.27), (III.29), (III.30) and (III.32) to the relevant component of the total energy-momentum tensor (III.25), we arrive at

T^{++} = T^{++}_{PσM} = J̄ ⋆ J̄, and T^{+−} = T^{+−}_{gauge} = 1 8 (∂^+A^−) ⋆ (∂^+A^−), (III.33)

where the identity J^+ = J_− and the redefinition J̄ ≡ √ πJ_− is used. Using (III.33), P^± are defined by

P^+ = 1 2 ∫ dx^− T^{++} = 1 2 ∫ dx^−J̄(x^−) ⋆ J̄(x^−) = 1 2 ∫ dx^−J̄(x^−)J̄(x^−), P^− = 1 2 ∫ dx^−T^{+−} = − g^2 4π ∫ dx^−J̄(x^−) ⋆ 1 ∂^2_−

J̄(x^−) = − g^2 4π ∫ dx^−J̄(x^−) 1 ∂^2_−

J̄(x^−). (III.34)

To arrive at P^−, we have used T^{+−} from (III.33), performed a partial integration, and used the equation of motion in the light-cone gauge, ∂^2_−A_+ = 2gJ_−. To remove the star-product in the integrand of P^±, we have used the property ∫ d^dxf(x) ⋆ g(x) = ∫ d^dxf(x)g(x), of noncommutative star-product, and (III.22) stating that in the light-cone gauge J_− is only a function of x^−. Thus, it turns out that although the noncommutative nature of the theory is fully incorporated in the current J̄ ∼ ω ⋆ ∂_−ω^{−1}, the form of P^± is exactly the same as in commutative QED_2. We will show in the subsequent section that this will be one of the crucial point to show that the mass spectrum of noncommutative QED_2 is exactly the same as in commutative Schwinger model.

C. Mass spectrum of noncommutative QED_2

As we have noted at the beginning of the previous section, to determine the mass spectrum of noncommutative Schwinger model, the mass eigenvalue equation P^2|Φ⟩ = M^2|Φ⟩ is to be solved. In the light-cone coordinates, this equation reduces to

P^+P^−|Φ⟩ = M^2|Φ⟩, (III.35)

with P^± given in (III.34), which is derived in light-cone gauge A_− = 0. As for the eigenfunction |Φ⟩, we restrict ourselves, as in [17] for QCD_2, to the two-current sector of the Hilbert space |Φ⟩ = ∫_1 0 dk Φ(k)J̃(−k)J̃(k − 1)|0⟩, (III.36) where J̃(−k) and J̃(k − 1) play the role of creation operators. In (III.36), J̃(k) is the Fourier transformation of J̄(x^−), defined by J̃(k^+) = ∫_{dx−√} 2π e^{−ik+x−}J̄(x^−).^6 Using the Fourier transform of the current in momentum space, J̃(k), the momenta P^± from (III.34) are given by

P^+ = ∫_∞ 0 dp J̃(−k)J̃(k), P^− = g^2 2π ∫_∞ 0 dp 1 p^2

J̃(−p)J̃(p). (III.37)

To solve (III.35), with P^± from (III.37) and |Φ⟩ from (III.36), we use first the algebra of currents in Fourier-space [33]

[J̃(p), J̃(q)] = p δ(p + q). (III.38)

Then, using P^±|0⟩ = 0, we arrive first at the relations

[P^+, J̃(−k)] = 2kJ̃(−k), and [P^−, J̃(−k)] = g^2 2πk J̃(−k), (III.39)

that lead to

P^+|Φ⟩ = 2

∫_1 0 dk Φ(k)J̃(−k)J̃(k − 1)|0⟩ = 2|Φ⟩, (III.40) P^−|Φ⟩ = g^2 2π ∫_1 0 dk Φ(k) ( 1 k + 1 1 + k ) J̃(−k)J̃(k − 1)|0⟩. (III.41)

Here P^± from (III.37) are used. Multiplying (III.40) with M^2 (P^+)^{−1} and using the eigenvalue equation (III.35), we arrive at P^−|Φ⟩ = M^2 2 |Φ⟩. (III.42)

6 To keep the notations as simple as possible, we have replaced k^+ by k in (III.36).

Plugging now (III.41) and (III.36) in (III.42), we get

M^2Φ(k) = g^2 π ( 1 k + 1 1 − k ) Φ(k), (III.43)

that leads to the mass spectrum of the theory

M^2 = g^2 π ( 1 k + 1 1 − k ) . (III.44)

provided Φ(k) ≠ 0. This result is comparable with the mass spectrum of QCD_2 in N_f ≫ N_c (see equation (35) in [17]). As in that case, (III.44) describes a continuum of states with masses above 2M_γ in a theory whose spectrum reduces to a single non-interacting meson with mass M_γ =^{g√}_π [17]. This supports our claim from the previous section, that in noncommutative QED_2, photon’s mass receives no θ-dependent correction.

IV. CONCLUDING REMARKS

The fact that noncommutative QED_2 is, similar to commutative QED_2, an exactly solvable model is not a priori clear. In this paper, we consider only QED in two-dimensional Euclidean space, with no possibility of going to Minkowski space. We have shown that the photon mass in noncommutative QED_2 does not receive any correction from the noncommutativity parameter θ, and that the spectrum of noncommutative QED_2 reduces to a single noninteracting meson with mass M_γ =^{g√}_π , as in commutative Schwinger model. To do this, in the first part of the paper, the pole of the noncommutative photon propagator is perturbatively computed in one-loop order. Although in noncommutative QED_2, in contrast to commutative QED_2, three additional Feynman integrals are to be considered, it is shown that the pole of the noncommutative photon propagator remains unchanged at this one-loop level. This result turns out to be (perturbatively) exact in the noncommutative parameter θ and the coupling constant g, as in commutative QED_2. It is, however, limited to the two-current sector of the Hilbert space. This is shown in the second part of the paper, by solving the mass eigenvalue equation of noncommutative QED_2 in the framework of an equivalent bosonized gauge theory in two-dimensional Euclidean space. Following closely the method used in [17] to determine the mass spectrum of QCD_2, we have first derived the gauged bosonized effective action corresponding to noncommutative QED_2, and its corresponding energy-momentum tensor in terms of noncommutative currents. Solving then the corresponding mass eigenvalue equation, we have determined the mass spectrum of noncommutative QED_2, which turns out to be exactly the same as its commutative counterpart.

As we have argued in Sec. III, there are two fundamental reasons for this result. First, as we have seen in (III.34), in the light-cone gauge, the noncommutative momenta of the bosonized theory, P^±, turn out to have the same expressions in terms of J̄, as their commutative counterparts. Using these P^±, we are therefore left with the same mass eigenvalue equation as in commutative QED_2. Note that although the noncommutativity is fully incorporated in J̄ ∼ ω ⋆ ∂_−ω^{−1} in terms of the star-product, in the light-cone gauge, they depend only on one of the coordinates x^− [see (III.22)]. This is the main reason why under the integral over x^− the star-product appearing in the integrand of (III.34) can be removed between two J̄’s, leaving us with the same P^± as in commutative Schwinger model. Being independent of x^+, the Fourier transform of J̄ depends only on k^+. This was our motivation behind the particular choice of (III.36) as the eigenstate |Φ⟩, which is restricted to two-current sector of the Hilbert space as in [17]. As for the second reason, it lies in the fact that the corresponding current algebra (III.38) of noncommutative QED_2, being independent of the noncommutativity parameter θ, is the same as in commutative QED_2. This noncommutative current algebra was particularly used in Sec. III.C to determine certain commutation relations of P^± with the currents appearing in |Φ⟩ [see (III.40) and (III.41)]. The latter are then used to determine the mass spectrum (III.44).

It would be intriguing to study the effect of nonplanar diagrams on noncommutative photon mass. This can be realized by bosonizing noncommutative QED_2 with invariant currents j_μ and j^5_μ from (II.5) and (II.9), in contrast to what is done in this paper. What changes is, in particular, the axial anomaly equation (II.11), corresponding to the covariant current J^5_μ. As it is shown in [25, 27] the axial anomaly for invariant current j^5_μ receives contributions from nonplanar diagrams. Together with the continuity equation, the anomaly equation (II.11) is particularly used in this paper to determine the exact form of the currents J_± in terms of the auxiliary field U in the light-cone gauge V = 1 [see (III.5))]. Because of the form of nonplanar anomaly [25, 27], requiring an additional IR regularization [33], the study of the effects of nonplanar Feynman integrals on noncommutative photon mass is a non-trivial task and will be postponed to future publications.

V. ACKNOWLEDGMENTS

The authors thank H. Partovi for collaboration in the early stage of the work and S. Rouhani and H. Arfaei for valuable discussions. One of the authors (M. Gh.) thanks A. Armoni and J. Sonnenschein for email correspondences.

Appendix A: Vacuum polarization tensor of noncommutative Schwinger model at one-loop level

In this appendix, we will determine the vacuum polarization tensor of noncommutative QED_2. This is previously done in [28] for general d-dimensional case. All propagator and vertices can therefore be read in [28].^7 The Feynman diagrams corresponding to the vacuum polarization tensor are presented

in Fig. 2(a)-2(d). The corresponding Feynman integrals are given by

Π^{μν}_{(a)} (p) = −g^2 ∫ d^dk (2π)^d tr(γ^μγ^αγ^ν γ^β) k^2(p + k)^2 k_α(p + k)_β ,

Π^{μν}_{(b)}(p) = g^2N_g 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2 ( A^{μν} + (1 − ξ)B^{μν} + (1 − ξ)^2C^{μν} ) , Π^{μν}_{(c)} (p) = g^2N_t 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2

(k + p)^2 ( (d − 1)δ^{μν} − (1 − ξ)(δ^{μν} − k^μk^ν k^2 ) ) , Π^{μν}_{(d)}(p) = g^2N_{gh} 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2 k^μ(p + k)^ν , (A.1)

where N_{gh} = 2, N_t = 2, N_g = 1, p ∧ k ≡ θ^{μν} p_μk_ν , and

A^{μν} = −(5p^2 + 2k^2 + 2k · p)δ^{μν} + (6 − 4d)k^μk^ν + (6 − d)p^μp^ν + (3 − 2d)(k^μp^ν + k^ν p^μ), B^{μν} = { 1 k^2 [ (k^2 + 2k · p)^2δ^{μν} − ( k^2 + 2k · p − p^2 ) k^μk^ν − ( k^2 + 3k · p ) (k^μp^ν + k^ν p^μ) + p^μp^ν k^2 ]} + {k → p + k, p → −p} , C^{μν} = − [ p^2k^μ − (k · p)p^μ ][ p^2k^ν − (k · p)p^ν ] k^2(p + k)^2

. (A.2)

The first integral Π^{μν}_{(a)} (p) does not receive any noncommutative corrections. Evaluating the integral

using standard methods, the same result (II.13) of commutative two-dimensional QED arises. Let us

therefore look at the combination Π̃^{μν} (p) = Π^{μν}_{(b)}(p)+Π^{μν}_{(c)} (p)+Π^{μν}_{(d)}(p), which can equivalently be given as Π̃^{μν} = 2∑ i=0 (1 − ξ)^iΠ̃^{μν}_i . (A.3)

In what follows, we will compute Π̃^{μν}_i , i = 0, 1, 2 explicitly. Let us first look at Π̃^{μν}_0 , which receives

contribution from diagrams (b)-(d) in Fig. 2. It is given by

Π̃^{μν}_0 = g^2 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2

R^{μν} , (A.4)

where

R^{μν} ≡ (2d − 7)p^2δ^{μν} + (2d − 4)k^2δ^{μν} + (4d − 6)(p · k)δ^{μν} + (6 − d)p^μp^ν + (8 − 4d)k^μk^ν

+(5 − 2d)p^μk^ν + (3 − 2d)p^ν k^μ. (A.5)

7 We redo the computation here, because at some stages our results turn out to be different from [28].

Using the standard Feynman parametrization method, we get

Π̃^{μν}_0 = g^2 2 ∫_1 0 dx ∫_{1−x} 0 dy ∫ d^dℓ (2π)^d 1 − e^{ip∧ℓ} (ℓ^2 + Δ)^2 × [ (2d − 7)p^2δ^{μν} + (2d − 4)(ℓ − xp)^2δ^{μν} + (4d − 6)p · (ℓ − xp)δ^{μν} + (6 − d)p^μp^ν

+ (8 − 4d)(ℓ^μℓ^ν + x^2p^μp^ν ) + (5 − 2d)(ℓ − xp)^ν p^μ + (3 − 2d)(ℓ − xp)^μp^ν ] , (A.6)

where ℓ ≡ k + xp, and Δ ≡ x(1 − x)p^2. The second term in (A.3), Π̃^{μν}_1 receives contributions from

diagrams (b) and (c) in Fig. 2. It is given by

Π̃^{μν}_1 = g^2 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2

S^{μν} , (A.7)

where S^{μν} ≡ 1 k^2 { (k^2 + 2k · p)^2δ^{μν} − ( k^2 + 2k · p − p^2 ) k^μk^ν − ( k^2 + 3k · p ) (k^μp^ν + k^ν p^μ) }

+ 1 (k + p)^2 {[ (k + p)^2 − 2p · (k + p)

]_2 δ^{μν} − [ (k + p)^2 − 2p · (k + p) − p^2 ] (k + p)^μ(k + p)^ν + [ (k + p)^2 − 3p · (k + p) ][ p^μ(k + p)^ν + p^ν (k + p)^μ ] } + 2p^μp^ν − 2(k + p)^2 ( δ^{μν} − k^μk^ν k^2 ) . (A.8)

Introducing the Feynman parameter x and after a lengthy but straightforward calculation, (A.7) can

be given by

Π̃^{μν}_1 = 4g^2

∫_1 0 dx(1 − x) ∫ d^dℓ (2π)^d 1 − e^{ip∧ℓ} (ℓ^2 + Δ)^3 × { [ (3 − 2x)x^2p^4 − (2x + 1)ℓ^2p^2 + 4(1 − x)(ℓ · p)^2 ] δ^{μν} + 2p^2ℓ^μℓ^ν

+ (2x − 3)(ℓ · p)(ℓ^μp^ν + ℓ^ν p^μ) + [ (1 + 2x)ℓ^2 − (3 − 2x)x^2p^2 ] p^μp^ν } , (A.9)

where ℓ = k + xp. Similarly, Π̃^{μν}_2 , receiving contribution from diagram (b) in Fig. 2, is given by

Π̃^{μν}_2 = g^2 2 ∫ d^dk (2π)^d

1 − cos(p ∧ k) k^2(p + k)^2

T^{μν} , (A.10)

with T^{μν} ≡ − [ p^2k^μ − (k · p)p^μ ][ p^2k^ν − (k · p)p^ν ] k^2(p + k)^2

. (A.11)

After some straightforward calculation, we arrive at

Π̃^{μν}_2 = g^2 2 ∫_1 0 dx(1 − x) ∫ d^dℓ (2π)^d 1 − e^{ip∧ℓ} (ℓ^2 + Δ)^4 { (ℓ^μℓ^ν + x^2p^μp^ν )p^4 − [ (ℓ · p)ℓ^μ + x^2p^2p^μ ] p^2p^ν − [ (ℓ · p)ℓ^ν + x^2p^2p^ν ] p^2p^μ + [ (ℓ · p)^2 + x^2p^4 ] p^μp^ν } . (A.12)

To proceed, we will use the general relation ∫ d^dℓ (2π)^d e^{ip∧ℓ} (ℓ^2 + Δ^2)^n = 2π^n2 (2π)^n 1 Γ(n) 1 (Δ^2)^{n− d}2 ( |p̃|Δ 2 )_{n−} d_2 K_{n−} d_2 (|p̃|Δ), (A.13) and ∫ d^dℓ (2π)^d ℓ_μℓ_ν e^{ip∧ℓ} (ℓ^2 + Δ^2)^n

= F_nδ_{μν} + G_n p̃_μp̃_ν p̃^2

, (A.14)

with

F_n = π^n2 (2π)^n 1 Γ(n) 1 (Δ^2)^{n−1− d}2 ( |p̃|Δ 2 )_{n−1−} d_2 K_{n−1−} d_2 (|p̃|Δ)

G_n = π^n2 (2π)^n 1 Γ(n) 1 (Δ^2)^{n−1− d}2 [ (2n − 2 − d) ( |p̃|Δ 2 )_{n−1−} d_2 K_{n−1−} d_2 (|p̃|Δ)

−2 ( |p̃|Δ 2 )_{n−} d_2 K_{n−} d_2 (|p̃|Δ) ] , (A.15)

from [28]. Adding the corresponding contributions from diagrams (a)-(d) of Fig. 2, and using A+B = δ_{μν} Π^{μν} arising from (II.17), we arrive at A + B presented in (II.19)

A + B = −μ^2 − μ^2 4 ∫_1 0 dx (x(1 − x))^{−1} { 2(1 + 2x)(sK_1(s) − 1) −(1 − ξ) [ 6 ( 2x^2 − 3x + 1)(sK_1(s) − 1 ) + ( 4x^2 − 6x + 1 ) ( s^2K_2(s) − 2 ) ] − 1 4 (1 − ξ)^2(5s^2K_2(s) − 2 − s^3K_3(s)) } . (A.16)

[1] A. Connes, M. R. Douglas and A. S. Schwarz, Noncommutative geometry and matrix theory: Compactification on tori, JHEP 9802, 003 (1998), arXiv: hep-th/9711162.

[2] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909, 032 (1999), arXiv:

hep-th/9908142.

[3] H. Weyl, Quantum mechanics and group theory, Z. Phys. 46, 1 (1927).

H. J. Groenewold, On the principles of elementary quantum mechanics, Physica 12, 405-460 (1946). J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge. Phil. Soc. 45, 99 (1949).

[4] J. Z. Simon, Higher derivative Lagrangians, nonlocality, problems and solutions, Phys. Rev. D 41, 3720 (1990).

[5] N. Seiberg, L. Susskind and N. Toumbas, Space/time non-commutativity and causality, JHEP 0006, 044 (2000), arXiv: hep-th/0005015.

N. Seiberg, L. Susskind and N. Toumbas, Strings in background electric field, space/time noncommutativity and a new noncritical string theory, JHEP 0006, 021 (2000), arXiv: hep-th/0005040. M. Chaichian, A. Demichev, P. Presnajder and A. Tureanu, Space-time noncommutativity, discreteness of time and unitarity, Eur. Phys. J. C20, 767-772 (2001), hep-th/0007156.

L. Alvarez-Gaume, J. L. F. Barbon, R. Zwicky, Remarks on time space noncommutative field theories, JHEP 0105, 057 (2001), hep-th/0103069.

[6] O. Aharony, J. Gomis and T. Mehen, On theories with lightlike noncommutativity, JHEP 0009, 023 (2000), [hep-th/0006236].

[7] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 0002, 020 (2000), arXiv: hep-th/9912072.

[8] J. Gomis and T. Mehen, Space-time noncommutative field theories and unitarity, Nucl. Phys. B 591, 265 (2000), arXiv: hep-th/0005129.

[9] D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, On the unitarity problem in space/time noncommutative theories, Phys. Lett. B 533, 178 (2002), arXiv: hep-th/0201222; ibid. Ultraviolet finite quantum field theory on quantum spacetime, Commun. Math. Phys. 237, 221 (2003), arXiv: hep-th/0301100; ibid. Field Theory on noncommutative spacetimes: Quasiplanar Wick products, Phys. Rev. D 71, 025022 (2005), arXiv: hep-th/0408204.

[10] K. Fujikawa, Path integral for space-time noncommutative field theory, Phys. Rev. D70, 085006 (2004), hep-th/0406128.

[11] M. Ghasemkhani and N. Sadooghi, Perturbative quantization of two-dimensional space-time noncommutative QED, Phys. Rev. D81, 045014 (2010), arXiv: 0911.3461 [hep-th].

[12] T. Salminen and A. Tureanu, Noncommutative time in Quantum Field Theory, [arXiv:1101.4798 [hep-th]]. [13] J. S. Schwinger, Gauge invariance and mass. II, Phys. Rev. 128, 2425 (1962). [14] K. G. Klimenko, Three-dimensional Gross-Neveu model at nonzero temperature and in an external magnetic field, Z. Phys. C 54, 323 (1992).

V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Dimensional reduction and catalysis of dynamical symmetry breaking by a magnetic field, Nucl. Phys. B 462, 249 (1996), arXiv: hep-ph/9509320.

[15] A. J. Salim and N. Sadooghi, Dynamics of O(N) model in a strong magnetic background field as a modified noncommutative field theory, Phys. Rev. D73, 065023 (2006), arXiv: hep-th/0602023. E. V. Gorbar and V. A. Miransky, Relativistic field theories in a magnetic background as noncommutative field theories, Phys. Rev. D70, 105007 (2004), arXiv: hep-th/0407219.

[16] G. ’t Hooft, A two-dimensional model for mesons, Nucl. Phys. B75, 461 (1974). [17] A. Armoni, Y. Frishman and J. Sonnenschein, Massless QCD(2) from current constituents, Nucl. Phys.

B596, 459-470 (2001), arXiv: hep-th/0011043.

[18] A. Saha, A. Rahaman, P. Mukherjee, Schwinger model in noncommutating space-time, Phys. Lett. B638, 292-295 (2006), arXiv: hep-th/0603050.

[19] A. Saha, P. Mukherjee, A. Rahaman, On the question of deconfinement in noncommutative Schwinger model, Mod. Phys. Lett. A23, 2947-2955 (2008), hep-th/0611059.

[20] E. Harikumar, Schwinger Model’ on Fuzzy Sphere, arXiv: 0907.3020 [hep-th].

[21] H. Blas and H. L. Carrion, Noncommutative (generalized) sine-Gordon/massive Thirring correspondence, integrability and solitons, arXiv: 1011.1604 [hep-th].

[22] E. Abdalla, M. C. B. Abdalla and K. D. Rothe, Nonperturbative methods in two-dimensional quantum field theory, World Scientific, Singapore, 1991.

[23] E. Abdalla and M. C. B. Abdalla, Updating QCD in two dimensions, Phys. Rept. 265, 253 (1996), arXiv:

hep-th/9503002.

[24] E. F. Moreno and F. A. Schaposnik, Wess-Zumino-Witten and fermion models in noncommutative space, Nucl. Phys. B596, 439-458 (2001), arXiv: hep-th/0008118.

[25] F. Ardalan and N. Sadooghi, Anomaly and nonplanar diagrams in noncommutative gauge theories, Int. J.

Mod. Phys. A 17, 123 (2002), arXiv: hep-th/0009233.

[26] F. Ardalan and N. Sadooghi, Axial anomaly in non-commutative QED on R**4, Int. J. Mod. Phys. A 16, 3151 (2001), arXiv: hep-th/0002143.

[27] A. Armoni, E. Lopez and S. Theisen, Nonplanar anomalies in noncommutative theories and the Green- Schwarz mechanism, JHEP 0206, 050 (2002), arXiv: hep-th/0203165.

[28] F. T. Brandt, A. K. Das and J. Frenkel, General structure of the photon self-energy in non-commutative QED, Phys. Rev. D 65, 085017 (2002), arXiv: hep-th/0112127.

[29] A. Polyakov and P. B. Wiegmann, Theory of non-Abelian Goldestone bosons, Phys. Lett. B 131, 121 (1983); ibid. Goldstone fields in two-dimensions with multivalued actions, Phys. Lett. B 141, 223 (1984).

[30] E. Witten, Non-Abelian bosonization in two dimensions, Commun. Math. Phys. 92, 445 (1984). [31] H. Sugawara, A field theory of currents, Phys. Rev. 170, 1659 (1968).

[32] A. Das and J. Frenkel, On the energy-momentum tensor in non-commutative gauge theories, Phys. Rev. D 67, 067701 (2003), arXiv: hep-th/0212122.

[33] F. Ardalan, H. Arfaei and N. Sadooghi, On the anomalies and Schwinger terms in noncommutative gauge theories, Int. J. Mod. Phys. A21, 4161 (2006), arXiv: hep-th/0507230.